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ARTICLE INFO ABSTRACT
2000 MSC: In this work, we present the a posteriori error analysis of Stabilization-Free Virtual Element Meth-
65N15

ods for the 2D Poisson equation. The absence of a stabilizing bilinear form in the scheme allows

65N22 to prove the equivalence between a suitably defined error measure and standard residual error
65N30 estimators, which is not obtained in general for stabilized virtual elements. Several numerical
Keywords: experiments are carried out, confirming the expected behaviour of the estimator in the presence
Virtual element method of different mesh types, and robustness with respect to jumps of the diffusion term.

A posteriori error analysis
Stabilization-free

1. Introduction

Virtual Element Methods (VEM) are a powerful technology enabling the solution to partial differential equations on general
polytopal meshes. First introduced in Beirdo da Veiga et al. [1], Beirdo da Veiga et al. [2], this family of Galerkin methods is based on
the definition of discrete spaces whose basis functions are not everywhere known analytically. Suitable discrete bilinear forms can
be defined from the degrees of freedom, exploiting the computability of suitably defined polynomial projections of basis functions,
which in general have a non-trivial kernel. Classical VEM bilinear forms also include a stabilizing operator, defined to take care of
the kernel of the polynomial projections involved. Recently, the scientific community has invested a considerable effort in studying
polynomial projection operators that are computable from the degrees of freedom of a VEM function and also stable. Starting from
[3] and the preprint of [4], novel stabilization-free VEM have been devised for elliptic problems, based on polynomial projections of
the gradients of basis functions on high degree polynomial spaces. In Berrone et al. [5,6], Borio et al. [7], Marcon and Mora [8], the
theoretical foundations of the method were developed, considering the primal and mixed formulations of elliptic problems. Moreover,
these discretization strategies have been applied to various problems of interest in computational mechanics [9-15].

This paper deals with the a posteriori error estimation of the scheme presented in [5,6]. In the context of classical stabilized VEM,
the development of a posteriori error estimates can be found in [16-19] and adaptive schemes exploiting these results have been
succesfully devised, addressing the non-trivial issue of defining quality-preserving refinement strategies for polygons [20]. However,
in the a posteriori analysis of standard VEM the stabilization operator is found to be an issue in deriving the required equivalence
between the error and the error estimator. Recently, some stabilization-free a posteriori error bounds were proved for stabilized
VEM [21-23], though these results are limited to certain classes of meshes. In this work, the absence of a stabilizing bilinear form
in stabilization-free schemes enables to prove rigorously the equivalence between a suitably defined error measure and classical
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$\K $


$\K $


$\Omega \subset \mathbb {R}^2$


\begin {equation}\label {eq:modelProblem} \begin {cases} -\nabla \cdot \left ( \K \,\nabla u \right ) = f & \text { in $\Omega $,}\\ u= 0 &\text { on $\partial \Omega $,} \end {cases}\end {equation}


$f\in L^2(\Omega )$


$\K $


$\K \in (L^\infty (\Omega ))^{2\times 2}$


\begin {equation}\label {eq:constraintsK} \K _0|\bm {v}|^2 \le \bm {v}\cdot \K (\bm {x})\bm {v}\le \K _1 |\bm {v}|^2, \quad \forall \bm {v}\in \mathbb {R}^2, \quad \text {for a.e. }\,\bm {x}\in \Omega ,\end {equation}


$\K _0$


$\K _1$


$\abs {\cdot }$


$\a {\cdot }{\cdot }\colon \mathrm {H}^1_{0}({\Omega })\times \mathrm {H}^1_{0}({\Omega }) \to \mathbb {R}$


\begin {equation}\label {eq:defBilFormA} \a {u}{v} := \int _\Omega \left (\K \,\nabla u\right ) \cdot \nabla v,\quad \forall \,u,v \in \mathrm {H}^1_{0}({\Omega }).\end {equation}


$u\in \mathrm {H}^1_{0}({\Omega })$


\begin {equation}\label {eq:contVarForm} \a {u}{v} = \scal [\Omega ]{f}{v} \quad \forall \,v\in \mathrm {H}^1_{0}({\Omega }), \,\end {equation}


$\scal [\mathcal {O}]{\cdot }{\cdot }$


$L^2(\mathcal {O})$


$\mathcal {O}\subseteq \Omega $


$\Mh $


$\Omega $


$E$


$\Mh $


$h_E$


$E$


$h\coloneqq \max _{E\in \Mh }h_E$


$\Xh $


$\Mh $


$\Eh $


$\Mh $


$\Ehint $


$\Mh $


$\Omega $


$E\in \Mh $


$\Eh [E]\coloneqq \{e\in \Eh : e\subset \partial E\}$


$\Mh $


$\exists \,\kappa > 0$


$\forall E\in \Mh $


$E$


$\rho _E\geq \kappa h_E$


$e\subset \partial E$


$\abs {e}=: h_e \geq \kappa h_E$


$\NVE $


$E$


$E$


\begin {equation}\label {eq:numVerticesBounded} \exists \NVmax >0\colon \forall E\in \Mh ,\, \NVE \leq \NVmax \,.\end {equation}


$\bs {x}\in \Xh $


$\NVEE $


$h$


\begin {equation}\label {eq:numElementperVertexBounded} \exists \NVEmax >0\colon \forall \bm {x}\in \Xh ,\, \NVEE \leq \NVEmax \,.\end {equation}


$\K $


$E\in \Mh $


$\K _E \in \mathbb {R}$


$E\in \Mh $


$\Poly {k}{\mathcal {O}}$


$k$


$\mathcal {O}$


$\Poly {m}{\mathcal {O}} \setminus \Poly {n-1}{\mathcal {O}}$


$n$


$m$


$E\in \Mh $


$\Pi ^{\nabla ,E}_{k}:\mathrm {H}^1({E})\rightarrow \Poly {k}{E}$


$\mathrm {H}^1$


$\forall \,u\in \mathrm {H}^1({E})$


\begin {equation}\label {eq:higher_order_PiNablaorthogonalitycondition} \begin {cases} \scal [E]{\nabla \left (\Pi ^{\nabla ,E}_{k} u -u \right )}{\nabla p}=0 & \forall p\in \Poly {k}{E} \\ \int _{E} u - \Pi ^{\nabla ,E}_{k} u = 0 & \text {if $k>1$} \\ \int _{\partial E} u - \Pi ^{\nabla ,E}_{k} u = 0 & \text {if $k=1$} \end {cases}\end {equation}


$k$


$v_h\in \Ve [E]{k}$


$\NVE $


$v_h$


$k>1$


$k-1$


$v_h$


$k>1$


$\frac {k(k-1)}{2}$


$\frac {1}{E}\scal [E]{v_h}{m_i}$


$\forall \, i=1,\ldots , n_{k-2}$


$n_{k-2}:=\dim \Poly {k-2}{E}$


$\{m_i\}_{i=1}^{n_{k-2}}$


$\Poly {k-2}{E}$


$\Ve {k} := \{v\in \mathrm {H}^1_0({\Omega })\colon v_{|E} \in \Ve [E]{k}\}$


$E\in \Mh $


$\ell _E\geq 0$


$\mathcal {P}_{k,\ell _E}(E)$


\begin {equation}\label {eq:firstDecompositionPkell} \begin {aligned} \mathcal {P}_{k,\ell _E} &:= \PolyDouble {k-1}{E}\oplus \curl \left (\Poly {k+\ell _E}{E}\setminus \Poly {k}{E}\right ) \\ &=\bs {x}\Poly {k-2}{E}\oplus \curl \Poly {k+\ell _E}{E}\,, \end {aligned}\end {equation}


$p\in \Poly {k+\ell _E}{E}$


$\curl p =\left (\frac {\partial p}{\partial x_2},-\frac {\partial p}{\partial x_1}\right )$


$\projH \nabla : \mathrm {H}^1+({E}) \to \mathcal {P}_{k,\ell _E}$


$\mathrm {L}^2$


$\mathrm {H}^1({E})$


$\forall u\in \mathrm {H}^1({E})$


\begin {equation}\label {eq:def-projH} \scal [E]{\projH \nabla u}{\boldsymbol {p}} = \scal [E]{\nabla u}{\boldsymbol {p}} \;\; \forall \boldsymbol {p} \in \mathcal {P}_{k,\ell _E} \,.\end {equation}


$u_h\in \Ve [E]{k}$


$\projH \nabla u_h$


$u_h$


$a^E_h\colon \Ve [E]{k}\times \Ve [E]{k} \to \mathbb {R}$


\begin {equation}\label {eq:higher_order_defahE} \ahE {u_h}{v_h} := \scal [E]{\K _E \projH \nabla u_h}{\projH \nabla v_h}, \quad \forall u_h,v_h \in \Ve [E]{k}\,,\end {equation}


$\Mh $


$a_h \colon \Ve {k}\times \Ve {k} \to \mathbb {R}$


\begin {equation}\label {eq:higher_order_defah} \ah {u_h}{v_h}:=\sum _{E\in \Mh }\ahE {u_h}{v_h} \quad \forall u_h,v_h \in \Ve {k} \,.\end {equation}


