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Abstract

The core of this PhD thesis is the extension and adaptation of concepts, originally
envisioned in the context of Analytical Mechanics, to the study of mechanical
problems—discrete, semi-discrete, and continuous—in which constraints, either
internal or external, are considered. Rather than trying to address each class of
problems separately, in this work we employ the enlightening language of Analytical
Mechanics with the purpose of unifying such problems and contributing to a
paradigmatic approach to mechanics. The main target of this PhD Thesis is to
extend some fundamental concepts of the mechanics of constrained systems, such
as Chetaev’s conditions, quasi-velocities, quasi-coordinates, and transpositional
relations, from their classical “discrete” definition to the semi-discrete continuous
contexts. This adaptation demonstrates the versatility of Analytical Mechanics across
biological and industrial problems, beyond enriching this discipline itself.

This PhD thesis is structured in three main parts.

Part I focuses on constrained discrete systems subjected to nonholonomic con-
straints, which are restrictions on system’s generalized velocities that cannot be
equivalently reformulated as conditions on the admissible configurations of the
system itself. Constraints of this kind are rather typical in robotics, control theory,
and other fields of the like but, to our knowledge, have received less attention in
Continuum Mechanics. We analyze the dynamics of nonholonomic constrained
systems by providing a modified version of a variational method originally suggested
by Kozlov in the 1980s and subsequently expanded by other authors. Our work sets
itself the scope of healing inconsistencies that arise in some problems of Classical
Mechanics when some logical steps of the traditional formulations of d’Alembert
and Lagrange are modified. In this respect, two problems that fall into this “gray
zone”, and that are analyzed in the present work, are the rolling coin problem and the
Gedankenexperiment of a charged nonholonomic skate subjected to a magnetic field.
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In Part II, we develop continuous models, inspired by the mechanics of constrained
discrete systems, for mechanical problems stemming from biology, with emphasis on
the biomechanics of growth and remodeling of tissues. In the case volumetric growth,
we look at the mass balance law as a nonholonomic constraint on the growth tensor and,
thus, we formulate a variational framework based on the Hamilton–Suslov principle,
from which governing equations can be derived variationally. This perspective may
provide new insights into the mechanics of growth and may pave the way to future
investigations on the symmetries and conservation laws in growth mechanics. In the
case remodeling, we extend Gurtin and Anand’s strain-gradient theory of plasticity
to the biphasic case in order to address multicellular aggregates, thereby coupling
the deformation of the solid constituents with a Darcy–Brinkman model for the
hydraulic part of the problem. Using the principles of Virtual Power and Maximum
Dissipation, we derive a constitutive framework able to capture boundary effects
related to the fluid flow and to remodeling.

Part III addresses semi-discrete mechanical systems in the industrial context,
focusing on the dynamics of concentrated defects in elastic media, as is the case of
disclinations. These defects, even though less studied than dislocations, are known
to play a crucial role in some strengthening processes occurring in technologically
relevant materials. By starting our discussion with a variational principle for the
mechanical description of a plane-strain linear elastic medium in small deformations,
we analyze the dynamics of a finite number of disclinations by showing how the
defects interact reciprocally in a manner resembling charged particles. In doing so,
we establish existence results of solutions, and we explore both the isotropic and the
crystalline settings (with constrained, predefined “glide” directions), also through
the use of numerical experiments.
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Chapter 1

Introduction

The focus of this PhD Thesis is to employ concepts and tools native of Analytical
Mechanics in the mathematical description of discrete, semi-discrete, and continuous
mechanical systems characterized by the presence of constraints and pertaining to the
biological and industrial contexts. On the one hand, this has required generalizing
and adapting these concepts and tools to make them appropriate for a broader class
of problems and to find the correct mechanical equivalent, while maintaining the
mathematical structures of Variational Calculus and Differential Geometry. On the
other hand, the underlying philosophy of Analytical Mechanics has made it possible
to contextualize many mechanical problems of very different nature within a unified,
paradigmatic framework. While some branches of mathematics, such as Operations
Research, Financial Mathematics and Numerical Analysis, already do so, we have
oriented our work towards specific problems in biomechanics, such as the growth
and remodeling of soft tissues, and in materials science, such as the evolution of
defects in crystalline solids.

Part I: Analytical Mechanics. The first part is devoted to the Analytical Mechanics
of discrete mechanical systems featuring nonholonomic constraints, i.e., constraints
that restrict the generalized velocities of a system of this type in a way that cannot be
equivalently recast in the form of conditions on the system’s configurations. These
mechanical systems often appear in many branches of mechanics, among which
robotics and control problems. Yet, to our knowledge, the study of this kind of
problems has grown quite parallel with respect to Continuum Mechanics, and even
when nonholonomicity has been investigated in the context of field theories [7–9],
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there seems to be, at least in our opinion, a major highlight on Differential Geometry
than on the modeling side of Mathematical Physics. Whereas we comprehend that it is
necessary to develop rigorous languages to correctly formalize nonholonomic systems,
we felt it was necessary to us to find a common ground in which a sufficiently rigorous
formalism could meet the more physical aspects characterizing the specific problems
of growth, remodeling and the evolution of defects. In this respect, our purpose was
to propose models and approaches capable of framing, in a physical context, some
abstract results of the differential geometric formalism, with the common ground
being provided by Configurational Mechanics [10]. For this purpose, we begin our
path starting from the treatise by Lanczos [11], Pars [12], Neimark&Fufaev [13],
Gantmacher [14], and Bloch [15].

In Chapters 2 and 3, (the following text is taken from the abstract of [1]) we
study the dynamics of a class of mechanical systems subjected to nonholonomic
constraints by employing a method termed “modified vakonomic method” (MVM),
and developed by Llibre, Ramírez and Sadovskaia in 2014 [16]. In particular, we test
the MVM for the “rolling coin” problem and a variant of the “non-holonomic skate”
problem. For our purposes, we divide our work in two parts. For the first one, our
point of departure is a paper published in the journal “Acta Mechanica” by Lemos in
2022 [17], in which, for the “rolling coin” problem, Kozlov’s vakonomic method is
shown to lead to inconsistencies with the so-called d’Alembert–Lagrange traditional
nonholonomic method (TNHM). In this case, we prove that, if the MVM is used, the
equivalence with the TNHM can be restored, and the two methods can be reconciled.
In the second part, we formulate a thought experiment consisting of an electrically
charged “nonholonomic skate” interacting with a magnetic field, and we examine its
dynamics by means of the MVM. In this case, we point out the differences with the
predictions of the TNHM, and we propose a reformulation of the MVM capable of
retrieving the results obtained with the TNHM. Moreover, we give some insight into
the main computational aspects related to the MVM for nonholonomic constraints
linear in the generalized velocities.

Part II: Biomechanical Problems. The second part is instead devoted to systemati-
cally develop dynamic models, based on the Analytical Mechanics concepts native of
constrained discrete systems, for two continuous mechanical systems representative of
materials stemming from biological contexts. In particular, we study some problems
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regarding the biomechanics of growth and remodeling, two very prominent subjects
in the current scientific scenario.

In Chapter 5, (the following text is taken from the abstract of [2]) motivated by the
convenience, in some biomechanical problems, of interpreting the mass balance law
of a growing medium as a nonholonomic constraint on the time rate of a structural
descriptor known as growth tensor, we employ some results of analytical mechanics to
show that such constraint can be studied variationally. Our purpose is to move a step
forward in the formulation of a field theory of the mechanics of volumetric growth
by defining a Lagrangian function that incorporates the nonholonomic constraint
of the mass balance. The knowledge of such Lagrangian function permits, on the
one hand, to deduce the dynamic equations of a growing medium as the result of
a variational procedure known as Hamilton–Suslov Principle (clearly, up to non-
potential generalized forces that are accounted for by extending this procedure), and,
on the other hand, to study the symmetries and conservation laws that pertain to
a given growth problem. While this second issue is not investigated in this work,
we focus on the first one, and we show that the Euler–Lagrange equations of the
considered growing medium, which describe both its motion and the evolution of the
growth tensor, can be obtained by reformulating a variational method developed by
other authors. We discuss the main features of this method in the context of growth
mechanics, and we show how our procedure is able to improve them.

In Chapter 6, (the following text is taken from the abstract of [5]) we rephrase
Gurtin and Anand’s formulation of strain-gradient plasticity [18] to describe the
isochoric structural transformations (remodeling) of multicellular aggregates in in
silico compression tests. We consider solid-fluid biphasic media, thereby accounting
for interactions that cannot arise in classical elasto-plastic materials. To gain insight
into the behavior of the fluid, especially in the proximity of the aggregate’s boundary,
we introduce a Darcy–Brinkman model, coupled with the deformation of the solid.
This results in a constitutive framework of grade one in the fluid velocity (Darcy’s
law is of grade zero), wherein the stress tensor of the fluid acquires a dissipative
contribution. To obtain the equations determining the system’s evolution, we adopt the
Principle of Virtual Power, which allows us to handle explicitly the internal constraints
of incompressibility of the solid-fluid mixture, and of isochoricity and null-spin of
the remodeling rate tensor. Furthermore, we enforce the Principle of Maximum
Dissipation to justify the generalized dissipative forces of our model. Lastly, we
discuss some relevant results of a numerical experiment and we provide a brief
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computational background for the initial- and boundary-value problem representing
our model.

Part III: Materials science problems. The third part is devoted to the description
and the analysis, via techniques proper of constraints, of the dynamics of semi-
continuous mechanical systems stemming from materials science and related to
defects (disclinations) in elastic media. Together with dislocations, disclinations are
commonly found in many materials of technological relevance, e.g. graphene, and
their presence significantly alters the thermo-electro-mechanical properties of such
materials. Whereas dislocation dynamics gathered more interest during the years,
disclination dynamics received less attention. However, disclinations have recently
been recognized as playing a crucial role in the “strengthening by kink formation”
[19] process, discovered in Japan, and already widely employed in the Japanese heavy
industry to produce steel and metal alloys. The initial modeling work by Inamura
[20] clarified the influence of disclinations on the kinematics of kink formation. Yet,
a comprehensive modeling of the energetics and dynamics of disclination systems,
aimed at understanding the kink strengthening process, is still lacking for the design
of improved, tougher materials.

In Chapter 7, (the following text is taken from the abstract of [3]) the dissipative
dynamics of a system of particles subject to a fourth order potential field modeling the
evolution of wedge disclinations is studied, focusing on finite systems of disclinations
within a circular domain. Existence theorems for the trajectories of these disclinations
are presented, considering both the dynamics without predefined preferred directions
of motion in an isotropic medium and the dynamics in which the disclinations move
parallel to predefined directions, modeling a crystalline material. The analysis is
illustrated with a number of numerical solutions to demonstrate various relevant
configurations.

1.1 Basic concepts of constrained mechanics

In this section, we recall some concepts of constrained mechanics that are vastly
employed throughout the Thesis: constraints, Chetaev’s conditions, quasi-velocities,
quasi-coordinates and transpositional relations. To provide the reader with a primer
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on these concepts, the content of the following subsections is self-contained, and can
be consulted independently of the notation employed in the following chapters.

1.1.1 Chetaev’s conditions

The content of this section is taken from [5].

In Analytical Mechanics (see, e.g., the work by Flannery [21]), Chetaev’s
conditions1 are relations that indicate how to select generalized virtual fields and
variations in compliance with the imposed constraints. They generalize the selection
criteria for the virtual displacements or velocities of holonomic systems to the case of
nonholonomic constraints. In other words, Chetaev’s conditions identify the virtual
variations that are physically admissible for the system at hand, and make it possible
to extend the Principle of Virtual Power or the d’Alembert–Lagrange Principle to
systems featuring nonholonomic constraints (see, e.g., the treatises by Pars [12],
Neimark and Fufaev [13], and Gantmacher [14]). To briefly contextualize Chetaev’s
conditions, let us consider a (discrete) mechanical system characterized by 𝑛 ≥ 1,
𝑛 ∈ N, generalized coordinates, collected in the array 𝑞 = (𝑞1, . . . , 𝑞𝑛), and by 𝑛
generalized velocities, represented by ¤𝑞 (we recall that, at each time 𝑡, ¤𝑞(𝑡) is a
tangent vector at the point 𝑞(𝑡) of the system’s configuration manifold). In addition,
let us assume that the system is subjected to 𝑚 ≤ 𝑛, 𝑚 ∈ N, constraints of the type
C𝑘 = Ĉ𝑘 ◦(𝑞, ¤𝑞, 𝜏) = 0, which, for 𝑘 = 1, . . . , 𝑚, may be nonholonomic or holonomic,
but all expressed in differential form. Here, 𝑞 and ¤𝑞 are functions of time 𝑡, and 𝜏 is
an auxiliary map such that 𝜏(𝑡) = 𝑡 for each 𝑡. Note that, among these 𝑚 constraints,
the holonomic ones are either linear or, at the most, affine in the generalized velocities
(indeed, if C𝑘 , for some 𝑘 ∈ {1, . . . , 𝑚}, is holonomic, it is obtained by taking the
total time derivative of a condition of the type 𝑓 𝑘 = 𝑓 𝑘 ◦ (𝑞, 𝜏) = 0; hence, the
corresponding Ĉ𝑘 is linear in ¤𝑞 if 𝜕𝜏 𝑓 = 0, and affine in ¤𝑞 otherwise). However, the
nonholonomic constraints can be linear or nonlinear in the generalized velocities,
depending on the problem at hand. Then, given the tangent vector field of the
generalized virtual velocities, here denoted by 𝒖, Chetaev’s conditions are defined as
the Gâteaux derivatives of the given constraints, evaluated at (𝑞, ¤𝑞, 𝜏) and along 𝒖,

1Sometimes they are also referred to as Lagrange–Chetaev conditions.
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i.e.,

A𝑘 := Â𝑘 ◦ (𝑞, ¤𝑞, 𝜏; 𝒖) =
(
𝜕Ĉ𝑘

𝜕 ¤𝑞 ◦ (𝑞, ¤𝑞, 𝜏)
)
[𝒖]

=

𝑛∑︁
𝑖=1

(
𝜕Ĉ𝑘

𝜕 ¤𝑞𝑖 ◦ (𝑞, ¤𝑞, 𝜏)
)
[𝑢𝑖] = 0, (1.1)

for 𝑘 = 1, . . . , 𝑚. Hence, Chetaev’s conditions are by construction linear in the
generalized virtual velocities, even when the corresponding constraints are nonlinear
in ¤𝑞 (e.g., when they are affine in ¤𝑞). Clearly, when the constraints Ĉ1, . . . , Ĉ𝑚 are all
linear in the generalized velocities (as is the case for the constraints considered in this
work), Chetaev’s conditions are obtained by replacing the generalized velocities with
the virtual ones. Yet, it should be remarked that there also exist constraints for which
Chetaev’s conditions are not applicable (see, e.g., the work by Borisov and Tsiganov
[22] and the references therein). However, this is not the case for the constraints
studied in our work.

1.1.2 Quasi-velocities and transpositional relations

The content of this section is taken from the Supplementary Material of [2].

Let 𝔐 be a discrete mechanical system with 𝑛 ∈ N, 𝑛 ≥ 1, Lagrangian parameters
collected in 𝑞 ≡ (𝑞1, . . . , 𝑞𝑛), and let C and 𝑇C be the system’s configuration
manifold and tangent bundle, respectively. Moreover, let us suppose that the system
presents 𝑚 ∈ N, 1 ≤ 𝑚 ≤ 𝑛, linearly independent nonholonomic constraints that are
affine in the generalized velocities ¤𝑞1, . . . , ¤𝑞𝑛, i.e., [23, Appendix I]

V𝛼 ≡ V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) :=
𝑛∑︁
𝑘=1

[𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¤𝑞𝑘 + 𝑏̂𝛼 ◦ (𝑞, 𝜏)

≡
𝑛∑︁
𝑘=1

𝑎𝛼𝑘 ¤𝑞𝑘 + 𝑏𝛼 = 0, 𝛼 = 1, . . . , 𝑚, (1.2)

where 𝜏 : I → I is the time-identity map [24], such that 𝜏(𝑡) = 𝑡 for all 𝑡 in the
timeline I , and the matrix [𝑎𝛼𝑘 ]𝛼=1,...,𝑚

𝑘=1,...,𝑛 has rank 𝑚 almost everywhere in the time
window in which the system is observed. Starting from some considerations done
in [1, Remark 1], we consider only constraints affine in the generalized velocities
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because such constraints are of the same type as the one representing the growth law
in Equation (5.4).

A set of quasi-velocities for 𝔐 is any collection of functions 𝜔 ≡ (𝜔1, ..., 𝜔𝑛),
such that each 𝜔𝑏, for 𝑏 = 1, . . . , 𝑛, is defined as 𝜔𝑏 := 𝜔̂𝑏 ◦ (𝑞, ¤𝑞, 𝜏), and
the Jacobian matrix 𝐽𝑏𝑘 := 𝜕 ¤𝑞𝑘 𝜔̂

𝑏 ◦ (𝑞, ¤𝑞, 𝜏) is non-singular almost everywhere
[13, 16]. Although being arbitrary, quasi-velocities ought to improve, or simplify,
the kinematics of the problem at hand and the physics related to it. For this reason,
a rather consolidated praxis consists in identifying the first 𝑚 quasi-velocities with
the constraints themselves (possibly rescaled appropriately, so that they take on the
correct physical dimensions), and the remaining 𝑛 −𝑚 quasi-velocities with arbitrary
functions Φ̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏), such that the transformation is non-singular. This choice
renders the quasi-velocities “consistent” [25] with the constraints. Hence, we set

𝜔𝛼 ≡ 𝜔̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) := V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) = 0, 𝛼 = 1, . . . , 𝑚, (1.3a)

𝜔𝛽 ≡ 𝜔̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏) := Φ̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏), 𝛽 = 𝑚 + 1, . . . , 𝑛. (1.3b)

A typical example of a discrete mechanical system for which quasi-velocities
are useful is provided by the motion of Chaplygin’s nonholonomic skate on a fixed
inclined plane [13, 26, 27, 15, 16, 1]: the velocity of the skate’s center of mass, 𝒗, is
constrained to be parallel, at all times, to the axis 𝒏 of the skate itself. Then, if the
true velocities of such a system are employed, the constraint reads 𝒗 × 𝒏 = 0, where
× denotes the cross product and, in a fixed reference frame, 𝒗 has components equal
to the time derivatives of the two coordinate functions of the skate’s center of mass.
Although this description is correct, a more direct characterization of the kinematics
of the skate is achieved if one defines the functions 𝜔1 := 𝑛2𝑣1 − 𝑛1𝑣2 = 0 and
𝜔2 := 𝑛1𝑣1 + 𝑛2𝑣2 (Cartesian coordinates are used here for simplicity). These are
quasi-velocities because they are a (linear) transformation of 𝑣1 and 𝑣2, but none of
them is a total time derivative of a function of time and of the system’s Lagrangian
parameters.

Besides purely kinematic issues, quasi-velocities are powerful tools to highlight
differential geometry aspects of nonholonomic systems, i.e., those related to the
possible non-trivial curvature or torsion of the affine connections induced by the
constraints [25]. In particular, these geometrical features are associated with the
transpositional relations [13, 28, 29], which express the generally nonzero difference
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between the derivative of a variation of a given Lagrangian parameter and the
variation of its associated generalized velocity.

Along with the quasi-velocities, it is also possible to introduce a collection
of functions termed quasi-coordinates. In the case of 𝑚 affine nonholonomic
constraints, and when the first 𝑚 quasi-velocities are taken coincident with these
constraints, Neimark&Fufaev [13, Page 126, Equation (5.18)] define the quasi-
coordinates through linear differential forms of the type d𝜃𝛼 = 𝑎𝛼𝑘d𝑞𝑘 + 𝑏𝛼d𝜏, with
𝛼 = 1, . . . , 𝑚, and 𝑘 = 1, . . . , 𝑛. However, one can also write ¤𝜃𝛼 := 𝑎𝛼𝑘 ¤𝑞𝑘+𝑏𝛼 = 𝜔𝛼,
for 𝛼 = 1, . . . , 𝑚, and ¤𝜃𝛽 = 𝜔𝛽, for 𝛽 = 𝑚 + 1, . . . , 𝑛. Consequently, granted that
all the quasi-velocities are continuous functions of time in a given interval [𝑡in, 𝑡fin],
where 𝑡fin could also be infinite, the Fundamental Theorem of Calculus permits to
express the quasi-coordinates, for 𝑡 ∈ [𝑡in, 𝑡fin], as

𝜃𝛼 (𝑡) = 𝜃𝛼 (𝑡in) +
∫ 𝑡

𝑡in

𝜔̂𝛼 (𝑞(𝑠), ¤𝑞(𝑠), 𝑠)d𝑠 ≡ 𝜃𝛼 (𝑡in), 𝛼 = 1, . . . , 𝑚, (1.4a)

𝜃𝛽 (𝑡) = 𝜃𝛽 (𝑡in) +
∫ 𝑡

𝑡in

𝜔̂𝛽 (𝑞(𝑠), ¤𝑞(𝑠), 𝑠)d𝑠, 𝛽 = 𝑚 + 1, . . . , 𝑛. (1.4b)

Therefore, the quasi-coordinates 𝜃1(𝑡), . . . , 𝜃𝑚 (𝑡) are constant in time because
𝜔1, . . . , 𝜔𝑚 are all zero (since they are equal to the constraints), while 𝜃𝑚+1(𝑡), . . . , 𝜃𝑛 (𝑡)
vary according to the corresponding quasi-velocities.

Note that the possibility of finding the functions 𝜃𝛼, with 𝛼 = 1, . . . , 𝑚, does
not mean that these can be represented as 𝜃𝛼 ◦ (𝑞, 𝜏). Indeed, if this were the case,
then the quasi-velocities 𝜔𝛼 = V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) would be integrable in the sense of
differential forms; but that would lead to the absurd conclusion that the associated
constraints are holonomic.

It is possible to determine a very important relation between the incremental
function associated with the generic quasi-velocity 𝜔𝑏 and the time derivative of
the incremental function related to the corresponding quasi-coordinate, hereafter
denoted by 𝜂𝑏

𝜃
. To this end, we introduce the homotopies associated to 𝑞 and ¤𝑞 as

𝑞(𝑡) ↦→ 𝑞(𝑡, 𝜀) = 𝑞(𝑡) + 𝜼𝑞 (𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (1.5a)

¤𝑞(𝑡) ↦→ 𝒗̃(𝑡, 𝜀) = ¤𝑞(𝑡) + 𝜼 ¤𝑞 (𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0. (1.5b)
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These homotopies differ from the “classical” ones, introduced in Equation (5.14a),
and employed in the standard formulation of Hamilton’s Principle [11], in that the
incremental functions 𝜼𝑞 and 𝜼 ¤𝑞 are not assumed to fulfill automatically the equality
¤𝜼𝑞 = 𝜼 ¤𝑞.

We introduce now the increments of the quasi-coordinates 𝜂𝜃 ≡ (𝜂1
𝜃
, . . . , 𝜂𝑛

𝜃
).

For each 𝑏 = 1, . . . , 𝑛, 𝜂𝑏
𝜃

is expressed as 𝜂𝑏
𝜃
≡ 𝜂𝑏

𝜃
◦ (𝑞, ¤𝑞, 𝜏), and, for a given 𝑡,

𝜂𝑏
𝜃
(𝑡) ≡ 𝜂𝑏

𝜃
(𝑞(𝑡), ¤𝑞(𝑡), 𝑡) is defined by

𝜂𝑏𝜃 (𝑡) ≡ 𝜂
𝑏
𝜃 (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) :=

𝑛∑︁
𝑘=1

𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡), 𝑡)𝜂𝑘𝑞 (𝑡), 𝑏 = 1, . . . , 𝑛, (1.6)

with (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) ∈ 𝑇C × I . Hence, it is identifiable with the result of the
application of the linear map

𝔥̂𝑏𝜃 (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) [ · ] :=
𝑛∑︁
𝑘=1

𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡), 𝑡)𝒆𝑘 [ · ] : 𝑇𝑞(𝑡)C → R (1.7)

to the vector 𝜼𝑞 (𝑡) ∈ 𝑇𝑞(𝑡)C , i.e.,

𝔥̂𝑏𝜃 (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) [𝜼𝑞 (𝑡)] =
𝑛∑︁
𝑘=1

𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡), 𝑡)𝒆𝑘 [𝜼𝑞 (𝑡)]

=

𝑛∑︁
𝑘=1

𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡), 𝑡)𝜂𝑘𝑞 (𝑡), (1.8)

where 𝒆𝑘 ∈ 𝑇∗
𝑞(𝑡)C is the 𝑘th element of the basis of linear maps of the cotangent

space 𝑇∗
𝑞(𝑡)C of C at 𝑞(𝑡) ∈ C . By definition, it holds true that 𝒆𝑘 [𝒖] = 𝑢𝑘 , for all

𝒖 ∈ 𝑇𝑞(𝑡)C .

By means of 𝑞 and 𝒗̃ in Equations (1.5a) and (1.5b), we write the induced
homotopy of the generic quasi-velocity 𝜔𝑏 as 𝜔̃𝑏 (𝑡, 𝜀) = 𝜔̂𝑏 (𝑞(𝑡, 𝜀), 𝒗̃(𝑡, 𝜀), 𝑡), with
𝑏 = 1, . . . , 𝑛. Then, by computing the increment 𝜂𝑏𝜔 (𝑡) := 𝜕𝜀𝜔̃𝑏 (𝑡, 0) and the time
derivative ¤𝜂𝑏

𝜃
(𝑡), we obtain

𝜂𝑏𝜔 =

𝑛∑︁
𝑘=1

[
𝜕𝜔̂𝑏

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]
𝜂𝑘𝑞 +

𝑛∑︁
𝑘=1

[
𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]
𝜂𝑘¤𝑞 , (1.9a)

¤𝜂𝑏𝜃 =
𝑛∑︁
𝑘=1

[
d
d𝑡

(
𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

)]
𝜂𝑘𝑞 +

𝑛∑︁
𝑘=1

[
𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]
¤𝜂𝑘𝑞 . (1.9b)
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Subtracting Equation (1.9b) from (1.9a) yields, for 𝑏 = 1, . . . , 𝑛,

𝜂𝑏𝜔 − ¤𝜂𝑏𝜃 =
𝑛∑︁
𝑘=1

[E𝑘𝜔̂𝑏 ◦ (𝑞, ¤𝑞, ¥𝑞, 𝜏)]𝜂𝑘𝑞 +
𝑛∑︁
𝑘=1

[
𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]
(𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞), (1.10)

where E𝑘𝜔̂𝑏 ◦ (𝑞, ¤𝑞, ¥𝑞, 𝜏) is the 𝑘th Euler–Lagrange operator applied to 𝜔𝑏, i.e.,

E𝑘𝜔̂
𝑏 ◦ (𝑞, ¤𝑞, ¥𝑞, 𝜏)

:=
𝜕𝜔̂𝑏

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏) − d

d𝑡

(
𝜕𝜔̂𝑏

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

)
, 𝑏, 𝑘 = 1, . . . , 𝑛. (1.11)

Equation (1.10) shows that, for systems featuring nonholonomic constraints (for
which the characterizing condition E𝑘𝜔̂

𝑏 ≠ 0 applies, at least, for those values of 𝑏
corresponding to such constraints, i.e., 𝑏 = 𝛼 = 1, . . . , 𝑚), the differences 𝜂𝑏𝜔− ¤𝜂𝑏

𝜃
and

𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 are not both a priori identically zero. In fact, there exists an infinite number
of pairs ({𝜂𝑏𝜔 − ¤𝜂𝑏

𝜃
}𝑛
𝑏=1, {𝜂

𝑘
¤𝑞 − ¤𝜂𝑘𝑞}𝑛𝑘=1) satisfying (1.10). However, in the system of

the quasi-velocities and quasi-coordinates, the nonholonomic constraints may be
regarded to be formally “holonomic”. Indeed, the quasi-coordinates associated with
them are constant in time, and, thus, their only admissible incremental functions
𝜂𝑏
𝜃

can be taken to be the null ones (this returns Chetaev’s conditions), and, on the
same footing, since the quasi-velocities expressing the constraints are identically null,
𝜂𝑏𝜔 can be taken null, too. In fact, according to [13, 28–30], Equation (1.10) can be
fulfilled in two main ways: depending on the “school of thought” which is followed
for defining the transpositional relations, one may require the vanishing either of
𝜂𝑏𝜔 − ¤𝜂𝑏

𝜃
, for 𝑏 = 1, . . . , 𝑛, or of 𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 , for 𝑘 = 1, . . . , 𝑛. To compare the approach

proposed in the present work with the “Modified Vakonomic Method” developed by
Llibre et al. [16], we assume 𝜂𝑏𝜔 − ¤𝜂𝑏

𝜃
= 0, for all 𝑏 = 1, . . . , 𝑛. With this choice,

Equation (1.10) leads to [16, 1]

𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 =
𝑛∑︁
𝑘=1

𝑊 ℎ
𝑘𝜂

𝑘
𝑞 , 𝑊 ℎ

𝑘 := −
𝑛∑︁
𝑏=1

[J−1]ℎ𝑏 [E𝑘𝜔̂𝑏 ◦ (𝑞, ¤𝑞, ¥𝑞, 𝜏)], (1.12)

where [J−1] is the inverse of the Jacobian [𝐽𝑏𝑘 ]𝑏=1,...,𝑛
𝑘=1,...,𝑛 = [𝜕 ¤𝑞𝑘 𝜔̂𝑏 ◦ (𝑞, ¤𝑞, 𝜏)]𝑏=1,...,𝑛

𝑘=1,...,𝑛.

Since the first 𝑚 quasi-velocities are taken equal to the functions expressing
the 𝑚 nonholonomic constraints, it holds that E𝑘𝜔̂𝛼 ≠ 0, for 𝛼 = 1, . . . , 𝑚, thereby
implying that the matrix of coefficients𝑊 ℎ

𝑘 is different from the null matrix. Hence,
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the incremental functions 𝜼 ¤𝑞 and ¤𝜼𝑞 are different from each other, and reciprocally
related by the conditions in (1.12), which are referred to as transpositional relations
[13, 30, 16].

Note that Equation (1.12) gives an operative way for computing the coefficients
𝑊 ℎ

𝑘 , and, thus, the transpositional relations, by solving the 𝑛× 𝑛 system of equations

E𝑘𝜔̂
𝑏 ◦ (𝑞, ¤𝑞, ¥𝑞, 𝜏) +

𝑛∑︁
ℎ=1

𝐽𝑏ℎ𝑊
ℎ
𝑘 = 0, 𝑏, 𝑘 = 1, . . . , 𝑛. (1.13)

For further insight on transpositional relations, see e.g. [16, 1].
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Analytical Mechanics





Chapter 2

Nonholonomic constraints: a review
of the Modified Vakonomic Method

The content of this chapter is taken from [1].

2.1 An overview on nonholonomic mechanics

The motivation for studying mechanical systems subjected to nonholonomic con-
straints is determined not only by their mathematical beauty, but also by their
relevance in physics [31, 7], e.g. for modeling relativistic fluids; in biomechanics, for
describing, e.g., tissue growth and remodeling [23, 32, 33], and animal or cellular
motion [34]; and in engineering, especially in robotics [35–38]. The ever-green
interest for these systems is the search for a paradigmatic framework formalizing
nonholonomic mechanics, whose applicability should be as universal as possible.
This applies, in particular, to problems exhibiting nonholonomic constraints that are
either nonlinear in the generalized velocities of a given system [12, 14, 23, 32] or
involving the accelerations [39, 21].

A peculiar feature of nonholonomic systems is their intrinsic tendency to involve
several aspects of mathematics, such as analysis, differential geometry and numerics,
with the aim of providing physically consistent formulations of their evolution.
This has led to descriptions of nonholonomic systems different from those of
standard analytical mechanics, which are based on the Lagrange–d’Alembert principle,
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typically “augmented” by the technique of Lagrange multipliers, i.e., the so-called
“traditional nonholonomic method” (TNHM) [11, 39, 21, 40]. For example, in
the early 80’s, Kozlov proposed a method for modeling nonholonomic mechanics,
known as “vakonomic method” (VM) [41–44], and standing for mechanics of the

“variational axiomatic kind” [17], which applies Hamilton’s principle of stationary
action [11] also to systems subjected to nonholonomic constraints. One of the main
features of this method is the capability of describing nonholonomic systems through
a fully variational procedure, based on the definition of an appropriate constrained
Lagrangian function [41–44]. We remark that also other types of variational
approaches have been introduced to study systems subjected to nonholonomic
constraints (see, e.g., [45–49, 25]).

The vakonomic method [41–44], used as is, can lead, in same cases, to motions
that differ from the ones obtained with the TNHM, which is known to supply
solutions observable experimentally for the majority of mechanical problems [26, 50–
52, 27, 17]. In particular, as recently shown by Lemos [17], one of such cases is the
problem of the “rolling coin”, which describes a rigid coin rolling without slipping
on an inclined plane [17, 40], for which the VM is said to lead to unphysical results.
Similar problems have also been investigated in [27, 16]. On the other hand, there are
problems, e.g. in geometric control theory [15, 53, 34] and in field theory [31, 7], in
which it is claimed that the TNHM does not provide physically consistent dynamics,
while the VM provides “interesting results” [7].

Many authors have compared the VM and the TNHM on the basis of the
variations introduced to define the associated variational principle [51, 26, 54–
56, 52, 50, 57, 7, 31, 53], and in terms of the geometrical meaning of such variations
[15, 55, 56, 58, 57, 49, 53]. Often, one of the purposes of these investigations is to
provide conditions that allow to conclude that a solution to a mechanical problem
obtained within the TNHM is also a solution of the VM, whereas the converse is, in
general, not true (see [26] for a critique on Kozlov’s approach). In fact, Lemos’ work
[17] places itself in this research line, thereby highlighting the discrepancies between
the VM and the TNHM for a certain class of problems. Still, in our opinion, Kozlov’s
idea is worth of being investigated because of its conceptual potential, and, to the
best of our understanding, it could be “saved” by performing suitable modifications
to it (Llibre et al. [16] speak of “modified vakonomic method”). Indeed, if our
interpretation is correct, it is with this attitude in mind that the works of Ramírez
et al. [59] and Llibre et al. [16] have been conceived. From an operative point
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of view, the modifications to the VM should be able to provide conditions on the
variations of the Lagrangian parameters of a given system, and on the associated
generalized velocities, in such a way that, under certain working hypotheses, the
TNHM solutions can be recovered (see Section 2.3.3). To this end, the variations
should satisfy Lagrange-Chetaev’s conditions in addition to other conditions specified
by the method employed.

To our knowledge, in fact, a possible reconciliation between the vakonomic
method and the traditional methodologies is given in a paper by Llibre et al. [16],
whose germinal idea was already present in [59], and in which the authors elaborate
a modification to the original vakonomic method based on the Hamilton-Suslov
variational principle [60, 61, 16] that accounts for the presence of non-vanishing
transpositional relations [62, 13, 59, 25, 16]. Such relations express that, in the
presence of a nonholonomic constraint, the variation of a generalized velocity involved
in the constraint is generally not equal to the time derivative of the variation of the
associated Lagrangian parameter. With this premise, Llibre et al. [16] prove that
the equations of motion obtained with their so-called modified vakonomic method
(MVM) [16] are equivalent to the ones obtained with the traditional nonholonomic
method, up to a “zero Lebesgue-measure set” [16]. For their purposes, Llibre et
al. [16] propose two paths: one is based on the introduction of auxiliary functions
that augment the Lagrangian function of the considered problem in a suitable way
(see Theorem 2 of [16] and Section 2.3 below), while the other one imposes a
priori conditions that compel the equivalence of their approach with the TNHM (see
Theorem 3 of [16] and our Corollary 2.1).

Within the context explained above, the scope of this chapter is to present a
reformulation of the MVM that, on the one hand, retrieves the equivalence with the
TNHM, and, on the other hand, merges the two paths of [16] in a physics-driven way.
More in detail, we propose a way to indicate, on physical grounds (e.g. compliance
with evident conservation laws), which path should be followed.

It should be noticed that, in the following, our efforts are concentrated on the
reconciliation of the VM with the TNHM for a class of mechanical problems known
to be reliably described by the TNHM, i.e., for which the TNHM is known to produce
solutions consistent with the experiments. In fact, our interest for such reconciliation
does not require that the TNHM should always be used as a reference, but it resides
in the possibility of describing the dynamics of a given mechanical system through
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a variational approach that supplies the same solutions as the TNHM, and, thus,
the experimentally observable motions. In this respect, our work can be seen as a
“gym” for testing the MVM [59, 16], and for understanding whether fundamental
results of Analytical Mechanics holding in the nonholonomic setting [13] can be
extended to study the symmetries of mechanical systems (see Noether’s theorem
and its extension to nonholonomic problems [63]), and whether, and with which
modifications, the MVM can be imported to field theories (e.g. inelastic processes in
continuum systems [23, 32]). Hence, in this work we are not interested in comparing
the VM and the TNHM, neither on theoretical nor on experimental bases. Rather,
we would just like to present our reformulation of the MVM of Llibre et al. [16],
which enjoys the efficacy and elegance of the Lagrangian formalism, while providing
solutions that are in harmony with the TNHM.

Outline of the content of Chapter 2. As for the structure of this chapter, Section
2.2 is dedicated to give the reader an overview on the mathematical foundations of the
MVM [16]. In particular, in Section 2.2.1 we establish the geometrical setting used for
describing the kinematics of a nonholonomically constrained system and the need for
introducing non-vanishing “transpositional relations” [62, 13, 25, 16]; in Section 2.3,
we have explicit recourse to the Hamilton–Suslov variational principle [60, 61, 16]
that leads us to the dynamic equations for the system under investigation, which
are then closed under the assumption of suitable solvability conditions discussed in
Section 2.3.1; in Section 2.3.2, we further elaborate on some computational aspects
regarding the MVM, which help us draw the differences and similarities between the
MVM and the TNHM, as expanded in Sections 2.3.3 and 2.3.4. Some geometric
remarks related to the analyzed constraints are summarized in Appendix A.

2.2 Modified Vakonomic Method: kinematic aspects

In this section, we summarize the fundamental aspects of the modified vakonomic
method developed by Llibre et al. [16] that are relevant for our work. Hereafter, for
the sake of brevity, we shall refer to the “modified vakonomic method” [16] as MVM,
in order to distinguish it from the original “vakonomic method”, referred to as VM,
introduced by Kozlov [41–44].
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2.2.1 Constraints, variations and Chetaev’s conditions

Let 𝔐 be a mechanical system whose evolution is characterized by 𝑛 ≥ 1, 𝑛 ∈
N, Lagrangian parameters, i.e., 𝑛 functions of time, collected in the array 𝑞 :=
(𝑞1, . . . , 𝑞𝑛) : [𝑡in, 𝑡fin] ⊆ I → C , where [𝑡in, 𝑡fin] is a closed interval of the time
line I [24], and C is referred to as the configuration space of 𝔐 [11]. The latter
is regarded here as an 𝑛-dimensional manifold representing the set of all possible
configurations for 𝔐 and, as required in [16], it is assumed to be smooth in the sequel.
In this sense, 𝑞 : [𝑡in, 𝑡fin] → C is a one-parameter family of configurations of C ,
thereby parameterizing a curve on this manifold, such that, for each 𝑡 ∈ [𝑡in, 𝑡fin], 𝜗
is the unique element of C satisfying 𝜗 = 𝑞(𝑡) ∈ C .

For each configuration 𝜗 ∈ C , 𝑇𝜗C denotes the tangent space of C at 𝜗, and
𝑇C = ∪𝜗∈C

(
{𝜗}×𝑇𝜗C

)
is the tangent bundle of C , so that, for each pair (𝜗, 𝝂) ∈ 𝑇C ,

𝝂 ∈ 𝑇𝜗C is a realization of the generalized velocity vector attached at 𝜗. Moreover,
under the hypothesis that 𝑞 is differentiable, we denote by (𝑞, ¤𝑞) : ]𝑡in, 𝑡fin [→ 𝑇C

the map such that, for each time 𝑡 ∈ ]𝑡in, 𝑡fin [ , ¤𝑞(𝑡) ∈ 𝑇𝑞(𝑡)C is the tangent vector
to the curve parameterized by 𝑞 at 𝑞(𝑡), and is equal to the vector of generalized
velocities attached at 𝑞(𝑡) ∈ C , i.e., there exists 𝝂 ∈ 𝑇𝑞(𝑡)C such that ¤𝑞(𝑡) = 𝝂.

We assume that the system 𝔐 is subjected to 𝑚 ∈ N, with 𝑚 ≤ 𝑛, linearly
independent nonholonomic constraints, represented by the functions V̂𝛼 : 𝑇C ×I →
R, for 𝛼 = 1, . . . , 𝑚. The presence of such constraints restricts the admissible
generalized velocities to the following sub-manifold of the tangent bundle 𝑇C (see
e.g. [51, 64])

𝑇Cc :=
{
(𝜗, 𝝂) ∈ 𝑇C : V̂𝛼 (𝜗, 𝝂, 𝑡) = 0, 𝛼 = 1, . . . , 𝑚, ∀ 𝑡 ∈ [𝑡in, 𝑡fin]

}
. (2.1)

Moreover, as done in [59, 16], in this chapter and in Chapter 3, we focus on
nonholonomic constraints linear in the generalized velocities. To this end, for
each 𝛼 = 1, . . . , 𝑚, and for all 𝜗 ∈ C and 𝑡 ∈ I , we introduce a linear map
G𝛼 (𝜗, 𝑡) [ · ] : 𝑇𝜗C → R, i.e., an element of the cotangent space 𝑇∗

𝜗
C , represented by

G𝛼 (𝜗, 𝑡) [ · ] :=
𝑛∑︁
𝑘=1
𝑎̂𝛼𝑘 (𝜗, 𝑡)𝒆𝑘 (𝜗) [ · ], (2.2)
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with 𝒆𝑘 (𝜗) [ · ] denoting the 𝑘th basis co-vector of 𝑇∗
𝜗
C , and defined such that

G𝛼 (𝜗, 𝑡) [𝝂] :=
𝑛∑︁
𝑘=1
𝑎̂𝛼𝑘 (𝜗, 𝑡)𝜈𝑘 ≡ V̂𝛼 (𝜗, 𝝂, 𝑡), (2.3)

where the identity 𝒆𝑘 (𝜗) [𝝂] ≡ 𝜈𝑘 is exploited for each 𝑘 = 1, . . . , 𝑛, and, for varying
𝛼 = 1, . . . , 𝑚 and 𝑘 = 1, . . . , 𝑛, 𝑎̂𝛼𝑘 : C × I → R determines a collection of given
scalar-valued functions.

When V̂𝛼 is evaluated for 𝜗 = 𝑞(𝑡) and 𝝂 = ¤𝑞(𝑡), we use the notation

V̂𝛼 (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) = [V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏)] (𝑡) =: V𝛼 (𝑡), (2.4)

where we have employed the composition of maps to define the scalar-valued function
V𝛼 : I → R, with 𝜏 : T → T being the time-identity function [24] defined as
𝜏(𝑡) := 𝑡. Finally, for all the pairs (𝑞, ¤𝑞) that are admissible in the sense specified by
Equation (2.1), i.e., (𝑞, ¤𝑞) : ]𝑡in, 𝑡fin [→ 𝑇Cc,

V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) = [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¤𝑞𝑘 = 0, 𝛼 = 1, . . . , 𝑚. (2.5)

In Equation (2.5), we have used Einstein’s notation to imply a summation over
the repeated index 𝑘 , and, in the following, we will make large use of such notation,
unless otherwise specified. Note that the linear independence of the constraints is
fulfilled by requiring the functions [𝑎̂𝛼𝑘 ]𝛼=1,...,𝑚

𝑘=1,...,𝑛 to defined a (rectangular) matrix of
rank 𝑚.

Now that the kinematics of the system 𝔐 is described, we can introduce the
variations of 𝑞 and ¤𝑞 as

𝑞 : [𝑡in, 𝑡fin] × ] − 𝜀0,+𝜀0 [→ C , (2.6a)

𝒗̃ : [𝑡in, 𝑡fin] × ] − 𝜀0,+𝜀0 [→ 𝑇𝑞C , (2.6b)

with 𝜀0 > 0 being a smallness parameter, and we require them to be such that

𝑞(𝑡, 𝜀) ∈ C , 𝑞(𝑡, 0) = 𝑞(𝑡), ∀ 𝑡 ∈ [𝑡in, 𝑡fin], (2.7a)

𝒗̃(𝑡, 𝜀) ∈ 𝑇𝑞(𝑡,𝜀)C , 𝒗̃(𝑡, 0) = ¤𝑞(𝑡), ∀ 𝑡 ∈ [𝑡in, 𝑡fin], (2.7b)

where, in Equation (2.7b), ¤𝑞 is prolonged by continuity to 𝑡in and 𝑡fin.
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By varying 𝑡 ∈ [𝑡in, 𝑡fin] and 𝜀 ∈ ]−𝜀0,+𝜀0 [, one can determine the two-parameter
family of tangent spaces 𝑇𝑞C , such that 𝑇𝑞(𝑡,𝜀)C is the element of this family obtained
for fixed (𝑡, 𝜀) ∈ [𝑡in, 𝑡fin]× ] − 𝜀0,+𝜀0 [ , and 𝑇𝑞C ≡ 𝑇𝑞( · ,0)C is the one-parameter
family of tangent spaces identified by 𝜀 = 0 and 𝑡 varying in [𝑡in, 𝑡fin].

To avoid technicalities, we assume that both 𝑞 and 𝒗̃ are 𝐶2 maps over their
domain, i.e., [𝑡in, 𝑡fin] × ] − 𝜀0,+𝜀0 [ , and we set

𝜼𝑞 (𝑡) :=
𝜕𝑞

𝜕𝜀
(𝑡, 0), ∀𝑡 ∈ [𝑡in, 𝑡fin], (2.8a)

𝜼 ¤𝑞 (𝑡) :=
𝜕 𝒗̃

𝜕𝜀
(𝑡, 0), ∀𝑡 ∈ [𝑡in, 𝑡fin], (2.8b)

where 𝜼𝑞 : [𝑡in, 𝑡fin] → 𝑇𝑞C and 𝜼 ¤𝑞 : [𝑡in, 𝑡fin] → 𝑇𝑞C are the first-order variations
of 𝑞 and ¤𝑞, respectively, and 𝜼𝑞 is such that 𝜼𝑞 (𝑡in) = 𝜼𝑞 (𝑡fin) = 0 [24, 11, 16]. Before
proceeding, to simplify the notation, in analogy with the maps 𝑞 and 𝒗̃, we introduce
the auxiliary map 𝜏 : [𝑡in, 𝑡fin] × ] − 𝜀0,+𝜀0 [→ [𝑡in, 𝑡fin] defined as 𝜏(𝑡, 𝜀) = 𝑡 so
that 𝜕𝜀𝜏(𝑡, 𝜀) = 0 applies everywhere in its domain.

We evaluate now the constraints for the varied configuration and varied velocity,
defined in Equations (2.6a) and (2.6b), and we set [16]

Ṽ𝛼 := V̂𝛼 ◦ (𝑞, 𝒗̃, 𝜏 ) = [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏 )] 𝑣̃𝑘 . (2.9)

Clearly, evaluating Ṽ𝛼 at 𝜀 = 0 for each 𝛼 = 1, . . . , 𝑚 yields the original set of
constraints, i.e.,

Ṽ𝛼 ( · , 0) = V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) = [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¤𝑞𝑘 = 0. (2.10)

However, following [16], we also require that each Ṽ𝛼, for 𝛼 = 1, . . . , 𝑚, satisfies
the corresponding constraint at the first order in 𝜀, i.e., up to orders 𝑜(𝜀) in the limit
𝜀 → 0. This requirement, in turn, is expressed by enforcing the set of conditions:

𝜕Ṽ𝛼

𝜕𝜀
( · , 0) =

[𝜕𝑎̂𝛼𝑖
𝜕𝑞𝑘

◦ (𝑞, 𝜏)
]
𝜂𝑘𝑞 ¤𝑞𝑖 + [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)]𝜂𝑘¤𝑞 = 0, 𝛼 = 1, . . . , 𝑚.

(2.11)

Furthermore, by adhering to the framework developed in [59, 16], we hypothesize
that, in the jargon of [16], all the constraints considered in this work are ideal, in the
sense that they satisfy the so-called Lagrange–Chetaev conditions [16, 7, 52], which
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are expressed in the form

𝑛∑︁
𝑘=1

[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ (𝑞, ¤𝑞, 𝜏)
]
𝜂𝑘𝑞 =

𝑛∑︁
𝑘=1

[𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)]𝜂𝑘𝑞 = 0, 𝛼 = 1, . . . , 𝑚. (2.12)

Note that, since, for each 𝛼 = 1, . . . , 𝑚, V̂𝛼 is linear in the velocities, Equation (2.12)
returns the constraints in the form V̂𝛼 ◦ (𝑞, 𝜼𝑞, 𝜏) = 0, i.e., with 𝜼𝑞 replacing ¤𝑞,
thereby prescribing the conditions that must be fulfilled by the first-order variations
𝜂1
𝑞, . . . , 𝜂

𝑛
𝑞 (see [12, 14]). Thus, by computing the derivative of Equation (2.12) with

respect to time, we obtain

d
d𝑡

{ 𝑛∑︁
𝑘=1

[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ (𝑞, ¤𝑞, 𝜏)
]
𝜂𝑘𝑞

}
=

d
d𝑡

{ 𝑛∑︁
𝑘=1

[𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)]𝜂𝑘𝑞
}

=

[𝜕𝑎̂𝛼𝑘
𝜕𝑞𝑖

◦ (𝑞, 𝜏)
]
𝜂𝑘𝑞 ¤𝑞𝑖 +

[𝜕𝑎̂𝛼𝑘
𝜕𝜏

◦ (𝑞, 𝜏)
]
𝜂𝑘𝑞 + [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¤𝜂𝑘𝑞 = 0. (2.13)

Moreover, by computing the difference between Equations (2.11) and (2.13), and by
changing the indexes appropriately, we obtain, for each 𝛼 = 1, . . . , 𝑚, the relation
[16, 39, 21]

0 =
𝜕Ṽ𝛼

𝜕𝜀
( · , 0) − d

d𝑡

{ 𝑛∑︁
𝑘=1

[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ (𝑞, ¤𝑞, 𝜏)
]
𝜂𝑘𝑞

}
=

[(𝜕𝑎̂𝛼𝑖
𝜕𝑞𝑘

− 𝜕𝑎̂𝛼𝑘

𝜕𝑞𝑖

)
◦ (𝑞, 𝜏)

]
𝜂𝑘𝑞 ¤𝑞𝑖 +

[
− 𝜕𝑎̂𝛼𝑘

𝜕𝜏
◦ (𝑞, 𝜏)

]
𝜂𝑘𝑞

+ [𝑎̂𝛼ℎ ◦ (𝑞, 𝜏)] (𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞). (2.14)

Equation (2.14) produces a set of 𝑚 linear relations between the components of
𝜼 ¤𝑞 − ¤𝜼𝑞 and the components of 𝜼𝑞. Thus, by following the framework established in
[59, 16], we hypothesize (see Section 2.2.2) the existence of a linear transformation
between 𝜼 ¤𝑞 − ¤𝜼𝑞 and 𝜼𝑞 represented by a matrix W := [𝑊 ℎ

𝑘 ]ℎ=1,...,𝑛
𝑘=1,...,𝑛 such that

𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 =
𝑛∑︁
𝑘=1
𝑊 ℎ

𝑘𝜂
𝑘
𝑞 , ℎ = 1, . . . , 𝑛. (2.15)

In the terminology of [62, 13, 25, 16, 59, 64], the relations reported in Equation
(2.15) are referred to as “transpositional relations”, since they express, at the first
order in 𝜀, the fact that, for each ℎ = 1, . . . , 𝑛, the variation of the time derivative of
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the Lagrangian parameter 𝑞ℎ, i.e., 𝜂ℎ¤𝑞 , is not equal, in general, to the time derivative of
the variation of 𝑞ℎ, i.e., ¤𝜂ℎ𝑞 . The statement just given here contains a deep geometric
meaning, and can be formalized quite rigorously by employing the language of
Differential Geometry developed, e.g., in [57]. In this respect, one should introduce
the concept of second tangent bundle of C , denoted by 𝑇𝑇C , and declare 𝜼 ¤𝑞 and ¤𝜼𝑞
as elements of 𝑇𝑇C , but belonging to different fibers of 𝑇𝑇C . A study of constrained
mechanical systems conducted by having recourse to such concepts of Differential
Geometry can be found in [57], which, in turn, employs the framework established in
[65].

To the best of our understanding, the variations taken in the MVM proposed by
Llibre et al. [16] live in the intersection between two sets of variations introduced in
a work by Jóźwikowski&Respondek [52] (based on the paper by Gràcia et al. [53]),
i.e., the set of “nonholonomic admissible variations” [52], defined according to

“Chetaev’s principle” [52], and the set of “vakonomic admissible variations” [52].
The latter variations are also in agreement with those presented in the vakonomic
approach provided by Lemos [17]. The reason for requiring that the variations of the
MVM belong to the intersection mentioned above is that we need the consistency
with Lagrange–Chetaev’s conditions in order to look for coherence between the
TNHM (based on the fulfillment of such conditions) and the MVM. More details are
reported in Appendix A.

2.2.2 Quasi-velocities and transpositional relations

Granted the approach specified above [59, 16], which, as remarked in [16], places
itself in the school of thought of “Suslov, Voronets, Levi-Civita, Amaldi,. . . ” [16], the
presence of nonholonomic constraints renders the operations of “variation” and “time
differentiation” non-commutative in general [39, 21]. More in detail, as discussed
in [13, 30, 59, 16, 64], if a generalized velocity featuring in a given constraint is
taken as dependent, i.e., as a function of the other independent velocities, then its
corresponding transpositional relation does not vanish. On the contrary, indipendent
velocities produce null transpositional relations [13, 30, 59, 16, 64].

To contextualize the introduction of the square matrix W = [𝑊 ℎ
𝑘 ]ℎ=1,...,𝑛
𝑘=1,...,𝑛 in

Equation (2.15), we briefly review the point of view of Jarzębowska [30], who
summarized the discussion of Neimark and Fufaev [13] on the transpositional



24 Nonholonomic constraints: a review of the Modified Vakonomic Method

relations and the analysis of motion in terms of quasi-velocities and quasi-coordinates.
Hence, by slightly modifying Jarzębowska’s notation [30], we denote here by
𝜔1, . . . , 𝜔𝑛 the 𝑛 quasi-velocities of a given mechanical system (they must be as
many as the “true” velocities). Each quasi-velocity 𝜔ℎ, with ℎ = 1, . . . , 𝑛, is, in
general, a function defined as 𝜔ℎ := 𝜔̂ℎ ◦ (𝑞, ¤𝑞, 𝜏), which supplies a convenient
reformulation of the system’s kinematics. For systems featuring 𝑚 ≤ 𝑛 non-
holonomic constraints (𝑚 ≥ 1), it is useful to identify the first 𝑚 quasi-velocities
with the functions expressing the constraints themselves, i.e., 𝜔𝛼 := 𝜔̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) ≡
V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) = 0, with 𝛼 = 1, . . . , 𝑚 [13, 30] (indeed, this way, the constraints
are satisfied as 𝜔1 = 0, . . . , 𝜔𝑚 = 0), while, as remarked in [13], the remaining
𝑛 − 𝑚 quasi-velocities can be assigned arbitrarily through generic functions F𝛽, i.e.,
𝜔𝛽 := 𝜔̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏) ≡ F̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏), with 𝛽 = 𝑚 + 1, . . . , 𝑛, provided that they
represent a change of variables in the “space” of the velocities. Thus, by denoting
by 𝐽ℎ𝑘 := 𝜕 ¤𝑞𝑘 𝜔̂

ℎ ◦ (𝑞, ¤𝑞, 𝜏) the coefficients of the non-singular Jacobian matrix
J = [𝐽ℎ𝑘 ]ℎ=1,...,𝑛

𝑘=1,...,𝑛 associated with the quasi-velocities, and adapting Jarzębowska’s
procedure [30] to ours, we rewrite Equation (16) of [30] as

𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 = −[J−1]ℎ𝑖
{
𝜕𝜔̂𝑖

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏) − d

d𝑡

[
𝜕𝜔̂𝑖

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]}
𝜂𝑘𝑞 , (2.16)

which is obtained by identifying our 𝜂ℎ¤𝑞 , ¤𝜂ℎ𝑞 , and 𝜂𝑘𝑞 in Equation (2.15) with 𝛿 ¤𝑞𝜆,
(𝛿𝑞𝜆) ·, and 𝛿𝑞𝜆 of [30], respectively, and assuming that the difference 𝛿𝜔𝑟 − (𝛿𝜋𝑟) · is
null for each 𝑟 = 1, . . . , 𝑛 (here 𝛿𝜋𝑟 is the 𝑟th form defined by “𝛿𝜋𝑟 := [𝜕 ¤𝑞𝜎𝜔𝑟]𝛿𝑞𝜎”
in [30]). We emphasize that the latter assumption is not made in [30], although
Neimark and Fufaev [13] explain that it can be done always. At this stage, if in
Equation (2.16) we set

𝑊 ℎ
𝑘 := −[J−1]ℎ𝑖

{
𝜕𝜔̂𝑖

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏) − d

d𝑡

[
𝜕𝜔̂𝑖

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]}
, (2.17)

we retrieve Equation (2.15). Note that the matrix W obtained this way is related to the
one defined in [30] through WJar = J W J−1, where “Jar” stands for “Jarzębowska”.

If 𝑚 is the number of nonholonomic constraints linear in the velocities, i.e., if
𝜔𝛼 = 𝜔̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏) = [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¤𝑞𝑘 , as is the case addressed in this work, the
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terms between braces in Equation (2.17), evaluated for 𝑖 = 𝛼 = 1, . . . , 𝑚, become

𝜕𝜔̂𝛼

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏) − d

d𝑡

[
𝜕𝜔̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞, 𝜏)

]
=

[(𝜕𝑎̂𝛼𝑖
𝜕𝑞𝑘

− 𝜕𝑎̂𝛼𝑘

𝜕𝑞𝑖

)
◦ (𝑞, 𝜏)

]
¤𝑞𝑖 − 𝜕𝑎̂𝛼𝑘

𝜕𝜏
◦ (𝑞, 𝜏), (2.18)

which, after multiplication by 𝜂𝑘𝑞 , is the sum of the first two terms on the right-
hand side of Equation (2.14). In conclusion, in deriving Equation (2.15), we have
hypothesized the existence of the linear transformation relating 𝜼 ¤𝑞 − ¤𝜼𝑞 with 𝜼𝑞
because in Equation (2.14) the matrix corresponding to [𝑎̂𝛼ℎ ◦ (𝑞, 𝜏)] is rectangular,
and, thus, cannot be inverted to obtain Equation (2.16) at once.

2.2.3 Transpositional relations and the “Canonical flip”

A relevant result of the work by Grabowska&Grabowski [57] is their Equation (2.5),
which reproposes the tranpositional relations discussed by Neimark&Fufaev [13],
and establishes a peculiar relationship between the quantities that, in our context, are
denoted by 𝜼 ¤𝑞 and ¤𝜼𝑞. In our notation, which follows the one adopted in [13], the
transpositional relations could be written as [13, 57, 52]

𝜂ℎ¤𝑞 = ¤𝜂ℎ𝑞 +
𝑛∑︁

ℓ,𝑘=1
Cℎℓ𝑘 ¤𝑞ℓ𝜂𝑘𝑞 , (2.19)

where Cℎℓ𝑘 = −Cℎ𝑘ℓ is a collection of functions that is skew-symmetric in the
lower indices, and represents, in local coordinates, the fourth slot of the “Canonical
flip” between 𝑇𝑇C and itself [57, 52] (see Appendix A). However, adapted to our
framework, in which the constraints are linear in the velocities as in (2.5), and are
allowed to depend explicitly on time, Equation (2.19) is reformulated as

𝜂ℎ¤𝑞 = ¤𝜂ℎ𝑞 +
𝑛∑︁
𝑘=1

Cℎ0𝑘𝜂
𝑘
𝑞 +

𝑛∑︁
ℓ,𝑘=1

Cℎℓ𝑘 ¤𝑞ℓ𝜂𝑘𝑞 . (2.20)

This result, in fact, is consistent with the skew-symmetry of the first two terms on the
far right-hand side of Equation (2.14)1.

1Whereas the skew-symmetry of the first term is obvious, that of the second one becomes evident
if, for each 𝛼 = 1, . . . , 𝑚, we introduce an identically null function 𝑎̂𝛼0 ◦ (𝑞, 𝜏), whose only role is to
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Although obtained in a different context, Equation (2.15) (see [59, 16]) can
be understood as an equivalent form of the relationship (2.20) adapted from [57],
provided the following identification is made:

𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 =
𝑛∑︁
𝑘=1
𝑊 ℎ

𝑘𝜂
𝑘
𝑞 ≡

𝑛∑︁
𝑘=1

Cℎ0𝑘𝜂
𝑘
𝑞 +

𝑛∑︁
ℓ,𝑘=1

Cℎℓ𝑘 ¤𝑞ℓ𝜂𝑘𝑞

=

𝑛∑︁
𝑘=1

{
Cℎ0𝑘 +

𝑛∑︁
ℓ=1

Cℎℓ𝑘 ¤𝑞ℓ
}
𝜂𝑘𝑞 . (2.21)

In the remainder of our work, and, in particular, in the presentation of the benchmark
problems analyzed in Chapter 3, we will show how relationships similar to Equation
(2.21) are obtained. Moreover, we will emphasize that the skew-symmetry of the
functions Cℎℓ𝑘 in the lower indices is respected as a consequence of the structure
of the coefficients𝑊 ℎ

𝑘 . More specifically, we will present two situations in which
Equation (2.21) is studied with special care: One case (see Section 3.2.4) requires
redefining the coefficients Cℎℓ𝑘 as functions of 𝑞, ¤𝑞, and 𝜏 (this will involve, in fact,
the dependence of these coefficients on the generalized momenta of the problem); the
second case (see Section 3.2.5), instead, requires redefining the generalized velocities
¤𝑞 by suitably normalizing the generalized momenta mentioned above.

2.3 Hamilton–Suslov Variational Principle

Given the mechanical system 𝔐 introduced above, and assuming 𝔐 to be subjected
to 𝑚 nonholonomic constraints of the type specified in Equation (2.5), we denote by
L̂ : 𝑇C × [𝑡in, 𝑡fin] → R the Lagrangian function that would characterize 𝔐 if none
of the 𝑚 imposed constraints were present. Moreover, we adopt the composition
L := L̂ ◦ (𝑞, ¤𝑞, 𝜏) : [𝑡in, 𝑡fin] → R to rephrase L̂ as a function of time. Then, by
following [41–44], we introduce also the constrained Lagrangian function of 𝔐 as

Lc ≡ L̂c ◦ (𝑞, ¤𝑞, 𝜏;𝜆) := L̂ ◦ (𝑞, ¤𝑞, 𝜏) −
𝑚∑︁
𝛼=1
𝜆𝛼 [V̂𝛼 ◦ (𝑞, ¤𝑞, 𝜏)], (2.22)

yield the expression
[
𝜕𝑘 𝑎̂

𝛼
0 − 𝜕𝜏 𝑎̂𝛼𝑘

]
◦ (𝑞, 𝜏). Note, however, that this is true because, throughout

the remainder of Chapter 2 and in Chapter 3, we are not considering constraints affine in the velocities.
Indeed, should these constraints be considered, as in Chapter 5 within the context of growth mechanics
[2], the function 𝑎̂𝛼0 ◦ (𝑞, 𝜏) would not be identically zero, and Equations (2.19) and (2.20) would
change accordingly (see also [46] for a discussion on constraints affine in the velocities).
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where 𝜆1, . . . , 𝜆𝑚 are 𝑚 Lagrange multipliers associated with the 𝑚 nonholonomic
constraints. For the sake of a compact notation, such Lagrange multipliers can
be collected in the array 𝜆 := (𝜆1, . . . , 𝜆𝑚). Next, we define the action functional
associated with Lc over the time interval [𝑡in, 𝑡fin] as [41–44]

Ac(𝑞;𝜆) :=
∫ 𝑡fin

𝑡in

L̂c(𝑞(𝑡), ¤𝑞(𝑡), 𝜏(𝑡);𝜆(𝑡)) d𝑡 =
∫ 𝑡fin

𝑡in

Lc(𝑡) d𝑡

=

∫ 𝑡fin

𝑡in

{
L(𝑡) −

𝑚∑︁
𝛼=1
𝜆𝛼 (𝑡)V𝛼 (𝑡)

}
d𝑡. (2.23)

To perform the variation of the action functional Ac, and in analogy with the
notation given in Equations (2.6a), (2.6b), and (2.9), we write 𝜆̃(𝑡, 𝜀) to indicate the
collection of varied Lagrange multipliers, and [41–44, 16]

L̃(𝑡, 𝜀) := L̂(𝑞(𝑡, 𝜀), 𝒗̃(𝑡, 𝜀), 𝜏(𝑡, 𝜀)) (2.24)

to indicate the varied Lagrangian function. Note that, for each 𝛼 = 1, . . . , 𝑛, we
set 𝜆̃𝛼 (𝑡, 0) = 𝜆𝛼 (𝑡), and we call 𝜂𝜆𝛼 (𝑡) := 𝜕𝜀𝜆̃𝛼 (𝑡, 0) the first-order variation [16].
Accordingly, the varied action functional can be written as a function of 𝜀, and reads
[41–44]

˜Ac(𝜀) :=
∫ 𝑡fin

𝑡in

L̂c(𝑞(𝑡, 𝜀), 𝒗̃(𝑡, 𝜀), 𝜏(𝑡, 𝜀); 𝜆̃(𝑡, 𝜀)) d𝑡

=

∫ 𝑡fin

𝑡in

{
L̃(𝑡, 𝜀) −

∑︁
𝛼

𝜆̃𝛼 (𝑡, 𝜀)Ṽ𝛼 (𝑡, 𝜀)
}
d𝑡, (2.25)

where we have simplified the notation by using the convention according to which, in
the summations, the index 𝛼 runs from 1 to 𝑚. A similar notation will be employed
in the sequel also for summations over indices running from 1 to 𝑛. We remark that,
in Equations (2.23) and (2.25), the structure of the Lagrangian function Lc is taken
from [41–44], while the way in which the varied velocity 𝒗̃(𝑡, 𝜀) is defined rephrases
the definition given in [16]. Finally, for the sake of brevity and for future use, from
here on we denote by

♮ := (𝑞, ¤𝑞, 𝜏), ♮a := (𝑞, ¤𝑞, 𝜏;𝜆) (2.26)
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the lists of arguments of L and Lc, respectively, and by

♯ := (𝑞, ¤𝑞, ¥𝑞, 𝜏), ♯a := (𝑞, ¤𝑞, ¥𝑞, 𝜏;𝜆, ¤𝜆) (2.27)

the lists of arguments of the corresponding Euler–Lagrange operators, i.e.,

E𝑘L̂ ◦ ♯ :=
𝜕L̂

𝜕𝑞𝑘
◦ ♮ − d

d𝑡

[
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

]
, 𝑘 = 1, . . . , 𝑛, (2.28a)

E𝑘L̂c ◦ ♯a :=
𝜕L̂c

𝜕𝑞𝑘
◦ ♮a −

d
d𝑡

[
𝜕L̂c

𝜕 ¤𝑞𝑘
◦ ♮a

]
, 𝑘 = 1, . . . , 𝑛. (2.28b)

With all the premises given above, the condition of stationary action at 𝜀 = 0
yields [11, 16]

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

{∑︁
𝑘

[E𝑘L̂c ◦ ♯a]𝜂𝑘𝑞 +
∑︁
𝛼

[
𝜕L̂c
𝜕𝜆𝛼

◦ ♮a

]
𝜂𝜆𝛼

}
(𝑡) d𝑡

+
∫ 𝑡fin

𝑡in

{∑︁
ℎ

[
𝜕L̂c

𝜕 ¤𝑞ℎ
◦ ♮a

]
(𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞)

}
(𝑡) d𝑡 = 0. (2.29)

Equation (2.29) can be further worked out by employing Equation (2.15) to rewrite
the differences 𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 in terms of 𝜼𝑞, by introducing the operators [59, 16]

D𝑘L̂c ◦ ♯a := E𝑘L̂c ◦ ♯a +
∑︁
ℎ

[
𝜕L̂c

𝜕 ¤𝑞ℎ
◦ ♮a

]
𝑊 ℎ

𝑘 , 𝑘 = 1, . . . , 𝑛, (2.30)

and by noticing that the derivative of L̂c with respect to 𝜆𝛼 returns, up to the sign,
the 𝛼th constraint. These considerations lead to the following compact expression of
the condition of stationary action:

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

{∑︁
𝑘

[D𝑘L̂c ◦ ♯a]𝜂𝑘𝑞 +
∑︁
𝛼

[−V̂𝛼 ◦ ♮]𝜂𝜆𝛼
}
(𝑡) d𝑡 = 0. (2.31)

Since Equation (2.31) must hold for any possible choice of 𝑡in and 𝑡fin > 𝑡in, we
require the integrand to be zero, and, since the latter condition must be fulfilled for
arbitrary variations 𝜂1

𝑞, . . . , 𝜂
𝑛
𝑞 and 𝜂𝜆1 , . . . , 𝜂𝜆𝑚 , we obtain [16]

D𝑘L̂c ◦ ♯a = 0, 𝑘 = 1, . . . , 𝑛, (2.32a)
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−V̂𝛼 ◦ ♮ = 0, 𝛼 = 1, . . . , 𝑚. (2.32b)

This is a set of 𝑛 + 𝑚 equations in the 𝑛 + 𝑚 unknowns given by the 𝑛 Lagrangian
parameters 𝑞1, . . . , 𝑞𝑛 and by the 𝑚 Lagrange multipliers 𝜆1, . . . , 𝜆𝑚. We notice that
Equation (2.32a) are the dynamic equations of the problem, while Equation (2.32b)
return the constraints.

It must be emphasized, however, that the system of equations just obtained differs
from the one of standard Analytical Mechanics for the following facts:

(i) The dynamic equations (2.32a) search for functions 𝑞1, . . . , 𝑞𝑛 that yield, for
each 𝑘 = 1, . . . , 𝑛, the vanishing of the quantity D𝑘L̂c introduced by Llibre
et al. [16], instead of the standard Euler-Lagrange operator applied to L̂c,
i.e., E𝑘L̂c. In this respect, it should be noticed that, if one followed Kozlov’s
vakonomic method [41–44], the dynamic equations would still be formulated
in terms of the standard Euler–Lagrange operators applied to L̂c, since the
transpositional relations (2.15) would not be explicitly considered. Exactly at
this point the “modification” to the vakonomic dynamics proposed in [59, 16]
comes into play. Indeed, Llibre et al. [16] resolve explicitly the transpositional
relations in Equation (2.15) through the introduction of the matrix W, which, in
turn, leads to the definition of the quantity D𝑘L̂c. From here on, with a slight
abuse of notation, we shall refer to this quantity and to other similar ones as
“operator”. To conclude, we mention that, in the case of holonomic constraints,
Equation (2.14) complies with the equalities 𝜂ℎ¤𝑞 = ¤𝜂ℎ𝑞 for each ℎ = 1, . . . , 𝑛,
thereby requiring W to be the null matrix.

(ii) Even though the number of equations (given by the sum of the number of the
dynamic equations and of the constraints) equals the number of unknowns,
Equations (2.32a) and (2.32b) are not closed, because, for each 𝑘 = 1, . . . , 𝑛,
the operator D𝑘L̂c features the 𝑛2 unknown coefficients of W. To overcome
this problem, 𝑛2 auxiliary conditions need to be imposed (see the difference
with the approach sketched in Section 2.2.2).

(iii) In this theory, the equations for the Lagrange multipliers are first order
differential equations, whereas they are algebraic in the TNHM.
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2.3.1 Solvability conditions

Equations (2.32a) and (2.32b) can be rewritten as

D𝑘L̂ ◦ ♯ +
∑︁
𝛼

¤𝜆𝛼
[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ ♮

]
−

∑︁
𝛼

𝜆𝛼 [D𝑘 V̂
𝛼 ◦ ♯] = 0, 𝑘 = 1, . . . , 𝑛, (2.33a)

−V̂𝛼 ◦ ♮= 0, 𝛼 = 1, . . . , 𝑚. (2.33b)

As anticipated in Section 2.3, we need to assign 𝑛2 additional conditions, denoted
hereafter as the solvability conditions of the MVM, in order to close the system
(2.33a) and (2.33b). In particular, due to the properties of the constraints highlighted
in Equations (2.14) and (2.15), 𝑚𝑛 conditions can be found by substituting Equation
(2.15) into Equation (2.14), which amounts to setting

D𝑘 V̂
𝛼 ◦ ♯ = 0, 𝑘 = 1, . . . , 𝑛, 𝛼 = 1, . . . , 𝑚. (2.34)

The last 𝑛(𝑛 − 𝑚) conditions are assigned via the prescription of Ansätze, in which
either 𝑛 − 𝑚 auxiliary functions satisfying certain conditions [16] are introduced or
the fulfillment of some physics-based conditions is assumed.

Ansatz 1: approach based on the auxiliary functions

To solve Equations (2.33a) and (2.33b), Llibre et al. [16] determine univocally the
coefficients of W by introducing 𝑛 − 𝑚 auxiliary functions F𝛽 ≡ F̂𝛽 ◦ (𝑞, ¤𝑞, 𝜏), with
𝛽 = 𝑚 + 1, . . . , 𝑛, which yield the following 𝑛(𝑛 − 𝑚) conditions

D𝑘 F̂
𝛽 ◦ ♯ = 0, 𝑘 = 1, . . . , 𝑛, 𝛽 = 𝑚 + 1, . . . , 𝑛. (2.35)

As anticipated in Section 2.2.2, the rationale behind the introduction of the set of
functions {F𝛽}𝑛

𝛽=𝑚+1 relies on the concept of quasi-velocities (see e.g. [13, 30, 25]),
i.e., a set of functions {𝜔ℎ}𝑛

ℎ=1 constituting a reparameterization of the velocities
{ ¤𝑞𝑘 }𝑛

𝑘=1 such that 𝜔ℎ (𝑡) = 𝜔̂ℎ (𝑞(𝑡), ¤𝑞(𝑡), 𝑡), for all ℎ = 1, . . . , 𝑛, and the Jacobian
𝐽ℎ𝑘 (𝑡) := 𝜕 ¤𝑞𝑘 𝜔̂

ℎ (𝑞(𝑡), ¤𝑞(𝑡), 𝑡) is non-singular. In fact, for a mechanical system
subjected to 𝑚 constraints on the velocities, it is possible to choose the first 𝑚
quasi-velocities coincident with the constraints themselves (see Section 2.2.2), and
to identify the remaining 𝑛 − 𝑚 quasi-velocities with the “arbitrary” functions
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𝜔𝑚+1 ≡ F𝑚+1, . . . , 𝜔𝑛 ≡ F𝑛. However, in spite of this arbitrariness, some selection
rules are necessary (see [59, 16]). To this end, the identification of the functions
{F𝛽}𝑛

𝛽=𝑚+1 with the corresponding quasi-velocities {𝜔𝛽}𝑛
𝛽=𝑚+1 notwithstanding, it

is instructive to critically review the method outlined in [16] because it involves
conditions on the auxiliary functions that are called for by the variational procedure.

As a starting point, the functions F𝑚+1, . . . ,F𝑛 must be such that the matrix
J = [𝐽𝑖 𝑘 ]𝑖=1,...,𝑛

𝑘=1,...,𝑛, with components

𝐽𝑖 𝑘 =


[𝜕 ¤𝑞𝑘 V̂𝛼] ◦ (𝑞, ¤𝑞, 𝜏), 𝑖 = 𝛼 = 1, . . . , 𝑚, 𝑘 = 1, . . . , 𝑛,

[𝜕 ¤𝑞𝑘 F̂𝛽] ◦ (𝑞, ¤𝑞, 𝜏), 𝑖 = 𝛽 = 𝑚 + 1, . . . , 𝑛, 𝑘 = 1, . . . , 𝑛,
(2.36)

is non-singular, i.e., det J ≠ 0, almost everywhere in 𝑇C × [𝑡in, 𝑡fin]. However, on
this point, we would like to emphasize that:

(i) The conditions in Equation (2.35) may be regarded as gauge conditions [66]
for the problem under study. In fact, through the introduction of F𝑚+1, . . . ,F𝑛,
we can transform a posteriori the Lagrangian Lc in Equation (2.22) as [16]

L̂c ◦ ♮a ↦→ L̂c ◦ ♮a −
∑︁
𝛽

𝑐𝛽 [F̂𝛽 ◦ ♮] =: L̂L ◦ (♮a; 𝜅), (2.37)

where the summation over 𝛽 is done from 𝑚+1 to 𝑛; 𝑐𝑚+1, . . . , 𝑐𝑛 are constant-
valued parameters, i.e., 𝑐𝛽 (𝑡) = 𝑐𝛽0 ∈ R, for 𝛽 = 𝑚 + 1, . . . , 𝑛, and for all
𝑡 ∈ [𝑡in, 𝑡fin]; and 𝑐 := (𝑐𝑚+1, . . . , 𝑐𝑛) collects all such parameters. Therefore,
by applying the variational procedure described in Section 2.3 to the case in
which the Lagrangian is transformed as in Equation (2.37), it is necessary to
impose Equation (2.35) in order for the dynamic equations associated with L̂L

to be invariant with respect to those associated with L̂c, reported in Equation
(2.33a). However, this invariance of the dynamic equations is only sufficient
for the equivalence of the descriptions provided by L̂L and L̂c. Indeed, also
the next remark has to be considered.

(ii) The transformation in Equation (2.37) has to be consistent with the Principle
of Stationary Action [11], in the sense that the Action associated with the
transformed Lagrangian needs to have the same stationary points as the
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non-transformed Action. In other words, upon setting

AL(𝑞, 𝜆; 𝑐) :=
∫ 𝑡fin

𝑡in

L̂L(𝑞(𝑡), ¤𝑞(𝑡), 𝑡;𝜆(𝑡); 𝑐(𝑡))d𝑡, (2.38)

it must hold true that AL(𝑞;𝜆; 𝑐) = Ac(𝑞;𝜆) + 𝐶, where 𝐶 is a real constant,
i.e., the Actions AL(𝑞;𝜆; 𝑐) and Ac(𝑞;𝜆) only differ additively by a constant
term [11]. To this end, the generic function F𝛽 will be chosen either as a
total derivative, e.g. a generalized velocity, or as a function of the generalized
velocities (quasi-velocity) that carries some physical interpretation for the
problem at hand. Note that, in the second case, the associated coefficient 𝑐𝛽
must be zero in order to satisfy the previous hypothesis on AL [16]. To see
this, assume that there exists 𝛽 ∈ {𝑚 + 1, . . . , 𝑛} such that F𝛽 is not the total
derivative of a function of the type 𝑓 ◦ (𝑞, 𝜏), while all other functions F𝛽 are
so, with 𝛽 ∈ {𝑚 + 1, . . . , 𝑛}\{𝛽}. Then, the Action AL(𝑞;𝜆; 𝑐) becomes

AL(𝑞;𝜆; 𝑐) :=Ac(𝑞;𝜆)−
∑︁
𝛽≠𝛽

∫ 𝑡fin

𝑡in

𝑐𝛽 (𝑡)F̂𝛽 (♮(𝑡))d𝑡−
∫ 𝑡fin

𝑡in

𝑐𝛽 (𝑡)F̂𝛽 (♮(𝑡))d𝑡

=Ac(𝑞;𝜆)−
∑︁
𝛽≠𝛽

𝑐𝛽0

∫ 𝑡fin

𝑡in

F̂𝛽 (♮(𝑡))d𝑡︸                          ︷︷                          ︸
=:𝐶

−𝑐𝛽0

∫ 𝑡fin

𝑡in

F̂𝛽 (♮(𝑡))d𝑡

=Ac(𝑞;𝜆) + 𝐶 − 𝑐𝛽0

∫ 𝑡fin

𝑡in

F̂𝛽 (♮(𝑡))d𝑡, (2.39)

which means that 𝑐𝛽0 must be zero.

(iii) Last but not least, the auxiliary functions must be chosen in such a way
that the coefficients of W computed through Equation (2.35) must yield zero
transpositional relations for those velocities that do not feature in the constraints
or that, if featuring in them, can be varied independently of the other ones (see
Section 2.2.2, and [46]). Operatively, if 𝛽∗ corresponds to a velocity that can be
chosen as independent or absent in the constraints, one can choose F̂𝛽∗ ◦♮ = ¤𝑞𝛽∗ .
A function of this type complies trivially with the requirements (i), (ii), and
with the present one, and implies that the 𝛽∗th row of W is identically null.
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Given these considerations on the choice of the auxiliary functions, Equations (2.34)
and (2.35) can be rewritten in explicit form as [16]∑︁

ℎ

[
𝜕V̂𝛼

𝜕 ¤𝑞ℎ
◦ ♮

]
𝑊 ℎ

𝑘 = −E𝑘 V̂𝛼 ◦ ♯, 𝑘 = 1, . . . , 𝑛, 𝛼 = 1, . . . , 𝑚, (2.40a)∑︁
ℎ

[
𝜕F̂𝛽

𝜕 ¤𝑞ℎ
◦ ♮

]
𝑊 ℎ

𝑘 = −E𝑘 F̂𝛽 ◦ ♯, 𝑘 = 1, . . . , 𝑛, 𝛽 = 𝑚 + 1, . . . , 𝑛, (2.40b)

so that the coefficients𝑊 ℎ
𝑘 are obtained by solving (2.40a) and (2.40b). Note that,

Equations (2.40a) and (2.40b) together are equivalent to Equation (2.17).

In spite of the selection rules mentioned above, we remark that, in the “charged
skate” benchmark studied in Section 3.2, we found that an auxiliary function that
works well in the uncharged case, yields to results that, in our opinion, are unphysical
when the skate is charged and subjected to an interaction with a magnetic field.
According to our calculations, indeed, there occur inconsistencies with the fulfillment
of certain conservation laws, that can be related to the way in which the chosen
auxiliary function depends on the velocities that are involved in the constraint. To
amend these shortcomings, we suggest to switch to a different formulation, that we
report in the following Ansatz 2.

Ansatz 2: physics-based conditions

In order to close Equation (2.33a) and (2.33b), we can require the system to respect
the symmetries that may be naturally present in the Lagrangian function L̂ and in the
constraints. For instance, if we assume the existence of a Lagrangian parameter 𝑞 𝑘̄

“ignorable” [11] in L̂, i.e., not explicitly featuring among its arguments, and such that
𝜕 ¤𝑞 𝑘̄ V̂

𝛼 ◦ ♮ = 0 for all 𝛼 = 1, . . . , 𝑚, then, by consistency with classical Analytical
Mechanics, expressed by the Lagrange–d’Alembert method, we may impose the
condition ∑︁

ℎ

𝑝ℎ𝑊
ℎ
𝑘̄ = 0, 𝑝ℎ :=

𝜕L̂

𝜕 ¤𝑞ℎ
◦ ♮, (2.41)

to restore the conservation of the generalized momentum 𝑝 𝑘̄ [11].

Another scenario could be the one in which all the𝑚 constraints, say 𝑓 1 ◦ (𝑞, 𝜏) =
0, . . . , 𝑓 𝑚 ◦ (𝑞, 𝜏) = 0, are holonomic. In this case, it is known that the equations of
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motion are E𝑘L◦♯+∑
𝛼 𝜇𝛼 [𝜕𝑞𝑘 𝑓 𝛼◦ (𝑞, 𝜏)] = 0, for 𝑘 = 1, . . . , 𝑛 (see, e.g., [11]), and

one can put the constraints in “nonholonomic”2 form by setting V̂𝛼◦♮ ≡ d𝑡 [ 𝑓 𝛼◦(𝑞, 𝜏)],
with 𝛼 = 1, . . . , 𝑚 and d𝑡 indicating the total time derivative. In this case, however,
it automatically applies E𝑘 V̂𝛼 ◦ ♯ = 0, for all 𝑘 = 1, . . . , 𝑛, and for all 𝛼 = 1, . . . , 𝑚.
Thus, if we take F̂𝛽 ◦ ♮ = d𝑡 [𝑔̂𝛽 ◦ (𝑞, 𝜏)], with 𝛽 = 𝑚+1, . . . , 𝑛, and 𝑔̂𝛽 ◦ (𝑞, 𝜏) being
arbitrary scalar functions such that the matrix J in Equation (2.36) is non-singular,
then W turns out to be the null matrix, as prescribed by Equations (2.40a) and (2.40b).

Note that, the conditions in Ansatz 2 are, in general, not enough to close the
problem, so that a combination of the conditions featuring in Ansatz 1 and Ansatz
2 is required. From an operative point of view, our Ansatz 2 suggests to introduce,
as shown in Ansatz 1, a number ℓ∗ of auxiliary functions {F𝛽}𝑚+ℓ∗

𝛽=𝑚+1, if this is the
number of velocities that either do not feature in the constraints or can be chosen as
independent. Then, to determine the remaining 𝑛 − (𝑚 + ℓ∗) conditions, Ansatz 2
indicates to apply a criterion that will be formalized in Theorem 2.1. Indeed, this
criterion provides automatically the “physics-based conditions” mentioned at the
beginning of this section, also for those cases in which it can be hard to impose them
from the outset.

In conclusion, when matrix W is found, either by Ansatz 1 or Ansatz 2, then the
dynamic equations of the “modified vakonomic method” read [59, 16]

E𝑘L̂ ◦ ♯ +
∑︁
ℎ

𝑝ℎ𝑊
ℎ
𝑘 +

∑︁
𝛼

¤𝜆𝛼
[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ ♮
]
= 0, 𝑘 = 1, . . . , 𝑛, (2.42a)

−V̂𝛼 ◦ ♮ = 0, 𝛼 = 1, . . . , 𝑚. (2.42b)

In the presence of generalized forces Q1, . . . ,Q𝑘 that cannot be obtained from a
scalar potential (Lanczos [11] refers to such forces as “polygenic”), Equation (2.42a)
acquires, up to the sign, the right-hand side Q𝑘 , so that the set of Equations (2.42a)
and (2.42b) becomes

E𝑘L̂ ◦ ♯ +
∑︁
ℎ

𝑝ℎ𝑊
ℎ
𝑘 +

∑︁
𝛼

¤𝜆𝛼
[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ ♮
]
= −Q𝑘 , 𝑘 = 1, . . . , 𝑛, (2.43a)

−V̂𝛼 ◦ ♮ = 0, 𝛼 = 1, . . . , 𝑚. (2.43b)

2In other parts of this Thesis, the word “differential” is used in place of “nonholonomic” to refer
to this reformulation of the constraint.
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2.3.2 Some computational aspects regarding the MVM

In this section, we discuss some computational aspects regarding the solution of the
set of Equations (2.42a) and (2.42b) (or (2.43a) and (2.43b)). We remark that having
a general methodology for solving numerically the MVM dynamic equations is a key
aspect of the theory, since not all problems allow for an analytical solution.

To include problems that involve electromagnetic interactions [66] as well as
time-dependent holonomic constraints [11], we assume L to be of the type

L̂ ◦ ♮ = 1
2

𝑛∑︁
ℎ,𝑘=1

[𝐺̂ℎ𝑘 ◦ (𝑞, 𝜏)] ¤𝑞ℎ ¤𝑞𝑘 +
𝑛∑︁
ℎ=1

[𝑍̂ℎ ◦ (𝑞, 𝜏)] ¤𝑞ℎ + Û ◦ (𝑞, 𝜏), (2.44)

where 𝐺̂ℎ𝑘 is the generic component of the “metric tensor” associated with the kinetic
energy [11]; 𝑍̂ℎ is the ℎth component of a co-vector field accounting for Maxwell’s
(co-)vector potential [66], and for the possible explicit time-dependence of holonomic
constraints; Û is a potential function that collects both electric and mechanical
interactions as well as the contribution to the kinetic energy stemming from the
possible presence of explicitly time-dependent holonomic constraints. Moreover, for
such type of Lagrangian functions, their associated 𝑘th Euler–Lagrange operator
reads

E𝑘L̂ ◦ ♯ = − [𝐺̂𝑘ℎ ◦ (𝑞, 𝜏)]
{
¥𝑞ℎ + [Γ̂ℎ𝑝𝑙 ◦ (𝑞, 𝜏)] ¤𝑞𝑝 ¤𝑞𝑙

}
−

[
𝜕𝐺̂𝑘ℎ

𝜕𝜏
◦ (𝑞, 𝜏)

]
¤𝑞ℎ

+
[(
𝜕𝑍̂ℎ

𝜕𝑞𝑘
− 𝜕𝑍̂𝑘

𝜕𝑞ℎ

)
◦ (𝑞, 𝜏)

]
¤𝑞ℎ +

(
𝜕Û

𝜕𝑞𝑘
− 𝜕𝑍̂𝑘

𝜕𝜏

)
◦ (𝑞, 𝜏), (2.45)

where Γ̂ℎ𝑝𝑙 ◦ (𝑞, 𝜏) is the generic Christoffel symbol induced by the metric tensor,
i.e. (see, e.g., [27, 67]),

Γ̂ℎ𝑝𝑙 :=
1
2

𝑛∑︁
𝑟=1

𝐺̂ℎ𝑟

(
𝜕𝐺̂𝑟 𝑝

𝜕𝑞𝑙
+ 𝜕𝐺̂𝑟𝑙

𝜕𝑞𝑝
−
𝜕𝐺̂ 𝑝𝑙

𝜕𝑞𝑟

)
, (2.46)

and 𝐺̂ℎ𝑟 are the components of the inverse of the metric tensor.

Before going further, we notice that the substitution of Equation (2.45) into (2.42a)
renders the latter one of second order in the Lagrangian parameters 𝑞1, . . . , 𝑞𝑛,
whereas Equation (2.42b) is, by definition, of the first order in these variables.
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Following [27], it is convenient to “promote” the constraints to second-order ordinary
differential equations, as to store the constraints in the first non-singular matrix
associated with the highest derivatives of 𝑞, i.e., the mass matrix. This can be
accomplished by differentiating Equation (2.42b) with respect to time, thereby
obtaining

d
d𝑡
[V̂𝛼 ◦ ♮]

= [𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏)] ¥𝑞𝑘 +
[
𝜕𝑎̂𝛼𝑘

𝜕𝑞ℎ
◦ (𝑞, 𝜏)

]
¤𝑞𝑘 ¤𝑞ℎ +

[
𝜕𝑎̂𝛼𝑘

𝜕𝜏
◦ (𝑞, 𝜏)

]
¤𝑞𝑘 = 0, (2.47)

and by solving the resulting equations together with Equation (2.45). For this purpose,
it is convenient to introduce the following notation:

𝑀𝑘ℎ := 𝐺̂𝑘ℎ ◦ (𝑞, 𝜏), (2.48a)

𝐶ℎ𝑝𝑙 := Γ̂ℎ𝑝𝑙 ◦ (𝑞, 𝜏), (2.48b)

Ω𝑘ℎ :=
[
𝜕𝑍̂ℎ

𝜕𝑞𝑘
− 𝜕𝑍̂𝑘

𝜕𝑞ℎ

]
◦ (𝑞, 𝜏) − 𝜕𝐺̂𝑘ℎ

𝜕𝜏
◦ (𝑞, 𝜏), (2.48c)

𝐹𝑘 :=
[
𝜕Û

𝜕𝑞𝑘
− 𝜕𝑍̂𝑘

𝜕𝜏

]
◦ (𝑞, 𝜏), (2.48d)

𝐴𝛼𝑘 := 𝑎̂𝛼𝑘 ◦ (𝑞, 𝜏), (2.48e)

Λ𝛼𝑘ℎ :=
𝜕𝑎̂𝛼𝑘

𝜕𝑞ℎ
◦ (𝑞, 𝜏), (2.48f)

Θ𝛼𝑘 :=
𝜕𝑎̂𝛼𝑘

𝜕𝜏
◦ (𝑞, 𝜏). (2.48g)

Hence, by substituting Equation (2.45) in (2.42a), and changing sign to the resulting
expression, Equations (2.42a) and (2.42b) take on the form

𝑀𝑘ℎ ¥𝑞ℎ + 𝑀𝑘ℎ𝐶
ℎ
𝑝𝑙 ¤𝑞𝑝 ¤𝑞𝑙 −Ω𝑘ℎ ¤𝑞ℎ − 𝐹𝑘 − 𝑝ℎ𝑊 ℎ

𝑘 − ¤𝜆𝛼𝐴𝛼𝑘 = 0, (2.49a)

−𝐴𝛼ℎ ¥𝑞ℎ − Λ𝛼𝑝𝑙 ¤𝑞𝑝 ¤𝑞𝑙 − Θ𝛼ℎ ¤𝑞ℎ = 0. (2.49b)

Moreover, Equations (2.49a) and (2.49b) can be recast in matrix form as[
M −AT

−A 0

] {
¥q
¤λ

}
=

{
−M[C : ¤q⊗¤q] + Ω¤q+F+WTp

Λ : ¤q⊗¤q+Θ¤q

}
≡

{
bq

bc

}
+
{

WTp
0

}
, (2.50)
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where the symbols in Sans Serif font represent the matrices and vectors (in the sense
of arrays) associated with the quantities in Equations (2.49a) and (2.49b).

Moreover, we can exploit the saddle-point nature of the system (2.50) by employing
the Schur complement technique [27], and, by doing so, we can recast the system
(2.50) as

¥q =
[
M−1 − (M−1AT)S−1(AM−1)

]
(bq + WTp) − (M−1AT)S−1bc, (2.51a)

¤λ = −S−1 [
(AM−1) (bq + WTp) + bc

]
, (2.51b)

with S := AM−1AT being the Schur complement of the block-wise system. Note that
the formalism used in Equation (2.51a) is similar to the one adopted in [63].

2.3.3 Differences and similarities with the TNHM

In this section, we will acknowledge the differences and the similarities between
the MVM and the “traditional nonholonomic method”, in short TNHM, which is
based on a generalization of the Lagrange–d’Alembert Principle (see, e.g., [39, 21]).
In particular, let us briefly recall the main results related to dynamic equations
characterizing the TNHM [39, 21, 17, 7].

If we consider a mechanical system described by 𝑛 Lagrangian parameters and
constrained by 𝑚 nonholonomic constraints V̂𝛼 ◦ ♮ = 0, with 𝛼 = 1, . . . , 𝑚, then the
TNHM is characterized by the 𝑛 + 𝑚 equations [17, 27, 26]

E𝑘L̂ ◦ ♯ +
𝑚∑︁
𝛼=1

𝜇𝛼

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ ♮

]
= 0, 𝑘 = 1, . . . , 𝑛, (2.52a)

− V̂𝛼 ◦ ♮ = 0, 𝛼 = 1, . . . , 𝑚, (2.52b)

in which 𝜇𝛼 is the 𝛼th Lagrange multiplier associated with the 𝛼th constraint.

By comparing Equation (2.42a) with Equation (2.52a) for the case of nonholo-
nomic constraints linear in the generalized velocities, we notice that the quantities
E𝑘L̂ ◦ ♯ are the same for both equations, and that the derivatives 𝜕 ¤𝑞𝑘 V̂𝛼 ◦ ♮ return the
coefficients 𝑎̂𝛼𝑘◦(𝑞, 𝜏) of Equation (2.5), for all 𝛼 = 1, . . . , 𝑚 and for all 𝑘 = 1, . . . , 𝑛.
Therefore, the only visual differences between these equations are due to the presence
of the quantities

∑𝑛
ℎ=1 𝑝ℎ𝑊

ℎ
𝑘 and of ¤𝜆𝛼 in lieu of 𝜇𝛼 in Equation (2.42a). Moreover,
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for each 𝛼 = 1, . . . , 𝑚, the physical dimensions of the Lagrange multiplier 𝜆𝛼 in
Equation (2.42a) are equal to the physical dimensions of the corresponding multiplier
𝜇𝛼 multiplied by a characteristic time [23, 32].

As previously done for the dynamic equations of the MVM in Equation (2.50), we
can specialize Equations (2.52a) and (2.52b) for the case of the Lagrangian function
in Equation (2.44). In particular, by referring to the same notation introduced in
Equations (2.48a)–(2.48g), and by defining the array of Lagrange multipliers of the
TNHM, i.e., µ := {𝜇1, . . . , 𝜇𝑚}T, Equations (2.52a) and (2.52b) can be written in
matrix form as [27][

M −AT

−A 0

] {
¥q
µ

}
=

{
−M[C : ¤q ⊗ ¤q] + Ω¤q+F

Λ : ¤q ⊗ ¤q + Θ¤q

}
≡

{
bq

bc

}
. (2.53)

Moreover, by defining S := AM−1AT, the Schur complement technique allows us to
invert Equation (2.53), which reads as follows:

¥q = [M−1 − (M−1AT)S−1(AM−1)]bq − (M−1AT)S−1bc, (2.54a)

µ = −S−1 [(AM−1)bq + bc] . (2.54b)

Note that, both for the MVM and for the TNHM, we obtain the same block-wise
matrix on the left-hand side of Equations (2.50) and (2.53). However, the right-hand
side of these equations is different since WTp features in Equation (2.50), only, as a
result of the followed procedure.

At this stage, we find it convenient to formalize the results obtained so far by
providing a definition of equivalence between the “modified vakonomic method”
(MVM) and the “traditional nonholonomic method” (TNHM).

Definition 2.1 (Equivalence between MVM and TNHM). Given the same set of
initial conditions on the generalized coordinates and velocities, we say that the
MVM, i.e., Equations (2.42a) and (2.42b), and the TNHM, i.e., Equations (2.52a)
and (2.52b), are equivalent, if they return the same solution q.

Theorem 2.1 (Characterization of the equivalence between MVM and TNHM). Let
us consider a mechanical system described by a Lagrangian function of the type
given in Equation (2.44) and by the set of nonholonomic constraints featuring in
Equation (2.5), which are linear in the generalized velocities. Then, the MVM, i.e.,
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Equations (2.51a) and (2.51b), and the TNHM, i.e., Equations (2.54a) and (2.54b),
are equivalent if, and only if, the following conditions are met[

M−1 − (M−1AT)S−1(AM−1)
]
WTp = 0, (2.55a)

¤λ = µ − (S−1AM−1)WTp. (2.55b)

Proof. If the MVM and the TNHM predict the same motion, which implies that the
collection 𝑞 = (𝑞1, . . . , 𝑞𝑛), represented by the array q, satisfies Equations (2.51a)
and (2.51b) as well as Equations (2.54a) and (2.54b) at the same time, then subtracting
Equation (2.54a) from Equation (2.51a), and (2.54b) from Equation (2.51b) yields
Equations (2.55a) and (2.55b).

Conversely, if Equations (2.55a) and (2.55b) hold true, then Equation (2.51a)
becomes identical to Equation (2.54a), and it is possible to establish a univocally
determined relationship between the multipliers of the two methods, i.e., ¤λ and µ,
thereby predicting the same solution.

As stated in Theorem 2.1, the fulfillment of Equations (2.55a) and (2.55b)
provides the equivalence between the MVM and the TNHM. Moreover, it contributes
to the understanding of whether a problem formulated with the vakonomic method
yields, in a general context, the same solutions as the TNHM. In this sense, Theorem
2.1 seems to give an affirmative answer, since it prescribes the conditions under
which the vakonomic method, modified as indicated by the MVM of [59, 16], returns
the same results obtained within the TNHM.

We emphasize that, granted the equivalence between the MVM and the TNHM,
the identification between the Lagrange multipliers in Equation (2.55b) is similar to
the ones originally presented in [16]. Note also that, even though it is possible to
formally find relations as in Equation (2.55b), they alone are not sufficient, in general,
to guarantee the equivalence between the TNHM and the MVM.

Corollary 2.1 (Sufficient condition for the equivalence between MVM and TNHM).
Given a mechanical system of the type addressed in Theorem 2.1, the MVM is
equivalent to the TNHM, if it holds true that

WTp = 0, (2.56a)
¤λ = µ. (2.56b)
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Proof. If the condition WTp = 0 applies, then Equation (2.55a) is trivially satisfied,
and, thus, the MVM is equivalent to the TNHM. In addition, Equation (2.56b) follows
directly from Equation (2.55b).

We emphasize that our Theorem 2.1 is a reinterpretation of Theorem 2 in [16],
while our Corollary 2.1, and, by extension, also our Ansatz 2, aim to reinterpret
Theorem 3 of Llibre et al. [16] and Section 3.2 of Ramírez et al. [59], as a sufficient
condition for Theorem 2.1.

Remark 2.1 (On the role of the Lagrangian, its generalized momenta p, and W). The
condition (2.56a) requires that the array of the generalized momenta p belongs to
the kernel of the matrix WT, and it amounts to requiring that the second term on the
left-hand side of Equation (2.42a) vanishes identically, i.e.,

∑𝑛
ℎ=1 𝑝ℎ𝑊

ℎ
𝑘 = 0, for

𝑘 = 1, . . . , 𝑛. For a given Lagrangian function L, which identifies the components
𝑝ℎ = 𝜕 ¤𝑞ℎL̂ ◦ ♮ of p, whether or not p belongs to the kernel of WT depends both on W
itself, and, thus, in general, on the conditions imposed to determine the coefficients of
W, and on the form of p. The conditions on W, in fact, can be obtained by following
the Ansatz 1 and/or the Ansatz 2. On the other hand, for a given matrix W, determined
e.g. through the assignment of suitable functions F𝑚+1, . . . ,F𝑛 (we recall that the
constraints provide indications on the adequacy of such functions, which are none
other than additional quasi-velocities), the array of momenta stemming from a given
L does not necessarily belong to the kernel of WT, depending on the interactions
accounted for by L. Indeed, the Lagrangian function addressed in our work, specified
in Equation (2.44), is more general than the ones typically considered in the context
of vakonomic mechanics, since it accounts for interactions that do not allow to write
it as the sum of a kinetic energy plus a potential depending solely on the Lagrangian
parameters and possibly on time. This will become clearer below, when we shall
analyze a modification of the classical benchmark of the nonholonomic skate, by
including magnetic interactions that yield the presence in the Lagrangian function of a
term linear in the generalized velocities. In fact, this generalization leads to momenta
that are affine in the velocities and that, because of their nature, cannot belong to
the kernel of WT, and do not trivially satisfy Theorem 2.1. This issue, however, will
be discussed in Section 2.3.4, and specialized to the case of the “charged skate” in
Section 3.2.3.

Before closing this section, we deem it worthwhile to emphasize that, to the best
of our understanding, the MVM proposed by Llibre et al. [16] could be viewed as a



2.3 Hamilton–Suslov Variational Principle 41

variational version of the method based on the quasi-velocities (see e.g. [13, 30]),
in which the variational form of Newton’s second law of dynamics is obtained
by employing d’Alembert principle, but admitting that the time derivative of the
variations are different from the variations of the velocities. In this respect, the
sufficient conditions for the equivalence between the MVM and the TNHM, i.e.,
Equations (2.55a) and (2.55b), are a consequence of the method of the quasi-velocities.

2.3.4 The case of momenta linear in the velocities

In Equations (2.43a) and (2.43b) of Section 2.3.2, we have shown the equations
of the MVM in the presence of “polygenic forces” [11]. In fact, it is possible to
obtain the same form also in the case in which the interaction that leads to the term∑𝑛
ℎ=1 [𝑍̂ℎ ◦ (𝑞, 𝜏)] ¤𝑞ℎ in the Lagrangian function of Equation (2.44) is formally treated

as a force of this type (although this force is not polygenic per se). Indeed, by making
the identification

− Q𝑘 ≡ −
[(
𝜕𝑍̂ℎ

𝜕𝑞𝑘
− 𝜕𝑍̂𝑘

𝜕𝑞ℎ

)
◦ (𝑞, 𝜏)

]
¤𝑞ℎ + 𝜕𝑍̂𝑘

𝜕𝜏
◦ (𝑞, 𝜏), (2.57)

and, thus, consistently omitting the term
∑𝑛
ℎ=1 [𝑍̂ℎ ◦ (𝑞, 𝜏)] ¤𝑞ℎ in the Lagrangian

function of Equation (2.44), i.e., redefining L̂ ◦ ♮ as

L̂0 ◦ ♮ =
1
2

𝑛∑︁
ℎ,𝑘=1

[𝐺̂ℎ𝑘 ◦ (𝑞, 𝜏)] ¤𝑞ℎ ¤𝑞𝑘 + Û ◦ (𝑞, 𝜏), (2.58)

Equations (2.42a) and (2.42b) are recast in the form

E𝑘L̂0 ◦ ♯ +
∑︁
ℎ

𝑝0ℎ𝑊
ℎ
𝑘 +

∑︁
𝛼

¤𝜆𝛼
[𝜕V̂𝛼
𝜕 ¤𝑞𝑘

◦ ♮
]
= −Q𝑘 , 𝑘 = 1, . . . , 𝑛, (2.59a)

−V̂𝛼 ◦ ♮ = 0, 𝛼 = 1, . . . , 𝑚, (2.59b)

with 𝑝0ℎ := 𝜕 ¤𝑞ℎL̂0 ◦ ♮ =
∑𝑛
ℓ=1 [𝐺̂ℎℓ ◦ (𝑞, 𝜏)] ¤𝑞ℓ. This last result, which stipulates that

the momenta are linear functions of the velocities, has deep repercussions on the
fulfillment of conditions (2.55a) and (2.55b), with p0 substituting p. More details on
this issue will be discussed in Remark 3.5 of Section 3.2.3 for the specific case of the
“charged skate”.



Appendix A

Some geometric insight on the
variations taken in the MVM

The content of this appendix is taken from the appendix of [1].

The scope of this appendix is to put the variations characterizing the MVM within
the context of Differential Geometry. We start combining Jóźwikowski&Respondek’s
formalism [52], which implements the framework established by Gràcia et al. [53],
with ours. In doing this, however, for the sake of simplicity, we consider here only
constraints of the type V̂𝛼 ◦ (𝑞, ¤𝑞) = [𝑎̂𝛼𝑘 ◦ 𝑞] ¤𝑞𝑘 = 0, i.e., that do not depend
explicitly on time. We denote by 𝛾 := (𝑞, ¤𝑞) : [𝑡in, 𝑡fin] → 𝑇C a “path” [52],
identified with the “tangent lift” [52] of 𝑞 at 𝑡, i.e., 𝛾(𝑡) ≡ T𝑡𝑞(𝑡) = (𝑞(𝑡), ¤𝑞(𝑡)).
In terms of 𝑞 : [𝑡in, 𝑡fin]× ] − 𝜀0,+𝜀0 [→ C (see Equation (2.6a)), we also define
𝛾̃ := (𝑞, 𝜕𝑡𝑞) ≡ T𝑡𝑞 : [𝑡in, 𝑡fin]× ] − 𝜀0,+𝜀0 [→ 𝑇C , so that the chain of equalities

𝛾(𝑡) = (𝑞(𝑡), ¤𝑞(𝑡)) = (𝑞(𝑡, 0), 𝜕𝑡𝑞(𝑡, 0)) = T𝑡𝑞(𝑡, 0) = 𝛾̃(𝑡, 0) (A.1)

applies. Moreover, by differentiating 𝑞 with respect to 𝜀, and evaluating the result at
𝜀 = 0, we obtain, for each 𝑡 ∈ [𝑡in, 𝑡fin], the quantity (see [52])

𝜉 (𝑡) := T𝜀𝑞(𝑡, 0) = (𝑞(𝑡, 0), 𝜕𝜀𝑞(𝑡, 0)) ≡ (𝑞(𝑡), 𝜼𝑞 (𝑡)), (A.2)

in which the identification 𝜼𝑞 (𝑡) ≡ 𝜕𝜀𝑞(𝑡, 0) ∈ 𝑇𝑞(𝑡)C has been made by virtue of
Equation (2.8a). Looking at the structure of 𝜉 (𝑡), we notice that the second tangent
bundle formalism arises naturally by iterating the operation of tangent lift, i.e., by
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computing the tangent lift of 𝜉, which yields

T𝑡𝜉 (𝑡) = (𝑞(𝑡), 𝜼𝑞 (𝑡), ¤𝑞(𝑡), ¤𝜼𝑞 (𝑡)) ∈ 𝑇𝑇C . (A.3)

Finally, following [52], we compute the quantity

T𝜀 𝛾̃(𝑡, 0) = T𝜀T𝑡𝑞(𝑡, 0) = (𝑞(𝑡), ¤𝑞(𝑡), 𝜕𝜀𝑞(𝑡, 0), 𝜕𝜀𝜕𝑡𝑞(𝑡, 0))
= (𝑞(𝑡), ¤𝑞(𝑡), 𝜼𝑞 (𝑡), ¤𝜼𝑞 (𝑡)) ∈ 𝑇𝑇C , (A.4)

thereby recovering the identity T𝜀 𝛾̃(𝑡, 0) = 𝜅C (T𝑡𝜉 (𝑡)), where the map 𝜅C : 𝑇𝑇C →
𝑇𝑇C is referred to as “canonical flip” in [57, 52], since it changes the position of the
entries of the second and third slots of the elements of 𝑇𝑇C . In the jargon adopted
in [57, 52], the quantity T𝜀 𝛾̃(𝑡, 0) is referred to as “natural variation” and is also
denoted by 𝛿𝜉𝛾(𝑡) ≡ T𝜀 𝛾̃(𝑡, 0) to highlight that the natural variation is generated by
𝜉 (𝑡) through the canonical flip.

In analogy with the reasoning leading to Equation (A.1), and with the purpose
of putting the approach of Llibre et al. [16] in the language used in [52], we also
define the pair 𝜎̃ := (𝑞, 𝒗̃) : [𝑡in, 𝑡fin]× ] − 𝜀0,+𝜀0 [→ 𝑇C , where we require 𝒗̃ to
satisfy the condition 𝒗̃(𝑡, 0) = ¤𝑞(𝑡), for 𝑡 ∈ [𝑡in, 𝑡fin] (see Equation (2.6b)). Hence,
we compute T𝜀𝜎̃(𝑡, 0), thereby obtaining

T𝜀𝜎̃(𝑡, 0) = (𝑞(𝑡, 0), 𝒗̃(𝑡, 0), 𝜕𝜀𝑞(𝑡, 0), 𝜕𝜀 𝒗̃(𝑡, 0))
= (𝑞(𝑡), ¤𝑞(𝑡), 𝜼𝑞 (𝑡), 𝜼 ¤𝑞 (𝑡)) ∈ 𝑇𝑇C , with 𝜼 ¤𝑞 (𝑡) := 𝜕𝜀 𝒗̃(𝑡, 0). (A.5)

The quantity T𝜀𝜎̃(𝑡, 0) in Equation (A.5) defines a generic variation. To specify such
variation for the MVM, we need to impose the following conditions:

(a) The path (𝑞, ¤𝑞) must satisfy the 𝑚 given constraints V̂𝛼 (𝑞(𝑡), ¤𝑞(𝑡)) = 0, with
𝛼 = 1, . . . , 𝑚, at all times, so that the pair (𝑞(𝑡), ¤𝑞(𝑡)) belongs to 𝑇Cc, defined
in Equation (2.1).

(b) The pair (𝑞, 𝜼𝑞) ∈ 𝑇C is compelled to fulfill Lagrange–Chetaev’s conditions
(2.12), which, for 𝛼 = 1, . . . , 𝑚, here become

[𝜕 ¤𝑞V̂𝛼 (𝑞(𝑡), ¤𝑞(𝑡))]𝜼𝑞 (𝑡) ≡ [𝜕 ¤𝑞𝑘 V̂𝛼 (𝑞(𝑡), ¤𝑞(𝑡))]𝜂𝑘𝑞 (𝑡) = 0. (A.6)
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(c) As specified in [16], for every 𝑡 ∈ [𝑡in, 𝑡fin], the vector 𝜼 ¤𝑞 (𝑡) is required to
satisfy the constraints at the first order in 𝜀. Thus, upon defining the functions
Ṽ𝛼 : [𝑡in, 𝑡fin]× ] − 𝜀0,+𝜀0 [→ R, such that Ṽ𝛼 (𝑡, 𝜀) := V̂𝛼 (𝑞(𝑡, 𝜀), 𝒗̃(𝑡, 𝜀)),
and Ṽ𝛼 (𝑡, 0) ≡ V̂𝛼 (𝑞(𝑡), ¤𝑞(𝑡)) = 0, for all 𝛼 = 1, . . . , 𝑚 and for all 𝑡 ∈ [𝑡in, 𝑡fin]
(see Equations (2.9) and (2.10)), we write

Ṽ𝛼 (𝑡, 𝜀) = Ṽ𝛼 (𝑡, 0)︸   ︷︷   ︸
=0

+𝜕𝜀Ṽ𝛼 (𝑡, 0)𝜀 + 𝑜(𝜀), 𝜀 → 0, (A.7)

and we set 𝜕𝜀Ṽ𝛼 (𝑡, 0) = 0, thereby obtaining Equation (2.11), i.e.,

0 = 𝜕𝜀Ṽ
𝛼 (𝑡, 0) = 𝜕V̂𝛼

𝜕𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡))𝜂𝑘𝑞 (𝑡) +

𝜕V̂𝛼

𝜕 ¤𝑞𝑘
(𝑞(𝑡), ¤𝑞(𝑡))𝜂𝑘¤𝑞 (𝑡). (A.8)

Equation (A.8), which characterizes the vakonomic variations, can be also worked
out further as

0 =

[
𝜕V̂𝛼

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞)

]
𝜂𝑘𝑞 +

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
[𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞] +

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
¤𝜂𝑘𝑞

=

[
E𝑘 V̂

𝛼 ◦ (𝑞, ¤𝑞, ¥𝑞)
]
𝜂𝑘𝑞 +

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
[𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞] +

d
d𝑡

{[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
𝜂𝑘𝑞

}
=

[
E𝑘 V̂

𝛼 ◦ (𝑞, ¤𝑞, ¥𝑞)
]
𝜂𝑘𝑞 +

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
[𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞], (A.9)

with

E𝑘 V̂
𝛼 ◦ (𝑞, ¤𝑞, ¥𝑞) :=

𝜕V̂𝛼

𝜕𝑞𝑘
◦ (𝑞, ¤𝑞) − d

d𝑡

[
𝜕V̂𝛼

𝜕 ¤𝑞𝑘
◦ (𝑞, ¤𝑞)

]
, (A.10)

and the last summand of Equation (A.9) being null by virtue of Lagrange–Chetaev’s
conditions (cf. Equation (A.9) with Equation (2.14): They are the same for
nonholonomic constraints linear in the velocities and not depending explicitly
on time).

With all the premises specified above, the set of the variations characterizing the
MVM can be defined as:

W MVM
c :={T𝜀𝜎̃(𝑡, 0) ∈ 𝑇𝑇C | (𝑞(𝑡), ¤𝑞(𝑡)) ∈ 𝑇Cc, (𝑞(𝑡), 𝜼𝑞 (𝑡)) ∈ 𝑇Cc,

𝜼 ¤𝑞 (𝑡) | 𝜕𝜀Ṽ𝛼 (𝑡, 0) = 0}. (A.11)
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Note that, as written in Section 2.2.1, in Equation (A.9) we guess (this is, in fact, an
educated guess, since we are aware of the existence of the transpositional relations)
that 𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 can be expressed in terms of the linear transformation 𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 = 𝑊 𝑘

ℓ𝜂
ℓ
𝑞,

in which [𝑊 𝑘
ℓ]𝑘=1,...,𝑛
ℓ=1,...,𝑛 are the coefficients of a partially unknown matrix W. Indeed,

if the matrix made by the derivatives 𝜕 ¤𝑞𝑘 V̂𝛼 ◦ (𝑞, ¤𝑞) were square (it is rectangular,
here), the coefficients of W could be determined from Equation (A.9) by solving
for 𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 . However, this matrix can be made square by introducing suitable
quasi-velocities, as is done in the standard procedure leading to the transpositional
relations (see e.g. [13, 30] and cf. Equation (2.17)). This is, to our understanding,
the philosophy underlying the approach proposed by Llibre et al. [16], whose main
objective is to put the nonholonomic constraints in the variational framework, but
with variations that are not only vakonomic, but both vakonomic and complying with
Lagrange-Chetaev’s conditions.

Finally, if the further identification𝑊 𝑘
ℓ ≡ C𝑘 ℎℓ ¤𝑞ℎ is made, where C𝑘 ℎℓ are the

coefficients of the third-order tensor field defined in [57, 52], or in [13] (see Remark
2.2.3), and that characterizes the transpositional relations, then, in the formalism of
[52], T𝜀𝜎̃(𝑡, 0) can be rewritten as

T𝜀𝜎̃(𝑡, 0) = (𝑞𝑎 (𝑡), ¤𝑞𝑏 (𝑡), 𝜂𝑐𝑞 (𝑡), ¤𝜂𝑑𝑞 (𝑡) + C𝑑 𝑘ℓ (𝑞(𝑡)) ¤𝑞𝑘 (𝑡)𝜂ℓ𝑞 (𝑡)︸                                 ︷︷                                 ︸
≡ 𝜂𝑑¤𝑞 (𝑡)

). (A.12)

Before closing this appendix, we remark that one crucial difference between the
MVM and the VM is that, while the MVM is formulated by accounting explicitly for
the transpositional relations, the VM is developed without even introducing such
relations [41–44, 59, 16].



Chapter 3

Comparing the MVM with the
TNHM over two benchmark problems

The content of this chapter is taken from [1].

The introduction of new methods that are, in a sense, ground-breaking, since
they question the pillars of the standard variational procedures, requires them to
be tested against the more traditional ones. This, indeed, has been done quite
intensively by having recourse to widely studied and easy-to-reproduce “benchmark”
problems, all encoded in the classical literature of Analytical Mechanics (see e.g.
[13, 26, 51, 15, 50, 27, 52, 54–56, 58, 68]). Typical examples are a ball rolling over
a moving or fixed surface [51, 26, 50], a skate moving on an inclined or horizontal
plane [16, 27, 26], a disk rolling on an inclined plane [54–56, 40, 17, 52], and a
two-wheeled carriage moving on a plane [51, 54, 56, 68, 52]. In spite of the fact that
these case studies were formulated many years ago, and can be found in textbooks,
they remain up-to-date (see e.g. [39, 21, 27, 31, 7, 59, 52], and, more recently,
[16, 17]), since they are archetypal and, thus, serve as a reference even for much
more complex physical situations in which the constraints can be reconducted to
those characterizing the original case studies.

Granted all this, the scope of this chapter is twofold:

(i) To add a methodological note to the paper recently published by Lemos [17]
by proving that the MVM and the TNHM are in agreement with each other for
the “Rolling coin” problem [40, 17].
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(ii) To apply the procedure developed in [59, 16] to a variant of the “Non-
holonomic skate” presented in [16]. Specifically, we consider a nonholonomic
and electrically charged skate interacting with an imposed magnetic field, and
we show that, for this problem, if the MVM is formulated according to the
first path, it is not equivalent to the TNHM. The second path is equivalent to
the TNHM, but, for our problem, it is inconsistent with the first path. For our
purposes, we generalize a benchmark taken from [25].

Outline of the content of Chapter 3. The “rolling coin” [15, 40, 17] and the
“charged skate” [25, 16] benchmark problems are examined by means of both the
MVM and the TNHM, as seen in Section 3.1 and Section 3.2, respectively. More
specifically, a fully analytical resolution of the “rolling coin” problem is presented
in Section 3.1.3, while in Section 3.2.2, and in the three subsequent sections, three
possible choices of the collection of auxiliary functions are tested and discussed for
the “charged skate” problem.

3.1 The “rolling coin” benchmark

In this section, we compute analytically the MVM equations of motion for the
benchmark problem of the “rolling coin”, recently presented in [40, 17], and adopted
as a benchmark for comparing the VM and the TNHM in [54–56, 52].

The mechanical system that we are considering is composed by a coin, hereafter
denoted by ℭ, idealized as a bi-dimensional rigid disk of radius 𝑅 and mass 𝑚, that
can roll without slipping over a plane inclined of an angle 𝛼 ∈ ]0, 𝜋/2[ with respect
to a horizontal plane. A graphical representation of ℭ is reported in Figure 3.1.

As done in [40, 17], we specify a coordinate system {𝑂, (𝑥, 𝑦, 𝑧)} in which the
𝑦-axis is parallel to the inclined plane and is aligned along the direction of steepest
descent; the 𝑧-axis “enters” the inclined plane and is orthogonal to it; the 𝑥-axis is
such that the 𝑥-, 𝑦-, and 𝑧-axis form a right-handed triad, whose origin 𝑂 is a point
having the same 𝑧 coordinate as the center of mass of ℭ, hereafter denoted by 𝐺.
Moreover, similarly to [40], we introduce the coordinates of 𝐺, i.e., (𝑥𝐺 , 𝑦𝐺 , 0); the
angle of rolling, 𝜙, taken clockwise from the 𝑧-axis; and the angle 𝜃 between the
𝑦-axis and the axis along which rolling occurs. Note that 𝑥𝐺 , 𝑦𝐺 , 𝜙, and 𝜃 are the
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Fig. 3.1 Graphical representation of the “rolling coin” benchmark problem. This image
was first showed during the conference “3rd International Conference on Nonlinear Solid
Mechanics (ICoNSoM 2024)” held in Cagliari, Italy, on June 11-14, 2024, within the
presentation of the abstract “A review on some “analytical” aspects of nonholonomic
mechanics”, authored by A. Pastore, A. Giammarini, A. Grillo.

Lagrangian parameters of the mechanical system under study, and are thus intended
as functions of time, defined over the interval of observation [𝑡in, 𝑡fin].

From here on, the identification 𝑞 ≡ (𝑞1, 𝑞2, 𝑞3, 𝑞4) = (𝑥𝐺 , 𝑦𝐺 , 𝜙, 𝜃) is made,
which implies that the system satisfies automatically two holonomic constraints: one
requires 𝐺 to experience only motions parallel to the inclined plane; the other one
prescribes that the coin ℭ remains orthogonal to the inclined plane during its entire
motion.

If gravity is the only interaction accounted for, the Lagrangian function of the
mechanical system under study reads [17, 40, 13]

L̂ ◦ (𝑞, ¤𝑞) = 1
2𝑚

[
( ¤𝑞1)2 + ( ¤𝑞2)2 + 1

2𝑅
2( ¤𝑞3)2 + 1

4𝑅
2( ¤𝑞4)2]︸                                                     ︷︷                                                     ︸

K̂ ◦ ¤𝑞

+ (𝑚𝑔 sin𝛼)𝑞2︸         ︷︷         ︸
Û ◦ 𝑞

, (3.1)

where K ≡ K̂ ◦ ¤𝑞 is the kinetic energy; U ≡ Û ◦ 𝑞 is the gravitational potential; and
𝑔 denotes the magnitude of the gravitational acceleration.

The assumption that the coin “rolls without slipping” [40, 17] determines 𝑚 = 2
nonholonomic constraints given by [13, 54–56, 68, 52]

V1 ≡ V̂1 ◦ (𝑞, ¤𝑞) := ¤𝑞1 − 𝑅 ¤𝑞3 sin𝑞4 = 0, (3.2a)
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V2 ≡ V̂2 ◦ (𝑞, ¤𝑞) := ¤𝑞2 − 𝑅 ¤𝑞3 cos𝑞4 = 0. (3.2b)

Note that, by indicating with 𝝉 = sin𝜃 𝒆𝑥 + cos𝜃 𝒆𝑦 the unit vector defining the
direction of rolling, Equations (3.2a) and (3.2b) express, in terms of the Lagrangian
parameters of the model and their derivatives, the fact that the velocity of the coin’s
center of mass, 𝒗𝐺 , satisfies the condition 𝒗𝐺 = 𝑅 ¤𝜙𝝉, given in the physical space.

3.1.1 The traditional nonholonomic approach

In the benchmark that we are analyzing, the dynamic equations of the TNHM, namely
Equations (2.52a) and (2.52b), admit the expressions [40, 17, 54–56, 68, 52]

− 𝑚 ¥𝑞1 + 𝜇1 = 0, (3.3a)

𝑚𝑔 sin𝛼 − 𝑚 ¥𝑞2 + 𝜇2 = 0, (3.3b)

− 1
2𝑚𝑅

2 ¥𝑞3 − 𝜇1𝑅 sin𝑞4 − 𝜇2𝑅 cos𝑞4 = 0, (3.3c)

− 1
4𝑚𝑅

2 ¥𝑞4 = 0. (3.3d)

As shown in [17], Equations (3.3a)–(3.3d) can be solved analytically by exploiting
the direct integrability of Equation (3.3d), so we will not further investigate this
solution.

3.1.2 The Modified Vakonomic approach

In this section, we study the benchmark problem introduced above by means of the
MVM [16], thereby determining the motion from the dynamic equations (2.42a) and
(2.42b) in compliance with the solvability conditions (2.40a) and (2.40b).

By applying the Euler–Lagrange operators defined in Equation (2.28a) to the
Lagrangian function in Equation (3.1), we obtain

E1L̂ ◦ ♯ = −𝑚 ¥𝑞1, (3.4a)

E2L̂ ◦ ♯ = −𝑚 ¥𝑞2 + 𝑚𝑔 sin𝛼, (3.4b)

E3L̂ ◦ ♯ = −1
2𝑚𝑅

2 ¥𝑞3, (3.4c)

E4L̂ ◦ ♯ = −1
4𝑚𝑅

2 ¥𝑞4. (3.4d)
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Furthermore, we write explicitly the differential operators in Equation (2.34) for
the expressions of the two constraints in (3.2a) and (3.2b), respectively. Hence, for
𝛼 = 1, we have

D1V̂
1 ◦ ♯ = 𝑊1

1 − (𝑅 sin𝑞4)𝑊3
1 = 0, (3.5a)

D2V̂
1 ◦ ♯ = 𝑊1

2 − (𝑅 sin𝑞4)𝑊3
2 = 0, (3.5b)

D3V̂
1 ◦ ♯ = 𝑊1

3 − (𝑅 sin𝑞4)𝑊3
3 + (𝑅 cos𝑞4) ¤𝑞4 = 0, (3.5c)

D4V̂
1 ◦ ♯ = 𝑊1

4 − (𝑅 sin𝑞4)𝑊3
4 − (𝑅 cos𝑞4) ¤𝑞3 = 0, (3.5d)

while, for 𝛼 = 2, we obtain

D1V̂
2 ◦ ♯ = 𝑊2

1 − (𝑅 cos𝑞4)𝑊3
1 = 0, (3.6a)

D2V̂
2 ◦ ♯ = 𝑊2

2 − (𝑅 cos𝑞4)𝑊3
2 = 0, (3.6b)

D3V̂
2 ◦ ♯ = 𝑊2

3 − (𝑅 cos𝑞4)𝑊3
3 − (𝑅 sin𝑞4) ¤𝑞4 = 0, (3.6c)

D4V̂
2 ◦ ♯ = 𝑊2

4 − (𝑅 cos𝑞4)𝑊3
4 + (𝑅 sin𝑞4) ¤𝑞3 = 0. (3.6d)

By choosing the arbitrary auxiliary functions as [59, 16]

F3 ≡ F̂3 ◦ ♮ := ¤𝑞3, (3.7a)

F4 ≡ F̂4 ◦ ♮ := ¤𝑞4, (3.7b)

Equation (2.35), for 𝛽 = 3 and 𝛽 = 4, implies that

D𝑘 F̂
3 ◦ ♯ = 𝑊3

𝑘 = 0, 𝑘 = 1, . . . , 4, (3.8a)

D𝑘 F̂
4 ◦ ♯ = 𝑊4

𝑘 = 0, 𝑘 = 1, . . . , 4. (3.8b)

We can represent the coefficients 𝑊 ℎ
𝑘 in a more compact way by assembling the

4 × 4 matrix W that, by having recourse to Equations (3.5a)–(3.5d), (3.6a)–(3.6d),
and (3.8a) and (3.8b), is given by

W =


0 0 −(𝑅 cos𝑞4) ¤𝑞4 (𝑅 cos𝑞4) ¤𝑞3

0 0 (𝑅 sin𝑞4) ¤𝑞4 −(𝑅 sin𝑞4) ¤𝑞3

0 0 0 0
0 0 0 0


. (3.9)
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Our choice of the auxiliary functions in Equations (3.7a) and (3.7b) is done in
compliance with Remark 2.2.2, since, by inspection of the constraints (3.2a) and
(3.2b), the generalized velocities ¤𝑞3 and ¤𝑞4 are independent, thereby leading to the
vanishing of the corresponding transpositional relations 𝜂3

¤𝑞 − ¤𝜂3
𝑞 and 𝜂4

¤𝑞 − ¤𝜂4
𝑞. In

fact, this choice is a strong way of guaranteeing this result because the conditions
(3.8a) and (3.8b), implied by the selected auxiliary functions, ensure that the third
and fourth row of W are null.

Finally, if we substitute Equations (3.4a)–(3.4d) and the coefficients collected in
Equation (3.9) into the Euler–Lagrange equations of the MVM written in (2.42a),
we can recast Equations (2.42a) and (2.42b) in the form

𝑚 ¥𝑞1 − ¤𝜆1 = 0, (3.10a)

𝑚 ¥𝑞2 − ¤𝜆2 = 𝑚𝑔 sin𝛼, (3.10b)
1
2𝑚𝑅

2 ¥𝑞3 + ¤𝜆1𝑅 sin𝑞4 + ¤𝜆2𝑅 cos𝑞4 = −𝑚𝑅( ¤𝑞1 cos𝑞4 − ¤𝑞2 sin𝑞4) ¤𝑞4, (3.10c)
1
4𝑚𝑅

2 ¥𝑞4 = 𝑚𝑅( ¤𝑞1 cos𝑞4 − ¤𝑞2 sin𝑞4) ¤𝑞3, (3.10d)

¤𝑞1 = 𝑅 ¤𝑞3 sin𝑞4, (3.10e)

¤𝑞2 = 𝑅 ¤𝑞3 cos𝑞4. (3.10f)

Before going further, we notice that the quantity ¤𝑞1 cos𝑞4 − ¤𝑞2 sin𝑞4, which
features both in Equations (3.10c) and (3.10d), is none other than the component
along the axis 𝒆𝑧 of the cross product 𝒗𝐺 × 𝝉, which is null because the velocity of
the center of mass of the coin has to be parallel to the unit vector 𝝉. In particular, it
should be noticed that this condition is naturally satisfied by the constraint of rolling
without slipping, but it is, in fact, more general than the latter, since it expresses a
merely geometric fact. In conclusion, it applies that [13]

(𝒗𝐺 × 𝝉) · 𝒆𝑧 = ¤𝑞1 cos𝑞4 − ¤𝑞2 sin𝑞4 = 0. (3.11)

By virtue of this result, Equations (3.10a)–(3.10f) become

𝑚 ¥𝑞1 − ¤𝜆1 = 0, (3.12a)

𝑚 ¥𝑞2 − ¤𝜆2 = 𝑚𝑔 sin𝛼, (3.12b)
1
2𝑚𝑅

2 ¥𝑞3 + ¤𝜆1𝑅 sin𝑞4 + ¤𝜆2𝑅 cos𝑞4 = 0, (3.12c)
1
4𝑚𝑅

2 ¥𝑞4 = 0. (3.12d)
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¤𝑞1 = 𝑅 ¤𝑞3 sin𝑞4, (3.12e)

¤𝑞2 = 𝑅 ¤𝑞3 cos𝑞4. (3.12f)

By making the identifications 𝜇𝛼 ≡ ¤𝜆𝛼, for 𝛼 = 1, . . . , 𝑚, the set of equations
(3.12a)–(3.12d) is equal to the set of dynamic equations obtained within the TNHM,
i.e. Equations (3.3a)–(3.3d). This shows that, in agreement with [16], the MVM is
indeed equivalent with the TNHM for the “rolling coin” problem.

Remark 3.1 (The MVM and the TNHM for the “rolling coin” problem). It should be
noticed that the equivalence between the MVM and the TNHM, and the identification
between their respective Lagrange multipliers, could have been proven in advance
since, in the case considered above, the matrix W in Equation (3.9) and the array of
momenta p satisfy the hypothesis of Corollary 2.1, namely WTp = 0.

Remark 3.2 (“Canonical flip” [57, 52] for the “rolling coin” problem). Looking
at the structure of the matrix W featuring in Equation (3.9), and computing the
quantities 𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 , with ℎ = 1, . . . , 𝑛, once as 𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 =

∑𝑛
𝑘=1𝑊

ℎ
𝑘𝜂

𝑘
𝑞 and once as

𝜂ℎ¤𝑞 − ¤𝜂ℎ𝑞 =
∑𝑛
ℓ,𝑘=1C

ℎ
ℓ𝑘 ¤𝑞ℓ𝜂𝑘𝑞 (cf. Equation (2.21)), we can choose

C1
43 ¤𝑞4 = 𝑊1

3 = −(𝑅 cos𝑞4) ¤𝑞4 ⇒ C1
43 ≡ Ĉ1

43 ◦ 𝑞 = −𝑅 cos𝑞4, (3.13a)

C1
34 ¤𝑞3 = 𝑊1

4 = +(𝑅 cos𝑞4) ¤𝑞3 ⇒ C1
34 ≡ Ĉ1

34 ◦ 𝑞 = +𝑅 cos𝑞4, (3.13b)

C2
43 ¤𝑞4 = 𝑊2

3 = +(𝑅 sin𝑞4) ¤𝑞4 ⇒ C2
43 ≡ Ĉ2

43 ◦ 𝑞 = +𝑅 sin𝑞4, (3.13c)

C2
34 ¤𝑞3 = 𝑊2

4 = −(𝑅 sin𝑞4) ¤𝑞3 ⇒ C2
34 ≡ Ĉ2

34 ◦ 𝑞 = −𝑅 sin𝑞4, (3.13d)

while all the other entries of Cℎℓ𝑘 can be set equal to zero. We notice that, in
the case studied in this remark, the nonzero entries of Cℎℓ𝑘 , reported in Equations
(3.13a)–(3.13d), depend on 𝑞, and, in particular, on 𝑞4, only.

3.1.3 Analytical solution of the Modified Vakonomic Method

In this section, we are interested in finding an analytical solution to the dynamical
equations previously obtained within the MVM, i.e., Equations (3.12a)–(3.12d). To
this end, we introduce the following set of initial conditions, i.e., at 𝑡 = 𝑡in, for the
generalized coordinates and velocities:

𝑞1(𝑡in) = 𝑞1
in, 𝑞2(𝑡in) = 𝑞2

in, 𝑞3(𝑡in) = 𝑞3
in, 𝑞4(𝑡in) = 𝑞4

in, (3.14a)
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¤𝑞1(𝑡in) = 𝜈1
in, ¤𝑞2(𝑡in) = 𝜈2

in, ¤𝑞3(𝑡in) = 𝜈3
in, ¤𝑞4(𝑡in) = 𝜈4

in, (3.14b)

where their specified values 𝑞𝑘in and 𝜈𝑘in, for 𝑘 = 1, . . . , 4, should satisfy the constraints
in Equations (3.10e) and (3.10f), both for physical and for numerical consistency
[27]. Furthermore, we introduce the initial values for the multipliers

𝜆1(𝑡in) = 𝜆1 in, 𝜆2(𝑡in) = 𝜆2 in. (3.15)

By taking inspiration from the solution strategy employed by Lemos [17], from
the direct integration of Equation (3.12d) we obtain that 𝑞4 is affine in time, that is

𝑞4(𝑡) = Ω[𝑡 − 𝑡in] + 𝑞4
in = Ω𝑡 + 𝜃0, ∀ 𝑡 ∈ [𝑡in, 𝑡fin], (3.16)

where Ω := ¤𝑞4(𝑡) ≡ ¤𝑞4(𝑡in) = 𝜈4
in for all 𝑡 ∈ [𝑡in, 𝑡fin], and, for a better readability, we

write 𝜃0 := 𝑞4
in −Ω𝑡in. Note that the angular velocity ¤𝑞4(𝑡) = Ω is constant in time.

We can exploit the saddle-point nature of the system of equations under study
by decoupling the dynamic equations (3.12a)–(3.12d) from the constraints, i.e.,
(3.12e) and (3.12f), so that the latter ones can be computed a posteriori. Hence, by
substituting the constraints in (3.12e) and (3.12f) into Equations (3.12a) and (3.12b),
we obtain

¤𝜆1 = 𝑚 ¥𝑞3𝑅 sin𝑞4 + 𝑚 ¤𝑞3 ¤𝑞4𝑅 cos𝑞4, (3.17a)
¤𝜆2 = 𝑚 ¥𝑞3𝑅 cos𝑞4 − 𝑚 ¤𝑞3 ¤𝑞4𝑅 sin𝑞4 − 𝑚𝑔 sin𝛼. (3.17b)

With the expressions obtained in Equations (3.17a) and (3.17b) for the two time
derivatives of the Lagrange multipliers, and with the expression of 𝑞4 in Equation
(3.16), we can re-frame Equation (3.12c) as follows

¥𝑞3(𝑡) = 2𝑔 sin𝛼
3𝑅

cos(Ω𝑡 + 𝜃0). (3.18)

In the following, we introduce, for each 𝑘 = 1, . . . , 4 and for each 𝛼 = 1, 2,
the notations 𝑞𝑘 (𝑡) ≡ 𝑞𝑘 (𝑡;Ω) and 𝜆𝛼 (𝑡) ≡ 𝜆̂𝛼 (𝑡;Ω) in order to emphasize the
dependence of the solution of the system under study on the parameter Ω. In
particular, depending on the value of Ω, we can distinguish two cases.
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Case 1. By assuming Ω ≠ 0, the right-hand side of Equation (3.18) represents an
oscillatory forcing term with angular frequency Ω and initial phase 𝜃0. By integrating
Equation (3.18), we obtain

𝑞3(𝑡) ≡ 𝑞3(𝑡;Ω) = 𝑞3
osc(𝑡;Ω) + 𝜈3

in [𝑡 − 𝑡in] + 𝑞
3
in, (3.19)

where we have introduced the auxiliary notation

𝑞3
osc(𝑡;Ω) := Φs(Ω)

{
sin(Ω𝑡) − sin(Ω𝑡in)

}
−Φc(Ω)

{
cos(Ω𝑡) − cos(Ω𝑡in)

}
−Ω[𝑡 − 𝑡in]

{
Φc(Ω) sin(Ω𝑡in) +Φs(Ω) cos(Ω𝑡in)

}
, (3.20a)

Φ(Ω) :=
2𝑔 sin𝛼
3𝑅Ω2 , Φc(Ω) := Φ(Ω) cos𝜃0, Φs(Ω) := Φ(Ω) sin𝜃0. (3.20b)

Note that, by virtue of Equation (3.19), the Lagrangian parameter 𝑞3(𝑡) features an
oscillatory contribution, given by Equation (3.20a), which is characterized by the
amplitude Φ(Ω) in Equation (3.20b), and a contribution that is affine in time, i.e.,
𝜈3

in [𝑡 − 𝑡in] + 𝑞
3
in. Moreover, by differentiating in time Equation (3.20a), one obtains

𝜕𝑞3
osc
𝜕𝑡

(𝑡;Ω) = Ω
{
Φs(Ω)

[
cos(Ω𝑡) − cos(Ω𝑡in)

]
+Φc(Ω)

[
sin(Ω𝑡) − sin(Ω𝑡in)

]}
= ΩΦ(Ω)

[
sin(Ω𝑡 + 𝜃0) − sin(Ω𝑡in + 𝜃0)

]
. (3.21)

Thus, by integrating Equations (3.12e) and (3.12f), 𝑞1(𝑡) and 𝑞2(𝑡) read as

𝑞1(𝑡) ≡ 𝑞1(𝑡;Ω) = −1
4𝑅Φ(Ω)

[
sin(2Ω𝑡 + 2𝜃0) − sin(2Ω𝑡in + 2𝜃0)

]
− 𝑅

[ 𝜈3
in
Ω

−Φ(Ω) sin(Ω𝑡in + 𝜃0)
] {

cos(Ω𝑡 + 𝜃0) − cos(Ω𝑡in + 𝜃0)
}

+ 1
2𝑅ΩΦ(Ω) [𝑡 − 𝑡in] + 𝑞1

in, (3.22a)

𝑞2(𝑡) ≡ 𝑞2(𝑡;Ω) = −1
4𝑅Φ(Ω)

[
cos(2Ω𝑡 + 2𝜃0) − cos(2Ω𝑡in + 2𝜃0)

]
+ 𝑅

[ 𝜈3
in
Ω

−Φ(Ω) sin(Ω𝑡in + 𝜃0)
] {

sin(Ω𝑡 + 𝜃0) − sin(Ω𝑡in + 𝜃0)
}

+ 𝑞2
in. (3.22b)

In light of the calculations above, we conclude that, for Ω ≠ 0, 𝑞1(𝑡) and 𝑞2(𝑡)
exhibit two oscillatory contributions: one with angular frequency Ω and the other one
with angular frequency 2Ω. In particular, 𝑞1(𝑡) is unbounded in the limit 𝑡 → +∞,
whereas 𝑞2(𝑡) is bounded. Therefore, the center of mass of the coin moves indefinitely
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along the 𝑥-axis and, in addition, will never reach the end of the inclined plane along
the 𝑦-axis.

Finally, we compute the Lagrange multipliers a posteriori by integrating Equations
(3.17a) and (3.17b) in light of the relations obtained for 𝑞3(𝑡) and 𝑞4(𝑡), i.e., Equations
(3.16) and (3.21). By doing this, we obtain

𝜆1(𝑡) ≡ 𝜆̂1(𝑡;Ω) = −1
2𝑚𝑅ΩΦ(Ω)

[
cos(2Ω𝑡 + 2𝜃0) − cos(2Ω𝑡in + 2𝜃0)

]
+ 𝑚𝑅

[
𝜈3

in −ΩΦ(Ω) sin(Ω𝑡in + 𝜃0)
]
{sin(Ω𝑡 + 𝜃0) − sin(Ω𝑡in + 𝜃0)}

+ 𝜆1 in, (3.23a)

𝜆2(𝑡) ≡ 𝜆̂2(𝑡;Ω) = 1
2𝑚𝑅ΩΦ(Ω)

[
sin(2Ω𝑡 + 2𝜃0) − sin(2Ω𝑡in + 2𝜃0)

]
+ 𝑚𝑅

[
𝜈3

in −ΩΦ(Ω) sin(Ω𝑡in + 𝜃0)
]
{cos(Ω𝑡 + 𝜃0) − cos(Ω𝑡in + 𝜃0)}

− (𝑚𝑔 sin𝛼) [𝑡 − 𝑡in] + 𝜆2 in. (3.23b)

Case 2. In the case Ω = 0, we find that 𝑞4(𝑡) = 𝜃0 ≡ 𝑞4
in for all 𝑡 ∈ [𝑡in, 𝑡fin], and

that the right-hand side of Equation (3.18) is constant in time, thereby returning a
uniformly accelerated angular motion for 𝑞3. Thus, by integrating Equation (3.18)
two times, we obtain

𝑞3(𝑡) ≡ 𝑞3(𝑡; 0) = 1
2𝜉 [𝑡 − 𝑡in]

2 + 𝜈3
in [𝑡 − 𝑡in] + 𝑞

3
in, 𝜉 :=

2𝑔 sin𝛼 cos𝜃0
3𝑅

, (3.24)

where 𝜉 represent the angular acceleration associated with 𝑞3.

Since the evolution in time of 𝑞3 is known, we can deduce the evolution of 𝑞1

and 𝑞2 by substituting Equation (3.24) in the constraints, i.e., Equations (3.12e) and
(3.12f). By integrating the resulting expressions, we get

𝑞1(𝑡) = 1
2𝜉 (𝑅 sin𝜃0) [𝑡 − 𝑡in]2 + 𝜈3

in(𝑅 sin𝜃0)︸        ︷︷        ︸
≡𝜈1

in

[𝑡 − 𝑡in] + 𝑞1
in, (3.25a)

𝑞2(𝑡) = 1
2𝜉 (𝑅 cos𝜃0) [𝑡 − 𝑡in]2 + 𝜈3

in(𝑅 cos𝜃0)︸         ︷︷         ︸
≡𝜈2

in

[𝑡 − 𝑡in] + 𝑞2
in. (3.25b)
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Finally, we can compute 𝜆1 and 𝜆2 a posteriori by integrating Equations (3.17a)
and (3.17b) as follows:

𝜆1(𝑡) = 𝑚𝜉 (𝑅 sin𝜃0) [𝑡 − 𝑡in] + 𝜆1 in, (3.26a)

𝜆2(𝑡) = {𝑚𝜉 (𝑅 cos𝜃0) − 𝑚𝑔 sin𝛼}[𝑡 − 𝑡in] + 𝜆2 in. (3.26b)

We conclude noting that, for Ω = 0, the Lagrange multipliers 𝜆1(𝑡) and 𝜆2(𝑡) are
affine in time, whereas their time derivatives are constants. This means that, since
¤𝜆1(𝑡) and ¤𝜆2(𝑡) are equal to the Lagrange multipliers 𝜇1(𝑡) and 𝜇2(𝑡), respectively,
of the TNHM (see Corollary 2.1 and Remark 3.1), and since the latter ones measure
the magnitude of the reaction forces associated with the imposed constraints, we can
say that the reaction forces are constants.

Remark 3.3 (Continuity of the third Lagrangian parameter with respect to Ω).
From Case 1 and Case 2, it follows that the solution of Equation (3.18) is defined as

𝑞3(𝑡) ≡ 𝑞3(𝑡;Ω) =

𝑞3

osc(𝑡;Ω) + 𝜈3
in [𝑡 − 𝑡in] + 𝑞

3
in, if Ω ≠ 0,

1
2𝜉 [𝑡 − 𝑡in]

2 + 𝜈3
in [𝑡 − 𝑡in] + 𝑞

3
in, if Ω = 0,

(3.27)

where 𝑞3
osc(𝑡;Ω) is reported in Equation (3.20a). In particular, we emphasize that

𝑞3(𝑡, · ) is continuous with respect to Ω uniformly in [𝑡in, 𝑡fin], since it holds that

lim
Ω→0

𝑞3(𝑡;Ω) = 𝑞3(𝑡; 0), 𝑡 ∈ [𝑡in, 𝑡fin] . (3.28)

3.1.4 Numerical simulations

In this section, we present the graphical results of the “rolling coin” problem with
the purpose of visualizing that the MVM is equivalent, for the considered problem,
to the TNHM.

Hence, we numerically solve the system of Equations (3.12a)–(3.12f), put in a
more general form as in Equation (2.50), over the interval [𝑡in, 𝑡fin] ≡ [0, 𝑇]. To this
end, we introduce the set of normalized Lagrangian parameters

𝔮1 := 𝑞1/𝑅, 𝔮2 := 𝑞2/𝑅, 𝔮3 := 𝑞3, 𝔮4 := 𝑞4, (3.29)
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and the set of normalized Lagrange multipliers as

λ1 := 𝜆1/(𝑚𝑅), λ2 := 𝜆2/(𝑚𝑅). (3.30)

Note that the normalization of a given Lagrangian parameter is necessary only when
it represents a translational kinematic descriptor, and not an angular one, while both
the normalized Lagrange multipliers “absorb” the coin’s mass 𝑚 and radius 𝑅. As a
consequence of (3.29) and (3.30), Equations (3.12a)–(3.12f) are thus normalized as
follows:

¥𝔮1 − ¤λ1 = 0, (3.31a)
¥𝔮2 − ¤λ2 =

𝑔 sin𝛼
𝑅
, (3.31b)

1
2 ¥𝔮

3 + ¤λ1 sin𝔮4 + ¤λ2 cos𝔮4 = 0, (3.31c)
1
4 ¥𝔮

4 = 0, (3.31d)
¤𝔮1 = ¤𝔮3 sin𝔮4, (3.31e)
¤𝔮2 = ¤𝔮3 cos𝔮4. (3.31f)

Finally, Equations (3.31a)–(3.31f) are solved numerically using the “trapezium rule”
in the case in which the physical and numerical parameters are the ones reported in
Table 3.1.

Parameter Value Units Description

𝑅 11.625 mm Radius of the coin
𝑚 7.5 g Mass of the coin
𝑔 9.81 m/s2 Gravitational acceleration
𝛼 𝜋/6 rad Angle of the inclined plane
𝑇 2 s Total time of simulation
Δ𝑡 10−4 s Time-step

Table 3.1 Physical and numerical parameters chosen for the simulation of a standard “1 Euro”
coin rolling down an infinitely long inclined plane.

Parametric sweep of Ω. The first scenario we examine is the case of a coin, initially
tilted towards the direction of steepest descent of the plane, i.e., 𝑞4

in = 0, that rolls
without slipping from the top of the inclined plane. Moreover, we consider the initial
angular velocity 𝜈4

in ≡ Ω, and we study its effect on the evolution of the system. Then,
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we initialize the remaining generalized coordinates as 𝑞1
in = 0, 𝑞2

in = 0 and 𝑞3
in = 0,

and the Lagrange multipliers as 𝜆1 in = 0 and 𝜆2 in = 0. Further, we assume that
𝜈3

in = 0, which implies that the initial velocities 𝜈1
in and 𝜈2

in are zero too, since they
have to satisfy the constraints in Equations (3.2a) and (3.2b) at time 𝑡 = 𝑡in = 0.

Fig. 3.2 Trajectories of the center of mass of the coin for different values of Ω ∈
{𝜋/2, 𝜋, 2𝜋} rad/s simulated from 𝑡in = 0 s to 𝑡fin = 2 s.

In Figure 3.2, we show the trajectories of the center of mass of the coin for
different values ofΩ, e.g. Ω ∈ {𝜋/2, 𝜋, 2𝜋} rad/s. We observe that gyroscopic effects
arise when non-vanishing values of Ω are considered, as predicted by the analytical
solution of the problem (see e.g. Section 3.1.3) [40, 17]. These effects, which are
produced by the action of the constraints, are due to an oscillatory contribution
characterized by angular frequency 2Ω, since, if we specialize the analytical solution
to the case under examination, the coordinates of the center of mass of the coin read

𝑞1(𝑡) ≡ 𝑞1(𝑡;Ω) = −1
4𝑅Φ(Ω) sin(2Ω𝑡) + 1

2𝑅ΩΦ(Ω)𝑡, (3.32a)

𝑞2(𝑡) ≡ 𝑞2(𝑡;Ω) = −1
4𝑅Φ(Ω)

[
cos(2Ω𝑡) − 1

]
. (3.32b)

Note that, by expanding Equations (3.32a) and (3.32b) in a neighborhood of Ω = 0,
and for a fixed time 𝑡 ∈ [𝑡in, 𝑡fin], we obtain, in the limit Ω → 0, that

𝑞1(𝑡) ≡ 𝑞1(𝑡;Ω) = 1
3𝑅Φ(Ω)Ω3𝑡3 + 𝑜(Ω) = 2

9𝑔 sin𝛼Ω𝑡3 + 𝑜(Ω), (3.33a)

𝑞2(𝑡) ≡ 𝑞2(𝑡;Ω) = 1
2𝑅Φ(Ω)Ω2𝑡2 + 𝑜(1) = 1

3𝑔 sin𝛼 𝑡2 + 𝑜(1). (3.33b)

Therefore, we find that 𝑞1(𝑡; 0) = limΩ→0 𝑞
1(𝑡;Ω), and that the leading term of

𝑞2(𝑡;Ω) does not depend on Ω and grows quadratically in time in the considered
neighborhood.
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In conclusion, if Ω = 0, the coin rolls downwards indefinitely and reaches the
end of the inclined plane, when the latter one is finite. On the other hand, when
Ω ≠ 0, the center of mass of the coin exhibits a behavior similar to the one of a
“yo-yo”, since it oscillates back and forth in the direction of the 𝑦-axis, while moving
indefinitely along the 𝑥-axis, and the amplitude of the oscillations depends on Ω.
Moreover, even for inclined planes whose slope is finite, yet sufficiently longer than
the amplitude of the 𝑦-oscillations, there exist values of Ω such that the coin does not
reach the end of the slope.

In Figure 3.3, we have reported four plots describing the qualitative and quantita-
tive behavior of the Lagrange multipliers 𝜆1 and 𝜆2 in the case in which Ω is either
𝜋 rad/s or 2𝜋 rad/s. In particular, in Figure 3.3a–3.3c, we introduce 𝜌1 and 𝜌2 as the
“reactive forces” associated to 𝑞1 and 𝑞2, respectively, and 𝜌3 the “reactive moment”
associated to 𝑞3, so that the corresponding pairs of “Lagrangian parameter – reactive
force” could be compared. Note that, the expressions of 𝜌1, 𝜌2 and 𝜌3 follow from
Equations (3.12a)–(3.12c) and read

𝜌1 := ¤𝜆1, 𝜌2 := ¤𝜆2, 𝜌3 := − ¤𝜆1𝑅 sin𝑞4 − ¤𝜆2𝑅 cos𝑞4, (3.34)

while, by virtue of Equation (3.12d), the “reactive moment” associated to 𝑞4, i.e., 𝜌4,
is identically zero.

In Figure 3.3a we observe that in the instants of time in which the reactive force
𝜌1 vanishes, the Lagrangian parameter 𝑞1 exhibits, in the same instants, inflection
points. This phenomenon is a direct consequence of Equation (3.12e). Moreover, as
one can see in Figure 3.3b,c, for the instants of time in which 𝑞2 or 𝑞3 admit a local
maximum, their corresponding reactive force and moment, i.e., 𝜌2 and 𝜌3, feature
a local minimum, and vice versa. Indeed, this is in compliance with the analytical
expressions of the Lagrange multipliers 𝜆1(𝑡) and 𝜆2(𝑡) featuring in Equations (3.23a)
and (3.23b), and reported in Figure 3.3d, since, in the case we are considering, they
read

𝜆1(𝑡) ≡ 𝜆̂1(𝑡;Ω) = −1
2𝑚𝑅ΩΦ(Ω) [cos(2Ω𝑡) − 1], (3.35a)

𝜆2(𝑡) ≡ 𝜆̂2(𝑡;Ω) = 1
2𝑚𝑅ΩΦ(Ω) sin(2Ω𝑡) − (𝑚𝑔 sin𝛼)𝑡, (3.35b)
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which, in turn, produce the following reactions

𝜌1(𝑡) = 2
3𝑚𝑔 sin𝛼 sin(2Ω𝑡), (3.36a)

𝜌2(𝑡) = 2
3𝑚𝑔 sin𝛼 cos(2Ω𝑡) − 𝑚𝑔 sin𝛼, (3.36b)

𝜌3(𝑡) = 1
3𝑚𝑔𝑅 sin𝛼 cos(Ω𝑡). (3.36c)

Therefore, by comparing the expression in Equations (3.36a)–(3.36c) with Equations
(3.32a), (3.32b) and (3.19), we conclude that:

(i) The constraint V1 has the effect to change the curvature of the trajectory of the
center of mass of the coin, i.e., the second time derivative of 𝑞1(𝑡).

(ii) The constraint V2 produces a reaction force on 𝑞2 opposing to the motion that,
in turn, determines the oscillatory behavior of the center of mass of the coin
along the 𝑦-axis.

Effect of a non-zero 𝜃0. The second scenario we examine for the “rolling coin”
problem concerns how considering non-zero values of 𝜃0 ≡ 𝑞4

in, for the fixed value
of Ω = 2𝜋 rad/s, affects the overall motion of the system. In particular, we will
compare the solutions when the chosen value of 𝜃0 belongs to the set {0, 𝜋/2} (see
Figure 3.4). Note that, the two cases above describe the situations in which the initial
direction of rolling, indicated by the unit vector 𝝉, is either aligned with the direction
of steepest descent (𝜃0 = 0) or is orthogonal to it (𝜃0 = 𝜋/2). As in the study above,
we initialize the remaining generalized coordinates as 𝑞1

in = 0, 𝑞2
in = 0 and 𝑞3

in = 0,
and the Lagrange multipliers as 𝜆1 in = 0 and 𝜆2 in = 0.

In Figure 3.4, we observe that in the case in which 𝜃0 = 0 rad, the trajectory of
the center of mass of the coin features an oscillatory motion that makes the center of
mass move in the positive direction of the 𝑥-axis without ever going backward in the
same direction. Instead, for 𝜃0 = 𝜋/2 rad, the center of mass of the coin experiences
an oscillatory motion that moves the coin initially in the negative direction of the
𝑥-axis. Since this behavior is periodic in the motion, a knot is produced in the
trajectory of the center of mass when 𝑡 ≃ 1 s.

Finally, from Figure 3.5, we have compared, as done previously in Figure 3.3,
the pairs of “Lagrangian parameters – Reactive forces” that are obtained when Ω is
fixed at 2𝜋 rad/s and 𝜃0 ∈ {0, 𝜋/2} rad. In this case, by looking at Figure 3.5a–3.5c,
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(a) (b)

(c) (d)

Fig. 3.3 In 3.3a–3.3c the pairs “Lagrangian parameter – Reactive force” are represented by
continuous and dotted lines, respectively. In Figure 3.3d, 𝜆1(𝑡) and 𝜆2(𝑡) are represented
with a continuous and a dotted line, respectively.

we can draw similar conclusions to what we draw for the parametric study on Ω.
Nevertheless, we acknowledge the fact that, when 𝜃0 ≠ 0, then the reactive forces 𝜌1

and 𝜌2 are determined by an apposition of oscillatory motion with different angular
frequencies (see Figure 3.5a–3.5b). On the other hand, as shown in Figure 3.5c, 𝜌3

is defined by only one cosinusoidal contribution that is shifted by the presence of a
non-zero 𝜃0. Indeed, these phenomena are explained by the analytical expressions
for the three generalized reactive forces, which, in the case of 𝑡in = 0 and 𝜃0 ≠ 0,
read as follows:

𝜌1(𝑡) = 2
3𝑚𝑔 sin𝛼

[
sin(2Ω𝑡 + 2𝜃0) − sin𝜃0 cos(Ω𝑡 + 𝜃0)

]
, (3.37a)

𝜌2(𝑡) = 2
3𝑚𝑔 sin𝛼

[
cos(2Ω𝑡 + 2𝜃0) + sin𝜃0 sin(Ω𝑡 + 𝜃0)

]
− 𝑚𝑔 sin𝛼, (3.37b)

𝜌3(𝑡) = 1
3𝑚𝑔 sin𝛼𝑅 cos(Ω𝑡). (3.37c)
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Fig. 3.4 Trajectories of the center of mass of the coin for 𝜃0 ∈ {0, 𝜋/2} rad which are
simulated from 𝑡in = 0 s to 𝑡fin = 2 s.

Note that the presence of non-zero 𝜃0 provides the same “reactive moment” 𝜌3(𝑡),
i.e., Equation (3.37c), that we had in the case with 𝜃0 = 0, i.e., Equation (3.36c),
thereby manifesting the independence of 𝜌3(𝑡) with respect to 𝜃0.

3.2 The “charged skate” benchmark

In this section, we study the dynamic equations for the benchmark problem of the
“nonholonomic skate” (see e.g. [13, 15, 55, 51, 50, 27, 54, 16, 68]), which we have
modified by introducing an electromagnetic interaction (see also [25]). Also in this
case, we employ the “modified vakonomic method” (MVM) with the objective of
showing how an interaction of this type can “break” the equivalence between the
MVM and the TNHM, thereby violating the hypothesis of Theorem 2.1. In particular,
the role of the Ansätze, needed for the closure of Equations (2.42a) and (2.42b), is
investigated in the sequel.

We consider a three-dimensional rigid skate 𝔖, shaped as a rectangular paral-
lelepiped having mass 𝑚, length ℓ, and cross section of area 𝜎2, that slides over an
inclined plane of an angle 𝛼 with respect to a horizontal plane. We assume that the
skate is electrically charged, with volumetric charge density 𝑒 distributed uniformly
in 𝔖, so that the total electric charge of the skate is 𝑄 := 𝑒ℓ𝜎2. Moreover, we let
the skate interact with a field of magnetic induction associated with the (co-)vector
potential 𝑨 [66]. A graphical representation of 𝔖 is reported in Figure 3.6.
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(a) (b)

(c) (d)

Fig. 3.5 In 3.5a, 3.5b and 3.5c the pairs “Lagrangian parameter – Reactive force” are
represented by continuous and dotted lines, respectively. In Figure 3.5d, 𝜆1(𝑡) and 𝜆2(𝑡) are
represented with a continuous and a dotted line, respectively.

A coordinate system {𝑂, (𝑥, 𝑦, 𝑧)} is prescribed such that the 𝑥-axis is parallel to
the inclined plane and is aligned with the direction of steepest descent; the 𝑧-axis
“exits” the inclined plane and is orthogonal to it; the 𝑦-axis is such that the 𝑥-, 𝑦- and
𝑧-axis form a right-handed triad; the origin 𝑂 is fixed at the same 𝑧-coordinate as
the center of mass of the skate, hereafter denoted by 𝐺. Furthermore, we denote
by {𝒆𝑥 , 𝒆𝑦, 𝒆𝑧} and {𝒆𝑥 , 𝒆𝑦, 𝒆𝑧} the basis unit vectors and co-vectors, respectively,
associated with the coordinate system {𝑂, (𝑥, 𝑦, 𝑧)}.

By introducing (𝑥𝐺 , 𝑦𝐺 , 0) as the coordinates of 𝐺, and 𝜃 as the angle between
the 𝑥-axis and the axis of the skate, we choose 𝑥𝐺 , 𝑦𝐺 and 𝜃 as the 𝑛 = 3 Lagrangian
parameters of the mechanical system under study, thereby leading to the identification
𝑞 ≡ (𝑞1, 𝑞2, 𝑞3) ≡ (𝑥𝐺 , 𝑦𝐺 , 𝜃) [16].
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In the following, we will only consider the case in which the magnetic induction
field 𝑩 = curl𝑨 is homogeneous in space and orthogonal to the inclined plane, i.e.,
𝑩(𝑥, 𝑦, 𝑧, 𝑡) = 𝐵0(𝑡)𝒆𝑧, so that the resulting Lorentz force, acting on the skate, is
parallel to the inclined plane itself. To this end, we design the (co-)vector potential
to be 𝑨(𝑥, 𝑦, 𝑧, 𝑡) = [−1

2𝐵0(𝑡)𝑦]𝒆𝑥 + [ 1
2𝐵0(𝑡)𝑥]𝒆𝑦.

Fig. 3.6 Graphical representation of the “charged skate” benchmark problem. This image
was first showed during the conference “The coupled nonlinear continuum theory horizon”
held in Castro Urdiales, Spain, on July 1-5, 2024, within the presentation of the abstract
“Towards a variational theory of nonholonomic continuum media: the discrete mechanics
scenario”, authored by A. Pastore, A. Giammarini, A. Grillo.

Given the premises above, and if, in addiction to the considered magnetic
interactions, we also account for the gravitational interaction, then the Lagrangian of
the skate reads [16, 27, 54, 50]

L̂ ◦ (𝑞, ¤𝑞, 𝜏) = 1
2𝑚

[
( ¤𝑞1)2 + ( ¤𝑞2)2 + ℓ2+𝜎2

12 ( ¤𝑞3)2
]

︸                                      ︷︷                                      ︸
K̂ ◦ ¤𝑞

+ (𝑚𝑔 sin𝛼)𝑞1︸         ︷︷         ︸
Ûg ◦ 𝑞

+
[
−𝑄𝐵0

2 𝑞2
]
¤𝑞1 +

[
𝑄𝐵0

2 𝑞1
]
¤𝑞2 +

[
𝑄𝐵0 (ℓ2+𝜎2)

24

]
¤𝑞3︸                                                      ︷︷                                                      ︸

Ûm ◦ (𝑞, ¤𝑞,𝜏)

, (3.38)

where K ≡ K̂ ◦ ¤𝑞 is the kinetic energy; Ug ≡ Ûg ◦ 𝑞 and Um ≡ Ûm ◦ (𝑞, ¤𝑞, 𝜏) are the
gravitational and magnetic potential functions, respectively; 𝑔 is the magnitude of
the gravity acceleration vector, and 𝐵0 ≡ 𝐵0 ◦ 𝜏 is the magnitude of the magnetic
induction field.
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By denoting by 𝒏 = cos𝜃𝒆𝑥 + sin𝜃𝒆𝑦 the unit vector aligned with the skate’s axis,
we assume the velocity of the center of mass of the skate, 𝒗𝐺 , to remain always
parallel to 𝒏. This condition, written in the physical space as 𝒗𝐺 × 𝒏 = 0, prescribes
the nonholonomic constraint to be [16, 27, 54–56, 50]

V1 ≡ V̂1 ◦ (𝑞, ¤𝑞) := (sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 = 0. (3.39)

Note that the absence of ¤𝑞3 in the constraint (3.39) is sufficient to conclude that the
transpositional relation 𝜂3

¤𝑞− ¤𝜂3
𝑞 must be zero, i.e., 𝜂3

¤𝑞− ¤𝜂3
𝑞 =

∑3
ℎ=1𝑊

3
ℎ𝜂
ℎ
𝑞 = 0. In turn,

this means that the coefficients𝑊3
1,𝑊3

2, and𝑊3
3 must be either identically zero or

such that their combination with 𝜂1
𝑞, 𝜂2

𝑞, and 𝜂3
𝑞 is zero because of Lagrange–Chetaev’s

conditions (2.12).