$u_h\in \Ve {k}$


\begin {equation}\label {eq:higher_order_discrVarForm} \ah {u_h}{v_h} = \sum _{E\in \Mh }\scal [E]{f_h}{v_h} \quad \forall v_h \in \Ve {k}\,,\end {equation}


$f_h \coloneqq \Pi ^{0,E}_{k} f$


$\forall E\in \Mh $


$\Pi ^{0,E}_{k}\colon \mathrm {L}^2({E}) \to \Poly {k}{E}$


$\mathrm {L}^2{}$


$\forall u\in \mathrm {L}^2({E})$


\begin {equation}\label {eq:PiK} \scal [E]{\Pi ^{0,E}_{k} u}{p} =\scal [E]{u}{p} \quad \forall p\in \Poly {k}{E} \,.\end {equation}


$\ell _E$


$q\in \mathbb {P}_{k+\ell _E}(E)$


$k\NVE -1$


$\frac {1}{\abs {\partial E}}\scal [\partial E]{q}{\pi _i}$


$\Poly [0]{k-1}{\partial E}:=\{\pi : \pi _{|_e} \in \Poly {k-1}{e}\,, \forall e\subset \partial E\,, \int _{\partial E} \pi = 0 \}$


$E\in \Mh $


$\alpha ^E_\ast $


$h_E$


\begin {align*}\norm [0,E] {\projH \nabla v_h}^2\ge \alpha ^E_\ast \norm [0,E] { \nabla v_h}^2,\qquad \qquad \forall v_h \in \Ve {E}.\end {align*}


$u$


$u_h$


\begin {equation}\label {def:error} \begin {split} \ennorm [\K ,1,\omega ]{u-u_h} & \coloneqq \sup _{w\in \mathrm {H}^1_{0}({\omega }){}}\frac {\sum _{ E\in \omega } a^E({u},{w}) - \ahE {u_h}{w} }{\norm [0,\omega ]{\sqrt {\K }\nabla w}} \\ &=\sup _{w\in \mathrm {H}^1_{0}({\omega }){}}\frac {\sum _{ E\in \omega } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{\nabla w}}{\norm [0,\omega ]{\sqrt {\K }\nabla w}}, \end {split}\end {equation}


$a|^E({\cdot },{\cdot })\coloneqq a({\cdot },{\cdot })|_E$


$\omega \subseteq \Mh $


$\Mh $


$u|_E\in \Poly {k}{E}$


$\forall E\in \Mh $


$\ennorm [\K ,1,\omega ]{u-u_h}~=~0$


$E\in \Mh $


$C_p>0$


$h_E$


\begin {align*}\norm [0,E]{v - \Pi ^{0,E}_{k}v}\le C_p \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{\sqrt {\K }\nabla v}, \quad \forall v\in \mathrm {H}^1({E}).\end {align*}


$E\in \Mh $


$v\in \mathrm {H}^1({E})$


\begin {align*}\norm [0,E]{v - \Pi ^{0,E}_{k}v}\le \norm [0,E]{v - \Pi ^{0,E}_{k}v}\le C_p h_E\norm [0,E]{\nabla v}= C_p \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{\sqrt {\K }\nabla v}.\end {align*}


$E\in \Mh $


$\tilde {\omega }_E$


$E$


$e\in \Eh $


$\omega _e=\displaystyle \bigcup _{E\in \Mh :e\in \Eh [E]} E$


${\tilde {\omega }_e}=\bigcup _{E\in \omega _e} \tilde {\omega }_E$


${\omega _E}=\bigcup _{e\in \Eh [E]} \omega _e$


\begin {equation}\label {def:Nomegamax} \Nomegamax = \max _{E\in \Mh }\{\# \tilde {\omega }_E\} \le \NVmax \left (\NVEmax -2\right ) +1,\end {equation}


$\NVmax $


$\NVEmax $


$\# \tilde {\omega }_E$


$\tilde {\omega }_E$


$\Mh $


$E$


$\# \tilde {\omega }_E = 9$


$v\in \mathrm {H}^1_0({\Omega })$


$v_I\in \Ve {k}$


$E\in \Mh $


\begin {equation}\label {eq:BoundClement} \norm [0, E]{v-v_I} + h_E \norm [0, E]{\nabla (v-v_I)}\le C_{I} h_E \norm [0, \tilde {\omega }_E]{\nabla v}\,,\end {equation}


$C_I$


$k$


$e\in \Eh $


$\K _{\omega _e} = \sum _{E\in \omega _e}\K _E$


$v_I$


$C_{I,1}$


$C_{\K ,E}$


$C_{\K _{\omega _e}}$


$\forall v \in \mathrm {H}^1_{0}({\Omega }){}$


\begin {align}\norm [0,E]{v-v_I}&\le C_{I} C_{\K , E}\frac {h_E} {\sqrt {\K _E}}\norm [0,\tilde {\omega }_E]{ \sqrt {\K } \nabla v} &\forall E\in \Mh ,\label {eq:BoundClementElementK} \\ \norm [0,e]{v- v_I}&\le C_{I,1} C_{\K _{\omega _e}} \frac {h_e^{1/2}}{\sqrt {\K _{\omega _e}}}\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla v} &\forall e \in \Eh ,\label {eq:BoundClementSqrtEdgeK}\end {align}


$C_{\K , E}, C_{\K _{\omega _e}}, C_{I,1}$


$k$


$\K _E$


$C_{\K , E}~\coloneqq ~\sqrt {\frac {\K _E}{\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}$


$C_{\K _{\omega _e}}~\coloneqq ~ \sum _{E\in \omega _e}\{C^2_{\K , E}\}$


$E\in \Mh $


\begin {align*}&\norm [0,E]{v-v_I} \le C_{I} h_E\norm [0, \tilde {\omega }_E]{\nabla v} \le C_{I}\frac {h_E}{\sqrt {\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} \\ &\qquad = C_{I}\frac {\sqrt {\K _E}}{\sqrt {\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}\frac {h_E}{\sqrt {\K _E}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} = C_{I} C_{\K , E}\frac {h_E}{\sqrt {\K _E}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} \,.\end {align*}


$e\in \Eh $


$E\in \omega _e$


\begin {equation}\label {eq:scaled-trace-inequality} \norm [e]{v}^2\le C_{tr}\left (h^{-1}_e\norm [E]{v}^2 + h_e\norm [E]{\nabla v}^2\right ), \quad \forall v\in H^1(E).\end {equation}


$\forall E\in \omega _e$


\begin {align*}\norm [0,e]{v-v_I}^2&\le C_{tr}\left (h^{-1}_e\norm [E]{v-v_I}^2 + h_e\norm [E]{\nabla ( v -v_I)}^2\right ) \\ &\le C_{tr}\left ( C_{I}^2 h^{-1}_e h^2_E\norm [0, \tilde {\omega }_E]{\nabla v}^2 + C_{I}^2 h_e\norm [0, \tilde {\omega }_E]{\nabla v}^2\right ) \\ &= C_{tr}C_{I}^2 \left ( \frac {h^2_E}{h^2_e} + 1 \right )h_e\norm [0, \tilde {\omega }_E]{\nabla v}^2 \\ &\le C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )C^2_{\K , E}\frac {h_e}{\K _E}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v}^2 \,.\end {align*}


\begin {equation*}\K _E \norm [0,e]{v-v_I}^2 \leq C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )C^2_{\K , E}h_e\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v}^2 \quad \forall E\in \omega _e\,.\end {equation*}


$E\in \omega _e$


\begin {equation*}\K _{\omega _e}\norm [0,e]{v-v_I}^2 \le C_{I,1}^2 C_{\K _{\omega _e}}^2 h_e\norm [0, \tilde {\omega }_{e}]{\sqrt {\K }\nabla v}^2 \,.\end {equation*}


$C_{I,1}^2\coloneqq C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )$


$u$


$u_h \in \Ve {k}$


\begin {align*}\a {u}{w_h}- \ah {u_h}{w_h}= \scal [\Omega ]{f-f_h}{ w_h} \quad \forall w_h \in \Ve {k}.\end {align*}


$u$


$u_h \in \Ve {k}$


$C_U>0$


$h_E$


\begin {align}\ennorm [\K ,1,\Mh ]{u-u_h}^2 \le C_U \, \sum _{E\in \Mh } \left (\eta ^2_E +\mathcal {F}^2_E \right ),\end {align}


$\ennorm [\K ,1,\Mh ]{ \cdot }$


\begin {align}&\eta ^2_E \coloneqq \frac {h^2_E}{\K _E}\norm [0, E]{r_E}^2+ \frac {1}{2}\sum _{e\in \Eh [E]\cap \Ehint }\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2,\\ &\mathcal {F}^2_E \coloneqq \frac {h^2_E}{\K _E} \norm [0,E]{f-f_h}^2 \,,\end {align}