3.2.1 The traditional nonholonomic approach

In this section, we compute the dynamic equations produced by the TNHM for
the “charged skate” problem. Hence, we specify the Euler–Lagrange operators in
Equation (2.28a) for the Lagrangian in Equation (3.38), i.e.,

E1L̂ ◦ ♯ = −𝑚 ¥𝑞1 +𝑄𝐵0 ¤𝑞2 + 1
2𝑄

¤𝐵0𝑞
2 + 𝑚𝑔 sin𝛼, (3.40a)

E2L̂ ◦ ♯ = −𝑚 ¥𝑞2 −𝑄𝐵0 ¤𝑞1 − 1
2𝑄

¤𝐵0𝑞
1, (3.40b)

E3L̂ ◦ ♯ = − 1
12𝑚(ℓ2 + 𝜎2) ¥𝑞3 − 1

24𝑄
¤𝐵0(ℓ2 + 𝜎2), (3.40c)

and, by substituting Equations (3.40a)–(3.40c) as well as the constraint (3.39) into
Equations (2.52a) and (2.52b), we find the TNHM dynamic equations for the “charged
skate” problem to be as follows:

𝑚 ¥𝑞1 − 𝜇1 sin𝑞3 = 𝑚𝑔 sin𝛼 +𝑄𝐵0 ¤𝑞2 + 1
2𝑄

¤𝐵0𝑞
2, (3.41a)

𝑚 ¥𝑞2 + 𝜇1 cos𝑞3 = −𝑄𝐵0 ¤𝑞1 − 1
2𝑄

¤𝐵0𝑞
1, (3.41b)

1
12𝑚(ℓ2 + 𝜎2) ¥𝑞3 = − 1

24𝑄(ℓ2 + 𝜎2) ¤𝐵0, (3.41c)

(sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 = 0. (3.41d)
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We notice that Equations (3.41a)–(3.41c) can be recast in a more suggestive form
by rewriting them in terms of the canonical momenta:

d
d𝑡

[
𝑚 ¤𝑞1 − 1

2𝑄𝐵0𝑞
2
]

︸                ︷︷                ︸
=:𝑝1

= 𝜇1 sin𝑞3 + 𝑚𝑔 sin𝛼 + 1
2𝑄𝐵0 ¤𝑞2, (3.42a)

d
d𝑡

[
𝑚 ¤𝑞2 + 1

2𝑄𝐵0𝑞
1
]

︸                ︷︷                ︸
=:𝑝2

= −𝜇1 cos𝑞3 − 1
2𝑄𝐵0 ¤𝑞1, (3.42b)

d
d𝑡

[
1
12𝑚 [ℓ2 + 𝜎2] ¤𝑞3 + 1

24𝑄 [ℓ2 + 𝜎2]𝐵0

]
︸                                            ︷︷                                            ︸

=:𝑝3

= 0. (3.42c)

Note also that, since the Lagrangian parameter 𝑞3 is “ignorable” [11], Equation
(3.42c) is equivalent to state the conservation of the generalized momentum conjugated
with 𝑞3, which, thus, turns out to be an integral of the motion, i.e.,

𝑝3(𝑡) =
𝜕L̂

𝜕 ¤𝑞3 (♮(𝑡)) =
1

12𝑚 [ℓ2 + 𝜎2] ¤𝑞3(𝑡) + 1
24 [ℓ

2 + 𝜎2]𝑄𝐵0(𝑡) = 𝐶, (3.43)

with 𝐶 being an integration constant.

3.2.2 The Modified Vakonomic approach

Now, we apply the procedure reported in Section 2.2 to the problem under study.
Hence, we solve Equations (2.42a) and (2.42b) in compliance with the solvability
conditions (2.40a) and (2.40b), for the case in which the Lagrangian function and
the constraint are of the type specified in Equations (3.38) and (3.39), respectively.

To this end, we express the conditions in Equation (2.34), for 𝑘 ∈ {1, 2, 3} and
with 𝛼 = 1, in the case in which the considered constraint is the one reported in
Equation (3.39):

D1V̂
1 ◦ ♯ = (sin𝑞3)𝑊1

1 − (cos𝑞3)𝑊2
1 − (cos𝑞3) ¤𝑞3 = 0, (3.44a)

D2V̂
1 ◦ ♯ = (sin𝑞3)𝑊1

2 − (cos𝑞3)𝑊2
2 − (sin𝑞3) ¤𝑞3 = 0, (3.44b)

D3V̂
1 ◦ ♯ = (sin𝑞3)𝑊1

3 − (cos𝑞3)𝑊2
3 + (cos𝑞3) ¤𝑞1 + (sin𝑞3) ¤𝑞2 = 0. (3.44c)
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To find all the coefficients𝑊 ℎ
𝑘 , we proceed as follows:

3.2.3 Case A: Llibre et al.’s auxiliary functions

In the sequel, we take the same auxiliary functions as those suggested by Llibre et al.
[16] for the case of the “nonholonomic skate” without magnetic field (see also [25]
for comparison). However, we flip their order from the one reported in [16], thereby
writing

F2 ≡ F̂2 ◦ ♮ := ¤𝑞3, (3.45a)

F3 ≡ F̂3 ◦ ♮ := (cos𝑞3) ¤𝑞1 + (sin𝑞3) ¤𝑞2, (3.45b)

to emphasize that the choice of these functions must respect the criterion given in
Ansatz 1. In particular, this means that they must respect the transpositional relation
𝜂3
¤𝑞 − ¤𝜂3

𝑞 =
∑3
ℎ=1𝑊

3
ℎ𝜂
ℎ
𝑞 = 0, and, indeed, F̂2 ◦ ♮ = ¤𝑞3 ensures the fulfillment of this

condition in strong way, as can be seen by the equations

D1F̂
2 ◦ ♯ = 𝑊3

1 = 0, (3.46a)

D2F̂
2 ◦ ♯ = 𝑊3

2 = 0, (3.46b)

D3F̂
2 ◦ ♯ = 𝑊3

3 = 0. (3.46c)

Conversely, the auxiliary function in Equation (3.45b) leads to the conditions

D1F̂
3 ◦ ♯ = (cos𝑞3)𝑊1

1 + (sin𝑞3)𝑊2
1 + (sin𝑞3) ¤𝑞3 = 0, (3.47a)

D2F̂
3 ◦ ♯ = (cos𝑞3)𝑊1

2 + (sin𝑞3)𝑊2
2 − (cos𝑞3) ¤𝑞3 = 0, (3.47b)

D3F̂
3 ◦ ♯ = (cos𝑞3)𝑊1

3 + (sin𝑞3)𝑊2
3 − [(sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2]︸                          ︷︷                          ︸

=0

= 0. (3.47c)

We remark that, as anticipated in the Ansatz 1 of Section 2.3.1, Equation (3.45b)
identifies F3 with the component of the projection of 𝒗𝐺 onto the unit vector 𝒏,
namely F3 ≡ 𝒗𝐺 · 𝒏, which is the geometric interpretation of a quasi-velocity.
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By solving the linear algebraic system in Equations (3.44a)–(3.44c), (3.46a)–
(3.46c), and (3.47a)–(3.47c) for the unknown coefficients𝑊 ℎ

𝑘 , we have [16]

W =


0 ¤𝑞3 − ¤𝑞2

− ¤𝑞3 0 ¤𝑞1

0 0 0

 . (3.48)

Hence, by substituting Equations (3.40a)–(3.40c) and (3.48) into Equations (2.42a)
and (2.42b), we obtain that the dynamic equations returned by the MVM for the
“charged skate” problem read

𝑚 ¥𝑞1 − ¤𝜆1 sin𝑞3 = 𝑚𝑔 sin𝛼 − 𝑚 ¤𝑞2 ¤𝑞3 +𝑄𝐵0 ¤𝑞2 + 1
2𝑄

¤𝐵0𝑞
2 − 1

2𝑄𝐵0𝑞
1 ¤𝑞3, (3.49a)

𝑚 ¥𝑞2 + ¤𝜆1 cos𝑞3 = 𝑚 ¤𝑞1 ¤𝑞3 −𝑄𝐵0 ¤𝑞1 − 1
2𝑄

¤𝐵0𝑞
1 − 1

2𝑄𝐵0𝑞
2 ¤𝑞3, (3.49b)

1
12𝑚(ℓ2 + 𝜎2) ¥𝑞3 = − 1

24𝑄(ℓ2 + 𝜎2) ¤𝐵0 + 1
2𝑄𝐵0(𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2), (3.49c)

(sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 = 0. (3.49d)

For ease of comparison with the TNHM, we rewrite Equations (3.49a)–(3.49c) by
highlighting the canonical momenta, i.e.,

d
d𝑡

[
𝑚 ¤𝑞1 − 1

2𝑄𝐵0𝑞
2
]

︸                ︷︷                ︸
=:𝑝1

= ¤𝜆1 sin𝑞3 + 𝑚𝑔 sin𝛼 + 1
2𝑄𝐵0 ¤𝑞2 − 𝑝2 ¤𝑞3, (3.50a)

d
d𝑡

[
𝑚 ¤𝑞2 + 1

2𝑄𝐵0𝑞
1
]

︸                ︷︷                ︸
=:𝑝2

= − ¤𝜆1 cos𝑞3 − 1
2𝑄𝐵0 ¤𝑞1 + 𝑝1 ¤𝑞3, (3.50b)

d
d𝑡

[
1

12𝑚 [ℓ2 + 𝜎2] ¤𝑞3 + 1
24𝑄 [ℓ2 + 𝜎2]𝐵0

]
︸                                            ︷︷                                            ︸

=:𝑝3

= 1
2𝑄𝐵0 [𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2]︸                       ︷︷                       ︸

=−𝑝1 ¤𝑞2+𝑝2 ¤𝑞1

. (3.50c)

From Equation (3.50c), we notice that the generalized momentum 𝑝3 is not conserved
with the functions F2 and F3 of Equations (3.45a) and (3.45b) characterizing Ansatz
1 for this problem. The criticality with this choice of functions is that they do not
guarantee the equivalence between the MVM and the TNHM, i.e., the characterizing
condition of Theorem 2.1 in Equation (2.55a) is not satisfied. Indeed, such condition
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would require the vanishing of the quantities

(cos𝑞3) (WTp)1 + (sin𝑞3) (WTp)2 and (WTp)3, (3.51)

which, in the case considered, i.e., with W as in Equation (3.48), are instead

(cos𝑞3) (WTp)1 + (sin𝑞3) (WTp)2 = −1
2𝑄𝐵0 [𝑞1 cos𝑞3 + 𝑞2 sin𝑞3] ¤𝑞3 ≠ 0, (3.52a)

(WTp)3 = 1
2𝑄𝐵0 [𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2] ≠ 0, (3.52b)

where the right-hand sides of Equations (3.52a) and (3.52b) stem from the terms
making the momenta affine in the velocities.

Hence, if we take the same auxiliary functions as in [16] for the problem at
hand, then, although the transpositional relations are maintained, the MVM is not
equivalent to the TNHM, since Equation (2.55a) of Theorem 2.1 is not satisfied, and
a conservation law, which should exist, is lost.

Remark 3.4 (“Canonical flip” [57, 52] for the Case A of the “charged skate”).
Similarly to what has been done in Remark 3.2, the matrix W in Equation (3.48)
allows to choose the coefficients Cℎℓ𝑘 of the associated “Canonical flip” as follows

C1
32 ¤𝑞3 = 𝑊1

2 = + ¤𝑞3 ⇒ C1
32 ≡ Ĉ1

32 ◦ 𝑞 = +1, (3.53a)

C1
23 ¤𝑞2 = 𝑊1

3 = − ¤𝑞2 ⇒ C1
23 ≡ Ĉ1

23 ◦ 𝑞 = −1, (3.53b)

C2
31 ¤𝑞3 = 𝑊2

1 = − ¤𝑞3 ⇒ C2
31 ≡ Ĉ2

31 ◦ 𝑞 = −1, (3.53c)

C2
13 ¤𝑞1 = 𝑊2

3 = + ¤𝑞1 ⇒ C2
13 ≡ Ĉ2

13 ◦ 𝑞 = +1. (3.53d)

As for the “rolling coin”, all the other entries of Cℎℓ𝑘 can be set equal to zero.

Remark 3.5 (The “charged skate” in the case of momenta linear in the velocities).
The fact that, with the matrix W of Equation (3.48), the results (3.52a) and (3.52b)
spoil the fulfillment of Theorem 2.1, and make, thus, the MVM not equivalent to
the TNHM, is a direct consequence of the last three summands of the Lagrangian
function (3.38), which correspond to

∑3
ℎ=1 [𝑍̂ℎ ◦ (𝑞, 𝜏)] ¤𝑞ℎ, and render the momenta

affine (rather than linear) in the generalized velocities. However, if we follow the
approach presented in Section 2.3.4, so that we deal with Equations (2.59a) and
(2.59b), the dynamic equations (3.49a)–(3.49d) for the charged nonholonomic skate
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with the magnetic interactions regarded as (pseudo-)polygenic [11] become

𝑚 ¥𝑞1 − ¤𝜆1 sin𝑞3 = −𝑚 ¤𝑞2 ¤𝑞3︸   ︷︷   ︸
=(WTp0)1

+ [𝑄𝐵0 ¤𝑞2 + 1
2𝑄

¤𝐵0𝑞
2]︸                    ︷︷                    ︸

=Q1

+𝑚𝑔 sin𝛼, (3.54a)

𝑚 ¥𝑞2 + ¤𝜆1 cos𝑞3 = +𝑚 ¤𝑞1 ¤𝑞3︸   ︷︷   ︸
=(WTp0)2

+ [−𝑄𝐵0 ¤𝑞1 − 1
2𝑄

¤𝐵0𝑞
1]︸                      ︷︷                      ︸

=Q2

, (3.54b)

1
12𝑚(ℓ2 + 𝜎2) ¥𝑞3 = 0︸ ︷︷ ︸

=(WTp0)3

+ [− 1
24𝑄(ℓ2 + 𝜎2) ¤𝐵0]︸                    ︷︷                    ︸

=Q3

, (3.54c)

(sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 = 0. (3.54d)

Accordingly, the condition (2.55a) of Theorem 2.1, instead of Equations (3.52a) and
(3.52b), produces

(cos𝑞3) (WTp0)1 + (sin𝑞3) (WTp0)2 = −(cos𝑞3)𝑚 ¤𝑞2 ¤𝑞3 + (sin𝑞3)𝑚 ¤𝑞3 ¤𝑞1

= 𝑚 ¤𝑞3 [(sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2] = 0, (3.55a)

(WTp0)3 = − ¤𝑞2𝑚 ¤𝑞1 + ¤𝑞1𝑚 ¤𝑞2 = 0, (3.55b)

with the right-hand side of Equation (3.55a) being null by virtue of the constraint.
Therefore, within the present formulation, Equation (2.55a) of Theorem 2.1 is
automatically satisfied, and Equation (2.55b) follows by working out the terms
¤𝜆1 sin𝑞3 − 𝑚 ¤𝑞2 ¤𝑞3 and − ¤𝜆1 cos𝑞3 + 𝑚 ¤𝑞1 ¤𝑞3.

3.2.4 Case B: Direct use of Theorem 2.1

In addition to what has been done in Remark 3.5, we may also reason in a different
way, which constitutes the core of Ansatz 2. Specifically, to compute W, we adopt the
conditions supplied in Equations (3.44a)–(3.44c) and (3.46a)–(3.46c), which stem
from the constraint and from the use of F̂2 ◦ ♮ = ¤𝑞3, respectively, and, in lieu of
introducing F3, we invoke directly Theorem 2.1, thereby requiring the vanishing of
the quantities in Equation (3.51):

(cos𝑞3) (WTp)1 + (sin𝑞3) (WTp)2
= 𝑝1 cos𝑞3𝑊1

1 + 𝑝1 sin𝑞3𝑊1
2 + 𝑝2 cos𝑞3𝑊2

1 + 𝑝2 sin𝑞3𝑊2
2 = 0, (3.56a)

(WTp)3 = 𝑝1𝑊
1

3 + 𝑝2𝑊
2

3 = 0. (3.56b)
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This guarantees the equivalence between the MVM and the TNHM.

It is important to remark that the conditions (3.56a) and (3.56b) amount to
requiring that the vector associated with WTp lies on the plane on which the skate’s
motion takes place and is orthogonal to the skate’s axis. Thus, the plane projection
of this vector is orthogonal also to the velocity of the skate’s center of mass 𝒗𝐺 ,
so that the force WTp produces no power on 𝒗𝐺 . Moreover, by virtue of Equation
(3.56b), WTp produces no source/sink of momentum for 𝑝3, so that it does not spoil
its conservation.

The eight conditions (3.44a)–(3.44c), (3.46a)–(3.46c), (3.56a) and (3.56b) permit
to determine the nine coefficients of the resulting matrix W up to an arbitrary function
𝜚, i.e.,

𝑊1
1 = 𝜚, (3.57a)

𝑊1
2 =

𝑝2 ¤𝑞3

sin𝑞3 [𝑝1 cos𝑞3 + 𝑝2 sin𝑞3]
− 𝜚 cot𝑞3, (3.57b)

𝑊1
3 = −𝑝2

¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 , (3.57c)

𝑊2
1 = − ¤𝑞3 + 𝜚 tan𝑞3, (3.57d)

𝑊2
2 = − ¤𝑞3 𝑝1 sin𝑞3 − 𝑝2 cos𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 − 𝜚, (3.57e)

𝑊2
3 = 𝑝1

¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 , (3.57f)

𝑊3
1 = 𝑊3

2 = 𝑊3
3 = 0. (3.57g)

Hence, the equations of motion (2.42a) and (2.42b) take on the form

¤𝑝1 = ¤𝜆1 sin𝑞3 + 𝑚𝑔 sin𝛼 + 1
2𝑄𝐵0 ¤𝑞2 − 𝑝2 ¤𝑞3 + 𝜚

[
𝑝1 + 𝑝2 tan𝑞3] , (3.58a)

¤𝑝2 = − ¤𝜆1 cos𝑞3 − 1
2𝑄𝐵0 ¤𝑞1 + 𝑝2 ¤𝑞3 cot𝑞3 − 𝜚

[
𝑝2 + 𝑝1 cot𝑞3] , (3.58b)

¤𝑝3 = 0. (3.58c)

Thus, as predicted by Theorem 2.1, the MVM is equivalent to the TNHM, provided
the following identification of the Lagrange multipliers is made:

𝜇1 ≡ ¤𝜆1 − 𝑝2 ¤𝑞3 csc𝑞3 + 𝜚
[
𝑝1 csc𝑞3 + 𝑝2 sec𝑞3] . (3.59)
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Note that, because of the equivalence between the two methods, the present refor-
mulation of the MVM conserves the momentum 𝑝3, that is, Equation (3.58c) is
identical to Equation (3.42c). In this respect, it should also be noticed that, even
though Equations (3.58a)–(3.58c) apparently depend on 𝜚, which is still unknown,
this dependence is not effective. Indeed, if the MVM has to be equivalent to the
TNHM, this dependence cancels out by virtue of Equation (2.55a) of Theorem 2.1
when the equations of motion are put in the form (2.51a). This means that, if the
equivalence between the MVM and the TNHM is maintained, the determination of
the motion does not require the complete knowledge of W and, thus, of 𝜚. However,
as predicted by Equation (2.51b), the Lagrange multiplier 𝜆1 does depend on 𝜚,
thereby yielding a one-parameter family of solutions that are all equivalent to those
obtained by the TNHM and lead to one, and only one, 𝜇1. Clearly, as anticipated in
Ansatz 2, 𝜚 can be determined through a physics-based condition, or by adopting
Corollary 2.1, which requires WTp = 0. In particular, the latter case retrieves the
condition pointed out by Ramírez and Sadovskaia [59], and, later, by Llibre et al.
[16] (see, in particular, Theorem 3 of [16]).

Before closing this section, we find it convenient to summarize the results that
we deem particularly noteworthy in the following Remarks.

Remark 3.6 (Consequences of the adopted methodology).
Transpositional relations. Given the matrix W, whose coefficients are reported in
Equations (3.57a)–(3.57g), the transpositional relations characterizing the problem
at hand are

𝜂1
¤𝑞 − ¤𝜂1

𝑞=
𝑝2 ¤𝑞3

sin𝑞3
[
𝑝1 cos𝑞3 + 𝑝2 sin𝑞3

] 𝜂2
𝑞 −

𝑝2 ¤𝑞2

sin𝑞3
[
𝑝1 cos𝑞3 + 𝑝2 sin𝑞3

] 𝜂3
𝑞, (3.60a)

𝜂2
¤𝑞 − ¤𝜂2

𝑞 = − ¤𝑞3𝜂1
𝑞 +

𝑝2 cos𝑞3 − 𝑝1 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞3𝜂2
𝑞 +

¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 𝑝1𝜂
3
𝑞, (3.60b)

𝜂3
¤𝑞 − ¤𝜂3

𝑞 = 0. (3.60c)

It is interesting to notice that the unknown parameter 𝜚 featuring in some coefficients
of W, i.e., in Equations (3.57a), (3.57b), (3.57d) and (3.57e), does not enter the
transpositional relations in Equations (3.60a)–(3.60c) because of the Lagrange-
Chetaev condition in Equation (2.12).
Indetermination of the matrix W. Our formulation of the MVM according to Ansatz
2, which renounces to one of the auxiliary functions, and invokes directly Theorem
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2.1, does not determine univocally all the 9 entries of W. This is testified by the
independent unknown 𝜚, and follows from the fact that the conditions delivered by
Equation (2.55a) are only two (difference between the total number of Lagrangian
parameters, i.e., 3, and number of constraints, i.e., 1). Even though this could seem
to be a deficiency of our approach with respect to the one developed in [16], one can
assign or determine 𝜚 through other conditions, e.g. physically inspired, as suggested
by Ansatz 2.

Remark 3.7 (“Canonical flip” [57, 52] for the Case B of the “charged skate”).
Although the case analyzed here shares some similarities with Remark 3.4, some
changes arise, which are worth of being investigated. This time, we start looking at
Equations (3.60a)–(3.60c), and we compare them with the relationships (2.21). To
this end, we notice that Equations (3.60a) and (3.60b) can be rewritten as

𝜂1
¤𝑞 − ¤𝜂1

𝑞 =
𝑝2 csc𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞3𝜂2
𝑞 −

𝑝2 csc𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞2𝜂3
𝑞, (3.61a)

𝜂2
¤𝑞 − ¤𝜂2

𝑞 = − 𝑝1 cos𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞3𝜂1
𝑞 +

𝑝1 cos𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞1𝜂3
𝑞

− 𝑝1 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞3𝜂2
𝑞 +

𝑝1 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 ¤𝑞2𝜂3
𝑞, (3.61b)

where, to obtain Equation (3.61b), we have made use of the Lagrange–Chetaev
condition (sin𝑞3)𝜂1

𝑞 − (cos𝑞3)𝜂2
𝑞 = 0. Hence, a direct inspection yields

C1
32 ≡ Ĉ1

32 ◦ (𝑞, 𝑝) = 𝑝2 csc𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 = −C1
23 ≡ −Ĉ1

23 ◦ (𝑞, 𝑝), (3.62a)

C2
31 ≡ Ĉ2

31 ◦ (𝑞, 𝑝) = − 𝑝1 cos𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 = −C2
13 ≡ −Ĉ2

13 ◦ (𝑞, 𝑝), (3.62b)

C2
32 ≡ Ĉ2

32 ◦ (𝑞, 𝑝) = − 𝑝1 sin𝑞3

𝑝1 cos𝑞3 + 𝑝2 sin𝑞3 = −C2
23 ≡ −Ĉ2

23 ◦ (𝑞, 𝑝), (3.62c)

whereas all the other coefficients of Cℎℓ𝑘 can be set equal to zero. It should be noticed
that, in the present situation, the nonzero coefficients reported in Equations (3.62a)–
(3.62c) are functions of both the Lagrangian parameters 𝑞 and of the generalized
momenta 𝑝. This result is, in fact, a consequence of the Lagrangian function featuring
a term linear in the velocities, which, in turn, renders the momenta affine functions
of the velocities themselves, and is in harmony with the functional dependence
prescribed in [59, 16] for the entries of the matrix W. We emphasize that, in
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Equations (3.62a)–(3.62c), the identifications of the functions Cℎℓ𝑘 is purely formal,
since we have not determined them through the assignment of a set of quasi-velocities.

Remark 3.8 (Absence of electromagnetic interactions [16]). If the interaction with
the magnetic field is switched off (i.e., if 𝐵0(𝑡) = 0 is zero at all times), Equations
(3.50a)–(3.50c), as well as Equations (3.58a)–(3.58c) upon setting 𝜚 = 0, simplify
to the case already addressed in [16]. In particular, we obtain the same dynamic
equations found by Llibre et al. [16] by employing W as in Equation (3.48) for the
“nonholonomic skate” problem, i.e., [16]

¤𝑝1 ≡ 𝑚 ¥𝑞1 = −𝑚 ¤𝑞2 ¤𝑞3 + 𝑚𝑔 sin𝛼 + ¤𝜆1 sin𝑞3, (3.63a)

¤𝑝2 ≡ 𝑚 ¥𝑞2 = 𝑚 ¤𝑞1 ¤𝑞3 − ¤𝜆1 cos𝑞3, (3.63b)

¤𝑝3 = 0. (3.63c)

Moreover, the matrix W with coefficients in Equations (3.57a)–(3.57g) trivially
reduces to the one in Equation (3.48). Hence, by removing the magnetic interaction,
the equivalence between the MVM and the TNHM is restored again for Case A, while,
in Case B, the equivalence was already present even with the magnetic interaction.
In both cases, the assumptions 𝐵0 ≡ 0 and 𝜚 = 0 induce the same relation between
the Lagrange multipliers of the two methods, which reads

𝜇1 ≡ ¤𝜆1 − 𝑚 ¤𝑞2 ¤𝑞3 csc𝑞3 = ¤𝜆1 − 𝑚
[
¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3] ¤𝑞3, (3.64)

where the last equality is obtained by working out csc𝑞3 and employing the constraint.
Finally, the absence of the magnetic interaction allows the transpositional relations to
simplify to the ones found in [16], i.e.,

𝜂1
¤𝑞 − ¤𝜂1

𝑞 = ¤𝑞3𝜂2
𝑞 − ¤𝑞2𝜂3

𝑞, 𝜂2
¤𝑞 − ¤𝜂2

𝑞 = ¤𝑞1𝜂3
𝑞 − ¤𝑞3𝜂1

𝑞, 𝜂3
¤𝑞 − ¤𝜂3

𝑞 = 0. (3.65)

3.2.5 Case C: New formulation of the constraint

Looking at the relationship connecting the generalized velocities and the momenta,
the constraint (3.39), the expression of the functions F2 and F3 supplied by Llibre et
al. [16], and the matrix W of Equation (3.48), we notice that there exists a sort of
“natural pattern” among all these characteristic features of the considered problem.
Indeed, by referring to Case A, both in Equation (3.39) and in F3 there appear the
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same constrained velocities, whereas F2 involves the “unconstrained velocity” ¤𝑞3.
Moreover, the structure of W is such that: its first 2 × 2 block is skew-symmetric in
¤𝑞3; its last column features the components of the vector 𝒆3 × 𝒗𝐺 , which has zero
projection onto the skate’s unit vector 𝒏, so that the mixed product (𝒆3 × 𝒗𝐺) · 𝒏
vanishes, thereby returning the constraint; and its last row is null. These results render
the MVM equivalent to the TNHM in the absence of the magnetic field, as highlighted
in Remark 3.8, although they lead to a loss of equivalence in the presence of the
magnetic field, as made evident in Equations (3.50a)–(3.50c) and in the subsequent
discussion. It was indeed this broken equivalence, and the need for restoring it, that
made us “re-design” W to obtain the matrix in Equations (3.57a)–(3.57g) under the
guidance of Theorem 2.1. However, this required to renounce to the “natural pattern”
mentioned above. Yet, this pattern can be recovered by redefining the constraint in
such a way that the effective velocities of the skate, i.e., 𝑝1/𝑚 and 𝑝2/𝑚 (or (M−1p)1
and (M−1p)2, in matrix notation), rather than ¤𝑞1 and ¤𝑞2, are constrained. Clearly, this
amounts to modifying the original problem, but in a still physically sound way, so
as to account for the velocity shift induced by the magnetic field by passing from
a constraint linear in the velocities ¤𝑞1 and ¤𝑞2 to one affine in these velocities (see
Equation (3.66) below).

By virtue of the discussion above, and setting 𝜒 := 𝑄𝐵0
2𝑚 , we introduce

V1
new ≡ V̂1

new ◦ ♮ = (sin𝑞3) 𝑝1
𝑚
− (cos𝑞3) 𝑝2

𝑚

= sin𝑞3 [ ¤𝑞1 − 𝜒𝑞2] − cos𝑞3 [ ¤𝑞2 + 𝜒𝑞1]
= (sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 − 𝜒

[
(sin𝑞3)𝑞2 + (cos𝑞3)𝑞1]

= 0. (3.66)

The new constraint expressed in Equation (3.66) suggests that the “natural pattern”
discussed above can be recovered by defining also the auxiliary functions in terms of
the effective velocities, i.e.,

F2
new ≡ F̂2

new ◦ ♮ = ¤𝑞3 + 𝜒︸ ︷︷ ︸
=: 12𝑝3/𝑚 [ℓ2+𝜎2]

, (3.67a)

F3
new ≡ F̂3

new ◦ ♮ = cos𝑞3 [
¤𝑞1 − 𝜒𝑞2]︸       ︷︷       ︸
=: 𝑝1/𝑚

+ sin𝑞3 [
¤𝑞2 + 𝜒𝑞1]︸       ︷︷       ︸
=: 𝑝2/𝑚

. (3.67b)
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Accordingly, the new solvability conditions read

D1V̂
1
new ◦ ♯ = (sin𝑞3)𝑊1

1 − (cos𝑞3)𝑊2
1 − (cos𝑞3)

[
¤𝑞3 + 𝜒

]
= 0, (3.68a)

D2V̂
1
new ◦ ♯ = (sin𝑞3)𝑊1

2 − (cos𝑞3)𝑊2
2 − (sin𝑞3)

[
¤𝑞3 + 𝜒

]
= 0, (3.68b)

D3V̂
1
new ◦ ♯ = (sin𝑞3)𝑊1

3 − (cos𝑞3)𝑊2
3 + (cos𝑞3) 𝑝1

𝑚
+ (sin𝑞3) 𝑝2

𝑚
= 0, (3.68c)

D1F̂
2
new ◦ ♯ = 𝑊3

1 = 0, (3.68d)

D2F̂
2
new ◦ ♯ = 𝑊3

2 = 0, (3.68e)

D3F̂
2
new ◦ ♯ = 𝑊3

3 = 0, (3.68f)

D1F̂
3
new ◦ ♯ = (cos𝑞3)𝑊1

1 + (sin𝑞3)𝑊2
1 + (sin𝑞3)

[
¤𝑞3 + 𝜒

]
= 0, (3.68g)

D2F̂
3
new ◦ ♯ = (cos𝑞3)𝑊1

2 + (sin𝑞3)𝑊2
2 − (cos𝑞3)

[
¤𝑞3 + 𝜒

]
= 0, (3.68h)

D3F̂
3
new ◦ ♯ = (cos𝑞3)𝑊1

3 + (sin𝑞3)𝑊2
3 −(sin𝑞3) 𝑝1

𝑚
+ (cos𝑞3) 𝑝2

𝑚︸                         ︷︷                         ︸
=0

= 0. (3.68i)

Finally, by virtue of these results, the new matrix Wnew, which solves Equations
(3.68a)–(3.68i), takes on the form

Wnew =


0

(
¤𝑞3 + 𝜒

)
−

(
¤𝑞2 + 𝜒𝑞1)

−
(
¤𝑞3 + 𝜒

)
0

(
¤𝑞1 − 𝜒𝑞2)

0 0 0

 , (3.69)

which corresponds to shifting the original matrix Wold in Equation (3.48) by a matrix

Wmag = 𝜒


0 1 −𝑞1

−1 0 −𝑞2

0 0 0

 , (3.70)

which accounts for the interaction of the skate with the magnetic field, i.e., Wnew =

Wold + Wmag.

We notice that, since the new constraint V1
new in Equation (3.66) is the sum of

the original constraint in Equation (3.39) and of an additional term not involving
the generalized velocities, the condition in Equation (2.55a), which guarantees the
equivalence between the MVM and the TNHM, requires the vanishing of the same
terms displayed in Equation (3.51). Indeed, by computing the product WT

newp, we
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observe that the equivalence is satisfied, since the following identities hold:

(cos𝑞3) (WT
newp)1 + (sin𝑞3) (WT

newp)2 =
12𝑝3

ℓ2 + 𝜎2

[
sin𝑞3 𝑝1

𝑚
− cos𝑞3 𝑝2

𝑚

]
= 0,

(3.71a)

(WT
newp)3 = − 𝑝2

𝑚
𝑝1 +

𝑝1
𝑚
𝑝2 = 0. (3.71b)

Moreover, the dynamic equations returned by the MVM with the new formulation
of both the constraint in Equation (3.66) and the auxiliary functions in Equations
(3.67a) and (3.67b) read

¤𝑝1 = ¤𝜆1 sin𝑞3 + 𝑚𝑔 sin𝛼 + 1
2𝑄𝐵0 ¤𝑞2 − 𝑝2

(
¤𝑞3 + 𝜒

)
, (3.72a)

¤𝑝2 = − ¤𝜆1 cos𝑞3 − 1
2𝑄𝐵0 ¤𝑞1 + 𝑝1

(
¤𝑞3 + 𝜒

)
, (3.72b)

¤𝑝3 = 0. (3.72c)

Finally, the relation between the Lagrange multipliers of the MVM and the TNHM
is a direct consequence of Equations (3.72a) and (3.72b), and, following the same
procedure as in Equation (3.59), it holds that

𝜇1 ≡ ¤𝜆1 − (𝑝1 cos𝑞3 + 𝑝2 sin𝑞3)
(
¤𝑞3 + 𝜒

)
. (3.73)

Remark 3.9 (“Canonical flip” [57, 52] for the Case C of the “charged skate”).
Looking at Equation (3.69), it is immediate to notice that, in spite of the presence of
the factor 𝜒, the structure of the “new” matrix Wnew is the same as the one obtained
for the Case A (see Equation (3.48)), with the sole difference that the entries of Wnew

coincide with the components of the momenta of the theory, 𝑝, normalized by the
corresponding components of the mass matrix. A direct consequence of this fact is
that the coefficients Cℎℓ𝑘 of the “Canonical flip” characterizing this version of the
considered problem are exactly those determined in Remark 3.4, provided that the
transpositional relations are written as

𝜂1
¤𝑞 − ¤𝜂1

𝑞 = + ( ¤𝑞3 + 𝜒)𝜂2
𝑞 − ( ¤𝑞2 + 𝜒𝑞1)𝜂3

𝑞 = + 12 𝑝3

𝑚 [ℓ2 + 𝜎2]︸        ︷︷        ︸
=:𝜋3

𝜂2
𝑞 −

𝑝2
𝑚︸︷︷︸
=:𝜋2

𝜂3
𝑞, (3.74a)
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𝜂2
¤𝑞 − ¤𝜂2

𝑞 = − ( ¤𝑞3 + 𝜒)𝜂1
𝑞 + ( ¤𝑞1 − 𝜒𝑞2)𝜂3

𝑞 = − 12 𝑝3

𝑚 [ℓ2 + 𝜎2]︸        ︷︷        ︸
=:𝜋3

𝜂1
𝑞 +

𝑝1
𝑚︸︷︷︸
=:𝜋1

𝜂3
𝑞, (3.74b)

𝜂3
¤𝑞 − ¤𝜂3

𝑞 = 0, (3.74c)

where 𝜋1, 𝜋2, and 𝜋3 are the normalized momenta, and can be interpreted as the
effective velocities of the problem at hand (in the sense that they are the physical
quantities, having physical dimensions of velocities, that are effectively constrained).



Chapter 4

Concluding remarks of Part I

The content of this chapter is taken from [1].

In Part I, we have employed the “modified vakonomic method” (MVM), introduced
by Llibre et al. [16], to achieve four main results that, in our opinion, may deepen
the understanding of vakonomic mechanics:

(i) We have shown that, for the “rolling coin” problem, the TNHM and MVM
are equivalent. By doing so, we have proven that the methodology outlined
in [16], which, however, was not adopted therein for this problem, allows to
reconcile the vakonomic approach with the traditional one, at least for the
considered case. This result, in fact, confirms the statement given by Lemos
[17], who spoke of “complete inequivalence between the vakonomic and the
non-holonomic method”, but it contextually indicates how to overcome this
inconsistency by using the procedure developed in [16].

(ii) After testing the methodological power of the MVM with the “rolling coin”, we
have considered another widely studied problem, namely, the “non-holonomic
skate”, and we have elaborated a variant of it obtained by assuming the
skate to be electrically charged and exposed to an imposed, homogeneous
magnetic field (we have, in fact, modified the framework outlined in [25]).
We emphasize, in this respect, that, whereas Llibre et al. [16] studied the
uncharged “non-holonomic skate” by using their MVM, we have studied the
variant to this problem described above in two steps. First, we have employed
the MVM as is (i.e., as formulated in [16]), and we have seen that, according to
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our results, it is not equivalent to the TNHM as long as the auxiliary functions
of the MVM are taken like in [16]. However, our second step was to show that,
by following the rationale supplied by Theorem 2.1, the equivalence can be
restored through a suitable set of conditions on W entering the transpositional
relations.

(iii) Theorem 2.1, in fact, is the result that states the characterizing conditions by
which the MVM can always be made consistently equivalent to the TNHM.
This, however, requires to further modify the MVM according to the physical
motivations given in Ansatz 2. Although the germinal idea of this modification
is already present in [59] (cf. the condition WTp = 0, in our notation) and in
[16] (cf. the unnumbered equation in the Remark 19 of [16] with our Equations
(2.55a) and (2.55b)), we have reinterpreted and expanded it to formulate a
new criterion, which we may call “M2VM”, where “M2” stands for “Modified
Modified”. The reason for this, as remarked in Section 3.2, is that one can
formulate problems for which it is not straightforward to find a full set of
auxiliary functions guaranteeing the equivalence between the MVM and the
TNHM. Therefore, in our opinion, the approach outlined in [16] should be
augmented by invoking Theorem 2.1.

(iv) In Section 3.2.5, we have highlighted the existence of a “natural pattern”,
and we have discussed how this “pattern” is not respected when the charged
nonholohomic skate is subjected to the classical constraint (3.39), and the
auxiliary functions supplied in Equations (3.45a) and (3.45b) are used (cf. [16]).
Thus, we have proposed a variant of the constraint in which the constrained
velocities are the effective ones, i.e., those obtained by dividing the momenta 𝑝1

and 𝑝2 by the mass, and 𝑝3 by the corresponding coefficient of the mass matrix,
and we have re-defined the auxiliary functions in terms of such velocities.
As reported in Section 3.2.5, this restores the pattern and allows to apply the
MVM by Llibre et al. [16] as is. In addition, this way of looking at a given
mechanical problem could lead to a more physical conception of the constraints
which may result, for instance, in the passage from a constraint linear in the
velocities to one that is affine in them.

We are aware of studies (see, e.g., [15, 31, 7]) suggesting that, for some problems
of field theory or geometric control theory, the vakonomic method leads to results
that are sometimes believed to be physically remarkable in comparison with those
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obtained with the traditional non-holonomic method. This belief, in our opinion,
promotes further investigations on the vakonomic method, with its generalizations,
and on its relationship with the TNHM. In this respect, it is important to emphasize
that the aim of our work is not to affirm that the TNHM should always be taken as
reference for all types of problems, and that, thus, other methods (e.g. the MVM)
should always be made equivalent to it. However, we are saying that, if there are
physical reasons —even very subtle ones— hinting that the MVM can be made
equivalent to the TNHM, then this equivalence must be accounted for. Indeed,
following this philosophy, we highlighted, through Theorem 2.1, the possibility of
applying the variational approach of Llibre et al. [16] to a class of problems that the
scientific community regards as correctly described by the TNHM.

It should be noted that, by promoting the further study of the vakonomic
procedure, we intend the study of generalized variational procedures that well-suit
the nonholonomic setting and, when expected, should be consistent with the TNHM.
In fact, to our knowledge, there is no experimental evidence implying that the
VM is better than the TNHM in modeling classical mechanical systems subjected
to nonholonomic constraints (see e.g. [26, 50]), but this discussion is out of the
scope of our work. In light of the previous sentence, our interest for the MVM
relies on the possibility of having a fully-variational procedure specialized to non-
holonomic systems, which, while being consistent with the TNHM, allows to exploit
the Lagrangian formalism.

As a last remark, we would like to emphasize that our work served, essentially,
two main purposes. The first one was to satisfy our need to test the MVM in its
original formulation by [16] against both standard (see Section 3.1) and non-standard
(see Section 3.2) problems in order to see whether or not the consistency with the
TNHM holds. Exactly in this spirit, we view our work as an instructive “exercise” on
the MVM. The second purpose, instead, was to propose some modifications of the
MVM that ensure both the consistency with the TNHM (see Theorem 2.1) and the
fulfillment of the appropriate transpositional relations (see Remark 2.2.2). Given the
results above, future investigations could make use of the insight gained in this work
on the MVM to look for symmetries in complicated systems (see [63] for a review
on Noether’s theorem in non-holonomic systems), and for extending the MVM to the
continuum setting as a tool for approaching the rheonomy and non-holonomy of the
inelastic processes [23, 32].



Part II

Biomechanical problems





Chapter 5

An approach to growth mechanics
based on nonholonomic constraints

The content of this chapter is taken from [2], as well as from its Supplementary
Material. Note that the labels employed in some of the figures reported in Section 5.6
differ from those reported in the Supplementary Material of [2] to adhere with the
change in notation from “𝑲” to “𝑭𝛾”.

5.1 Return ticket from growth to Analytical Mechanics

The primary purpose of this chapter1 is to construct a quasi-variational theory of
the mechanics of volumetric growth. By “quasi-variational” we mean that, even
though we formulate a field theory of growth, with its own Lagrangian density
function and action functional, we also need to consider peculiar interactions that
do not admit a potential, not even in generalized sense. These interactions can
rather be described by force-like entities [69] (see also [70], and [10, 71] for the
rationale behind this approach), which have to be deduced constitutively when they
are regarded as internal, or assigned phenomenologically when they are rated as
external. In both cases, however, they can be so complicated and problem specific,
that they cannot be determined from a single scalar function. For this reason, such

1The wording “return ticket” in this context was first used during the conference “Giornata
Signorini” held in Florence, Italy, on December 15, 2023, within the presentation of the abstract “A
revisitation of Kozlov’s Vakonomic Mechanics: modifications, reconciliation, and new perspectives”,
authored by A. Pastore, A. Giammarini, A. Grillo.
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forces are referred to as non-potential, or “polygenic” in the terminology of [11],
while those that can be obtained by differentiation of a generalized potential are said
to be “monogenic”, or “single-generated” [11].

While non-potential forces must be allotted in a model of growth to study
biologically relevant situations, the Lagrangian density function of a growing
medium is “apodeictic”2, i.e., it represents a model that is “true” by itself, since it
is assigned on the basis of all the hypotheses done on the body (see also [72]). In
other words, the Lagrangian density function is constructed so as to account for all
the items of information that can be “condensed” in one (pseudo-)scalar quantity.
Therefore, if the body is assumed to be hyperelastic, and if one can find, or design,
interactions that admit generalized potentials, such as inertial forces (although they
are often negligible), gravity, and forces acting on the body’s internal structure, then
the Lagrangian function will consist of the body’s kinetic energy, strain energy, and
all the other potential terms that participate in the body’s dynamics.

Why a Lagrangian theory of growth: advantages and problems. Aside from
mathematical elegance, a Lagrangian theory of growth has some advantages. To
mention a few: it is self-contained; up to non-potential forces, it encloses both the

“direct” and the “configurational” dynamics of a body [73, 10, 74], and it unfolds
each of them depending on the variations that are performed on the arguments of the
body’s Lagrangian function (here, the adjectives “direct” and “configurational” are
intended as in [73], and [10], respectively); through Noether’s Theorem (see, e.g.,
[75, 76, 74, 63, 77]), it provides the natural device for investigating the symmetries of
a body, the related conservation laws, and the symmetry breaking brought about by
growth along with its consequences on the body’s overall dynamics [77]. In addition,
a field-theoretical approach to growth can be inherently geometrized [78–80], so as
to account for the phenomenological aspects connected with the incompatibility of
the distortions induced by growth [81], and it supplies the basis for including other
theories, like that of micromorphic media [82].

Yet, to benefit from all these advantages, one has to answer the question as to
whether the Lagrangian density function of a growing body is able to account also
for the core feature of the mechanics of volumetric growth, which is the presence

2We are thankful to Prof. Gaetano Giaquinta (1945–2016) for teaching us the meaning of this
word in relation to Lagrangian functions.
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of mass sources that, acting in the body’s interior, trigger its variation of mass [83].
These sources are positive when mass increases, as is the case for cell proliferation in
tumors, and negative when mass is depleted due to removal processes such as necrosis
or apoptosis [84, 85]. In both situations, they appear in the body’s mass balance law,
and must be characterized very accurately in order to capture the combination of the
biochemical, biophysical, and mechanical stimuli from which they originate (see,
e.g., [69, 86]).

Mass sources: a posteriori and a priori approaches. To our knowledge, two
distinct paths can be followed for characterizing mass sources in accordance with
experimental evidences. As reported in [87], the functional form expressing a mass
source is called “growth law”, and it can be determined by employing “a posteriori
approaches” or “a priori approaches”. Both rely on the Bilby–Kröner–Lee (BKL)
decomposition of the deformation gradient tensor of the growing medium under
study. The anelastic factor of such decomposition, termed growth tensor, is identified
with the descriptor of the medium’s structural transformations accompanying its
growth. A crucial aspect is that the mass balance law of the medium can be recast in
the form of a relationship between the mass source active in it and the trace of the
time rate of the growth tensor (see, e.g., [83, 73, 88–90]).

In the a posteriori approaches, an initial and boundary value problem is formulated
for determining both the motion and the growth tensor of the body, and, once the
growth tensor is known, the source of mass is obtained “a posteriori” [87, 91] by
setting it equal to the trace of the growth tensor time rate [73, 90, 77]. It should be
noticed that, even describing the evolution of the growth tensor very accurately, the
growth laws obtained with the a posteriori approaches, being calculated quantities,
may exhibit discrepancies with the ones observed experimentally.

In the a priori approaches, the growth law is prescribed by the modeler to
reproduce experiments [92–94], to comply with phenomenology [88, 89, 95, 84, 96–
98], or to test the response of a medium to a mass source designed to match some
target biomechanical behavior. This may occur, for instance, in control problems,
or when a specific medicament is analyzed. In all these cases, using the knowledge
of the given growth law in the mass balance of the medium under study amounts to
imposing a condition on the time rate of its growth tensor. If the latter is viewed as
a generalized kinematic variable [69, 86], this condition acquires the meaning of a
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constraint [23, 32]. In particular, unless very specific growth laws are considered, this
constraint can only be expressed as a differential relationship, and is thus classified as
nonholonomic [11, 13, 12, 14], i.e., it cannot be obtained by time differentiation of a
scalar function of the sole growth tensor, material points and time. We recall that, on
the contrary, a constraint is said to be holonomic when the converse is true [11].

As discussed in [23, 32], interpreting the mass balance of a growing medium as
a nonholonomic constraint on the growth tensor ensures that the evolution of this
quantity complies with the growth law taken as target, while granting the freedom of
modeling other interactions as necessary. Hence, no further restrictions are placed
on the growth tensor, if unneeded (see, e.g., [92, 93], and [23] for some remarks
on this issue), and its dynamics is dictated by the constraint and the balance of the
configurational forces obtained through the quasi-variational procedure outlined in
the forthcoming sections.

Nonholonomic constraints: Kozlov’s Method and its modifications. The consid-
erations reported so far lead to the fundamental question as to whether a nonholonomic
constraint can be handled variationally. While the answer is affirmative for holonomic
constraints, which can be appended to the Lagrangian function of a given mechanical
system through the Lagrange multiplier technique (see, e.g., [11]), the extension of
such procedure to nonholonomic constraints is not trivial, and has been the subject
of a whole branch of literature. In particular, this was the main point of the works by
Kozlov [41–44, 99], who developed a formulation of analytical mechanics in which
it was claimed that Hamilton’s Principle of stationary action can be employed also to
Lagrangian functions augmented with the Lagrange multiplier method applied to
nonholonomic constraints. In the literature, Kozlov’s approach is termed “Vakonomic
Method” (VM).

If, on the one hand, exploiting Kozlov’s idea would allow to cast the nonholonomic
constraint on the growth tensor in the variational picture which we are looking for
—and that, as previously discussed, is the primary scope of our work—, on the other
hand, a lot of caution is necessary to “import” Kozlov’s method as is. Indeed, many
critiques have been raised towards it (see, e.g., [26, 50, 17]), because, in several
cases, it has been proven to be inconsistent with the well consolidated results of
the analytical mechanics of nonholonomic systems, based on Extended Hamilton’s
Method or, equivalently, on the d’Alembert–Lagrange Principle [11, 39]. In the
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sequel, we shall refer to both approaches as the “Traditional Non-Holonomic Method”
(TNHM) [1].

In spite of the problems related to the VM, a work by Llibre et al. [16]
proposes a “Modified Vakonomic Method” (MVM) [16], which, for the class of
constraints analyzed by the authors, is able to save the idea of handling nonholonomic
constraints variationally. This is achieved by raising a technical issue: namely,
the variations performed on the generalized velocities restricted by the considered
nonholonomic constraints should not be taken equal to the time derivatives of
the variations of the associated Lagrangian parameters. This non-commutativity
between time differentiation and variation of a given kinematic descriptor is known
as “transpositional relation” [13, 30, 16], and constitutes a fundamental concept of
the mechanics of nonholonomic systems.

Llibre et al. [16] employ transpositional relations in conjunction with a variational
procedure referred to as Hamilton–Suslov Variational Principle [61, 60], which
they apply to a Lagrangian function augmented with the considered nonholonomic
constraints, just as Kozlov would do, but taking the variations on the system’s
generalized velocities consistently with the transpositional relations. Moreover,
Llibre et al. [16] develop their MVM in two ways, which they formalize in two
corresponding theorems (see Theorem 1 and Theorem 3 of [16]). In the present
work, we are interested in comparing our approach with the formulation of the MVM
provided in their Theorem 1, and in studying how it applies to our growth problem.
Hence, from here on, Llibre et al.’s MVM [16] refers to their Theorem 1.

Outline of the content of Chapter 5. While the MVM has been recently reviewed
in [1], in the present chapter we investigate whether the MVM can be used for
handling variationally the nonholonomic constraint placed on the growth tensor.
Although for this purpose we take much inspiration from [16], we find that we need
to reformulate it remarkably in order to reach our goal. Indeed, rather than adhering
to the theory presented in [16], we follow a different path, which, to a certain extent,
could be regarded as the “inverse” of the one developed in [16]. However, also other
noticeable differences arise, and the main novelties of our work are:

N1. Upon considering the mass balance law of the growing medium under study as
a nonholonomic constraint on the growth tensor [23, 32], we determine the
transpositional relations associated with it by having recourse to the concept
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of quasi-velocities [13, 100], which we suitably adapt to the problem at hand.
We remark that quasi-velocities constitute a pillar of the analytical mechanics
of nonholonomic systems, but, to the best of our knowledge, they have not
been employed to describe growth, yet. For our purposes, we use the algebra
of fourth-order tensors, as shown in Sections 5.3.1 and 5.3.2.

N2. We show that, by means of our reformulation of the MVM by Llibre et al.
[16], it is possible to obtain the full equivalence between our approach and the
TNHM (see Section 5.4). This is the core result of our work because, starting
from the dynamic equations of a growing body, written in the system of the
quasi-velocities (Section 5.4.1), it allows us to conclude that one can determine
a Lagrangian density function even in the presence of the nonholonomic
constraint on the growth tensor (Section 5.4.2).

N3. We analyze in detail the quasi-static case, since it is the most relevant one in
the biomechanical problems of interest, and we show that our method is able
to recover other formulations [69, 90, 101, 102] (Section 5.4.3).

N4. We highlight the main differences between our results and those of Llibre et al.
[16], and we provide a theorem and a corollary to state the conditions under
which the latter ones can be used for modeling growth.

To present our results, we review some well-established formulations of growth
mechanics based on the Principle of Virtual Work [69, 86, 90, 101, 103, 104, 32, 87,
91] (Section 5.2.1) and the Extended Hamilton Method [11, 105, 77] (Section 5.2.2).
Although both of them are rather consolidated, it is important for us to recapitulate
their most essential logical steps to compare the resulting dynamic equations with
those obtained in the present work (Section 5.4).

5.1.1 Main notations employed

To express the ideas presented in the following, it is convenient to start with the
presentation of the main notation used throughout this chapter.

Let us denote by B the reference placement of the medium under investigation
(an open subset of the three-dimensional Euclidean space S ), by 𝜕B its boundary,
and by I the time line [24].
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In our setting, B is assumed to be a smooth differentiable manifold, endowed, for
all 𝑋 ∈ B, with the metric tensor 𝑮 (𝑋) : 𝑇𝑋B → 𝑇∗

𝑋
B, where 𝑇𝑋B and 𝑇∗

𝑋
B are

the tangent space and cotangent space of B at 𝑋 ∈ B, respectively. For future use,
we also introduce the tangent bundle 𝑇B := ∪𝑋∈B

(
{𝑋} × 𝑇𝑋B

)
and the cotangent

bundle 𝑇∗B := ∪𝑋∈B
(
{𝑋} × 𝑇∗

𝑋
B

)
.

By letting (𝑍 𝐼)3
𝐼=1 and (𝑋𝐴)3

𝐴=1 be a system of Cartesian and curvilinear
coordinates, and (Φ𝐼)3

𝐼=1 the collection of real-valued 𝐶∞-functions such that
𝑍 𝐼 = Φ𝐼 (𝑋1, 𝑋2, 𝑋3), for 𝐼 = 1, 2, 3, with non-singular Jacobian [𝜕𝐾Φ𝐼]3

𝐼,𝐾=1 [24],
the components of 𝑮 are given by𝐺𝐴𝐵 = 𝛿𝐼𝐾𝜕𝐴Φ

𝐼𝜕𝐵Φ
𝐾 , where 𝛿𝐼𝐾 is the Kronecker

Delta [24]. Together with 𝑮, B is endowed with an affine connection, which, for our
purposes, can be taken equal to the one induced by the chosen curvilinear coordinates.

Let us consider the list of the kinematic and space-time variables that are necessary
for our minimal description of the medium’s volumetric growth:

♮ := (𝜒, 𝐷𝜒, 𝑭, 𝑭𝛾; ¤𝜒, ¤
𝐷𝜒 ≡ Grad ¤𝜒, ¤𝑭, ¤𝑭𝛾;X, T). (5.1)

Each entry of ♮ is a function defined over the Cartesian product B × I , and valued
in an appropriate set of points, or in a vector or tensor space. To be specific, the
following identifications apply:

1. 𝜒 : B × I → S defines, for varying time 𝑡 ∈ I , the one-parameter
family of embeddings 𝜒( · , 𝑡) : B → S mapping the points 𝑋 ∈ B in the
three-dimensional Euclidean space S at time 𝑡 ∈ I .

2. For each pair (𝑋, 𝑡) ∈ B × I , 𝐷𝜒(𝑋, 𝑡) : 𝑇𝑋B → 𝑇𝜒(𝑋,𝑡)S is the two-point
tensor defining the Jacobian tensor of 𝜒( · , 𝑡) at 𝑋 ∈ B. Here, 𝑇𝜒(𝑋,𝑡)S
is the tangent space of S at 𝜒(𝑋, 𝑡) ∈ S . The tensor 𝐷𝜒(𝑋, 𝑡) represents
the deformation gradient tensor of the body, and with respect to two local
coordinate systems, covering a neighborhood of 𝑋 ∈ B and a neighborhood of
𝑥 = 𝜒(𝑋, 𝑡) ∈ S , respectively, the components of 𝐷𝜒 are given by the partial
derivatives [𝐷𝜒]𝑎 𝐴 ≡ 𝜕𝐴𝜒𝑎 ≡ 𝜕𝜒𝑎/𝜕𝑋𝐴, with 𝑎, 𝐴 = 1, 2, 3.

3. 𝑭 is an “auxiliary” deformation gradient tensor field, which, for our purposes,
is regarded as a generalized kinematic variable on its own. Later, it will be
identified with 𝐷𝜒. This is done in order to unfold a variational procedure
similar to the Hu–Washizu variational principle [106].
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4. 𝑭𝛾 is referred to as growth tensor (see, e.g., [89]), and represents the time-
dependent anelastic tensor field describing the structural distortions associated
with growth [89, 80]. The tensor 𝑭𝛾 (𝑋, 𝑡) maps the vectors of 𝑇𝑋B into the
linear vector space, denoted by N𝑋 (𝑡) [107, 108], that defines the natural
state of 𝑇𝑋B at time 𝑡 ∈ I (see, e.g., [69, 80, 109, 103]). Hence, we
can write 𝑭𝛾 (𝑋, 𝑡) : 𝑇𝑋B → N𝑋 (𝑡). We recall that 𝑇𝑋B is referred to as

“body element” in [69]. For a given 𝑡 ∈ I , N (𝑡) := ∪𝑋∈B
(
{𝑋} × N𝑋 (𝑡)

)
denotes the bundle of linear spaces representing the natural state of the body at
time 𝑡. Once N (𝑡) is introduced, we indicate with 𝑭𝛾 ( · , 𝑡) the tensor field
𝑭𝛾 ( · , 𝑡) : B → N (𝑡) ⊗ 𝑇∗B. Moreover, we also define the collection of
natural states N := ∪𝑡∈I

(
∪𝑋∈B

(
{𝑋} × N𝑋 (𝑡)

) )
.

5. ¤𝜒 : B × I → 𝑇S is the (Lagrangian) velocity field associated with 𝜒, so
that ¤𝜒(𝑋, 𝑡) ∈ 𝑇𝜒(𝑋,𝑡)S . The superimposed dot means ¤𝜒(𝑋, 𝑡) ≡ 𝜕𝑡𝜒(𝑋, 𝑡).
Analogously, ¤𝑭 ≡ 𝜕𝑡𝑭 and ¤𝑭𝛾 ≡ 𝜕𝑡𝑭𝛾.

6. X : B × I → B and T : B × I → I denote the projections X(𝑋, 𝑡) = 𝑋

and T(𝑋, 𝑡) = 𝑡. For any physical quantity 𝑓 defined as a function 𝑓 of 𝑭

and 𝑭𝛾, and exhibiting explicit dependence on points and time, we write
𝑓 = 𝑓 ◦ (𝑭, 𝑭𝛾,X, T) and 𝑓 (𝑋, 𝑡) = 𝑓 (𝑭(𝑋, 𝑡), 𝑭𝛾 (𝑋, 𝑡), 𝑋, 𝑡) [110].

For any second-order tensor 𝑻, we use the wordings “𝑨-deviatoric part” and
“𝑨-spherical part” of 𝑻, with 𝑨 being an appropriate non-singular second-order
tensor, to indicate 𝑻 − 1

3 tr(𝑨−1𝑻)𝑨 and 1
3 tr(𝑨−1𝑻)𝑨, respectively.

To perform operations involving vectors, tensors, and their dual entities, we employ
the notation of duality pairs between a generic vectorial or tensorial quantity𝑽 and its
dual entity𝛀. Hence, we denote by ⟨𝛀|𝑽⟩ the real-valued application of the linear map
𝛀 to 𝑽. For example, if 𝑽 is a vector and 𝛀 is a co-vector, we obtain ⟨𝛀|𝑽⟩ = Ω𝐴𝑉

𝐴.
Similarly, if 𝑽 and 𝛀 are mixed second-order tensors with components 𝑉 𝐿𝑀 and
Ω𝑃

𝑄 in some coordinate system, then we find ⟨𝛀|𝑽⟩ = Ω𝐴
𝐵𝑉 𝐴𝐵 = tr(𝛀T𝑽).

Given two fourth-order tensors L and K having components, e.g., L𝐴𝐵𝐶𝐷 and
K𝑃

𝑄
𝑅𝑆, we define the operation L ⋄K as the contraction of the second pair of indices

of the first tensor with the first pair of indices of the second tensor, i.e., in components,
[L ⋄K]𝐴𝐵𝑅𝑆 := L𝐴𝐵𝑀𝑁K𝑀

𝑁
𝑅𝑆.

By viewing a fourth-order tensor L as a linear map L : U → V between
the spaces of second-order tensors U and V , possibly of different kind, we write
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L[𝑼] = 𝑽 to denote the application of L to 𝑼 ∈ U returning 𝑽 ∈ V . For example,
if L and 𝑼 have components L𝐴𝐵𝐶𝐷 and 𝑈𝑃𝑄 , then 𝑽 has components given by
𝑉 𝐴𝐵 = L𝐴𝐵𝑀𝑁𝑈𝑀

𝑁 . The transpose of L is defined through ⟨𝛀|L[𝑼]⟩ = ⟨LT [𝛀] |𝑼⟩,
and LT has components [LT]𝐶𝐷𝐴𝐵.

5.1.2 An overview from geometric to configurational mechanics

The process of volumetric growth manifests itself through a source of mass, hereafter
denoted by 𝑅, and yields a variation in time of the mass density of the body under
study. This is captured by the mass balance law, which, in the body’s reference
placement B, is given by ¤𝜚R = 𝜚R𝑅, with 𝜚R being the body’s mass density per unit
volume of B (see, e.g., [73]).

In general, the variation of 𝜚R represents a reorganization of the internal structure
of the body that is virtually independent of deformation. Moreover, it introduces
inhomogeneities [111, 76, 112] that do not amount only to nonuniform redistributions
of mass within the body, and that, similarly to dislocations [113–115], cannot be
eliminated by deformation alone.

Growth can be accompanied also by other structural reorganizations, which,
although possibly related to 𝑅, do not directly induce changes of 𝜚R. All these
structural processes lead to incompatible rearrangements of the body elements, often
termed anelastic. When such rearrangements occur, the body elements tend to
find themselves in a state in which they do not “fit together” [80]. This produces
residual stresses [81, 116], which are the mechanical manifestation of incompatibility
[117, 116].

Incompatibility is a geometric concept expressing that, in general, the above
mentioned rearrangements cannot be reduced to maps transforming B into other body
material manifolds in the Euclidean space. For these reasons, a second-order tensor
field —in fact, 𝑭𝛾— that is not defined as the tangent map [24] of a deformation is a
suitable descriptor for growth and for the other structural reorganization processes
related to it.

From the mechanical point of view, the residual stresses accumulated in the
body elements in response to growth can be relaxed by virtually isolating each body
element from the other ones, and letting it grow alone. By doing this, the body
element undergoing growth will be in a stress-free state at each time 𝑡 ∈ I . This
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state is, in fact, the linear space N𝑋 (𝑡) introduced in Section 5.1.1, and the ideal
operation of relaxation is 𝑭𝛾 (𝑋, 𝑡) : 𝑇𝑋B → N𝑋 (𝑡).

The incompatibility of 𝑭𝛾, i.e., its intrinsic non-integrability, leads to frame the
mechanics of growth within non-Euclidean geometry. Indeed, it allows to introduce
a non-Euclidean metric and affine connections by means of which several geometric
settings can be studied, such as the Riemannian, Riemann–Cartan, Weitzenböck, or
Weyl manifolds (see, e.g., [78, 79, 118–120, 80, 121–125]).

By referring to configuration of a body as the manifold described by its deformation
and growth tensor 𝑭𝛾, one can augment its kinematics. This way, it is possible to
resolve, aside deformation, the structural changes due both to the mass variation
and to the other reorganization processes associated with it. This fact suggests that
configurational mechanics [10] is a natural framework to study growth.

In this chapter, we consider the minimal context of a theory of grade zero in
𝑭𝛾 [69] (see also [70] for plasticity). This choice is dictated by simplicity, but it
allows to study the geometric aspects of growth as “byproducts” of our theory, and is
sufficient to handle growth as a problem of configurational mechanics.

5.2 Growth mechanics as a constrained field theory

In this section, we review the peculiar points of some previous works [23, 32, 87, 91].

The continuum theories of volumetric growth in monophasic media often adopt
the Bilby–Kröner–Lee (BKL) decomposition of 𝑭 (see, e.g., [73, 88, 89, 95, 93,
126, 127, 80, 107, 77]), and recast the mass balance law in the form of a differential
relationship between 𝑭𝛾 and the (rescaled) source of mass 𝑅, i.e.,

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ ≡ tr(𝑭−1

𝛾
¤𝑭𝛾) = 𝑅. (5.2)

In the BKL decomposition 𝑭 = 𝑭e𝑭𝛾, 𝑭e denotes the tensor field of the elastic
distortions that accommodate for the growth distortions, described by 𝑭𝛾 . It follows
that 𝐽 := det 𝑭 > 0 is given by 𝐽 = 𝐽e𝐽𝛾 , with 𝐽e := det 𝑭e > 0 and 𝐽𝛾 := det 𝑭𝛾 > 0.
For details, see, e.g., [80] and the references therein.

Starting from the mass balance law ¤𝜚R = 𝜚R𝑅, and exploiting the BKL decom-
position, Equation (5.2) is obtained under the assumption that, for each 𝑋 ∈ B and



94 An approach to growth mechanics based on nonholonomic constraints

time 𝑡 ∈ I , ¤𝜚R(𝑋, 𝑡) is “absorbed” by the volumetric part of the ideal relaxation
process 𝑭𝛾 (𝑋, 𝑡) : 𝑇𝑋B → N𝑋 (𝑡). To this end, we decompose 𝑭𝛾 as 𝑭𝛾 = 𝐽1/3

𝛾 𝑭𝛾,u,
where 𝐽𝛾 accounts for the volume change of the body elements from the reference
placement to the body’s natural state, and 𝑭𝛾,u describes the isochoric (volume-
preserving) part of 𝑭𝛾. Then, if 𝜚 is the mass density in the current placement
of the body, so that 𝜚R := 𝐽 𝜚, we write 𝜚R as 𝜚R = 𝐽𝛾 𝜚𝜈, where 𝜚𝜈 := 𝐽e𝜚 is
such that 𝜚𝜈 (𝑋, 𝑡) defines the mass density of the body element attached at 𝑋 in
its relaxed state at time 𝑡. However, due to the assumption that has been made,
the function 𝜚𝜈 (𝑋, · ) can be taken constant in time, and, thus, upon dropping the
dependence on 𝑋 , it holds that ¤𝜚R = ¤𝐽𝛾 𝜚𝜈. Finally, because of the chain of identities
¤𝐽𝛾 = 𝐽𝛾tr(𝑭−1

𝛾
¤𝑭𝛾) = 𝐽𝛾 ⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩, we obtain ¤𝜚R = 𝐽𝛾 ⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩𝜚𝜈 = 𝜚R⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩,
which yields Equation (5.2).

Equation (5.2) places a condition both for 𝑭𝛾 and for 𝑅, and it can be viewed
either as a way for defining 𝑅, once 𝑭𝛾 is determined (see, e.g., [73, 112, 108, 77]),
or as a constraint on 𝑭𝛾 [23, 32], if 𝑅 is assumed to be given from the outset, for
example, phenomenologically [89, 95, 84, 85, 102, 96].

In the present work, we concentrate on the second point of view, which we refer to
as “a priori approach” [87]. Moreover, following the phenomenological framework
developed for tumor growth in [85, 102], we hypothesize that 𝑅 can be expressed
as a function of 𝑭 and 𝑭𝛾 through an appropriate function of mechanical stress. In
addition, 𝑅 must be related to chemical factors as well as to any other factor that
enhances or hinders growth. Hence, we set

𝑅 := 𝑅̂ ◦ ♮𝛾, ♮𝛾 := (𝑭, 𝑭𝛾;X, T). (5.3)

We view Equation (5.2) as a constraint. This way, one is sure of describing
growth as necessary, with the possibility of developing a dynamic model for the full
tensor field 𝑭𝛾 [23, 32]. This procedure permits to consider the remodeling that
accompanies growth for any type of material, without the necessity of “guessing” the
form of 𝑭𝛾 on the basis of material symmetries (see, e.g., [88, 128, 93]). Thus, we
write:

C ≡ Ĉ ◦ ♮c := ⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅̂ ◦ ♮𝛾 = 0, ♮c := (𝑭, 𝑭𝛾; ¤𝑭𝛾;X, T). (5.4)
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Remark 5.1 (Nonholonomic nature of the constraint). If 𝑅 is zero, no variation of mass
occurs, and the constraint (5.4) becomes ⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩ = 0, which is holonomic. Indeed,
one can take ℎ := log 𝐽𝛾, to retrieve ¤ℎ = ⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩ = 0. In such a situation, 𝑭𝛾 is
constrained to be isochoric, as is often assumed in the biomechanics of remodeling
(see e.g. [84, 129, 130]). There can also be other functional forms of 𝑅̂ that make the
constraint (5.4) holonomic (see, e.g., [23]), but they are rather special. Hence, with
the purpose of virtually including any biologically plausible form of 𝑅̂, we regard
the constraint (5.4) as nonholonomic with respect to 𝑭𝛾. This means that no scalar
function ℎ := ℎ̂ ◦ ♮𝛾 exists, such that ¤ℎ = Ĉ ◦ ♮c = 0. In particular, Ĉ ◦ ♮c is affine in
¤𝑭𝛾.

Remark 5.2 (Biological scenario and differentiability of 𝑅). In some studies on tumor
growth (see, e.g., [85]), 𝑅̂ depends on 𝑭 and 𝑭𝛾 through mechanical stress. More
specifically, one is interested in capturing the inhibitory effect that compressive
stresses exert on the cell proliferation processes, like mitosis [131], which precedes
vascularization. In this stage, the mass variation of the tumor is mainly due to the
accessibility of the tumor cells to nourishment, which is supplied in the form of
nutrient chemical substances, such as glucose and oxygen [89, 131, 84, 85, 102, 96].
The concentration of nutrients at each point 𝑋 ∈ B and time 𝑡 ∈ I , hereafter
denoted by 𝔠(𝑋, 𝑡), evolves by following a diffusion-reaction equation coupled with
the other mechanical variables of the problem (see e.g. [89, 131, 102, 91]). To
model the influence of stress on growth, 𝑅̂ can be related to the positive part of the
mechanical pressure ℘ := −1

3 tr𝝈, where 𝝈 is the Cauchy stress tensor of the medium,
expressed as a function of 𝑭 and 𝑭𝛾 , as is the case when the mechanical response of
the tumor is hypothesized to be elastic. Hence, upon setting ⟨℘⟩+ = 1

2 (℘ + |℘|) for
the positive part of ℘, the effect of mechanical stress is switched off for ℘ ≤ 0, and
switched on for ℘ > 0 [85]. In particular, 𝑅̂ decreases with increasing ℘. Finally, by
expressing ℘ constitutively as ℘ = ℘̂ ◦ ♮𝛾, 𝑅̂ is made dependent on 𝑭 and 𝑭𝛾. To
account for these facts, and imitating an expression of 𝑅̂ prescribed in [85, 102],
Grillo&Di Stefano [87, 91] suggested the functional form

𝑅 ≡ 𝑅̂ ◦ ♮𝛾 := 𝜁a

〈
𝔠−𝔠cr

𝔠env−𝔠cr

〉
+

[
1 −

𝛼⟨℘̂ ◦ ♮𝛾⟩+
𝜎c + ⟨℘̂ ◦ ♮𝛾⟩+

]
−𝜁r

〈
1 − 𝔠

𝔠cr

〉
+
. (5.5)

Here, 𝜁a and 𝜁r are non-negative, constant material coefficients associated with mass
“accretion” and “resorption”, respectively, having units of the reciprocal of time [87];
𝔠cr is a constant threshold value of the nutrients’ concentration; 𝔠env > 𝔠cr is a constant
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value of the nutrients’ concentration in the tumor’s environment [87]; 𝛼 ≥ 0 is a
non-dimensional material constant; 𝜎c is a constant characteristic reference value of
stress. Growth laws of the kind given in Equation (5.5) render 𝑅̂ continuous but not
everywhere differentiable, because ⟨℘⟩+ is not differentiable in ℘ = 0. Thus, when
the differentiability of 𝑅̂ is needed, ⟨℘⟩+ is mollified, and 𝑅̂ is taken to be at least 𝐶1.

5.2.1 Principle of Virtual Work and a nonholonomic constraint

Following the methodology outlined in [23, 32], which, in turn, is based on the
approaches developed in [70, 69], the constraint (5.4) has to be appended to the
Principle of Virtual Work (PVW), formulated for the growing body under study. To
this end, it is necessary to introduce the virtual variations of the basic kinematic
descriptors 𝜒, 𝑭, and 𝑭𝛾 . Thus, since the present context is of grade one in 𝜒, and of
grade zero in 𝑭 and 𝑭𝛾 [69, 86], we write

(𝜒, 𝐷𝜒, 𝑭, 𝑭𝛾; 𝛿𝜒, 𝛿𝐷𝜒 ≡ Grad𝛿𝜒, 𝛿𝑭, 𝛿𝑭𝛾;X, T). (5.6)

Within the “canonical doctrine” [32], the varied form of the constraint to be appended
to the PVW is supplied by the so-called Chetaev condition [12, 14, 51, 39, 16], which
holds true for “ideal” constraints [16], and reads [32]

A♮c (𝛿𝑭𝛾) := ⟨𝜕 ¤𝑭𝛾
Ĉ ◦ ♮c |𝛿𝑭𝛾⟩ = 0

⇒ A♮c (𝛿𝑭𝛾) = ⟨𝑭−T
𝛾 |𝛿𝑭𝛾⟩ ≡ ⟨𝑰T |𝑭−1

𝛾 𝛿𝑭𝛾⟩ ≡ tr(𝑭−1
𝛾 𝛿𝑭𝛾) = 0, (5.7)

where 𝑰T : 𝑇∗B → 𝑇∗B is the transpose of the identity tensor [24].

In conjunction with Equation (5.4), and in order to postulate the PVW in a form à
la Hu–Washizu [106], we enforce the condition that 𝑭 must be equal to𝐷𝜒 at all times
and at all points, thereby introducing the auxiliary constraint Ca := 𝐷𝜒 − 𝑭 = 𝑶,
where 𝑶 is the null second-order tensor field. By introducing the tensorial Lagrange
multiplier 𝑻, this condition can be associated with the weak forms

⟨𝑻 | 𝐷𝜒 − 𝑭⟩ = 0, ⟨𝛿𝑻 | 𝐷𝜒 − 𝑭⟩ + ⟨𝑻 | Grad𝛿𝜒 − 𝛿𝑭⟩ = 0. (5.8)

By assuming that, in addition to the prescribed constraints, growth occurs under
the action of the generalized forces 𝒀u and 𝒁 [70, 69], introduced by duality with the
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generalized virtual displacement 𝑭−1
𝛾 𝛿𝑭𝛾, and interpreted as internal and external,

respectively, the PVW can be cast in the form [23, 32]

W
(i)
v +W

(c)
v = W

(e)
v , (5.9)

where W(i)
v , W(c)

v , and W
(e)
v are the “internal”, “constrained”, and “external” virtual

work, respectively, and are defined by

W
(i)
v :=

∫
B

{
⟨𝑷 |𝛿𝑭⟩ + ⟨𝒀u |𝑭−1

𝛾 𝛿𝑭𝛾⟩
}
, (5.10a)

W
(c)
v :=

∫
B

{
⟨𝜇 𝑰T |𝑭−1

𝛾 𝛿𝑭𝛾⟩ + ⟨𝑻 |Grad𝛿𝜒 − 𝛿𝑭⟩ + 𝛿𝜇 𝑡cC + ⟨𝛿𝑻 |Ca⟩
}
, (5.10b)

W
(e)
v :=

∫
B

{
⟨ 𝒇 |𝛿𝜒⟩ + ⟨𝒁 |𝑭−1

𝛾 𝛿𝑭𝛾⟩
}
+

∫
𝜕
𝜒

NB
⟨𝝉 |𝛿𝜒⟩. (5.10c)

Here, 𝑷 is the first Piola–Kirchhoff stress tensor; 𝜇 is the real-valued Lagrange
multiplier associated with the Chetaev condition (5.7); 𝛿𝜇 and 𝛿𝑻 are the virtual
variations of 𝜇 and 𝑻; 𝑡c is a strictly positive characteristic time introduced to make
the term 𝛿𝜇 𝑡cC dimensionally homogeneous with all the other addends of Equation
(5.10b); 𝒇 and 𝝉 represent the external body forces and the external surface forces
dual to 𝛿𝜒. Note that 𝝉 is defined over the Neumann portion of 𝜕B, denoted by 𝜕𝜒NB.
In the sequel, 𝜕B is partitioned as 𝜕B = 𝜕

𝜒

DB ⊔ 𝜕𝜒NB, where 𝜕𝜒DB is referred to as
Dirichlet boundary.

The strong form of the dynamic problem associated with Equations (5.9) and
(5.10a)–(5.10c) is given by the set of equations

Div𝑻 + 𝒇 = 0, in B, (5.11a)

𝝉 − 𝑻𝑵 = 0, on 𝜕𝜒NB, (5.11b)

𝑷 = 𝑻, in B, (5.11c)

𝒀u + 𝜇𝑰T − 𝒁 = 𝑶, in B, (5.11d)

Ca = 𝐷𝜒 − 𝑭 = 𝑶, in B, (5.11e)

C = ⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0, in B, (5.11f)

which has to be completed with Dirichlet boundary conditions on 𝜒, and with all
the necessary initial conditions. As for the Hu–Washizu method (see e.g. [106]),
Equation (5.11c) identifies 𝑻 with 𝑷.
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Because of the difference of formulation with respect to the one recently presented
in [23, 32], the physical quantities featuring in Equations (5.11a)–(5.11f) can be
grouped as follows: 21 kinematic variables 𝜒, 𝑭, and 𝑭𝛾; 10 Lagrange multipliers
𝜇 and 𝑻; 18 constitutive functions 𝑷 and 𝒀u; 15 external forces 𝒇 , 𝝉, and 𝒁. The
kinematic variables and the Lagrange multipliers yield a set of 31 scalar unknowns to
be determined by solving the 31 scalar equations given by the balance laws (5.11a),
(5.11c), (5.11d), and by the constraints (5.11e), (5.11f).

The presentation of the full boundary value problem (5.11a)–(5.11f) serves as
comparison for the dynamic equations that will be determined in the sequel.

5.2.2 The hyperelastic case and the Extended Hamilton Method

Although some biological tissues show viscoelastic behavior in certain dynamic
regimes [132, 133], a case of particular interest is when the growing medium under
study can be assumed to be hyperelastic [73, 88, 89, 95, 90, 69, 102, 77, 134]. Then,
the constitutive representation of 𝑷 can be obtained as

𝑷 =
𝜕Ψ̂

𝜕𝑭
◦ (𝑭, 𝑭𝛾;X, T) = 𝐽𝛾

[
𝜕Ψ̂𝜈

𝜕𝑭e
◦ (𝑭e;X, T)

]
𝑭−T
𝛾 , (5.12)

where Ψ := Ψ̂ ◦ (𝑭, 𝑭𝛾;X, T) = 𝐽𝛾 [Ψ̂𝜈 ◦ (𝑭e;X, T)] is the strain energy density of
the medium per unit volume of its reference placement; Ψ𝜈 := Ψ̂𝜈 ◦ (𝑭e;X, T) is the
same physical quantity, but expressed per unit volume of the medium’s natural state.
Note that the arguments of Ψ̂ are the same as the collection ♮𝛾, so that we can write
Ψ = Ψ̂ ◦ ♮𝛾.

Typically, the growth of a biological medium, such as a tumor or a cellular
aggregate, occurs over time scales that allow to neglect its kinetic energy. However,
nothing forbids, in principle, to consider the “classical” kinetic energy density,
K = 1

2𝐽𝛾 𝜚𝜈∥ ¤𝜒∥
2, and define the medium’s Lagrangian density function Lb := K−Ψ

[73].

The function Lb can be generalized by including other interactions that the
medium can experience. These could be represented by the kinetic energy density
associated with ¤𝑭𝛾 [135], and potential densities that may depend both on 𝜒 and
on 𝑭𝛾. Therefore, to include such contributions, we consider, in lieu of Lb, a
more general Lagrangian density function, defined as L := L̂ ◦ ♮. However, in the
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hyperelastic case, ¤𝑭 is ignorable, since it holds that 𝜕 ¤𝑭L̂ ◦ ♮ = 𝑶. We also notice
that L̂ can be assumed to be formally independent of 𝐷𝜒, since the dependence on
the deformation gradient tensor is already accounted for through 𝑭, which is one of
the arguments of Ψ̂. Hence, we set 𝜕𝐷𝜒L̂ ◦ ♮ = 𝑶.

To imitate the Hu–Washizu formulation of the PVW [106] of Section 5.2.1, it is
convenient to augment L with ⟨𝑻 | 𝑭 − 𝐷𝜒⟩, so that one finds

La ≡ L̂a ◦ (♮;𝑻) = L̂ ◦ ♮ + ⟨𝑻 | 𝑭 − 𝐷𝜒⟩, (5.13a)

Aa(𝜒, 𝑭, 𝑭𝛾;𝑻) :=
∫ 𝑡fin

𝑡in

{ ∫
B
L̂a(♮(𝑋, 𝑡);𝑻 (𝑋, 𝑡))dV(𝑋)

}
d𝑡. (5.13b)

The Lagrange multiplier 𝑻 has to be included among the arguments both of the
augmented Lagrangian density function L̂a and of the augmented action Aa, obtained
by integration over the time interval [𝑡in, 𝑡fin]. Moreover, since 𝑭 is regarded here as
an independent kinematic variable, Aa has to be defined as a functional of 𝑭 as well
as of 𝜒 and 𝑭𝛾 . Note that, because of the hypothesis of hyperelastic material, L̂a and
L̂ are independent of ¤

𝐷𝜒, that is, 𝜕 ¤
𝐷𝜒

L̂a ◦ (♮;𝑻) = 𝜕 ¤
𝐷𝜒

L̂ ◦ ♮ = 𝑶.