\begin {align}\label {eq:defRE} r_E &\coloneqq f_h + \divt \left (\K _E \, \projH \nabla u_h\right ), \\ \label {eq:defJE} j_e &\coloneqq [[\K \, \projHOmega \nabla u_h]]_e := \sum _{E\in \omega _e} \K _{E} \, \projH \nabla u_h \cdot \bm {n}^e_E \,,\end {align}


$\bm {n}^e_E$


$e$


$E\in \omega _e$


$\lesssim $


$h_E$


$\K $


$w\in \mathrm {H}^1_{0}({\Omega }){}$


$w_I\in \Ve {k}$


\begin {align*}&\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w} = \\&= \sum _{E\in \Mh }\scal [E]{\K _E\left ( \nabla u - \projH \nabla u_h\right )}{ \nabla w- \nabla w_I } + \scal [\Omega ]{f-f_h}{ w_I}.\end {align*}


\begin {align}\notag &\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w} \\ \notag & = \scal [\Omega ]{f}{ w-w_I } - \sum _{E\in \Mh }\scal [E]{\K _E \projH \nabla u_h}{ \nabla w- \nabla w_I}+ \scal [\Omega ]{f-f_h}{ w_I} \\ \notag & = \scal [\Omega ]{f-f_h}{ w-w_I } +\scal [\Omega ]{f_h}{ w-w_I } \\ \notag &\quad \quad -\sum _{E\in \Mh }\scal [E]{ \K _E \projH \nabla u_h}{ \nabla w- \nabla w_I }+ \scal [\Omega ]{f-f_h}{ w_I} \\ \label {eq:upperBound:firstStep} & = \scal [\Omega ]{f_h}{ w-w_I } -\sum _{E\in \Mh }\scal [E]{ \K _E\projH \nabla u_h}{ \nabla w- \nabla w_I }+ \scal [\Omega ]{f-f_h}{ w}.\end {align}


$w-w_I\in \mathrm {H}^1_0({\Omega })$


\begin {align*}&\scal [\Omega ]{f_h}{ w-w_I }-\sum _{E\in \Mh }\scal [E]{ \K _E \projH \nabla u_h}{ \nabla w- \nabla w_I } \\ &\qquad = \sum _{E\in \Mh }\scal [E]{f_h+\divt \left ( \K _E \, \projH \nabla u_h\right )}{w-w_I} \\ &\qquad \quad - \sum _{e\in \Ehint }\scal [e]{[[\K \, \projH \nabla u_h]]_e}{w-w_I} \\ &\qquad = \sum _{E\in \Mh } \scal [E]{r_E}{w-w_I} - \sum _{e\in \Ehint }\scal [e]{j_e}{w-w_I} \\ &\qquad = I + II\end {align*}


$C_{\K }\coloneqq \max _{E\in \Mh } \{C_{\K ,E}\}$


\begin {align*}I& = \sum _{E\in \Mh }\scal [E]{r_E}{w -w_I}\le \sum _{E\in \Mh }\norm [0,E]{r_E} \norm [0,E]{w-w_I} \\ &\lesssim \; C_{\K }\sum _{E\in \Mh } \frac {h_E}{\sqrt {\K _E}} \norm [0,E]{r_E} \norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}.\end {align*}


\begin {align*}I \;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2}\left (\sum _{E\in \Mh }\norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}^2 \right )^{1/2}.\end {align*}


\begin {align*}II &= -\sum _{e \in \Ehint } \scal [e]{j_e}{w - w_I}\le \sum _{e \in \Ehint } \norm [0,e]{j_e} \norm [0,e]{w -w_I} \\ &\;\lesssim \; C^{\Ehint }_{\K } \sum _{e \in \Ehint } \frac {h_e^{1/2}}{\sqrt {\K _{\omega _e}}}\norm [0,e]{j_e}\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}\\ &\;\lesssim \; C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2} \left (\sum _{e \in \Ehint }\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}^2 \right )^{1/2},\end {align*}


$C^{\Ehint }_{\K } \coloneqq \max _{e\in \Ehint } \left \{ C_{\K _{\omega _e}}\right \}$


\begin {align*}\left (\sum _{E\in \Mh }\norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}^2 \right )^{1/2} &\le \sqrt {\Nomegamax }\norm [0,\Omega ]{\sqrt {\K }\nabla w}, \\ \left (\sum _{e \in \Ehint }\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}^2 \right )^{1/2} &\le \sqrt {2 \Nomegamax } \norm [0,\Omega ]{\sqrt {\K }\nabla w},\end {align*}


\begin {align}I&\;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \norm [0,\Omega ]{\sqrt {\K }\nabla w},\\ II&\;\lesssim \; C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2} \norm [0,\Omega ]{\sqrt {\K }\nabla w} \,.\end {align}


\begin {align*}\sum _{E\in \Mh }\scal [E]{f-f_h}{ w}&= \sum _{E\in \Mh }\scal [E]{f-f_h}{ w - \Pi ^{0,E}_{k}w } \\ &\;\lesssim \; \sum _{E\in \Mh }\frac {h_E}{\sqrt {\K _E}}\norm [0,E]{f-f_h}\norm [0,E]{\sqrt {\K }\nabla w}\\ &\;\lesssim \; \left (\sum _{E\in \Mh }\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}\left (\sum _{E\in \Mh } \norm [0,E]{\sqrt {\K }\nabla w}^2\right )^{1/2}.\end {align*}


\begin {align*}& \ennorm [\K ,1,\Mh ]{u-u_h}=\frac { \sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w}}{\norm [0,\Omega ]{\sqrt {\K }\nabla w} }\\ & \;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \\&\quad + C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2}+ \left (\sum _{E\in \Mh }\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}.\end {align*}


\begin {align*}&\ennorm [\K ,1,\Mh ]{u-u_h}^2\\ &\qquad \;\lesssim \; \,C_U \sum _{E\in \Mh } \left (\frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 + \sum _{e \in \Eh [E]\cap \Ehint } \frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2+ \frac {h^2_E}{\K _E} \norm [0,E]{f-f_h}^2\right ) \\ &\qquad \;\lesssim \; \, C_U \sum _{E\in \Mh }\left ( \eta ^2_E +\mathcal {F}_E^2\right ),\end {align*}


$C_U=\left (\max \{ C_{\K }, C^{\Ehint }_{\K } , 1\}\right )^2$


$\K $


$\K $


\begin {align*}&\norm [0, \tilde {\omega }_E]{\nabla v} \le \frac {1}{\sqrt {\K _E}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v},\end {align*}


$C_{\K ,E}=1$


$C_{\K _{\omega _e}}=1$


$C_U$


$\K $


$\psi _E\in \mathrm {H}^1_0({E})$


$E\in \Mh $


$E$


$\psi _E$


$E\in \Mh $


\begin {align}\label {def:w_r_E} w_{r,E}(x) \coloneqq \begin {cases} \frac {h_E^2}{\K _E} r_E(x) \psi _E(x)& x \in E \,, \\ 0 & x \in \Omega \setminus E \,, \end {cases}\end {align}


$r_E$


$r_E$


$E\in \Mh $


$w_{r,E}$


\begin {align*}\frac {h_E^2}{\K _E} \norm [0,E]{r_E}^2 \le C_{1,B}\scal [E]{r_E}{w_{r,E}},\end {align*}


\begin {align*}h_E \norm [0,E]{\nabla w_{r,E}} \le C_{2,B} \frac {h^2_E}{\K _E}\norm [0,E]{r_E},\end {align*}


$C_{1,B}$


$C_{2,B}$


$h_E$


$\K $


${\divt \projH }\nabla u \in \Poly {k-2}{E}$


$f_h\in \Poly {k}{E}$


$r_E\in \Poly {k}{E}$


$C_{1,B}$


$C_{2,B}$


$\ell _E$


$e\in \Ehint $


$\psi _e$


$e$


$e$


$\omega _e$


$\psi _e$


$j_e$


$e$


$\mathcal {C}j_e$


\begin {align}\label {def:_j_E} w_{j,e}(x) \coloneqq \begin {cases} \frac {h_e}{\K _{\omega _e}} (\mathcal {C}j_e)(x)\psi _e(x)& x \in \omega _e, \\ 0 & x \in \Omega \setminus \omega _e\,. \end {cases}\end {align}


$E\in \Mh $


$e\in \Eh [E]$


$w_{j,E}$


\begin {align*}\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2\le C_{1,b}\scal [e]{j_e}{ w_{j,e}},\end {align*}


\begin {align*}h_e^{1/2} \norm [0,E]{\nabla w_{j,e}} \le C_{2,b} \frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e},\end {align*}


$C_{1,b}$


$C_{2,b}$


$h_E$


$\K $


$E\in \Mh $


$u$


$u_h \in \Ve {k}$


$C_L>0$


$h_E$


$\K $


\begin {align*}\eta ^2_E\le C_L \left ( \ennorm [\K ,1,\omega _E]{u-u_ h}^2 + \sum _{E\in \omega _E} \mathcal {F}^2_E \right ),\end {align*}


$\ennorm [\K ,1,\omega _E]{u-u_h }$


$\eta _E$


$\mathcal {F}_E$


$\lesssim $


$h_E$


$\K $


$w\in \mathrm {H}^1_{0}({\Omega }){}$


$r_E$


$j_e$


\begin {align}\notag &\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w}= \\ \notag &= \sum _{E\in \Mh } \scal [E]{f}{ w} -\sum _{E\in \Mh } \scal [E]{\K _E \projH \nabla u_h }{\nabla w} \\ \notag &= \sum _{E\in \Mh } \scal [E]{f_h}{ w} -\sum _{E\in \Mh } \scal [E]{\K _E \projH \nabla u_h }{ \nabla w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \\ \notag &= \sum _{E\in \Mh } \scal [E]{f_h}{ w} +\sum _{E\in \Mh } \scal [E]{\divt \left (\K _E \projH \nabla u_h \right )}{ w} \\ \notag & \qquad -\sum _{e\in \Ehint } \scal [e]{[[\K \, \projHOmega \nabla u_h ]]_e}{ w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \\ \label {eq:lowerbound_firstEquation} & = \sum _{E\in \Mh } \scal [E]{r_E}{ w} -\sum _{e\in \Ehint } \scal [e]{j_e}{ w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \,.\end {align}


$w= w_{r,E}$


$\supp (w_{r,E}) \subseteq E$


\begin {equation*}\scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}= \scal [E]{f-f_h}{ w_{r,E}} + \scal [E]{r_E}{ w_{r,E} }.\end {equation*}


\begin {align*}& \frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2 \lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}+\scal [E]{f_h-f}{ w_{r,E}} \\ &\lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}+\norm [0,E]{f-f_h}\norm [0,E]{ w_{r,E}} \\ &\lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{\nabla w_{r,E}} \\ &\qquad +\left ( \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}\norm [0,E]{\sqrt {\K }\nabla w_{r,E}} \,.\end {align*}


\begin {equation}\label {eq:lowerBound:residual-step} \frac {\frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2}{\norm [0,E]{\sqrt {\K }\nabla w_{r,E}}} \;\lesssim \; \ennorm [\K ,1,E]{u-u_h} +\left (\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}.\end {equation}


\begin {equation*}\norm [0,E]{\sqrt {\K }\nabla w_{r,E}} =\sqrt {\K _E} \norm [0,E]{\nabla w_{r,E}} \;\lesssim \; \frac {h_E}{\sqrt {\K _E}} \norm [0,E]{ r_E}.\end {equation*}


\begin {equation*}\frac {h_E}{\sqrt {\K _E}} \norm [0,E]{ r_E} \;\lesssim \; \ennorm [\K ,1,E]{u-u_h} +\left ( \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2},\end {equation*}


\begin {align}\label {eq:boundResidual_lower} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \;\lesssim \;\left ( \ennorm [\K ,1,E]{u-u_h}^2+ \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right ).\end {align}


$e\in \Ehint $


$w=w_{j,e}$


$\supp (w_{j,e})\subseteq \omega _e$


\begin {equation*}\begin {split} \sum _{E\in \omega _e} \scal [E]{\K _E\left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{j,e}} &= \sum _{E\in \omega _e} \scal [E]{r_E}{ w_{j,e}} - \scal [e]{j_e}{w_{j,e}} \\ &\qquad +\sum _{E\in \omega _e} \scal [E]{f-f_h}{w_{j,e}}. \end {split}\end {equation*}


\begin {align*}\frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2 &\;\lesssim \; \sum _{E\in \omega _e} \left (\scal [E]{r_E}{w_{j,e}} +\scal [E]{f-f_h}{w_{j,e}}\right )- \sum _{E\in \omega _e}\scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )} { \nabla w_{j,e}} \\ &\;\lesssim \; \sum _{E\in \omega _e} \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{r_E}\norm [0,E]{\sqrt {\K } \nabla w_{j,e}} + \sum _{E\in \omega _e} \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{f-f_h} \norm [0,E]{ \sqrt {\K }\nabla w_{j,e}} \\ &\quad - \sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )}{\nabla w_{j,e}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2 \right )^{1/2}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2\right )^{1/2} \\ &\quad + \left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2 \right )^{1/2} \\ &\quad - \sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )} { \nabla w_{j,e}}.\end {align*}


$\ennorm [\K ,1,\omega _e]{u-u_h}$


\begin {equation}\label {eq:lowerBound:jump-estimate} \begin {split} &\frac {\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2}{\left (\sum _{E\in \omega _e} \norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2\right )^{1/2}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} +\left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2} \\ & \quad + \frac {\sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )}{ \nabla \left (-w_{j,e}\right )}}{\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla \left (-w_{j,e}\right )}^2\right )^{1/2}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} +\left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2} + \ennorm [\K ,1,\omega _e]{u-u_h} \,. \end {split}\end {equation}


\begin {align*}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e} }^2\right )^{1/2} &\;\lesssim \; \left (\sum _{E\in \omega _e} \K _E\frac {h_e}{\K ^2_{\omega _e}} \norm [0,e]{ j_e}^2\right )^{1/2}+ \left (\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\right )^{1/2} \,.\end {align*}


\begin {equation*}\begin {split} \left (\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\right )^{1/2} \;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \\ \qquad + \left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2}+ \ennorm [\K ,1,\omega _e]{u-u_h}. \end {split}\end {equation*}


\begin {align}\label {eq:boundJump_lower} &\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\;\lesssim \; \sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 +\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 + \ennorm [\K ,1,\omega _e]{u-u_h}^2.\end {align}


\begin {align}\label {eq:boundJump_lower_FINAL} \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2 &\;\lesssim \; \sum _{E\in \omega _e}\frac {h^2_{E}}{\K _{E}}\norm [0,E]{f-f_h}^2+\ennorm [\K ,1,\omega _e]{u-u_h}^2.\end {align}


$u$


$u_h \in \Ve {k}$


$\ennorm [\K ,1,\Mh ]{u-u_h}$


\begin {align*}\sum _{E\in \Mh }\eta ^2_E\le C_L (\NVmax +1) \left ( \ennorm [\K ,1,\Mh ]{u-u_ h}^2 +\sum _{E\in \Mh } \mathcal {F}^2_E \right ),\end {align*}


$\eta _E, \,\mathcal {F}_E$


$C_L$


$\NVmax $


\begin {align*}\ennorm [\K ,1,\Mh ]{u-u_h} \simeq \left ( \sum _{E\in \Mh }\norm [0,E]{\sqrt {\K } \left ( \nabla u - \projH \nabla u_h\right ) }^2 \right )^{\frac 12},\end {align*}


\begin {align*}\epsilon \coloneqq \left (\frac {\sum _{E\in \Mh }\eta ^2_{E}} { \sum _{E\in \Mh }\norm [0,E]{\sqrt {\K } \left ( \nabla u - \projH \nabla u_h\right ) }^2 }\right )^{\frac 12}.\end {align*}


$\K = \RefThree {I}$


$\Omega =(0,1)^2$


$f$


$u(x, y) = \sin (2 \pi x) \sin (2\pi y)$


$m$


$k=1,2,3$


$\Omega =(0,1)^2$


$\K (x,y) = \gamma _i(x,y) I$


$i=1,2$


\begin {align*}\gamma _1(x,y) \coloneqq \begin {cases}10, \;\text {in }\Omega _1 := (0, 0.5] \times (0, 1),\\ 1, \;\text {in } \Omega _2 :=(0.5, 1) \times (0, 1), \end {cases} \gamma _2(x,y) \coloneqq \begin {cases}10^{-3}, \;\text {in } \Omega _1,\\ 1, \;\text {in } \Omega _2. \end {cases}\end {align*}


$u_i (x, y) = \xi _i (x)Y (y)$


\begin {align}\label {def:xi} \xi _i(x) &\coloneqq \begin {cases} -\frac {1}{\gamma _i|_{\Omega _1}}\left (\frac {x^2}{2} +c_i x\right ) \quad \text {if } x\in (0, 0.5],\\ -\frac {1}{\gamma _i|_{\Omega _2}}\left (\frac {x^2}{2} +c_i x -c_i - \frac {1}{2}\right ) \quad \text {if } x\in ( 0.5,1), \end {cases}\end {align}


\begin {align}\label {def:Yy} Y(y)&\coloneqq y (1-y) \left (y-\frac {1}{2}\right )^2,\end {align}


$c_i\coloneqq - \frac {3 \gamma _i|_{\Omega _1}+ \gamma _i|_{\Omega _2}}{4\left (\gamma _i|_{\Omega _1}+ \gamma _i|_{\Omega _2}\right )}$