No matter how accurate La can be, it is not sufficient, in general, to provide a
comprehensive description of a growing medium. There are at least two reasons
for this. First, one should expect the presence of generalized forces for which no
potential density exists. Second, in the classical formulation of Variational Calculus,
one cannot attach the nonholonomic constraint (5.4) to L or La, as one could instead
do if the constraint were holonomic (see e.g. [11, 13, 28, 29, 40]). Still, to obtain the
dynamic equations of the problem under study, one may have recourse to Extended
Hamilton’s Principle [11, 105]. To this end, we introduce a smallness parameter
𝜀 ∈ Y (𝜀0), where Y (𝜀0) is an open neighborhood of zero with radius 𝜀0 > 0, and
we define the homotopies

(♮(𝑋, 𝑡);𝑻 (𝑋, 𝑡)) ↦→ ( ♮̃(𝑋, 𝑡, 𝜀); 𝑻̃ (𝑋, 𝑡, 𝜀)), (5.14a)

♮̃(𝑋, 𝑡, 𝜀) = ♮̃(𝑋, 𝑡, 0) + 𝜕𝜀 ♮̃(𝑋, 𝑡, 0)𝜀 + 𝑜(𝜀), 𝜀 → 0, (5.14b)

𝑻̃ (𝑋, 𝑡, 𝜀) = 𝑻̃ (𝑋, 𝑡, 0) + 𝜕𝜀𝑻̃ (𝑋, 𝑡, 0)𝜀 + 𝑜(𝜀), 𝜀 → 0, (5.14c)

with ♮̃(𝑋, 𝑡, 0) = ♮(𝑋, 𝑡), 𝑻̃ (𝑋, 𝑡, 0) = 𝑻 (𝑋, 𝑡).

Since the Extended Hamilton Principle relies on “classical variations” [11, 105],
we proceed as follows. By indicating with 𝜑 a generic variable of ♮, 𝜑(𝑋, 𝑡) is varied
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into 𝜑̃(𝑋, 𝑡, 𝜀), and we denote by 𝜼𝜑 (𝑋, 𝑡) := 𝜕𝜀 𝜑̃(𝑋, 𝑡, 0) the entity defining the
direction (in a generalized sense) along which the infinitesimal first-order variation of
𝜑(𝑋, 𝑡) is computed, that is, 𝛿𝜑(𝑋, 𝑡, 𝜀) ≡ 𝜀𝜼𝜑 (𝑋, 𝑡). However, with a slight abuse
of terminology, from here on we shall refer to 𝜼𝜑 (𝑋, 𝑡) and 𝜼𝜑 as the first-order
increment and incremental field associated with 𝜑(𝑋, 𝑡) and 𝜑, respectively (in fact,
since in the sequel these quantities are attributed only to first-order variations, we shall
omit the specification “first-order”). Analogously, we call 𝜼𝑻 (𝑋, 𝑡) = 𝜕𝜀𝑻̃ (𝑋, 𝑡, 0)
the increment associated with 𝑻 (𝑋, 𝑡). If 𝜑 is the time derivative of another variable
𝜓 of ♮, i.e., if 𝜑 = ¤𝜓, then the hypothesis of “classical variations” implies the
commutative relationship 𝜼 ¤𝜓 = ¤𝜼𝜓 . Moreover, it holds that 𝜼𝐷𝜒 = Grad𝜼𝜒, and
𝜼 ¤
𝐷𝜒

= ¤𝜼𝐷𝜒 = Grad ¤𝜼𝜒. The incremental fields 𝜼𝜒 and 𝜼𝑭𝛾
are required to vanish at

𝑡in and 𝑡fin, while 𝜼𝜒 must be null also on the Dirichlet boundary of B. Finally, we
clarify that the incremental fields associated with X and T are taken to be null.

Now, we let 𝒇np and 𝕾np be the non-potential forces dual to 𝜼𝜒 and 𝜼𝑭𝛾
, respec-

tively. The former represents all the non-potential contributions to the balance of
“deformational forces” [10], while the latter collects the non-potential contributions to
the quantity 𝑭−T

𝛾 [𝒁 − 𝒀u] that can be defined from Equation (5.11d). In addition,
following Lanczos’ approach [11] to nonholonomic systems, we consider also the
constraint (5.4), which contributes to the overall virtual work through the term
⟨𝜇𝑭−T

𝛾 | 𝜼𝑭𝛾
⟩, with 𝜇𝑭−T

𝛾 acquiring the meaning of the associated reactive force, up
to the sign. Therefore, by integrating the virtual work produced by 𝒇np, 𝕾np, and
𝜇𝑭−T

𝛾 over [𝑡in, 𝑡fin], we write Extended Hamilton’s Principle [11, 105, 136] as

d ˜Aa
d𝜀

(0) = −
∫ 𝑡fin

𝑡in

{ ∫
B

[
⟨ 𝒇np |𝜼𝜒⟩ + ⟨𝕾np − 𝜇𝑭−T

𝛾 | 𝜼𝑭𝛾
⟩
]
dV

}
d𝑡

−
∫ 𝑡fin

𝑡in

{ ∫
𝜕
𝜒

NB
⟨𝝉 |𝜼𝜒⟩ dA

}
d𝑡, (5.15)

with ˜Aa(𝜀) :=
∫ 𝑡fin
𝑡in

{ ∫
B
L̂a( ♮̃(𝑋, 𝑡, 𝜀); 𝑻̃ (𝑋, 𝑡, 𝜀))dV(𝑋)

}
d𝑡.

Computing the left-hand side of Equation (5.15), grouping together the terms
dual to the same variation, and localizing the resulting expression yield

E𝜒L̂ + Div𝑻 = − 𝒇np, in B, (5.16a)

𝑻𝑵 = 𝝉, on 𝜕𝜒NB, (5.16b)

E𝑭L̂ + 𝑻 = 𝑶, in B, (5.16c)
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𝑭 − 𝐷𝜒 = 𝑶, in B, (5.16d)

E𝑭𝛾
L̂ = −𝕾np + 𝜇𝑭−T

𝛾 , in B, (5.16e)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0, in B, (5.16f)

where, for a given variable 𝜑 of ♮, E𝜑L̂ := 𝜕𝜑L̂ ◦ ♮ − 𝜕𝑡 (𝜕 ¤𝜑L̂ ◦ ♮) denotes the
associated Euler–Lagrange operator applied to L = L̂ ◦ ♮. In particular, we obtain
E𝑭L̂ = 𝜕𝑭L̂ ◦ ♮, since ¤𝑭 is ignorable for L̂, and, thus, 𝜕 ¤𝑭L̂ ◦ ♮ = 𝑶.3

The sets of Equations (5.16a)–(5.16f) and (5.11a)–(5.11f) are equivalent to each
other, and the following identifications can be made:

𝒇 = E𝜒L̂ + 𝒇np, (5.17a)

𝒁 − 𝒀u = 𝑭T
𝛾 [E𝑭𝛾

L̂ + 𝕾np] . (5.17b)

In the sequel, when we speak of “Traditional NonHolonomic Method” (TNHM) [1],
we refer equivalently either to Equations (5.11a)–(5.11f) or to (5.16a)–(5.16f).

5.2.3 A note on the configurational generalized forces

In the paradigm of the Principle of Virtual Work [137, 138], the configurational
forces 𝒀u, 𝜇𝑰T, and 𝒁 are the entities that represent the real-valued linear functional
defining the growth part of the virtual work [69], i.e.,

𝛿𝑭𝛾 ↦→ Wg(𝛿𝑭𝛾) :=
∫

B
⟨𝕱|𝑭−1

𝛾 𝛿𝑭𝛾⟩ = 0, 𝕱 ≡ 𝒁 − 𝒀u − 𝜇𝑰T = 𝑶. (5.18)

By its own definition, Wg( · ) is dual to 𝛿𝑭𝛾 (viewed as a test tensor field), while 𝕱 is
dual to the tensor field given by 𝑭−1

𝛾 𝛿𝑭𝛾.

Since growth requires an irreversible expenditure of energy, 𝒀u must feature a
dissipative contribution, which we denote by𝒀ud. If𝒀ud can be expressed constitutively
(see, e.g., [70, 69, 89, 86, 139, 23, 32]); if the chosen constitutive representation
is continuous and differentiable in all the values of 𝑭−1

𝛾
¤𝑭𝛾 in which it is defined,

including 𝑭−1
𝛾

¤𝑭𝛾 = 𝑶; if it vanishes for 𝑭−1
𝛾

¤𝑭𝛾 = 𝑶; and if one is interested in the
evolution of 𝑭𝛾 only in a small neighborhood of 𝑭−1

𝛾
¤𝑭𝛾 = 𝑶, then 𝒀ud can be taken

3To reduce the notational burden, throughout this chapter we suppress the compositions in the
definition of the Euler–Lagrange operators E𝜑L̂ with respect to their arguments, differently from what
has been done in Section 1.1.2 and in Chapters 2 and 3 (see the definitions (1.11) and (2.28a)).
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linear in 𝑭−1
𝛾

¤𝑭𝛾. This yields a relation of the type 𝒀ud = T[𝑭−1
𝛾

¤𝑭𝛾], where T is a
positive semi-definite fourth-order tensor field enjoying the major symmetry, i.e.,
such that ⟨T[𝑭−1

𝛾
¤𝑭𝛾] |𝑭−1

𝛾
¤𝑭𝛾⟩ ≥ 0, for all 𝑭−1

𝛾
¤𝑭𝛾 , and T = TT. Clearly, T may depend

on 𝑭, 𝑭𝛾, and other variables, apart from ¤𝑭𝛾. In fact, T represents a generalized
tensorial viscosity independent of ¤𝑭𝛾[101, 103, 104, 23, 87, 91].

The study of dissipation permits to conclude that 𝒀u consists also of a non-
dissipative term, given by the Eshelby stress tensor 𝑯. This is found also in many
other approaches to growth [73, 69, 126, 90, 127] and to configurational mechanics
in general. It descends from 𝑯 being naturally conjugate to the kinematic variables
describing the structural transformations of a body, such as plastic distortions
[140, 141, 70, 142] and remodeling of biological media [143, 144]. In all these
situations, the pairing ⟨𝑯 |𝑭−1

𝛾
¤𝑭𝛾⟩ occurs, and, in the examined case of growth, it

holds that 𝒀u = 𝑯+𝒀ud. In more general frameworks, tensors similar to 𝑯 arise, e.g.,
in the evolution of interfaces [145, 10] and of the chemical composition of mixtures
[146, 139].

For hyperelastic bodies, and in the quasi-static case, 𝑯 can be expressed by
differentiation of the body’s strain energy density with respect to 𝑭𝛾 (see Equation
(5.86a) below). Thus, the physical meaning of 𝒀ud and 𝑯 is embedded in the
constitutive relations by which they are determined. In particular, since 𝒀ud is a
non-potential force, it contributes to the overall non-potential force 𝕾np.

Quite differently, since 𝒁 is external, it may feature, in general, inertial-like
terms as well as other contributions that can be assigned phenomenologically either
through the differentiation of the Lagrangian density function with respect to 𝑭𝛾

or as generalized forces that generally do not admit a potential. The latter ones,
in particular, should capture, at least, how the most relevant chemo-mechanical
processes occurring at lower scales influence growth at the scale of the body as a
whole [69, 23]. Following [87, 91] (see Remark 5.2), when the inertial-like terms
are negligible, and the contributions that stem from the Lagrangian density function
are disregarded, one can supply 𝒁 as (in the sequel 𝑪 is the right Cauchy-Green
deformation tensor induced by 𝑭)

𝒁 = 1
3𝐽𝛾𝛽𝑅𝑰

T + 𝐽𝛾𝑄𝜈t∥Grad𝔠∥𝑪−1 𝑰T + 𝐽𝛾 [𝑄𝜈ℓ −𝑄𝜈t]
Grad𝔠 ⊗ 𝑪−1Grad𝔠

∥Grad𝔠∥𝑪−1
. (5.19)
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The first term on the right-hand side of Equation (5.19) is a purely volumetric
contribution that directly induces the mass variation within the body (𝛽 > 0 gives the
correct physical dimensions); the second and third terms represent a configurational
force driving the evolution of 𝑭𝛾 in response to the material gradient of the nutrients’
concentration. In Equation (5.19), the parameters 𝑄𝜈ℓ and 𝑄𝜈t are strictly positive,
and presumed, since we are aware of no experiment determining them. For any
material co-vector field 𝚽, ∥𝚽∥𝑪−1 :=

√︁
𝚽𝑪−1𝚽.

5.3 Quasi-velocities and transpositional relations

In Analytical Mechanics, the terminology quasi-velocities refers to the result of
a “change of variables” in the collection of the generalized velocities of a given
mechanical system [45, 13, 30, 16]. It is done to describe the system’s kinematics in a
way that best “fits” the system at hand [25]. This is because many important features
of the constraints are made explicit by the most appropriate choice of quasi-velocities.

Before studying how quasi-velocities work in growth mechanics, we refer the
reader to Section 1.1.2 for further details on their employment for discrete mechanical
systems.

Within our context, the generalized velocities are the time derivatives that feature
in the list of variables ♮ of Equation (5.1), i.e., ¤𝜒, Grad ¤𝜒, ¤𝑭, and ¤𝑭𝛾 . However, only
¤𝑭𝛾 is constrained through Equation (5.4), while all the other ones are unconstrained.
In fact, the holonomic condition 𝐷𝜒 = 𝑭 implies a posteriori that Grad ¤𝜒 = ¤𝑭,
but these velocities are not restricted a priori, and also 𝐷𝜒 and 𝑭, in spite of their
being constrained to be equal to each other, are varied independently of one another
at the price of introducing the tensorial Lagrange multiplier 𝑻. For these reasons,
and on the basis of the rationale outlined above, there is no physical advantage in
transforming ¤𝜒, Grad ¤𝜒, and ¤𝑭. On the contrary, it is meaningful to transform ¤𝑭𝛾.

5.3.1 Quasi-velocities

Let us denote by Ω𝛼
𝐴 the generic component of the tensor of quasi-velocities 𝛀,

which represents a “change of variables” performed on ¤𝑭𝛾 , and let us define it through
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the transformation (cf. Section 1.1.2)

Ω𝛼
𝐴 = Ω̂𝛼

𝐴 ◦ (𝑭, 𝑭𝛾; ¤𝑭𝛾;X, T) ≡ Ω̂𝛼
𝐴 ◦ ♮c, 𝛼, 𝐴 = 1, 2, 3, (5.20)

where the arguments of Ω̂𝛼
𝐴 are the same as those of Ĉ.

Together with the quasi-velocities, we introduce the quasi-coordinates and their
virtual incremental fields (cf. Section 5.3) [13, 30]

¤Θ𝛼𝐴 := Ω̂𝛼
𝐴 ◦ ♮c, (5.21a)

[𝜼𝚯]𝛼𝐴 :=
(
𝜕Ω̂𝛼

𝐴

𝜕 ( ¤𝑭𝛾)𝛽𝐵
◦ ♮c

)
[𝜼𝑭𝛾

]𝛽𝐵 ≡ (Ĵ𝛼𝐴𝛽𝐵 ◦ ♮c) [𝜼𝑭𝛾
]𝛽𝐵. (5.21b)

Equation (5.21b) is, for each pair of indices 𝛼 and 𝐴, a linear differential form in
the virtual incremental field 𝜼𝑭𝛾

of 𝑭𝛾, which defines explicitly the new virtual
incremental field [𝜼𝚯]𝛼𝐴. Equation (5.21a), instead, defines quasi-coordinates
implicitly, i.e., as the functions Θ𝛼𝐴 that solve the differential equations that it
represents. Hence, for given 𝛼 and 𝐴, there exists a function Θ𝛼𝐴 that satisfies
Equation (5.21a), and is, thus, a primitive of Ω𝛼

𝐴 ≡ Ω̂𝛼
𝐴 ◦ ♮c in the sense of the

Fundamental Theorem of Calculus, i.e.,

Θ𝛼𝐴 (𝑋, 𝑡) = Θ𝛼𝐴 (𝑋, 𝑡in) +
∫ 𝑡

𝑡in

Ω𝛼
𝐴 (𝑋, 𝑠)d𝑠, ∀ 𝑋 ∈ B, (5.22)

provided Ω𝛼
𝐴 is continuous in time. However, as expanded in Section 1.1.2, this

does not imply a representation of Θ𝛼𝐴 of the form Θ̂𝛼𝐴 ◦ (𝑭, 𝑭𝛾;X, T).

The functions ¤Θ𝛼𝐴 and [𝜼𝚯]𝛼𝐴 can be identified with the components of the two
two-point second-order tensor fields defined by the right-hand sides of Equations
(5.21a) and (5.21b), respectively.

The non-singularity of the transformation (5.20) requires that the collection of
functions

J𝛼𝐴𝛽𝐵 = Ĵ𝛼𝐴𝛽𝐵 ◦ ♮c :=
𝜕Ω̂𝛼

𝐴

𝜕 ( ¤𝑭𝛾)𝛽𝐵
◦ ♮c, 𝛼, 𝐴, 𝛽, 𝐵 = 1, 2, 3, (5.23)

gives the components of the non-singular fourth-order tensor J that represents
the Jacobian of the transformation itself. Hence, in compact notation, we write
𝜼𝚯 = J[𝜼𝑭𝛾

], with J = Ĵ ◦ ♮c = 𝜕 ¤𝑭𝛾
𝛀̂ ◦ ♮c.
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5.3.2 Transpositional relations and choice of the quasi-velocities

As anticipated in the previous section, the choice of the most appropriate system of
quasi-velocities permits to compute the associated “transpositional relations” (see,
e.g., [13, 30, 16]), which express the fact that, in general, the operations of “virtual
variation” and of “time differentiation” are not commutative when nonholonomic
constraints are featured [13].

To compute the transpositional relations characterizing our problem of growth
mechanics, we adapt a procedure reported in a work by Jarzȩbowska [30], and
recently reviewed in [1], that is based on the quasi-velocities and on the variations of
the quasi-coordinates introduced in Equations (5.20) and (5.21b). To recall the main
steps of such procedure, we refer the reader to Section 1.1.2, in which we explain it
for the case of a generic discrete mechanical problem. For our problem of growth
mechanics, we introduce the homotopies

𝑭(𝑋, 𝑡) ↦→ 𝑭̃(𝑋, 𝑡, 𝜀) = 𝑭(𝑋, 𝑡) + 𝜼𝑭 (𝑋, 𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (5.24a)

𝑭𝛾 (𝑋, 𝑡) ↦→ 𝑭̃𝛾 (𝑋, 𝑡, 𝜀) = 𝑭𝛾 (𝑋, 𝑡) + 𝜼𝑭𝛾
(𝑋, 𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (5.24b)

¤𝑭𝛾 (𝑋, 𝑡) ↦→ 𝑽̃ (𝑋, 𝑡, 𝜀) = ¤𝑭𝛾 (𝑋, 𝑡) + 𝜼 ¤𝑭𝛾
(𝑋, 𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (5.24c)

X(𝑋, 𝑡) ↦→ X̃(𝑋, 𝑡, 𝜀) = X(𝑋, 𝑡) = 𝑋, ∀ 𝜀 ∈ Y (𝜀0), (5.24d)

T(𝑋, 𝑡) ↦→ T̃(𝑋, 𝑡, 𝜀) = T(𝑋, 𝑡) = 𝑡, ∀ 𝜀 ∈ Y (𝜀0), (5.24e)

where, as before, Y (𝜀0) is an open neighborhood of zero having radius 𝜀0 > 0, and
𝜼𝜑 is the field associated with the generic variable 𝜑 of ♮c.

Within the present framework, the increment 𝜼 ¤𝑭𝛾
(𝑋, 𝑡) on the generalized

velocity ¤𝑭𝛾 (𝑋, 𝑡) is allowed to be different from ¤𝜼𝑭𝛾
(𝑋, 𝑡). Hence, in general, we set

𝜼 ¤𝑭𝛾
≠ ¤𝜼𝑭𝛾

. The homotopies X̃ and T̃ are formal, since material points and time are
not transformed. They are introduced with the sole purpose of defining rigorously
the variation of a generic function 𝑓 = 𝑓 ◦ ♮c as 𝑓 := 𝑓 ◦ ♮̃c, with the understanding
that ♮̃c := (𝑭̃, 𝑭̃𝛾; 𝑽̃; X̃, T̃), and

𝑓 (𝑋, 𝑡, 𝜀) = 𝑓 ( ♮̃c(𝑋, 𝑡, 𝜀)) = 𝑓 (𝑭̃(𝑋, 𝑡, 𝜀), 𝑭̃𝛾 (𝑋, 𝑡, 𝜀); 𝑽̃ (𝑋, 𝑡, 𝜀); 𝑋, 𝑡). (5.25)
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Equation (5.25) permits to formalize the homotopy 𝛀̃ := 𝛀̂ ◦ ♮̃c, and to write the
increment associated with it, i.e., 𝜼𝛀(𝑋, 𝑡) := 𝜕𝜀𝛀̃(𝑋, 𝑡, 0), as

𝜼𝛀 =

(
𝜕𝛀̂
𝜕𝑭

◦ ♮c

)
[𝜼𝑭] +

(
𝜕𝛀̂
𝜕𝑭𝛾

◦ ♮c

)
[𝜼𝑭𝛾

] +
(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)
[𝜼 ¤𝑭𝛾

] . (5.26)

We also compute the time derivative of 𝜼𝚯, i.e.,

¤𝜼𝚯 =

[
𝜕

𝜕𝑡

(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)]
[𝜼𝑭𝛾

] +
(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)
[ ¤𝜼𝑭𝛾

], (5.27)

so that the difference 𝜼𝛀 − ¤𝜼𝚯 yields (cf. Section 1.1.2)

𝜼𝛀 − ¤𝜼𝚯 = (E𝑭𝛀̂) [𝜼𝑭] + (E𝑭𝛾
𝛀̂) [𝜼𝑭𝛾

] +
(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)
[𝜼 ¤𝑭𝛾

− ¤𝜼𝑭𝛾
], (5.28)

where the Euler–Lagrange operators E𝑭 and E𝑭𝛾
applied to 𝛀̂ are given by the

following fourth-order tensor fields

E𝑭𝛀̂ :=
𝜕𝛀̂
𝜕𝑭

◦ ♮c, (5.29a)

E𝑭𝛾
𝛀̂ :=

𝜕𝛀̂
𝜕𝑭𝛾

◦ ♮c −
𝜕

𝜕𝑡

(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)
. (5.29b)

We remark that E𝑭𝛀̂ reduces to 𝜕𝑭𝛀̂ ◦ ♮c because the variable ¤𝑭 is ignorable in the
present framework and has thus been excluded from the list ♮c.

According to [13, 28–30], Equation (5.28) can be simplified by assuming the
vanishing either of 𝜼𝛀 − ¤𝜼𝚯 or of 𝜼 ¤𝑭𝛾

− ¤𝜼𝑭𝛾
. For our purposes, we consider here the

case 𝜼𝛀 − ¤𝜼𝚯 = 𝑶, and, upon setting J = 𝜕 ¤𝑭𝛾
𝛀̂ ◦ ♮c, we achieve the important result

(cf. Section 1.1.2)

𝜼 ¤𝑭𝛾
− ¤𝜼𝑭𝛾

= −(J−1 ⋄ E𝑭𝛀̂) [𝜼𝑭] − (J−1 ⋄ E𝑭𝛾
𝛀̂) [𝜼𝑭𝛾

]

= W𝑭𝛾𝑭 [𝜼𝑭] +W𝑭𝛾𝑭𝛾
[𝜼𝑭𝛾

], (5.30)

where the fourth-order tensor fields W𝑭𝛾𝑭 and W𝑭𝛾𝑭𝛾
are given by

W𝑭𝛾𝑭 := −J−1 ⋄ E𝑭𝛀̂, W𝑭𝛾𝑭𝛾
:= −J−1 ⋄ E𝑭𝛾

𝛀̂. (5.31)
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Equation (5.30) is referred to as transpositional relation, since it shows that, if the
quantities E𝑭𝛀̂ and E𝑭𝛾

𝛀̂ are not null, 𝜼 ¤𝑭𝛾
is different from ¤𝜼𝑭𝛾

[13, 30].

5.3.3 Conditions on the quasi-velocities

By plugging the last sum on the right-hand side of Equation (5.30) into Equation
(5.28), grouping together the factors of 𝜼𝑭 and 𝜼𝑭𝛾

, and setting 𝜼𝛀 − ¤𝜼𝚯 = 𝑶, we
obtain the equality

𝑶 =
{
E𝑭𝛀̂ + J ⋄W𝑭𝛾𝑭

}
[𝜼𝑭] +

{
E𝑭𝛾

𝛀̂ + J ⋄W𝑭𝛾𝑭𝛾

}
[𝜼𝑭𝛾

] . (5.32)

Following the line of thought developed in [16], we can now use Equation (5.32) as
a condition to compute W𝑭𝛾𝑭 and W𝑭𝛾𝑭𝛾

, as done in Section 1.1.2 for the discrete
case, thereby requiring

E𝑭𝛀̂ + J ⋄W𝑭𝛾𝑭 = O, E𝑭𝛾
𝛀̂ + J ⋄W𝑭𝛾𝑭𝛾

= O, (5.33)

where O is the null fourth-order tensor. We remark that this can be done if 𝜼𝑭 and
𝜼𝑭𝛾

are linearly independent. In the present framework, they are regarded to be such,
because the Lagrange multiplier technique is employed.

The conditions (5.33) are thus equivalent to those in Equation (5.31), and are
preferable since they allow to determine W𝑭𝛾𝑭 and W𝑭𝛾𝑭𝛾

without directly inverting
J (as will be seen later). It is also worth to remark that Equations (5.33)1 and (5.33)2

can be viewed as characterizing properties for 𝛀̂ [16].

5.3.4 Best choice of the quasi-velocities

Let us decompose the growth tensor as 𝑭𝛾 = 𝐽1/3
𝛾 𝑭𝛾,u, where det 𝑭𝛾,u = 1, and let us

write the rate 𝑭−1
𝛾

¤𝑭𝛾 in the form

𝑭−1
𝛾

¤𝑭𝛾 = 𝑭−1
𝛾,u ¤𝑭𝛾,u + 1

3 tr(𝑭−1
𝛾

¤𝑭𝛾)𝑰 = 𝑭−1
𝛾,u ¤𝑭𝛾,u + 1

3 ( ¤𝐽𝛾/𝐽𝛾)𝑰. (5.34)

Since it holds that tr(𝑭−1
𝛾

¤𝑭𝛾) = ¤𝐽𝛾/𝐽𝛾 , only the spherical part of 𝑭−1
𝛾

¤𝑭𝛾 is restricted
by the constraint (5.4), which, indeed, becomes C = ¤𝐽𝛾/𝐽𝛾 − 𝑅 = 0. On the other
hand, the time derivative of the isochoric part of 𝑭𝛾 , i.e., ¤𝑭𝛾,u, is not involved in the
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constraint. In fact, ¤𝑭𝛾,u is subjected to no restrictions, except that it has to satisfy the
property tr(𝑭−1

𝛾,u ¤𝑭𝛾,u) = 0, true by construction, as can be deduced from Equation
(5.34), or, equivalently, from the expression

¤𝑭𝛾,u = 𝐽
−1/3
𝛾

¤𝑭𝛾 − 1
3 tr(𝑭−1

𝛾
¤𝑭𝛾)𝐽−1/3

𝛾 𝑭𝛾 . (5.35)

Hence, ¤𝑭𝛾,u has only 8 independent tensor components. On the basis of these
considerations, we choose as quasi-velocities the constraint (5.4) itself and eight
independent components of ¤𝑭𝛾,u. Thus, we set (cf. Section 1.1.2)

Ω1
1 = Ω̂1

1 ◦ ♮c := Ĉ ◦ ♮c = tr(𝑭−1
𝛾

¤𝑭𝛾) − 𝑅̂ ◦ ♮𝛾, (5.36a)

Ω1
𝐵 = Ω̂1

𝐵 ◦ ♮c := 𝐽−1/3
𝛾

[
( ¤𝑭𝛾)1

𝐵 − 1
3 tr(𝑭−1

𝛾
¤𝑭𝛾) (𝑭𝛾)1

𝐵

]
, 𝐵 = 2, 3, (5.36b)

Ω𝛽
1 = Ω̂𝛽

1 ◦ ♮c := 𝐽−1/3
𝛾

[
( ¤𝑭𝛾)𝛽1 − 1

3 tr(𝑭−1
𝛾

¤𝑭𝛾) (𝑭𝛾)𝛽1
]
, 𝛽 = 2, 3, (5.36c)

Ω𝛽
𝐵 = Ω̂𝛽

𝐵 ◦ ♮c := 𝐽−1/3
𝛾

[
( ¤𝑭𝛾)𝛽𝐵 − 1

3 tr(𝑭−1
𝛾

¤𝑭𝛾) (𝑭𝛾)𝛽𝐵
]
, 𝛽, 𝐵 = 2, 3. (5.36d)

We now employ the definitions (5.36a)–(5.36d) in the conditions (5.33), which,
thus, acquire a block-wise structure. Specifically, Equation (5.33)1 gives(

𝜕Ω̂1
1

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭)𝜆𝐿𝑎𝐴 = − 𝜕Ω̂

1
1

𝜕𝐹𝑎 𝐴
◦ ♮c

⇒ (WT
𝑭𝛾𝑭

[𝑭−T
𝛾 ])𝑎 𝐴 =

𝜕𝑅̂

𝜕𝐹𝑎 𝐴
◦ ♮𝛾, (5.37a)(

𝜕Ω̂1
𝐵

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭)𝜆𝐿𝑎𝐴 = −𝜕Ω̂

1
𝐵

𝜕𝐹𝑎 𝐴
◦ ♮c

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭)1

𝐵𝑎
𝐴 − 1

3
(𝑭𝛾)1

𝐵 (WT
𝑭𝛾𝑭

[𝑭−T
𝛾 ])𝑎 𝐴

}
= 0, (5.37b)(

𝜕Ω̂𝛽
1

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭)𝜆𝐿𝑎𝐴 = − 𝜕Ω̂

𝛽
1

𝜕𝐹𝑎 𝐴
◦ ♮c

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭)𝛽1𝑎

𝐴 − 1
3
(𝑭𝛾)𝛽1(WT

𝑭𝛾𝑭
[𝑭−T

𝛾 ])𝑎 𝐴
}
= 0, (5.37c)(

𝜕Ω̂𝛽
𝐵

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭)𝜆𝐿𝑎𝐴 = −𝜕Ω̂

𝛽
𝐵

𝜕𝐹𝑎 𝐴
◦ ♮c

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭)𝛽𝐵𝑎𝐴 −

1
3
(𝑭𝛾)𝛽𝐵 (WT

𝑭𝛾𝑭
[𝑭−T

𝛾 ])𝑎 𝐴
}
= 0, (5.37d)
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with 𝛽, 𝐵 = 2, 3, 𝜆, 𝐿 = 1, 2, 3, and 𝑎, 𝐴 = 1, 2, 3. The system (5.37a)–(5.37d) can
be solved by substituting the right-hand side of Equation (5.37a) in all other equations.
This provides all the components of W𝑲𝑭 except (W𝑭𝛾𝑭)1

1𝑎
𝐴. Hence, by using these

results in the first relation of Equation (5.33), W𝑭𝛾𝑭 becomes

W𝑭𝛾𝑭 =
1
3
𝑭𝛾 ⊗

(
𝜕𝑅̂

𝜕𝑭
◦ ♮𝛾

)
. (5.38)

Next, we turn to Equation (5.33)2 to compute W𝑭𝛾𝑭𝛾
. Since tr(𝑭−1

𝛾
¤𝑭𝛾) in

Equation (5.36a) is the time derivative of log(det 𝑭𝛾), it belongs to the kernel of the
Euler–Lagrange operator E𝑭𝛾

, and, thus, we find E𝑭𝛾
Ω̂1

1 = −𝜕𝑭𝛾
𝑅̂ ◦ ♮𝛾 . Analogously,

since all the components of ¤𝑭𝛾,u written explicitly in Equations (5.36b)–(5.36d)
are time derivatives of functions of 𝑭𝛾, we find E𝑭𝛾

Ω̂1
𝐵 = 𝑶, E𝑭𝛾

Ω̂𝛽
1 = 𝑶, and

E𝑭𝛾
Ω̂𝛽

𝐵 = 𝑶. Therefore, Equation (5.33)2 yields(
𝜕Ω̂1

1

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭𝛾

)𝜆𝐿𝜇𝑀 = −E(𝑭𝛾)𝜇𝑀
Ω̂1

1

⇒ (WT
𝑭𝛾𝑭𝛾

[𝑭−T
𝛾 ])𝜇𝑀 =

𝜕𝑅̂

𝜕 (𝑭𝛾)𝜇𝑀
◦ ♮𝛾, (5.39a)(

𝜕Ω̂1
𝐵

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭𝛾

)𝜆𝐿𝜇𝑀 = −E(𝑭𝛾)𝜇𝑀
Ω̂1

𝐵

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭𝛾

)1
𝐵𝜇

𝑀 − 1
3
(𝑭𝛾)1

𝐵 (WT
𝑭𝛾𝑭𝛾

[𝑭−T
𝛾 ])𝜇𝑀

}
= 0, (5.39b)(

𝜕Ω̂𝛽
1

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭𝛾

)𝜆𝐿𝜇𝑀 = −E(𝑭𝛾)𝜇𝑀
Ω̂𝛽

1

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭𝛾

)𝛽1𝜇
𝑀 − 1

3
(𝑭𝛾)𝛽1(WT

𝑭𝛾𝑭𝛾
[𝑭−T

𝛾 ])𝜇𝑀
}
= 0, (5.39c)(

𝜕Ω̂𝛽
𝐵

𝜕 ( ¤𝑭𝛾)𝜆𝐿
◦ ♮c

)
(W𝑭𝛾𝑭𝛾

)𝜆𝐿𝜇𝑀 = −E(𝑭𝛾)𝜇𝑀
Ω̂𝛽

𝐵

⇒ 𝐽
−1/3
𝛾

{
(W𝑭𝛾𝑭𝛾

)𝛽𝐵𝜇𝑀 − 1
3
(𝑭𝛾)𝛽𝐵 (WT

𝑭𝛾𝑭𝛾
[𝑭−T

𝛾 ])𝜇𝑀
}
= 0, (5.39d)

with 𝛽, 𝐵 = 2, 3 and 𝜆, 𝜇, 𝐿, 𝑀 = 1, 2, 3. Also in this case, substitution of Equation
(5.39a) into (5.39b)–(5.39d) and using the second of Equation (5.33) lead to

W𝑭𝛾𝑭𝛾
=

1
3
𝑭𝛾 ⊗

(
𝜕𝑅̂

𝜕𝑭𝛾
◦ ♮𝛾

)
. (5.40)
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5.3.5 Quasi-coordinates and their variation for growth

Comparing Equations (5.36a)–(5.36d) with the general definitions (5.21a), we notice
that, apart from Ω̂1

1 ◦ ♮c, all the other quasi-velocities are total time derivatives of
𝑭𝛾,u, which is a function of 𝑭𝛾, only. Accordingly, by virtue of the relations

¤Θ1
1 = Ω1

1 = C ≡ Ĉ ◦ ♮c = tr(𝑭−1
𝛾

¤𝑭𝛾) − 𝑅̂ ◦ ♮𝛾 = 0, (5.41a)

Ω1
𝐵 ≡ Ω̂1

𝐵 ◦ ♮c = [𝜕𝑡 (𝐽−1/3
𝛾 𝑭𝛾)]1

𝐵 = ¤Θ1
𝐵, 𝐵 = 2, 3, (5.41b)

Ω𝛽
1 ≡ Ω̂𝛽

1 ◦ ♮c = [𝜕𝑡 (𝐽−1/3
𝛾 𝑭𝛾)]𝛽1 = ¤Θ𝛽

1 𝛽 = 2, 3, (5.41c)

Ω𝛽
𝐵 ≡ Ω̂𝛽

𝐵 ◦ ♮c = [𝜕𝑡 (𝐽−1/3
𝛾 𝑭𝛾)]𝛽𝐵 = ¤Θ𝛽

𝐵, 𝛽, 𝐵 = 2, 3, (5.41d)

and with appropriate initial conditions, the quasi-coordinates are given by

Θ1
1(𝑋, 𝑡) − Θ1

1(𝑋, 𝑡in) =
∫ 𝑡

𝑡in

Ĉ(𝑭(𝑋, 𝑠), 𝑭𝛾 (𝑋, 𝑠); ¤𝑭𝛾 (𝑋, 𝑠); 𝑋, 𝑠)d𝑠 = 0,

(5.42a)

Θ1
𝐵 = [𝑭𝛾,u]1

𝐵, Θ𝛽
1 = [𝑭𝛾,u]𝛽1, Θ𝛽

𝐵 = [𝑭𝛾,u]𝛽𝐵, (5.42b)

where, as above, 𝛽 and 𝐵 take on the values 2, 3, and Θ1
1(𝑋, 𝑡in) is to be provided by

means of suitable initial conditions. The nonholonomic nature of the quasi-velocity
Ω1

1 = Ĉ ◦ ♮c implies that the quasi-coordinate Θ1
1 has to be a functional of 𝑭 and 𝑭𝛾

and a function of material points and time. Indeed, by exploiting Equation (5.41a), it
follows from (5.42a) that

Θ1
1(𝑋, 𝑡) − Θ1

1(𝑋, 𝑡in)

= log
(
𝐽𝛾 (𝑋, 𝑡)
𝐽𝛾 (𝑋, 𝑡in)

)
−

∫ 𝑡

𝑡in

𝑅̂(𝑭(𝑋, 𝑠), 𝑭𝛾 (𝑋, 𝑠); 𝑋, 𝑠)d𝑠 = 0. (5.43)

In addition, the fulfillment of C = 0 implies Θ1
1(𝑋, 𝑡) − Θ1

1(𝑋, 𝑡in) = 0, and, thus,
that Θ1

1(𝑋, 𝑡) equals its initial value Θ1
1(𝑋, 𝑡in) at all times 𝑡 ≥ 𝑡in, which returns

the formal solution to ¤𝐽𝛾 − 𝐽𝛾𝑅 = 0, i.e., the constraint itself.

From Equation (5.43), we notice that, if we take Θ1
1(𝑋, 𝑡in) = log 𝐽𝛾 (𝑋, 𝑡in), and

if we assume that the body finds itself in an initial state for which 𝐽𝛾 (𝑋, 𝑡in) = 1,
then we obtain Θ1

1(𝑋, 𝑡) = 0 at all times 𝑡 ≥ 𝑡in, and for all 𝑋 ∈ B. Thus, if we
further suppose 𝑭𝛾 = 𝐽

1/3
𝛾 𝑰 (some authors [84] refer to this situation as “spherical
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growth”), then Equations (5.42a) and (5.42b) give

Θ1
1(𝑋, 𝑡) = Θ1

1(𝑋, 𝑡in) = 0, Θ1
𝐵 (𝑋, 𝑡) = 0, 𝐵 = 2, 3, (5.44a)

Θ𝛽
1(𝑋, 𝑡) = 0, 𝛽 = 2, 3, Θ𝛽

𝐵 (𝑋, 𝑡) = 𝛿𝛽𝐵, 𝛽, 𝐵 = 2, 3, (5.44b)

which means that the matrix associated with the quasi-coordinates is singular in
the just analyzed case (whereas 𝑭𝛾 is non-singular). This result is coherent with
the fact that choosing the quasi-velocity Ω1

1 as coincident with the expression
of the constraint implies that, if the constraint is fulfilled, the quasi-velocity Ω1

1

is zero. Consequently, the corresponding quasi-coordinate defines a state of rest,
which becomes equal to the “origin” Θ1

1(𝑋, 𝑡in) = 0 of an appropriate reference
frame, if 𝐽𝛾 (𝑋, 𝑡in) = 1. On the other hand, if one starts from a perturbed state
0 < 𝐽𝛾 (𝑋, 𝑡in) ≠ 1, then Θ1

1(𝑋, 𝑡in) = log 𝐽𝛾 (𝑋, 𝑡in) is different from zero (it could
be negative, if 𝐽𝛾 (𝑋, 𝑡in) < 1), and so is also Θ1

1(𝑋, 𝑡) at all times 𝑡 ≥ 𝑡in. This
property descends from the fact that Θ1

1(𝑋, 𝑡in) represents 𝐽𝛾 (𝑋, 𝑡in) in logarithmic
scale.

In conclusion, the representation of quasi-velocities and quasi-coordinates
amounts to selecting a frame that co-moves with growth, in which, thus, no growth is
perceived. For this reason, the (virtual) incremental field associated with Θ1

1, i.e.,
[𝜼𝚯]1

1, must return Equation (5.7) divided by 𝜀, that is,

[𝜼𝚯]1
1 =

(
𝜕Ω̂1

1

𝜕 ( ¤𝑭𝛾)𝛽𝐵
◦ ♮c

)
[𝜼𝑭𝜸 ]

𝛽
𝐵 =

(
𝜕Ĉ

𝜕 ( ¤𝑭𝛾)𝛽𝐵
◦ ♮c

)
[𝜼𝑭𝜸 ]

𝛽
𝐵 = 0, (5.45)

as can be deduced from Equation (5.21b).

5.4 Equivalence with the TNHM

In this section, we present the result that we deem most fundamental for our
formulation of growth. Specifically, we show that, although being nonholonomic, the
constraint (5.4) can be included in a suitably defined Lagrangian density function of
the growing body. In other words, one is able to handle the constraint “as if” it were
holonomic, thereby allowing for a variational study of growth, up to the irreducible
non-potential forces 𝒇np and 𝕾np.
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5.4.1 Dynamic equations in the system of the quasi-velocities

Written in the system of the quasi-velocities 𝛀 ≡ 𝛀̂ ◦ ♮c, the Lagrangian density
function of the growing medium becomes

Ľ ◦ ♮𝛀 = L̂ ◦ ♮ = L, (5.46)

where ♮𝛀 is the same collection of variables as ♮, with the exception of ¤𝑭𝛾 , which is
replaced with 𝛀.

If 𝜑 is a variable of ♮ such that neither 𝜑 nor ¤𝜑 are included in ♮c, then E𝜑Ľ

is identical to E𝜑L̂. However, if 𝜓 is a variable of ♮ such that 𝜓 itself and/or ¤𝜓
are included in ♮c (in fact, here ¤𝜓 can be only ¤𝑭𝛾), then the chain rule implies the
identities

𝜕L̂

𝜕𝜓
◦ ♮ = 𝜕Ľ

𝜕𝜓
◦ ♮𝛀 +

(
𝜕Ľ

𝜕Ω𝛼
𝐴

◦ ♮𝛀
) (
𝜕Ω̂𝛼

𝐴

𝜕𝜓
◦ ♮c

)
, (5.47a)

𝜕L̂

𝜕 ¤𝜓
◦ ♮ =

(
𝜕Ľ

𝜕Ω𝛼
𝐴

◦ ♮𝛀
) (
𝜕Ω̂𝛼

𝐴

𝜕 ¤𝜓
◦ ♮c

)
, (5.47b)

and the corresponding Euler–Lagrange operator E𝜓L̂ transforms accordingly. Since
Equations (5.47a) and (5.47b) apply to 𝑭 and 𝑭𝛾 and ¤𝑭𝛾, we obtain

E𝑭L̂ ≡𝜕L̂
𝜕𝑭

◦ ♮ = Ě𝑭Ľ + (E𝑭𝛀̂)T
[
𝜕Ľ

𝜕𝛀
◦ ♮𝛀

]
, (5.48a)

E𝑭𝛾
L̂ ≡ 𝜕L̂

𝜕𝑭𝛾
◦ ♮ − 𝜕

𝜕𝑡

(
𝜕L̂

𝜕 ¤𝑭𝛾
◦ ♮

)
= JT [Ě𝑭𝛾

Ľ] + (E𝑭𝛾
𝛀̂)T

[
𝜕Ľ

𝜕𝛀
◦ ♮𝛀

]
, (5.48b)

where we have exploited the definitions of E𝑭𝛀̂ ≡ 𝜕𝑭𝛀̂ ◦ ♮c and E𝑭𝛾
𝛀̂ given in

Equations (5.29a) and (5.29b), and we have introduced the notation

Ě𝑭Ľ :=
𝜕Ľ

𝜕𝑭
◦ ♮𝛀, (5.49a)

Ě𝑭𝛾
Ľ := (J−1)T

[
𝜕Ľ

𝜕𝑭𝛾
◦ ♮𝛀

]
− 𝜕

𝜕𝑡

(
𝜕Ľ

𝜕𝛀
◦ ♮𝛀

)
(5.49b)

to denote the transformed Euler–Lagrange operators Ě𝑭 and Ě𝑭𝛾
applied to the

Lagrangian density function Ľ, expressed in the system of the quasi-velocities. On
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the other hand, the quantity

𝝅𝛾 :=
𝜕Ľ

𝜕𝛀
◦ ♮𝛀 (5.50)

can be expressed in terms of the generalized momentum 𝒑𝛾 = 𝜕 ¤𝑭𝛾
L̂ ◦ ♮, dual to ¤𝑭𝛾

through L̂, by inverting the relationship

𝒑𝛾 =

(
𝜕𝛀̂

𝜕 ¤𝑭𝛾
◦ ♮c

)T
[𝝅𝛾] = JT [𝝅𝛾] ⇒ 𝝅𝛾 = (J−1)T [ 𝒑𝛾] . (5.51)

We could refer to 𝝅𝛾 as quasi-momentum, since it is dual to the quasi-velocity 𝛀

through the duality relationship introduced by Ľ.

Let us substitute Equation (5.51) into (5.48a) and (5.48b), and let us employ the
definitions (5.31) to see how the Euler–Lagrange operators E𝑭 and E𝑭𝛾

transform
when switching from the collection ♮ to ♮𝛀, i.e., to the one of the quasi-velocities,
for describing the medium’s kinematics. By employing the notation ⋄ introduced in
5.1.1, we find (see also [13, 29])

E𝑭L̂ = Ě𝑭Ľ + (J−1 ⋄ E𝑭𝛀̂)T [ 𝒑𝛾] = Ě𝑭Ľ −WT
𝑭𝛾𝑭

[ 𝒑𝛾], (5.52a)

E𝑭𝛾
L̂ = JT [Ě𝑭𝛾

Ľ] + (J−1 ⋄ E𝑭𝛾
𝛀̂)T [ 𝒑𝛾] = JT [Ě𝑭𝛾

Ľ] −WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾], (5.52b)

where W𝑭𝛾𝑭 and W𝑭𝛾𝑭𝛾
are given in Equations (5.38) and (5.40), respectively.

By virtue of the results (5.52a) and (5.52b), we rephrase the dynamic equations
(5.16c) and (5.16e) in the system of the quasi-velocities as (see [13, 28, 29] for the
derivation of similar equations for noholonomic discrete mechanical systems)

Ě𝑭Ľ −WT
𝑭𝛾𝑭

[ 𝒑𝛾] + 𝑻 = 𝑶, (5.53a)

JT [Ě𝑭𝛾
Ľ] = −𝕾np + 𝜇(𝜕 ¤𝑭𝛾

Ĉ ◦ ♮c) +WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] . (5.53b)

Before going further, the following remark is in order.

Remark 5.3 (The origin of the “extra terms”). Equations (5.53a) and (5.53b) are
Hamel equations [13], up to the reactive forces 𝑻 and 𝜇(𝜕 ¤𝑭𝛾

Ĉ ◦ ♮c). With respect to
the “classical” Euler–Lagrange equations, they feature the “extra” generalized forces
WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾], which both descend from the adoption of the quasi-

velocities. In general, these terms are nonzero because the functions Ω𝛼
𝐴 = Ω̂𝛼

𝐴 ◦ ♮c
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are not all the time derivatives of as many functions of 𝑭, 𝑭𝛾 , X, and T (note that the
just mentioned list of variables coincides with ♮𝛾). Indeed, if for each pair of indices
𝛼, 𝐴 = 1, 2, 3 there existed a 𝐶1 function F𝛼𝐴 := F̂𝛼𝐴 ◦ ♮𝛾 such that Ω𝛼

𝐴 = 𝜕𝑡F
𝛼
𝐴,

then the quantities E𝑭𝛀̂ and E𝑭𝛾
𝛀̂ would vanish identically (note that the first

condition requires both F̂𝛼𝐴 and Ω̂𝛼
𝐴 to be independent of 𝑭). In fact, WT

𝑭𝛾𝑭
[ 𝒑𝛾]

and WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] could be viewed as fictitious “polygenic forces” [11] generated by the
choice of the quasi-velocities. In other words, whereas the Euler–Lagrange dynamic
equations are form-invariant in every system of coordinates, they lose this property
when one switches to a system of generic quasi-velocities, and, as a result of this loss
of invariance, they acquire the extra forces WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾]. However,

these forces disappear when one goes back to the original system of generalized
velocities.

Based on Remark 5.3, we add WT
𝑭𝛾𝑭

[ 𝒑𝛾] and WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] to both sides of
Equations (5.16c) and (5.16e), respectively, thereby finding the modified dynamic
equations

E𝑭L̂ +WT
𝑭𝛾𝑭

[ 𝒑𝛾] + 𝑻 = WT
𝑭𝛾𝑭

[ 𝒑𝛾], (5.54a)

E𝑭𝛾
L̂ +WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾] = −𝕾np + 𝜇(𝜕 ¤𝑭𝛾

Ĉ ◦ ♮c) +WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] . (5.54b)

Note that, in doing this, we are taking inspiration from the “most general formulation
of the principle of stationary action” discussed in [13].

Although Equations (5.54a) and (5.54b) are a mere rewriting of (5.16c) and
(5.16e), they unfold important properties:

P1. While the left-hand sides of Equations (5.16c) and (5.16e) are obtained by
varying the action functional Aa according to Hamilton’s Principle, the left-
hand sides of Equations (5.54a) and (5.54b) cannot be retrieved this way
because of the extra forces WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾]. However, they can

be obtained by means of a variational procedure known as Hamilton–Suslov
Principle (see, e.g., [16]). In brief, the Hamilton–Suslov method computes the
variation of a given action functional by hypothesizing that, if 𝜑 is a Lagrangian
parameter of the theory under consideration, and ¤𝜑 is its generalized velocity,
then the incremental field 𝜼 ¤𝜑 differs from the time derivative ¤𝜼𝜑 of the variation
by the so-called transpositional relations (see, e.g., Equation (5.30)). It can
be proven that, if ¤𝜑 is not involved in any nonholonomic constraint, then the



5.4 Equivalence with the TNHM 115

associated transpositional relations are null, and one finds 𝜼 ¤𝜑 = ¤𝜼𝜑. However,
this is not true, in general, when ¤𝜑 has to comply with a nonholonomic
constraint. This is indeed the case for ¤𝑭𝛾 in the growth problem studied here,
and the non-vanishing transpositional relations (5.30) are naturally accounted
for by the Hamilton–Suslov method. In particular, they result into the extra
forces WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾], which are, thus, an output of the procedure.

P2. Similarly to the right-hand side of Equation (5.16e), which collects the non-
potential forces handled by means of the Extended Hamilton Principle [11]4,
also the right-hand sides of Equations (5.54a) and (5.54b) can be framed by
“extending” the Hamilton–Suslov method: the variation of Aa performed with
the Hamilton–Suslov variations is set equal to minus the integral in time of the
work done on the variations associated with 𝜼𝑭 and 𝜼𝑭𝛾

by all the non-potential
forces dual to them, including the extra ones WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾] that

feature on the right-hand sides. In doing this, one has to admit the existence of
these fictitious extra forces a priori. Although, on the one hand, this may sound
artificial, on the other hand, WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾] do have a physical

meaning. Namely, they represent two rates of momentum introduced in the
system by the constraint. In the specific case of growth, upon recognizing
that 𝑃𝛾 := 1

3 tr(𝑭T
𝛾 𝒑𝛾) is the spherical part of the fully material generalized

momentum 𝑭T
𝛾 𝒑𝛾 = 𝑭T

𝛾 (𝜕 ¤𝑭𝛾
L̂ ◦ ♮), the results (5.38) and (5.40) are such that

the extra forces

WT
𝑭𝛾𝑭

[ 𝒑𝛾] =
{

1
3
𝑭𝛾 ⊗

(
𝜕𝑅̂

𝜕𝑭
◦ ♮𝛾

)}T
[ 𝒑𝛾] = 𝑃𝛾

(
𝜕𝑅̂

𝜕𝑭
◦ ♮𝛾

)
, (5.55a)

WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] =
{

1
3
𝑭𝛾 ⊗

(
𝜕𝑅̂

𝜕𝑭𝛾
◦ ♮𝛾

)}T
[ 𝒑𝛾] = 𝑃𝛾

(
𝜕𝑅̂

𝜕𝑭𝛾
◦ ♮𝛾

)
(5.55b)

can be interpreted as momentum rates due to the coupling of the mass source
𝑅 with the system’s degrees of freedom represented by 𝑭 and 𝑭𝛾. Moreover,
since the constraint (5.4) is made nonholonomic by 𝑅, the right-hand sides of
Equations (5.55a) and (5.55b) “measure” how nonholonomic the constraint is.

4With reference to Equation (5.16e), this means that the variation of the action functional computed
with Hamilton’s variations, and through the derivative reported in Equation (5.15), is set equal to
the time integral of the negative of the work done by the “polygenic forces” [11] dual to 𝜼𝑭𝛾

on the
variations associated with 𝜼𝑭𝛾

itself.
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In the remainder of this section, we show that Equations (5.54a) and (5.54b)
can be obtained variationally by letting their left-hand sides originate from the
Hamilton–Suslov Principle, and interpreting the terms WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾]

on the right-hand sides as non-potential forces to be accounted for by means of an
“Extended Hamilton–Suslov Principle”. We accomplish this task by (i) taking the
weak forms of Equations (5.54a) and (5.54b) through multiplication with 𝜼𝑭 and 𝜼𝑭𝛾

,
respectively; (ii) combining the results with the weak forms of the dynamic equations
(5.16a) and (5.16b); (iii) integrating over B, 𝜕𝜒NB, and [𝑡in, 𝑡fin]; and (iv) showing
that one achieves the variation of the action according to the Hamilton–Suslov
Principle, set equal to minus the work done by the polygenic and the extra forces on
their respective dual variations.

If, on the one hand, doing so amounts to going back along the procedure
designated by Llibre et al. [16], on the other hand, our result seems to us more
general and, to the best of our understanding, capable of explaining when and why
the method proposed in [16] is equivalent to the TNHM. This seems to us a very
important issue for the following reason.

According to our results, it seems that the constraint given in Equation (5.4)
cannot be studied by means of the MVM formulated in [16], since this version of the
MVM produces Equations (5.54a) and (5.54b) only up to the extra forces WT

𝑭𝛾𝑭
[ 𝒑𝛾]

and WT
𝑭𝛾𝑭𝛾

[ 𝒑𝛾] featuring on their right-hand sides. Hence, in our opinion, the MVM
of [16] is not equivalent to the TNHM for growth mechanics viewed as a constrained
field theory. On the other hand, WT

𝑭𝛾𝑭
[ 𝒑𝛾] and WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾] on the right-hand sides

of Equations (5.54a) and (5.54b) are necessary to grant the equivalence with the
TNHM, and such equivalence is necessary to make the MVM applicable to the
mechanics of growth. For this reason, the purpose of the forthcoming calculations is
to show how to accommodate for this issue.

5.4.2 The Lagrangian density function of a growing medium

We set 𝜕 ¤𝑭𝛾
Ĉ◦♮c = 𝑭−T

𝛾 in Equation (5.53b), as follows from Equation (5.4). However,
the procedure outlined in the sequel applies to any non-singular second-order tensor
field 𝜕 ¤𝑭𝛾

Ĉ ◦ ♮c. Moreover, we write

𝕾𝑭𝛾𝑭 := WT
𝑭𝛾𝑭

[ 𝒑𝛾], 𝕾𝑭𝛾𝑭𝛾
:= WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾] . (5.56)
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Note that 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾
have components [𝕾𝑭𝛾𝑭]𝑎 𝐴 and [𝕾𝑭𝛾𝑭𝛾

]𝛼𝐴. It is also
convenient to introduce the fully material quantities 𝑭T𝕾𝑭𝛾𝑭 and 𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
, and,

accordingly, to transform Equations (5.54a) and (5.54b) as

𝑭T [E𝑭L̂] + 𝑭T𝕾𝑭𝛾𝑭 + 𝑭T𝑻 = 𝑭T𝕾𝑭𝛾𝑭, (5.57a)

𝑭T
𝛾 [E𝑭𝛾

L̂] + 𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

= −𝑭T
𝛾 𝕾np + 𝜇𝑰T + 𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
. (5.57b)

In Equation (5.57b), the term 𝜇𝑰T suggests to project the equation itself onto
the space of spherical tensors in order to compute 𝜇. To this end, we consider the
summand 𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
on the right-hand side of Equation (5.57b), and we decompose it

as

𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

= 1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
) 𝑰T + Dev(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
). (5.58)

Then, by introducing the rescaled Lagrange multiplier

𝜅 := 𝜇 + 1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
), (5.59)

and recalling that 𝒑𝛾 = 𝜕 ¤𝑭𝛾
L̂ ◦ ♮, we rewrite Equation (5.57b) as

E𝑭𝛾
L̂ +WT

𝑭𝛾𝑭𝛾
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] = −𝕾np + 𝜅 𝑭−T
𝛾 + DEV𝕾𝑭𝛾𝑭𝛾

, (5.60)

with DEV𝕾𝑭𝛾𝑭𝛾
:=𝑭−T

𝛾 Dev(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

)=𝕾𝑭𝛾𝑭𝛾
− 1

3 tr(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

)𝑭−T
𝛾 being the 𝑭−T

𝛾 -
deviatoric part of 𝕾𝑭𝛾𝑭𝛾

.

By using Equations (5.54a) and (5.60) in lieu of (5.16c) and (5.16e), respectively,
in the system (5.16a)–(5.16f), we can write

E𝜒L̂ + Div𝑻 = − 𝒇np, in B, (5.61a)

𝝉 − 𝑻𝑵 = 0, on 𝜕𝜒NB, (5.61b)

E𝑭L̂ +WT
𝑭𝛾𝑭

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮] + 𝑻 = 𝕾𝑭𝛾𝑭, in B, (5.61c)

𝑭 − 𝐷𝜒 = 𝑶, in B, (5.61d)

E𝑭𝛾
L̂ +WT

𝑭𝛾𝑭𝛾
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] = −𝕾np + 𝜅 𝑭−T
𝛾 + DEV𝕾𝑭𝛾𝑭𝛾

, in B, (5.61e)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0, in B. (5.61f)
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Recalling that 𝜼𝜒 (𝑋, 𝑡) = 0 for 𝑋 ∈ 𝜕𝜒DB and at all times, we consider the duality
pairs between Equations (5.61a) and 𝜼𝜒, and between (5.61b) and 𝜼𝜒, we integrate
the resulting expressions over B and 𝜕𝜒NB, respectively, and we add them together.
Then, after some algebraic passages, integrating over the time interval [𝑡in, 𝑡fin], and
enforcing the conditions 𝜼𝜒 (𝑋, 𝑡in) = 𝜼𝜒 (𝑋, 𝑡fin) = 0, for all 𝑋 ∈ B, we obtain∫ 𝑡fin

𝑡in

∫
B

[〈
𝜕L̂

𝜕𝜒
◦ ♮

����𝜼𝜒〉 + 〈
𝜕L̂

𝜕 ¤𝜒 ◦ ♮
����𝜼 ¤𝜒

〉
− ⟨𝑻 | Grad 𝜼𝜒⟩

]
= −

∫ 𝑡fin

𝑡in

∫
B
⟨ 𝒇np |𝜼𝜒⟩ −

∫ 𝑡fin

𝑡in

∫
𝜕
𝜒

NB
⟨𝝉 |𝜼𝜒⟩, (5.62)

where we have used the abbreviated notations
∫ 𝑡fin
𝑡in

∫
B
[. . .] ≡

∫ 𝑡fin
𝑡in

{
∫
B
[...]dV}d𝑡 and∫ 𝑡fin

𝑡in

∫
𝜕
𝜒

NB
[. . .] ≡

∫ 𝑡fin
𝑡in

{
∫
𝜕
𝜒

NB
[...]dA}d𝑡, and the identity ¤𝜼𝜒 = 𝜼 ¤𝜒, which is true since

the velocity ¤𝜒 is not involved in the constraint.

Next, we take the duality pairs between Equation (5.61c) and 𝜼𝑭, and between
Equation (5.61e) and 𝜼𝑭𝛾

, and we integrate over B and [𝑡in, 𝑡fin]. Then, by recalling
the identity E𝑭L̂ ≡ 𝜕𝑭L̂ ◦ ♮, the conditions 𝜼𝑭𝛾

(𝑋, 𝑡in) = 𝜼𝑭𝛾
(𝑋, 𝑡fin) = 𝑶 for all

𝑋 ∈ B, and the transpositional relation in Equation (5.30), we find∫ 𝑡fin

𝑡in

∫
B

[〈
𝜕L̂

𝜕𝑭
◦ ♮ + 𝑻

���� 𝜼𝑭

〉
+

〈
𝜕L̂

𝜕𝑭𝛾
◦ ♮

���� 𝜼𝑭𝛾

〉
+
〈
𝜕L̂

𝜕 ¤𝑭𝛾
◦ ♮

���� 𝜼 ¤𝑭𝛾

〉]
=

∫ 𝑡fin

𝑡in

∫
B

[
⟨𝕾𝑭𝛾𝑭 | 𝜼𝑭⟩ − ⟨𝕾np−𝜅𝑭−T

𝛾 −DEV𝕾𝑭𝛾𝑭𝛾
| 𝜼𝑭𝛾

⟩
]
. (5.63)

An important step forward is done if it is possible to find a 𝐶1-function of time, 𝜆,
such that ¤𝜆 = 𝜅. We assume that this is the case, and, after rewriting 𝑭−T

𝛾 as 𝜕 ¤𝑭𝛾
Ĉ◦ ♮c,

performing some algebraic calculations, and invoking the relationship (5.30), we
work out the term ⟨𝜅 𝑭−T

𝛾 | 𝜼𝑭𝛾
⟩ in Equation (5.63) as

⟨𝜅 𝑭−T
𝛾 | 𝜼𝑭𝛾

⟩ = ¤𝜆
〈
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

����𝜼𝑭𝛾

〉
=
𝜕

𝜕𝑡

[
𝜆

〈
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

����𝜼𝑭𝛾

〉]
+ 𝜆

〈
E𝑭Ĉ +WT

𝑭𝛾𝑭

[
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

] ����𝜼𝑭

〉
+ 𝜆

〈
E𝑭𝛾

Ĉ +WT
𝑭𝛾𝑭𝛾

[
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

] ����𝜼𝑭𝛾

〉
− 𝜆

〈
𝜕Ĉ

𝜕𝑭
◦ ♮c

����𝜼𝑭

〉
− 𝜆

〈
𝜕Ĉ

𝜕𝑭𝛾
◦ ♮c

����𝜼𝑭𝛾

〉
− 𝜆

〈
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

����𝜼 ¤𝑭𝛾

〉
, (5.64)
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where E𝑭Ĉ = 𝜕𝑭Ĉ ◦ ♮c.

Another important deduction stems from Equations (5.33), (5.37a) and (5.39a).
Indeed, by virtue of the identification of C with the quasi-velocity Ω1

1, and since
Equation (5.64) must hold at this stage for any 𝜆, 𝜼𝑭, and 𝜼𝑭𝛾

, we obtain

E𝑭Ĉ +WT
𝑭𝛾𝑭

[𝜕 ¤𝑭𝛾
Ĉ ◦ ♮c] = 𝑶, E𝑭𝛾

Ĉ +WT
𝑭𝛾𝑭𝛾

[𝜕 ¤𝑭𝛾
Ĉ ◦ ♮c] = 𝑶. (5.65)

Moreover, by integrating Equation (5.64) over B and [𝑡in, 𝑡fin], we find∫ 𝑡fin

𝑡in

∫
B
⟨𝜅 𝑭−T

𝛾 | 𝜼𝑭𝛾
⟩

= −
∫ 𝑡fin

𝑡in

∫
B
𝜆

[〈
𝜕Ĉ

𝜕𝑭
◦ ♮c

����𝜼𝑭

〉
+

〈
𝜕Ĉ

𝜕𝑭𝛾
◦ ♮c

����𝜼𝑭𝛾

〉
+

〈
𝜕Ĉ

𝜕 ¤𝑭𝛾
◦ ♮c

����𝜼 ¤𝑭𝛾

〉]
. (5.66)

Now, we introduce the varied constraint C̃ = Ĉ ◦ ♮̃c, where ♮̃c is the collection
of the homotopies defined in Equations (5.24a)–(5.24e), and we consider also the
homotopy 𝜆(𝑋, 𝑡) ↦→ 𝜆̃(𝑋, 𝑡, 𝜀) = 𝜆(𝑋, 𝑡) + 𝜂𝜆 (𝑋, 𝑡)𝜀 + 𝑜(𝜀), for 𝜀 → 0, such that
𝜕𝜀𝜆̃(𝑋, 𝑡, 0) = 𝜂𝜆 (𝑋, 𝑡) is the increment of 𝜆(𝑋, 𝑡). Then, by exploiting the fact that
the product −𝜂𝜆 [Ĉ ◦ ♮c] returns the constraint up to the arbitrary factor 𝜂𝜆, and is,
thus, null, we can rephrase Equation (5.66) as∫ 𝑡fin

𝑡in

∫
B
⟨𝜅 𝑭−T

𝛾 | 𝜼𝑭𝛾
⟩ = −

∫ 𝑡fin

𝑡in

∫
B

𝜕{𝜆̃[Ĉ ◦ ♮̃c]}
𝜕𝜀

(𝑋, 𝑡, 0). (5.67)

Granted (5.67), we introduce the constrained Lagrangian density function and
the associated constrained action functional

Lc := L̂c ◦ (♮;𝑻, 𝜆) = L̂ ◦ ♮ + ⟨𝑻 | 𝑭 − 𝐷𝜒⟩ + 𝜆 [Ĉ ◦ ♮c], (5.68a)

Ac(𝜒, 𝑭, 𝑭𝛾;𝑻, 𝜆) :=
∫ 𝑡fin

𝑡in

∫
B
L̂c ◦ (♮;𝑻, 𝜆), (5.68b)

and we write the varied action ˜Ac and its first derivative with respect to 𝜀, evaluated
at 𝜀 = 0, as

˜Ac(𝜀) :=
∫ 𝑡fin

𝑡in

∫
B
L̂c( ♮̃(𝑋, 𝑡, 𝜀); 𝑻̃ (𝑋, 𝑡, 𝜀), 𝜆̃(𝑋, 𝑡, 𝜀)), (5.69a)
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d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

∫
B

𝜕 [L̂c ◦ ( ♮̃; 𝑻̃, 𝜆̃)]
𝜕𝜀

(𝑋, 𝑡, 0). (5.69b)

Then, a direct calculation shows that the sum of Equations (5.62) and (5.63) is
identical to the compact expression

d ˜Ac
d𝜀

(0) = −
∫ 𝑡fin

𝑡in

∫
B
⟨ 𝒇np |𝜼𝜒⟩ −

∫ 𝑡fin

𝑡in

∫
𝜕
𝜒

NB
⟨𝝉 |𝜼𝜒⟩ −

∫ 𝑡fin

𝑡in

∫
B
⟨𝕾np | 𝜼𝑭𝛾

⟩

+
∫ 𝑡fin

𝑡in

∫
B

{
⟨𝕾𝑭𝛾𝑭 | 𝜼𝑭⟩ + ⟨DEV𝕾𝑭𝛾𝑭𝛾

| 𝜼𝑭𝛾
⟩
}
. (5.70)

Equation (5.68a) defines the Lagrangian density function of the growing medium
which we were looking for. Furthermore, the dynamics of the growing body is
obtained variationally by “extending” the Hamilton–Suslov Principle at the price of
considering the extra forces 𝕾𝑭𝛾𝑭 and DEV𝕾𝑭𝛾𝑭𝛾

, due to the nonholonomic nature
of the constraint, in addition to the same non-potential forces 𝒇np and 𝕾np appearing
also in the TNHM. This confirms what has been said at the point P2 of Section
5.4.1. Thus, starting with Equation (5.70), taking the first-order increment of ¤𝑭𝛾 as
𝜼 ¤𝑭𝛾

(which differs from ¤𝜼𝑭𝛾
as specified in the transpositional relation (5.30)), and

going backward until (5.61a)–(5.61f) are recovered, the dynamic problem is entirely
equivalent to the one stated in Equations (5.16a)–(5.16f), deduced from the TNHM.
This is, in fact, our reformulation for growth mechanics of the MVM by Llibre et al.
[16].

5.4.3 Implications of our formulation of the MVM for growth

The introduction of Lc and the whole procedure shown in Sections 5.4.1 and 5.4.2
produce some results that we consider noteworthy.

The “true” dynamic equations

Since it holds that 𝕾𝑭𝛾𝑭 = WT
𝑭𝛾𝑭

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮], Equation (5.61c) returns the well-

established result 𝑻 = −E𝑭L̂ = −𝜕𝑭L̂ ◦ ♮. Moreover, since Equation (5.61d)
prescribes 𝑭 = 𝐷𝜒, the replacement of 𝑭 with 𝐷𝜒 in the arguments of L̂ (redefining
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L̂ accordingly) permits to write Equations (5.61a) and (5.61b) as [76]

𝜕L̂

𝜕𝜒
◦ ♮ − 𝜕

𝜕𝑡

(
𝜕L̂

𝜕 ¤𝜒 ◦ ♮
)
− Div

(
𝜕L̂

𝜕𝐷𝜒
◦ ♮

)
= − 𝒇np, in B, (5.71a)

𝝉 =

(
− 𝜕L̂

𝜕𝐷𝜒
◦ ♮

)
𝑵, on 𝜕𝜒NB. (5.71b)

Thus, 𝕾𝑭𝛾𝑭 does not contribute to the “true” dynamics of the system, although it is
necessary to formulate the variational procedure presented in Section 5.4.2.

We also notice that, if the Lagrangian density function L̂ is defined in such a
way that its partial derivative with respect to 𝐷𝜒 equals the negative of the partial
derivative of the strain energy density Ψ̂ with respect to the same quantity, then,
from Equation (5.12), we obtain that 𝑻 coincides with the first Piola–Kirchhoff stress
tensor of the material, i.e.,

𝑷 =
𝜕Ψ̂

𝜕𝑭
◦ (𝑭, 𝑭𝛾;X, T) = 𝑻 = − 𝜕L̂

𝜕𝐷𝜒
◦ ♮, 𝑭 = 𝐷𝜒. (5.72)

Equations (5.71a) and (5.71b) must be solved together with those for 𝑭𝛾 and the
new Lagrange multiplier 𝜆. These, when deduced from Equation (5.70), are directly
given by

E𝑭𝛾
L̂ +WT

𝑭𝛾𝑭𝛾
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] = −𝕾np + ¤𝜆 𝑭−T
𝛾 + DEV𝕾𝑭𝛾𝑭𝛾

, (5.73a)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0, (5.73b)

and replace (5.61e) and (5.61f) with 𝜅 ≡ ¤𝜆. Recall that 𝕾𝑭𝛾𝑭𝛾
= WT

𝑭𝛾𝑭𝛾
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮].

Left-multiplying by 𝑭T
𝛾 , and extracting the hydrostatic and the volumetric parts

of Equation (5.73a) yield [23, 32, 87, 91]

Dev[𝑭T
𝛾 (E𝑭𝛾

L̂)] = −Dev[𝑭T
𝛾 𝕾np], (5.74a)

¤𝜆 = 1
3 tr[𝑭T

𝛾 (E𝑭𝛾
L̂) + 𝑭T

𝛾 𝕾np] + 1
3 tr[𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
], (5.74b)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0. (5.74c)

Therefore, the deviatoric term DEV𝕾𝑭𝛾𝑭𝛾
does not contribute to the “true” dynamics

of the problem, while only 1
3 tr[𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
] plays a role in it. However, this generalized

force does not influence directly the determination of 𝑭𝛾 , and is indeed absorbed in ¤𝜆,
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thereby quantifying the entity of the reactive force ¤𝜆𝑭−T
𝛾 predicted by the theory under

consideration, and necessary to maintain the constraint. Also, the term 1
3 tr[𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
]

constitutes a fundamental aspect of the procedure, since it defines the Lagrange
multiplier of the MVM, which is inherently different from the one characterizing
the TNHM. Yet, Equation (5.74b) returns the identification (5.59), and makes the
MVM equivalent to the TNHM, provided the equality 𝜇 = 1

3 tr[𝑭T
𝛾 (E𝑭𝛾

L̂) + 𝑭T
𝛾 𝕾np]

holds true, as can be deduced by extracting the hydrostatic part of Equation (5.16e)
left-multiplied by 𝑭T

𝛾 . Hence, this yields ¤𝜆 = 𝜇 + 1
3 tr[𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
]. To our knowledge,

this result represents a novelty in the context of growth mechanics, and generalizes a
result reported in [16] for the case of discrete nonholonomic systems.

To gain further physical insight into the MVM, we deem it noteworthy to comment
on the explicit expression of the term 1

3 tr[𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

]. Indeed, looking at the definition
of 𝕾𝑭𝛾𝑭𝛾

in Equation (5.56) and at the result reported in Equation (5.55b), we find

1
3 tr[𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
] = 1

3𝑃𝛾tr
[
𝑭T
𝛾 (𝜕𝑭𝛾

𝑅̂ ◦ ♮𝛾)
]
, (5.75)

so that only the hydrostatic part of 𝑭T
𝛾 (𝜕𝑭𝛾

𝑅̂ ◦ ♮𝛾) contributes to ¤𝜆.

The nine tensor components of 𝑭𝛾 are determined by Equations (5.74a) and
(5.74c), equivalent to eight and to one scalar equations, respectively (see also
[23, 32, 87, 91]). In addition, 𝜆 is determined by integrating Equation (5.74b) in
time. This requires an initial condition for 𝜆, i.e., 𝜆(𝑋, 𝑡in) = 𝜆in(𝑋), for all 𝑋 ∈ B,
and to assign 𝜆in(𝑋) consistently with the constraint at the initial time. Obtaining
the Lagrange multiplier of the theory by solving a Cauchy problem constitutes a
difference with respect to the TNHM, in which the Lagrange multiplier 𝜇 is computed
algebraically, and is a characteristic of the MVM [16].

As noticed in [23, 32, 87, 91], Equation (5.74a) allows to evaluate the “remodeling
part” of growth, and frees one from guessing particular forms of 𝑭𝛾 , as is often done
in tumor growth, growth in anisotropic media, or under the influence of interactions
that define preferred growth directions. All these particular cases are physically
sound for the problems that they are to model, but they also require to assume that
some symmetries are maintained throughout the dynamics of the system. However,
when this restriction cannot be guaranteed, and no a priori hypotheses are done
on the generalized forces E𝑭𝛾

L̂ and 𝕾np, Equations (5.74a) and (5.74b) permit to
compute 𝑭𝛾.
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In conclusion, if the variational procedure defined by our formulation of the
MVM is applied to growth mechanics, the dynamic equations to be solved are (5.71a),
(5.71b), and (5.74a)–(5.74c), which have to be equipped with initial and Dirichlet
boundary conditions for 𝜒 and with initial conditions for 𝑭𝛾 and 𝜆.

Quasi-static case: the MVM seems to boil down to the TNHM

In almost all the biomechanical problems involving growth, the characteristic
time scales of this phenomenon are such that a quasi-static approach is amply
justified. Hence, if L̂c depends on ¤𝜒 only through the classical kinetic energy density
K = 1

2𝐽𝛾 𝜚𝜈∥ ¤𝜒∥
2, which contributes to L̂ in the general setting, one can neglect the

inertial force density −𝜕𝑡 [𝜕 ¤𝜒L̂ ◦ ♮] in Equation (5.71a). In fact, in the quasi-static
case, L̂ is defined without K, and, if we assume that Equation (5.72) applies, the
dynamic equations (5.71a) and (5.71b) become

𝜕L̂

𝜕𝜒
◦ ♮ + Div𝑷 = − 𝒇np, in B, (5.76a)

𝝉 = 𝑷𝑵, on 𝜕𝜒NB. (5.76b)

Then, if we indicate with 𝒇 := 𝒇p + 𝒇np the total body force, where 𝒇 p is given here
by 𝒇 p = 𝜕𝜒L̂ ◦ ♮, Equation (5.76a) returns the classical force balance 𝒇 + Div𝑷 = 0
of Continuum Mechanics. Note that 𝒇np includes non-potential forces due to growth
and describes sources or sinks of linear momentum related to the variation of mass
of the body under consideration (see, e.g., [73, 127]). In addition, to maintain the
quasi-static hypothesis, 𝒇 np and 𝝉 must be taken accordingly. More details on 𝒇np
are provided in the following remark.

Remark 5.4 (Some remarks on the non-potential force 𝒇np). By exploiting Equation
(5.72), and making the identifications 𝐽𝛾 𝜚𝜈𝒈 ¤𝜒 ≡ 𝜕 ¤𝜒L̂ ◦ ♮ and 𝒇p ≡ 𝜕𝜒L̂ ◦ ♮, where
𝒈 is the metric tensor associated with the current placement of the body, and 𝒇p
designates a force density stemming from a potential density function, the balance of
linear momentum (5.71a) can be recast in the more explicit form

𝒇p − 𝜕𝑡 (𝐽𝛾 𝜚𝜈𝒈 ¤𝜒) + Div𝑻 = − 𝒇np, in B. (5.77)



124 An approach to growth mechanics based on nonholonomic constraints

Following, e.g., [73, 127], we prescribe 𝒇np to be expressed as

𝒇np = 𝜚
(g)
R 𝑅(g)𝒈𝒗 (g) + 𝒇 (oc)

np , (5.78)

where 𝜚(g)R is the mass density, pulled back to the body’s reference placement, of
the material inserted into the body, or subtracted from it, because of growth; 𝑅(g)

is the rate at which such insertion or remotion take place; 𝒗 (g) is the velocity of the
incoming or outgoing material; 𝒇 (oc)

np is a non-potential force density introduced to
account, at the body scale, for any other contributions to growth, such as those of
biophysical or biochemical nature, arising from the lower scales [73, 127] (for a more
general framework, see [147]). As remarked in [127], 𝜚(g)R and 𝒗 (g) are equal to 𝜚R

and ¤𝜒, respectively, when the material is subtracted from the body, while they can be
different from the preexisting mass density and velocity when “new material” [73]
is added. It is interesting to notice, however, that the mass balance law allows to
write 𝜚(g)R 𝑅(g) = 𝜚R𝑅, with 𝜚(g)R and 𝜚R being strictly positive, and 𝑅 being the rate
introduced in Equation (5.2). This result can be used to work out the right-hand side
of Equation (5.78) to obtain (see, e.g., [127])

𝒇np = 𝜚R𝑅𝒈𝒗
(g) + 𝒇 (oc)

np = 𝜚R𝑅𝒈 ¤𝜒 + 𝜚R𝑅𝒈[𝒗 (g) − ¤𝜒] + 𝒇 (oc)
np . (5.79)

Then, by employing this explicit expression of 𝒇np, expanding the time derivative on
the left-hand side of Equation (5.77), and recalling the relationships 𝜚R = 𝐽𝛾 𝜚𝜈 and
¤𝐽𝛾 = 𝐽𝛾tr(𝑭−1

𝛾
¤𝑭𝛾) = 𝐽𝛾𝑅 (the last equality follows from the constraint (5.2)), the

linear momentum balance law becomes

𝒇p − 𝐽𝛾 𝜚𝜈𝒈 ¥𝜒 + Div𝑻 = −𝐽𝛾 𝜚𝜈tr(𝑭−1
𝛾

¤𝑭𝛾)𝒈[𝒗 (g) − ¤𝜒] − 𝒇 (oc)
np . (5.80)

The right-hand side of Equation (5.80) defines, up to the sign, an effective non-
potential force density.

Further simplifications are obtained for problems that allow to neglect all body
forces, so that Equation (5.76a) reduces to Div𝑷 = 0.

Similarly to the conclusions drawn for K, even though it is possible to define a
generalized kinetic energy density K𝛾 := 1

2 ⟨G[ ¤𝑭𝛾] | ¤𝑭𝛾⟩ associated with ¤𝑭𝛾 , where G
is some suitable fourth-order inertial tensor field, the quantity K𝛾 does not contribute
to L̂ in the quasi-static regime. Accordingly, if we further hypothesize that L̂ depends
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on ¤𝑭𝛾 only through K𝛾 , then the generalized momentum 𝒑𝛾 = 𝜕 ¤𝑭𝛾
L̂ ◦ ♮, which now

reads 𝒑𝛾 = G[ ¤𝑭𝛾], does not appear at all. Indeed, it disappears from E𝑭𝛾
L̂, which

reduces to 𝜕𝑭𝛾
L̂ ◦ ♮, and so do also the extra forces 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

, defined in
Equation (5.56). Consequently, the dynamic equations deduced by means of our
formulation of the MVM, i.e., Equations (5.74a)–(5.74c), become identical to those
obtained with the TNHM in the quasi-static case, the only difference being that 𝜇 is
replaced by ¤𝜆.

These results notwithstanding, there remains a methodological difference between
the two methods, which is reflected in the way in which the Lagrange multipliers
𝜇 and 𝜆 are computed. Indeed, as remarked above, the multiplier 𝜇 is determined
algebraically in the TNHM, while, in the MVM, one has to find 𝜆 by solving an
ordinary differential equation in time also in the quasi-static case. One may say, in
this case, that 𝜇 is the rate of 𝜆.

On the basis of the considerations above, in the quasi-static approximation of
growth, our formulation of the MVM seems to boil down to the TNHM. However,
this is not the case because of an important conceptual and technical difference
between the two approaches. Such difference becomes evident by comparing the
Extended Hamilton Principle, presented in Equation (5.15), with Equation (5.70),
which is the “heart” of our formulation of the MVM and, in the quasi-static regime,
becomes

d ˜Ac
d𝜀

(0) = −
∫ 𝑡fin

𝑡in

∫
B

{
⟨ 𝒇np |𝜼𝜒⟩ + ⟨𝕾np |𝜼𝑭𝛾

⟩
}
−

∫ 𝑡fin

𝑡in

∫
𝜕
𝜒

NB
⟨𝝉 |𝜼𝜒⟩. (5.81)

Indeed, whereas in the TNHM the nonholonomic constraint is handled by regarding
the reactive force 𝜇𝑭−T

𝛾 as “polygenic” [11], thereby giving rise to ⟨𝜇𝑭−T
𝛾 |𝜼𝑭𝛾

⟩ in
Equation (5.15), no such term is present in Equation (5.81), since the constraint is
handled variationally although it is nonholonomic.