$\K $


$m$


$\epsilon $


$\Omega =(0,1)^2$


$\K = \gamma _i I$


$i =3,4$


\begin {align*}\gamma _3(x,y) \coloneqq \begin {cases}1 \quad \text {in }\Omega _{11} = (0, 0.5)^2 ,\\ 10^{-3} \quad \text {in } \Omega _{1 2} =[0.5, 1) \times (0, 0.5),\\ 10^{-2} \quad \text {in } \Omega _{2 1} =(0, 0.5)\times [0.5, 1) ,\\ 10 \quad \text {in } \Omega _{2 2} =[0.5, 1)^2 , \end {cases} &\gamma _4(x,y) \coloneqq \begin {cases}1 \quad \text {in }\Omega _{11},\\ 10^{-7} \quad \text {in } \Omega _{1 2},\\ 10^{-2} \quad \text {in } \Omega _{2 1},\\ 10^5 \quad \text {in } \Omega _{2 2} , \end {cases}\end {align*}


\begin {align*}u_i(x,y)= \xi _i(x) Y(y),\end {align*}


$\xi _i(x)$


$Y(y)$


\begin {align*}c_i\coloneqq \begin {cases} - \frac {3 \gamma _i|_{\Omega _{1 1}}+ \gamma _i|_{\Omega _{1 2}}}{4\left (\gamma _i|_{\Omega _{1 1}}+ \gamma _i|_{\Omega _{1 2}}\right )}\quad \quad \text {in }\Omega _{11} \cup \Omega _{12},\\ - \frac {3 \gamma _i|_{\Omega _{2 1}}+ \gamma _i|_{\Omega _{2 2}}}{4\left (\gamma _i|_{\Omega _{2 1}}+ \gamma _i|_{\Omega _{2 2}}\right )} \quad \quad \text {in }\Omega _{21} \cup \Omega _{22}. \end {cases}\end {align*}


$\K $


$m$


$\K $


$\K $


$h$


$\Omega = (-1,1)^2\setminus \left ([0,1]\times [-1,0] \right )$


\begin {align*}u (\rho ,\theta ) = \rho ^{2/3},\end {align*}


$\rho $


$\theta $


$u\in \mathrm {H}^1({\Omega })$


$u\in \mathrm {H}^s({\Omega })$


$s<\frac {5}{3}$


$\left (\# \Mh \right )^{-1/3} \simeq h^{2/3}$


$k$


$k=1,2,3$


$m$


$\mathbb {R}^3$


$\K =I$


\begin {align*}u_1(x,y)&=- \frac {1}{10}\left (x+\frac {1}{2}\right )\left (8 x y (x^2+ y^2)+ \mathrm {atan2}(y,x)+x^3\right ),\\ u_2(x,z)&=- \frac {1}{10}\left (x+\frac {1}{2}\right )x^3(1-8\pi |z|),\\ u_3(y,z)&= y(y-1)(y+1)(z-1)z,\end {align*}


\begin {align*}F_1 &=\left \{ (x,y,z) \in \mathbb {R}^3: -1\le x\le \frac {1}{2},\; -1\le y\le 1,\; z=0\right \},\\ F_2 &=\left \{ (x,y,z) \in \mathbb {R}^3: -1\le x\le 0,\; y=0,\;-1\le z\le 1\right \},\\ F_3 &=\left \{ (x,y,z) \in \mathbb {R}^3: x= -\frac {1}{2},\; -1\le y\le 1,\;-1\le z\le 1\right \}.\end {align*}


\begin {align*}\tilde {\eta }_E\coloneqq & \frac {h^2_E}{\K _E}\norm [0, E]{r_E}^2+ \frac {1}{2}\sum _{e\in \Eh [E]\cap \Ehint }\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2 + \frac {1}{4}\sum _{e\in \Eh [E]\cap \Ehtr } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{[[\K \, \projHOmega \nabla u_{h, i_e}]]_e + [[\K \, \projHOmega \nabla u_{h, j_e}]]_e}^2 ,\end {align*}


$\projHOmega \nabla u_{h, i_e}$


$\projHOmega \nabla u_{h, j_e}$


$e$


$\Ehtr $


$\Ehint $


$m$
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residual error estimators. A campaign of numerical tests confirms that the ratio between the error and the error estimator is indeed
asymptotically constant. To streamline the analysis, estimates are presented in the case of a piecewise constant diffusivity coefficient
K. The extension to variable £ would exploit analogous residual estimators and would yield a dependence of the estimate on local
oscillations of the diffusivity coefficient, similarly to what happens in the a posteriori analysis of finite element methods.

The outline of the paper is as follows: in Sections 2 and 3 we introduce the model problem and describe the stabilization-free
Virtual Element Method used to discretize the problem. In Section 4 we present the a posteriori error analysis of the numerical method.
Section 5 is devoted to numerical results on a squared, an L-shaped domain, and on a Discrete Fracture Network, which models a
fractured medium. Finally, in Section 6 we summarize the results and draw conclusions.

2. Model problem

Let Q c R? be a bounded open set. We are interested in solving the following Poisson problem:

{—V~(lCVu):f inQ, o
u=0 on 0Q,
where the loading term f € L*(Q) and K is a symmetric tensor K € (L®(Q))**? satisfying:

Kolv)? <v-Kxw <K |v]?>, VweR? forae xeQ, ©))

where K, and K, are positive constants and |-| denotes the euclidean norm. We define the bilinear form a(-, ) : H(l)(Q) X H(l)(Q) - R
as

a(u,v) 1= / (KVu)- Vv, Vu,v€H)(Q). 3)
Q

The variational formulation of (1) reads as: find u € H(l)(Q) such that,
a(u,v) = (f,v)g Yv € HyQ), 4

where (-, ) denotes the scalar product in L?(©), where O C Q.

3. Mesh and discretization

We introduce a conforming polygonal tessellation M,, of Q. Let E denote a generic polygon of M,, hy the diameter of E and the
mesh size i := maxpey, hp- Furthermore, let X, denote the set of vertices of M,,. Moreover, let £, be the set of edges of My, &™
the set of edges of M,, internal to Q and for each E € M,, £ := {e € €, : e C 0E}. We assume that M), satisfies the standard mesh
assumptions for VEM, described below.

Assumption 3.1 (Mesh assumptions). I« > 0 such that VE € M,,

e E is star-shaped with respect to a ball of radius p; > khp,

e for every edge e C 0F, |e| =: h, > kh.
Notice that the above conditions imply that, denoting by N the number of vertices of E, the number of vertices of each polygon E
has an upper bound, i.e.

ANpax > 0: VE € My, Np < Ny - )
Furthermore, these conditions ensure that the number of elements in the mesh sharing a vertex x € X, denoted by N, remains
bounded independently of 4, i.e.

INY >0:Vxex, NY<NE . (6)

From now on, for simplicity of exposition, we assume K to be a constant on each polygon E € M,,. Let £ € R denote its value on
each E € M,,.

3.1. Discretization

Let P(O) be the set of polynomials of degree up to k defined on an open connected set O, and let P, (O)\ P, _,(O) be the set of

polynomials from degree n up to m. For any given E € M,, let I'[Z’E :HYE)-> P (E) be the H! orthogonal projection operator such
that, Vu € H'(E),

(V(HZ’Eu - u), v,;)E =0 VpePE)
Jeu—-T07Fu=0 if k> 1 @)
fopu =T Fu=0 if k=1

Moreover, we define the local Virtual Space of order k as

vE

£ = vy €H'(E) : Av, € PYE), 1(vy) € Pyfe) Ve C IE, v, € CYIE), (vh - HZ‘Evh,p)E =0VpeP(E)\P, (E)} (8)

Given v, € Vf ,» the chosen degrees of freedom of this space are:
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¢ N pointwise values of v, at the vertices of the polygon,

e if k > 1, k — 1 pointwise values of v, at Gauss-Lobatto quadrature points internal to each edge,

o ifk>1, @ internal moments %(vh,mi)E, Vi=1,...,n_p, where n,_, :=dimP, ,(E) and {m,~}:'§2 is a scaled monomial basis
of P,_J(E).

Then, we define the global discrete space as V, , :={v € H(l)(Q) cup €VEL
To discretize (4), we follow the approach described in [6]. For any given E € M,, let £ > 0 be a given natural number and let
Py ¢,.(E) be the polynomial space given by

Prs, = [Pii(E)]” @ curl (Pk+ B\ [P’k(E))

=xP,_(E)®curlP, , (E),

©)]

where for any p € P o fE(E)’ curlp = (;7”2, —%). Then, let H(T);E V:H! ' +(E) > Py be the L2-projection operator of the gradient of

functions in H!(E), defined, Yu € H'(E), by the orthogonality condition
(My"Vip) =(Vupy YpePy, . (10)

Remark 3.1. Notice that for each function u;, € V£ , the projection H%E Vuy, is computable exploiting only the degrees of freedom

hk?
of u,.
Next, we define the discrete bilinear form af : VF, x Vf, — R such that
aE (uy, vp) = (ICEH(;;EVuh,H(T),’EVUh)E, Viy, v, € VE,, an
Summing up over all the elements of M, we definea;,: ¥, xV,, - Ras

ap(uy,vy) 1= Z af(uh,vh) Vup, vy €V, - (12)
EeM,

We can state the discrete problem as: find u, € V,, such that

ayup o)=Y (fovn)p Y0R € Vs (13)
EeMy,

where f, =11 f and VE € M,,, 1" : L*(E) - P (E) is the L>-projection, defined Vu € L*(E) by

(Hg’Eu,p)E =wpy VpEPE). 14)
The well-posedness of (13) is discussed in [6]. We summarize it in the following result.