Explicit form of the dynamic equations in the quasi-static case

Within the quasi-static regime, let us hypothesize that L̂ has expression

L̂ ◦ ♮ = −Ψ̂ ◦ (𝑭, 𝑭𝛾;X, T) − Ψ̂g ◦ (𝑭𝛾;X, T) + Û ◦ (𝜒, 𝑭𝛾;X, T), (5.82)
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where −Ψ̂ defines the body Lagrangian density function Lb; Ψ̂g is an energy density
depending solely on the growth tensor, material points, and time; while Û is the
potential density that generates the body forces 𝒇p.

The energy density Ψ̂g is introduced to highlight that a given configuration of
the system, defined by the triad (𝜒, 𝑭 ≡ 𝐷𝜒, 𝑭𝛾), may vary its energetic content in
response to variations of 𝑭𝛾, for fixed 𝜒 and 𝑭 (see, e.g., [77, 23], and a discussion
on “Cauchy’s gauge” [112]). We also notice that, in general, Û must depend on 𝑭𝛾.
Indeed, if Û models, e.g., gravity, i.e.,

Û ◦ (𝜒, 𝑭𝛾;X, T) = ⟨(det 𝑭𝛾)𝜚𝜈𝒂gr |𝜒 − 𝜒0⟩ =: U, (5.83)

where 𝒂gr is the gravity acceleration (co-)vector, and 𝜒0 defines a referential position,
i.e., 𝜒0(𝑋, 𝑡) = 𝑥0, for all (𝑋, 𝑡) ∈ B ×I , then the dependence of Û on 𝑭𝛾 accounts
for the redistribution of the mass density 𝜚R = (det 𝑭𝛾)𝜚𝜈 in the body’s reference
placement due to growth. Hence, we obtain

𝜕𝜒Û ◦ (𝜒, 𝑭𝛾;X, T) = 𝜕𝜒L̂ ◦ ♮ = (det 𝑭𝛾)𝜚𝜈𝒂gr =: 𝒇p, (5.84a)

𝜕𝑭𝛾
Û ◦ (𝜒, 𝑭𝛾;X, T) = [Û ◦ (𝜒, 𝑭𝛾;X, T)]𝑭−T

𝛾 , (5.84b)

and Equations (5.76a) and (5.76b) take on the form

(det 𝑭𝛾)𝜚𝜈𝒂gr + Div𝑷 = − 𝒇np, in B, (5.85a)

𝝉 = 𝑷𝑵, on 𝜕𝜒NB, (5.85b)

with 𝑷 given in Equation (5.12) or (5.72). The coupling with 𝑭𝛾 emerges both
through the constitutive representation of 𝑷 and through the body forces.

Switching to the dynamic sub-problem for the growth tensor, we notice that
Equation (5.82) and the discussion reported in Section 5.2.3 lead to

𝑯 ≡ 𝑭T
𝛾

(
𝜕𝑭𝛾

Ψ̂ ◦ (𝑭, 𝑭𝛾;X, T)
)
= Ψ𝑰T − 𝑭T𝑷, (5.86a)

𝒁p ≡ − 𝑭T
𝛾

(
𝜕𝑭𝛾

Ψ̂g ◦ (𝑭𝛾;X, T)
)
+ 𝑭T

𝛾

(
𝜕𝑭𝛾

Û ◦ (𝜒, 𝑭𝛾;X, T)
)
, (5.86b)

𝑭T
𝛾 𝕾np ≡ 𝒁np − T[𝑭−1

𝛾
¤𝑭𝛾] ≡ 𝒁np − 𝒀ud, (5.86c)

where 𝑯 is the Eshelby stress tensor, 𝒁p and 𝒁np are the potential and non-potential
contributions to 𝒁 = 𝒁p + 𝒁np introduced in Equation (5.10c), while T and 𝒀ud are
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defined in Section 5.2.3 (we recall that the inertial terms that, in general, would
feature in 𝒁 are neglected here). Thus, Equations (5.74a)–(5.74c) become

Dev𝒁 − Dev𝑯 = Dev
{
T[𝑭−1

𝛾
¤𝑭𝛾]

}
, (5.87a)

¤𝜆 = −1
3 tr𝑯 + 1

3 tr𝒁 − 1
3 tr

{
T[𝑭−1

𝛾
¤𝑭𝛾]

}
, (5.87b)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0. (5.87c)

The generalized force 𝒁np can be prescribed as in Equation (5.19). Moreover, if U is
given as in Equation (5.83), then the second term on the right-hand side of Equation
(5.86b) reduces to U𝑰T, and does not contribute to Dev𝒁, but to ¤𝜆.

Looking at Equation (5.87b), we notice that, since 1
3 tr𝒁 is conjugated to tr(𝑭−1

𝛾
¤𝑭𝛾),

it does not contribute to trigger the variation of mass. Yet, it does contribute to
determine the Lagrange multiplier associated with the constraint. On the other hand,
Dev𝒁 guides, together with Dev𝑯, the evolution of the volume-preserving part of
𝑭−1
𝛾

¤𝑭𝛾, as indicated by Equation (5.87a).

5.5 Differences with the MVM of Llibre et al.

There are two differences between the MVM by Llibre et al. [16] and our reformulation
of this method. To analyze them, we abandon the quasi-static case, and return to the
full system of dynamic equations (5.61a)–(5.61f).

The first, and minor, difference is that, in its original conception [16], the MVM
does not consider any non-potential force. This amounts to switching off 𝒇np and 𝕾np

in Equations (5.70) and (5.61a)–(5.61f). We maintain only 𝝉 for including the case
of non-vanishing tractions imposed on the body’s boundary. Although eliminating
𝒇np and 𝕾np could be unphysical for describing growth, especially for what concerns
𝕾np, we consider this situation to highlight how our version of the MVM differs from
the one by Llibre et al. [16]5.

The second, and major, difference is that, to the best of our understanding, Llibre
et al. [16] do not consider the extra forces 𝕾𝑭𝛾𝑭 and DEV𝕾𝑭𝛾𝑭𝛾

on the right-hand
side of Equation (5.70), although the variation of their action functional is performed

5In the quasi-static case, and in the absence of 𝕾np (specifically, under the assumption that
𝒁np and 𝒀ud are both identically null), Equations (5.87a)–(5.87c) become Dev𝒁p − Dev𝑯 = 𝑶;
¤𝜆 = − 1

3 tr𝑯 + 1
3 tr𝒁p; and ⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0.
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by employing the Hamilton–Suslov variational principle. Hence, with the procedure
outlined in [16], our dynamic equations would become

E𝜒L̂ + Div𝑻 = 0, in B, (5.88a)

𝝉 − 𝑻𝑵 = 0, on 𝜕𝜒NB, (5.88b)

E𝑭L̂ +WT
𝑭𝛾𝑭

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮] + 𝑻 = 𝑶, in B, (5.88c)

𝑭 − 𝐷𝜒 = 𝑶, in B, (5.88d)

E𝑭𝛾
L̂ +WT

𝑭𝛾𝑭𝛾
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] = ¤𝜆 𝑭−T
𝛾 , in B, (5.88e)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0, in B. (5.88f)

This formulation of dynamics produces important consequences, which require
conditions for the MVM formulated in [16] to be equivalent to the TNHM and, thus,
to our version of the MVM, as presented in Section 5.4. As we shall see in the two
following sections, these conditions place restrictions on admissible functional forms
of the mass source 𝑅̂. In this respect, we remark that no conditions of this type are
required in our formulation of the MVM (see Section 5.4), since it is constructed to
be always equivalent to the TNHM.

5.5.1 First restriction on the mass source due to (5.88a)–(5.88f).

By recalling the identifications E𝑭L̂ = 𝜕𝑭L̂ ◦ ♮ and 𝜕 ¤𝑭𝛾
L̂ ◦ ♮ = 𝒑𝛾, and using the

results (5.38) and (5.55a), Equation (5.88c) implies that 𝑻 now reads

𝑻 = −𝜕𝑭L̂ ◦ ♮ −WT
𝑭𝛾𝑭

[ 𝒑𝛾] = 𝑷 − 𝑃𝛾 (𝜕𝑭 𝑅̂ ◦ ♮𝛾), (5.89)

where, in the last equality, we have assumed −𝜕𝑭L̂ ◦ ♮ = 𝜕𝑭Ψ̂ ◦ ♮𝛾 = 𝑷, thereby
returning the body’s first Piola–Kirchhoff stress tensor. Then, by plugging Equation
(5.89) into (5.88a), one can write the result as

E𝜒L̂ + Div𝑻 ≡ 𝒇p − Div[𝑃𝛾 (𝜕𝑭 𝑅̂ ◦ ♮𝛾)] − 𝜕𝑡 (𝜕 ¤𝜒L̂ ◦ ♮) + Div𝑷 = 0. (5.90)

Since, in Equation (5.88c), nothing compensates for WT
𝑭𝛾𝑭

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮], it goes into

Equation (5.88a), i.e., into the balance of linear momentum, where it generates the
extra force −Div[𝑃𝛾 (𝜕𝑭 𝑅̂ ◦ ♮𝛾)]. Consequently, for the considered growth problem,
the original procedure by Llibre et al. [16] is equivalent to the well-consolidated
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TNHM only if 𝑅̂ is independent of 𝑭, i.e., if 𝜕𝑭 𝑅̂ ◦ ♮𝛾 = 𝑶, or in the quasi-static
approximation, because 𝑃𝛾 (𝜕𝑭 𝑅̂ ◦ ♮𝛾) is neglected, provided L̂ depends on ¤𝑭𝛾 only
through the generalized kinetic energy density K𝛾.

To us, the comments reported above place the question as to whether the procedure
stemming from Theorem 1 of Llibre et al. [16] can be applied, as is, to the growth
problem, at least for arbitrary 𝑅̂. The “warning sign” for this applicability issue is
the discrepancy of the momentum balance law (5.90) with Equation (5.16a), which
originates from the TNHM and in which 𝑻 = 𝑷.

5.5.2 Second restriction on the mass source due to (5.88a)–(5.88f).

Let us consider the case in which the generalized kinetic energy density induced by
¤𝑭𝛾 is K𝛾 = 1

2 ⟨G[ ¤𝑭𝛾] | ¤𝑭𝛾⟩ = 1
2𝐽𝛾𝔪𝜈∥𝚲𝛾 ∥2, where 𝔪𝜈 > 0 is a mass-like material

parameter, and ∥𝚲𝛾 ∥2 := tr(𝚲T
𝛾𝑮𝚲𝛾𝑮−1) is the squared norm of the material rate

of 𝑭𝛾, i.e., 𝚲𝛾 := 𝑭−1
𝛾

¤𝑭𝛾, while 𝑮 is the metric tensor associated with the body’s
reference placement. In this formulation, G is given by G = 𝐽𝛾𝔪𝜈 𝒃

−1
𝛾 ⊗𝑮−1, i.e.,

in components, G𝛼𝐴𝛽𝐵 = 𝐽𝛾𝔪𝜈 [𝒃−1
𝛾 ]𝛼𝛽𝐺𝐴𝐵, with 𝒃𝛾 := 𝑭𝛾𝑮

−1𝑭T
𝛾 being the left

Cauchy-Green tensor generated by 𝑭𝛾.

If we further hypothesize that L̂ depends on ¤𝑭𝛾 only through K𝛾, then, after
differentiating Equation (5.88f) with respect to time, we can write

G[ ¥𝑭𝛾] + 𝑭−T
𝛾

¤𝜆 = 𝜕𝑭𝛾
L̂ ◦ ♮ − ¤G[ ¤𝑭𝛾] + 𝕾𝑭𝛾𝑭𝛾

, (5.91a)

⟨𝑭−T
𝛾 | ¥𝑭𝛾⟩ = tr𝚲2

𝛾 + ¤𝑅. (5.91b)

To formally analyze Equations (5.91a) and (5.91b), it is convenient to recast them
in the form of a block-wise system of second order ordinary differential equations.
To this end, we multiply Equation (5.91a) by 𝒃𝛾 from the left, and by 𝑮 from the
right, thereby obtaining

𝐽𝛾𝔪𝜈
¥𝑭𝛾 + 𝑭𝛾 ¤𝜆 = 𝒃𝛾 (𝜕𝑭𝛾

L̂◦♮)𝑮 − 𝒃𝛾 ( ¤G[ ¤𝑭𝛾])𝑮 + 𝒃𝛾𝕾𝑭𝛾𝑭𝛾
𝑮, (5.92a)

⟨𝑭−T
𝛾 | ¥𝑭𝛾⟩ = tr𝚲2

𝛾 + ¤𝑅. (5.92b)
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Then, we rewrite the resulting expressions as [27, 1][
M N
Qt O

] {
¥f
¤λ

}
=

{
b + σ

c

}
, (5.93)

where, by prescribing a convention for converting fourth-order tensors in 9 × 9
square matrices and second-order tensors either in 9 × 1 matrices or column vectors
(or, depending on the situation, in 1 × 9 matrices or row vectors), we obtain that
M = 𝐽𝛾𝔪𝜈I is proportional to the 9 × 9 identity matrix I; N is the 9 × 1 matrix
associated with 𝑭𝛾; Qt is the 1 × 9 matrix representing 𝑭−T

𝛾 ; ¥f is the 9 × 1 column
vector representing ¥𝑭𝛾; O is the 1 × 1 null matrix; b is the 9 × 1 column vector that
represents the first two addends on the right-hand side of Equation (5.92a); σ is the
9 × 1 column vector associated with 𝒃𝛾𝕾𝑭𝛾𝑭𝛾

𝑮; finally, c is the 1 × 1 column vector
associated with tr𝚲2

𝛾 + ¤𝑅. Note that, although ¤𝜆 is a scalar, in the system (5.93) we
represent it with the 1 × 1 column vector ¤λ, and we use the same convention for
tr𝚲2

𝛾 + ¤𝑅 by renaming it c.

We remark that, although the system (5.93) is found by following a procedure
similar to those outlined in [27, 1], its form is different in that the matrix Qt is not
the transpose of N.

By means of the Schur complement technique [27, 1], the system (5.93) becomes
¥f = M−1 [I − NS−1QtM−1]σ + M−1 [I − NS−1QtM−1]b + M−1NS−1c,

¤λ = S−1QtM−1σ + S−1QtM−1b − S−1c,
(5.94)

where S := QtM−1N is the Schur matrix. For the problem at hand, S is a 1× 1 matrix,
and represents the scalar

S = QtM−1N = Qt 1
𝐽𝛾𝔪𝜈

IN =
1

𝐽𝛾𝔪𝜈

QtN =
1

𝐽𝛾𝔪𝜈

⟨𝑭−T
𝛾 |𝑭𝛾⟩ =

3
𝐽𝛾𝔪𝜈

. (5.95)

Consequently, Equation (5.94) simplifies to
¥f = 1

𝐽𝛾𝔪𝜈

[
I − 1

3NQt] σ + 1
𝐽𝛾𝔪𝜈

[
I − 1

3NQt] b + 1
3Nc,

¤λ = 1
3Qtσ + 1

3Qtb − 𝐽𝛾𝔪𝜈

3 c.
(5.96)

Before proceeding, the following remark is in order.
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Remark 5.5 (Consistency with the direct calculation of ¤𝜆).
The products Qtσ and Qtb are scalars, and admit the identifications

Qtσ =
〈
𝑭−T
𝛾 |𝒃𝛾𝕾𝑭𝛾𝑭𝛾

𝑮
〉
= tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
), (5.97a)

Qtb =
〈
𝑭−T
𝛾 |𝒃𝛾 (𝜕𝑭𝛾

L̂ ◦ ♮)𝑮
〉
−

〈
𝑭−T
𝛾 |𝒃𝛾 ( ¤G[ ¤𝑭𝛾])𝑮

〉
= tr

[
𝑭T
𝛾 (𝜕𝑭𝛾

L̂ ◦ ♮)
]
− tr

[
𝑭T
𝛾 ( ¤G[ ¤𝑭𝛾])

]
. (5.97b)

Hence, ¤λ is given by

¤λ =1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
) + 1

3 tr
[
𝑭T
𝛾

(
𝜕𝑭𝛾

L̂ ◦ ♮
) ]

− 1
3 tr

[
𝑭T
𝛾 ( ¤G[ ¤𝑭𝛾])

]
− 1

3𝐽𝛾𝔪𝜈 [tr𝚲2
𝛾 + ¤𝑅], (5.98)

and, by recalling Equation (5.92b), we obtain

¤λ =1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
) + 1

3 tr
[
𝑭T
𝛾

(
𝜕𝑭𝛾

L̂ ◦ ♮
) ]

− 1
3 tr

[
𝑭T
𝛾 ( ¤G[ ¤𝑭𝛾])

]
− 1

3𝐽𝛾𝔪𝜈⟨𝑭−T
𝛾 | ¥𝑭𝛾⟩. (5.99)

Finally, by considering the identity 𝐽𝛾𝔪𝜈⟨𝑭−T
𝛾 | ¥𝑭𝛾⟩ ≡ tr[𝑭T

𝛾 (G[ ¥𝑭𝛾])], obtained
by assuming G = 𝐽𝛾𝔪𝜈𝒃

−1
𝛾 ⊗𝑮−1, we rewrite the sum of the last two terms of

Equation (5.99) as −1
3 tr[𝑭T

𝛾 𝜕𝑡 (G[ ¤𝑭𝛾])], and, thus, as −1
3 tr[𝑭T

𝛾 𝜕𝑡 (𝜕 ¤𝑭𝛾
L̂ ◦ ♮)]. Then,

substituting this result into Equation (5.99), and using the definition of the Euler–
Lagrange operator lead to

¤λ =1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
) + 1

3 tr[𝑭T
𝛾 (E𝑭𝛾

L̂)], (5.100)

which is identical to Equation (5.74b), up to the presence of 𝕾np.

We notice that, since σ (representative of 𝒃𝛾𝕾𝑭𝛾𝑭𝛾
𝑮) would not appear if the

problem were formulated by means of the TNHM, Equations (5.16e) and (5.16f),
rewritten in matrix formalism, become (if 𝕾np is neglected)

¥fTNHM = 1
𝐽𝛾𝔪𝜈

[
I − 1

3NQt] b + 1
3Nc,

µ = 1
3Qtb − 𝐽𝛾𝔪𝜈

3 c.
(5.101)

Hence, as reported in a theorem of [1] (which rephrases a result given also in [16] and
is reported in this Thesis as Theorem 2.1), the MVM formulated by Llibre et al. [16]
is equivalent to the TNHM if, and only if, it holds that f = fTNHM and ¤λ = µ + 1

3Qtσ.



132 An approach to growth mechanics based on nonholonomic constraints

While the latter condition is a direct consequence of Equations (5.96) and (5.101),
and is equivalent to Equation (5.59), provided the substitution 𝜅 ≡ ¤𝜆 is done, for the
former one to be fulfilled it is necessary and sufficient that

1
𝐽𝛾𝔪𝜈

[
I − 1

3NQt] σ = 0. (5.102)

This means that σ must belong to the kernel of the operator I − 1
3NQt. This operator,

in fact, is the matrix representation of the fourth-order tensor

𝜹 ⊗ 𝑰T − 1
3𝑭𝛾 ⊗ 𝑭−T

𝛾 , (5.103)

which extracts the 𝑭𝛾-deviatoric part (see Equation (5.104a) below) of a generic
second-order tensor 𝚽 with components Φ𝛼

𝐴, and has kernel spanned by all tensors
of the type 𝚽0 = 𝜑𝑭𝛾, with 𝜑 ∈ R (in Equation (5.103), 𝜹 is the identity tensor
associated with the body’s natural state). These two properties can be verified by a
direct calculation, which yields{

𝜹 ⊗ 𝑰T − 1
3𝑭𝛾 ⊗ 𝑭−T

𝛾

}
[𝚽] = 𝚽 − 1

3 tr(𝑭−1
𝛾 𝚽)𝑭𝛾, ∀ 𝚽, (5.104a){

𝜹 ⊗ 𝑰T − 1
3𝑭𝛾 ⊗ 𝑭−T

𝛾

}
[𝜑 𝑭𝛾] = 𝑶, ∀ 𝜑. (5.104b)

From these results, it follows that, since the column vector σ represents the
second-order tensor 𝒃𝛾𝕾𝑭𝛾𝑭𝛾

𝑮, Equation (5.102) requires the 𝑭𝛾-deviatoric part of
𝒃𝛾𝕾𝑭𝛾𝑭𝛾

𝑮 to be null, i.e.,{
𝜹 ⊗ 𝑰T − 1

3𝑭𝛾 ⊗ 𝑭−T
𝛾

}
[𝒃𝛾𝕾𝑭𝛾𝑭𝛾

𝑮] = 𝑶, (5.105)

which is equivalent to both of the following conditions

DEV𝕾𝑭𝛾𝑭𝛾
= 𝕾𝑭𝛾𝑭𝛾

− 1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
)𝑭−T

𝛾 = 𝑶, (5.106a)

Dev(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

) = 𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

− 1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
)𝑰T = 𝑶. (5.106b)

Equations (5.106a) and (5.106b) constitute the most important result of this
section, and can be summarized in the following theorem, which particularizes a
theorem reported in [1] (i.e., Theorem 2.1 of this Thesis).

Theorem 5.1 (The MVM by Llibre et al. [16] and the TNHM). Within the theory of
growth under consideration, the MVM formulated in [16], which leads to Equations
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(5.88a)–(5.88f), is equivalent to the TNHM, and, thus, also to our formulation of the
MVM, if, and only if, 𝕾𝑭𝛾𝑭𝛾

has vanishing 𝑭−T
𝛾 -deviatoric part (and 𝕾𝑭𝛾𝑭 = 𝑶).

Proof: To prove the necessary condition, we compare the systems (5.96) and (5.101),
and we notice that, if they are equivalent to each other, then Equation (5.102) has to
be fulfilled. Since this condition implies Equation (5.106a), or (5.106b), 𝕾𝑭𝛾𝑭𝛾

must
have null 𝑭−T

𝛾 -deviatoric part.

To prove the sufficient condition, we assume that Equation (5.106a), or (5.106b),
holds true. Then, the system (5.96) returns (5.101), and, thus, the MVM formulated
in [16] is equivalent to the TNHM. □

Hence, if the MVM by Llibre et al. [16] is to be used as is, then, in order for it to
be equivalent to the TNHM, only tensors 𝕾𝑭𝛾𝑭𝛾

proportional to 𝑭−T
𝛾 are admissible.

More specifically, on account of Equations (5.55b) and (5.106a), or (5.106b), to
ensure the equivalence with the TNHM, 𝕾𝑭𝛾𝑭𝛾

must be such that

𝕾𝑭𝛾𝑭𝛾
= 1

3𝑃𝛾tr
[
𝑭T
𝛾 (𝜕𝑭𝛾

𝑅̂ ◦ ♮𝛾)
]
𝑭−T
𝛾 . (5.107)

By virtue of Equations (5.107), let us write 𝕾𝑭𝛾𝑭𝛾
= 1

3 tr(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

)𝑭−T
𝛾 in

Equation (5.88e). Then, by multiplying it by 𝑭T
𝛾 , and projecting it onto the sub-

spaces of deviatoric and spherical tensors, we find

Dev[𝑭T
𝛾 (E𝑭𝛾

L̂)] = 𝑶, (5.108a)
1
3 tr[𝑭T

𝛾 (E𝑭𝛾
L̂)] + 1

3 tr[𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

] = ¤𝜆, (5.108b)

thereby providing another expression of the fact that the dynamic equations are now
equivalent to those obtained via the TNHM or via our formulation of the MVM, up
to the non-potential forces.

This result can be formalized in the following Corollary to Theorem 5.1. Before
enunciating it, we emphasize that, also in this case, the restriction that it places on
the mass source is not required in our formulation of the MVM.

Corollary 5.1 (Restriction on the constitutive form of the mass source). In order for
𝕾𝑭𝛾𝑭𝛾

to be proportional to 𝑭−T
𝛾 , the functional form of the mass source, i.e., 𝑅̂, may

depend on 𝑭𝛾 only through 𝐽𝛾 = det 𝑭𝛾 , i.e., on the volumetric part of the distortions
induced by growth.
Proof: To satisfy the first restriction on 𝑅̂, discussed in Section 5.5.1, let us take
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𝑅̂ independent of 𝑭. Then, consistently with the hypothesis of this corollary, we
write 𝑅 = 𝑅̂ ◦ (𝑭𝛾;X, T) = 𝑅̌ ◦ (𝐽𝛾;X, T), and we calculate 𝕾𝑭𝛾𝑭𝛾

as prescribed in
Equation (5.55b), i.e.,

𝕾𝑭𝛾𝑭𝛾
= 𝑃𝛾

(
𝜕𝑅̂

𝜕𝑭𝛾
◦ (𝑭𝛾;X, T)

)
= 𝐽𝛾𝑃𝛾

(
𝜕𝑅̌

𝜕𝐽𝛾
◦ (𝐽𝛾;X, T)

)
𝑭−T
𝛾 . (5.109)

The tensor 𝕾𝑭𝛾𝑭𝛾
computed this way is, by construction, proportional to 𝑭−T

𝛾 , and
has, thus, null 𝑭−T

𝛾 -deviatoric part. This completes the proof and makes the growth
law 𝑅 = 𝑅̂ ◦ (𝑭𝛾;X, T) = 𝑅̌ ◦ (𝐽𝛾;X, T) admissible in the sense of Theorem 5.1,
since the tensor 𝕾𝑭𝛾𝑭𝛾

in Equation (5.109) makes the MVM by Llibre et al. [16]
equivalent to the TNHM. □

A final remark concerns the fact that, if the dependence of L̂ on ¤𝑭𝛾 is only
through the kinetic energy density K𝛾, then, in the quasi-static case, the MVM by
Llibre et al. [16] is equivalent to the TNHM because 𝜕 ¤𝑭𝛾

L̂ ◦ ♮ is neglected and,
thus, the extra forces WT

𝑭𝛾𝑭
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] and WT
𝑭𝛾𝑭𝛾

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮] do not appear on the

left-hand sides of Equations (5.88c) and (5.88e). However, we deem it important to
reformulate this version of the MVM as shown in Section 5.4 because it allows to
obtain the quasi-static limit in the correct way. In this regard, we refer the reader
to the next section for the study of such quasi-static limit for a simple benchmark
problem [89, 91].

5.6 A benchmark problem in the quasi-static limit

As indicated at the beginning of Section 5.1, our main purpose is to obtain the dynamic
equations of a growing body within a quasi-variational theory of growth, although
the evolution of 𝑭𝛾 is restricted by the nonholonomic constraint ⟨𝑭−T

𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0.
In this respect, the dynamic equations for 𝑭𝛾 that we obtain with our procedure, i.e.,
Equations (5.73a) and (5.73b), are equivalent to those determined by the Principle
of Virtual Work, as they should be. Apart from the reasons already explained in
the paragraph “Why a Lagrangian theory of growth: advantages and problems”
of Section 5.1, the advantage of this formulation is provided by the possibility of
defining the Lagrangian density function L̂c given in Equation (5.68a), which is
comprehensive of the nonholonomic constraint and can be used as the starting point
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for computational schemes based on finite element methods. While the detailed
investigation of this issue is out of the scopes of the present work, the numerical
simulation of a simple benchmark problem could be useful to see the role played by
𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

, defined in Equation (5.56).

In line with previous studies of our research group, we concentrate on an academic
problem of tumor growth in a “breast duct” [89], as recently described in [91, Section
3.1]. The mathematical model adopted therein neglects the inertial effects and all
the body forces featuring in Equation (5.71a) and then specialized in Equation (5.80)
below. Hence, the dynamic equation for 𝜒 (linear momentum balance law) becomes

Div𝑷 = 0, in B, (5.110)

and is, indeed, obtained from Equation (5.85a) by disregarding (det 𝑭𝛾)𝜚𝜈𝒂gr and
𝒇np.

Within the considered approximation, the dynamic equations for 𝑭𝛾 are given by
those of the quasi-static case, i.e., by Equations (5.87a)–(5.87c), which we rewrite
here:

Dev𝒁 − Dev𝑯 = Dev
{
T[𝑭−1

𝛾
¤𝑭𝛾]

}
, (5.111a)

¤𝜆 = −1
3 tr𝑯 + 1

3 tr𝒁 − 1
3 tr

{
T[𝑭−1

𝛾
¤𝑭𝛾]

}
, (5.111b)

⟨𝑭−T
𝛾 | ¤𝑭𝛾⟩ − 𝑅 = 0. (5.111c)

With ¤𝜆 playing the role of 𝜇, these equations are identical to those solved in
[91]. In fact, the condition ¤𝜆 = 𝜇 follows from Equation (5.59), rewritten as
¤𝜆 = 𝜇 + 1

3 tr(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

), when 1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
) is zero or is neglected, as implied by

Equation (5.82) of the Subsection “Explicit form of the dynamic equations in the
quasi-static case” of Section 5.4.3.

To close the problem, we prescribe the same mechanical framework as in [91].
Therefore, we drop Ψ̂g and Û from the Lagrangian density function L̂ in Equation
(5.82), and, under the assumption of homogeneous and isotropic hyperelastic material,
we set

L̂ ◦ ♮ = −Ψ̂ ◦ (𝑭, 𝑭𝛾) = −𝐽𝛾 [Ψ̂𝜈 ◦ 𝑭e] = −𝐽𝛾 [Ŵ𝜈 ◦ (𝐼1e, 𝐼2e, 𝐼3e)], (5.112a)

Ŵ𝜈◦(𝐼1e, 𝐼2e, 𝐼3e)=𝛼0
{
exp(𝛼1 [𝐼1e − 3]+𝛼2 [𝐼2e − 3]−𝛼3 log 𝐼3e) − 1

}
, (5.112b)
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where Ŵ𝜈 is the strain energy density of the body per unit volume of the natural state,
and expressed as a function of the principal invariants 𝐼1e, 𝐼2e, and 𝐼3e of the right
Cauchy-Green deformation tensor induced by 𝑭e, i.e., 𝑪e = 𝑭e

T𝒈𝑭e = 𝑭−T
𝛾 𝑪𝑭−1

𝛾 ,
with 𝑪 = 𝑭T𝒈𝑭 and 𝒈 being the metric associated with the three-dimensional
Euclidean space hosting the body.

Given Equations (5.112a) and (5.112b), the first Piola–Kirchhoff stress tensor 𝑷
and the Eshelby stress tensor 𝑯 are determined by Equation (5.12), or (5.72), and
(5.86a), respectively.

Since the Lagrangian density function in Equation (5.112a) implies that 𝒁p is
null, the external force 𝒁 is entirely non-potential in the present framework. Thus,
we obtain 𝒁 = 𝒁np, with the latter one being specified in Equation (5.19), Section
5.2.3. Moreover, the mass source 𝑅 is supplied in Equation (5.5). Both 𝒁 and 𝑅 are
conceived starting from biological phenomenology, as explained in Remark 5.2. The
nutrients’ concentration 𝔠 evolves according to a diffusion-reaction equation, as the
one reported in [91], where the diffusivity tensor is prescribed as a tensor-valued
function of 𝑭 and 𝑭𝛾, while the reaction rate is constant.

Finally, T is a fourth-order tensor field, defined in [23] in such a way that the
dissipative generalized force 𝒀ud = T[𝑭−1

𝛾
¤𝑭𝛾] takes on the form

T[𝑭−1
𝛾

¤𝑭𝛾] = 1
3𝐽𝛾𝑎𝜈tr(𝑭

−1
𝛾

¤𝑭𝛾)𝑰T + 2𝐽𝛾𝑏𝜈𝑪 sym[(𝑭−1
𝛾

¤𝑭𝛾)𝑪−1]
+ 2𝐽𝛾𝑐𝜈𝑪 skew[(𝑭−1

𝛾
¤𝑭𝛾)𝑪−1], (5.113)

where 𝑎𝜈, 𝑏𝜈, and 𝑐𝜈 are constant material parameters assumed for the computed
benchmark problem as in [91], but not taken from experiments. Also all the remaining
values of the coefficients employed in the model are borrowed from [91].

Since the external force 𝒁 specified in Equation (5.19) is such that 𝑪−1Dev𝒁
is symmetric, and since 𝑪−1Dev𝑯 is symmetric by construction, then Equation
(5.111a) requires its right-hand side to be symmetric, too. This, according to Equation
(5.113), implies that the skew-symmetric contribution to T[𝑭−1

𝛾
¤𝑭𝛾] must vanish, i.e.,

skew[(𝑭−1
𝛾

¤𝑭𝛾)𝑪−1] = 𝑶. Details about this procedure are given in [23, 87, 91].

Equations (5.110), (5.111a)–(5.111c), and the diffusion-reaction equation for
the nutrients are now solved for the case of a tumor that grows inside a breast duct
of cylindrical shape and having fixed and non-deformable lateral boundary, and
extremities free of contact forces. Moreover, it is assumed that the tumor does not
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rotate about the geometric symmetry axis of the cylinder. By using cylindrical
coordinates, the just provided description implies that Equation (5.110) is completed
by homogeneous Dirichlet conditions for the radial and angular displacement of the
tumor and by the homogeneous Neumann conditions 𝑷𝑵 = 0 on the extremities
of the duct. Furthermore, the benchmark assumes that, at the initial instant of
time 𝑡 = 𝑡in ∈ I , 𝑭𝛾 (𝑋, 𝑡in) is given in components as (𝑭𝛾)𝛼𝐴 (𝑋, 𝑡in) = 1, for
𝛼 ≡ 𝐴 = 1, 2, 3, and (𝑭𝛾)𝛼𝐴 (𝑋, 𝑡in) = 0 for 𝛼 ≠ 𝐴.

In principle, given the form of Equation (5.111b), an initial condition for 𝜆
should be provided (see, e.g., [27, 1]). However, this is not necessary in the present
framework, since the model has been formulated in such a way that only ¤𝜆 has to be
computed.

The initial- and boundary-value subproblem for the nutrients’ concentration is
the same as the one studied in [91]. The diffusion-reaction equation for 𝔠 is equipped
with homogeneous (zero-flux) Neumann boundary conditions on the lateral boundary
of the cylinder and Dirichlet boundary conditions at the extremities, where 𝔠 is set
equal to 𝔠env at all times. The initial value of 𝔠 is equal to 𝔠env, too.

Finite elements have been used to solve Equations (5.110), (5.111a)–(5.111c)
and the equation for 𝔠, together with the discussed boundary and initial conditions.
The numerical simulations have been performed by using the commercial software
COMSOL Multiphysics™ v. 5.3a. The axial-symmetric geometry of the duct has
been exploited, so that the axis of the abscissae in Figures 5.1 and 5.2 represents the
axial coordinate Ξ of the cylinder in the reference placement.

0.0 0.1 0.2 0.3 0.4 0.5
% [cm]

5.6

5.8

6.0

6.2

N
o
rm

al
is
ed

k
in

et
ic

en
er

gy
[1

=s
2
]

#10!13

t = 1 d
t = 10 d
t = 20 d

0.0 0.1 0.2 0.3 0.4 0.5
% [cm]

0.0

0.5

1.0

1.5

2.0

2.5

S
F
.
F

[1
=
s2

]

#10!11

t = 1 d
t = 10 d
t = 20 d

Fig. 5.1 (Left) Normalized kinetic energy K𝛾/𝐽𝛾𝔪𝜈; (Right) Norm of the normalized extra
force 𝕾𝑭𝛾𝑭 .
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The purpose of these simulations is to show that, since tumor growth is typically
studied in the quasi-static regime, the limit of vanishing inertial contributions must
be met in the correct way, if one wants to formulate a theory of growth as discussed
in our work. Thus, one has to consider the extra forces 𝕾𝑭𝛾𝑭 = WT

𝑭𝛾𝑭
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮]
and 𝕾𝑭𝛾𝑭𝛾

= WT
𝑭𝛾𝑭𝛾

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮] on both sides of the dynamic equations (5.54a) and

(5.54b), and show that they are, in fact, negligible with respect to all the other terms.
Since Equations (5.54a) and (5.54b) are obtained by adding 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

on both
sides of each equation, these forces are obviously always of the same order, and so
will they be when they are sent to zero. However, this is not the case in the “Modified
Vakonomic Method” (MVM) by Llibre et al. [16], according to which 𝕾𝑭𝛾𝑭 and
𝕾𝑭𝛾𝑭𝛾

would appear only on the left-hand side of each equation. Therefore, as long as
inertial effects are genuinely negligible, their formulation will yield the same results
as ours. However, as soon as inertial terms are, for any reason, no longer negligible,
their equations would still feature 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

on the left-hand sides, but not
on the right-hand sides. Therefore, 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

would not be compensated for.
This would lead to results discrepant not only with ours, but, more importantly, with
those predicted by the Traditional Non-Holonomic Method (TNHM), on which the
theories of growth usually rely.

For the reasons outlined above, we start showing that the kinetic energy density
K𝛾 is negligible in the problem at hand. In the left panel of Figure 5.1, we report the
normalized kinetic energy density K𝛾/𝐽𝛾𝔪𝜈 at three different times (day 1, day 10
and day 20), corresponding to different values of the nutrients’ concentration. We
notice that it is essentially equal to the square of the source of mass (cfr. [91, Figure
2(a)]). This follows from the fact that, by virtue of the constraint (5.2), K𝛾 in Section
5.5.2 can be written as

K𝛾 =
1
2𝐽𝛾𝔪𝜈∥𝚲𝛾 ∥2 = 1

6𝐽𝛾𝔪𝜈 (𝐽−1
𝛾

¤𝐽𝛾)2 + 1
2𝐽𝛾𝔪𝜈∥𝚲𝛾,u∥2

= 1
6𝐽𝛾𝔪𝜈 (𝑅̂ ◦ ♮𝛾)2 + 1

2𝐽𝛾𝔪𝜈∥𝚲𝛾,u∥2, (5.114)

where 𝚲𝛾,u := 𝑭−1
𝛾,u ¤𝑭𝛾,u is the rate of the volume-preserving distortions due to growth,

the square norm of which is negligible with respect to 𝑅2. This result notwithstanding,
K𝛾 is comprehensive of a contribution due to the growth law 𝑅 = 𝑅̂ ◦ ♮𝛾, and a
contribution associated with the rates of the isochoric distortions. Whereas the
functional expression of the former one is assigned a priori by imposing 𝑅 in Equation
(5.2), the latter is computed from the dynamic equation (5.111a). Since the trend
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of K𝛾/𝐽𝛾𝔪𝜈 can be approximated with the trend of 𝑅2, then the inertial effects on
the evolution of 𝑭𝛾 are negligible whenever the values attained by 𝑅 ≡ 𝑅̂ ◦ ♮c are
relatively small, as is indeed the case.

To represent the magnitudes of 𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾
, with the latter being decomposed

in its 𝑭−T
𝛾 -spheric and 𝑭−T

𝛾 -deviatoric, we consider the norms

SF𝛾F :=




𝕾𝑭𝛾𝑭

𝐽𝛾𝔪𝜈





, (5.115a)

S
sph
F𝛾F𝛾

:=




 1

3 tr(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

)𝑭−T
𝛾

𝐽𝛾𝔪𝜈





, SdevF𝛾F𝛾 :=




DEV𝕾𝑭𝛾𝑭𝛾

𝐽𝛾𝔪𝜈





. (5.115b)

From the right panel of Figure 5.1, we can see that SF𝛾F is quite homogeneously
distributed with respect to the axial coordinate Ξ, and, in particular, it decreases of
one order of magnitude from day 1 to day 20. This may be attributed to the fact that
𝕾𝑭𝛾𝑭 ≡ WT

𝑭𝛾𝑭
[ 𝒑𝛾] depends on the source of mass through 𝜕𝑭 𝑅̂ ◦ ♮𝛾 (see Equation

(5.38)).
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Fig. 5.2 (Left) Norm of the normalized extra force DEV𝕾𝑭𝛾𝑭𝛾
= 𝕾𝑭𝛾𝑭𝛾

− 1
3 tr(𝑭T

𝛾𝕾𝑭𝛾𝑭𝛾
)𝑭−T

𝛾 .
(Right) Norm of the normalized extra force 1

3 tr(𝑭T
𝛾𝕾𝑭𝛾𝑭𝛾

)𝑭−T
𝛾 .

Concerning the extra force 𝕾𝑭𝛾𝑭𝛾
≡ WT

𝑭𝛾𝑭𝛾
[ 𝒑𝛾], which depends on the source

of mass through 𝜕𝑭𝛾
𝑅̂ ◦ ♮𝛾 (see Equation (5.40)), Figure 5.2 shows two different

qualitative behaviors for the 𝑭−T
𝛾 -spheric and 𝑭−T

𝛾 -deviatoric parts of 𝕾𝑭𝛾𝑭𝛾
. By

looking at the left panel of Figure 5.2, the quantity SdevF𝛾F𝛾 increases with time. It
measures the influence of the chosen set of transpositional relations onto the volume-
preserving part of 𝑭𝛾. In particular, SdevF𝛾F𝛾 evolves from a state of homogenous
distribution to one that is non-homogeneous. On the contrary, by looking at the right
panel of Figure 5.2, one can see that the quantity SsphF𝛾F𝛾 , proportional to the mismatch
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between the Lagrange multipliers ¤𝜆 and 𝜇, decreases with time, and evolves towards
a non-homogenous distribution, too. The normalized force SsphF𝛾F𝛾 diminishes with
time because it scales with the availability of nutrients in the interior of the tumor,
which decreases as time goes by, although the nutrients’ concentration remains above
the critical value 𝔠cr. The deviatoric force SdevF𝛾F𝛾 , instead, increases with time because
𝑭𝛾 tends to deviate from its initial value, which is a spherical tensor, due to the spatial
variability of the nutrients.

5.7 Concluding remarks

This work is the latest of a series of studies [23, 32, 87, 91] devoted to adapt concepts
and methods of the analytical mechanics of nonholonomic systems [13, 16, 1] to the
continuum mechanics of volumetric growth in biological media.

Our main conclusions can be summarized as follows:

C1. We have developed a quasi-variational theory of growth in which the growth
law of a body is assigned a priori, for example, in compliance with experimental
evidences or design choices. This compels to interpret the body’s mass balance
law as an affine and nonholonomic constraint on the time rate of the growth
tensor, which is introduced by means of the BKL decomposition. We have
appended this constraint to the Lagrangian density function of the body, and
we have shown that the corresponding dynamic equations can be obtained
variationally up to “polygenic forces” [11], which have to be considered for a
general and physically sound model of growth. To us, this result is noteworthy,
because it subsists even though the constraint is nonholonomic. To achieve it,
we have started from the dynamic equations supplied by Hamilton’s Extended
Principle [11] (which are equivalent to those predicted by the Principle of
Virtual Work), and we have modified them by introducing the extra forces
𝕾𝑭𝛾𝑭 and 𝕾𝑭𝛾𝑭𝛾

that stem from the transformation rules of the Euler–Lagrange
operators when passing from the true velocities to the quasi-velocities of the
body. By virtue of these forces, the modified equations remain equivalent to the
original ones. Then, we have found that the modified dynamic equations can
be made descend from the variational procedure known as Hamilton–Suslov
Principle, “corrected” in a fashion similar to Hamilton’s Extended Principle,
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as shown in Section 5.4.2, Equation (5.70). To do all this, we have taken
the “Modified Vakonomic Method” MVM by Llibre et al. [16] as a point of
departure, and we have reformulated it by considering the extra forces 𝕾𝑭𝛾𝑭

and 𝕾𝑭𝛾𝑭𝛾
. These forces must be accounted for to ensure that our formulation

of the MVM is consistent with the TNHM [11, 39, 21]. In this regard, we have
re-contextualized the work done by Llibre et al. [16] in light of the results
provided in [1].

C2. We have compared our reformulation of the MVM with its original version
[16] by specializing the latter to the mechanics of a growing medium. Our
conclusion is that the original MVM disagrees with the TNHM for general
growth laws employed in the nonholonomic constraint on the time rate of
the growth tensor (see Section 5.5). The discrepancy is due to the fact that,
if the procedure by Llibre et al. [16] is strictly followed, the extra forces
WT

𝑭𝛾𝑭
[𝜕 ¤𝑭𝛾

L̂ ◦ ♮] ≡ 𝕾𝑭𝛾𝑭 and WT
𝑭𝛾𝑭𝛾

[𝜕 ¤𝑭𝛾
L̂ ◦ ♮] ≡ 𝕾𝑭𝛾𝑭𝛾

, which are produced
by the Hamilton–Suslov procedure [60, 61, 16, 1] (cf. with WTp in [1], as
well as Chapters 2 and 3), appear only on the left-hand sides of the dynamic
equations (5.88c) and (5.88e). Therefore, since no other term balances them,
they lead, for an arbitrary growth law, to dynamics that cannot be predicted by
the TNHM (indeed, no extra force appears in the TNHM). In particular, 𝕾𝑭𝛾𝑭

is fully unbalanced, and, although the 𝑭−T
𝛾 -spherical part of 𝕾𝑭𝛾𝑭𝛾

can be
incorporated into ¤𝜆 [16], the 𝑭−T

𝛾 -deviatoric part of 𝕾𝑭𝛾𝑭𝛾
remains unbalanced.

Accordingly, to restore the equivalence of the original MVM [16] with the
TNHM, 𝕾𝑭𝛾𝑭 and DEV𝕾𝑭𝛾𝑭𝛾

must be null. This is the result of our Theorem
5.1. The requirement that DEV𝕾𝑭𝛾𝑭𝛾

vanishes is coherent with the statement
of a theorem [1] that supplies a necessary and sufficient condition for the
original MVM [16] to be equivalent to the TNHM for discrete nonholonomic
systems. In conclusion, when the Hamilton–Suslov procedure generates extra
forces that are both null or that comply with the conditions stated previously,
the equivalence between Llibre et al.’s MVM [16] and the TNHM is naturally
fulfilled. In fact, the second case is true for the constraints studied in [16, 1],
but, in general, not for the constraint considered in this present work.

C3. Since the constraint (5.4) is made nonholonomic by the mass source 𝑅, the
equivalence conditions between Llibre et al.’s MVM [16] and the TNHM
depend entirely on the functional form of 𝑅̂. Our corollary 5.1 states that such
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conditions require 𝑅̂ to be independent of 𝑭 and to depend on 𝑭𝛾 solely through
𝐽𝛾 . The first restriction can be used for some simple benchmark problems, but
it is not realistic for many biological problems in which the growth law must
depend on mechanical stress and, thus, on 𝑭, as is the case for tumor growth
models involving “mechanosensing” [148, 149] and “mechanotransduction”
[85, 102]. The second restriction, instead, is often imposed when growth is
assumed to be isotropic, as in tumors (see, e.g., [84, 102, 94]), but it should
be relaxed when growth is not isotropic, as occurs in heart or skin mechanics
(see, e.g., [93] for a review), or, more generally, in fiber-reinforced tissues
(see, e.g., [88]). Therefore, these situations cannot be modeled by the original
MVM. Nevertheless, our reformulation of the MVM, as presented in Section
5.4, can be adopted, since it is equivalent by construction with the TNHM,
independently of the assigned growth law. Thus, in all the situations mentioned
above, our work is able to provide a quasi-variational theory of growth.

C4. Since our theory is of grade zero in 𝑭𝛾, the geometric descriptors induced by
𝑭𝛾 are all determined as outputs of the dynamic problem. For example, if one
solves Equations (5.61a)–(5.61f) in a sufficiently general setting, then, once 𝑭𝛾

is computed, one can determine a Riemannian manifold characterized by the
metric tensor associated with 𝑭𝛾 , and the corresponding Levi-Civita connection.
This connection and the curvature that it produces are consequences of the
forces accounted for in the model and of the mass source 𝑅 given in the
constraint, and are, thus, directly related to the bio-physics and bio-chemistry
of the body [107]. Analogous considerations hold true, for instance, for the
affine connection Γ𝐴𝐵𝐶 = (𝑭−1

𝛾 )𝐴𝛼 (𝜕 (𝑭𝛾)𝛼𝐵/𝜕𝑋𝐶).

It is worth noticing that, for the majority of the cases of biological interest,
𝑅 is such that the constraint on the evolution of 𝑭𝛾 cannot be reduced to a
holonomic condition. This nonholonomicity in time, in turn, induces the
nonholonomicity of 𝑭𝛾 in space, and, thus, its incompatibility, especially with
respect to its volumetric part, modeled by 𝐽𝛾. In a previous work of some
of us, we have called this type of models “a priori approach” [91], since 𝑅
is prescribed by the phenomenology. Yet, this is not the only possible path.
Indeed, one could put no constraints on 𝑭𝛾, and let it evolve according to a
dynamic problem in which the force 𝒁 contains the biological information
necessary to trigger and maintain growth [69, 90, 150, 103, 104]. This is what
we called “a posteriori approach” [91]. In this case, the geometric descriptors
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depend on 𝒁 and on the constitutive assumptions defining𝒀ud and 𝑯. A similar
situation occurs for those models of growth that consider 𝑭𝛾 as an internal
variable (see, e.g., [73, 88]), in which 𝑭𝛾 is introduced as the “implant” tensor
within a theory of uniformity [140, 73, 112, 118, 79, 125].

However, a different situation is provided by theories of higher grade [79,
151, 124], in which the geometric descriptors, like affine connection and
curvature, are part of the augmented kinematics and, thus, part of the solution
of the dynamic problem. In this case, these descriptors can lead to even more
complicated manifolds.

As a final remark, we would like to emphasize that our formulation of the MVM
can be seen as based on an “Extended” Hamilton–Suslov Principle, since it augments
the already existing theory by allowing for non-potential forces (cf. with Extend
Hamilton’s Principle in Section 5.2.2). In particular, the way in which the constraints
are handled differs significantly from how Extended Hamilton’s Principle operates.
Indeed, whereas the latter binds the constraints to merely “polygenic” forces, and
equates the first-order variation of the action to the time-integral of the virtual work
done by the “reactive” forces, the Extended Hamilton–Suslov Principle directly varies
a Lagrangian function that comprehends the constraint by operating variations that
are of the Hamilton–Suslov kind [60, 61, 16, 1].

Moreover, it would be interesting to exploit the Extended Hamilton–Suslov
Principle to study “broken” symmetries due to growth, and the related loss of
conservation laws, by means of an appropriate formulation of Noether’s Theorem for
nonholonomic systems [63].



Appendix B

Revisiting the charged skate: the
quasi-variational approach

In this appendix we revisit and further expand (in light of the results presented by
Grillo et al. [2], see Chapter 5) the “charged skate” benchmark problem investigated
by Pastore et al. [1] and reported in Section 3.2 of this Thesis. In particular, it is
proven that the equivalence between the TNHM and the MVM can be guaranteed by
the introduction of appropriate polygenic forces, which adapt the quasi-variational
procedure put forward by Grillo et al. [2] for growth mechanics to the problem at
hand. In fact, with respect to Sections 3.2.3–3.2.5, we might think of this appendix
as the “Case D” of the benchmark analysis done in [1].

By referring to the notation employed in Part I, let us rewrite Equations (3.41a)–
(3.41c), corresponding to the three dynamic equations for the “charged skate”
benchmark provided by the TNHM, in the following form:

− ¤𝑝1 + 𝑚𝑔 sin𝛼 + 1
2𝑄𝐵0 ¤𝑞2︸                            ︷︷                            ︸

=:E1L̂ ◦ ♯

+ 𝜇1 sin𝑞3︸   ︷︷   ︸
=: (ATµ)1

= 0, (B.1a)

− ¤𝑝2 − 1
2𝑄𝐵0 ¤𝑞1︸             ︷︷             ︸

=:E2L̂ ◦ ♯

+ (−𝜇1 cos𝑞3)︸         ︷︷         ︸
=: (ATµ)2

= 0, (B.1b)

− ¤𝑝3︸︷︷︸
=:E3L̂ ◦ ♯

+ 0︸︷︷︸
=: (ATµ)3

= 0. (B.1c)
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As put forward in Section 3.2, these dynamic equations are coupled with the
nonholonomic constraint in Equation (3.39), reported here for convenience, as

V ≡ V̂ ◦ (𝑞, ¤𝑞) := (sin𝑞3) ¤𝑞1 − (cos𝑞3) ¤𝑞2 = 0. (B.2)

Moreover, we further recall that

𝑝1 = 𝜕 ¤𝑞1L̂ ◦ ♮ = 𝑚 ¤𝑞1 − 1
2𝑄𝐵0𝑞

2, (B.3)

𝑝2 = 𝜕 ¤𝑞2L̂ ◦ ♮ = 𝑚 ¤𝑞2 + 1
2𝑄𝐵0𝑞

1, (B.4)

𝑝3 = 𝜕 ¤𝑞3L̂ ◦ ♮ = 1
12𝑚(ℓ2 + 𝜎2) ¤𝑞3 + 1

24𝑄(ℓ2 + 𝜎2)𝐵0 (B.5)

are the conjugated momenta (affine in the velocities due to the presence of the
magnetic interaction), and, for each 𝑘 ∈ {1, 2, 3}, the quantity E𝑘L̂ ◦ ♯ represents
the 𝑘th Euler–Lagrange operator applied to the Lagrangian function of the “charged
skate” (see Equation (3.38)).

Following the procedure outlined in [2] and reported in Section 5.4, to show the
equivalence between the TNHM and the MVM (granted the presence of non-potential
forces) we need to: (i) select a system of quasi-velocities for the problem at hand; (ii)
construct the associated collection of transpositional relations, as well as the matrix
W; (iii) introduce the generalized forces (WTp)1, (WTp)2 and (WTp)3 characterizing
the MVM in our case. In this respect, we select the same auxiliary functions
employed in Case A of the “charged skate” benchmark (Section 3.2.3, Equations
(3.39), (3.45a) and (3.45b)) since they are the most obvious choice of quasi-velocities
for the nonholonomic skate when the interaction with the magnetic field is switched
off (see Remark 3.8). This yields the matrix W reported in Equation (3.48) and the
collection of generalized forces

(WTp)1 = −𝑝2 ¤𝑞3 = −[𝑚 ¤𝑞2 + 1
2𝑄𝐵0𝑞

1] ¤𝑞3, (B.6a)

(WTp)2 = +𝑝1 ¤𝑞3 = +[𝑚 ¤𝑞1 − 1
2𝑄𝐵0𝑞

2] ¤𝑞3, (B.6b)

(WTp)3 = −𝑝1 ¤𝑞2 + 𝑝2 ¤𝑞1 = +1
2𝑄𝐵0 [𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2] . (B.6c)

Let us add on both sides of Equations (B.1a)–(B.1c) the appropriate terms featuring
in (B.6a)–(B.6c), thereby obtaining

E1L̂ ◦ ♯ + (WTp)1 + (ATµ)1 = (WTp)1, (B.7a)
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E2L̂ ◦ ♯ + (WTp)2 + (ATµ)2 = (WTp)2, (B.7b)

E3L̂ ◦ ♯ + (WTp)3 = (WTp)3. (B.7c)

Now, we rewrite the terms on the right-hand sides of Equations (B.7a)–(B.7c) in
light of the decomposition suggested by Theorem 2.1. Indeed, upon introducing the
mass matrix M and the constraint matrix A as

M =


𝑚 0 0
0 𝑚 0
0 0 1

12𝑚 (ℓ2 + 𝜎2)

 , A =

[
sin 𝑞3 − cos 𝑞3 0

]
, (B.8)

and by having explicit recourse to the effective velocities M−1p (see Section 3.2.5),
we can decompose the array WTp as

WTp = [M − ATS−1A] (M−1WTM) (M−1p)︸                                       ︷︷                                       ︸
=:𝔖

+ [ATS−1A] (M−1WTM) (M−1p)︸                                ︷︷                                ︸
=: ATρ

, (B.9)

where S := AM−1AT is the Schur matrix and ρ := S−1A(M−1WTM) (M−1p). Equation
(B.9) is the counterpart of the force decomposition provided in Equation (5.106a) in
the context of growth. In particular, by slightly simplifying the notation, we made
the following identifications:

• The quantity “𝕾𝑭𝛾𝑭” of Chapter 5 has no counterpart in this benchmark, while
“𝕾𝑭𝛾𝑭𝛾

” of Chapter 5 is identified with the array WTp.

• The quantity “DEV𝕾𝑭𝛾𝑭𝛾
” of Chapter 5 is identified here with 𝔖. In particular,

the role played by the projection operator “DEV” is played here by the
matrix M − ATS−1A and, as a consequence, the relation “DEV𝕾𝑭𝛾𝑭𝛾

=

𝕾𝑭𝛾𝑭𝛾
− 1

3 tr(𝑭T
𝛾 𝕾𝑭𝛾𝑭𝛾

)𝑭−T
𝛾 ” is the counterpart of 𝔖 = WTp − ATρ in the

context of the problem at hand.

• Finally, the quantity “1
3 tr(𝑭T

𝛾 𝕾𝑭𝛾𝑭𝛾
)𝑭−T

𝛾 ” of Equation (5.59) in Chapter 5 is
identified here with the array ATρ.

By specializing Equation (B.9) to the case under study, we obtain that S reduces to
the 1 × 1 matrix S = [1/𝑚], the three components of 𝔖 read

𝔖1 = −1
2𝑄𝐵0(cos𝑞3)

(
𝑞1 cos𝑞3 + 𝑞2 sin𝑞3) ¤𝑞3, (B.10a)
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𝔖2 = −1
2𝑄𝐵0(sin𝑞3)

(
𝑞1 cos𝑞3 + 𝑞2 sin𝑞3) ¤𝑞3, (B.10b)

𝔖3 = +1
2𝑄𝐵0

(
𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2) , (B.10c)

and the array ρ reduces to the 1 × 1 array

ρ =
{
−𝑚( ¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3) ¤𝑞3 − 1

2𝐵0𝑄(𝑞1 sin𝑞3 − 𝑞2 cos𝑞3) ¤𝑞3}. (B.11)

Hence, employing the decomposition WTp = 𝔖 + ATρ in the right-hand sides of
(B.7a)–(B.7c), where (ATρ)3 ≡ 0 and (WTp)3 ≡ 𝔖3 by construction, yields

E1L̂ ◦ ♯ + (WTp)1 + (ATµ)1 = 𝔖1 + (ATρ)1, (B.12a)

E2L̂ ◦ ♯ + (WTp)2 + (ATµ)2 = 𝔖2 + (ATρ)2, (B.12b)

E3L̂ ◦ ♯ + (WTp)3 = 𝔖3. (B.12c)

We can now make the identifications [2]

¤λ = µ − ρ

=⇒ ¤𝜆 = 𝜇 + 𝑚( ¤𝑞1 cos𝑞3 + ¤𝑞2 sin𝑞3) ¤𝑞3 + 1
2𝐵0𝑄(𝑞1 sin𝑞3 − 𝑞2 cos𝑞3) ¤𝑞3. (B.13)

This permits us to relate the Lagrange multiplier 𝜆 of the MVM, collected in the 1× 1
array λ, with the Lagrange multiplier 𝜇 of the TNHM, collected in the 1 × 1 array µ

(cf. with Equations (2.55b) and (5.59)). Moreover, according to the provision (B.13),
Equations (B.12a)–(B.12c) simplify to

E1L̂ ◦ ♯ + (WTp)1 + (AT¤λ)1 = 𝔖1, (B.14a)

E2L̂ ◦ ♯ + (WTp)2 + (AT¤λ)2 = 𝔖2, (B.14b)

E3L̂ ◦ ♯ + (WTp)3 = 𝔖3. (B.14c)

Following the procedure outlined in [2], we can make further progress by
computing the weak form of Equations (B.14a)–(B.14c) and (B.2) by multiplying
each equation by its dual virtual increment (here, for convenience, we denote the
virtual increments by 𝜂1

𝑞, 𝜂2
𝑞, 𝜂3

𝑞 and 𝜂𝜆), integrating the resulting products over the
time interval [𝑡in, 𝑡fin] and summing the four integrals together. Thus, by noticing
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that (AT¤λ)3 ≡ 0 and that A ≡ [𝜕 ¤𝑞𝑘 V̂ ◦ ♮]𝑘=1,2,3, the weak form of the system reads∫ 𝑡fin

𝑡in

3∑︁
𝑘=1

{
E𝑘L̂ ◦ ♯ +

3∑︁
ℎ=1

𝑝ℎ𝑊
ℎ
𝑘 + ¤𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]}
𝜂𝑘𝑞 −

∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆

=

∫ 𝑡fin

𝑡in

3∑︁
𝑘=1

𝔖𝑘𝜂
𝑘
𝑞 . (B.15)

By direct inspection of the left-hand side of the weak form (B.15), we can state
the following theorem:

Theorem B.1 (Weak form and the Hamilton–Suslov Principle). By introducing the
constrained Lagrangian function and the constrained action functional as [1]

Lc ≡ L̂c ◦ ♮a := L̂ ◦ ♮ − 𝜆[V̂ ◦ ♮], Ac(𝑞;𝜆) :=
∫ 𝑡fin

𝑡in

Lc(𝑡) d𝑡, (B.16)

it holds that the left-hand side of Equation (B.15) can be obtained by employing
the Hamilton–Suslov variations [16] to Ac(𝑞;𝜆) according to the transpositional
relations 𝜂𝑘¤𝑞 − ¤𝜂𝑘𝑞 =

∑𝑛
ℎ=1𝑊

𝑘
ℎ 𝜂

ℎ
𝑞 for 𝑘 = 1, . . . , 𝑛. In other words, given the

homotopies

𝑞(𝑡) ↦→ 𝑞(𝑡, 𝜀) = 𝑞(𝑡) + 𝜼𝑞 (𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (B.17a)

¤𝑞(𝑡) ↦→ 𝒗̃(𝑡, 𝜀) = ¤𝑞(𝑡) + 𝜼 ¤𝑞 (𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (B.17b)

𝜏(𝑡) ↦→ 𝜏(𝑡, 𝜀) = 𝜏(𝑡) = 𝑡, ∀𝜀 > 0, (B.17c)

𝜆(𝑡) ↦→ 𝜆̃(𝑡, 𝜀) = 𝜆(𝑡) + 𝜂𝜆 (𝑡)𝜀 + 𝑜(𝜀), 𝜀 → 0, (B.17d)

and the varied constrained action functional

˜Ac(𝜀) :=
∫ 𝑡fin

𝑡in

L̂c(𝑞(𝑡, 𝜀), 𝒗̃(𝑡, 𝜀), 𝜏(𝑡, 𝜀); 𝜆̃(𝑡, 𝜀)), (B.18)

it holds true that

d ˜Ac
d𝜀

(0)

=

∫ 𝑡fin

𝑡in

3∑︁
𝑘=1

{
E𝑘L̂ ◦ ♯ +

3∑︁
ℎ=1

𝑝ℎ𝑊
ℎ
𝑘 + ¤𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]}
𝜂𝑘𝑞 −

∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆. (B.19)
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Proof. The procedure that we now use to prove Equation (B.19) is equivalent to that
employed in [2] for growth (see Section 5.4.2), although we go through it in reverse
order. Explicating [d ˜Ac/d𝜀] (0) yields the relation (Einstein’s notation is used in the
following calculations)

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞 +

∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

]
𝜂𝑘¤𝑞

−
∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞 −

∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
𝜂𝑘¤𝑞 −

∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆. (B.20)

Moreover, by having explicit recourse to the transpositional relations, it holds that

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞 +

∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

]
( ¤𝜂𝑘𝑞 +𝑊 𝑘

ℎ𝜂
ℎ
𝑞)

−
∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞 −

∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
( ¤𝜂𝑘𝑞 +𝑊 𝑘

ℎ𝜂
ℎ
𝑞)

−
∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆. (B.21)

By using the integral relations∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

]
¤𝜂𝑘𝑞 = −

∫ 𝑡fin

𝑡in

[
d
d𝑡

(
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

)]
𝜂𝑘𝑞 , (B.22a)∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
¤𝜂𝑘𝑞 = −

∫ 𝑡fin

𝑡in

𝜆

[
d
d𝑡

(
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

)]
𝜂𝑘𝑞 −

∫ 𝑡fin

𝑡in

¤𝜆
[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞 , (B.22b)

where the hypothesis 𝜼𝑞 (𝑡in) = 𝜼𝑞 (𝑡fin) = 0 is enforced, Equation (B.21) reduces to

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

[E𝑘L̂ ◦ ♯]𝜂𝑘𝑞 +
∫ 𝑡fin

𝑡in

[
𝜕L̂

𝜕 ¤𝑞𝑘
◦ ♮

]
(𝑊 𝑘

ℎ𝜂
ℎ
𝑞)

−
∫ 𝑡fin

𝑡in

𝜆[E𝑘 V̂ ◦ ♯]𝜂𝑘𝑞 −
∫ 𝑡fin

𝑡in

𝜆

[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
(𝑊 𝑘

ℎ𝜂
ℎ
𝑞) +

∫ 𝑡fin

𝑡in

¤𝜆
[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]
𝜂𝑘𝑞

−
∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆. (B.23)

Equation (B.23) can be further worked out by swapping the repeated indices ℎ and 𝑘
in the integrals featuring the entries𝑊 ℎ

𝑘 and by recalling that 𝑝ℎ = 𝜕 ¤𝑞ℎL̂ ◦ ♮. This
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yields

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

{
E𝑘L̂ ◦ ♯ + 𝑝ℎ𝑊 ℎ

𝑘 + ¤𝜆
[
𝜕V̂

𝜕 ¤𝑞𝑘
◦ ♮

]}
𝜂𝑘𝑞

−
∫ 𝑡fin

𝑡in

𝜆

{
E𝑘 V̂ ◦ ♯ +

[
𝜕V̂

𝜕 ¤𝑞ℎ
◦ ♮

]
𝑊 ℎ

𝑘

}
𝜂𝑘𝑞

−
∫ 𝑡fin

𝑡in

[V̂ ◦ ♮]𝜂𝜆. (B.24)

Finally, by recalling that D𝑘 V̂ ◦ ♯ ≡ E𝑘 V̂ ◦ ♯ + [𝜕 ¤𝑞ℎV̂ ◦ ♮]𝑊 ℎ
𝑘 = 0 (this is due to how

W is constructed), Equation (B.19) is retrieved from (B.24).

By virtue of Theorem B.1, Equation (B.15) can thus be rewritten as

d ˜Ac
d𝜀

(0) =
∫ 𝑡fin

𝑡in

3∑︁
𝑘=1

𝔖𝑘𝜂
𝑘
𝑞 . (B.25)

Equation (B.25) shows that it is possible to variationally retrieve the TNHM dynamic
equations (B.1a)–(B.1c), as well as the constraint (B.2), characterizing the “charged
skate” benchmark by following the Hamilton–Suslov procedure augmented by the
presence of the additional polygenic forces 𝔖1, 𝔖2 and 𝔖3 reported in Equations
(B.10a)–(B.10c). Note that this amounts to consider the general form of the dynamic
equations (2.43a) where the identifications −Q𝑘 ≡ 𝔖𝑘 for 𝑘 = 1, 2, 3 are made [2].

Remark B.1 (Equivalence with the TNHM according to Llibre et al. [16]).
According to the variational picture outlined by Llibre et al. [16], in which no
polygenic forces are accounted for, the dynamic equations provided by their version
of the MVM are

E1L̂ ◦ ♯ + (WTp)1 + (AT¤λ)1 = 0, (B.26a)

E2L̂ ◦ ♯ + (WTp)2 + (AT¤λ)2 = 0, (B.26b)

E3L̂ ◦ ♯ + (WTp)3 = 0. (B.26c)

Comparing these equations with the those reported in Equations (B.12a)–(B.12c), it
is immediate to see that Llibre et al.’s methodology [16] is equivalent to the TNHM
if and only if the forces 𝔖1, 𝔖2 and 𝔖3 are all identically zero. This, in general,
depends on the structure of the constraint (and of the choice of the quasi-velocities),
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thereby notably limiting the applicability of a fully variational approach (i.e., one in
which no polygenic contributions are allowed).

We conclude this remark by noticing that requiring the vanishing of 𝔖1, 𝔖2 and
𝔖3 would amount to requiring the vanishing of the terms reported in Equation (3.51)
of Case A (see Section 3.2.3). However, by direct computation, the relations (3.52a)
and (3.52b) can be written solely in terms of the forces 𝔖1, 𝔖2 and 𝔖3, i.e.,

(cos𝑞3) (WTp)1 + (sin𝑞3) (WTp)2 = (cos𝑞3)𝔖1 + (sin𝑞3)𝔖2

= −1
2𝑄𝐵0 [𝑞1 cos𝑞3 + 𝑞2 sin𝑞3] ¤𝑞3, (B.27a)

(WTp)3 = 𝔖3

= 1
2𝑄𝐵0 [𝑞1 ¤𝑞1 + 𝑞2 ¤𝑞2], (B.27b)

which are in general non-zero.



Chapter 6

A first-gradient approach to the
remodeling and the fluid flow in
saturated porous media

The content of this chapter is taken from [5].

6.1 Introduction

The mechanical behavior of soft and hydrated biological tissues is often studied
by having recourse to the theory of mixtures [152–154, 127, 155, 139]. Within a
minimal modeling approach, a tissue of the aforementioned class may be described
as a mixture comprehending a solid phase and a fluid phase [152, 156, 155, 157].
The solid phase idealizes the complex of cells, extracellular matrix, protein links
and many other species. The fluid phase represents the tissue’s interstitial fluid,
mostly consisting of water, macromolecules, nutrients, ions, and various chemical
substances or compounds.

In this work, with the terminology “biological tissues” we intend both true tissues
(e.g., articular cartilage, muscles, blood vessels or skin) and cultures of cells. Such
cultures are often referred to as multicellular aggregates and are important to study,
through in vitro or in silico experiments, the mechanical behavior of tumor masses
[158, 159] before vascularization begins.
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As is common for living matter, biological tissues experience changes of their
material properties [160, 83], which can be viewed as the result of the activation
of some specific structural degrees of freedom. In general, such changes are
dynamically coupled with transformations of morphology and shape, although
being virtually independent of those. Given suitable time and length scales, the
structural changes may be primarily related to genetics [83], physio-pathological
events [161], aging [162], as well as to a variety of possibly concurring stimuli,
which include mechanical, chemical, and electromagnetic interactions of the tissue
with its surrounding environment.

The structural transformations experienced by a tissue are often conventionally
classified on the basis of the phenomena by which they are predominantly character-
ized (see, e.g., [83]): the uptake or loss of mass, and the structural rearrangements
associated with these processes, constitute growth; the (usually mass-preserving)
reorganization of the internal structure of a tissue is referred to as remodeling and
pertains, for example, to the transformations of the extracellular matrix or to the
breaking and reconstruction of the intercellular bonds [159, 163]; the production of
patterns, and the processes yielding the specific morphology and size of a tissue are
the primary expressions of morphogenesis [164]. Other essential processes for the
evolution of a tissue are cellular differentiation and migration.

Although the distinction among growth, remodeling and morphogenesis is not
sharp [83], it is possible to determine time scales and experimental settings in which
each of these phenomena is preponderant with respect to the others. In the remainder
of this work, we concentrate exclusively on remodeling, and we consider the specific
case in which it occurs in multicellular aggregates undergoing compression tests
[158, 159].

The aforementioned tissutal transformations are often described by a second-order
tensor field, termed remodeling tensor from here on, that is conceived with the
property of being incompatible, i.e., not expressible as the Jacobian tensor field of
a deformation (see, e.g., the seminal papers by Rodríguez et al. [81], Epstein and
Maugin [73], and the works by Vandiver and Goriely [165], Yavari [78], Yavari and
Goriely [118], and Goriely [166]). In fact, according to a somewhat standard praxis,
the remodeling tensor is taken as one of the factors that decompose multiplicatively
the deformation gradient tensor of a medium undergoing remodeling, which, instead,
is by definition the Jacobian tensor field of the deformation. If such decomposition
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features two factors only, the first factor is usually identified with an accommodating
tensor field, which is incompatible, too, and compensates for the incompatibility
of the remodeling tensor. Often, the accommodating tensor is assumed to describe
elastic distortions, whereas the remodeling tensor is attributed intrinsically inelastic
nature and is thus said to describe anelastic distortions.

The studies on remodeling available in the literature which we are aware of
are mainly developed upon theories of “grade zero” [69] in the remodeling tensor.
Accordingly, the dependence of the remodeling tensor on the points of a medium is
not resolved explicitly by accounting for its gradient, or higher-order derivatives, in
the list of the basic variables with which the mathematical models are constructed
and, in particular, the constitutive framework is established (see, e.g., [81, 83, 69,
126, 155, 129, 92, 139, 167, 168, 93]). However, theories of remodeling and growth
of grade one or higher can also be found, and were proposed, e.g., by Epstein and
Maugin [73], Epstein [169, 170], Epstein and Elżanowski [112], Goriely [166], and,
later, by Grillo et al. [108] and by Grillo and Di Stefano [23, 32, 91]. Still, to the
best of our knowledge, they have not been given the attention that grade-0 theories
have received.

Conversely, in plasticity, higher-order effects are well established and studied,
since the inclusion of such effects is necessary for capturing size-related phenomena
(see, e.g., the review of strain-gradient plasticity by Voyiadjis and collaborators
[171]). Theories of plasticity that do not account for the gradients of their inelastic
descriptors are unable to recover the stress-strain curves obtained, for example, in
indentation, torsion and bending tests for metals at low scales. In biomechanics,
however, low-scale mechanical tests on biological tissues are rather common, and
assessing the effectiveness of the grade-0 theories of remodeling may become an
interesting topic, especially to evaluate when it is convenient to switch to theories of
higher grade. Aside from that, the theories of higher order are interesting, at least, for
other two reasons: they may unravel boundary effects due to the contact interactions
between the tested tissues and the experimental apparatus, and they make it possible
to blend the mere phenomenological aspects of remodeling with those pertaining
to phase transitions and to the generation of patterns typical of morphogenesis [73].
These are, in fact, our main motivations for undertaking a strain-gradient formulation
of remodeling, which we obtain by re-proposing the work by Gurtin and Anand [142]
on plasticity in the biomechanical context of the compression tests of multicellular
aggregates.
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In conjunction with remodeling, another major role on the evolution of the
aforementioned systems is played by the interactions between the interstitial fluid
and the solid phase. The models of fluid mostly encountered in the literature assume
Darcy’s law, which is often provided in the form of a linear relation between the
velocity of the fluid relative to the solid and the pressure gradient of the fluid. The
pressure gradient is multiplied from the left by the permeability tensor, which contains
important pieces of information about the pore space and material symmetries of the
porous medium under study, and is usually coupled with the deformation [152]. In
our work, however, we abandon Darcy’s law in favor of an enriched description of the
fluid known as Darcy–Brinkman model. Our motivation is twofold. First, in addition
to the interactions resolved within the Darcian approach, the Darcy–Brinkman model
accounts also for self-interactions of the fluid, resulting in a dissipative contribution
to the overall stress tensor, usually taken linear in the fluid velocity gradient. Indeed,
due to the presence of macromolecules, nutrients and other substances dissolved in
the fluid, the assumption of negligible viscosity may not hold, and the fluid flow may
be non-Darcian. Second, at variance with Darcy’s law, the Darcy–Brinkman model
allows for describing “boundary effects” [172, 173]. We mention that, before us,
other, pioneering, works employed an extension of Darcy’s law, named Brinkman
equation [174], to study the interstitial flow in biological media [175, 176].

Outline of the content of Chapter 6. This chapter is organized as follows: Section
6.2 presents the relevant modeling hypotheses for hydrated soft tissues, the kinematic
framework (with all the considered constraints), and the mass balance laws; Section 3
summarizes all the force balances and the constraints, after formulating the Principle
of Virtual Power [137, 138] (PVP) for constrained systems, and for a grade-1 theory
both in the remodeling tensor [142] and in the velocity field of the fluid phase (at
variance with previous works of our group —see, e.g., [23, 32, 4]— we provide some
notions about the functional spaces involved in the formulation); Section 4 presents
the constitutive framework; Section 5 shows the initial- and boundary-value problem
to be solved and contains a discussion on some numerical results; Section 6 provides
some concluding remarks.
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6.2 Hydrated soft tissues as biphasic mixtures under-
going remodeling

We present the main hypotheses with which we describe the mechanics of fluid-
saturated soft tissues undergoing remodeling of their internal structure. As “repre-
sentative” for this kind of biological systems we refer to the so-called “multicellular
aggregates” [159]. These are conglomerates of various types of cultured cells that
are typically used in laboratory experiments on the mechanics of tumor spheroids
[133]. The latter ones, in turn, inspire mechanical models of the evolution of in situ
tumors in the stages of their growth that precede vascularization [177, 102].

In the mechanics of multicellular aggregates, it is often assumed that remodeling
is a volume-preserving process, thereby requiring the isochoricity of the remodeling
tensor. In fact, this requirement defines a constraint [178]. In the remainder of
this section, we shall discuss the kinematics of the mechanical system describing
our representation of a multicellular aggregate. Attention will be given to the
isochoricity constraint imposed on the remodeling tensor and to the implications
of such constraint in the mass balance law of each constituent of the aggregate. In
particular, the aggregate will be described as a biphasic mixture comprising a porous
“solid” constituent —or phase—, represented by cells and extracellular matrix, and
an interstitial fluid, which saturates the pores of the solid constituent. Since the
theory presented hereafter models a fluid-solid biphasic system as a biphasic mixture
resulting from a suitable volume-averaging technique [179, 180], it is referred to as
“Hybrid Mixture Theory” [153].

We remark that some parts of the model are unavoidably similar to previous
works of our group on similar topics [23, 32, 4], some parts of which were reported
in Chapter 5. In particular, the multiplicative decomposition of the deformation
gradient tensor, the kinematics of biphasic mixtures and of the essential mass balance
laws, as well as the handling of the constraints in Section 6.2.3 and of Chetaev’s
conditions in Section 6.2.4 expand the treatment of the same subjects outlined by
Giammarini et al. [4]. However, in the present work we concentrate on quite a
different type of remodeling (of grade 1) and consider a rather different dynamic
regime for the fluid phase.
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6.2.1 Basic kinematics and notation

Like in previous works of our group [181, 4], the description of the kinematics
of the biphasic system under study is taken, with slight modifications, from the
works by Quiligotti [146] and Quiligotti et al. [182]. Consistently with these
approaches, we admit the existence of a reference placement for the system as a whole
[159, 183, 184, 129, 102, 185]. The reference placement is indicated with B and is
assumed to be a (smooth) differentiable manifold hosted in the three-dimensional
Euclidean space S . Hence, it holds that B ⊂ S . Moreover, we enforce the
saturation condition, according to which the pore space of the solid phase is entirely
filled with the interstitial fluid. This condition has to be respected at all points of
B and at all times of the time window I := ]0, 𝑡e [ , with 𝑡e being the final time of
observation of the system. The region of S occupied by the system at an instant of
time 𝑡 ∈ I is denoted by B(𝑡) ⊂ S and is referred to as current placement. In our
description, the fluid and the solid coexist in each spatial point 𝑥 ∈ B(𝑡).

We denote by 𝜒 : B × I → S the motion of the solid phase, so that
𝑥 = 𝜒(𝑋, 𝑡) ∈ S is the spatial point in which the point 𝑋 ∈ B is mapped at time
𝑡 ∈ I . For 𝑡 ∈ I , the map 𝜒𝑡 ≡ 𝜒( · , 𝑡) : B → S defines a smooth embedding
parameterized by time, and the current placement of the mixture is obtained as
the image of B through 𝜒𝑡 , i.e., B(𝑡) = 𝜒𝑡 (B) = 𝜒(B, 𝑡). We remark that, even
though B is originally associated with the solid constituent [146, 182], the fluid
particle occupying a point 𝑥 ∈ B(𝑡) is mapped, at each time 𝑡 ∈ I , into the point
𝑋 = 𝜒̂−1

𝑡 (𝑥) ∈ B through the inverse map 𝜒̂−1
𝑡 : 𝜒𝑡 (B)→B, where 𝜒̂𝑡 is defined as

𝜒̂𝑡 : B → 𝜒𝑡 (B).

For a given 𝑥 ∈ S , 𝑇𝑥S and (𝑇𝑥S )∗ are the tangent space and the co-tangent
space of S at 𝑥. Similarly, for a given point 𝑋 ∈ B, 𝑇𝑋B and (𝑇𝑋B)∗ are the
tangent space and the co-tangent space of B at 𝑋 . For completeness, we recall
that 𝑇B := ⊔𝑋∈B𝑇𝑋B and (𝑇B)∗ := ⊔𝑋∈B (𝑇𝑋B)∗ are the tangent bundle and the
co-tangent bundle associated with B, respectively. For any given vector space V𝑋

attached to 𝑋 ∈ B, “⊔𝑋∈BV𝑋” indicates the “disjoint union” of all V𝑋 , for 𝑋 varying
in B [24]. The same notation is used for vector spaces V𝑥 attached to 𝑥 ∈ S , and we
write 𝑇S = ⊔𝑥∈S𝑇𝑥S and (𝑇S )∗ = ⊔𝑥∈S (𝑇𝑥S )∗ for the tangent and co-tangent
bundles associated with S .
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As for the tangent and co-tangent spaces and bundles, here and in the following
we adopt the ∗-notation to indicate the dual space V ∗ of a generic space V , be it a
vector, tensor or functional space. It is, indeed, to emphasize duality that, in this
work, we denote the co-tangent spaces by (𝑇𝑥S )∗ and (𝑇𝑋B)∗ instead of using the
more standard notation 𝑇∗

𝑥S and 𝑇∗
𝑋
B (see, e.g., Marsden and Hughes [24]).

We endow S and B with the metric tensor fields 𝒈 and 𝑮. For each 𝑥 ∈ S

and 𝑋 ∈B, 𝒈(𝑥) and 𝑮 (𝑋) can be viewed as the linear maps 𝒈(𝑥) ≡ 𝒈𝑥 :𝑇𝑥S →
(𝑇𝑥S )∗ and 𝑮 (𝑋) ≡𝑮𝑋 :𝑇𝑋B→(𝑇𝑋B)∗, i.e., as the spatial and material musical
isomorphisms that map univocally each vector 𝒖 ∈ 𝑇𝑥S and each vector 𝑼 ∈ 𝑇𝑋B

into the co-vectors 𝒈𝑥𝒖 ∈ (𝑇𝑥S )∗ and 𝑮𝑋𝑼 ∈ (𝑇𝑋B)∗, respectively [24]. For
instance, given the spatial musical isomorphism ♭𝑥 : 𝑇𝑥S ↦→ (𝑇𝑥S )∗, it holds that
𝒈𝑥𝒖 = ♭𝑥 (𝒖) ∈ (𝑇𝑥S )∗, for each 𝒖 ∈ 𝑇𝑥S . By definition, 𝒈(𝑥) and 𝑮 (𝑋) are
invertible, and their inverse maps are given by 𝒈−1(𝑥) ≡ 𝒈−1

𝑥 : (𝑇𝑥S )∗ → 𝑇𝑥S

and 𝑮−1(𝑋) ≡ 𝑮−1
𝑋 : (𝑇𝑋B)∗ → 𝑇𝑋B, thereby corresponding to the spatial and

material musical isomorphisms that map univocally each co-vector 𝝎 ∈ (𝑇𝑥S )∗ and
each co-vector 𝛀 ∈ (𝑇𝑋B)∗ into 𝒈−1

𝑥 𝝎 ∈ 𝑇𝑥S and 𝑮−1
𝑋 𝛀 ∈ 𝑇𝑋B, respectively [24].

Also in this case, given the spatial musical isomorphism ♯𝑥 : (𝑇𝑥S )∗ ↦→ 𝑇𝑥S , the
identity 𝒈−1

𝑥 𝝎 = ♯𝑥 (𝝎) ∈ 𝑇𝑥S applies, for each 𝝎 ∈ (𝑇𝑥S )∗. It is commonly praxis
to say that ♭𝑥 “lowers” indices and ♯𝑥 “raises” indices.

Before going further, we recall that the metric tensors are often introduced as the
tensor maps 𝒈(𝑥) ≡ 𝒈𝑥 : 𝑇𝑥S × 𝑇𝑥S → R and 𝑮 (𝑋) ≡ 𝑮𝑋 : 𝑇𝑋B × 𝑇𝑋B → R,
such that, for any pair of spatial vectors (𝒖, 𝒗) ∈ 𝑇𝑥S × 𝑇𝑥S and for any pair of
material vectors (𝑼,𝑽) ∈ 𝑇𝑋B × 𝑇𝑋B, the real numbers 𝒈𝑥 (𝒖, 𝒗) and 𝑮𝑋 (𝑼,𝑽)
are the scalar products between 𝒖 and 𝒗 and between 𝑼 and 𝑽 generated by the
corresponding metrics. With this definition of the metric tensors, it makes no sense
to speak of their inverse. When there is no room for confusion, in the remainder of
this work we will use interchangeably both the latter definition and the one viewing
metric tensors as linear maps between a tangent space and its associated co-tangent
space.

Granted all the necessary regularity requirements for 𝜒, we introduce the de-
formation gradient tensor 𝑭(𝑋, 𝑡) := 𝑇 𝜒𝑡 (𝑋) = 𝐷𝜒𝑡 (𝑋), which is defined as the
tangent map of 𝜒𝑡 at 𝑋 [24], or as the Jacobian tensor of 𝜒𝑡 at 𝑋 . By construction,
𝑭(𝑋, 𝑡) is the two-point tensor map 𝑭(𝑋, 𝑡) : 𝑇𝑋B → 𝑇𝜒(𝑋,𝑡)S . Accordingly,
𝑭( · , 𝑡) : B → 𝑇S ⊗ (𝑇B)∗ is, for 𝑡 varying in I , the two-point tensor field
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that associates the deformation gradient tensor 𝑭(𝑋, 𝑡) with each 𝑋 ∈ B. At
each pair (𝑋, 𝑡) ∈ B × I , the tensor 𝑭(𝑋, 𝑡) is non-singular, and its determinant
𝐽 (𝑋, 𝑡) := det 𝑭(𝑋, 𝑡) is strictly positive.

The remodeling tensor, hereafter denoted by 𝑭𝛾 (𝑋, 𝑡), is introduced by having
recourse to the Bilby–Kröner–Lee (BKL) decomposition of the deformation gradient
tensor 𝑭(𝑋, 𝑡) into an elastic (or accommodating) part and an anelastic (remodeling)
part [109], i.e.,

𝑭(𝑋, 𝑡) = 𝑭e(𝑋, 𝑡)𝑭𝛾 (𝑋, 𝑡), (𝑋, 𝑡) ∈ B × I . (6.1)

The tensor fields 𝑭e and 𝑭𝛾 have the property of being non-integrable, that is,
none of them reduces, in general, to the Jacobian tensor field of a deformation map.
Rather, 𝑭𝛾 represents the distortions induced by the process of remodeling, while
𝑭e is the accommodating tensor field that describes the elastic distortions necessary
to restore the integrability of 𝑭. Both 𝑭e and 𝑭𝛾 are non-singular for all pairs
(𝑋, 𝑡) ∈ B × I and their determinants 𝐽e := det 𝑭e and 𝐽𝛾 := det 𝑭𝛾 are strictly
positive. Moreover, the Cauchy–Binet formula yields 𝐽 = 𝐽e𝐽𝛾.

The remodeling tensor field 𝑭𝛾 can be viewed as the tissue-scale descriptor of the
structural reorganizations that occur at different scales of a tissue, including those
characterizing intercellular interactions. Moreover, 𝑭𝛾 relates the configurational
changes of the microstructure of a medium that undergoes remodeling to the alterations
in the medium’s mechanical and hydraulic properties. In the terminology of DiCarlo
and Quiligotti [69], 𝑭𝛾 (𝑋, 𝑡) operates incompatible transformations on the “body
element” 𝑇𝑋B in order to (virtually) mold it, at each instant of time 𝑡 ∈ I , into a
relaxed and stress-free state. The result of these transformations is referred to as
the natural state of 𝑇𝑋B at 𝑡 ∈ I , and can be identified with the image of 𝑇𝑋B

through 𝑭𝛾 (𝑋, 𝑡) [166], i.e., N𝑋 (𝑡) := 𝑭𝛾 (𝑋, 𝑡) [𝑇𝑋B] (square brackets are used to
emphasize that 𝑭𝛾 (𝑋, 𝑡) operates linearly on the vectors of 𝑇𝑋B). Hence, we may
write 𝑭𝛾 (𝑋, 𝑡) : 𝑇𝑋B → N𝑋 (𝑡) and, consequently, 𝑭e(𝑋, 𝑡) : N𝑋 (𝑡) → 𝑇𝜒(𝑋,𝑡)B(𝑡).
Finally, the natural state at time 𝑡 ∈ I of the body as a whole is obtained as the vector
bundle collecting the natural states of all body elements, i.e., N (𝑡) := ⊔𝑋∈BN𝑋 (𝑡).

To simplify the mathematical formulation, we make the hypothesis that N𝑋 (𝑡)
is “the relaxed version of 𝑇𝑋B” [4]. It is, thus, possible to identify 𝑭𝛾 with a mixed,
but (formally) not two-point, tensor field. This way, the forthcoming calculations
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gain the notational advantage of avoiding the introduction of an additional family of
indices pertaining solely to the natural state, and uppercase Latin indices, proper of
the reference placement, can be used to denote the components of 𝑭𝛾, as we now
proceed to describe.

Fig. 6.1 Graphical representation of the Bilby–Kröner–Lee (BKL) decomposition of the
deformation gradient tensor 𝑭(𝑋, 𝑡). This image was first showed during the conference “XI
International Conference on Computational Bioengineering (ICCB 2025)” held in Rome,
Italy, on September 8-10, 2025, within the presentation of the abstract “Coupling inelastic
distortions and Darcy–Brinkman fluid flow in the modeling of multicellular aggregates under
compression”, authored by A. Pastore, A. Giammarini, A. Ramírez-Torres, A. Grillo.

Given a point 𝑋 ∈ B, and by denoting by {𝑬𝐴 (𝑋)}3
𝐴=1 a basis of 𝑇𝑋B

and by {𝑬𝐵 (𝑋)}3
𝐵=1 the dual basis of (𝑇𝑋B)∗ (thus, 𝑬𝐵 (𝑋) [𝑬𝐴 (𝑋)] = 𝛿𝐵𝐴,

with 𝛿𝐵𝐴 being the Kronecker delta), 𝑭𝛾 (𝑋, 𝑡) can be represented as 𝑭𝛾 (𝑋, 𝑡) =

[𝑭𝛾 (𝑋, 𝑡)]𝐴𝐵 𝑬𝐴 (𝑋) ⊗𝑬𝐵 (𝑋) and its time derivative ¤𝑭𝛾 (𝑋, 𝑡) is given by ¤𝑭𝛾 (𝑋, 𝑡) =
[ ¤𝑭𝛾 (𝑋, 𝑡)]𝐴𝐵 𝑬𝐴 (𝑋) ⊗ 𝑬𝐵 (𝑋). Furthermore, the components of the material gra-
dient Grad𝑭𝛾 are identified with the components of the covariant derivative of 𝑭𝛾,
i.e.,

[
Grad𝑭𝛾

] 𝐴
𝐵𝐶 =

𝜕 [𝑭𝛾]𝐴𝐵
𝜕𝑋𝐶

+ [𝑭𝛾]𝐿𝐵Γ𝐴𝐿𝐶 − [𝑭𝛾]𝐴𝐿Γ𝐿𝐵𝐶 . (6.2)

Here, Γ𝑅𝑆𝑇 are the Christoffel symbols associated with the material connection
induced by 𝑮 [186]. Throughout this work, Christoffel symbols are symmetric in
the second and third (lower) indices, so that Γ𝑅𝑆𝑇 = Γ𝑅𝑇𝑆, for all 𝑅, 𝑆, 𝑇 ∈ {1, 2, 3}.
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For the forthcoming discussions, also the material curl of 𝑭𝛾 will be relevant, i.e.,[
Curl𝑭𝛾

]𝐷𝐴 :=
1√︁

det[𝑮]
𝜖𝐷𝐶𝐵

[
Grad𝑭𝛾

] 𝐴
𝐵𝐶 , (6.3)

where 𝜖 is the Levi–Civita symbol and det[𝑮] is the determinant of the matrix
associated with the material metric tensor 𝑮 (see, e.g., the work by Bîrsan and Neff
[187]). Moreover, it is possible to introduce a kinematic quantity, constructed upon
𝑭𝛾 and Curl𝑭𝛾 , which is invariant under smooth changes of the reference placement.
This quantity is referred to as Burgers tensor field [188, 142] and reads

𝕭 := 𝐽−1
𝛾 𝑭𝛾Curl𝑭𝛾, [𝔅]𝐴𝐵 = 𝐽−1

𝛾 [𝑭𝛾]𝐴𝐶 [Curl𝑭𝛾]𝐶𝐵. (6.4)

In accordance with the formulation of elasto-plasticity in finite deformations
of Gurtin and Anand [142], we introduce the rate of the remodeling tensor field
𝑳𝛾 := ¤𝑭𝛾𝑭−1

𝛾 , and we extract its symmetric and skew-symmetric parts with respect
to the metric tensor field 𝑮, i.e., 𝑫𝛾 = Sym(𝑮𝑳𝛾) and 𝑾𝛾 = Skew(𝑮𝑳𝛾). We
refer to 𝑫𝛾 and 𝑾𝛾 as the remodeling stretch rate and the remodeling spin tensor
fields. Finally, we introduce the anelastic Cauchy–Green deformation tensor field
𝑪𝛾 := 𝑭T

𝛾 𝑮𝑭𝛾, its inverse 𝑩𝛾 := 𝑪−1
𝛾 , and the elastic Cauchy–Green deformation

tensor field 𝑪e := 𝑭e
T𝒈𝑭e.

In the remainder of this work, we will introduce spaces of tensor fields that, when
expressed in components, may have contravariant, covariant or mixed indices. By
assuming that the spaces under consideration refer all to the tangent bundle𝑇B and/or
to the co-tangent bundle (𝑇B)∗ associated with the system’s reference placement, we
denote by [𝑇B]𝑛 the space of tensor fields that, decomposed in a given tensor basis,
have 𝑛 ∈ N contravariant components, with 𝑛 ≥ 1. Analogously, we write [𝑇B]𝑛 to
indicate the space of tensor fields with 𝑛 covariant components. For instance, the
metric tensor field 𝑮 can be understood as the map 𝑮 : 𝑋 ∈ B ↦→ 𝑮 (𝑋) ∈ [𝑇𝑋B]2

that associates each point 𝑋 of B with the second-order tensor 𝑮 (𝑋) having
covariant components and representing the metric at 𝑋 . Analogously, it holds that
𝑮−1(𝑋) ∈ [𝑇𝑋B]2. In addition, the space of tensor fields having the first 𝑛 ≥ 1
indices of contravariant type and the second 𝑚 ≥ 1 indices of covariant type is
given by [𝑇B]𝑛𝑚, whereas [𝑇B]𝑛𝑚 represents the opposite situation in which the
first 𝑛 ≥ 1 indices are covariant and the second 𝑚 ≥ 1 indices are contravariant.
Examples are [𝑇B]1

2 = 𝑇B ⊗ (𝑇B)∗ ⊗ (𝑇B)∗ and [𝑇B]1
2 = (𝑇B)∗ ⊗𝑇B ⊗𝑇B.
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A similar notation can be used for the spaces of tensor fields involving the tangent
bundle 𝑇S and/or the co-tangent bundle (𝑇S )∗. The spatial metric tensor field,
in fact, is represented by the map 𝒈 : 𝑥 ∈ S ↦→ 𝒈(𝑥) ∈ [𝑇𝑥S ]2, so that, for each
𝑥 ∈ S , 𝒈(𝑥) is the second-order tensor with covariant components denoting the
metric at 𝑥. Moreover, as for the inverse of the material metric tensor, it holds that
𝒈−1(𝑥) ∈ [𝑇𝑥S ]2. For two-point tensor fields, like the deformation gradient 𝑭 or
the first Piola–Kirchhoff stress tensor fields of the solid and of the fluid phase, i.e.,
𝑷s and 𝑷f , we write 𝑭 ∈ 𝑇S ⊗ (𝑇B)∗ and 𝑷s, 𝑷f ∈ (𝑇S )∗ ⊗ 𝑇B.

We emphasize that in our model the remodeling tensor 𝑭𝛾 is regarded as a
configurational [10] kinematic descriptor taking into account the evolution of the
medium’s microstructure. Specifically, we re-formulate the “first-neighbor” approach
by Gurtin and Anand [142], used in finite plasticity, within the context of the
remodeling of biological mixtures.

A comment on Curl𝑭𝛾

Equation (6.3) provides the covariant definition of Curl𝑭𝛾, since it employs the
covariant material gradient of 𝑭𝛾, and is thus valid in any coordinate system. In
Cartesian coordinates, the Christoffel symbols are null, det[𝑮] = 1, and, consequently,
the definition of Curl𝑭𝛾 becomes identical to the one given by Gurtin and Anand
[18]. In this case, if 𝑭𝛾 happens to be the Jacobian tensor of some sufficiently
regular deformation-like map 𝜑, so that [𝑭𝛾]𝐴𝐵 = 𝜕𝜑𝐴/𝜕𝑋𝐵, then Curl𝑭𝛾 vanishes
by virtue of Schwartz’s Theorem, i.e., [Curl𝑭𝛾]𝐷𝐴 = 𝜖𝐷𝐶𝐵𝜕2𝜑𝐴/𝜕𝑋𝐵𝜕𝑋𝐶 = 0, for
all 𝐷, 𝐴 = 1, 2, 3.

This conclusion, however, is less immediate when the covariant gradient of 𝑭𝛾
is used. Indeed, even by setting [𝑭𝛾]𝐴𝐵 = 𝜕𝜑𝐴/𝜕𝑋𝐵 and enforcing the symmetry
property of the Christoffel symbols, say Γ𝑃𝐵𝐶 , in the lower indices 𝐵 and𝐶, Equation
(6.3) returns[

Curl𝑭𝛾
]𝐷𝐴

=
1√︁

det[𝑮]
𝜖𝐷𝐶𝐵 [𝑭𝛾]𝐿𝐵Γ𝐴𝐿𝐶 =

1√︁
det[𝑮]

𝜖𝐷𝐶𝐵
𝜕𝜑𝐿

𝜕𝑋𝐵
Γ𝐴𝐿𝐶 , (6.5)

which, to be zero, requires the symmetry of (𝜕𝜑𝐿/𝜕𝑋𝐵)Γ𝐴𝐿𝐶 in the indices 𝐵 and 𝐶.
Yet, this is in general not the case unless it holds that 𝜕𝜑𝐿/𝜕𝑋𝐵 = 𝑐 𝛿𝐿𝐵, for some
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𝑐 ∈ ]0,+∞[ , which yields (for 𝑐 = 1)[
Curl𝑭𝛾

]𝐷𝐴
=

1√︁
det[𝑮]

𝜖𝐷𝐶𝐵𝛿𝐿𝐵Γ
𝐴
𝐿𝐶 =

1√︁
det[𝑮]

𝜖𝐷𝐶𝐵Γ𝐴𝐵𝐶 = 0, (6.6)

since Γ𝐴𝐵𝐶 = Γ𝐴𝐶𝐵.

The non-vanishing of [Curl𝑭𝛾]𝐷𝐴 in Equation (6.5) follows from regarding the
generic basis vector field 𝑬𝐿 of the decomposition 𝑭𝛾 = [𝑭𝛾]𝐿𝑀𝑬𝐿 ⊗ 𝑬𝑀 as a
function of 𝑋 , so that its partial derivatives are given by

𝜕𝑬𝐿

𝜕𝑋𝐶
= Γ𝐴𝐿𝐶𝑬𝐴, with 𝐿, 𝐶 = 1, 2, 3. (6.7)

On the other hand, if 𝑭𝛾 is to be identified with the Jacobian tensor field 𝐷𝜓 of a
𝐶2 map 𝜓, which defines a transformation of B into a new placement B̃ := 𝜓(B),
as is the case for configurational changes (see, e.g., the work by Grillo et al. [77] and
Federico et al. [110]), then 𝑭𝛾 is naturally represented by a two-point tensor field
and its decomposition reads

𝑭𝛾 = 𝐷𝜓 =
𝜕𝜓𝛼

𝜕𝑋𝐵
[𝖊𝛼 ◦ 𝜓] ⊗ 𝑬𝐵, 𝐷𝜓(𝑋) : 𝑇𝑋B → 𝑇𝜓(𝑋)B̃, (6.8)

where {𝖊𝛼 (𝜓(𝑋))}3
𝛼=1 ⊂ 𝑇𝜓(𝑋)B̃ is a basis of the tangent space𝑇𝜓(𝑋)B̃. Accordingly,

the components of the covariant material gradient of 𝑭𝛾 become

[Grad𝑭𝛾]𝛼𝐵𝐶 = [Grad𝐷𝜓]𝛼𝐵𝐶 =
𝜕2𝜓𝛼

𝜕𝑋𝐵𝜕𝑋𝐶
+ 𝜕𝜓𝜆

𝜕𝑋𝐵
𝛾𝛼𝜆𝜇

𝜕𝜓𝜇

𝜕𝑋𝐶
− 𝜕𝜓𝛼

𝜕𝑋𝐷
Γ𝐷𝐵𝐶 ,

(6.9)

with 𝛾𝛼𝜆𝜇 being the Christoffel symbols, composed with 𝜓, generated by the
differentiation of the generic basis vector field 𝖊𝛼 with respect to the coordinates
(locally) covering B̃. Hence, unlike Equation (6.5), the components of Curl𝑭𝛾 are
given by

[Curl𝑭𝛾]𝐷𝛼 =
1√︁

det[𝑮]
𝜖𝐷𝐶𝐵 [Grad𝐷𝜓]𝛼𝐵𝐶

=
1√︁

det[𝑮]
𝜖𝐷𝐶𝐵

𝜕𝜓𝜆

𝜕𝑋𝐵
𝛾𝛼𝜆𝜇

𝜕𝜓𝜇

𝜕𝑋𝐶
= 0 (6.10)
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(see also the work by Bonet et al. [189], in which the definition of the curl of a
second-order tensor field is the transpose of the one adopted by Gurtin and Anand
[142]). Indeed, while the first term and the third term on the right-hand side of
Equation (6.9) do not contribute to [Curl𝑭𝛾]𝐷𝛼 because of Schwartz’s Theorem and
because of the symmetry of the Christoffel symbols Γ𝐷𝐵𝐶 in the indices 𝐵 and 𝐶,
the second term yields the vanishing of [Curl𝑭𝛾]𝐷𝛼 since the symmetry of 𝛾𝛼𝜆𝜇 in
the indices 𝜆 and 𝜇 makes it symmetric in 𝐵 and 𝐶, too, for each 𝛼 = 1, 2, 3.

Finally, we consider the case in which 𝑭𝛾 is given by 𝑭𝛾 = 𝑴𝛾𝐷𝜓, where
𝜓 and 𝐷𝜓 are defined as before and 𝑴𝛾 ( 𝑋̃, 𝑡) : 𝑇𝑋̃B → N𝑋̃ (𝑡) is intrinsically
incompatible, unless it trivially reduces to the identity tensor 𝑰 from 𝑇𝑋̃B̃ into itself
(see, e.g., the work by Ciancio et al. [190]). According to this decomposition of
𝑭𝛾, 𝑭𝛾 is a two-point tensor with components [𝑭𝛾]𝛼𝐵 = [𝑴𝛾]𝛼𝛽 (𝜕𝜓𝛽/𝜕𝑋𝐵) and
Curl𝑭𝛾 vanishes when 𝑴𝛾 = 𝑰.

Note that, however, when we say that 𝑭𝛾 is a “mixed, but (formally) not two-
point, tensor field”, we are considering the opposite situation, in which 𝑭𝛾 is
intrinsically incompatible and, thus, coinciding with 𝑴𝛾 up to an unessential shift
from 𝑇𝑋B to 𝑇𝑋̃B̃. This condition, in fact, is met by considering the trivial maps
𝜓𝛽 (𝑋) := 𝛿𝛽𝐵𝑋𝐵 + 𝑐𝛽0 , where 𝛿𝛽𝐵 are the components of the shifter operator [24]
and 𝑐𝛽0 are real constants (which may be taken to be null). Hence, by disregarding
the unessential shifter and using uppercase indices only, our approach amounts to
taking 𝑭𝛾 as the fully incompatible element of the class of tensors of the type 𝑴𝛾𝐷𝜓.
Hence, granted the identification 𝑭𝛾 ≡ 𝑴𝛾 , Curl𝑭𝛾 is non-null and the case in which
it reduces to the Jacobian tensor field of a deformation-like map is excluded.

6.2.2 Mass balances and the mixture incompressibility constraint

We model the multicellular aggregate under study as a biphasic mixture, comprising
a soft solid phase and an interstitial fluid. To account for the mass balance of each
phase, we introduce the intrinsic mass densities 𝜚s and 𝜚f , the volumetric fractions
𝜙s and 𝜙f , the apparent mass densities 𝜌s := 𝜙s𝜚s and 𝜌f := 𝜙f 𝜚f , as well as the
apparent density of the mixture 𝜌 = 𝜌s + 𝜌f . The volumetric fractions are regarded as
real-valued, non-negative functions of the current placement fulfilling the saturation
condition 𝜙s(𝑥, 𝑡) + 𝜙f (𝑥, 𝑡) = 1 for all pairs (𝑥, 𝑡) ∈ B(𝑡) ×I . Hence, we can write
𝜙s( · , 𝑡) : B(𝑡) → [0, 1] and 𝜙f ( · , 𝑡) : B(𝑡) → [0, 1]. We require 𝜚s and 𝜚f to be
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constant, so that the evolution of the apparent mass densities 𝜌s and 𝜌f is entirely
due to the variations of the volumetric fractions 𝜙s and 𝜙f = 1 − 𝜙s.

In our model we neglect growth, be it volumetric or appositional, and, in
general, any phenomena representing mass exchanges between the phases. Under
this assumption, and dropping the constant intrinsic mass densities, the mass balance
equations for the biphasic mixture read

𝜕𝑡𝜙s + div(𝜙s𝒗s) = 0, in B(𝑡), (6.11a)

𝜕𝑡𝜙f + div(𝜙f𝒗f) = 0, in B(𝑡), (6.11b)

where 𝒗s and 𝒗f denote the velocity fields of the solid and fluid phases, respectively.
Summing Equations (6.11a) and (6.11b) yields the so-called “mixture incompress-
ibility condition” [180], which is given by

div(𝜙s𝒗s + 𝜙f𝒗f) = 0, in B(𝑡). (6.12)

By introducing the substantial derivative operator with respect to the velocity
of the solid phase, i.e., Ds 𝑓 := 𝜕𝑡 𝑓 + (grad 𝑓 )𝒗s, with 𝑓 being a differentiable scalar
function, Equation (6.11a) can be recast in the form Ds𝜙s + 𝜙sdiv𝒗s = 0. Moreover,
upon denoting by T : B × I → I the time-projection map [24, 191], defined such
that (𝑋, 𝑡) ↦→ T(𝑋, 𝑡) = 𝑡, and recalling the identity ¤𝐽 = 𝐽 [div𝒗s ◦ (𝜒, T)], we can
compute the solid phase volumetric fractions associated with the natural state and with
the reference placement as Φs𝜈 := 𝐽e [𝜙s ◦ (𝜒, T)] and ΦsR := 𝐽 [𝜙s ◦ (𝜒, T)] = 𝐽𝛾Φs𝜈,
respectively. The composition of functions, expressed by the symbol “◦”, gives
𝑓 (𝑋, 𝑡) = [ 𝑓 ◦ ℎ] (𝑋, 𝑡) = 𝑓 (ℎ(𝑋, 𝑡)), for any triple of functions 𝑓 , 𝑓 , and ℎ. Note
that ℎ can also be a collection of functions defined in B ×I , as is the case for (𝜒, T).
Then, we obtain

¤ΦsR =
¤

𝐽𝛾Φs𝜈 = 0 =⇒ 𝐽𝛾{ ¤Φs𝜈 +Φs𝜈tr(𝑭−1
𝛾

¤𝑭𝛾)} = 0, (6.13)

where Φs𝜈 and ΦsR are the backward Piola transformations of 𝜙s to the natural
state and to the reference placement of the medium, respectively. In particular,
Equation (6.13) prescribes that ΦsR is constant in time, and that Φs𝜈 can be obtained
as Φs𝜈 = 𝐽

−1
𝛾 ΦsR. In fact, this expression of Φs𝜈 is the solution to Equation (6.13).

Moreover, if ΦsR is regarded as given, e.g., in terms of the (initial) distribution of
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the solid phase in the medium’s reference placement, then Φs𝜈 describes how the
volumetric fraction of the solid phase evolves in response to the volumetric anelastic
distortions, modeled by 𝐽𝛾.

The condition of incompressibility (6.12) can be pulled back to B and recast in
the two equivalent forms

¤𝐽 + Div[ΦfR(𝑽f − 𝑽s)𝑭−T] = 0, in B, (6.14a)

Div[(ΦsR𝑽s +ΦfR𝑽f)𝑭−T] = 0, in B, (6.14b)

where ΦfR := 𝐽 −ΦsR is the volumetric fraction of the fluid phase per unit volume of
B, while 𝑽s := 𝒗s ◦ (𝜒, T) and 𝑽f := 𝒗f ◦ (𝜒, T) are the velocity fields of the solid
and of the fluid phase defined over B × I . In spite of their being one equivalent to
the other, Equations (6.14a) and (6.14b) will be handled in a different way. Indeed,
Equation (6.14a) represents the condition of incompressibility as typically handled
in the mechanics of porous media, whereas Equation (6.14b) expresses how such
condition constrains the velocities of the solid and of the fluid phase and, in the
forthcoming sections, it will be used to perform the variations on these velocities.
In this respect, Equation (6.14b) is, in the biphasic setting, the counterpart of the
condition that the velocity of an incompressible monophasic medium be divergence
free. Indeed, in a monophasic continuum in which mass is locally conserved (e.g.,
in the absence of growth or similar phenomena), the condition of incompressibility
is reflected by the kinematic constraint that the velocity of the medium have zero
divergence. On the other hand, in a saturated biphasic medium, it is the so-called

“composite velocity” [192], i.e., 𝜙s𝒗s + 𝜙f𝒗f , that has to be divergence free when both
phases are intrinsically incompressible. The composite velocity, pulled back to the
medium’s reference placement, returns the argument of the divergence in Equation
(6.14b). This point of view has been exploited in [4].

6.2.3 Constraints on the rate of remodeling distortions

Following Gurtin and Anand [142], we hypothesize that the remodeling distortions
represented by 𝑭𝛾 are isochoric and yield vanishing spin. In our notation, these two
conditions, holding at all points of B and at all instants of I , read

𝐽𝛾 ≡ det 𝑭𝛾 = 1, 𝑾𝛾 ≡ 1
2
[
𝑮 ¤𝑭𝛾𝑭−1

𝛾 − ( ¤𝑭𝛾𝑭−1
𝛾 )T𝑮

]
= 𝑶, (6.15)
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where 𝑶 is the null tensor field of the second order. Gurtin and Anand [142]
handled these assumptions in strong form, thereby developing their theory on the
kinematic descriptor 𝑫𝛾, naturally compliant with the condition (6.15)2, and which
they took deviatoric as a direct consequence of (6.15)1. However, by adhering to the
framework of the Analytical Mechanics of constrained systems [11, 12, 14, 13], we
view the conditions (6.15) as two independent constraints on 𝑭𝛾 and ¤𝑭𝛾. This is a
methodological alternative to that used by Gurtin and Anand [142], and is based on
some recent works of our group [23, 32, 1, 2, 6] and on the references therein.

While the constraint of isochoric remodeling distortions is holonomic [11],
meaning that, as stated in (6.15)1, it is expressed as a function of 𝑭𝛾 , the constraint of
vanishing spin is in general nonholonomic [11], since it conveys a restriction on the
admissible values of ¤𝑭𝛾 . However, for the forthcoming formulation it is convenient to
express also Equation (6.15)1 in differential form, so that, in terms of 𝑳𝛾 := ¤𝑭𝛾𝑭−1

𝛾 ,
we obtain:

Cdev = Ĉdev ◦ 𝑳𝛾 := ⟨𝐽𝛾 𝑰T |𝑳𝛾⟩ = ⟨𝐽𝛾𝑮−1 |𝑮𝑳𝛾⟩ = 0, (6.16a)

Csym = Ĉsym ◦ 𝑳𝛾 := 1
2
[
𝑮𝑳𝛾 − (𝑮𝑳𝛾)T] = 𝑶, (6.16b)

where 𝑰 : 𝑇B → 𝑇B is the material identity tensor field. Here, the subscripts “dev”
and “sym” indicate that 𝑳𝛾 and 𝑮𝑳𝛾 have to be “deviatoric” (isochoric remodeling)
and “symmetric”, respectively. Moreover, for a generic kinematic quantity 𝒇 —be
it a vector or a tensor field— and its dual 𝜷, the angular brackets ⟨𝜷| 𝒇 ⟩ denote the
duality products between 𝜷 and 𝒇 .

Equations (6.13), (6.15)1 and (6.16a) imply that Φs𝜈 is constant in time and that
its numerical value coincides with that of the volumetric fraction of the solid phase
in the reference placement, i.e., with ΦsR.

To handle Grad𝑳𝛾 with the restrictions placed on 𝑳𝛾, one could also take the
gradient of Equations (6.16a) and (6.16b), and regard the resulting expressions as
additional constraints. This approach is followed, e.g., by Anderson et al. [193],
Chen and Fried [194], and Pastore et al. [6] for uniaxial nematic elastomers, and by
Bertram and Glüge [195] for incompressible second-gradient monophasic media. In
the present work, however, we do not follow this path.
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6.2.4 Chetaev’s conditions

The constraints (6.16a) and (6.16b) restrict the set of the admissible virtual velocities
associated with ¤𝑭𝛾 or 𝑳𝛾 . Indeed, upon denoting by 𝑳𝛾v the virtual velocity associated
with 𝑳𝛾 , and introducing the hypothesis of “ideal constraints” [11, 16, 23, 32, 1, 2],
𝑳𝛾v must comply with so-called Chetaev’s conditions [16, 1]:

Adev := Âdev ◦ (𝑳𝛾, 𝑳𝛾v)

=

(
𝜕Ĉdev
𝜕𝑳𝛾

◦ 𝑳𝛾

)
[𝑳𝛾v] = ⟨𝐽𝛾 𝑰T |𝑳𝛾v⟩ = ⟨𝐽𝛾𝑮−1 |𝑮𝑳𝛾v⟩ = 0, (6.17a)

Asym := Âsym ◦ (𝑳𝛾, 𝑳𝛾v)

=

(
𝜕Ĉsym

𝜕𝑳𝛾
◦ 𝑳𝛾

)
[𝑳𝛾v] = 1

2
[
𝑮𝑳𝛾v − (𝑮𝑳𝛾v)T] = 𝑶, (6.17b)

where (𝜕𝑳𝛾
Ĉdev ◦ 𝑳𝛾) [𝑳𝛾v] and (𝜕𝑳𝛾

Ĉsym ◦ 𝑳𝛾) [𝑳𝛾v] are the Gâteaux derivatives
of Ĉdev and Ĉsym evaluated in 𝑳𝛾 and along 𝑳𝛾v. Accordingly, the virtual velocities
𝑳𝛾v must be deviatoric and symmetric with respect to the metric tensor field 𝑮. Also,
𝑳𝛾v can be expressed as 𝑳𝛾v := V𝛾v𝑭

−1
𝛾 , with V𝛾v being the virtual velocity field

associated with the time derivative of the remodeling tensor.

Note that, since the constraint functions Ĉdev and Ĉsym are both linear in 𝑳𝛾 , the
corresponding functions Âdev and Âsym are independent of 𝑳𝛾 and depend linearly
on 𝑳𝛾v. For this reason, to simplify the notation, we shall write Âdev ◦ 𝑳𝛾v and
Âsym ◦ 𝑳𝛾v from here on.

Quite differently from Equations (6.17a) and (6.17b), in which the Gâteaux
derivatives are performed by direct differentiation of the constraints (6.16a) and
(6.16b) with respect to 𝑳𝛾 , Chetaev’s condition associated with the constraint (6.14b)
is obtained as follows. First, we redefine Equation (6.14b) through the functional

Cinc := Ĉinc ◦ (𝑽s,𝑽f) = Div[(ΦsR𝑽s +ΦfR𝑽f)𝑭−T] = 0, (6.18)

which is linear in the velocities 𝑽s and 𝑽f (we adopt this notation for convenience,
but Ĉinc could also be defined as a function of 𝑽s, 𝑽f , Grad𝑽s and Grad𝑽f). Then,
we introduce the homotopies 𝑽s ↦→ 𝑽s + 𝜀𝑽sv and 𝑽f ↦→ 𝑽f + 𝜀𝑽fv, where 𝜀 is a
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non-dimensional smallness parameter, and we define the function

C̃inc(𝜀) := Ĉinc ◦ (𝑽s + 𝜀𝑽sv,𝑽f + 𝜀𝑽fv)
= Div[(ΦsR(𝑽s + 𝜀𝑽sv) +ΦfR(𝑽f + 𝜀𝑽fv))𝑭−T]
= Div[(ΦsR𝑽s +ΦfR𝑽f)𝑭−T] + 𝜀Div[(ΦsR𝑽sv +ΦfR𝑽fv)𝑭−T] . (6.19)

Thus, Chetaev’s condition is given by (see the work by Giammarini et al. [4] for an
analogous expression)

Ainc :=
dC̃inc

d𝜀
(0) = (𝐷Ĉinc ◦ (𝑽s,𝑽f)) [𝑽sv,𝑽fv]

= Div[(ΦsR𝑽sv +ΦfR𝑽fv)𝑭−T] = 0, (6.20)

where (𝐷Ĉinc ◦ (𝑽s,𝑽f)) [𝑽sv,𝑽fv] is the Gâteaux derivative of Ĉinc, evaluated at
(𝑽s,𝑽f) and along the virtual velocities 𝑽sv and 𝑽fv. For future use, we write
Ainc := Âinc ◦ (𝑽sv,𝑽fv). Also for Âinc the same notational considerations hold that
have been reported in the parentheses after Equation (6.18), but in terms of the virtual
fields.

6.3 Force balances in biphasic mixtures undergoing
remodeling

We complete the kinematic picture of the system under study by defining, for each of
the considered degrees of freedom, the generalized virtual velocity field chosen as
descriptor. From here on, unless there is room for confusion, we use “virtual velocity
field” and “virtual velocity” interchangeably.

Next, we introduce the generalized force fields acting on the system. We do this
by identifying each of such fields with the entity that represents the virtual power
expended on the corresponding virtual velocity. Each virtual power constructed
this way is, by definition, a linear functional in the associated virtual velocity. This
functional has the property of being bounded in this virtual velocity, and continuous.
Also for the force fields, we shall simply speak of “forces” when there is no lack of
clarity.
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To define the generalized forces, we distinguish them between internal and
external. Furthermore, we classify the external forces as bulk forces and surface
forces, depending on how they act on the system.

For the framework of the Principle of Virtual Power, we refer to the foundational
works by Germain [137] and Epstein and Segev [138].

6.3.1 Principle of Virtual Power (PVP) with constraints

Granted the kinematical setting outlined in Section 2, we consider the collections

M := {𝑽s ≡ ¤𝜒,𝑽f ,Grad𝑽s,Grad𝑽f , 𝑳𝛾,Grad𝑳𝛾}, (6.21a)

Mv := {𝑽sv,𝑽fv,Grad𝑽sv,Grad𝑽fv, 𝑳𝛾v,Grad𝑳𝛾v}, (6.21b)

comprising the generalized velocity fields of the system under study and the cor-
responding virtual fields, respectively, and in which 𝑽s and 𝑽f , as well as 𝑽sv and
𝑽fv, comply with the constraint (6.14b), while 𝑳𝛾 and 𝑳𝛾v comply with (6.16a) and
(6.16b) (in fact, the virtual fields comply with Chetaev’s conditions (6.20), (6.17a)
and (6.17b)). The subscript “v” stands for “virtual” in all the symbols in which it
appears. The fields 𝑽s, 𝑽f and 𝑳𝛾, and their virtual counterparts 𝑽sv, 𝑽fv and 𝑳𝛾v

are defined on the topological closure of B, i.e., on B = B ∪ 𝜕B.

To define the virtual power, we introduce the functional spaces which 𝑽sv, 𝑽fv

and 𝑳𝛾v belong to, and we denote them by Vsv, Vfv and V𝛾v, respectively. For
𝛼 = s,f, V𝛼v is a subset of the Sobolev space 𝐻1(B;𝑇S ) of functions valued in 𝑇S ,
characterized by the Dirichlet boundary conditions assigned to the motion of the solid
and of the fluid phase. Analogously, V𝛾v is, in general, a subspace of 𝐻1(B; [𝑇B]1

1)
of tensor functions valued in [𝑇B]1

1. We recall that, for a given scalar, vector,
or tensor space S, 𝐻1(B; S) is the Sobolev space of fields defined over B, valued
in S, square-integrable in B, and with distributional gradient square-integrable in
B. Integrability is understood in the sense of Lebesgue, and the space of S-valued
fields that are square-integrable in B according to Lebesgue’s measure is denoted by
𝐿2(B;S) [196].

To handle the values attained by 𝑽𝛼 and 𝑽𝛼v on the boundary of B, we have
recourse to the trace operators [196], which, in the present setting, map a given
field of 𝐻1(B;𝑇S ) into a field of 𝐿2(𝜕B;𝑇S ). However, since it is known from
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Functional Analysis that the trace operators defined in this way are not surjective [196],
they are re-defined as ℘ : 𝐻1(B;𝑇S ) → 𝐻1/2(𝜕B;𝑇S ), where 𝐻1/2(𝜕B;𝑇S )
is given by 𝐻1/2(𝜕B;𝑇S ) := {℘(𝑾) : 𝑾 ∈ 𝐻1(B;𝑇S )} ⊂ 𝐿2(𝜕B;𝑇S ), and
℘(𝑾) is said to be the trace of 𝑾 on 𝜕B. To simplify the notation, we shall omit the
symbol ℘(𝑾) to indicate that 𝑾 is evaluated on 𝜕B, or on a portion of it. However,
such evaluation will be understood in the sense of the trace of 𝑾. The same shall
apply to the evaluation of a component of 𝑾 in a given vector basis.

Since in this work we deal with second-order tensors for which their algebraic
trace “tr” has to be evaluated, the operator “tr” should not be confused with the trace
operator of Functional Analysis. However, it will be clear from the context which
operator is meant.

For 𝑑 = 1,2,3, let Γ𝑑sD and Γ𝑑fD be the portions of 𝜕B on which, in a given local
coordinate system and in the associated vector basis, the 𝑑th component of the solid
phase motion 𝜒 and of the fluid velocity 𝑽f are prescribed by means of Dirichlet
boundary conditions. On Γ𝑑sD and Γ𝑑fD, the 𝑑th component of 𝑽sv and 𝑽fv, i.e., 𝑉 𝑑sv
and 𝑉 𝑑fv, are identically null by construction. On the other hand, since we prescribe
no Dirichlet conditions on 𝑭𝛾 or on 𝑳𝛾 , no restriction of this type is required for 𝑳𝛾v.
Hence, we set1

Vsv = {𝑽sv ∈ 𝐻1(B;𝑇S ) : 𝑉 𝑑sv = 0 on Γ𝑑sD, 𝑑 ∈ {1,2,3}}, (6.22a)

Vfv = {𝑽fv ∈ 𝐻1(B;𝑇S ) : 𝑉 𝑑fv = 0 on Γ𝑑fD, 𝑑 ∈ {1,2,3}}, (6.22b)

V𝛾v ≡ 𝐻1(B; [𝑇B]1
1). (6.22c)

Internal virtual power. Given Vsv, Vfv and V𝛾v, we define the internal virtual
power as

P
(i)
v : Vsv × Vfv × V𝛾v → R, (6.23a)

P
(i)
v (𝑽sv,𝑽fv, 𝑳𝛾v) :=

∫
B

∑︁
𝛼

{
⟨𝐽𝒎𝛼 |𝑽𝛼v⟩+⟨𝑷𝛼 |Grad𝑽𝛼v⟩

}
+
∫

B

{
⟨𝒀u |𝑳𝛾v⟩+⟨Yu | Grad𝑳𝛾v⟩

}
, (6.23b)

1In order to emphasize the Functional Analysis aspects of the topic addressed in this chapter, the
dependence of the virtual powers on the virtual (test) velocity fields has been given explicitly. Virtual
powers, indeed, are linear functionals over the virtual velocity fields, as already indicated in Equation
(5.18) of Section 5.2.3.
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where 𝐽𝒎𝛼 is the active part of the force, expressed per unit volume of the reference
placement, that the 𝛼th phase, 𝛼 ∈ {s, f}, exchanges with the other one [182] (it is
here referred to as “active” because it is not directly related to the constraints and,
in the following, it will be expressed constitutively); 𝑷𝛼 is the active part of the
first Piola–Kirchhoff stress tensor associated with the 𝛼th phase; 𝒀u is the active
stress-like generalized force dual to 𝑳𝛾v; finally,Yu is the tensor field of the third
order that expresses the active generalized stress dual to Grad𝑳𝛾v.

The generalized forces 𝐽𝒎𝛼, 𝑷𝛼,𝒀u andYu must belong to functional spaces that
guarantee the existence and finiteness of the integrals of Equation (6.23b). Moreover,
P
(i)
v should be linear and bounded in each of its arguments.

Null reactive virtual power. Since the constraints (6.16a) and (6.16b) are “ideal”
[11, 16], the reaction forces generated by them expend zero virtual power against any
admissible virtual velocity field. We enforce this property weakly by employing the
Lagrange multiplier technique. Hence, we introduce a scalar Lagrange multiplier
𝜂 and a tensorial Lagrange multiplier 𝚼, their associated virtual fields 𝜂v and 𝚼v,
and we conjugate 𝜂v and 𝚼v with (6.16a) and (6.16b), respectively, and 𝜂 and 𝚼 with
Chetaev’s conditions (6.17a) and (6.17b). Note that 𝜂, 𝜂v, 𝚼 and 𝚼v have physical
units of mechanical stress.

Analogous considerations are made for the incompressibility constraint, expressed
in the form (6.14b) and in Chetaev’s condition (6.20). The condition (6.20) is
conjugated with a Lagrange multiplier 𝑝, acquiring the meaning of a pressure, while
the constraint (6.14b) is conjugated with the virtual pressure 𝑝v.

We denote by V𝜂v, V𝚼v, and Vpv the functional spaces in which the virtual
multipliers 𝜂v, 𝚼v, and 𝑝v live, and we define them as

V𝜂v = 𝐿2(B;R), V𝚼v = 𝐿2(B; [𝑇B]2), Vpv = 𝐻1(B;R). (6.24)

Then, we write the null virtual powers expended by the reaction forces on the
constraints as

P
(dev)
v : V𝛾v × V𝜂v → R, (6.25a)

P
(dev)
v (𝑳𝛾v; 𝜂v) :=

∫
B
𝜂[Âdev ◦ 𝑳𝛾v] +

∫
B
𝜂v [Ĉdev ◦ 𝑳𝛾] = 0, (6.25b)
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P
(sym)
v : V𝛾v × V𝚼v → R, (6.25c)

P
(sym)
v (𝑳𝛾v;𝚼v) :=

∫
B
⟨𝚼|Âsym ◦ 𝑳𝛾v⟩ +

∫
B
⟨𝚼v |Ĉsym ◦ 𝑳𝛾⟩ = 0, (6.25d)

P
(inc)
v : Vsv × Vfv × Vpv → R, (6.25e)

P
(inc)
v (𝑽sv,𝑽fv; 𝑝v) := −

∫
B
𝑝 [Âinc ◦ (𝑽sv,𝑽fv)]

−
∫

B
𝑝v [Ĉinc ◦ (𝑽s,𝑽f)] = 0. (6.25f)

As for P(i)
v , the functional spaces of the “true” Lagrange multipliers 𝜂, 𝚼 and 𝑝,

of the “true” velocity fields 𝑽s and 𝑽f , and of the motion 𝜒 must be such that the
integrals in Equations (6.25b), (6.25d) and (6.25f) exist and be finite. Moreover, the
total (null) virtual power done by the reaction forces on the constraints is linear and
bounded in its arguments and is given by

P
(c)
v (𝑽sv,𝑽fv, 𝑳𝛾v; 𝑝v, 𝜂v,𝚼v)

:= P
(dev)
v (𝑳𝛾v; 𝜂v) + P

(sym)
v (𝑳𝛾v;𝚼v) + P

(inc)
v (𝑽sv,𝑽fv; 𝑝v) = 0. (6.26)

Although Equations (6.25b) and (6.25d) state that the virtual power done by
the reaction forces is zero, 𝜂 and 𝚼 are not the reaction forces, in general. They
are, however, related to these forces, as will become clear in Equations (6.27a) and
(6.27b) below. Note also that, since 𝜂v and 𝚼v can be taken arbitrarily (see the
forthcoming calculations), the last summands of Equations (6.25b) and (6.25d) return
the constraints (6.16a) and (6.16b) in strong form. Moreover, if the last integrals
of Equations (6.25b) and (6.25d) are evaluated for the “true” values of 𝑳𝛾, i.e., for
the velocities solving the dynamic problem under study, which have to fulfill the
constraints, then Ĉdev ◦ 𝑳𝛾 and Ĉsym ◦ 𝑳𝛾 vanish identically. The same holds true for
the velocities 𝑽s and 𝑽f in the last integral of Equation (6.25f).

To identify explicitly the reaction forces associated with the constraints on 𝑳𝛾,
let us rewrite the integrands 𝜂[Âdev ◦ 𝑳𝛾v] and ⟨𝚼|Âsym ◦ 𝑳𝛾v⟩ in Equations (6.25b)
and (6.25d) as

𝜂[Âdev ◦ 𝑳𝛾v] = ⟨𝐽𝛾𝜂𝑰T |𝑳𝛾v⟩ = 0, (6.27a)

⟨𝚼|Âsym ◦ 𝑳𝛾v⟩ = ⟨𝑮 (Skew𝚼) |𝑳𝛾v⟩ = 0. (6.27b)
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These expressions make it clear that the reaction forces are dual to 𝑳𝛾v and are
represented by the tensor fields 𝐽𝛾𝜂𝑰T and 𝑮 (Skew𝚼). These quantities, in turn,
viewed as real-valued linear maps acting on V𝛾v, read ⟨𝐽𝛾𝜂𝑰T | · ⟩ and ⟨𝑮 (Skew𝚼) | · ⟩.
Consistently with this picture, the generalized virtual velocities 𝑳𝛾v must belong to
the intersection of the kernels of ⟨𝐽𝛾𝜂𝑰T | · ⟩ and ⟨𝑮 (Skew𝚼) | · ⟩. Hence, we write

𝑳𝛾v ∈ Ker⟨𝐽𝛾𝜂𝑰T | · ⟩ ∩ Ker⟨𝑮 (Skew𝚼) | · ⟩, (6.28)

which implies that a generic 𝑳𝛾v is admissible if it is deviatoric and symmetric with
respect to the metric tensor field 𝑮. These conditions are prescribed on 𝑳𝛾 by the
constraints (6.16a) and (6.16b), and allow us to rewrite the first two summands on
the right-hand side of Equation (6.26) as

P
(dev)
v (𝑳𝛾v; 𝜂v) + P

(sym)
v (𝑳𝛾v;𝚼v)

=

∫
B
⟨𝐽𝛾𝜂𝑰T + 𝑮 (Skew𝚼) |𝑳𝛾v⟩

+
∫

B
𝜂v [Ĉdev ◦ 𝑳𝛾] +

∫
B
⟨𝚼v |Ĉsym ◦ 𝑳𝛾⟩ = 0. (6.29)

On the same footing, we can determine the reaction forces associated with the
Lagrange multiplier 𝑝 by working out the first integrand on the right-hand side of
Equation (6.25f). Indeed, by expanding the divergence in Âinc ◦ (𝑽sv,𝑽fv), and using
the Piola identity, we obtain

P
(inc)
v (𝑽sv,𝑽fv; 𝑝v) =

∫
B

∑︁
𝛼

{
⟨−𝐽𝑝 𝑭−TGrad𝜙𝛼R |𝑽𝛼v⟩ + ⟨−Φ𝛼R𝑝𝑭

−T |Grad𝑽𝛼v⟩
}

−
∫

B
𝑝v [Ĉinc ◦ (𝑽s,𝑽f)], (6.30)

where 𝜙𝛼R ≡ 𝜙𝛼 ◦ (𝜒, T) = Φ𝛼R/𝐽. Hence, for 𝛼 = s,f, we identify the reactive
contributions

− 𝐽𝑝 𝑭−TGrad𝜙𝛼R ≡ −𝐽𝑝 [grad𝜙𝛼 ◦ (𝜒, T)], −Φ𝛼R𝑝𝑭
−T. (6.31)

The force in Equation (6.31)1 is the reaction part of the internal force due to the
momentum exchange between the solid and the fluid phase of the considered medium.
For 𝛼 = s,f, −𝐽𝑝 𝑭−TGrad𝜙𝛼R adds to 𝐽𝒎𝛼 to determine the overall internal force
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dual to 𝑽𝛼v. Moreover, it satisfies the requirement that the sum over 𝛼 = s,f of the
internal forces should be null. This follows from the saturation condition

∑
𝛼 𝜙𝛼R = 1,

which yields −∑
𝛼 𝐽𝑝 𝑭

−TGrad𝜙𝛼R = −𝐽𝑝𝑭−TGrad
( ∑

𝛼 𝜙𝛼R
)
= 0. Similarly, the

stress contribution −Φ𝛼R𝑝𝑭
−T in Equation (6.31)2 identifies the reaction part of the

first Piola–Kirchhoff stress tensor of the 𝛼th phase dual to the gradient Grad𝑽𝛼v of
the corresponding virtual velocity.

External virtual power. Next, we define the external virtual power as

P
(e)
v : Vsv × Vfv × V𝛾v → R, (6.32a)

P
(e)
v (𝑽sv,𝑽fv, 𝑳𝛾v) :=

∫
B

∑︁
𝛼

⟨ 𝒇𝛼 |𝑽𝛼v⟩ +
∑︁
𝛼

3∑︁
𝑑=1

∫
𝜕B\Γ𝑑

𝛼D

𝜏𝛼𝑑𝑉
𝑑
𝛼v

+
∫

B
⟨𝒁 |𝑳𝛾v⟩, (6.32b)

where 𝒇𝛼 := Φ𝛼R𝜚𝛼 𝒇 is the amount of the external force per unit mass 𝒇 felt by
the 𝛼th phase [182]; 𝜏𝛼𝑑 is the 𝑑th component, in the given basis of co-vector
fields {𝒆𝑐}3

𝑐=1 ⊂ (𝑇S )∗, of the contact force 𝝉𝛼, relative to the 𝛼th phase, that is
assumed to act on the portion of 𝜕B complementary to Γ𝑑

𝛼D (see Hughes [197]); 𝒁
is the external force density associated with the remodeling process acting on the
remodeling rate 𝑳𝛾. The forces 𝒇𝛼, 𝝉𝛼, and 𝒁 must guarantee the existence and
finiteness of the integrals in Equation (6.32b), and P

(e)
v must be linear and bounded in

each of its arguments. Moreover, we assume negligible inertial forces and no external
forces dual to the functional trace of the virtual remodeling rate on 𝜕B. It is worth
emphasizing that, as evidenced by Gurtin and Anand [18], one could also account
for an additional supply of external work manifested in the form of “remodeling”
contact forces operating on the boundary 𝜕B. However, we do not introduce these
external agencies here and, consequently, we restrict our investigation to what Gurtin
and Anand [18] call “microscopically free” boundaries2.

Principle of Virtual Power. The definition (6.26) of P
(c)
v as a useful tool for

studying constrained systems by means of the Principle of Virtual Power (PVP) is
2The generalized forces𝒀u and 𝒁 introduced in this chapter, although sharing the same notation with

the generalized forces employed in Chapter 5, are the push-forwards of their counterparts in Chapter 5
since they are dual to the virtual variations associated with the natural rate of remodeling 𝑳𝛾 ≡ ¤𝑭𝛾𝑭

−1
𝛾

rather than to the virtual variations related to the material rate of remodeling 𝚲𝛾 ≡ 𝑭−1
𝛾

¤𝑭𝛾 .
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taken from the book by Bonet and Wood [106], in which the PVP is formulated for
computational problems. Following this methodology, we employ a constrained
form of the PVP, which requires the fulfillment of the condition

P
(i)
v (𝑽sv,𝑽fv, 𝑳𝛾v) + P

(c)
v (𝑽sv,𝑽fv, 𝑳𝛾v; 𝑝v, 𝜂v,𝚼v) = P

(e)
v (𝑽sv,𝑽fv, 𝑳𝛾v) (6.33)

for all the triples (𝑽sv,𝑽fv, 𝑳𝛾v) ∈ Vsv×Vfv×V𝛾v and (𝑝v, 𝜂v,𝚼v) ∈ Vpv×V𝜂v×V𝚼v.
A similar treatment of the constraints of the mixture incompressibility and of the
isochoricity of the remodeling tensor is given in the work of Giammarini et al. [4].

From here on, we introduce the notation

𝚷𝛼 := −Φ𝛼R 𝑝𝑭
−T + 𝑷𝛼, 𝛼 = s,f, (6.34)

and, by invoking Gauss’ Theorem and Leibniz rule of differentiation, and recalling
that the 𝑑th component of the virtual velocity 𝑽𝛼v vanishes identically on Γ𝑑

𝛼D, we
recast Equation (6.33) in the form∫

B

∑︁
𝛼

⟨𝐽𝒎𝛼−𝐽𝑝𝑭−TGrad𝜙𝛼R−Div𝚷𝛼−Φ𝛼R𝜚𝛼 𝒇 |𝑽𝛼v⟩

+
∫

B
⟨𝒀u+𝜂𝐽𝛾 𝑰T+𝑮 (Skew𝚼)−DivYu−𝒁 |𝑳𝛾v⟩

+
∑︁
𝛼

3∑︁
𝑑=1

∫
𝜕B\Γ𝑑

𝛼D

{[𝚷𝛼𝑵]𝑑−𝜏𝛼𝑑}𝑉 𝑑𝛼v +
∫
𝜕B
⟨Yu𝑵 |𝑳𝛾v⟩

−
∫

B
𝑝v [Ĉinc ◦ (𝑽s,𝑽f)] +

∫
B
𝜂v [Ĉdev ◦ 𝑳𝛾] +

∫
B
⟨𝚼v |Ĉsym ◦ 𝑳𝛾⟩ = 0, (6.35)

with [𝚷𝛼𝑵]𝑑 = [𝚷𝛼]𝑑𝐵𝑁𝐵, and 𝑵 being the field of co-normals associated with
𝜕B. Finally, as shown in Equation (6.27b), only the skew-symmetric part of 𝚼 is
accounted for in Equation (6.35) because the symmetric part, Sym𝚼, is filtered out
by the duality product with Âsym ◦ 𝑳𝛾v, which is a skew-symmetric tensor field.

To deduce Equation (6.35), we first apply Leibniz rule to ⟨𝑷𝛼 |Grad𝑽𝛼v⟩ and
⟨Yu |Grad𝑳𝛾v⟩ in Equation (6.23b) and to ⟨−Φ𝛼R 𝑝𝑭

−T |Grad𝑽𝛼v⟩ in Equation (6.30),
i.e.,

⟨𝑷𝛼 |Grad𝑽𝛼v⟩ = Div(𝑷T
𝛼𝑽𝛼v) − ⟨Div𝑷𝛼 |𝑽𝛼v⟩, (6.36a)

⟨Yu |Grad𝑳𝛾v⟩ = Div(YT
u : 𝑳𝛾v) − ⟨DivYu |𝑳𝛾v⟩, (6.36b)
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⟨−Φ𝛼R 𝑝𝑭
−T |Grad𝑽𝛼v⟩=Div(−Φ𝛼R 𝑝𝑭

−1𝑽𝛼v)−⟨Div(−Φ𝛼R 𝑝𝑭
−T) |𝑽𝛼v⟩. (6.36c)

The transposed tensorYT
u in (6.36b) has components [YT

u ]𝐿𝑀𝑁 (instead,Yu has
indices placed as in [Yu]𝑀𝑁𝐿) andYT

u : 𝑳𝛾v represents a pseudo-vector field with
components [YT

u : 𝑳𝛾v]𝐴 = [YT
u ]𝐴𝐵𝐶 [𝑳𝛾v]𝐵𝐶 .

The products [𝚷𝛼𝑵]𝑑𝑉 𝑑𝛼v (no summation over 𝑑 = 1,2,3) and ⟨Yu𝑵 |𝑳𝛾v⟩ in
the surface integrals over 𝜕B\Γ𝑑

𝛼D and 𝜕B of Equation (6.35) descend from the
application of Gauss’ Theorem to Div(𝚷T

𝛼𝑽𝛼v) and Div(YT
u : 𝑳𝛾v), which arise

by working out Equation (6.33) and adding Equations (6.36a) and (6.36c) term by
term. On 𝜕B\Γ𝑑

𝛼D, the components 𝑉 𝑑𝛼v of the generalized virtual velocities need
not vanish identically. Hence, we find:∫
B

∑︁
𝛼

Div(𝚷T
𝛼𝑽𝛼v) =

∫
𝜕B

∑︁
𝛼

⟨𝚷T
𝛼𝑽𝛼v |𝑵⟩ =

∑︁
𝛼

3∑︁
𝑑=1

∫
𝜕B\Γ𝑑

𝛼D

[𝚷𝛼𝑵]𝑑𝑉 𝑑𝛼v, (6.37a)∫
B

Div(YT
u : 𝑳𝛾v) =

∫
𝜕B

⟨YT
u : 𝑳𝛾v |𝑵⟩ =

∫
𝜕B

⟨Yu𝑵 |𝑳𝛾v⟩, (6.37b)

where the identities ⟨𝚷T
𝛼𝑽𝛼v |𝑵⟩ ≡ ⟨𝚷𝛼𝑵 |𝑽𝛼v⟩ and ⟨YT

u : 𝑳𝛾v |𝑵⟩ ≡ ⟨Yu𝑵 |𝑳𝛾v⟩
are used.

To obtain Equations (6.35), (6.37a), and (6.37b), we have adapted a result of
Functional Analysis (see Corollary 7.1, page 413 of the book by Salsa [196]), which
requires 𝚷𝛼 ∈ 𝐻1(B; (𝑇S )∗ ⊗ 𝑇B) and Yu ∈ 𝐻1(B; [𝑇B]1

2). This implies
−Div𝚷𝛼 ∈ 𝐿2(B; (𝑇S )∗) and −DivYu ∈ 𝐿2(B; [𝑇B]1

1).

6.3.2 Strong form of the problem

Starting from Equation (6.35), classical localization procedures yield the force
balances and the constraints of the system under consideration in local form, i.e.,

𝐽𝒎s−𝐽𝑝𝑭−TGrad𝜙sR−Div(−ΦsR 𝑝𝑭
−T + 𝑷s)− 𝒇s = 0, in B, (6.38a)

𝐽𝒎f−𝐽𝑝𝑭−TGrad𝜙fR−Div(−ΦfR 𝑝𝑭
−T + 𝑷f)− 𝒇f = 0, in B, (6.38b)

[(−ΦsR 𝑝𝑭
−T + 𝑷s)𝑵]𝑑 = 𝜏s𝑑 , 𝑑 = 1, 2, 3, on 𝜕B\Γ𝑑sD, (6.38c)

[(−ΦfR 𝑝𝑭
−T + 𝑷f)𝑵]𝑑 = 𝜏f𝑑 , 𝑑 = 1, 2, 3, on 𝜕B\Γ𝑑fD, (6.38d)

𝒀u + 𝜂𝐽𝛾 𝑰T + 𝑮 (Skew𝚼) − DivYu − 𝒁 = 𝑶, in B, (6.38e)
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Yu𝑵 = 𝑶, on 𝜕B, (6.38f)

Ĉinc ◦ (𝑽s,𝑽f) = Div[(ΦsR𝑽s +ΦfR𝑽f)𝑭−T] = 0, in B, (6.38g)

Ĉdev ◦ 𝑳𝛾 = ⟨𝐽𝛾 𝑰T |𝑳𝛾⟩ = 𝐽𝛾tr𝑳𝛾 = 0, in B, (6.38h)

Ĉsym ◦ 𝑳𝛾 =
1
2 [𝑮𝑳𝛾 − (𝑮𝑳𝛾)T] = 𝑶, in B. (6.38i)

Aside from the natural boundary conditions (6.38c), (6.38d) and (6.38f), the
system (6.38a)–(6.38i) yields 20 independent scalar equations and features 80
unknown scalars fields: 20 of these are given by the basic kinematic variables 𝜒,
𝑽f , and 𝑭𝛾 (15 scalar unknowns) and by the Lagrange multipliers 𝑝, 𝜂, and Skew𝚼

(5 scalar unknowns), while the remaining 60 unknowns are the components of the
fields 𝒎s, 𝒎f , 𝑷s, 𝑷f , 𝒀u, andYu. We recall that ΦsR is regarded as known, while
ΦfR = 𝐽 −ΦsR, 𝜙sR = ΦsR/𝐽, and 𝜙fR = ΦfR/𝐽 are expressed as functions of 𝐽, as
per Equation (6.13)1. Similar considerations have recently been done in the work by
Giammarini et al. [4]. Moreover, Equation (6.38e) splits as

𝜂 = −1
3 tr

[
𝐽−1
𝛾 (𝒀u − DivYu − 𝒁)

]
, (6.39a)

Skew𝚼 = −Skew[𝑮−1(𝒀u − DivYu − 𝒁)], (6.39b)

Dev𝑮Sym[𝑮−1(𝒀u − DivYu − 𝒁)] = 𝑶, (6.39c)

with Dev𝑮𝑨 := 𝑨 − 1
3 ⟨𝑮 |𝑨⟩𝑮−1, for any 𝑨 = 𝐴𝑀𝑁𝑬𝑀 ⊗ 𝑬𝑁 , 𝑨 = 𝑨T (see

[23, 87, 4]). Hence, 𝜂 and Skew𝚼 can be computed separately, and the balance law
(6.39c), which is equivalent to 5 scalar equations, replaces (6.38e) in the system
(6.38a)–(6.38i). This reduces the number of coupled scalar equations to 16 and the
number of effective unknowns to 76. However, granted the restrictions 𝒎s + 𝒎f = 0
and 𝒈−1𝑷𝛼𝑭

T = (𝒈−1𝑷𝛼𝑭
T)T, for 𝛼 = s,f, which originate from the invariance

of the internal virtual power under the superposition of arbitrary translational and
rotational rigid motions [137, 182], the fields 𝒎f , 𝑷s, 𝑷f , 𝒀u, andYu will be assigned
constitutively, thereby providing 60 scalar constitutive functions.

6.4 Constitutive assignments

For brevity, we concentrate on the consistency of the constitutive relations with
objectivity and with the dissipation inequality of the system under study, while
we give for granted all the other axioms of the general theory of constitutive laws
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[198]. Following Cermelli and Gurtin [188] and Gurtin and Anand [142], some
constitutive functions depend solely on the remodeling descriptors 𝑭𝛾 and Curl𝑭𝛾,
and are defined so as to be invariant under smooth transformations of the reference
placement of the system.

6.4.1 Dissipation inequality

By adapting the approaches of Cermelli and Gurtin [188], Cermelli et al. [70] and
Gurtin and Anand [142] to biphasic mixtures, we consider a fixed region R ⊂ B

and the Helmholtz free energy density 𝜓𝛼 of the 𝛼th phase, with 𝛼 = s,f, per unit
mass of the same phase. Then, we write the dissipation inequality:∫

R
D := −

¤∫
R

∑︁
𝛼

Φ𝛼R𝜚𝛼𝜓𝛼 −
∫
𝜕R

⟨ΦfR𝜚f𝜓f [𝑽f − 𝑽s]𝑭−T |𝑵⟩

+
∫

R

∑︁
𝛼

⟨ 𝒇𝛼 |𝑽𝛼⟩ +
∫
𝜕R

∑︁
𝛼

⟨(−Φ𝛼R 𝑝𝑭
−T + 𝑷𝛼)𝑵 |𝑽𝛼⟩

+
∫

R
⟨𝒁 |𝑳𝛾⟩ +

∫
𝜕R

⟨Yu𝑵 |𝑳𝛾⟩ ≥ 0. (6.40)

Given a region R (𝑡) ⊂ B(𝑡) contained in the current placement of the system, and
the spatial (or Eulerian) representation of an S-valued field e𝑓 : R (𝑡) × I → S,
where S is R or any vector or tensor space, we define 𝑓 := e𝑓 ◦ (𝜒, T) :R×I →S, with
R = [ 𝜒̂( · , 𝑡)]−1(R (𝑡)) ⊂ B and [ 𝜒̂( · , 𝑡)]−1 ≡ 𝜒̂−1

𝑡 . Hence, the time derivative of
the integral of 𝑓 over R reads

¤∫
R
𝑓 =

∫
R

¤𝑓 , with ¤𝑓 = (𝐷s
e𝑓 ) ◦ (𝜒, T) ≡ [𝜕𝑡 e𝑓 + (grad e𝑓 )𝒗s] ◦ (𝜒, T). (6.41)

The quantity ¤𝑓 = (𝐷s
e𝑓 ) ◦ (𝜒, T) is the time derivative of e𝑓 with respect to the solid

phase motion.

The second term on the right-hand side of Equation (6.40) compensates for the
fact that, in the first term, the derivative of Φ𝛼R𝜚𝛼𝜓𝛼 is taken with respect to the
velocity of the solid phase even for 𝛼 = f. Then, by working out the time derivatives,
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and invoking Gauss’ Theorem, the mass balances3, the incompressibility constraint
(6.14b), the force balances (6.38a) and (6.38b), and the condition 𝒎s + 𝒎f = 0, we
obtain∫

R
D = −

∫
R

∑︁
𝛼

[
Φ𝛼R𝜚𝛼 ¤𝜓𝛼− ⟨𝑷𝛼 |Grad𝑽𝛼⟩

]
+

∫
R
⟨𝐽𝒎f −ΦfR𝜚f𝑭

−TGrad𝜓f |𝑽f − 𝑽s⟩

+
∫

R

{
⟨𝒀u + 𝜂𝐽𝛾 𝑰T + 𝑮 (Skew𝚼) |𝑳𝛾⟩ + ⟨Yu |Grad𝑳𝛾⟩

}
≥ 0. (6.42)

Moreover, by neglecting the variability of 𝜓f in space and time, localizing Equation
(6.42), and recalling that the constraints (6.16a) and (6.16b) imply the identity

⟨𝜂𝐽𝛾 𝑰T + 𝑮 (Skew𝚼) |𝑳𝛾⟩ = 𝜂𝐽𝛾 tr𝑳𝛾︸︷︷︸
=0

+⟨Skew𝚼| Skew(𝑮𝑳𝛾)︸         ︷︷         ︸
=𝑶

⟩ = 0, (6.43)

we obtain the following local form of the dissipation inequality [180, 153, 139]:

D = −ΦsR𝜚s ¤𝜓s + ⟨𝐽𝒎f |𝑽f − 𝑽s⟩ + ⟨𝑷s |Grad𝑽s⟩ + ⟨𝑷f |Grad𝑽f⟩
+ ⟨𝒀u |𝑳𝛾⟩ + ⟨Yu |Grad𝑳𝛾⟩ ≥ 0. (6.44)

6.4.2 Constitutive descriptors and residual dissipation

From here on, we make three fundamental hypotheses:

Hp. 1 The stress response of the solid phase is hyperelastic.

Hp. 2 Aside from the exchange interactions with the fluid, the solid phase dissipates
energy because of the remodeling of its internal structure.

Hp. 3 The fluid phase features two sources of dissipation: one is due to the exchange
interactions with the solid phase, while the other one is due to the viscosity of
the fluid, and results into a dissipative stress tensor, here identified with 𝑷f .

3We refer to the identities ¤(ΦsR𝜚s) ≡ 0 and ¤(ΦfR𝜚f) ≡ ¤𝐽 𝜚f = −Div(ΦfR𝜚f [𝑽f −𝑽s]𝑭−T) coming
from the considerations reported in Section 6.2.2. Recall that the intrinsic mass densities 𝜚s and 𝜚f
are assumed to be constant throughout this work.
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To deal with these hypotheses, we choose the following collection of independent
constitutive variables:

U := (𝑭, 𝑭𝛾,𝕭, 𝑳𝛾,Grad𝑳𝛾,Grad𝑽f ,𝑽fs), with 𝑽fs := 𝑽f − 𝑽s. (6.45)

The tensor fields 𝑭 and 𝑭𝛾 account for the fact that the solid phase is hyperelastic
(Hp. 1) and undergoes remodeling (Hp. 2). In fact, the elastic distortions and those
due to the remodeling are described by 𝑭e and 𝑭𝛾, respectively, with 𝑭e = 𝑭𝑭−1

𝛾 .
Thus, 𝑭e could be selected in lieu of 𝑭 in the collection (6.45). However, since 𝑭 is
directly related to the motion of the solid phase, we find it more intuitive to use 𝑭.

The Burgers tensor 𝕭 resolves the spatial variability of 𝑭𝛾 in a way that is
unaffected by changes of the system’s reference placement [199], while 𝑳𝛾 and
Grad𝑳𝛾 account for the dissipation induced by the remodeling within a first-grade
theory in 𝑳𝛾. Both 𝕭 and Grad𝑳𝛾 have their own length scale [142].

The relative velocity𝑽fs is power-conjugate to the dissipative exchange interactions
between the solid and the fluid phase, whereas Grad𝑽f is introduced because, at
variance with the Darcian regime, the overall stress tensor of the fluid phase,
𝚷f , features the dissipative contribution 𝑷f in addition to the non-dissipative and
hydrostatic term −ΦfR𝑝𝑭

−T (Hp. 3). This generalization captures also more complex
behaviors of the fluid flow, such as boundary effects, and yields the Darcy–Brinkman
model of the flow [174].

The fields 𝜓s, 𝒎f , 𝑷s, 𝑷f , 𝒀u, andYu in the inequality (6.44) are the dependent
constitutive variables of the present framework, and are assumed to be representable
as functions of the collection U, i.e.,

𝜓s = 𝜓̂s ◦ U, 𝑷s = 𝑷̂s ◦ U, 𝒀u = 𝒀̂u ◦ U, Yu = Ŷu ◦ U, (6.46a)

𝑷f = 𝑷̂f ◦ U, 𝒎f = 𝒎̂f ◦ U. (6.46b)

Since the dissipation of the system depends on U through the quantities (6.46a)
and (6.46b), and since ¤𝜓s can be formally written as ¤𝜓s = ⟨𝜕U𝜓̂s ◦ U| ¤U⟩, D admits
the representation D = D̂ ◦ (U, ¤U).

Computing ¤𝜓s permits to combine the partial derivatives 𝜕𝑭𝜓̂s, 𝜕𝑭𝛾
𝜓̂s, and 𝜕𝕭𝜓̂s

with 𝑷̂s, 𝒀̂u, and Ŷu, respectively, as can be proven by recalling the identities
¤𝑭 ≡ Grad𝑽s and ¤𝑭𝛾 ≡ 𝑳𝛾𝑭𝛾, and noticing that ¤𝕭 can be written as (cf. Equation
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(6.8) of Gurtin and Anand [18])

¤𝕭 = 𝑳𝛾𝕭 + 𝕭𝑳T
𝛾 − 𝐽−1

𝛾 (𝑭𝛾 × 𝑭𝛾)t : (Grad𝑳𝛾)t, (6.47)

in which the condition tr𝑳𝛾 = 0 has been enforced explicitly, and the cross product
between two second-order tensors 𝑨 and 𝑩 of [𝑇B]1

1 is defined as (cf. with Gurtin
and Anand [18])

[𝑨 × 𝑩]𝐴𝐵𝐶 =
1√︁

det[𝑮]
𝜖 𝐴𝐷𝐸 [𝑨]𝐵𝐷 [𝑩]𝐶𝐸 ,

and [(𝑨 × 𝑩)t]𝐿𝑀𝑁 := (𝑨 × 𝑩)𝑁𝐿𝑀 . (6.48)

The relation (6.47) can be recast in the form O𝛾𝕭 = −𝐽−1
𝛾 (𝑭𝛾 × 𝑭𝛾)t : (Grad𝑳𝛾)t,

where O𝛾𝕭 is the Oldroyd derivative of 𝕭 with respect to 𝑭𝛾, defined as O𝛾𝕭 :=
¤𝕭 − 𝑳𝛾𝕭 − 𝕭𝑳T

𝛾 .

On the other hand, the summands of ¤𝜓s given by

⟨𝜕𝑳𝛾
𝜓̂s ◦ U| ¤𝑳𝛾⟩, ⟨𝜕Grad𝑳𝛾

𝜓̂s ◦ U| ¤Grad𝑳𝛾⟩, (6.49a)

⟨𝜕Grad𝑽f 𝜓̂s ◦ U| ¤Grad𝑽f⟩, ⟨𝜕𝑽fs𝜓̂s ◦ U| ¤𝑽fs⟩ (6.49b)

cannot be combined with any other term of the inequality (6.44), and, since D̂ is
affine in the rates ¤𝑳𝛾, ¤Grad𝑳𝛾,

¤Grad𝑽f , and ¤𝑽fs, which can be varied arbitrarily,
the duality products in (6.49a) and (6.49b) could take on any real value and violate
the non-negativity of D̂. Thus, to prevent this occurrence, we require the partial
derivatives 𝜕𝑳𝛾

𝜓̂s, 𝜕Grad𝑳𝛾
𝜓̂s, 𝜕Grad𝑽f 𝜓̂s, and 𝜕𝑽fs𝜓̂s to vanish identically. This can be

achieved by redefining the constitutive expression of 𝜓s as a function of 𝑭, 𝑭𝛾, and
𝕭, only. To this end, we find it convenient to introduce the solid phase Helmholtz
free energy density per unit volume of B, i.e.,𝑊sR := ΦsR𝜚s𝜓s, for which it holds
that ¤𝑊sR = ΦsR𝜚s ¤𝜓s, since 𝜚s is assumed to be constant, while ΦsR is constant by
virtue of Equation (6.13). Then, following Gurtin and Anand [18], we write

𝑊sR = 𝑊̂sR ◦ (𝑭, 𝑭𝛾,𝕭) = 𝑊̂se ◦ (𝑭, 𝑭𝛾) + 𝑊̂sD ◦ 𝕭, (6.50)

where 𝑊̂se is a hyperelastic free energy density of the solid phase, while 𝑊̂sD is
referred to as a “defect” free energy [18] and resolves explicitly the spatial variability
of 𝑭𝛾 within a first-order theory in the remodeling tensor (accounted for through
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𝕭). In our work, this is done to account also for the influence of boundary effects
on remodeling. Yet, the formalism from which we are departing adopts Grad𝑭𝛾
to describe geometric incompatibilities that, for example, arise in metals at the
scale of the lattice due to concentrated defects such as dislocations and disclinations
[76, 199, 188, 79, 151, 200, 3].

To ensure objectivity, 𝑊̂se depends on 𝑭 and 𝑭𝛾 through the elastic Cauchy–Green
deformation tensor 𝑪e = 𝑭e

T𝒈𝑭e. Hence, we set 𝑊̂se ◦ (𝑭, 𝑭𝛾) ≡ 𝑊̂sE ◦ 𝑪e, and we
reformulate 𝑊̂sR as

𝑊sR = 𝑊̂sR ◦ (𝑭, 𝑭𝛾,𝕭) = 𝑊̂sE ◦ 𝑪e + 𝑊̂sD ◦ 𝕭, (6.51)

where 𝑊̂sE and 𝑊̂sD are to be assigned. Hence, upon introducing the short-hand
notation

𝜕𝑪e𝑊sE ≡ 𝜕𝑪e𝑊̂sE ◦ 𝑪e, 𝜕𝕭𝑊sD ≡ 𝜕𝕭𝑊̂sD ◦ 𝕭, (6.52)

the term ΦsR𝜚s ¤𝜓s ≡ ¤𝑊sR in the inequality (6.44) admits the following representation
[142]:

ΦsR𝜚s ¤𝜓s = ⟨𝒈𝑭e(2𝜕𝑪e𝑊sE)𝑭−T
𝛾 | ¤𝑭⟩

+
〈
− 𝑪e(2𝜕𝑪e𝑊sE) + [(𝜕𝕭𝑊sD)𝕭T + (𝜕𝕭𝑊sD)T𝕭]

��𝑳𝛾〉
+

〈
− 𝐽−1

𝛾 (𝜕𝕭𝑊sD)T(𝑭𝛾 × 𝑭𝛾)t��Grad𝑳𝛾
〉
. (6.53)

By plugging the derivative (6.53) into (6.44), the dissipation inequality becomes

D̂ ◦ (U, ¤𝑭) =⟨𝑷̂s ◦ U − 𝒈𝑭e(2𝜕𝑪e𝑊sE)𝑭−T
𝛾 | ¤𝑭⟩ + ⟨𝑷f ◦ U|Grad𝑽f⟩ + ⟨𝐽𝒎̂f ◦ U|𝑽fs⟩

+
〈
𝒀̂u ◦ U + 𝑪e(2𝜕𝑪e𝑊sE) − [(𝜕𝕭𝑊sD)𝕭T + (𝜕𝕭𝑊sD)T𝕭]

��𝑳𝛾〉
+

〈
Ŷu ◦ U + 𝐽−1

𝛾 (𝜕𝕭𝑊sD)T(𝑭𝛾 × 𝑭𝛾)t��Grad𝑳𝛾⟩ ≥ 0, (6.54)

where, with a slight abuse of notation, we have reformulated D̂ as a function of U
and ¤𝑭, only. However, D̂ is affine in ¤𝑭. Hence, following the same reasoning that
has conducted to Equation (6.50), the entity dual to ¤𝑭 in the inequality (6.54) must
vanish, and the active stress tensor 𝑷s is represented by

𝑷s = 𝑷̂s ◦ (𝑭, 𝑭𝛾) = 𝒈𝑭𝑭−1
𝛾 (2𝜕𝑪e𝑊sE)𝑭−T

𝛾 . (6.55)
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Now, we particularize the hypotheses Hp. 2 and Hp. 3 by requiring each summand
on the right-hand side of the inequality (6.54) to be non-negative independently of
the other ones (the first summand satisfies trivially this requirement, since it is zero
by virtue of Equation (6.55)). Moreover, as for the fluid, for which 𝑷f and 𝒎f are a
dissipative stress and a dissipative force density, we define the dissipative stress-like
quantities

𝒀ud = 𝒀̂ud ◦ U := 𝒀̂u ◦ U + 𝑪e(2𝜕𝑪e𝑊sE) −
[
(𝜕𝕭𝑊sD)𝕭T + (𝜕𝕭𝑊sD)T𝕭

]
, (6.56a)

Yud = Ŷud ◦ U := Ŷu ◦ U + 𝐽−1
𝛾 (𝜕𝕭𝑊sD)T(𝑭𝛾 × 𝑭𝛾)t, (6.56b)

and, by recalling the result (6.55), we write the residual dissipation inequality as

D̂ ◦ U = ⟨𝑷̂f ◦ U|Grad𝑽f⟩ + ⟨𝐽𝒎̂f ◦ U|𝑽fs⟩
+

〈
𝒀̂ud ◦ U

��𝑳𝛾〉 + 〈
Ŷud ◦ U

��Grad𝑳𝛾⟩ ≥ 0. (6.57)

In the inequality (6.57), we split U into the two sub-collections of variables
E := (𝑭, 𝑭𝛾,𝕭) and R := (𝑳𝛾,Grad𝑳𝛾,Grad𝑽f ,𝑽fs), with the latter comprising all
the rates considered in the model, and we require D̂◦U ≡ D̂◦(E;R) to be non-negative
for all E and R, null for R = 0 independently of E (i.e., D̂ ◦ (E; 0) = 0 uniformly with
respect to E), continuous and differentiable in E, and at least continuous in R. The
continuity of D̂ in R is needed to ensure that D̂ ◦ (E;R) tends to zero for indefinitely
small rates R. We refer to the work by Cermelli et al. [70] for the reasoning reported
so far.