Assumption 3.2. We assume ¢ to be the smallest integer such that any polynomial g € P, (E) can be identified by a set of
degrees of freedom which contains kN — 1 distinct moments ﬁ (q, 7r,-) o With respect to a scaled polynomial basis of the space
P9 (OE) :={r:m, €P,_(e),Ve COE, [, = =0}.

Theorem 3.1. Under the mesh Assumptions 3.1 and 3.2, there exists for any E € M,, a constant af independent of hj such that

2
”H%EVU"HO,E > af”Vuh”aE, Yo, €V, -

Using the above result, it is immediate to see that (13) admits a unique solution under Assumption 3.2. In [6] it is also proved that
Assumption 3.2 is also a necessary condition for well-posedness.

4. A posteriori error analysis

In this work, we consider as a measure of the error between the solution to problem (4) u and the solution to problem (13) uj,, the
quantity

Y ke @F W, w) — af(uh, w)

Nl = unllic,0 := sup

e [,
ZEEa) (lCE(Vu_H%EVMh>,Vw> (15)
sup E ,
WGH(I)(W) ” \/va”(),w

where a|E(,+) := a(-, )|, and @ C M, is the union of the closure of a set of elements in M,,.

Remark 4.1. We notice that if u|; € P(E)VE € M,, it results that

e = unllirr = O-
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4.1. Preliminary results

In this section, we discuss some preliminary results that will be used in the definition of the upper and lower bounds of the error.

Lemma 4.1. Let E € M,, there exists a constant C,, > 0 independent of hp, such that

”U B Hi’EUHo,E

h
<C—=|Vkvy|| . vwen®.
0.E
VKEg
Proof. For any E € M,, and function v € H'(E), we employ the Poincaré inequality, i.e.

ICVUHO’EA

I T Y T

k

|

In [17, Theorem 11] it has been proved the existence of the Clément quasi-interpolation operator for the VEM space, in order to
give it, we recall some useful definitions.

Definition 4.1. For any element E € M,,, we define @ as the patch of elements with non-empty intersection with E, i.e. sharing
at least one vertex. Furthermore, for any given e € £,, let o, = U E. Furthermore, @, = |J Few, @£ and o = Uee £ De-
EeMyectf

It can be proved that

~ X
;)ax = Enelja\zl(h{#wE} < NmaX(Nmax - 2) +1 (16)
where N, and N¥ are defined in Assumption 3.1 and #@, is the cardinality of &. Notice that, if M, is a mesh of squares and £

is an internal element, we get #&j = 9, achieving the equality in the above bound.

Lemma 4.2 (Clément interpolation estimates). Under Assumption 3.1, for any v € H(l)(Q), there exists a Clément quasi-interpolation
operator vy € V, , satisfying for each E € M,

lo=villog +hellVw—vDllg e < CrhelVollg, - 17)
where C; is a positive constant, depending only on the polynomial degree k and on the mesh regularity.
Definition 4.2. For any given e € £,, we define £, =3, Ki

Lemma 4.3. Let v; be the Clément quasi-interpolation operator as in Lemma 4.2, then there exist three positive constants C; ;, Cy p and
Cy, such that, Yv € H(l)(Q),

o= ol < CiCie 2 VRV, VE € M, as)
E

llo=villo. < CriCx,,

V&, vece, o)
@e

where Cy. i, Cx, ,Cy,) are positive constants, depending only on the polynomial degree k, on the mesh regularity and on the diffusivity
. . K

coefficients K. In particular, Cye g = , /m, and Ce,, = ZEG%{CIZC‘E}.

Proof. Considering, (18), let E € M,,. From (17), we have that

o =villos < CraelVollos, < c,—H\/_vUH
mingreg, {Kgr}

= |Vevi,, c,c,C,E\;'_;_E”vsz

0.6

\/IC_

A /mlnE’EwE KE’ \/

Then, let e € £, be fixed. For any E € o,, we recall the following scaled trace inequality:

=C;

0.0

lol? < G (R 0l + R NIVOIR), Voe HY(E). (20)
Then, by (20), (17), and Assumption 3.1, we have, VE € w,,
lo= vl < (17 llo = vl + eIV = op; )

< c,,(c;h;1h35||w||§@£ + C%henwug@J

h2
= c,,c}(h—f + l>he||VU||%ﬁ)E
e
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Hence,

Kellv=vrllo, <

sc,,c?(éﬂ)

C,,Cf(é+l)

Summing up over E € w,, we obtain

2
Kwe ”U - UI”O,e < C?,ICIZC% he

(é+1). O

where C;

1

:=C,C?

C2

(&

h,
K.E ICE

2

K,

h

\/EVU“(Z),@ '

Ve,

\/EVUH; VE € o,
WE

Journal of Computational Physics 553 (2026) 114704

Lemma 4.4 (Galerkin orthogonality). Let u be the solution to the continuous problem (4) and u;, € Yk the solution to the discrete problem
(13), it holds that

a(u, wy) — ap(up, wp) = (f - fh,wh)g Vw, € Vh,k.

Proof. It follows immediately from the definition of the continuous problem(4) and the discrete problem (13).

4.2. Upper bound of the error

Theorem 4.1 (Upper bound). Let u be the solution to the continuous problem (4) and u;, € Ve be the solution to the discrete problem (13).

Then, there exists a constant Cy; > 0 independent of hj, depending on the mesh regularity, such that

e = wnlic e, <Co 2, (g +73),

where -1, 04, B defined by (15) and

E
and
e

Je

where n$, is the normal vector to e pointing outward with respect to E € a,.

2

2

h 2 1
= ,C_i”rE”o,E ) Z

EEM,

E ~ gint
eeé‘h né’h

h 2
= ,C_i”f = fallo.k -

= f + +<ICE n(;’fw,,>,

. . 0.E
= [CTVu,ll, t= Y, Kp T Vay, -,

Eew,

he

K

we

2
lello.-

(21

(22)

(23)

(24)

(25)

Proof. In the following, < denotes the existence of a constant independent of 4, and K. Let w € H(l)(Q) and w; € Vs such that it

satisfies Lemma 4.2. By using Lemma 4.4 we have that

Y (ree(ve- H(;;EVuh),Vu))E =

EeM,,

3 <1CE<Vu—H‘;;EVu,,),Vw—Vw,) +(f = frowr)gy
EeM, E

Then, applying (4), it follows

3 (ICE(Vu - H%EVu,,), VLU)E

EeM,,

=(fow-w)g- Y, (/CEH‘;;EW,,,VW—VW,)E+(f—f,,,w,)Q

EeM,;,

=(f=fnw=wp)g+ (frw=-w;)g

= (fpw-w)g- Y (JCEH‘;;EVuh,Vw—Vw,)E+(f—fh,w)g.

Considering the first two terms above, applying Green’s theorem and since w — w; € H(l)(Q), we have

(fmw-w)g= ¥ <ICEH(T))‘EVuh, Vuw - Vw,)E

-y (ICEH%EVuh,Vw—Vw,)E+(f—fh,w,)g

EeM,

EeM,,

EeM,

(26)
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Y (f,, ++(1cE n‘};EVu,,),w— w,)E

EeM,
= Y (e E Vi, w-w; )
eeé"i"“ ¢
= Z (rg.w—wp), - Z (Jor 0 = wy),
EeM, L‘Gf}lm
=T+11

By employing (18) and with the definition C := maxgeyy, {Cx g}, we get

1= z (rpsw—wyp), Z I ello.gllw = wrllo g

S Ce Z ||rE||OE|M val,.