In the following, we further assume D̂ to be quadratic in the rates R, as specified
by the law

D̂ ◦ (E;R) =ΦfR⟨V : Grad𝑽f |Grad𝑽f⟩ +ΦfR⟨𝒓𝑽fs |𝑽fs⟩
+ΦsR𝑆y∥𝑳𝛾 ∥2 +ΦsR𝑆yℓ

2∥Grad𝑳𝛾 ∥2 ≥ 0, (6.58)

where ΦfR = 𝐽 −ΦsR ≥ 0 depends on 𝑭 through 𝐽;V := V̂ ◦ E and 𝒓 = 𝒓̂ ◦ E are
a fourth-order and a second-order tensor field, both positive semi-definite; 𝑆y > 0
and ℓ > 0 are constants representing a characteristic mechanical stress of the solid
phase, multiplied by a characteristic time scale,4 and the characteristic length of 𝑳𝛾 ,

4The text “multiplied by a characteristic time scale” is going to appear in Prof. Alfio Grillo’s IRIS
institutional profile and is intended to be submitted to the journal Mathematics and Mechanics of
Solids as part of a Corrigendum.
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respectively [142]; the squared norms ∥𝑳𝛾 ∥2 and ∥Grad𝑳𝛾 ∥2 are defined by

∥𝑳𝛾 ∥2 = ⟨𝑳∗
𝛾 |𝑳𝛾⟩ = 𝐺𝐴𝐵 [𝑳𝛾]𝐵𝐶𝐺𝐶𝐷 [𝑳𝛾]𝐴𝐷 = tr[𝑳∗T

𝛾 𝑳𝛾], (6.59a)

∥Grad𝑳𝛾 ∥2 = ⟨(Grad𝑳𝛾)∗ |Grad𝑳𝛾⟩
= 𝐺𝐴𝐻 [Grad𝑳𝛾]𝐻𝑀𝑁𝐺𝑀𝐵𝐺𝑁𝐶 [Grad𝑳𝛾]𝐴𝐵𝐶 , (6.59b)

where 𝑳∗
𝛾 := 𝑮𝑳𝛾𝑮

−1 and (Grad𝑳𝛾)∗ are the tensor fields dual to 𝑳𝛾 and Grad𝑳𝛾.
The components of (Grad𝑳𝛾)∗ are given by the product of the first four factors on
the right-hand side of Equation (6.59b).

Since in this work we need the stronger condition that D̂ ◦ (E;R) be zero if,
and only if, all the rates are null, i.e., R = 0, we consider only positive definite
tensor-valued functions V̂ ◦ E and 𝒓̂ ◦ E. Analogously, although ΦfR is non-negative
in general, we assume ΦfR > 0, meaning no compaction. Moreover, since the duality
products in Equation (6.58) symmetrizeV and 𝒓, we shall assume from here on that
V possesses major symmetry and that 𝒓 is symmetric. Hence, in components, we
have V𝑎

𝐴
𝑏
𝐵 = V𝑏

𝐵
𝑎
𝐴 and 𝑟𝑎𝑏 = 𝑟𝑏𝑎.

Starting from the inequality (6.58), we retrieve the Darcy–Brinkman model of
the flow and a strain-gradient theory of remodeling à la Gurtin and Anand [142] by
invoking the Principle of Maximum Dissipation (see, e.g., Hackl and Fischer [201]).

6.4.3 Elastic energy and “defect” energy

To supply constitutive expressions for 𝑷s, 𝒀u, andYu, we prescribe a Neo-Hookean
strain energy density for the hyperelastic behavior of the solid phase and, following
Gurtin and Anand [142], a “defect” energy density quadratic in the Burgers tensor,
i.e.,

𝑊̂sE ◦ 𝑪e =
1
2ΦsR𝜇s [tr(𝑮−1𝑪e)−3]−ΦsR𝜇s log𝐽e+ 1

2ΦsR𝜆s [log𝐽e]2, (6.60a)

𝑊̂sD ◦ 𝕭 = 1
2ΦsR𝜇s𝐿

2∥𝕭∥2, with ∥𝕭∥2 = ⟨𝕭∗ |𝕭⟩ = tr(𝕭∗T𝕭), (6.60b)

where 𝕭∗ := 𝑮𝕭𝑮 is the dual of the Burgers tensor, 𝜇s and 𝜆s are the first and the
second Lamé parameters, and 𝐿 is a phenomenological length scale that, as remarked
by Gurtin and Anand [142], should be determined experimentally. Then, with 𝐽𝛾 = 1,
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the relations (6.55), (6.56a), and (6.56b) take on the form

𝑷s = 𝑷̂s ◦ (𝑭, 𝑭𝛾) = ΦsR𝜇s [𝒈𝑭𝑩𝛾 − 𝑭−T] + (ΦsR𝜆s log 𝐽)𝑭−T, (6.61a)

𝒀u = 𝒀̂u ◦ U = 𝒀̂ud ◦ U − 𝑭−T
𝛾 [𝑭T𝑷s]𝑭T

𝛾 +ΦsR𝜇s𝐿
2 [𝕭∗𝕭T + 𝕭∗T𝕭

]
, (6.61b)

Yu = Ŷu ◦ U = Ŷud ◦ U −ΦsR𝜇s𝐿
2𝕭∗T(𝑭𝛾 × 𝑭𝛾)t, (6.61c)

with 𝑭T𝑷s being the Mandel stress tensor of the solid phase, associated with the
reference placement.

6.4.4 Strain-gradient remodeling equation a là Gurtin and Anand

Applying the Principle of Maximum Dissipation [201] to the summands of the
dissipation inequality (6.58) associated with the remodeling yields

𝒀ud = 𝒀̂ud ◦ 𝑳𝛾 :=
1
2

(
𝜕D̂

𝜕𝑳𝛾
◦ (E;R)

)
= ΦsR𝑆y 𝑳

∗
𝛾, (6.62a)

Yud = Ŷud ◦ Grad𝑳𝛾 :=
1
2

(
𝜕D̂

𝜕Grad𝑳𝛾
◦ (E;R)

)
= ΦsR𝑆yℓ

2(Grad𝑳𝛾)∗. (6.62b)

The relations (6.62a) and (6.62b) are a rewriting, in covariant formalism, and up
to the rescaling of 𝑆y through ΦsR and the choice of some model parameters,
of the constitutive laws proposed in Equation (6.17) of the work by Gurtin and
Anand [142]. Indeed, in Cartesian coordinates, they read 𝒀ud = ΦsR𝑆y 𝑳𝛾 and
Yud = ΦsR𝑆yℓ

2 Grad𝑳𝛾, which are identical to the laws reported in the work by
Gurtin and Anand [142] upon taking an identically null “hardening (softening)
function” and unitary “rate-sensitivity parameter” [142], and by incorporating the
model’s “reference flow-rate” [142], taken unitary, into 𝑆y (although 𝑆y has physical
dimensions of viscosity, with a slight abuse of terminology we call it “rescaled yield
stress” or “rescaled strength” in the following).5 Moreover, if the constraint (6.16b)
is enforced explicitly, as done by Gurtin and Anand [142], then 𝑳𝛾 and Grad𝑳𝛾 can
be substituted with 𝑫𝛾 and Grad𝑫𝛾 in the relations (6.62a) and (6.62b).

5The text “and by incorporating ... in the following)” is going to appear in Prof. Alfio Grillo’s
IRIS institutional profile and is intended to be submitted to the journal Mathematics and Mechanics of
Solids as part of a Corrigendum.
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Within their theory of strain-gradient plasticity, Gurtin and Anand [142] call
𝑆y > 0 “coarse grain yield strength” of the material, and introduce the length scale
ℓ > 0 to characterize the dissipation associated with the spatial inhomogeneity of 𝑳𝛾 .

In our framework, we neglect any hardening or softening effects as well as any
nonlinear relations similar to the “nearly rate-independent behavior” accounted for
by Gurtin and Anand [142]. Indeed, the functional forms (6.62a) and (6.62b) are
linear in 𝑳𝛾 and Grad𝑳𝛾 , respectively, and have been obtained by requiring D̂ to be
quadratic in each of these variables. Hence, they may fail to capture some particular
physical aspects of remodeling. However, a more general picture can be obtained by
hypothesizing 𝒀ud andYud to be nonlinear in 𝑳𝛾 and Grad𝑳𝛾 [142], and showing
that the resulting dissipation is non-negative.

Substituting the relations (6.62a) and (6.62b) into the expressions (6.61b) and
(6.61c) for 𝒀u andYu, and defining the apparent material parameters 𝑆y := ΦsR𝑆y,
𝜇̄s := ΦsR𝜇s and 𝜆̄s = ΦsR𝜆s lead to

𝒀u = 𝒀̂u ◦ (E; 𝑳𝛾) = 𝑆y𝑳
∗
𝛾 − 𝑭−T

𝛾 [𝑭T𝑷s]𝑭T
𝛾 + 𝜇̄s𝐿

2 [𝕭∗𝕭T + 𝕭∗T𝕭
]
, (6.63a)

Yu = Ŷu ◦ (E; Grad𝑳𝛾) = 𝑆yℓ
2(Grad𝑳𝛾)∗ − 𝜇̄s𝐿

2𝕭∗T(𝑭𝛾 × 𝑭𝛾)t, (6.63b)

where we have set 𝐽𝛾 = 1 and, with a slight abuse of notation, we have retained
the sole dependence on 𝑳𝛾 and Grad𝑳𝛾. Finally, by using the results (6.63a) and
(6.63b), Equation (6.38e) becomes

𝑆y𝑳
∗
𝛾 − 𝑭−T

𝛾 [𝑭T𝑷s]𝑭T
𝛾 + 𝜇̄s𝐿

2 [𝕭∗𝕭T + 𝕭∗T𝕭
]
+ 𝜂𝑰T + 𝑮 (Skew𝚼)

− Div
{
𝑆yℓ

2(Grad𝑳𝛾)∗ − 𝜇̄s𝐿
2𝕭∗T(𝑭𝛾 × 𝑭𝛾)t} − 𝒁 = 𝑶. (6.64)

The partial differential equation (6.64) and the constraints (6.38h) and (6.38i)
rephrase, for remodeling, one of the main results of the theory of strain-gradient
plasticity of Gurtin and Anand [142], formulated for 𝑫𝛾. In our derivation, we
develop the model for 𝑳𝛾 and enforce the constraints on it via the Lagrange multiplier
technique (see Section 2.3), which generates the reaction force 𝜂𝑰T + 𝑮 (Skew𝚼) in
Equation (6.64). This can be eliminated by projecting Equation (6.64) onto the space
of deviatoric and symmetric second-order tensor fields, as shown in Equation (6.39c),
thereby retrieving Gurtin and Anand’s strain-gradient “micro-force balance” [142].
Moreover, in our work, this result is framed within the context of solid-fluid mixtures.
However, the coupling with the fluid is indirect and occurs through the influence that
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the fields associated with the fluid (i.e., pressure 𝑝 and velocity field 𝑽f) exert on 𝑭

(and, thus, on 𝑷s). Another generalization is the presence of 𝒁, unaccounted for in
the work by Gurtin and Anand [142], but relevant in the certain biological contexts,
as is the case for growth [69, 87].

6.4.5 Darcy–Brinkman model for the flow of the interstitial fluid

The Darcy–Brinkman model [174] of the flow accounts for two independent types
of dissipation, both related to the fluid (see Hp. 3). One is intrinsic to the fluid
and hypothesizes a macroscopically viscous behavior, described by the dissipative
stress tensor 𝑷f . The other one, instead, stems from the dissipative character of
the interactions between the solid and the fluid, described by 𝒎f . By applying the
formulation of the Principle of Maximum Dissipation presented by Hackl and Fischer
[201] to the terms in the dissipation inequality (6.58) associated with the fluid flow,
we find

𝑷f = 𝑷̂f ◦ (E;R) :=
1
2

(
𝜕D̂

𝜕Grad𝑽f
◦ (E;R)

)
= ΦfR [V̂ ◦ E] : Grad𝑽f , (6.65a)

𝐽𝒎f = 𝐽 [𝒎̂f ◦ (E;R)] :=
1
2

(
𝜕D̂

𝜕𝑽fs
◦ (E;R)

)
= ΦfR [ 𝒓̂ ◦ E]𝑽fs, (6.65b)

whereV = V̂ ◦ E is a fourth-order tensor field of generalized Brinkman viscosities
and 𝒓 = 𝒓̂ ◦E is the (spatial) resistivity tensor field of the porous medium (as specified
above,V enjoys major symmetry and 𝒓 is symmetric). Since 𝒓 is positive definite, it
is invertible, and we identify its inverse with the expression

𝒓−1 = 𝜙−1
fR 𝒌, (6.66)

where 𝒌 is the tensor field of the hydraulic conductivity of the medium (i.e., the
permeability tensor field divided by the fluid dynamic viscosity). The tensor field 𝒌

is symmetric and positive definite, too. We prescribe it to be a function of 𝑭 only,
and, since we are modeling biological tissues, we express it as suggested by Holmes
and Mow [152], i.e.,

𝒌 = 𝒌̂ ◦ 𝑭 = 𝑘0

[
𝐽 −ΦsR
1 −ΦsR

] 𝜅
exp

( 1
2𝑚0 [𝐽2 − 1]

)
𝒈−1, (6.67)
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where 𝑘0, 𝜅, and 𝑚0 are positive material parameters (see Table 6.1).

To assignV = V̂ ◦ E, we start from the constitutive expression of the Cauchy
stress tensor of the fluid phase, i.e., 𝝈f = 𝐽

−1𝑷f𝑭
T, which, under the hypothesis of

Newtonian-like behavior, can be written as

𝝈f =
1
3𝜙f𝔞 (div𝒗f) 𝚤T + 2𝜙f𝔟 sym(𝒈 grad𝒗f)𝒈−1, (6.68)

where 𝔞/3 and 𝔟 are the Brinkman viscosity coefficients, fulfilling the inequalities
𝔞+2𝔟 > 0 and 𝔟 > 0, and 𝚤 : 𝑇S → 𝑇S is the spatial identity tensor field (note that,
for simplicity, in these calculations we are omitting the composition of the involved
fields with the maps 𝜒 and T). Then, by computing 𝑷f = 𝐽𝝈f𝑭

−T, we obtain the
expression (6.65a) with

V = V̂ ◦ 𝑭 := 1
3𝔞𝑭

−T ⊗ 𝑭−T + 𝔟
(
𝒈 ⊗ 𝑪−1 + 𝑭−T ⊗ 𝑭−1) , (6.69a)

V𝑎
𝐴
𝑏
𝐵 = 1

3𝔞 [𝑭
−T]𝑎 𝐴 [𝑭−T]𝑏𝐵 + 𝔟

(
𝑔𝑎𝑏 [𝑪−1]𝐴𝐵 + [𝑭−T]𝑎𝐵 [𝑭−1]𝐴𝑏

)
, (6.69b)

where V̂ has been redefined as a function of 𝑭 alone, and the notation introduced
by Curnier et al. [202] has been adopted for the tensor products ⊗ and ⊗. Note
that, by virtue of Equation (6.69a), and recalling that ΦfR = 𝐽 −ΦsR, the constitutive
representation of 𝑷f can be reformulated as

𝑷f = 𝑷̂f ◦ (𝑭,Grad𝑽f) = (𝐽 −ΦsR) (V̂ ◦ 𝑭) : Grad𝑽f . (6.70)

The quantity 1
3𝔞 corresponds to the so-called “second viscosity”, also known

as “bulk viscosity” or “volume viscosity”, that, within the monophasic framework,
features in the compressible Navier–Stokes equation. However, in spite of this formal
correspondence, 1

3𝔞 is physically distinct from the second viscosity of a compressible
fluid (see Remark 6.1 below). From here on, we refer to 1

3𝔞 and 𝔟 as Brinkman second
viscosity and Brinkman dynamic viscosity, respectively. Often, 𝔟 is also referred to as
effective viscosity and is assumed to be different from the “true” viscosity of the fluid.
Bear and Bachmat [203] express 𝔟 as proportional to the fluid true shear viscosity,
with the proportionality factor being the ratio between the (scalar) tortuosity and the
porosity of the porous medium in which the flow takes place.

Differently from the Darcian model, in which the Cauchy stress tensor of the fluid
phase is the hydrostatic term −𝜙f 𝑝 𝚤

T, the Darcy–Brinkman model distinguishes the
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pressure contribution due to the Lagrange multiplier 𝑝 from the viscous one. In other
words, the fluid pressure is given by

𝑝f := −1
3 tr(−𝜙f 𝑝 𝚤

T + 𝝈f) = 𝜙f 𝑝 − 𝜙f
𝔞+2𝔟

3 div𝒗f . (6.71)

Although the fluid phase is assumed to be incompressible, the divergence of 𝒗f is not
zero. Rather, the hypothesis of incompressibility, enforced also for the solid phase,
is expressed by Equation (6.12), and the model of flow features the Brinkman bulk
viscosity (𝔞 + 2𝔟)/3. However, if the velocity field of the solid phase is null and the
volumetric fraction of the fluid phase is constant in space, Equation (6.12) reduces to
div𝒗f = 0 and, thus, 𝝈f features only the contribution due to the Brinkman dynamic
viscosity 𝔟. This approximation is often used in hydro-geological problems based on
the Darcy–Brinkman flow model.

By substituting the relations (6.65a) and (6.65b) into (6.38b), and using (6.66),
we obtain

Div
(
ΦfRV : Grad𝑽f

)
−ΦfR

[ (
𝑭−TGrad𝑝 − 𝜚f 𝒇

)
+ 𝜙fR𝒌

−1(𝑽f − 𝑽s)
]
= 0. (6.72)

Equation (6.72) is a partial differential equation for the fluid velocity field𝑽f , coupled
with the pressure field 𝑝 and with the velocity field 𝑽s and deformation of the solid
phase. SinceV is positive definite and ΦfR > 0, Equation (6.72) is elliptic in 𝑽f .

Remark 6.1 (Comparison with the stress tensor of a compressible fluid in the
monophasic framework).
Within the monophasic framework, the dissipative part of the stress tensor of a
compressible fluid features the volumetric contribution 𝜁 (div𝒗) 𝚤T, in which 𝒗 is
the velocity field of the fluid and 𝜁 is a positive quantity termed volume viscosity
coefficient (in the Newtonian case, 𝜁 is independent of the velocity gradient). Yet, 𝜁
is not necessarily equal to (𝔞 + 2𝔟)/3. There are two main reasons for this. First,
𝜁 pertains to the description of a compressible fluid in the monophasic framework,
whereas the bulk Brinkman viscosity (𝔞+2𝔟)/3 is defined also for an incompressible
fluid phase in a fluid-solid biphasic mixture. Second, the Brinkman viscosities need
not be equal to the viscosities that the same fluid would have if it were considered
alone, i.e., decontextualized from the framework of mixture theory [174], although
the two types of viscosities take values that become increasingly closer to each other
for relatively small volumetric fractions of the solid phase.
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6.5 Boundary-value problem, weak form, and numer-
ical results

By substituting the constitutive relations (6.55), (6.63a), (6.63b), (6.65a), and (6.65b)
into the system (6.38a)–(6.38i), and applying Dirichlet boundary conditions and
initial conditions, we state an initial- and boundary-value problem (IBVP) for 𝜒, 𝑭𝛾 ,
𝑽f and 𝑝. However, the boundary condition (6.38f), i.e.,

Yu𝑵 = 𝑆yℓ
2(Grad𝑳𝛾)∗𝑵 − 𝜇̄s𝐿

2𝕭∗T(𝑭𝛾 × 𝑭𝛾)t𝑵 = 𝑶, on 𝜕B, (6.73)

does not have the expression of a classical Neumann boundary condition in 𝑭𝛾 , since
it involves also ¤𝑭𝛾 , Grad ¤𝑭𝛾 , and Curl𝑭𝛾 , as can be recognized by writing it explicitly.

To overcome this difficulty, we reformulate the IBVP by regarding 𝑳𝛾 as a primary
unknown, rather than as a derived quantity, and we regard the relation ¤𝑭𝛾 = 𝑳𝛾𝑭𝛾

as the additional equation for determining 𝑭𝛾. By doing so, Equation (6.64) can
be recast in the form of a (linear) modified Helmholtz equation [204] in 𝑳𝛾, with
a right-hand side that is highly nonlinear in 𝑭 and 𝑭𝛾, and Equation (6.73) can be
interpreted as a linear, nonhomogeneous, Neumann boundary condition for 𝑳𝛾, in
which the non-homogeneity term depends on 𝑭𝛾 through 𝑭𝛾 × 𝑭𝛾 and the Burgers
tensor 𝕭. Moreover, the constraints (6.38h) and (6.38i) become algebraic equations
for 𝑳𝛾. This fact permits us to resolve them explicitly and, thus, to replace the nine
unknown components of 𝑳𝛾 with the five unknown components of the symmetric
and deviatoric tensor 𝑫̃𝛾, which satisfies identically the conditions 𝑫̃𝛾 = 𝑫̃

T
𝛾 and

⟨𝑮−1 |𝑫̃𝛾⟩ = 0. Moreover, the reaction force 𝜂𝑰T + 𝑮 (Skew𝚼) can be eliminated
from Equation (6.64) by projecting it onto the space of symmetric and deviatoric
second-order tensors, as done in Equation (6.39c).

From here on, we neglect the external force densities ΦsR𝜚s 𝒇 and ΦfR𝜚f 𝒇 , and,
to visualize the reformulated IBVP, we rewrite Equations (6.38a), (6.38b), (6.38e)
and (6.38g)–(6.38i) as

− Div(𝑷̂s ◦ (𝑭, 𝑭𝛾)) + 𝐽𝜙2
fR𝒌

−1 [𝑽s − 𝑽f] +ΦsR𝑭
−TGrad𝑝 = 0, (6.74a)

− Div
(
ΦfRV : Grad𝑽f

)
+ 𝐽𝜙2

fR𝒌
−1 [𝑽f − 𝑽s] +ΦfR𝑭

−TGrad𝑝 = 0, (6.74b)

− Div
{
𝑆yℓ

2(Grad𝑫̃𝛾)∗ − 𝕾̃
♯} + 𝑆y𝑫̃

∗
𝛾 = 𝑨̃

♯ + 𝒁̃
♯
, (6.74c)

− Div[ΦsR𝑽s𝑭
−T +ΦfR𝑽f𝑭

−T] = 0, (6.74d)
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¤𝜒 = 𝑽s, (6.74e)
¤𝑭𝛾 = 𝑮−1𝑫̃𝛾𝑭𝛾, (6.74f)

where we have introduced the auxiliary terms

𝑫̃
∗
𝛾 := 𝑮−1𝑫̃𝛾𝑮

−1, (6.75a)

𝕾 := 𝜇̄s𝐿
2𝕭∗T(𝑭𝛾 × 𝑭𝛾)t, (6.75b)

𝕾̃
♯ := 1

2
[
𝑮−1𝕾 + (𝑮−1𝕾) (t, · )

]
− 1

3𝑮
−1 ⊗ 𝖘, 𝔰𝐶 = 𝔖𝑁

𝑁𝐶 , (6.75c)

𝑨 := 𝑭−T
𝛾 [𝑭T𝑷s]𝑭T

𝛾 − 𝜇̄s𝐿
2 [𝕭∗𝕭T + 𝕭∗T𝕭

]
, (6.75d)

𝑨̃
♯ := Dev𝑮Sym(𝑮−1𝑨), 𝒁̃

♯ := Dev𝑮Sym(𝑮−1𝒁), (6.75e)

and 𝑽s is viewed as an additional unknown, related to the solid phase motion 𝜒

through Equation (6.74e).

The components of (Grad𝑫̃𝛾)∗, i.e., of the third-order tensor field dual to
Grad𝑫̃𝛾 , are given by [(Grad𝑫̃𝛾)∗]𝐴𝐵𝐶 = 𝐺𝐴𝑀 [Grad𝑫𝛾]𝑀𝑁𝑃𝐺𝑁𝐵𝐺𝑃𝐶 . Moreover,
for an arbitrary third-order tensor field 𝕿 of [𝑇B]3, the transpose 𝕿 (t, · ) means, in
components, [𝕿 (t, · )]𝐴𝐵𝐶 = 𝔗𝐵𝐴𝐶 .

The system (6.74a)–(6.74f) consists of 24 scalar equations in the 24 scalar
unknowns supplied by the components of 𝜒, 𝑭𝛾 ,𝑽s,𝑽f , 𝑫̃𝛾 and by 𝑝, and is endowed
with the boundary conditions

[(𝑷̂s ◦ (𝑭, 𝑭𝛾) −ΦsR𝑝𝑭
−T)𝑵]𝑑 = 𝜏s𝑑 , on 𝜕B\Γ𝑑sD, 𝑑 ∈ {1,2,3}, (6.76a)

[(ΦfRV : Grad𝑽f −ΦfR𝑝𝑭
−T)𝑵]𝑑 = 𝜏f𝑑 , on 𝜕B\Γ𝑑fD, 𝑑 ∈ {1,2,3}, (6.76b)

𝜒𝑑 = 𝜒𝑑b , on Γ𝑑sD, 𝑑 ∈ {1,2,3}, (6.76c)

𝑉 𝑑f = 𝑉 𝑑fb, on Γ𝑑fD, 𝑑 ∈ {1,2,3}, (6.76d)

{𝑆yℓ
2(Grad𝑫̃𝛾)∗ − 𝕾̃

♯}𝑵 = 𝑶, on 𝜕B, (6.76e)

where 𝜒𝑑b and 𝑉 𝑑fb are known boundary data on the solid phase motion and fluid
velocity.
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6.5.1 Initial- and boundary-value problem (IBVP)

The typical experimental apparatus for the compression test of multicellular aggregates
consists of a chamber filled with water, kept at the temperature of 20◦C, and two rigid
and impermeable plates, usually made of resin or steel, placed within the chamber,
parallel to each other, and oriented horizontally.

We consider a cylindrical specimen of a multicellular aggregate inserted between
the plates and we study the case in which its bottom and upper surfaces are glued to
the plates.

For the experiment under study, we assume the specimen’s reference placement,
i.e., B, to coincide with its just described initial placement, and we partition the
boundary of B as 𝜕B = ΓB ∪ ΓL ∪ ΓU, with ΓB, ΓL, and ΓU denoting the bottom,
lateral, and upper surface of the specimen, respectively.

The test is carried out in displacement control: a displacement ramp is applied
uniformly to all the points of the upper plate (which, thus, remains parallel to its
initial position) and, because of the hypothesis of rigidity, it is perfectly transmitted
to ΓU. The lower plate is kept fixed.

t [s]
0 10 20

f
(t

)
[m

m
]

0

2

Fig. 6.2 Left panel: Graphical representation of the compression test simulated in this
section. Right panel: Time trend of the magnitude of the (non-smoothed) compression
ramp. This images were first showed during the conference “XI International Conference on
Computational Bioengineering (ICCB 2025)” held in Rome, Italy, on September 8-10, 2025,
within the presentation of the abstract “Coupling inelastic distortions and Darcy–Brinkman
fluid flow in the modeling of multicellular aggregates under compression”, authored by A.
Pastore, A. Giammarini, A. Ramírez-Torres, A. Grillo.
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Since the aggregate and the plates are glued together in the contact areas, and
since the entity of the imposed displacement is relatively low (although large enough
to generate finite deformations), the contact areas do not change in time.

The motion of the solid phase on the points of ΓU and ΓB is fully determined by the
prescribed displacements: only the imposed vertical motion is allowed on ΓU, while
no motions are permitted on ΓB. For the fluid phase, we prescribe no-slip conditions
on ΓU and ΓB, so that the fluid velocity on the points of ΓU equals the (vertical)
velocity of the upper plate and is null on ΓB. We assume ΓL to be traction-free. For
the remodeling, we assume that 𝜕B = ΓU ∪ ΓB ∪ ΓL is “microscopically free”, to
use the words of Gurtin and Anand [142].

By gathering the items of information collected so far, we obtain

BCs on ΓU: BCs on ΓB: BCs on ΓL:

𝜒(𝑋, 𝑡) − 𝜒(𝑋, 0) = − 𝑓 (𝑡)𝒆3, 𝜒(𝑋, 𝑡) − 𝜒(𝑋, 0) = 0, (𝑷s −ΦsR𝑝𝑭
−T)𝑵 = 0, (6.77a)

𝑽f (𝑋, 𝑡) = − ¤𝑓 (𝑡)𝒆3, 𝑽f (𝑋, 𝑡) = 0, (𝑷f −ΦfR𝑝𝑭
−T)𝑵 = 0, (6.77b)

Yu(𝑋, 𝑡)𝑵 = 𝑶, Yu(𝑋, 𝑡)𝑵 = 𝑶, Yu(𝑋, 𝑡)𝑵 = 𝑶, (6.77c)

with 𝑓 (𝑡) = [𝐻 (𝑡)𝐻 (𝑡r − 𝑡)𝑡/𝑡r] 𝑓max + [𝐻 (𝑡e − 𝑡)𝐻 (𝑡 − 𝑡r)] 𝑓max, 𝑓max specified
in Table 6.1, and 𝐻 (𝑠) being the Heaviside function, i.e., 𝐻 (𝑠) = 1 for 𝑠 > 0,
𝐻 (𝑠) = 0 for 𝑠 < 0, and 𝐻 (𝑠) = 1/2 for 𝑠 = 0. Here, 𝑡r is the instant of time
at which the loading ramp ceases, while 𝑡e is the final time of the simulation.
Note that the solid phase velocity field on ΓU is undefined for 𝑡 = 𝑡r, and we obtain
𝑽s(𝑋, 𝑡) = 𝑽sb(𝑋, 𝑡) ≡ −( 𝑓max/𝑡r) 𝒆3 for 𝑡 ∈ ]0, 𝑡r [ , and𝑽s(𝑋, 𝑡) = 𝑽sb(𝑋, 𝑡) ≡ 0 𝒆3

for 𝑡 ∈ ]𝑡r, 𝑡e [ . The same applies to the velocity of the fluid phase on ΓU.

The prescribed initial conditions for the IBVP are

𝜒(𝑋, 0) = 𝜒in(𝑋), 𝑽f (𝑋, 0) = 0, 𝑭𝛾 (𝑋, 0) = 𝑰, (6.78)

with 𝜒in(𝑋) = (𝑋1, 𝑋2, 𝑋3) for all 𝑋 ∈ B, and 𝑰 : 𝑇𝑋B → 𝑇𝑋B the “material”
identity tensor.

Although our IBVP is inspired by an experiment, our simulations do not aim
to recover experimental curves, at this stage. To do so, indeed, one necessitates a
careful calibration of the model parameters.
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Parameter Symbol Numerical value Unit of measure Reference
Initial radius 𝑅 5.0 mm -
Initial height 𝐻 10.0 mm -

Referential solidity ΦsR 0.6 - -
Ref. hydraulic conductivity 𝑘0 2.557 · 10−2 mm4/(N · s) -

Material parameter 𝑚0 0.0848 - [205]
Material parameter 𝜅 4.6380 - [205]

First Lamé’s constant 𝜆s 1.3 · 104 Pa -
Second Lamé’s constant 𝜇s 2.0 · 104 Pa -

Rescaled∗∗ coarse grain yield strength 𝑆y 1.0 · 103 Pa · s -
Dissipative length [142] ℓ 1.0 mm -
Energetic length [142] 𝐿 1.0 mm -

Volumetric fluid viscosity coef. 𝔞 0.0∗ Pa · s -
Shear fluid viscosity coef. 𝔟 1.0 · 10−3 Pa · s -
Prescribed displacement 𝑓max 2.0 mm -

Loading time 𝑡r 10.0 s -
End time 𝑡e 20.0 s -

Table 6.1 Values of the material parameters used for the numerical simulations. (*) Note that,
in some simulations, the value 𝔞 = 100.0 Pa · s is assigned to obtain the Brinkman viscosity
𝔞/3. (**) The word “Rescaled” is going to appear in Prof. Alfio Grillo’s IRIS institutional
profile and is intended to be submitted to the journal Mathematics and Mechanics of Solids
as part of a Corrigendum.

6.5.2 The weak form of the IBVP used in this work

The boundary conditions (6.77a)–(6.77c) suggest a weak formulation of the problem,
based on Equations (6.74a)–(6.74f), that is customary when Darcy’s regime is
assumed, and consists of three main steps: (i) adding together the force balances
(6.74a) and (6.74b); (ii) rewriting (6.74b) in a form in which the overall fluid stress
tensor, i.e., 𝚷f = −ΦfR𝑝𝑭

−T + ΦfRV : Grad𝑽f , features under the divergence
operator; (iii) recasting the condition (6.74d) as Div[ΦfR(𝑽f − 𝑽s)𝑭−T] + ¤𝐽 = 0.
Accordingly, we obtain:∫

B
⟨𝑷s ◦ (𝑭, 𝑭𝛾) + 𝑷f ◦ (𝑭,Grad𝑽f) |Grad𝑽sv⟩ +

∫
B
⟨−𝐽𝑝𝑭−T |Grad𝑽sv⟩ = 0, (6.79a)∫

B
⟨𝑷f◦(𝑭,Grad𝑽f)−ΦfR𝑝𝑭

−T |Grad𝑽fv⟩+
∫

B
⟨𝐽𝜙2

fR𝒌
−1 [𝑽f−𝑽s]−𝑝Div(ΦfR𝑭

−T) |𝑽fv⟩=0, (6.79b)∫
B
⟨ΦfR [𝑽f − 𝑽s]𝑭−T |Grad𝑝v⟩ −

∫
ΓL

⟨ΦfR [𝑽f − 𝑽s]𝑭−T𝑵 |𝑝v⟩−
∫

B

¤𝐽𝑝v = 0, (6.79c)∫
B

{
⟨𝑆yℓ

2 (Grad𝑫̃𝛾)∗ |Grad𝑫̃𝛾v⟩+⟨𝑆y𝑫̃
∗
𝛾 |𝑫̃𝛾v⟩

}
=

∫
B

{
⟨𝑨̃♯+ 𝒁̃

♯ |𝑫̃𝛾v⟩+⟨𝕾̃
♯ |Grad𝑫̃𝛾v⟩

}
. (6.79d)

The absence of surface integrals in Equations (6.79a) and (6.79b) is due to the
fact that ΓL is a traction-free boundary both for the overall stress tensor and for the
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fluid stress tensor, while ΓU and ΓB are Dirichlet boundaries for each of the three
components of 𝑽s and 𝑽f . In what follows, we assume 𝒁 = 𝑶.

A more detailed presentation of the weak form of the considered problem, written
for more general boundary conditions, is provided in Appendix C.

6.5.3 Discussion of the numerical results

In this section we depart from the IBVP described in Section 5.1 and we simulate
two benchmarks.

For the first benchmark we disregard remodeling and we compare the generalized
Darcy–Brinkman model with the “classical” poroelastic model based on Darcy’s law.

In the second benchmark, we consider also remodeling and we study two scenarios:

• the “Grade-0” case, or model, characterized by Darcy’s law for the fluid
and by 𝑭𝛾 for remodeling (we refer to this type of remodeling as “grade-0
remodeling”), with no spatial derivatives of 𝑭𝛾 explicitly featuring in the
constitutive framework (at a glance, the Brinkman viscosities are set equal to
zero, i.e., 𝔞 = 0 Pa · s and 𝔟 = 0 Pa · s, and the remodeling lengths ℓ and 𝐿 are
null, i.e., ℓ = 0 m and 𝐿 = 0 m);

• the “Grade-1” case, or model, characterized by the Darcy–Brinkman model
for the fluid flow and by 𝑭𝛾 and Grad𝑭𝛾 for remodeling, as presented above
(we refer to this type of remodeling as “grade-1 remodeling”).

For the second benchmark, we compare the results predicted by the Grade-1 and the
Grade-0 cases. The latter model can be retrieved by reverting to Darcy’s regime,
neglecting the terms associated with the Burgers tensor 𝕭 and Grad𝑳𝛾, or Grad𝑫̃𝛾

(by virtue of the constraints put on 𝑳𝛾), and disregarding the boundary conditions
prescribed on 𝑳𝛾..

We use COMSOL Multiphysics® v5.3 to solve numerically the two benchmarks.
In particular, for both problems, we generate a mesh consisting of 7656 volume
elements, 1576 surface elements and 168 line elements. For the simulations of the
Grade-1 model, we use quadratic Lagrange elements for the deformation 𝜒, linear
Lagrange elements for the fluid velocity𝑽f , linear Lagrange elements for the pressure
field 𝑝, and, when remodeling is considered, linear discontinuous Lagrange elements
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for the remodeling tensor 𝑭𝛾 and linear Lagrange elements for the remodeling rate
𝑫̃𝛾 . For the simulations of the Grade-0 model, we employ linear Lagrange elements
for 𝜒, linear Lagrange elements for 𝑝 and, when remodeling is considered, linear
discontinuous Lagrange elements for 𝑭𝛾. We did not carry out convergence tests
with mesh refinement.

To reach convergence in the simulations of Equations (6.79a)–(6.79d), we adopt
one strategy, provided directly by COMSOL Multiphysics® v5.3. Namely, we
regularize the imposed displacement on the upper surface of the specimen by slightly
modifying the slope of the displacement ramp 𝑓 (𝑡). In particular, we smooth the
edges of the ramp at 𝑡 = 0 s and 𝑡 = 𝑡r = 10 s, and we make it steeper over the time
window [0.5 s, 𝑡r − 1 s]. Hence, in some simulations, the end of the increasing part
of the non-regularized compressive ramp, i.e., 𝑡r = 10 s, does not coincide with the
instant of time at which the registered value of quantities such as fluid pressure and
mechanical stress acquire their highest values. Rather, these quantities reach their
maxima before 𝑡r = 10 s.

(a) Fluid effective pressure 𝑝f at 𝑋U ∈ ΓU and
at 𝑋C (no remodeling)

(b) Overall stress magnitudes 𝑅𝑵 at 𝑋U ∈ ΓU and
𝑅𝑬3 at 𝑋C (no remodeling)

Fig. 6.3 Left panel: Fluid effective pressure 𝑝f (see Equation (6.71)) evaluated at the middle
point 𝑋U of the upper surface ΓU of the specimen (dashed lines), and at the center of the
specimen 𝑋C (solid lines). Right panel: Overall stress magnitudes 𝑅𝑵 (see Equation (6.80a)),
evaluated at the middle point 𝑋U of the upper surface ΓU of the specimen (dashed lines),
and 𝑅𝑬3 (see Equation (6.80b)), evaluated at the center of the specimen 𝑋C (solid lines).
We consider three cases for the fluid flow: Darcian regime (“D”); Darcy–Brinkman model
(“DB”) with 𝔞 = 0 Pa · s; and Darcy–Brinkman model (“DB”) with 𝔞 = 100.0 Pa · s.
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First benchmark: Poroelastic Darcy–Brinkman model (no remodeling).

The purpose of this benchmark is to evaluate how switching from Darcy’s model to the
Darcy–Brinkman model presented in our work influences the fluid pressure and the
overall stress in the considered specimen. To this end, we select some representative
points of the specimen. In particular, we discuss the role of the Brinkman second
viscosity 𝔞, since, in our model, the stress associated with it is nonzero in spite of the
incompressibility of the fluid phase. This is a major difference with respect to the
Darcy–Brinkman models of porous media that do not account for the deformation of
the solid matrix and for the spatial variability of the porosity. Indeed, in these models,
the fluid phase velocity field turns out to be divergence-free and the fluid Cauchy
stress tensor becomes 𝝈f = 2𝜙f𝔟 sym(𝒈 grad𝒗f)𝒈−1, where grad𝒗f is deviatoric. In
our framework, instead, 𝝈f is given by Equation (6.68), since div𝒗f is nonzero as a
consequence of the deformation of the solid phase and variability of the medium’s
porosity.

Figure 6.3. In Figure 6.3a, we plot the fluid effective pressure field 𝑝f (in Darcy’s
case, 𝑝f ≡ 𝜙f 𝑝) versus time, evaluated both at the middle point 𝑋U of the upper
interface ΓU between the specimen and the upper plate (dashed lines) and at the
center of the specimen, 𝑋C (solid lines).

In Figure 6.3b, we plot the time trend of the following overall stress magnitudes:

𝑅𝑵 :=


{−𝐽𝑝𝑭−T + 𝑷̂s ◦ (𝑭, 𝑭𝛾) + (𝐽 −ΦsR) (V̂ ◦ 𝑭) : Grad𝑽f}𝑵



, on ΓU, (6.80a)

𝑅𝑬3 :=


{−𝐽𝑝𝑭−T + 𝑷̂s ◦ (𝑭, 𝑭𝛾) + (𝐽 −ΦsR) (V̂ ◦ 𝑭) : Grad𝑽f}𝑬3

, on ΓC, (6.80b)

where 𝑵 is the field of co-normals associated with ΓU and 𝑬3 is the unit co-vector
field of the basis {𝑬𝐴}3

𝐴=1, taken as the field of co-normals associated with the
surface ΓC passing through 𝑋C and orthogonal to the specimen’s symmetry axis. We
evaluate 𝑅𝑵 at 𝑋U and 𝑅𝑬3 at 𝑋C.

For the simulations that involve the Darcy–Brinkman model, we observe the
response of the system for 𝔞 = 0 Pa · s and for 𝔞 = 100.0 Pa · s. The reason for
choosing these values, which, to our knowledge, are not supported by experimental
data, is to estimate the impact of the parameter 𝔞 on 𝑝f , 𝑅𝑵 , and 𝑅𝑬3 . For this
purpose, we consider both 𝔞 = 0 Pa · s and 𝔞 = 100.0 Pa · s, which is five orders
of magnitude greater than 𝔟 and much bigger than the volume viscosity coefficient
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of fluids that are often regarded as incompressible in biological media (about four
orders of magnitude greater than water volume viscosity at 25◦C).

We denote by 𝑝D
f , 𝑅D

𝑵 and 𝑅D
𝑬3 the curves obtained by using Darcy’s model, and

by 𝑝DB
f , 𝑅DB

𝑵 and 𝑅DB
𝑬3 those obtained by switching to the Darcy–Brinkman model.

Figures 6.3a and 6.3b compare the time trends of 𝑝D
f , 𝑅D

𝑵 and 𝑅D
𝑬3 (squares) with

those of 𝑝DB
f , 𝑅DB

𝑵 and 𝑅DB
𝑬3 for 𝔞 = 0 Pa · s (triangles) and 𝔞 = 100.0 Pa · s (circles).

In Figure 6.3a, the transition from the Darcian model to the Darcy–Brinkman model
produces, for both values of 𝔞, appreciable changes in the values of 𝑝f only at 𝑋U

(dashed lines) and for 𝑡 ∈ ]𝑡r, 𝑡e [ , while it yields very modest differences at 𝑋C and
over the same time window (solid lines). In Figure 6.3b, instead, no remarkably
appreciable differences are observed in the time trends of 𝑅𝑵 and 𝑅𝑬3 , regardless
of the values attributed to 𝔞. These results could be related to the simple geometry
of the contact zones between the specimen and the plates, which do not give rise to
particularly noticeable boundary effects (at least, as long as remodeling is deactivated).
Hence, for the next simulations we take 𝔞 = 0 Pa · s.

(a) Fluid effective pressure 𝑝f at 𝑋U ∈ ΓU
(case with remodeling)

(b) Overall stress magnitudes 𝑅𝑵 at 𝑋U ∈ ΓU
(case with remodeling)

Fig. 6.4 Left panel: Fluid effective pressure 𝑝f (see Equation (6.71)) evaluated at the middle
point 𝑋U of the upper surface ΓU of the specimen. Right panel: Overall stress magnitude
𝑅𝑵 (see Equation (6.80a)) evaluated at the middle point 𝑋U of the upper surface ΓU of the
specimen. The solid vertical line at 𝑡 = 𝑡r = 10 s indicates the instant of time in which the
compressive ramp exerts the maximum displacement. Because of the regularization of the
compressive ramp, the maxima of all the plotted curves are attained at time 𝑡max = 𝑡r−1 = 9 s.
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Second benchmark: Darcy–Brinkman model with strain-gradient remodeling.

We discuss the evolution of the system with remodeling. We compare three cases:
(i) the flow is in Darcian regime and the remodeling distortions evolve according
to a grade-0 theory in 𝑭𝛾, i.e., with Grad𝑫̃𝛾 and 𝕭 absent from Equation (6.74c),
which thus reduces to 𝑆y𝑫̃

∗
𝛾 = 𝑨̃

♯, with 𝑨 = 𝑭−T
𝛾 [𝑭T𝑷s]𝑭T

𝛾 ; (ii) the fluid obeys the
Darcy–Brinkman model, but the non-dissipative effects of remodeling associated
with𝑊sD are neglected, which amounts to prescribe 𝐿 = 0 m; (iii) the full IBVP of
Section 5 is solved.

Figure 6.4. In Figure 6.4a we report the evaluation of the fluid effective pressure
𝑝f in the middle point 𝑋U of the specimen’s upper surface ΓU, and over the time
interval [0 s, 𝑡e = 20 s]. In Figure 6.4b we show the evaluation of 𝑅𝑵 at the same
point and over the same time interval. In both figures, we observe changes in the time
trend when we pass from Darcy’s model and grade-0 remodeling, i.e., the “Grade-0”
case, to the Darcy–Brinkman model and grade-1 remodeling, i.e., the “Grade-1” case
(identified by the values given to the length scales ℓ and 𝐿). For conciseness, we
denote by 𝑝G0

f and 𝑅G0
𝑵 the curves referring to the Grade-0 case (squares) and by 𝑝G1

f
and 𝑅G1

𝑵 those referring to the Grade-1 case (triangles and circles). Note that, for all
these simulations, the Brinkman viscosity 𝔞 is set equal to zero, while 𝔟 is given the
value reported in Table 6.1.

A noticeable result is that, when remodeling is activated, the values of both 𝑝f

and 𝑅𝑵 are appreciably smaller than those appearing in the case in which remodeling
is switched off. This behavior is expected as a consequence of the mitigating effect
that remodeling has on the distribution of the stresses in a medium. Moreover, the
presence of remodeling accelerates the relaxation of all the curves plotted in Figures
6.4a and 6.4b towards a state of lower pressure and stress.

Aside from the considerations made above, to us one result is noteworthy: the
curves of 𝑝G1

f and 𝑅G1
𝑵 , obtained for 𝐿 = 0 m and 𝐿 = 10−3 m, share a time trend

qualitatively similar to those of 𝑝G0
f and 𝑅G0

𝑵 , although there is an appreciable
difference after a certain instant of time greater than the instant 𝑡max at which all
the curves attain their maxima. In fact, for 𝐿 = 0 m, the values of 𝑝G1

f and of
𝑅G1
𝑵 (triangles) are higher than the corresponding ones obtained for 𝐿 = 10−3 m

(circles). This means that, although the Grade-1 curves are all above the Grade-0
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ones, the activation of the length scale 𝐿, related to the non-dissipative parts of 𝒀u

andYu, plays a mitigating role both on the pressure and on the overall stress, thereby
accelerating their relaxation.

Figure 6.5. In Figures 6.5a–6.5d we plot the time trends of the radial, circumferen-
tial, and axial components of 𝑭𝛾 as well as of the radial-axial (13-)component of 𝑭𝛾 .
All these evaluations are taken at the point 𝑋L ∈ ΓL of coordinates (5.0, 0.0, 5.0) mm,
lying at half of the height of the specimen’s lateral boundary, ΓL. We indicate with
𝑭𝛾

G0 the remodeling tensor related to the Grade-0 case (squares), and with 𝑭𝛾
G1 the

same quantity obtained within the Grade-1 case (circles for non-vanishing “defect”
free energy density 𝑊sD, i.e., 𝐿 = 10−3 m, and triangles for vanishing 𝑊sD, i.e.,
𝐿 = 0 m).

A relevant feature of Figure 6.5 is that, after a certain instant of time in the
interval [0 s, 5 s], [𝑭𝛾G1]1

1 becomes larger than [𝑭𝛾G0]1
1 both for 𝐿 = 0 m and for

𝐿 = 10−3 m (see Figure 6.5a), while [𝑭𝛾G1]2
2 remains smaller than [𝑭𝛾G0]2

2 for
almost the entire duration of the simulation (see Figure 6.5b), although, at 𝑡 = 𝑡e,
[𝑭𝛾G1]2

2 for 𝐿 = 0 m (triangles) comes closer to the value attained by [𝑭𝛾G0]2
2 at 𝑡e

(squares). Moreover, both for 𝐿 = 0 m and for 𝐿 = 10−3 m (triangles and circles),
the curves of [𝑭𝛾G1]3

3 intersect the curve of [𝑭𝛾G0]3
3 (squares) at an instant of time

𝑡∗ in the interval ]5 s, 𝑡r − 1[ , and, in particular, they attain smaller values after 𝑡∗
(see Figure 6.5c). Finally, both for the Grade-0 case and for the Grade-1 case, the
values of [𝑭𝛾]1

3 are negligibly small with respect to the diagonal components of
the remodeling tensor (see Figure 6.5d). Although we expect this result, due to the
symmetries of the problem under investigation, we notice that, while [𝑭𝛾G0]1

3 is zero
(in fact, its simulated values are of the order of 10−16), [𝑭𝛾G1]1

3 is of the order of
10−7.

We remark that, in Figures 6.5a, 6.5c, and 6.5d, switching from 𝐿 = 0 m to
𝐿 = 10−3 m yields appreciable differences in the examined components of the
remodeling tensor, while these differences are less marked in Figure 6.5b. In
particular, in the Grade-1 model, and during the relaxation phase, the presence
of the energetic contributions to 𝒀u and Yu due to 𝐿 = 10−3 m (circles) tend to
decrease [𝑭𝛾G1]1

1 and [𝑭𝛾G1]2
2 and to increase [𝑭𝛾G1]3

3 with respect to the case
𝐿 = 0 m. Hence, we conclude that these energetic contributions tend to hinder these
components of the remodeling tensor near the lateral boundary.
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Figure 6.6. In Figure 6.6a, we report the 33-component of 𝑭𝛾
G1 and 𝑭𝛾

G0 at
𝑡 = 𝑡r = 10 s and at 𝑡 = 𝑡e = 20 s (final time of observation). The curves of [𝑭𝛾G0]3

3

(squares) take on unitary values at the extrema of the spatial interval [0 mm, 10 mm],
corresponding to the middle points of the bottom and upper surfaces, denoted by
𝑋B = (0, 0, 0) mm and 𝑋U = (0, 0, 10) mm, respectively. The evolution of the
remodeling is testified by the fact that, at the end of the simulation, i.e., for 𝑡 = 𝑡e, the
curve of [𝑭𝛾G0]3

3 (solid line marked by squares) is below the one obtained for 𝑡 = 𝑡r
(dashed line marked by squares). We notice that the derivative of [𝑭𝛾G0]3

3 along the
axial direction, and evaluated at the points 𝑋B and 𝑋U, is nonzero.

A quite different behavior can be observed for [𝑭𝛾G1]3
3. In this case, indeed,

although the curves plotted for 𝑡 = 𝑡r = 10 s (dashed lines marked with triangles
and circles) and for 𝑡 = 𝑡e = 20 s (solid lines marked with triangles and circles) are
symmetric with respect to the straight line of equation 𝑋3 = 5 mm (corresponding
to transverse plane passing through 𝑋C), the derivatives of [𝑭𝛾G1]3

3 along the axial
direction, and evaluated at the points 𝑋B and 𝑋U, are (almost) zero, in accordance
with the boundary conditionsYu𝑵 = 𝑶 (see Equation (6.73)). This is, in fact, an
effect of the boundary that is not visible for the Grade-0 model.

In Figure 6.6b we show the radial component [𝑭𝛾G1]1
1 and [𝑭𝛾G0]1

1. As one
expects, for each curve, the maximum is attained at the symmetry axis.

It is worth mentioning that, as shown in Figures 6.6a and 6.6b, in the inner region
of the specimen the components [𝑭𝛾G1]3

3 and [𝑭𝛾G1]1
1 for 𝑡 = 𝑡r = 10 s (dashed

lines marked with triangles and circles) assume values closer to unity than their
Grade-0 counterparts do. However, for 𝑡 = 𝑡e = 20 s, the values of [𝑭𝛾G1]3

3 and
[𝑭𝛾G1]1

1 (solid lines marked with triangles and circles) become very similar to the
ones predicted by the Grade-0 theory. This suggests that [𝑭𝛾G1]3

3 and [𝑭𝛾G1]1
1

distance themselves from unity on the interval [𝑡r, 𝑡e] a little bit more than their
Grade-0 counterparts.

6.6 Concluding remarks

We have studied the mechanics of a multicellular aggregate within a strain-gradient
theory of remodeling (re-proposed from the work by Gurtin and Anand [142]) and a
Darcy–Brinkman model for the interstitial fluid. This framework has been obtained
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(a) 11-component of 𝑭𝛾 at 𝑋L ∈ ΓL (b) 22-component of 𝑭𝛾 at 𝑋L ∈ ΓL

(c) 33-component of 𝑭𝛾 at 𝑋L ∈ ΓL (d) 13-component of 𝑭𝛾 at 𝑋L ∈ ΓL

Fig. 6.5 Evolution of the radial (a), circumferential (b), axial (c), and radial-axial shear
component of 𝑭𝛾 (d) at the point 𝑋L of coordinates (5.0, 0.0, 5.0) mm of the specimen’s
lateral surface ΓL.

by selecting the motion of the solid phase, the velocity field of the fluid phase and
the remodeling tensor as basic kinematic fields for the system under consideration.

Our results show that, in the absence of remodeling, the Darcy–Brinkman model
for simulating the compression test of a homogeneous and isotropic cylindrical
specimen leads to rather modest variations of the fluid effective pressure and to
almost no appreciable changes in the stress distribution as compared with the same
quantities predicted by standard Darcy’s law. As discussed in the presentation of the
figures, this could be partially imputable to the simple geometry of the specimen’s
boundary and to the loading conditions, which do not alter such geometry, thereby not
giving room to strong boundary effects. In this respect, the benchmark test that we
have simulated may seem to be inappropriate for justifying the Brinkman correction.
However, the fact that there appear differences in the fluid effective pressure already
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(a) Symmetry axis, 33-component of 𝑭𝛾 (b) Radial segment, 11-component of 𝑭𝛾

Fig. 6.6 Left panel: Comparison of the components [𝑭𝛾]3
3 computed within the Grade-0

model, i.e., [𝑭𝛾
G0]3

3, with the same quantities computed within the Grade-1 model, i.e.,
[𝑭𝛾

G1]3
3; the evaluation is done along the symmetry axis of the specimen. Right panel:

Comparison of the components [𝑭𝛾]1
1 computed within the Grade-0 model, i.e., [𝑭𝛾

G0]1
1,

with the same quantities computed within the Grade-1 model, i.e., [𝑭𝛾
G1]1

1; the evaluation
is done along the radial segment comprised between the points (0.0, 0.0, 5.0) mm and
(5.0, 0.0, 5.0) mm. In both panels, the cases 𝐿 = 0 m and 𝐿 = 10−3 m characterize the
Grade-1 model.

in the simple situation analyzed in our work suggests that the Darcy–Brinkman model
could become important in situations generating strong gradients of the fluid velocity
field. These could involve, for instance, twist tests or indentation tests, in which the
original geometry of the specimen is remarkably modified, or transport problems in
which the fluid is injected into the tested medium.

A different consideration concerns the role of the bulk viscosity parameter 𝔞. For
the values considered in our work, 𝔞 does not alter significantly the evolution of the
system, but we have not assessed yet whether, from the point of view of computing,
𝔞 could stabilize the numerical solution.

These considerations notwithstanding, appreciable differences in the fluid effective
pressure, stress distribution within the specimen, and in the components of the
remodeling tensor emerge when the Grade-0 model is compared with the Grade-1
model. In this respect, we remark that, while strain-gradient theories in the anelastic
descriptor have been historically introduced to account for size effects in crystalline
solids, and their importance cannot be understated (see e.g. the review by Voyiadjis
and collaborators [171]), the determination of the phenomenological length scales ℓ
and 𝐿 in biological media is still an open problem. To the authors’ knowledge, there
is a lack of experimental protocols for the identification of size effects in biological
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tissues, with a notable exception being the study of the mechanics of trabecular
bone [206, 207]. In fact, following the opening of a crack, the neighboring region
of the bone undergoes a remodeling process by developing plastic-like distortions
and forming the so called “plastic zone” [206], which can be regarded as a size
effect encompassing various elementary cells of a bone [206, 207] and determines a
dissipative phenomenological length scale that can be estimated [206].

We conclude this discussion on the Darcy–Brinkman model with a remark.
Auriault [208] obtains the Darcy–Brinkman model starting from Stokes’ equation
as a result of an up-scaling procedure that involves the asymptotic expansion of the
fields of fluid pressure and velocity in a non-deforming porous medium made of

“swarms of fixed particles or fixed beds of fibers at very low concentration, only, and
under precise conditions”[208]. In this case, Auriault[208] finds that the so-called
Brinkman viscosity equals the true viscosity of the fluid. However, he also warns that

“for isotropic and macroscopically homogeneous porous media [. . . ] Brinkman’s
equation has no physical background”[208]. While bearing this criticism in mind,
we are aware of studies suggesting the usefulness of the Darcy–Brinkman model in
addressing biomechanical problems[173]. Since biological porous media, especially
when subjected to remodeling, have an internal structure that evolves and may deviate
somewhat from the one of “macroscopically homogeneous porous media” [208],
examining the influence of Brinkman’s correction on the flow and its interaction
with remodeling could deserve investigations. This has indeed motivated the present
work and some results have been discussed in the previous section. Another case
worthy of attention is provided by fiber-reinforced composites, which, besides the
remodeling of the matrix, undergo also the reorientation of the fibers. Although the
Darcy–Brinkman model in fiber-reinforced media is present in the literature (see, e.g.,
[209]), it could be useful to investigate how the non-spherical and dissipative stress
tensor predicted by the Brinkman model couples with the fibers’ distribution in the
medium and whether it plays a role in the reorientation of the fibers themselves [4].
Clearly, all these considerations are at the moment conjectures and await experimental
verification.



Appendix C

Weak form for general boundary
conditions

The content of this appendix is taken from the appendix of [5].

In this appendix, we put Equations (6.74a)–(6.74d) and the boundary conditions
(6.76a)–(6.76e) in weak form. Although this procedure has some similarities with
the Principle of Virtual Power (PVP), it yields four important differences: first, the
constitutive information is now fully exploited; second, the force balances (6.38a)
and (6.38b), replaced by (6.74a) and (6.74b), are reformulated in a way in which,
when put in weak form, the gradients of the volumetric fractions no longer appear;
third, 𝑳𝛾 is replaced by the symmetric and deviatoric tensor field 𝑫̃𝛾; finally, 𝑫̃𝛾 and
𝑭𝛾 are regarded as kinematic variables that, although being formally independent of
each other, are reciprocally related by Equation (6.74f). Note that, because of the
identities 𝜙sR = ΦsR/𝐽 and 𝜙fR = 1 −ΦsR/𝐽, the elimination of the gradients of the
volumetric fractions entails the elimination of the gradient of 𝐽 and, thus, of 𝑭, so
that, when Equations (6.74a) and (6.74b) are put in weak form, the highest order of
spatial differentiation of 𝜒 is the first.

To put Equation (6.74c) in weak form, we introduce as test field the generalized
virtual rate 𝑫̃𝛾v, which is symmetric and deviatoric by construction.

We compute the duality products of Equations (6.74a)–(6.74d) with 𝑽sv, 𝑽fv,
𝑫̃𝛾v, and 𝑝v, respectively, we integrate over B, and we apply Leibnitz rule and
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Gauss’ Theorem. Hence, we obtain∫
B
⟨𝑷̂s ◦ (𝑭, 𝑭𝛾) |Grad𝑽sv⟩ +

∫
B
⟨𝐽𝜙2

fR𝒌
−1𝑽s |𝑽sv⟩ +

∫
B
⟨−𝐽𝜙2

fR𝒌
−1𝑽f |𝑽sv⟩

+
∫

B
⟨ΦsR𝑭

−TGrad𝑝 |𝑽sv⟩ −
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

sD

[ΦsR𝑝𝑭
−T𝑵]𝑑𝑉𝑑

sv =

3∑︁
𝑑=1

∫
𝜕B\Γ𝑑

sD

𝜏s𝑑𝑉
𝑑
sv, (C.1a)

∫
B
⟨ΦfRV : Grad𝑽f |Grad𝑽fv⟩ +

∫
B
⟨𝐽𝜙2

fR𝒌
−1𝑽f |𝑽fv⟩ +

∫
B
⟨−𝐽𝜙2

fR𝒌
−1𝑽s |𝑽fv⟩

+
∫

B
⟨ΦfR𝑭

−TGrad𝑝 |𝑽fv⟩ −
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

fD

[ΦfR𝑝𝑭
−T𝑵]𝑑𝑉𝑑

fv =

3∑︁
𝑑=1

∫
𝜕B\Γ𝑑

fD

𝜏f𝑑𝑉
𝑑
fv, (C.1b)

∫
B

{
⟨𝑆yℓ

2 (Grad𝑫̃𝛾)∗ |Grad𝑫̃𝛾v⟩+⟨𝑆y𝑫̃
∗
𝛾 |𝑫̃𝛾v⟩

}
=

∫
B

{
⟨𝑨̃♯+ 𝒁̃

♯ |𝑫̃𝛾v⟩+⟨𝕾̃
♯ |Grad𝑫̃𝛾v⟩

}
, (C.1c)

∫
B
⟨ΦsR𝑽s𝑭

−T |Grad𝑝v⟩ −
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

sD

[ΦsR𝑭
−T𝑵]𝑑𝑉𝑑

s 𝑝v +
∫

B
⟨ΦfR𝑽f𝑭

−T |Grad𝑝v⟩

−
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

fD

[ΦfR𝑭
−T𝑵]𝑑𝑉𝑑

f 𝑝v=

3∑︁
𝑑=1

∫
Γ𝑑

sD

[ΦsR𝑭
−T𝑵]𝑑 ¤𝜒𝑑b 𝑝v+

3∑︁
𝑑=1

∫
Γ𝑑

fD

[ΦfR𝑭
−T𝑵]𝑑𝑉𝑑

fb 𝑝v. (C.1d)

The unknowns 𝑝, 𝑉 𝑑s and 𝑉 𝑑f feature also on the boundary portions complementary
to the ones on which Dirichlet conditions are imposed on 𝜒𝑑 and 𝑉 𝑑f .

We do not put Equations (6.74e) and (6.74f) in weak form because they are solved
pointwise. In view of the finite element implementation, they must be fulfilled by the
nodal values of the discretized representations of 𝑽s and 𝑫̃𝛾, including the values
at the nodes of 𝜕B\Γ𝑑sD and 𝜕B, respectively, which are unknown. In fact, if 𝑁s

and 𝑁𝛾 are the numbers of nodes of the discretizations of 𝑽s and 𝑫̃𝛾, respectively,
then Equations (6.74e) and (6.74f), which amount to three and nine scalar equations,
generate a number of conditions equal to 3𝑁s + 9𝑁𝛾.

Let us now introduce the velocity field 𝑽̌sb, associated with the solid phase,
and defined as follows: let 𝑑 ∈ {1,2,3} be the index identifying, in a given basis
{𝒆𝑎}3

𝑎=1, the component of the trace of the solid phase velocity field prescribed on
Γ𝑑sD, so that 𝑉 𝑑s = ¤𝜒𝑑b on Γ𝑑sD in the sense of the trace operators. Then, we introduce
𝑽̌sb =

∑3
𝑎=1 𝑉̌

𝑎
sb𝒆𝑎 as a vector field defined on B = B ∪ 𝜕B and having components

that, on the given Γ𝑑sD, satisfy 𝑉̌𝑎sb ≡ ¤𝜒𝑑b for 𝑎 = 𝑑, and 𝑉̌𝑎sb ≡ 0 for 𝑎 ≠ 𝑑. In fact, 𝑽̌sb

prolongs the Dirichlet boundary data prescribed on Γ𝑑sD for the solid phase velocity
to the inner points of B and onto 𝜕B\Γ𝑑sD. Introducing 𝑽̌sb permits us to rewrite 𝑽s

as 𝑽s = 𝑼s + 𝑽̌sb, where the rescaled velocity field 𝑼s := 𝑽s − 𝑽̌sb is such that, on
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Γ𝑑sD, its components satisfy 𝑈𝑎
s = 0 for 𝑎 = 𝑑, and 𝑈𝑎

s = 𝑉𝑎s for 𝑎 ≠ 𝑑. Hence, 𝑼s

belongs to the same functional space as 𝑽sv, i.e., 𝑼s ∈ Vsv.

We apply now an identical reasoning to the fluid phase velocity field, thereby
rewriting𝑽f as𝑽f = 𝑼f+𝑽̌fb, with𝑼f := 𝑽f−𝑽̌fb ∈ Vfv, and where 𝑽̌fb =

∑3
𝑎=1 𝑉̌

𝑎
fb𝒆𝑎

is a vector field defined on B such that, on Γ𝑑fD (for some 𝑑 ∈ {1,2,3}), its components
satisfy 𝑉̌𝑎fb ≡ 𝑉 𝑑fb for 𝑎 = 𝑑, and 𝑉̌𝑎fd = 0 for 𝑎 ≠ 𝑑.

The structure of the weak forms (C.1a)–(C.1d) and the rescaled velocity fields
𝑼s and 𝑼f yield

Mss (𝜒, 𝑭𝛾;𝑼s |𝑽sv) +Msf (𝜒;𝑼f |𝑽sv) +Msp (𝜒; 𝑝 |𝑽sv) = 𝑇s (𝜒;𝑽sv), (C.2a)

M†
sf (𝜒;𝑼s |𝑽fv) +Mff (𝜒;𝑼f |𝑽fv) +Mfp (𝜒; 𝑝 |𝑽fv) = 𝑇f (𝜒;𝑽fv), (C.2b)

M†
sp (𝜒;𝑼s |𝑝v) +M†

fp (𝜒;𝑼f |𝑝v) = 𝑇p (𝜒; 𝑝v), (C.2c)

M𝛾𝛾 (𝑫̃𝛾 |𝑫̃𝛾v) = 𝑇𝛾 (𝜒, 𝑭𝛾; 𝑫̃𝛾v), (C.2d)

where we have used the dagger “†” to indicate the adjoint of an operator, we have
switched Equations (C.1c) and (C.1d), now corresponding to (C.2d) and (C.2c), and
we have introduced the functionals

Mss (𝜒, 𝑭𝛾;𝑼s |𝑽sv) :=
∫

B
⟨𝑷̂s ◦ (𝑭, 𝑭𝛾) |Grad𝑽sv⟩ +

∫
B
⟨𝐽𝜙2

fR𝒌
−1𝑼s |𝑽sv⟩, (C.3a)

Msf (𝜒;𝑼f |𝑽sv) :=
∫

B
⟨−𝐽𝜙2

fR𝒌
−1𝑼f |𝑽sv⟩, (C.3b)

Msp (𝜒; 𝑝 |𝑽sv) :=
∫

B
⟨ΦsR𝑭

−TGrad𝑝 |𝑽sv⟩ −
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

sD

[ΦsR𝑝𝑭
−T𝑵]𝑑𝑉𝑑

sv, (C.3c)

𝑇s (𝜒;𝑽sv) :=
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

sD

𝜏s𝑑𝑉
𝑑
sv −

∫
B
⟨𝐽𝜙2

fR𝒌
−1 (𝑽̌sb − 𝑽̌fb) |𝑽sv⟩, (C.3d)

Mff (𝜒;𝑼f |𝑽fv) :=
∫

B
⟨ΦfRV : Grad𝑼f |Grad𝑽fv⟩ +

∫
B
⟨𝐽𝜙2

fR𝒌
−1𝑼f |𝑽fv⟩, (C.3e)

Mfp (𝜒; 𝑝 |𝑽fv) :=
∫

B
⟨ΦfR𝑭

−TGrad𝑝 |𝑽fv⟩ −
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

fD

[ΦfR𝑝𝑭
−T𝑵]𝑑𝑉𝑑

fv, (C.3f)

𝑇f (𝜒;𝑽fv) :=
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

fD

𝜏f𝑑𝑉
𝑑
fv −

∫
B
⟨𝐽𝜙2

fR𝒌
−1 (𝑽̌fb − 𝑽̌sb) |𝑽fv⟩

−
∫

B
⟨ΦfRV : Grad𝑽̌fb |Grad𝑽fv⟩, (C.3g)

𝑇p (𝜒; 𝑝v) := −
∫

B
⟨ΦsR𝑽̌sb𝑭

−T |Grad𝑝v⟩ +
3∑︁

𝑑=1

∫
Γ𝑑

sD

[ΦsR𝑭
−T𝑵]𝑑 ¤𝜒𝑑b 𝑝v

−
∫

B
⟨ΦfR𝑽̌fb𝑭

−T |Grad𝑝v⟩ +
3∑︁

𝑑=1

∫
Γ𝑑

fD

[ΦfR𝑭
−T𝑵]𝑑𝑉𝑑

fb 𝑝v
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+
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

sD

[ΦsR𝑭
−T𝑵]𝑑𝑉̌𝑑

sb 𝑝v +
3∑︁

𝑑=1

∫
𝜕B\Γ𝑑

fD

[ΦfR𝑭
−T𝑵]𝑑𝑉̌𝑑

fb 𝑝v, (C.3h)

M𝛾𝛾 (𝑫̃𝛾 |𝑫̃𝛾v) :=
∫

B
⟨𝑆yℓ

2 (Grad𝑫̃𝛾)∗ |Grad𝑫̃𝛾v⟩ +
∫

B
⟨𝑆y𝑫̃

∗
𝛾 |𝑫̃𝛾v⟩, (C.3i)

𝑇𝛾 (𝜒, 𝑭𝛾; 𝑫̃𝛾v) :=
∫

B

{
⟨𝑨̃♯ + 𝒁̃

♯ |𝑫̃𝛾v⟩ + ⟨𝕾̃♯ |Grad𝑫̃𝛾v⟩
}
. (C.3j)

To determine the dependence of 𝑇𝛾 on 𝜒 and 𝑭𝛾, we have assumed that 𝒁̃♯ can
be represented as a function of 𝑭 and 𝑭𝛾 . This hypothesis allows for a feedback of 𝑭
and 𝑭𝛾 on the external generalized force density described by 𝒁.

With the exception of M𝛾𝛾 , the functionals appearing in Equations (C.2a)–(C.2d)
are all nonlinear in 𝜒, while Mss and 𝑇𝛾 are nonlinear also in 𝑭𝛾. Clearly, more
general situations can be envisaged, for example when the constitutive representations
of 𝒌 andV are also functions of 𝑭𝛾. Moreover, each functional of (C.3a)–(C.3j) is
linear in the corresponding virtual field. Similarly, Mss, Msf , Msp, Mff , Mfp and
M𝛾𝛾 are linear also in the field featuring in the slot on the left-hand side of “|”, i.e.,
in 𝑼s, 𝑼f , 𝑝, and 𝑫̃𝛾.

Performing the numerical analysis of the system (C.2a)–(C.2d) requires the
identification of the functional spaces hosting the entities dual to the virtual fields and
to their gradients as well as the linearization of the functionals (C.3a)–(C.3j). While
these aspects of the problem are out of the scopes of the present work (indeed, we use
a commercial software to determine a numerical solution to our problem), we notice
that Equations (C.2a)–(C.2d) constitute a symmetric system. Its well posedness relies
on the functional properties of the solid phase Helmholtz free energy density function
—and, thus, of the constitutive expressions of 𝑷s, 𝑨̃

♯ and 𝕾̃
♯—, on the positive-

definiteness of the permeability tensor 𝒌̂ ◦ 𝑭 and of the Brinkman viscosity tensor
V̂ ◦ 𝑭, and on the positivity of the rescaled1 yield stress 𝑆y. In particular, we notice
that M𝛾𝛾 defines a scalar product in the functional space 𝐻1(B; Dev𝑮Sym[𝑇B]2)
(see, e.g., the book by Salsa [196] for details). Equation (C.1b) generalizes to the
present framework some results obtained in the work by Vacca [210] in the case
of the Darcy–Brinkman model studied for a non-deforming porous medium, and
velocity of the fluid phase assumed to be divergence-free and satisfying homogeneous
Dirichlet conditions on the entire boundary of the computational domain.

1The word “rescaled” is going to appear in Prof. Alfio Grillo’s IRIS institutional profile and is
intended to be submitted to the journal Mathematics and Mechanics of Solids as part of a Corrigendum.
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Fig. C.1 Graphical representation of the machinery employed in Chapter 6. It is important to
remark that, in general, for a given mechanical problem, multiple weak forms are possible
to construct, and do not necessarily share the same structure as that of the original form
of the postulated PVP. In fact, manipulating, merging, or explicitly enforcing some of the
model’s equations can directly affect the resulting weak form of the model. This is indeed
the leitmotiv of the last sections of Chapter 6 and, especially, of this appendix. This image
was first showed during the conference “XI International Conference on Computational
Bioengineering (ICCB 2025)” held in Rome, Italy, on September 8-10, 2025, within the
presentation of the abstract “Coupling inelastic distortions and Darcy–Brinkman fluid flow
in the modeling of multicellular aggregates under compression”, authored by A. Pastore, A.
Giammarini, A. Ramírez-Torres, A. Grillo.

Comparison with the “classical” Darcy model. Apart from the equations de-
scribing remodeling, i.e., (6.74c) in the strong formulation and (C.2d) in the weak,
operatorial, setting, the way in which our problem is posed is rather different
from the classical formulation of the finite-deformation poro-mechanics in Darcian
regime[156, 155, 157, 129, 184, 183, 134]. The first, and most important, differ-
ence is that the force balance (6.74b) cannot be eliminated to obtain Darcy’s law
ΦfR𝑭

−1 [𝑽f − 𝑽s] = −𝑲Grad 𝑝, with 𝑲 := 𝐽𝑭−1𝒌𝑭−T being the material perme-
ability tensor field. This is obviously due to the presence of the dissipative stress
ΦfRV : Grad𝑽f , which is the core of Brinkman’s model. The second difference
is a direct consequence of the non applicability of Darcy’s law. Indeed, in the
Darcian case, it is computationally advantageous to substitute Darcy’s law into
the force balance (6.74a) and into the incompressibility condition (6.74d), thereby
transforming (6.74d) into a Poisson equation for the pressure field and making (6.74a)
equivalent to the sum of (6.74a) and (6.74b). In fact, even though similar steps can
be done also for the Darcy–Brinkman model, they are not always so computationally
advantageous as in the case of the Darcian regime. The third difference pertains to
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the boundary conditions. Indeed, adding the stresses implies that also the boundary
conditions (6.76a) and (6.76b) must be added together and, thus, that they have
to hold on the same boundary portions. In particular, Equation (6.76b) imposes
a relation, modulated by the deformation, between 𝑝 and 𝑽f . In addition, while
Equation (6.76c) remains unchanged when passing from the Darcy–Brinkman model
to Darcy’s one, the Dirichlet condition (6.76d) on the fluid velocity is replaced by a
condition on the relative velocity 𝑽f − 𝑽s, which, again, requires Equations (6.76c)
and (6.76d) to be defined on the same boundary portion. In this case, however, given
the relation ΦfR𝑭

−1 [𝑽f − 𝑽s] = −𝑲Grad 𝑝, the boundary condition on 𝑽f − 𝑽s

becomes a Neumann boundary condition on the pressure.



Part III

Materials science problems





Chapter 7

Dissipative dynamics of Volterra
disclinations

The content of this chapter is taken from [3].

In what follows we abandon the covariant formalism of the previous chapters.
Specifically, from here on: (i) we do not distinguish between “points” and “vectors”
attached to such points; (ii) we identify “vectors” and “co-vectors” via the trivial
metric induced by Cartesian coordinates over the three-dimensional Euclidean space;
(iii) and in place of the duality brackets ⟨ · | ·⟩, representing the action of a co-vector
against a vector, we use the inner (scalar) products between two vectors, with the
usual dot notation “·”. We opted for this change in notation to adhere to the formalism
employed in the original paper [3] and to focus on the mathematical analysis aspects
of the problem hereafter investigated.

7.1 Introduction to disclinations and dislocations

Wedge disclinations, defined by the corresponding Frank angles, are asymmetries
observed at the lattice level in various materials and systems relevant to technological
applications, such as elastic crystals [211, 212], shape memory alloys [20, 213, 214],
metal alloys [215, 216], graphene [217, 218], and more. Alongside dislocations (trans-
lational defects), disclinations represent the classical lattice rotational irregularities
envisioned by Volterra [219]. See also later developments [220, 221].
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The investigation and modeling of disclinations, particularly regarding their
formation, motion, and interaction with other defects, are crucial for understanding
the structure-property relationships in the corresponding materials. For instance,
in graphene, wedge disclinations with opposite angles tend to attract and interact,
forming disclination dipoles [222], Stone–Wales defects [223], and even more
complex configurations commonly referred to as “flowers” [224], which dramatically
influence electrical/magnetic/mechanical properties and chemical reactivity. In metal
alloys and elastic crystals, moving disclination dipoles create shear similar to that of
deformation twins in the context of accommodating plastic deformations [225, 226],
thereby affecting mechanical behavior, such as stress concentration in the system.

While dislocation dynamics has been extensively studied by experimentalists
(see [227–229] and the references therein), modellers [230–232] and theoreticians
[233, 234, 199, 235–240, 118], the investigation of disclination dynamics has received
less attention. An example can be found in [241], where partial dislocations in the
context of high-temperature plasticity of graphene are observed. It is shown that these
dislocations result from the arrangement of positive and negative wedge disclinations.
The motion of these configurations is governed by the coordinated motion of the
corresponding disclinations, which constitutes an important migration mechanism
in annealing processes. For further insight into the challenges of experimentally
observing disclinations and their modeling based on quantum chemistry, especially
in relation to inverse design and optimization of graphene structures, see [242].

A general mathematical theory of moving disclinations in linear elasticity has
been presented in [243, 244], where the equations of motion are expressed in terms
of the total (i.e., elastic + plastic) deformation (see also the references to earlier works
contained therein, as well as [245], and [246, 247]). The dynamics of disclinations,
along with other types of defects and misfits, including dislocations, grain boundaries,
and more, have been studied in the context of generalized disclination theory [248],
which is a theory designed to treat Volterra defects within a continuously distributed
defects framework (see [249]). For an approach to modeling thermodynamic
driving forces on line and planar defects via iso-geometric analysis, see [250]; for
a geometrically nonlinear approach, see, e.g., [251]. We refer to [252, 253] for
a probabilistic model of the evolution of self-similar martensitic microstructures,
which are systems known to be associated with lattice mismatches, particularly
disclinations. In [254], forces acting on defects interacting with external fields of
mechanical stresses are calculated. It is found that wedge disclinations are influenced
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by the presence of the boundary of the elastic body and tend to get ejected from it.
To the best of our knowledge a systematic analysis of these equations is not available
as of yet.

The goal of this chapter is to get insight from a simple conceptual model of the
evolution of a system of disclinations, and to study some of the consequences of
their dynamics, e.g., dynamic equilibrium and stability, through the solution of a few
selected benchmarks.

We follow the mathematical modeling presented in [200], which is based on
the mechanical modeling work of [255, 256, 219], where wedge disclinations
are described by concentrated singularities that are point sources of kinematic
incompatibility. Precisely, each wedge disclination is represented by a Dirac delta
distribution located at point 𝑦𝑖, with a multiplicative factor 𝑠𝑖 ∈ R \ {0} denoting
the Frank angle, which corresponds to the angular mismatch. With some abuse
of notation, we will refer to the Frank angles as (signed) charges, in analogy with
electrostatics.

Our modeling work is conceptual in nature, as we consider an ideal system
with planar strain kinematics applied to a linear elastic isotropic and homogeneous
medium. In this configuration, disclinations are subject to driving forces arising
from their mutual interactions with the surrounding disclinations, as well as to
additional forces pushing them towards the domain boundary. This approach allows
us to address fundamental questions regarding the dynamics of finite systems of
disclinations, particularly their spontaneous reorganization starting from prescribed
initial configurations in the absence of external forcing. This is a basic modeling
question that, to the best of our knowledge, has not been addressed in the literature.

We emphasize that the dynamics of the disclinations has been investigated also
in relation to topological charges, phase transitions, and spontaneous symmetry
breaking. In this respect, and within an approach based on statistical mechanics,
mention must be made of the celebrated KTHNY theory [257, 258]. In what follows,
however, rather than following methods based on statistical mechanics, we study the
dynamics of a system of 𝑁 disclinations viewed as charged point particles.

At mechanical equilibrium, we describe the mechanical stress using the Airy
potential function of the system [200, 259, 219]. Under these circumstances, and
in analogy with the second-order case of the electrostatic potential, we find that the
dynamics of a system with finite number of wedge disclinations is modeled by the
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evolution of a finite collection of charges under the effect of the fourth-order Airy
potential field generated by the disclinations themselves.

Outline of the content of Chapter 7. Our main results are as follows. In analogy
with the case of dislocations [199], we characterize the dynamics of a system of
disclinations by applying the principle of dissipation to the mechanical energy of the
system (7.2). This dynamics is driven by the negative gradient of the elastic energy
of the disclination system [234, 260], leading to a set of coupled, highly nonlinear
ordinary differential equations (ODEs) that describe the positions of the disclinations,
which can be derived exactly in Section 7.3.1. However, in contrast to [199], where
the study of dislocation dynamics required renormalization of the mechanical energy,
we show that the disclination dynamics can be derived directly from the mechanical
energy of the disclination system, which is not singular and does not require any
renormalization. From the theoretical point of view, we provide analytical tools in
the form of exact solutions for a single disclination in a disk (Section 7.3.2) and
we characterize the asymptotic behavior of a system of two disclinations in various
configurations in such a disk, hereafter also referred to as circular domain (Section
7.3.3). Our model indicates that disclinations collide in infinite time (Remark 7.1),
and reach the boundary of the disk also in infinite time (Remark 7.6). This is a
striking difference with dislocations, where a similar modeling approach based on
dissipation for an analogous continuum model in planar, linear kinematics indicates
that these types of collision occur at finite characteristic times [236]. Finally, since
exact solutions are not available even in simple cases, we present numerical examples
of these solutions, with a particular focus on the dynamics of disclination systems
with non-zero total Frank angle (Section 7.4). Specifically, four benchmark problems
are examined and are reported in the following sections: Benchmark #1 in Section
7.4.1, Benchmark #2 in Section 7.4.2, Benchmark #3 in Section 7.4.3 and Benchmark
#4 in Section 7.4.4.

We conclude Chapter 7 with our initial attempt to incorporate anisotropy into
the system by considering dynamics over a finite set of glide directions. Since the
analysis proposed closely follows the dislocation analysis from [234], we have placed
this discussion in Appendix D, which can be consulted separately from the main body
of the paper. More systematic efforts to model realistic defect dynamics will require
incorporating disclination-dislocation interactions, as well as accounting for general
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asymmetries such as elastic/plastic microstructures, grain boundaries, interfaces, and
more. These topics are left for future investigation.

7.2 Mechanical model formulation

In this section, we briefly recall the main ingredients of the mechanical setting
developed by Cesana, De Luca, and Morandotti [200] to study the dynamics of
disclinations in plane strain through a variational theory of concentrated defects in
elastic media undergoing infinitesimal deformations.

Let us consider an open, bounded, and simply connected set Ω ⊂ R2, and let
𝜙 ∈ 𝐻2

0 (Ω) denote the Airy potential function describing the plane strain linear elastic
problem under study, formulated under the assumption of traction-free boundary
and no volume forces. Accordingly, the relations 𝜕2

𝑥1𝑥1𝜙 = 𝜎22, 𝜕2
𝑥1𝑥2𝜙 = −𝜎12, and

𝜕2
𝑥2𝑥2𝜙 = 𝜎11 hold true, where 𝜎 is the symmetric mechanical stress tensor. We recall

that 𝜙 ∈ 𝐻2
0 (Ω) is, for simply connected domains, equivalent to requiring the normal

component of the mechanical stress 𝜎 to be zero on 𝜕Ω, as proved in [200, Section
1.3]. This condition is compatible with the hypothesis that the body is traction-free
on its boundary and in mechanical equilibrium. Then the elastic energy functional of
the medium in terms of the Airy potential function reads as

W(𝜙;Ω) :=
1
2

1 + 𝜈
𝐸

∫
Ω

( |∇2𝜙|2 − 𝜈(Δ𝜙)2) = 1
2

1 − 𝜈2

𝐸

∫
Ω

(Δ𝜙)2, (7.1)

where 𝐸 and 𝜈 are the material’s Young modulus and Poisson ratio, respectively, ∇2𝜙

is the Hessian of 𝜙, and Δ𝜙 is the Laplacian of 𝜙. Note that, granted the hypothesis
of homogeneous material (i.e., with 𝜈 constant), the second equality holds true for
functions 𝜙 in 𝐻2

0 (Ω), because, owing to the properties of such functions, it can be
shown that

∫
Ω
|∇2𝜙|2 is equal to

∫
Ω
(Δ𝜙)2. In this work, we choose −1 < 𝜈 < 1/2 so

that the functional in Equation (7.1) is strictly positive definite. We recall that the
Airy potential permits to express the components of Cauchy stress in a way that the
indefinite equations of mechanical equilibrium are identically satisfied.

Following [200], to account for concentrated wedge disclinations in Ω, we intro-
duce the incompatibility measure 𝜃, which describes the kinematic incompatibility
associated with the rotational symmetry breaking of the material at the point in
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which a wedge disclination appears. To define such disclinations properly, we use the
concept of Frank angle [261], i.e., the angle that defines the aperture of a wedge-type
defect of the material lattice from its ideal, regular, arrangement. In this regard, we
consider the set S ⊂ R \ {0} of admissible, or possible, values taken by the Frank
angle associated with each wedge disclination, and we give the following definition.

Definition 7.1 (Disclination). A disclination in Ω is a pair 𝑑 ≡ (𝑠, 𝑦) ∈ S×Ω, where
𝑠 ∈ S is the Frank angle associated with the disclination, and 𝑦 ∈ Ω is the point in
which the disclination is placed.

If we assume the presence of 𝑁 ∈ N disclinations in Ω, denoted by 𝑑1, . . . , 𝑑𝑁 , so
that 𝑑𝑘 = (𝑠𝑘 , 𝑦𝑘 ), with 𝑘 = 1, . . . , 𝑁 , the incompatibility measure is [200, 261, 256]

𝜃 ≡
𝑁∑︁
𝑘=1

𝜃𝑘 :=
𝑁∑︁
𝑘=1

𝑠𝑘𝛿𝑦𝑘 , 𝜃𝑘 := 𝑠𝑘𝛿𝑦𝑘 , (7.2)

where, for each 𝑘 = 1, . . . , 𝑁 , 𝛿𝑦𝑘 represents the Dirac delta distribution located in
𝑦𝑘 ∈ Ω and has physical dimensions of the reciprocal of a length squared. Notice
that in measuring the Frank angles we adopt the notation of [200].

Upon taking the duality product ⟨𝜃, 𝜙⟩, which, by virtue of Equation (7.2), returns
⟨𝜃, 𝜙⟩ =

∑𝑁
𝑘=1 𝑠𝑘𝜙(𝑦𝑘 ), we can define the total energy functional [200, Equation

(0.2)]

I𝜃 (𝜙;Ω) := W(𝜙;Ω) + ⟨𝜃, 𝜙⟩ = W(𝜙;Ω) +
𝑁∑︁
𝑘=1

𝑠𝑘𝜙(𝑦𝑘 ). (7.3)

This represents the total energy of the system and is composed by the elastic energy
functional W(𝜙;Ω) and the energy associated with the incompatibilities ⟨𝜃, 𝜙⟩.

At static equilibrium, the partial differential equation governing the system is the
Euler–Lagrange equation obtained by imposing the vanishing of the first variation of
I𝜃 (·,Ω) with respect to the Airy potential. Its solution 𝜙 is sought for in 𝐻2

0 (Ω) by
solving the biharmonic boundary value problem

1 − 𝜈2

𝐸
Δ2𝜙 = −𝜃 in Ω, 𝜙 = 0 on 𝜕Ω, 𝜕𝒏𝜙 = 0 on 𝜕Ω, (7.4)
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and, due to the strict convexity of I𝜃 ( · ;Ω) with respect to 𝜙 ∈ 𝐻2
0 (Ω), 𝜙 is such that

𝜙 = argmin{I𝜃 (𝜙;Ω) | 𝜙 ∈ 𝐻2
0 (Ω)}. (7.5)

Upon setting𝑊 := W(𝜙;Ω) to indicate the elastic energy of the system determined
by substituting the Airy potential 𝜙 ≡ 𝜙, which solves Equation (7.4), into the elastic
energy functional W( · ;Ω), we have recourse to the following theorem.

Theorem 7.1 (Clapeyron’s theorem in 𝐻2
0 (Ω)). Given 𝜙 ∈ 𝐻2

0 (Ω), the solution to the
biharmonic problem (7.4), it follows that the elastic energy𝑊 := W(𝜙;Ω) reads as

𝑊 = −1
2
⟨𝜃, 𝜙⟩. (7.6)

Proof. Since Ω ⊂ R2, by the Sobolev embedding theorem, 𝜙 is continuous. Then,
upon testing (7.4) against the solution 𝜙, we obtain

−⟨𝜃, 𝜙⟩ = 1 − 𝜈2

𝐸

∫
Ω

(Δ2𝜙)𝜙 =
1 − 𝜈2

𝐸

∫
Ω

(Δ𝜙)2 = 2𝑊, (7.7)

where the second equality follows from the boundary conditions in Equation (7.4).

We recall that the result conveyed by Clapeyron’s theorem, largely used in the
field of strength of materials, states that, in a mechanical system governed by a linear
relationship between stress and strain, the elastic energy of the system is one-half of
the virtual work done by the external forces acting on the system itself. The elastic
energy is the one that the system acquires in the elastic loading process that brings it
from its unstressed and undeformed state to the loaded state. Clearly, this result has
to be re-contextualized to our framework, in which the role of the “displacements” is
played by the Airy functions. Note that the work has to be virtual because, otherwise,
the “true” work would require an integration with respect to 𝜙.

Under the assumption that the Frank angles of all the considered disclinations are
constant, Clapeyron’s theorem in the form of Equation (7.6) permits to express the
elastic energy𝑊 in terms of the positions of the 𝑁 disclinations as

𝑊 ≡ 𝑊̂ (𝑦1, . . . , 𝑦𝑁 ) = −1
2

𝑁∑︁
𝑘=1

𝑠𝑘𝜙(𝑦𝑘 ). (7.8)
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Note that, in principle, the Frank angle of each disclination may have dynamics
of its own, thereby requiring 𝑊̂ to be a function of 𝑑1, . . . , 𝑑𝑁 altogether. However,
in the rest of this work we assume that the Frank angles do not vary.

In what follows we compute𝑊 according to Equation (7.8) for an open ball of
radius 𝑅 > 0 centered in the origin, i.e., Ω ≡ 𝐵𝑅 (0), and for a general arrangement
of disclinations. In fact, we consider 𝑁 disclinations 𝑑1, . . . , 𝑑𝑁 assumed to occupy
known positions inside Ω, as if we were looking at a photograph of the system, with
Equation (7.8) representing the elastic energy in the static scenario. However, we
use the energy𝑊 = W(𝜙;Ω) computed this way to study the evolution in time of the
considered disclinations.

7.2.1 The single disclination scenario

As a point of departure, we consider the problem of a single disclination (𝑁 = 1)
placed at 𝑦 ∈ Ω. In this case, the incompatibility measure 𝜃 in Equation (7.4) reduces
to the single Dirac delta centered in 𝑦, i.e., 𝜃 ≡ 𝑠𝛿𝑦. For 𝑦 = 0, the corresponding
Airy potential was computed in [200]. However, the generalization to a disclination
located at 𝑦 ≠ 0 can be achieved by determining the Green function associated with
the distribution 𝜃 ≡ 𝑠𝛿𝑦 (see e.g. the “clamped disk” problem [262, Section 4]). In
this case, the Green function is the solution 𝜙 ∈ 𝐻2

0 (Ω) to Equation (7.4), which
reads

𝜙(𝑥) := − 𝐸

1 − 𝜈2
𝑠𝑅2

16𝜋
|𝑥 − 𝑦 |2
𝑅2 log

|𝑥 − 𝑦 |2
𝑅2 − 𝐸

1 − 𝜈2
𝑠𝑅2

16𝜋

(
1 − |𝑥 |2

𝑅2

) (
1 − |𝑦 |2

𝑅2

)
+ 𝐸

1 − 𝜈2
𝑠𝑅2

16𝜋
|𝑥 − 𝑦 |2
𝑅2 log

𝑅4 − 2𝑅2𝑥 · 𝑦 + |𝑥 |2 |𝑦 |2
𝑅4 (7.9)

for 𝑥 ∈ Ω \ {𝑦} (the Green function is sometimes denoted by 𝜙𝑦 (𝑥) to emphasize its
dependence on the point in which the Dirac delta is centered). In contrast to the case
of unbounded domains, Equation (7.9) loses translational invariance, since it cannot
be written as a function of |𝑥 − 𝑦 |. The extension by continuity of 𝜙 in 𝑥 = 𝑦 yields

𝜙(𝑦) := − 𝐸

1 − 𝜈2
𝑠𝑅2

16𝜋

(
1 − |𝑦 |2

𝑅2

)2
. (7.10)

The first term on the right-hand side of Equation (7.9) is the Green function of the
biharmonic problem in R2 with the singularity being situated in 𝑥 = 𝑦; the second
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and the third terms are due to the boundedness of Ω. In particular, the third term
stems from the disclination not being placed at the origin, and features the quantity

𝑅4 − 2𝑅2𝑥 · 𝑦 + |𝑥 |2 |𝑦 |2
𝑅4 =

(
1 − |𝑥 |2

𝑅2

) (
1 − |𝑦 |2

𝑅2

)
+ |𝑥 − 𝑦 |2

𝑅2 , (7.11)

which appears when applying the method of sources, or of image charges, to look for
Green functions in bounded domains (see, e.g., [263, Chapter IV]).

By employing Theorem 7.1, the elastic energy reads

𝑊 = −1
2
𝑠𝜙(𝑦) = 𝐸

1 − 𝜈2
𝑠2𝑅2

32𝜋

(
1 − |𝑦 |2

𝑅2

)2

, (7.12)

and we can see that the resulting elastic energy𝑊 is the same as the one computed
in [200] for 𝑦 = 0; the energy𝑊 ≡ 𝑊̂ (𝑦) depends on 𝑦 solely through the distance
between the origin and 𝑦, i.e.,𝑊 ≡ 𝑊̌ ( |𝑦 |), thereby making𝑊 invariant with respect
to rotations of the disclination’s position vector about the origin; moreover, 𝑊̌ has
a maximum for |𝑦 | = 0, i.e., in the origin, and 𝑊̌ goes to zero quadratically as 𝑦
approaches the boundary, i.e., 𝑊̌ ( |𝑦 |) = 𝑂 ((𝑅 − |𝑦 |)2) for |𝑦 | → 𝑅.

Although the mechanical stress of a single disclination is singular with logarithmic
behavior towards its center, its stored elastic energy is finite. This is evident when
taking 𝑦 = 0 in (7.12), which also yields that the elastic energy𝑊 scales quadratically
with the size of the domain (see, e.g., [255, 256, 219]). This contrasts the behavior
of a dislocation placed at the center of 𝐵𝑅 (0) , in which case the energy scales with
log 𝑅, sufficiently far away from the origin (see, e.g., [199]). This is the main reason
why disclinations in hard solids are not found in isolation.

7.2.2 The 𝑁 disclinations scenario

When 𝑁 disclinations are present in Ω, then the Airy potential characterizing the
system is given by the solution 𝜙 ∈ 𝐻2

0 (Ω) of the biharmonic problem (7.4) with the
incompatibility measure specified in (7.2). By the linearity of Equation (7.4), and by
the homogeneity of the associated Dirichlet and Neumann boundary conditions, it
can be proved that 𝜙 is given according to superposition principle as the summation
𝜙 = 𝜙1 + · · · + 𝜙𝑁 , where the ℎth function 𝜙ℎ, with ℎ = 1, . . . , 𝑁 , is the solution of
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the ℎth subproblem

1 − 𝜈2

𝐸
Δ2𝜙 = −𝜃ℎ in Ω, 𝜙 = 0 on 𝜕Ω, 𝜕𝒏𝜙 = 0 on 𝜕Ω. (7.13)

Since each 𝜙ℎ is of the type reported in Section 7.2.1, we conclude that, upon setting
𝐶 := 𝐸𝑅2/(16𝜋(1 − 𝜈2)), the solution 𝜙 is given by

𝜙(𝑥) =
𝑁∑︁
ℎ=1

𝜙ℎ (𝑥), (7.14)

where, for each ℎ = 1, . . . , 𝑁 , 𝜙ℎ (𝑥) is defined for any 𝑥 ∈ Ω \ {𝑦ℎ} as

𝜙ℎ (𝑥) = − 𝐶𝑠ℎ
|𝑥 − 𝑦ℎ |2
𝑅2 log

|𝑥 − 𝑦ℎ |2
𝑅2 − 𝐶𝑠ℎ

(
1 − |𝑥 |2

𝑅2

) (
1 − |𝑦ℎ |2

𝑅2

)
+ 𝐶𝑠ℎ

|𝑥 − 𝑦ℎ |2
𝑅2 log

𝑅4 − 2𝑅2𝑥 · 𝑦ℎ + |𝑥 |2 |𝑦ℎ |2
𝑅4 , (7.15)

and 𝜙ℎ (𝑦ℎ) is defined by continuity as

𝜙ℎ (𝑦ℎ) := −𝐶𝑠ℎ
(
1 − |𝑦ℎ |2

𝑅2

)2
. (7.16)

The argument of the logarithm in the third term can be written as in Equation (7.11).

By virtue of Equation (7.15), we can state the following theorem, the proof of
which follows from a direct computation.

Theorem 7.2 (Reciprocity — Betti’s theorem in 𝐻2
0 (Ω)). Given the incompatibility

measure 𝜃 = 𝜃1 + · · · + 𝜃𝑁 and the solution 𝜙 = 𝜙1 + · · · + 𝜙𝑁 to the biharmonic
problem (7.4) reported in Equation (7.14), it follows that

⟨𝜃𝑘 , 𝜙ℎ⟩ ≡ 𝑠𝑘𝜙ℎ (𝑦𝑘 ) = 𝑠ℎ𝜙𝑘 (𝑦ℎ) ≡ ⟨𝜃ℎ, 𝜙𝑘⟩, ℎ, 𝑘 = 1, . . . , 𝑁. (7.17)

Betti’s theorem constitutes another important result in the field of strength of
materials and, more generally, in the linear response theory. In words, it can be stated
as follows: let a linear elastic body be subjected to two different systems of external
forces, each of which determines a particular elastic state for the body, defined by
displacements, deformation, and stress. One can compute the virtual work that
the first system of external forces expends on the displacements of the elastic state
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produced by the second system of forces. Reciprocally, one can also compute the
virtual work that the second system of external forces expends on the displacements
of the elastic state of the first system. Then it is possible to prove that the two virtual
works computed this way are equal. Also in this case, the work is virtual because,
for a given system of external forces, we are using as test functions the displacements
of the other system. Note that, again, in our context, Betti’s theorem is formulated
with the Airy functions playing the role of the displacements.

The result of Theorem 7.2 has the following important consequence.

Corollary 7.1 (Consequence of Betti’s theorem). Given 𝜙 = 𝜙1 + · · · + 𝜙𝑁 , the
elastic energy𝑊 of the system can be expressed as the following sum:

𝑊 =

𝑁∑︁
𝑘=1

𝑊𝑘 +
𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=𝑘+1

𝑊𝑘ℎ, (7.18)

where we have defined the energetic contributions

𝑊𝑘 :=
1
2
𝐶𝑠2

𝑘

(
1 − |𝑦𝑘 |2

𝑅2

)2
, (7.19a)

𝑊𝑘ℎ := 𝐶𝑠ℎ𝑠𝑘
|𝑦ℎ − 𝑦𝑘 |2

𝑅2 log
|𝑦ℎ − 𝑦𝑘 |2

𝑅2 + 𝐶𝑠ℎ𝑠𝑘
(
1 − |𝑦ℎ |2

𝑅2

) (
1 − |𝑦𝑘 |2

𝑅2

)
− 𝐶𝑠ℎ𝑠𝑘

|𝑦ℎ − 𝑦𝑘 |2
𝑅2 log

𝑅4 − 2𝑅2𝑦𝑘 · 𝑦ℎ + |𝑦𝑘 |2 |𝑦ℎ |2
𝑅4 , (7.19b)

and the argument of the logarithm in the last summand of (7.19b) admits the same
decomposition as the one shown in Equation (7.11), with 𝑥 ≡ 𝑦𝑘 and 𝑦 ≡ 𝑦ℎ.

Proof. By substituting the decomposition 𝜙 =
∑𝑁
ℎ=1 𝜙ℎ into Equation (7.8) and

employing Theorem 7.2, the elastic energy in (7.8) becomes

𝑊 = −1
2

𝑁∑︁
𝑘=1

𝑠𝑘𝜙(𝑦𝑘 ) = −1
2

𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=1

𝑠𝑘𝜙ℎ (𝑦𝑘 )

= −1
2

𝑁∑︁
𝑘=1

𝑠𝑘𝜙𝑘 (𝑦𝑘 ) −
𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=𝑘+1

𝑠𝑘𝜙ℎ (𝑦𝑘 ), (7.20)

which, by virtue of Equations (7.19a) and (7.19b), proves the thesis.
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According to Equation (7.1), which descends from the superposition principle, the
elastic energy can be expressed as the sum of 𝑁 self-energies𝑊𝑘 , with 𝑘 = 1, . . . , 𝑁 ,
and 𝑁 (𝑁−1)/2 interaction energies𝑊𝑘ℎ, with ℎ, 𝑘 = 1, . . . , 𝑁 and 𝑘 < ℎ. Moreover,
Betti’s theorem provides the following meaning for the energies in Equations (7.19a)
and (7.19b): 𝑊𝑘 is the elastic energy associated with the 𝑘th subproblem (7.13), i.e.,
the one in which only the 𝑘th disclination 𝑑𝑘 is present in Ω;𝑊𝑘ℎ is twice the elastic
energy associated with a “fictitious” system in which the Airy potential is 𝜙ℎ and the
incompatibility measure is 𝜃𝑘 , or vice versa.

7.3 Disclination dynamics

As done in [234], to emphasize the dependence of the energies in Equation (7.18) on
the positions of the disclinations 𝑦1, . . . , 𝑦𝑁 , we rewrite the elastic energy𝑊 in the
following way:

𝑊 ≡ 𝑊̂ (𝒚) =
𝑁∑︁
𝑘=1

𝑊̂𝑘 (𝒚) +
𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=𝑘+1

𝑊̂𝑘ℎ (𝒚), 𝒚 ∈ Y := Ω𝑁 \ Π, (7.21)

𝒚 := (𝑦1, . . . , 𝑦𝑁 ) being the array collecting the positions of the disclinations, and
Π ⊂ Ω𝑁 being the set, referred to as the collision set, defined by

Π :=
𝑁⋃
𝑘=1

𝑁⋃
ℎ=𝑘+1

Π𝑘ℎ, Π𝑘ℎ :=
{
𝒚 ∈ Ω𝑁

�� 𝑦𝑘 = 𝑦ℎ, 𝑘 ≠ ℎ
}

(7.22)

(see [234, Equation (2.13)]). In the terminology of [234], it is said that two different
disclinations, say 𝑑𝑘 and 𝑑ℎ, with 𝑘 ≠ ℎ, experience “collisions” if they share the
same position 𝑦𝑘 = 𝑦ℎ. In our work, however, we prove that this event may occur
only in infinite time. Thus, two different disclinations, in fact, never meet each other
dynamically, whereas they can share their position only in a thought experiment
in which the two disclinations are prepared in this particular configuration. Yet,
two different disclinations may tend to collide, which is when |𝑦𝑘 − 𝑦ℎ | → 0. This
situation requires special care (see Remark 7.3), and can be handled computationally
by introducing a smallness real parameter 𝜀c > 0, and stipulating that a “collision”
occurs if |𝑦𝑘 − 𝑦ℎ | ≤ 𝜀c.
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It is worth noticing that the energy is well-defined even in the case in which,
for example, two disclinations 𝑑 𝑘̄ and 𝑑ℎ̄, with 𝑘̄ , ℎ̄ ∈ {1, . . . , 𝑁}, and 𝑘̄ ≠ ℎ̄, share
the same position, say, at the initial time of observation. The energy, in such a
particular configuration, can be computed by evaluating the limit of 𝑊̂ (𝒚) in (7.21)
for |𝑦 𝑘̄ − 𝑦 ℎ̄ | → 0 and would correspond to the energy of a system in which the two
superposed disclinations are (virtually) replaced by one equivalent disclination having
Frank angle 𝑠 𝑘̄ + 𝑠ℎ̄. In this respect, one may say that the limit is configurational and
performed virtually, rather than representing a process of dynamic superposition.
The latter, although leading to the superposition of two disclinations in infinite time,
would still be associated with a finite energy. This is in striking contrast to the case of
dislocations where the elastic energy becomes singular if collisions occur [234, 260].

As put forward in Section 7.1, we assume that the dynamics of the 𝑘th disclination
in Ω, for 𝑘 = 1, . . . , 𝑁 , is dissipative and driven by the negative of the gradient of
𝑊̂ in Equation (7.21) with respect to 𝑦𝑘 , thereby yielding a force 𝐹̂𝑘 := −∇𝑦𝑘𝑊̂ ,
formally similar to the Peach–Koehler forces acting on dislocations [76]. Note that
the functional form of Equation (7.21) is such that each force 𝐹̂𝑘 is continuous in Y,
and can be extended by continuity in Ω𝑁 .

Upon assigning initial conditions 𝑦𝑘 (0) = 𝑦𝑘,i, with 𝑘 = 1, . . . , 𝑁 , the dynamics of
the 𝑁 disclinations considered in Ω is governed by the Cauchy problem [234]

¤𝑦𝑘 (𝑡) = −𝜆𝑘∇𝑦𝑘𝑊̂ (𝑦1(𝑡), . . . , 𝑦𝑁 (𝑡)), 𝑘 = 1, . . . , 𝑁,

𝑦𝑘 (0) = 𝑦𝑘,i, 𝑘 = 1, . . . , 𝑁,
(7.23)

where ¤𝑦𝑘 is the derivative of 𝑦𝑘 with respect to time, and 𝜆𝑘 > 0 is a positive scalar
quantity having the meaning of the inverse of a generalized viscous friction coefficient.
For the sake of simplicity, we assume all the coefficients 𝜆𝑘 , with 𝑘 = 1, . . . , 𝑁 ,
to be equal to some 𝜆 > 0. Models of this type are already used in [199, 234] for
dislocations.

While some analytical issues of Equation (7.23), such as existence and uniqueness
of the solution, are addressed in Section 7.3.1, we mainly focus on the modeling
aspects of Equation (7.23) through the description of two archetypal scenarios for
a system of disclinations in Ω: these are the “one-disclination problem” and the
“two-disclination problem,” handled in Sections 7.3.2 and 7.3.3, respectively. We
include, in Section 7.4, numerical experiments involving more than two disclinations.



7.3 Disclination dynamics 227

7.3.1 Non-dimensionalization

We rewrite the system (7.23) in non-dimensional form so as to study the dynamics
of the disclinations in terms of the rescaled variables 𝑥 ↦→ 𝑥/𝑅 and 𝑡 ↦→ (𝜆𝐶/𝑅2)𝑡,
where we recall that 𝐶 = 𝐸𝑅2/(16𝜋(1 − 𝜈2)). Hence, upon defining the non-
dimensional position of the 𝑘th disclination as 𝑦𝑘 ↦→ 𝑦𝑘/𝑅, and scaling the energy
𝑊 accordingly as𝑊 ↦→ 𝑊/𝐶, we can recast Equation (7.23) as

¤𝑦𝑘 (𝑡) = −∇𝑦𝑘𝑊̂ (𝑦1(𝑡), . . . , 𝑦𝑁 (𝑡)), 𝑘 = 1, . . . , 𝑁,

𝑦𝑘 (0) = 𝑦𝑘,i, 𝑘 = 1, . . . , 𝑁,
(7.24)

where ¤𝑦𝑘 ≡ d𝑦𝑘/d𝑡 from here on denotes differentiation with respect to the non-
dimensional time 𝑡, and𝑊 = 𝑊̂ (𝑦1, . . . , 𝑦𝑁 ) is the elastic energy of the non-dimensio-
nal system, which reads

𝑊̂ (𝑦1, . . . , 𝑦𝑁 ) =
1
2

𝑁∑︁
𝑘=1

𝑠2
𝑘 (1 − |𝑦𝑘 |2)2 +

𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=𝑘+1

𝑠𝑘 𝑠ℎ (1 − |𝑦ℎ |2) (1 − |𝑦𝑘 |2)

+
𝑁∑︁
𝑘=1

𝑁∑︁
ℎ=𝑘+1

𝑠𝑘 𝑠ℎ |𝑦ℎ − 𝑦𝑘 |2 log 𝑟𝑘ℎ. (7.25)

In Equation (7.25), we have expressed the non-dimensional elastic energy in terms of
the quantities 𝑟𝑘ℎ, with ℎ, 𝑘 = 1, . . . , 𝑁 , which are ratios depending on the positions
𝑦𝑘 and 𝑦ℎ, and are defined as

𝑟𝑘ℎ :=
|𝑦𝑘 − 𝑦ℎ |2

|𝑦𝑘 − 𝑦ℎ |2 + (1 − |𝑦𝑘 |2) (1 − |𝑦ℎ |2)
, with 𝑟𝑘ℎ = 𝑟ℎ𝑘 . (7.26)

Moreover, 𝑟𝑘ℎ vanishes identically for 𝑘 = ℎ, and tends to unity from below in the
limits |𝑦𝑘 | → 1− and/or |𝑦ℎ | → 1−, for 𝑘 ≠ ℎ. Yet, we have to exclude the value
𝑟𝑘ℎ = 0 to appropriately define the logarithm in (7.25), so that we have 0 < 𝑟𝑘ℎ < 1.
A last remark concerns the fact that the elastic energy in Equation (7.25) can be
extended by continuity to the case in which one or more disclinations are on the
boundary of 𝐵1(0). In particular, if the disclinations 𝑑1, . . . , 𝑑𝑁 are all placed on the
boundary, then it holds that 𝑊̂ (𝑦1, . . . , 𝑦𝑁 ) = 0. If, instead, the disclinations are all
prepared in a superposed configuration placed at the origin of the domain Ω, then
𝑊̂ (0, . . . , 0) = ( 1√

2

∑𝑁
𝑘=1 𝑠𝑘 )2. This configuration is energetically very “expensive”

in general, unless the “charges” are such that
∑𝑁
𝑘=1 𝑠𝑘 = 0.
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To close this section, we remark that, upon employing the expression of 𝑊̂ in
Equation (7.25), it is possible to introduce in (7.24) the non-dimensional forces
𝐹̂𝑘 := −∇𝑦𝑘𝑊̂ , with 𝑘 = 1, . . . , 𝑁 , which read as

𝐹̂𝑘 (𝑦1, . . . , 𝑦𝑁 ) = 𝐹̂ (1)
𝑘

(𝑦𝑘 ) +
𝑁∑︁

ℎ=1,ℎ≠𝑘
𝐹̂
(2)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ) +
𝑁∑︁

ℎ=1,ℎ≠𝑘
𝐹̂
(3)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ), (7.27)

where, given 𝑘, ℎ = 1, . . . , 𝑁 , with ℎ ≠ 𝑘 , we have introduced the notation

𝐹
(1)
𝑘

≡ 𝐹̂ (1)
𝑘

(𝑦𝑘 ) = 2𝑠2
𝑘 (1 − |𝑦𝑘 |2)𝑦𝑘 , (7.28a)

𝐹
(2)
𝑘ℎ

≡ 𝐹̂ (2)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ) = 2𝑠𝑘 𝑠ℎ (1 − 𝑟𝑘ℎ) (1 − |𝑦ℎ |2)𝑦𝑘 , (7.28b)

𝐹
(3)
𝑘ℎ

≡ 𝐹̂ (3)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ) = 2𝑠𝑘 𝑠ℎ (1 − 𝑟𝑘ℎ + log 𝑟𝑘ℎ) (𝑦ℎ − 𝑦𝑘 ). (7.28c)

Each force 𝐹̂𝑘 comprises one contribution due solely to 𝜕𝐵1(0) (see Equation (7.28a)),
𝑁 − 1 contributions that account for the effect of 𝜕𝐵1(0) on 𝑦𝑘 , modulated by the
remaining 𝑁 − 1 disclinations (see Equation (7.28b)), and 𝑁 − 1 terms stemming
from the mutual interactions with the other disclinations (see Equation (7.28c)).

Notice that the forces featuring in Equations (7.28a)–(7.28c) are obtained directly
as the gradient of the elastic energy without any additional renormalization nor limit
process, in striking difference with the case of dislocations [199]. Moreover, in the
limit for |𝑦ℎ − 𝑦𝑘 |→0 for fixed ℎ, 𝑘 = 1, . . . , 𝑁 , Equations (7.28b) and (7.28c) can
be extended by continuity in any 𝒚 ∈Π𝑘ℎ, thereby allowing for the superposition of
the 𝑘th and ℎth disclinations. While this condition is possible by assigning 𝑦𝑘,i = 𝑦ℎ,i,
in the next section we show that collisions cannot be reached in finite time. This is
addressed in more depth for 𝑁 = 2 in Section 7.3.3.

For future use, we also define

𝐹
(2)
𝑘

≡ 𝐹̂ (2)
𝑘

(𝑦1, . . . , 𝑦𝑁 ) :=
𝑁∑︁

ℎ=1,ℎ≠𝑘
𝐹̂
(2)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ), (7.29a)

𝐹
(3)
𝑘

≡ 𝐹̂ (3)
𝑘

(𝑦1, . . . , 𝑦𝑁 ) :=
𝑁∑︁

ℎ=1,ℎ≠𝑘
𝐹̂
(3)
𝑘ℎ

(𝑦𝑘 , 𝑦ℎ). (7.29b)

Since each 𝐹̂𝑘 does not depend explicitly on time, the system is autonomous
and thus trivially continuous with respect to time. Moreover, since each 𝐹̂𝑘 is
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Lipschitz-continuous in each of its arguments, uniformly with respect to time, in
every compact subset of Y of the type

R :=
𝑁?
𝑘=1

(
[𝑦1
𝑘,i − 𝑏

1
𝑘 , 𝑦

1
𝑘,i + 𝑏

1
𝑘 ] × [𝑦2

𝑘,i − 𝑏
2
𝑘 , 𝑦

2
𝑘,i + 𝑏

2
𝑘 ]

)
, (7.30)

and having empty intersection with Π, then, by the theorem of local existence and
uniqueness, there exists a unique solution to the Cauchy problem in (7.24).

7.3.2 One-disclination problem: the effect of the boundary

We now discuss the dynamics of a single disclination, initially located in 𝑦 i ∈ 𝐵1(0).
Hence, upon specializing Equation (7.24) to the case 𝑁 = 1, we find

¤𝑦(𝑡) = 2𝑠2(1 − |𝑦(𝑡) |2)𝑦(𝑡), 𝑡 > 0,

𝑦(0) = 𝑦 i,
(7.31)

which has the structure of a Cauchy problem with a logistic differential equation. To
solve it, it is convenient to express 𝑦 in polar coordinates 𝑦(𝑡) ≡ 𝜌(𝑡)exp(𝑖𝜗(𝑡)), where
𝜌 : [0,+∞[→ [0, 1[ and 𝜗 : [0,+∞[→ R. Thus, upon setting 𝑦 i ≡ 𝜌i exp (𝑖𝜗i),
Equation (7.31) can be rewritten as

¤𝜌(𝑡) = 2𝑠2(1 − 𝜌(𝑡)2)𝜌(𝑡), 𝑡 > 0,

𝜌(0) = 𝜌i,


¤𝜗(𝑡) = 0, 𝑡 > 0,

𝜗(0) = 𝜗i.
(7.32)

The stationary solutions 𝜌s0(𝑡) = 0 and 𝜌s1(𝑡) = 1 of the differential equation of
the Cauchy problem (7.32)1 are admissible if and only if the initial condition is
taken to be 𝜌i = 0 and 𝜌i = 1, respectively. However, assuming 𝑦i to be a point
of the open ball 𝐵1(0) implies the restriction 𝜌i ∈ [0, 1[ , which makes 𝜌s1(𝑡) not
admissible. Hence, 𝜌s0(𝑡) = 0 is the only admissible stationary solution, provided
𝜌i = 0. Moreover, for 𝜌i ∈ ]0, 1[ , and upon setting 𝜇 i := (1 − 𝜌2

i )/𝜌
2
i , the Cauchy

problem (7.32)1 admits the one-parameter family of solutions

𝜌(𝑡) = 1√︁
1 + 𝜇 i exp(−4𝑠2𝑡)

, 𝜗(𝑡) = 𝜗i, ∀ 𝑡 ∈ [0,+∞[ . (7.33)
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This result states that the dynamics of the disclination 𝑑 = (𝑠, 𝑦), i.e., the evolution
in time of 𝑦(𝑡) for a given value of 𝑠, is solely radial, as one expects from the fact
that the right-hand side of Equation (7.31), i.e., the non-dimensional force, is radial.

Our physical interpretation of the results of this subsection is that a system with
a single disclination (modeled, here, as a point defect) either tries to minimize its
energy by moving the defect towards the boundary or places the defect in the position
that maximizes energy, i.e., at the center of the circular domain, thereby preserving
symmetry. If, however, the symmetry is broken by putting the disclination out of the
center of the domain, which corresponds to an unstable configuration, the disclination
goes towards the boundary of the domain, where the equilibrium is stable. Yet, this
may occur only in infinite time, so that the disclination cannot leave the domain.

Remark 7.1. Notice that the boundary, which behaves as an attractor (indeed, 𝜌(𝑡) → 1
if 𝑡 → +∞), has an effect that could be interpreted as stemming from an “interaction
potential”, quadratic as 𝜌 approaches unity (see (7.32), as discussed at the end of
Section 7.2.1). We emphasize that this behavior contrasts with that of one screw
dislocation in 𝐵1(0)\{0}, which reaches the boundary in finite time [234, 236].

7.3.3 Two-disclination problem: interactions among disclinations

We consider now the dynamics of two disclinations in 𝐵1(0), namely 𝑑1 = (𝑠1, 𝑦1)
and 𝑑2 = (𝑠2, 𝑦2), thereby specializing (7.24) to 𝑁 = 2, i.e.,

¤𝑦1(𝑡) = 𝐹̂1(𝑦1(𝑡), 𝑦2(𝑡)), ¤𝑦2(𝑡) = 𝐹̂2(𝑦1(𝑡), 𝑦2(𝑡)), 𝑡 > 0,

𝑦1(0) = 𝑦1,i, 𝑦2(0) = 𝑦2,i,
(7.34)

where the non-dimensional forces 𝐹̂1 := −∇𝑦1𝑊̂ and 𝐹̂2 := −∇𝑦2𝑊̂ read as

𝐹̂1(𝑦1, 𝑦2) = 𝐹̂ (1)
1 (𝑦1) + 𝐹̂ (2)

1 (𝑦1, 𝑦2) + 𝐹̂ (3)
1 (𝑦1, 𝑦2), (7.35a)

𝐹̂2(𝑦1, 𝑦2) = 𝐹̂ (1)
2 (𝑦2) + 𝐹̂ (2)

2 (𝑦1, 𝑦2) + 𝐹̂ (3)
2 (𝑦1, 𝑦2). (7.35b)

Similarly to the general case of 𝑁 disclinations, the force 𝐹̂1 acting on 𝑑1 features
three contributions: 𝐹̂ (1)

1 is formally the same radial force that would act on 𝑑1 if 𝑑2

were absent (see Section 7.3.2); 𝐹̂ (2)
1 is the agency due to the boundary, modulated

by 𝑑2; and 𝐹̂ (3)
1 is the mutual interaction between 𝑑1 and 𝑑2. In particular, 𝐹̂ (2)

1 is
radial, and 𝐹̂ (3)

1 is directed along the segment connecting 𝑦1 and 𝑦2, while their signs
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depend solely on the product of the Frank angles 𝑠1𝑠2. Indeed, within the range
0<𝑟12<1, it holds true that 1 − 𝑟12>0 and 1−𝑟12+log 𝑟12<0. The same discussion
can be done also for the force featuring in Equation (7.35b).

If 𝑠1 and 𝑠2 have the same sign, i.e., if 𝑠1𝑠2 > 0, then, for each disclination,
the second force tends to move the disclination radially towards the boundary, in
synergy with the first force, and the third force describes a repulsion between the two
disclinations. On the other hand, if 𝑠1 and 𝑠2 have opposite sign, i.e., if 𝑠1𝑠2 < 0, the
second force operates against the first one by pushing the disclinations towards the
center, and the third force describes an attraction between the two disclinations.

A consequence of the discussion reported above is that disclinations in an elastic
medium behave qualitatively as charged particles (see the notion of topological
charges [258]), with the Frank angles playing the role of electric charges. Thus,
two disclinations with Frank angles of opposite sign attract each other, whereas two
disclinations with Frank angles of the same sign repel each other.

To better understand the scenarios of a disclination approaching the boundary
and of two superposing disclinations, we give the following remarks.

Remark 7.2 (A disclination goes to the boundary). Let us suppose that 𝑑2 approaches
the boundary, which amounts to taking the limit |𝑦2 |→1−. Then, the force 𝐹̂2 tends
to vanish and, accordingly, the evolution of 𝑦2 tends to stop, while the force 𝐹̂1

acting on 𝑑1 tends to equal the first (radial) contribution of Equation (7.35a), i.e.,
𝐹̂1(𝑦1, 𝑦2) ∼ 2𝑠2

1(1 − |𝑦1 |2)𝑦1, since 𝑑1 is the only disclination effectively remaining
in the system. It is important to highlight that, in fact, 𝐹̂1 becomes independent of
the position taken by 𝑑2 on the boundary.

Remark 7.3 (Superposition of two disclinations). Let us study the case in which the
system is prepared in such a way that two disclinations 𝑑1 and 𝑑2 are superposed
at the same point 𝑦e ∈ 𝐵1(0). The energy of this configuration can be obtained by
taking the limit of Equation (7.25) for 𝑦1 and 𝑦2 tending to the same point 𝑦e, i.e.,

𝑊̌ (𝑦e) := lim
𝑦2→𝑦1

𝑊̂ (𝑦1, 𝑦2) =
1
2
(𝑠1 + 𝑠2)2(1 − |𝑦e |2)2. (7.36)

We emphasize that this limit should not be understood in dynamic sense. Rather,
it represents the energetic output of a virtual process of superposition of the two
disclinations at frozen time, e.g., at the initial time of observation. On the other hand,
to study the dynamics of a system of two disclinations that are initially superposed,
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one should solve (7.34), with 𝑦1(0) = 𝑦2(0) = 𝑦e,i and the forces specified in
Equations (7.35a) and (7.35b). In this respect, it could be instructive to notice that,
as long as 𝑦1(𝑡) and 𝑦2(𝑡) are such that, for 𝑡 > 0, the distance |𝑦2(𝑡) − 𝑦1(𝑡) | is
sufficiently small, then the forces 𝐹1 and 𝐹2 can be approximated as

𝐹1 = 𝐹̂1(𝑦1, 𝑦2) ∼ 2𝑠2
1(1 − |𝑦1 |2)𝑦1 + 2𝑠1𝑠2(1 − |𝑦2 |2)𝑦1, (7.37a)

𝐹2 = 𝐹̂2(𝑦1, 𝑦2) ∼ 2𝑠2
2(1 − |𝑦2 |2)𝑦2 + 2𝑠1𝑠2(1 − |𝑦1 |2)𝑦2, (7.37b)

and Equation (7.34) should be modified accordingly, i.e., with Equations (7.37a) and
(7.37b) in lieu of (7.35a) and (7.35b). Hence, inspecting the approximated forces
𝐹1 and 𝐹2 permits to assess that 𝑑1 and 𝑑2 remain superposed for 𝑡 > 0 in two
cases: (i) if |𝑠1 | ≠ |𝑠2 |, then the solutions 𝑦1(𝑡) = 𝑦2(𝑡) = 𝑦e(𝑡) for 𝑡 > 0, with 𝑦e(𝑡)
obtained by solving either (7.34)1 or (7.34)2, are admissible if and only if 𝑦e(𝑡) = 0 or
𝑦e(𝑡) = 1, which requires 𝑦e,i = 0 and 𝑦e,i = 1, respectively, and means that, in fact,
the superposed disclinations do not move; (ii) if |𝑠1 | = |𝑠2 |, then 𝑑1 and 𝑑2 remain
superposed for 𝑡 > 0, regardless of their coincident initial position, and are allowed to
move according to the applied forces. In particular, if 𝑠1 = 𝑠2 and 𝑦e,i ≠ 0, then the
disclinations, while being superposed, move towards the boundary; more importantly,
if 𝑠1 = −𝑠2, then, independently of 𝑦e,i, the first and second summands in each of the
expressions of the forces in Equations (7.37a) and (7.37b) compensate each other out,
and, thus, the disclinations do not move from their initial superposed configuration.
In the terminology of [258], the two disclinations are said to annihilate each other,
thereby restoring the compatibility of the deformation at the superposition point.
Finally, we notice that Equations (7.37a) and (7.37b) characterize also the situation
in which the two disclinations that are not superposed tend to collide. Indeed, if
|𝑦2(𝑡) − 𝑦1(𝑡) | ≤ 𝜀c, then the term 𝑟12 in Equation (7.26) scales with 𝜀2

c , so that
the force 𝐹 (2)

12 is approximated as in the second summand on the right-hand side of
(7.37a), while 𝐹 (3)

12 becomes negligible, since it scales with 𝜀c.

Remark 7.4 (Splitting of two disclinations). As pointed out in Remark 7.3, two
disclinations initially placed at the same position 𝑦1,i = 𝑦2,i = 𝑦e,i do not remain
superposed for 𝑡 > 0 if |𝑠1 | ≠ |𝑠2 | and 𝑦e,i ∈ 𝐵1(0) \ {0}. This is because the two
disclinations move towards the boundary 𝜕𝐵1(0) with forces that, differing in
magnitude, split the two disclinations dynamically. This situation is simulated in
Benchmark #2 in Section 7.4. Yet, although maintaining the conditions |𝑠1 | ≠ |𝑠2 |
and 𝑦e,i ∈ 𝐵1(0) \ {0}, we may enforce a constraint that restricts the two disclinations
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to remain superposed at all times. This is useful, for instance, to quantify the reactive
forces necessary to maintain the superposition also for 𝑡 > 0. A possible way of
doing this is to assume the disclinations form a dipole of infinitesimal length and
then to perform the limit in which this length approaches zero. Hence, we introduce
the holonomic constraint 𝐶̂ (𝑦1, 𝑦2; 𝜀) := 𝑦1 − 𝑦2 − 𝜀 = 0, with 𝜀 being a vector with
arbitrarily small, but strictly positive, magnitude, and the augmented Lagrangian
function [11]

L ≡ L̂(𝑦1, 𝑦2;𝜆, 𝜀) := −𝑊̂ (𝑦1, 𝑦2) + 𝜆 · 𝐶̂ (𝑦1, 𝑦2; 𝜀), (7.38)

with 𝜆 being the vector-like Lagrange multiplier associated with the constraint
(not to be confused with the inverse of the friction coefficient in the dynamic
equations). Note that 𝜀 is introduced to prevent the logarithm in the forces presented
above to be ill-defined, and that the “true” Lagrangian of the system is given
by 𝐿 ≡ 𝐿̂ (𝑦1, 𝑦2) := −𝑊̂ (𝑦1, 𝑦2) in the present framework (no inertial forces are
attributed to the disclinations). Because of the constraint in Equation (7.38), the
dynamic problem (7.34) changes into

¤𝑦1(𝑡) = ∇𝑦1L̂(𝑦1(𝑡), 𝑦2(𝑡);𝜆(𝑡), 𝜀(𝑡)) = −∇𝑦1𝑊̂ (𝑦1(𝑡), 𝑦2(𝑡)) + 𝜆(𝑡), (7.39a)

¤𝑦2(𝑡) = ∇𝑦2L̂(𝑦1(𝑡), 𝑦2(𝑡);𝜆(𝑡), 𝜀(𝑡)) = −∇𝑦2𝑊̂ (𝑦1(𝑡), 𝑦2(𝑡)) − 𝜆(𝑡), (7.39b)

0 = ∇𝜆L̂(𝑦1(𝑡), 𝑦2(𝑡);𝜆(𝑡), 𝜀(𝑡)) = 𝑦1(𝑡) − 𝑦2(𝑡) − 𝜀(𝑡), (7.39c)

which holds for 𝑡 > 0. By differentiating Equation (7.39c) with respect to time, the
system in (7.39a)–(7.39c) can be rewritten in the decoupled form

¤𝑦1(𝑡)=−1
2
[
∇𝑦1𝑊̂

(
𝑦1(𝑡), 𝑦1(𝑡)−𝜀(𝑡)

)
+∇𝑦2𝑊̂

(
𝑦1(𝑡), 𝑦1(𝑡)−𝜀(𝑡)

) ]
+ 1

2 ¤𝜀(𝑡), (7.40a)

¤𝑦2(𝑡)=−1
2
[
∇𝑦1𝑊̂

(
𝑦2(𝑡)+𝜀(𝑡), 𝑦2(𝑡)

)
+∇𝑦2𝑊̂

(
𝑦2(𝑡)+𝜀(𝑡), 𝑦2(𝑡)

) ]
− 1

2 ¤𝜀(𝑡), (7.40b)

𝜆(𝑡)=+1
2
[
∇𝑦1𝑊̂

(
𝑦1(𝑡), 𝑦2(𝑡)

)
−∇𝑦2𝑊̂

(
𝑦1(𝑡), 𝑦2(𝑡)

) ]
+ 1

2 ¤𝜀(𝑡). (7.40c)

The solution to Equations (7.40a)–(7.40c) that comply with the initial conditions
𝑦1(0) = 𝑦1,i and 𝑦2(0) = 𝑦1,i − 𝜀(0) is the triple (𝑦1(𝑡), 𝑦2(𝑡);𝜆(𝑡)), which, in the
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limit 𝜀(𝑡) → 0 uniformly with respect to 𝑡, converges to the solution of the problem
¤𝑦e(𝑡) = 𝐹̂e(𝑦e(𝑡)) = 2𝑠2

e (1 − |𝑦e(𝑡) |2)𝑦e(𝑡), 𝑡 > 0,

𝜆(𝑡) = (𝑠2
2 − 𝑠

2
1) (1 − |𝑦e(𝑡) |2)𝑦e(𝑡), 𝑡 > 0,

𝑦e(0) = 𝑦e,i,

𝑠e :=
𝑠1 + 𝑠2√

2
. (7.41)

Thus, if the constraint of “persisting superposition” is fulfilled, the two disclinations
follow together the same kind of dynamics addressed in Section 7.2.1, as if they were
a single disclination, initially positioned in 𝑦e,i, and with an “effective” Frank angle
equal to 𝑠e := (𝑠1 + 𝑠2)/

√
2, which can be zero or different from zero. However, the

force on the right-hand side of (7.41)1 is different from the one that would stem from
the differentiation of the energy 𝑊̌ in Equation (7.36) with respect to 𝑦e. The “price
to pay” for maintaining this dynamics is given by the reaction forces 𝜆(𝑡) and −𝜆(𝑡),
which are characterized by the following property: they have the same functional
dependence on 𝑦e as the force in (7.41)1, but they depend on the difference between
the squares of the Frank angles of the two disclinations. Hence, the reactive forces
vanish identically both when the Frank angles are equal to each other and when they
are opposite to each other, i.e., when |𝑠1 | = |𝑠2 |. This means that constraining the two
disclinations to persist in their initial superposed configuration yields null reaction
forces for the subsequent instants of time, since the two disclinations remain together
naturally. This is because, in the just discussed situation, the superposition of the
two disclinations annihilates the attractive or repulsive forces that they mutually
exchange, and only modulates the influence of the boundary. On the contrary, the
reaction forces are non-null for |𝑠1 | ≠ |𝑠2 |, and their magnitudes increase with the
absolute value |𝑠2

2 − 𝑠
2
1 |, since the “price” for keeping them superposed increases

with their tendency to separate. This is consistent with Remark 7.3. An example of
the dynamics of the “effective” disclination associated with two initially superposed
disclinations is discussed in Benchmark #2 of Section 7.4.

Remark 7.5 (Superposition breaking due to a third disclination). We conclude this
series of remarks by noting that the initial superposition of two disclinations does
not persist, in general, if interactions with other disclinations are perceived. Indeed,
even though one prepares an “experiment” (in silico, for this work) in which two
disclinations with opposite Frank angles are superposed at the initial time of their
dynamics, this compatible configuration of the system breaks dynamically as soon as
the interaction with another disclination is felt. On the one hand, this behavior is
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intuitive, because one switches from a two-disclination to a three-disclination system.
On the other hand, the splitting phenomenon is important because it shows that two
initially superposed disclinations with opposite Frank angles and interacting with a
third disclination are not equivalent to a system of one disclination only (the third
one). This situation is simulated in Benchmark #3 of Section 7.4.

7.3.4 Two disclinations with zero total Frank angle

To better understand the behaviour of the “two-disclination problem”, we now
consider the case in which 𝑠1 = −𝑠2 = 𝑠, and the disclinations are initially placed
in 𝐵1(0) symmetrically with respect to the origin. In this case, Equation (7.34)
reduces to a Cauchy problem with a single ordinary differential equation in the
non-dimensional distance Δ := |𝑦1− 𝑦2 | between 𝑑1 and 𝑑2, and with initial condition
Δ(0) = Δi := |𝑦1,i − 𝑦2,i |, i.e.,

¤Δ(𝑡) = 𝐺̂ (Δ(𝑡)), 𝑡 > 0,

Δ(0) = Δi,
(7.42)

where the forcing term 𝐺̂ (Δ) := 𝐹̂1(𝑦1, 𝑦2) − 𝐹̂2(𝑦1, 𝑦2) is given by

𝐺̂ (Δ) := 4𝑠2Δ

[
4 − Δ2

4 + Δ2 + 2 log
4Δ

4 + Δ2

]
, Δ ∈ ]0, 2[ , (7.43)

and is obtained because, in the symmetric condition under investigation, it holds that
𝑦1 = ( 1

2Δ, 0) and 𝑦2 = (−1
2Δ, 0).

The function 𝐺̂ in Equation (7.43) admits only one zero in the open interval ]0, 2[ ,
computed numerically and approximately given by Δeq ≃ 0.8. Since 𝐺̂ (Δeq) = 0, Δeq

is the sole equilibrium configuration for the system. This configuration is unstable
and divides the range of admissible values of Δ into two basins of attraction, as
shown in Figure 7.1. The instability of Δeq descends from the fact that, if we choose
Δi < Δeq in the Cauchy problem (7.42), then it holds that Δ(𝑡) → 0+ for 𝑡 → +∞,
which means that if the initial distance between the two disclinations is smaller than
the equilibrium one, it tends to decrease indefinitely, so that the disclinations tend
to collide in the origin. Moreover, if Δi > Δeq, then Δ(𝑡) → 2− for 𝑡 → +∞, i.e.,
the disclinations increase their reciprocal distance with respect to the initial one and
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Fig. 7.1 Plot of 𝐺̂ (Δ)/𝑠2 in Equation (7.43): the basins of attraction for Δ = 0, i.e., ]0,Δeq [ ,
and for Δ = 2, i.e., ]Δeq, 2 [, are highlighted with dashed and solid lines, respectively. Three
simulations of two symmetrically placed disclinations having Frank angles +1 and −1 have
been carried out over a normalized time window of width 𝑇 = 2 (see Section 7.4 for the
implementation details). The trajectories for three values of Δi are depicted in the three
squares. The results are coherent with the expected behavior since the disclinations come
closer for Δi < Δeq, move apart for Δi > Δeq, and do not move if Δi = Δeq.

move towards the boundary. Hence, if one now sees the domain of 𝐺̂ as ]0, 2] , and
extends by continuity 𝐺̂ in Δ = 0, the values Δ = 0 and Δ = 2 can be “promoted” to
two configurations of stable equilibrium.

What has been described so far can be formalized by taking the principal parts of
𝐺̂ (Δ) in the limits Δ → 0+ and Δ → 2−, which permit one to approximate 𝐺̂ (Δ) as

𝐺̂ (Δ)/𝑠2 ∼ 8Δ logΔ, Δ → 0+, (7.44a)

𝐺̂ (Δ)/𝑠2 ∼ 4(2 − Δ), Δ → 2−. (7.44b)

Then, by solving the corresponding approximated Cauchy problems in small neigh-
borhoods 𝐼+(0) and 𝐼−(2) of the values Δ = 0 and Δ = 2, we have that

¤Δ(𝑡) = 8𝑠2Δ(𝑡) logΔ(𝑡),
Δ(0) = Δi ∈ 𝐼+(0),

⇒ Δ(𝑡) = exp[(logΔi) exp(+8𝑠2𝑡)], (7.45a)


¤Δ(𝑡) = 4𝑠2(2 − Δ(𝑡)),
Δ(0) = Δi ∈ 𝐼−(2),

⇒ Δ(𝑡) = 2 − (2 − Δi) exp(−4𝑠2𝑡). (7.45b)



7.4 Non-trivial rearrangements of disclinations 237

The results in Equations (7.45a) and (7.45b) imply that the values Δ=0 and Δ=2
are attractors for the system under study. In particular, although Δ = 0 is not in the
domain of 𝐺̂, it describes the case of two disclinations with opposite Frank angles that
tend to collide, and is consistent with the predictions of Remark 7.4 for 𝑠e = 0 and
𝑦e,i = 0 (the latter condition preserves the compliance with the geometric constraint
that the two disclinations are placed symmetrically with respect to the origin).

Even more importantly, from the just discussed situation (two disclinations placed
symmetrically and with opposite Frank angles) we deduce that the value Δeq is
the system’s critical distance such that two behaviors are observed: for Δi < Δeq,
the attractive forces between the disclinations are predominant with respect to the
effect of the boundary, and thus, as one would expect, the disclinations tend to
come indefinitely closer to each other; for Δi > Δeq, the presence of the boundary
overcomes the attractive forces, and, even though the disclinations have opposite
Frank angles, they move apart.

Remark 7.6. Equations (7.45a) and (7.45b) show that, for the symmetric system of
disclinations under study, the phenomena of “collision” between the disclinations
and of the two disclinations reaching the boundary occur in infinite time, thereby
manifesting another striking difference with the case of screw dislocations [236].

Before moving to Section 7.4, we emphasize that the results provided in Section
7.3.4 would be significantly different if the total Frank angle of the system were
non-zero, i.e., 𝑠1 + 𝑠2 ≠ 0, since an underlying symmetry would be lost. The behavior
of a system of this type is numerically analyzed in Benchmark #1 of Section 7.4.

7.4 Non-trivial rearrangements of disclinations

In this section, we report on four benchmark problems that we deem remarkable.
Our goal is to present and discuss non-trivial rearrangements of disclinations towards
stable equilibria by numerically solving the Cauchy problem in (7.24) for different
choices of the number of disclinations 𝑁 and of the initial distribution 𝒚i. The
simulations are carried out in MATLAB [264] by having recourse to the ode45
function [265]. In the subsequent figures, the disclinations with positive Frank angle
are associated with red color and solid lines, whereas the ones with negative Frank
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angle are associated with blue color and dashed lines. Additional simulation details,
as the time of observation, are provided in the benchmark descriptions.

7.4.1 Two disclinations with nonzero total Frank angle

We consider the case of two disclinations 𝑑1 and 𝑑2 with Frank angles 𝑠1 = +1 and
𝑠2 = −2, placed symmetrically with respect to the origin of 𝐵1(0), at the initial
positions 𝑦1,i = (+0.3, 0.0) and 𝑦2i = (−0.3, 0.0). As can be seen in Figure 7.2, the
predominant forces in the initial instants of time are the ones of mutual interaction.
This makes the two disclinations move one towards the other, with 𝑑1 being moved
at higher velocity. Then, after 𝑑1 passes through the center of the circular domain,
and 𝑑1 and 𝑑2 are sufficiently close to each other, they start moving together towards
the boundary (the attraction towards the boundary become the predominant effect).
The forces of mutual interaction keep 𝑑1 and 𝑑2 near to each other but never in
superposition.

Fig. 7.2 (Left) Time trend along the 𝑥1-axis of the positions of the disclinations of Benchmark
#1, with snapshots at 𝑡 = 0.2 and 𝑡 = 1.8, over a time window of width 𝑇 = 2. (Right) Time
trend of 𝐹1, 𝐹2, and of the summands of 𝐹2.

7.4.2 Superposition breaking: unbalance of the Frank angles

We consider two disclinations 𝑑1 and 𝑑2, so that 𝑠1 = +1 and 𝑠2 = −2, respectively,
which are initially superposed in 𝑦e,i = (+0.3, 0.0). This system is depicted in Figure
7.3 where its dynamics is studied with and without the constraint of “persisting
superposition” of Remark 7.4. The simulations confirm the predictions of Remarks
7.3 and 7.4, since 𝑑1 and 𝑑2 naturally tend to split, so that the inequality 𝑦1(𝑡) ≠ 𝑦2(𝑡),
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for 𝑡 > 0, holds true if no constraint is enforced. This is because the difference in
the Frank angles produces different interactions and weighs differently the effect
of the boundary 𝜕𝐵1(0), as visualized in Figure 7.3. Instead, when the constraint
is enforced, 𝑑1 and 𝑑2 remain superposed and move together as one “effective”
disclination 𝑑e having Frank angle 𝑠e = −1/

√
2.

Fig. 7.3 (Left) Time trend along the 𝑥1-axis of the positions of the disclinations of Benchmark
#2 and of the “effective” disclination 𝑑𝑒 = (𝑦e, 𝑠e), with snapshots at 𝑡 = 0.5, over a time
window of width 𝑇 = 1. (Right) Time trend of 𝐹1 , 𝐹2 , 𝐹e and 𝜆.

7.4.3 Superposition breaking due to a third disclination

We consider three disclinations, denoted by 𝑑1, 𝑑2, and 𝑑3, with 𝑠1 = +1, 𝑠2 = −1,
and 𝑠3 = +1, where 𝑑1 and 𝑑2 are initially superposed, so that their initial common
position is 𝑦1,i = 𝑦2,i = (+0.3, 0.0), and 𝑦3,i = (−0.3, 0.0). As expected from
Remark 7.5, the presence of 𝑑3 breaks the initial superposition of 𝑑1 and 𝑑2 by
attracting 𝑑2 and repelling 𝑑1 due to the signs of the considered Frank angles. Hence,
𝑑1 and 𝑑2 split. However, as 𝑑3 approaches the boundary, these interactions tend to
vanish, so that 𝑑1 and 𝑑2 approach each other again.

7.4.4 Odd number of disclinations: vertices of a regular polygon

It is noteworthy to examine the behavior of a system of 𝑁 disclinations initially
placed at the vertices of a regular polygon. The initial positions can be expressed in
polar coordinates as 𝑦𝑘,i ≡ 𝜌 exp(𝑖(𝑘 − 1)𝜋/𝑁), for 𝑘 = 1, . . . , 𝑁 and fixed 𝜌, while
the Frank angles can be chosen as 𝑠𝑘 = (−1)𝑘−1, for 𝑘 = 1, . . . , 𝑁 . On the one hand,
the case of an even number of disclinations can be seen as a “generalization” of the
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Fig. 7.4 (Left) Time trend of the positions of the disclinations of benchmark #3, with a
snapshot at 𝑡 = 0.25, over a time window of width 𝑇 = 2. (Right) Time trend of 𝐹1 , 𝐹2 , and
𝐹3. Note that, as also in Figures 7.2 and 7.3, the time derivative of the functions plotted on
the left are the functions plotted on the right. For instance, at about 𝑡 = 0.25, where 𝑦1 and
𝑦2 have critical points, 𝐹1 and 𝐹2 vanish.

scenario examined in Section 7.3.4, since
∑𝑁
𝑘=1 𝑠𝑘 = 0 (neutral total “charge”), and,

for a sufficiently small 𝜌, the 𝑁 disclinations move towards the center (this is shown,
for 𝑁 = 4, in Figure D.1 of Appendix D). On the other hand, the case of an odd
number of disclinations 𝑁 is more interesting, since

∑𝑁
𝑘=1 𝑠𝑘 ≠ 0, and the trajectories

of the disclinations exhibit highly-nonlinear behaviors, as can be seen in Figure 7.5.

For 𝑁 = 3 (a triplet, left panel of Figure 7.5), the disclinations with positive Frank
angles, 𝑑1 and 𝑑3, initially repel each other (they have Frank angles of the same sign).
However, rather then moving in straight line, they start their motion with two specular
circles (because, at the initial times, repulsive forces are stronger) before moving
towards the boundary. The presence of the circles is strongly dependent on the choice
of 𝜌 (distance of each disclination from the center). Indeed, for smaller values of 𝜌,
the circles are not observed, and one sees a more sudden change in direction from the
phase of distancing to the phase in which the trajectories approach each other (data
not shown). The negative disclination 𝑑2 follows the other two disclinations, in a
symmetric way, by virtue of the two attractive forces dominating over the effect of the
boundary. Eventually, the three disclinations move together towards the boundary by
placing themselves at the vertices of a triangle, which is maintained by the balance
among the repulsive force characterizing the pair (𝑑1, 𝑑3) and the attractive forces
characterizing the pairs (𝑑1, 𝑑2) and (𝑑2, 𝑑3). We find this result interesting because
the disclinations 𝑑1 and 𝑑3 tend to migrate towards the boundary very close to each
other in spite of them having Frank angle of the same sign. This is made possible by
𝑑2, which, having Frank angle of opposite sign, mitigates their mutual repulsion and
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induces a shielding effect for 𝑑1 and 𝑑3. To us, this behavior is reminiscent of Cooper
pairs in superconductors [66], although the physics of our problem is very different.

For 𝑁 =5 (a quintet, central panel of Figure 7.5), the repulsive forces between the
two positive disclinations closest to each other allow one to see the dynamics of the
system as essentially dictated by two main behaviors: the first one is identified by two
pairs of disclinations, each of which features two disclinations of opposite sign that
tend to collide by moving along curved trajectories; the second one is identified by
the unpaired disclination that moves towards the boundary in the direction opposite
to the other disclinations. In our opinion, this benchmark is remarkable since, in
spite of the high non-linearity of the problem, we are still able to track the behavior
of the disclinations: indeed, they are characterized by two phenomena that we
have individually addressed in this work, i.e., collisions (at infinite time) between
disclinations of opposite sign, and the motion towards the boundary of the unpaired
disclination.

For 𝑁 = 7 (a septet, right panel of Figure 7.5), the phenomena characterizing
this initial configuration are the collisions (occurring in infinite time) within the two
pairs of disclinations of opposite sign moving, again, along curved trajectories, and
the motion of the three unpaired disclinations forming a triplet that moves towards
the boundary.

Fig. 7.5 Trajectories of a system of 𝑁 = 3, 𝑁 = 5, 𝑁 = 7 disclinations initially placed at the
vertices of a regular polygon (𝜌 = 0.4). The starting locations of the disclinations are marked
with circles. The trajectories, departing from the markers, are shown over a normalized time
window of width 𝑇 = 8.



Appendix D

Modeling the crystalline structure in
disclination dynamics

The content of this appendix is taken from the appendix of [3].

This appendix is devoted to showing what our model predicts in the presence
of preferred directions of motion. Our primary objective here is theoretical: to
demonstrate how the modeling concept of glide directions, as introduced in [199] and
further explored in [234] for dislocations, applies to disclinations. We emphasize,
however, that, to the best of our knowledge, there is currently no experimental
evidence directly supporting the idea that the spontaneous dynamics of disclinations
are restricted by slip systems as in the case of dislocations. At the same time, we
acknowledge several observations and theoretical arguments suggesting that the
dynamics of disclinations are likely influenced by the underlying lattice structure. In
the context of graphene, for example, there is evidence indicating that disclination
motion depends on preferred directions within the hexagonal lattice and specific
angles. The nucleation mechanism of single disclinations and their associated
kinetics, as described in [242], is thought to involve initial 90-degree bond rotations,
followed by the migration of dislocation-disclination dipole systems (for further
exploration of this topic, see [266–268]). We hope that the predictions outlined in
this section will inspire future experimental studies aimed at elucidating the rules
governing the kinematics of disclinations.

In this section, we denote by 𝒚 = (𝑦1, . . . , 𝑦𝑁 ) ∈ [𝐵1(0)]𝑁 the configuration
of the 𝑁 disclinations and we shall abandon the “hat” notation; recalling Equation
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(7.27), the system in (7.24) reads then (with 𝑭(𝒚) := (𝐹1(𝒚), . . . , 𝐹𝑁 (𝒚)) ∈ R2𝑁 ) as
¤𝒚(𝑡) = 𝑭(𝒚(𝑡)), 𝑡 > 0,

𝒚(0) = 𝒚i.
(D.1)

Let G be a set of 𝑀 ∈ N unit vectors, with the requirements that SpanG = R2 and
that 𝑔 ∈ G ⇐⇒ −𝑔 ∈ G. The directions 𝑔𝑘 (𝒚) ∈ G along which the disclination
𝑑𝑘 = (𝑠𝑘 , 𝑦𝑘 ) moves are determined as the ones along which the force 𝐹𝑘 is the most
aligned, namely

𝑔𝑘 (𝒚) ∈ arg max
𝑔∈G

{𝐹𝑘 (𝒚) · 𝑔} ; (D.2)

we let G𝑘 (𝒚) := {𝑔𝑘 (𝒚) ∈ G : (D.2) holds}. Finally, we define

F𝑘 (𝒚) =
{
(𝐹𝑘 (𝒚) · 𝑔𝑘 (𝒚))𝑔𝑘 (𝒚)

�� 𝑔𝑘 (𝒚) ∈ G𝑘 (𝒚)
}
. (D.3)

For geometric reasons, there are only three possible scenarios:

(1) If 𝐹𝑘 (𝒚) = 0 (the force on disclination 𝑑𝑘 vanishes), then G𝑘 (𝒚) = G, and
trivially F𝑘 (𝒚) = {0}.

(2) If 𝐹𝑘 (𝒚) ≠ 0 and there is only one direction maximizing 𝐹𝑘 (𝒚) · 𝑔 in Equation
(D.2), namely G𝑘 (𝒚) = {𝑔𝑘 (𝒚)}, then F𝑘 (𝒚) = {(𝐹𝑘 (𝒚) · 𝑔𝑘 (𝒚))𝑔𝑘 (𝒚)}.

(3) If 𝐹𝑘 (𝒚) ≠ 0 and there exist two different directions both maximizing 𝐹𝑘 (𝒚) · 𝑔
in Equation (D.2), namely G𝑘 (𝒚) = {𝑔−

𝑘
(𝒚), 𝑔+

𝑘
(𝒚)}, then F𝑘 (𝒚) = {(𝐹𝑘 (𝒚) ·

𝑔±
𝑘
(𝒚))𝑔−

𝑘
(𝒚), (𝐹𝑘 (𝒚) · 𝑔±𝑘 (𝒚))𝑔

+
𝑘
(𝒚)}. This case occurs when the force 𝐹𝑘 (𝒚)

bisects the angle formed by 𝑔−
𝑘
(𝒚) and 𝑔+

𝑘
(𝒚).

These three cases can be resumed in the following formula:

F𝑘 (𝒚) =


{0}, if 𝐹𝑘 (𝒚) = 0,

{(𝐹𝑘 (𝒚) · 𝑔𝑘 (𝒚))𝑔𝑘 (𝒚)}, if 𝐹𝑘 (𝒚) ≠ 0 and G𝑘 (𝒚) = {𝑔𝑘 (𝒚)},
{(𝐹𝑘 (𝒚) · 𝑔±𝑘 (𝒚))𝑔

±
𝑘
(𝒚)}, if 𝐹𝑘 (𝒚) ≠ 0 and G𝑘 (𝒚) = {𝑔±

𝑘
(𝒚)},

(D.4)
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and Equation (D.1) takes the form of the following differential inclusion:
¤𝒚(𝑡) ∈ F(𝒚(𝑡)) 𝑡 > 0,

𝒚(0) = 𝒚i ,
(D.5)

where F(𝒚) := F1(𝒚) × · · · × F𝑁 (𝒚) ⊂ R2𝑁 ; notice that (D.5) is a dynamics in R2𝑁 ,
and it is indeed a differential inclusion when scenario (3) occurs for at least one
𝑘 ∈ {1, . . . , 𝑁}.

The set-valued function F is defined on the set [𝐵1(0)]𝑁 \ Π, which makes each
𝐹𝑘 well defined; nonetheless, recalling the arguments in Section 7.3.1 and Remark
7.2, it is possible to extend each 𝐹𝑘 by continuity to the whole closed unit disk, so
that we will consider domF =

[
𝐵1(0)

]𝑁 ; the set-valued function F turns out to
be upper semicontinuous (in the sense of [269, p. 65]; see [234, Lemma 2.11] for
a proof). The theory of differential inclusions [269] provides a suitable notion of
solution to Equation (D.5).

Definition D.1. A solution to Equation (D.5) is an absolutely continuous curve
𝑡 ↦→ 𝒚(𝑡) ∈ [𝐵1(0)]𝑁 such that

¤𝒚(𝑡) ∈ coF(𝒚(𝑡)), 𝑡 > 0,

𝒚(0) = 𝒚i ∈ [𝐵1(0)]𝑁 \ Π,
(D.6)

where coF is the convex hull of the set F.

Our case is analogous to that of [234, Lemma 2.10], therefore coF(𝒚) =

(coF1(𝒚)) × · · · × (coF𝑁 (𝒚)) ⊂ R2𝑁 for all 𝒚 ∈ [𝐵1(0)]𝑁 , and, from Equation D.4,
we have that for each 𝑘 = 1, . . . , 𝑁 the term coF𝑘 (𝒚) is

coF𝑘 (𝒚) =


{0}, if 𝐹𝑘 (𝒚) = 0,

{(𝐹𝑘 (𝒚) · 𝑔𝑘 (𝒚))𝑔𝑘 (𝒚)}, if 𝐹𝑘 (𝒚) ≠ 0 and G𝑘 (𝒚) = {𝑔𝑘 (𝒚)},
Σ𝑘 (𝒚), if 𝐹𝑘 (𝒚) ≠ 0 and G𝑘 (𝒚) = {𝑔±

𝑘
(𝒚)},

(D.7)

where Σ𝑘 (𝒚) is the segment joining (𝐹𝑘 (𝒚) · 𝑔±𝑘 (𝒚))𝑔
−
𝑘
(𝒚) and (𝐹𝑘 (𝒚) · 𝑔±𝑘 (𝒚))𝑔

+
𝑘
(𝒚).

We stress that scenario (3) must occur for having coF𝑘 (𝒚) = Σ𝑘 (𝒚).

We can now state the local existence theorem.
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Fig. D.1 (Left) Numerical simulation of a triplet, without and with a hexagonal glide system
over a time window of 𝑇 = 8. It can be observed that the “circular” motion of the two positive
disclinations is approximated by a cross-slip motion for their constrained counterparts,
moving only in the allowed hexagonal directions. Moreover, the constrained disclinations
experience a transition towards a fine cross-slip motion after passing again through their
initial positions. It is important to observe that, since the forces are projected, the constrained
disclinations move slower compared to their unconstrained counterparts. (Right) Numerical
simulation of a system of a quartet without and with an hexagonal glide system over a time
window of 𝑇 = 8. The introduction of preferred directions of motion in the constrained case
changes the equilibrium points towards which the system is attracted. Indeed, instead of
annihilating in the center of the domain, as in the isotropic case, the disclinations prefer to
annihilate in pairs, in points differing from the center, by moving along the glide directions.

Theorem D.1 (see [234, Theorem 2.13]). Let F : [𝐵1(0)]𝑁 → P(R2𝑁 ) be defined
as above, and let 𝒚i ∈ [𝐵1(0)]𝑁 \Π. Then there exists 𝑡∗ > 0 such that Equation D.5
admits a solution [−𝑡∗, 𝑡∗] ∋ 𝑡 ↦→ 𝒚(𝑡) ∈ [𝐵1(0)]𝑁 \ Π in the sense of D.1.

To discuss the local uniqueness of the solution, we distinguish two possibilities:
if either case (1) or case (2) occurs, namely if either coF𝑘 (𝒚) = {0} or coF𝑘 (𝒚) =
{(𝐹𝑘 (𝒚) · 𝑔𝑘 (𝒚))𝑔𝑘 (𝒚)}, for all 𝑘 = 1, . . . , 𝑁 , then uniqueness is immediate, owing
to the Lipschitz continuity of the R2𝑁-valued function F, whereas two distinct
phenomena can occur in case (3), namely when there exists (at least one index)
𝑘 ∈ {1, . . . , 𝑁} such that coF𝑘 (𝒚) = Σ𝑘 (𝒚). This last situation includes the
phenomena that in the context of dislocation dynamics are called cross-slip and fine
cross-slip: they were pictured in [199] and have been addressed mathematically in
[234].

To tackle uniqueness in the latter case, we need to look carefully at the condition
leading to coF𝑘 (𝒚) = Σ𝑘 (𝒚); from Equation (D.7), this occurs when cardG𝑘 (𝒚) = 2,
so that we define A𝑘 :=

{
𝒚 ∈ [𝐵1(0)]𝑁 : cardG𝑘 (𝒚) = 2

}
and A := ∪𝑁

𝑘=1A𝑘 (cf.
[234, formula (2.19)]). Given that in case (3) 𝐹𝑘 (𝒚) ≠ 0, the sets A𝑘 are identified
by the condition 𝐹𝑘 (𝒚) ·𝑔0(𝒚) = 0, for the vector 𝑔0(𝒚) := 𝑔+

𝑘
(𝒚)−𝑔−

𝑘
(𝒚). Invoking

the analitycity results for biharmonic functions contained in [270], we obtain that
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F𝑘 (𝒚) are analytic, so that all of the A𝑘’s are locally smooth manifolds; this yields
that the normal unit vectorN(𝒚) is well defined for almost all 𝒚 ∈ A (and we assume,
without loss of generality, that it points from the side of A𝑘 where 𝑔−

𝑘
(𝒚) is the only

direction satisfying Equation (D.2) to the side of A𝑘 where 𝑔+
𝑘
(𝒚) is the only direction

satisfying Equation (D.2)). This fails when A𝑘 and Aℎ intersect transversally for
ℎ ≠ 𝑘 . These points, however, belong to a set of co-dimension greater than or equal
to 2 in R2𝑁 . Accordingly, given 𝒚̂ ∈ A𝑘 and 𝐵 a neighborhood of 𝒚̂, we denote by 𝐵+

the “half” of 𝐵 on the side of A𝑘 containing 𝑵( 𝒚̂) and by 𝐵− the other half and we let

𝐹±
𝑘 (𝒚) := (𝐹𝑘 (𝒚) · 𝑔±𝑘 ( 𝒚̂))𝑔

±
𝑘 ( 𝒚̂) for 𝒚 ∈ 𝐵±, (D.8)

and we extend it smoothly to points 𝒚 ∈ 𝐵 ∩A𝑘 (cf. [234, formula (2.29)]). We let
𝑭±(𝒚) be the corresponding forces. Then, if at time 𝑡̂ it occurs that 𝒚 (̂𝑡) =: 𝒚̂ ∈ A𝑘 ,
and 𝒚(𝑡) ∈ 𝐵− for 0 < 𝑡̂ − 𝑡 sufficiently small, and 𝒚(𝑡) ∈ 𝐵+ for 0 < 𝑡 − 𝑡̂ sufficiently
small, we have the following two scenarios.

(a) Cross-slip (see [234, Theorem 2.19]): the disclination 𝑑𝑘 switches from moving
along direction 𝑔−

𝑘
(𝒚) to moving along direction 𝑔+

𝑘
(𝒚) if

𝑭−( 𝒚̂) · 𝑵( 𝒚̂) > 0 and 𝑭+( 𝒚̂) · 𝑵( 𝒚̂) > 0. (D.9)

(b) Fine cross-slip (see [234, Theorem 2.20]): the disclination 𝑑𝑘 switches from
moving along direction 𝑔−

𝑘
(𝒚) to moving along a convex combination 𝑔0

𝑘
(𝒚) ∉G

of directions 𝑔−
𝑘
(𝒚) and 𝑔+

𝑘
(𝒚) if

𝑭−( 𝒚̂) · 𝑵( 𝒚̂) > 0 and 𝑭+( 𝒚̂) · 𝑵( 𝒚̂) < 0. (D.10)

The force 𝑭0(𝒚) ∈ coF(𝒚) is determined by 𝑭0(𝒚) = (1 − 𝛼(𝒚))𝑭−(𝒚) +
𝛼(𝒚)𝑭+(𝒚), where

𝛼(𝒚) = 𝑭−(𝒚) · 𝑵(𝒚)
𝑭−(𝒚) · 𝑵(𝒚) − 𝑭+(𝒚) · 𝑵(𝒚) . (D.11)

This motion occurs for 𝑡 > 𝑡̂ and is confined to the set A𝑘 (which makes the
formula for 𝛼(𝒚) well defined) and abandons it (tangentially to A𝑘 (𝒚)) to
continue in the direction 𝑔+

𝑘
(𝒚).
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Both scenarios (a) and (b) described above, as well as the result for right uniqueness
in the case of single-valued forces F𝑘 (𝒚) satisfy the conditions for right uniqueness
of [234, Theorem 2.17]. We refer the interested reader to [234, Section 2] for the
precise statements of these theorems and for some technical mathematical details
that we omitted in our discussion, without consequences for the understanding of the
dynamics.

Figure D.1 offers a comparison of the motion for two systems of disclinations
without and with glide directions. The chosen glide directions are those of the
hexagonal lattice, which is the relevant one for graphene structures, i.e., 𝑔𝑛 ≡
± exp(𝑖𝑛𝜋/3), with 𝑛 = 0, 1, 2. Operatively, we numerically solve the two benchmark
tests presented in Figure D.1 by modifying the implementation addressed in Section
7.4 and computing, at each time step, the projection of the 𝑁 forces 𝐹1, . . . , 𝐹𝑁 along
the glide directions, following the evolution rule reported in Equation (D.4).



Appendix E

The stationary behavior of systems of
many disclinations

In this appendix, adding to the numerical experiments carried out in [3] and reported
in Chapter 7 for small number of disclinations, we focus on a particular class of
disclination systems. Specifically, we discuss the stationary behavior of systems of
an even number, 𝑁 , of disclinations 𝑑𝑘 = (𝑦𝑘 , 𝑠𝑘 ), with 𝑘 = 1, . . . , 𝑁 , such that the
condition of “zero total charge” holds true, i.e.,

∑𝑁
𝑘=1 𝑠𝑘 = 0, and the Frank angles 𝑠𝑘

are pairwise taken as “+1” and “−1”.

Disclination systems with an initial “random” distribution. We first simulate
a family of systems of 𝑁 disclinations in which the defects are placed, at time
𝑡 = 0, in random points of the unitary disk, representing the elastic domain in
the non-dimensional setting. The disclinations organize themselves according to
Equation (7.24). The simulated trajectories are reported in Figure E.1 and tracked
from 𝑡 = 0 to a time 𝑡 = 𝑇 , large enough to simulate the stationary state.

As can be seen from Figure E.1, the highly nonlinear right-hand side of Equation
(7.24), due to the structure of Equation (7.25), makes the disclinations follow
trajectories that strongly deviate from straight lines. In fact, such trajectories feature
nontrivial curvature, “almost-sharp” turns, and turnarounds. These phenomena make
the motion of a single disclination difficult to track, while they suggest quite naturally
to look at the collective motion of the disclinations as a whole.
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By recalling that the disclinations reorganize themselves due to their mutual
interactions, through the elastic energy, and also due to the influence of the boundary,
Figure E.1 makes it easy to see that the disclinations of a given pair, which are
sufficiently near one with the other, tend to merge. This leads to their mutual
annihilation in the limit in which time tends to infinity. In turn, disclinations which
are sufficiently far away from other disclinations perceive, as leading force, the
attraction towards the boundary, thereby following trajectories that asymptotically
terminate there. These are all indications of emerging behaviors that could be further
investigated.

Disclination systems with an initial “structured” distribution. The second
family of scenarios that we simulate consists of two systems of disclinations in
which, at time 𝑡 = 0, the defects are placed so as to form structured patterns and the
charge distributions respect some prescribed symmetries. Specifically, we consider
the scenario in which disclinations of positive and negative Frank angles are well
separated into two regions of the disk (see Figure E.2a) and the scenario in which
the disclinations form successive layers of positive and negative Frank angles (see
Figure E.2b). Although the disclinations are arranged according to predetermined
patterns, in this experiment some randomness is introduced in their initial positions
in order to break the geometric symmetry.

It is interesting to notice that, as shown in Figure E.2a, the positive and negative
disclinations that are initially found at the “interface” between the two regions are
attracted towards each others, identifying, in the stationary limit, a central region in
which the “collisions” generated by these disclinations appear. On the same footing,
the disclinations which are the farthest at the initial time from the “interface” will
all behave the same, independently from their Frank angle. In fact, they approach
the boundary almost radially (we say “almost” because of the influence of the other
disclinations).

Concerning the case pictured in Figure E.2b, also in this scenario the initial
structure is lost due to the mutual interactions among the disclinations. Still, it is
remarkable that the disclinations of different layers move towards each others and the
“collision points” approximately lie over the middle line identified by the two layers.
As in the previous case, the disclinations nearer the boundary are attracted towards it.
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(a) 𝑁 = 20. (b) 𝑁 = 50.

(c) 𝑁 = 80. (d) 𝑁 = 100.

Fig. E.1 Trajectories of four systems of 𝑁 disclinations initially placed at random points.

(a) “Initial charge separation” (𝑁 = 60). (b) “Initial layerings of charges” (𝑁 = 66).

Fig. E.2 Two examples of systems of 𝑁 disclinations having an initial structure.
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