Using the Holder 1nequa11ty, we have

) 1/2
Is cn< > Z—ianué,E) < 2 [Vieve

EeM,

12
Oa)F> :

On the other hand, employing (19) and the Holder inequality, we obtain

== (ow=w),< ¥ Velloellw=will,

eeé‘,il“‘ eeé’ilnt
; 1/2
gint h
s Clch Z = ”je”oe V’CV’”“
- / 4 0,@,
eeé';lm lcme

172 1/2
~int h
< cf;[ > & ||fe||3,e] [Zl\lﬁw ] :
e egn

int
e€&y

mt
where C,/ & = max, ¢ gint {C,C } We notice that from the mesh quality assumptions and the Definition 4.1 we have that
i e

1/2
(3 IVesull,, ) = e

1/2
DTN et

which bring the previous bounds to be

I3 CK:(E;J:,/1 i |”E||0E> H\/_VWH @27)

vievel o

Vieve, o

ee gmt ‘”e

. 172
11 < C;?'[[ Z ||Je||0e] ”\/EVWHO,Q' >

Going back to (26), the last term can be estimated employing Lemma 4.1 and Holder inequality, as follows:

Z (f=frw)g= Z (f—fh,w—Hz’Ew>E

EEM,, EEM,,
s ”0~E”\/va”0,E

hE
eexy, VKE
2 1/2 5\ 2
(2 2v-nk) (5 vend,)

EEM,

Summing up all the terms we get

0,E
e, (K (Vu-115"Va, ), Vw)E

"|M - uh”'K,l,Mh = ”\/EVLU”
0,Q
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w2 12
2
s 3 i)

EEM,
172 1
Sint h 2 h2 )
w Y e, +< > Elr-nlie) -
eeg’ilnt @, EeM, T E

Then, the thesis is obtained as follows:

e =l 1 v,

C hZE 2 he .12 hZE 2
v X ]C_E||rE||O,E+ > ,C—||!e||o,e+,C—E||f—fh||o,E

EeM,, eeefngint "%

N

N

Cu Y, (M +F}),
EeM,;,

. 2
Slﬂt
where Cy; = <max{C,c,C)C" ,1}) . O

Remark 4.2. Following [24], assuming a quasi-monotonicity property on K, it is possible to define a Clément-type quasi-interpolation
operator satisfying error estimates that are independent of the local jumps of K. In particular, in the proof of (18) we get

IVolloa, < ;cE Vv,

and then C g = 1. Consequently in (19) we have Cx,, =1 and in Theorem 4.1, the constant Cy; does not depend on the diffusion K.
4.3. Lower bound of the error
In order to prove the lower bound, we use the bubble function v € H(l](E) for each E € M,, as defined in [16,17]. In particular,

we build a shape-regular sub-triangulation of E and define y as the sum of the barycentric bubble functions, which are polynomials
on each sub-triangle. As done in [25], for any element E € M,,, we define the function

"2,
,C_bErE(x)lI/E(X) x€E,
xeQ\E,

w, p(x) 1= (29)
where r; is defined by (24). Since rj; is a polynomial, using the techniques in [25,26], the following results hold true.

Lemma 4.5. Let E € M, and w, i the corresponding function defined above. The following inequalities hold true
i 2
E
X ||’E||0,E < CI,B(rE7wr,E)Ev
E
and
2
E
hE”Vwr,E“o,E <G X, ”rE”O,E’

where C| p, C, p are constants independent of hy and K,but depending on the mesh regularity.

Remark 4.3. From the definition of the space (9), it is immediate to check that +H(7);E VueP
which implies that the constants C, 5 and C,  in Lemma 4.5 do not depend on ¢.

oA E)- Thus, since f, € P(E),rg € P(E),

Similarly, for any given e € 8}[“2 let y, be the bubble function relative to e, as defined in [16,17]. In particular, we consider
the sub-triangles sharing e of the elements in w, and y, is defined as the sum of the barycentric bubble functions relative to these
sub-triangles. Moreover, following [26] we extend j,, defined by (25), through a constant prolongation in the normal direction with
respect to e. Let Cj, be such function. We define

h .
e C R
0,4x) o= 1 T (Cj )X (x) x € w, 30)
0 xeQ\ow,.

The following results can be proved using the techniques in [25,26].

Lemma 4.6. Let E € M, e€ 8hE and w; g as defined in (30). Then,

he o2 .
ﬁ”feno,e < Cpyp(Jes wj,e)e’
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and

e

he .
op = Cz,bé”!e”o,e’

where C, ;, C, , are constants independent of h and K, but depending on the mesh regularity.

Theorem 4.2 (Local lower bound).
Let E € M,, be given, u the solution to the continuous problem (4) and u; € Vh X the solution to the discrete problem (13). Then there
exists a constant C; > 0 independent of h and of K, but depending on the mesh regularity, such that

2
n;scL<|||u—uh|||n,l,wE+ > ??-:)v

Eewg

where ||u— u, |||1c,1,wE is defined by (15) and ny and F in Theorem 4.1.

Proof. In the following, < denotes the existence of a constant independent of 4 and K. For any w € H(l)(Q), exploiting problems (4)
and (13) and the definitions of r; and j, in (24)-(25), we have

Y (1CE<VM—H(7’,-EW,,>,VW>E =

EeM,;,
= Y Gwp- Y, (Kely Vi, Vw)
EEM, EeM,;, E
=Y (nwp- Y (lcEng’;Eth,Vw)E+ S (f - frw),
EEM,, EeM, EeMy
— . 0,E
_EGZ.Mh (fh,w)E+E§4h (7<ICEHP Vuh>,w>E
= X (R Vgll.w), + ¥ (f = frw),
eceint EeM,,
= 2 (rew)y= Y (eow),+ X (f=frw),. (D
EeMy eeg;nt EeM,

First, taking w = w, i as defined in (29), since supp(w, ;) C E we get
(ICE(VM - H(;;EVu,,), VWV‘E)E = (f - fh’ wr,E)E + (rE’ wr.E)E'
Using the Cauchy-Schwarz inequality and Lemma 4.5, we have that
h2
lc—i”rE”é,E < (kg (Vu-113"va, ), VW,YE)E +(fn=Frwng)p
s (eu(Vu =10V, ). Vo, ) 4117 = Fulloelier el e

< (ICE(Vu - H%Ew,,), Vw,,E)E

n2 1/2
+ (,C—Enf—fhué,E) |VEvw, ;
E

|O,E '

Then,

2, 5 1/2
2 2 e .
e 5 i wllrs + (22 Al ) (32

We notice that, from Lemma 4.5, one has

[VEva e, = VEEISw el < el

‘o, \/_

Then, from (32) we get

A w2 1/2
E E 2

L relloy S llu-u +( Zls -7, :
\/]C—EII elloe S lu=unlle e ( r nllo,E>
and, squaring,

h 2 2 h 2
e, el = (M= wnllicre + 7 = Fallor | (33)
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Going back to (31), for any edge e € 8}!“‘ we take w = w; , as defined in (30). Since supp(w;,) C w, we get

Z (ICE(Vu—H%EVuh),VwLe)E= 2 (rE,wj,g)E—(je’wj,e)e
Ecow,

Eew, e

+ 2 (f = frwy,)

Eew,

Using Lemma 4.6 and the Holder and Poincaré inequalities, we get

2 )
Zliellse £ X ((rpewye) g+ (f = Frowge) ) = Y (e (Vu=1155 V). Vaoy . )
@e Ecw, Eew,
hg hg
< —||r \/EVLUE + \/va'e
Eé)k \/K:_E” E”O,E” Jello.E = \/K_E ||0EH J€llo,E
- Kp(Vu-1%Evuy, ), Vu,,
Egj)e( ( r ) J )E
2 1/2 , A\
E 2
< (2 ki) (T 1veved,)
T . 1/2
E
+< Z ’C_E“f_fh”O,E) <Z “\/va E>
Ecw, E€w,
- Kp(Vu-1%Evuy, ), Vw,, ) .
E;ae( ( P ) J )E
Then, employing the definition of ||u — u,|| 1, 10 (15),
] ||0,e
1/2
(Zees = )
"2 1/2 n2 1/2
s —lrellos )+ =117 = 7allo
<2 e Eno,E) Z -l .
2 reo, <ICE(Vu_H%Evuh)’v(_wj,e))E
) \ 172
(ZE'EouE \/EV( ) 0E>
2 1/2 2 1/2
< _E 2 “ENr_ )3 _
N <E§)e Xy ”rE”O,E> +<E§)g X I fh“O,E) +lu = unllicr o, -
We employ again Lemma 4.6, obtaining
, O\ 1/2 A 1/2
e .2
( 2 [Veve,, ) ( PR ||Je||og> + (,C—||Je||o,g> :
Eew, ’ €w, we @e
Thus, subtituting in (34), we get
1/2 2 1/2
he o2 hg 2
—— [Vello.e s ="
(,Cwe il ) <Z e lrell
2 1/2
hg 2
+ Eg,ue i, = Aulloe )+ M= el
and squaring,
he .
=il = Z ||rE||0E+ Z ||f Fullo.e + e = nllic ., (35)
De Eemg Eewé,
Finally, we apply (33) in (35), getting
he o2 < h 2 2
K, Je”o,e ~ Ez ]C_E”f_fh”O,E + |||”_"h|||1c,1,we- (36)
e Ew,

We conclude the proof by summing (33) and (36). O
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}
§
RIEIRIRIRIRL:

(a) Polymesher (b) Distorted cartesian (c) Star concave
Fig. 1. Meshes used for convergence tests.
Corollary 4.1 (Global lower bound). Let u the solution to the continuous problem (4) and u;, € 7 the solution to the discrete problem

(13).
Let |||u — uy || LM, be defined as in (15), it holds

2 SCL(Nmax+1)<|||u—uh|||fc,1,Mh + X ”Z->,
EEM,

EeM,;,

where np, Fj are defined in Theorem 4.1, C; is defined in Theorem 4.2, and N,,,, as in Assumption 3.1.

5. Numerical results

In this section, we present some numerical tests to show the equivalence between error and error estimator in the different
problems proposed in [16] and on a standard test on an L-shaped domain. Firstly, we approximate the error defined in (15) as

1
fla =l ey, = < 3 H\/IC(Vu -0V,
EEM,,

2 2
s
0,E

and define the effectivity index as the ratio between the estimator and the error, i.e.
1
z

ZEEM;, '7?3

\/E(vu—n(,’;EVuh)

ZEEM;,

2
‘O,E

5.1. Test1

We consider the Poisson problem with X = I and Q = (0, 1)?, setting the loading term f in such a way that the solution to the
problem is u(x, y) = sin(2zx) sin(2zy). We tested it on meshes made up of convex polygons labeled Polymesher [27], distorted cartesian
meshes (Distorted cartesian), and concave meshes labeled Star concave, as represented in Fig. 1. Fig. 2 shows the behavior of
the estimator and the errors in the cases k = 1,2, 3. Moreover, they show that the effectivity indices are independent of the meshsize
and display a weak dependence on the type of polygons used.

5.2, Test 2

We test the estimator in the presence of diffusion jumps. Let Q = (0, 1)> and the diffusion tensor K(x, y) = 7;(x, »)I, i = 1,2, and

) 10, inQ, =05 xOD, 1073, in Q,,
X, = X, =
nixy LinQ, =05 D)xO1, 7 1, in Q,.

The loading term is chosen so that the solution u;(x, y) = &(x)Y (y), where

_;(g + c,.x) if x € (0,0.5],

oo =1 oG 1) ifxe (05,1 @7
_m 7+cix—c,~—§> if x € (0.5,1),
1 2
YO) =31 -0(y-3) (38)
and ¢, = — 3rilo, +rila,

4(7,'Igl+r,'\gz).

We solve the problem on a family of distorted cartesian meshes (see Fig. 1b), conforming to the jumps of K. The convergence
plots displayed in Fig. 3 confirm the optimal convergence rates. The effectivity indices remain stable with respect to the meshsize.
The jump of the diffusivity coefficient has a minimal impact on the indices ¢, demonstrating strong robustness of the estimator.

10
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Fig. 2. Test 1: Convergence plots. In the legends, m is the average convergence rate.
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Fig. 3. Test 2: Convergence plots. In the legends, m is the average convergence rate.
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Fig. 4. Test 3: Convergence plots. In the legends, m is the average convergence rate.

5.3. Test3

In this section, we consider problems where the diffusity coefficient does not meet the quasi-monotonicity condition discussed in
Remark 4.2. The tests considered are the one presented in [24], where Q = (0, 1)?> and the diffusion tensor is K = y; I with i = 3,4,

with
1 inQ;; =(0,0.5)?, 1 inQ,
3) 1073 in Q;, =[0.5,1) % (0,0.5), .9) 1077 in Qyy,
73X, y) = ra(x,y) =
’ 1072 in Q) = (0.05)x[05,1), 102 in Q,,
10 in Q,, =[0.5,1)%, 10° in Q,,,

We impose the loading terms in such a way that the exact solutions are
u;(x,y) = &)Y (y),
where &;(x), Y(y) are defined in (37) and in (38), and
3y, X
_ riley; Hriley, inQ,uQ,.

4(rilay, +rilay,

17 _ Bnilay, triley, in Qy, UQ,,

4(vilay, +rila,, )

We solve the problem on a family of distorted cartesian meshes (see Fig. 1b), conforming to the jumps of K, achieving the optimal
convergence rate as shown in Fig. 4. The results show that the computed effectivity indices are independent of the meshsize, proving
the robustness of the estimate proposed. We notice also in this case that the jumps of K do not influence significantly the effectivity
indices, even though the quasi-monotonicity property is not fulfilled. Indeed, the area of the polygons where the quasi-monotonicity

of K is not satisfied is decreasing with A.

5.4. Test 4

We consider a problem defined on the L-shaped domain Q = (-1, 1)? \ ([0, 1] X [—1,0]). We take the boundary conditions and the

loading term such that the solution results

u(p, ) = p*/3,

where p and 6 are the polar coordinates. This solution u € H!(Q) has a corner singularity in the origin, and it is possible to prove that
u € H*(Q), s < 2. Under uniform mesh refinements, the asymptotic rate is suboptimal and it results (#M,,)_l/ o p? 3, independently

3

on the polynomial degree k. We performed the test on Polymesher, Distorted cartesian, and Star concave L-shaped meshes (see
Fig. 5) and for the cases k = 1,2,3, achieving the expected order of convergence as shown in Fig. 6. The test highlights that the

effectivity indices are not affected by the bounded Sobolev regularity of the problem.
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5.5. Test DFN: a discrete fracture network

To validate the robustness of the a posteriori error estimator, we test it on a more practical scenario: a discrete fracture network
(DFN), which is a set of planar polygons intersecting in R? that models a fractured medium. Flow in DFN is governed by local Darcy
laws with matching conditions at intersections, prescribing the continuity of the solution and balance of fluxes [28]. We consider the
benchmark problem discussed for instance in [20] , where the DFN is constituted by three fractures as shown in Fig. 7. Exploiting the
flexibility of VEM in dealing with aligned edges, we discretize the problem by meshing each fracture independently, and imposing
global conformity, as described in [20]. We solve the problem with K = I on each fracture, by imposing the Dirichlet boundary
conditions and the loading term in such a way that the exact solutions are:

__1 1 2, .2 3
uy(x,y) = 10<x+ 2)(Bxy(x + y°) + atan2(y, x) + x )

1 1
uy(x,z) = —E<x + §)x3(1 — 8x|z|),

uz(y,z) = y(y = Dy + D(z = Dz,

on each corresponding fracture

F ={(x,y,z)€R3 f_l<x<

F={(xy2€eR : -1<x<0,y
F3={(x,y,z)€R3 :x=—§, —-1<y<I1, -1<z< 1}.
Following the a posteriori error analysis in [16, Test 5.5], we modify suitably the a posteriori error estimator as:

- h3 2 1 h 2 1 h
nE:=]C_2||rE”0,E+§ Z ,C_e||/e||o,e+z Z ,Ce

E~gint =@ E~etr 7@,
eeé‘h né‘h e eeé’h né‘h e

2
O,e,

(L H(;)Vuhy,»e]]e + (K H(;)V“h,je]]e

where H(;,Vu h,i, and H(},Vu n,j, are the projections of the solutions on the two fractures meeting at an edge e. Moreover, €;lr denotes the
set of edges belonging to an intersection and é‘,il“t the set of the remaining internal edges. In Fig. 8, we show the computed convergence

10°
NS —O- Estimator, m = 1.09 N Ssz -O- Estimator, m = 2.28 -O- Estimator, m = 3.27
o \—x— Error, m = 1.12 10 ~ ~ [=+=Error, m = 2.28 i\ —>~ Error, m = 3.08
o ~ ~
S o 104 A
S, ~o ~
. P *~ -~ ~:
~g S e G- .
~. = x =%
ko . s ) S =1
\\\ S 102 ~ .
100 S o S ~ed
Ko oy Se
S T~ 107 S
05505 0w 01 o3 o3 om0z s 0w 04 s os om0z 05505 05 04 o3 03 o3 02
h h h
(a) Triangular, k = 1. (b) Triangular, k = 2. (¢) Triangular, k = 3.
10 10 G 100
—C- Estimator, m = 0.99 NS —-O- Estimator, m = 3.00
B ~o = Error, m = 1.00 Wohrs 108 o —> Error, m = 3.00
~ & NS
bc b LR SRS ~
S ~o 0\\ 102 G\\
~ ~
10 o *5 ARy S~ Tra
sy ‘\& 102 P g 107 %o TR
S S o ~ ot e
S T ~s 10 't s
|- 103 ANE g &
~ s -0~ Estimator, m = 2.00 s s e
100 k5 —— Error, m = 2.00 R
= 100 106

10! 10 107
h h h

(d) Squared, k = 1. (e) Squared, k = 2. (f) Squared, k = 3.
- ey 10°
NS ~O- Estimator, m = 1.17 100 R -O- Estimator, m = 2.19 —-O- Estimator, m = 3.19
S~ < JoeError, m =114 =~ |==Error, m = 2.14 &5 > Error, m = 3.14
Tl \@\\ 10! ~~~\\
. S, G

CTUOUE DU N ~ 4
03 025 02 015 05 045 04 035 03 025 02 01 05 045 0.4 035 03 025 02 015

(g) Polygonal, k = 1. (h) Polygonal, k = 2. (i) Polygonal, k = 3.
Fig. 8. Test DFN: Convergence plots. In the legends, m is the average convergence rate.
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rates on the three meshes, generated by using [29] and depicted in Fig. 7, for the cases k = 1,2, 3. Also in this case, we observe optimal
convergence rates and that the effectivity indices are independent of the meshsize.

6. Conclusions

We derived a posteriori error estimates for the Stabilization-Free Virtual Element Method defined in [5,6]. The absence of a
stabilizing bilinear form in the discretization method allows to obtain equivalence between a suitably defined error measure and
classical residual error estimators. Numerical tests on several mesh types validate the proposed error estimator. Finally, we also
validate the estimates on a problem of interest in engineering, considering the DFN framework. Results show the robustness of the
proposed method in the computation of the pressure distribution.
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