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 a b s t r a c t

In this work, we present the a posteriori error analysis of Stabilization-Free Virtual Element Meth-
ods for the 2D Poisson equation. The absence of a stabilizing bilinear form in the scheme allows 
to prove the equivalence between a suitably defined error measure and standard residual error 
estimators, which is not obtained in general for stabilized virtual elements. Several numerical 
experiments are carried out, confirming the expected behaviour of the estimator in the presence 
of different mesh types, and robustness with respect to jumps of the diffusion term.

1.  Introduction

Virtual Element Methods (VEM) are a powerful technology enabling the solution to partial differential equations on general 
polytopal meshes. First introduced in Beirão da Veiga et al. [1], Beirão da Veiga et al. [2], this family of Galerkin methods is based on 
the definition of discrete spaces whose basis functions are not everywhere known analytically. Suitable discrete bilinear forms can 
be defined from the degrees of freedom, exploiting the computability of suitably defined polynomial projections of basis functions, 
which in general have a non-trivial kernel. Classical VEM bilinear forms also include a stabilizing operator, defined to take care of 
the kernel of the polynomial projections involved. Recently, the scientific community has invested a considerable effort in studying 
polynomial projection operators that are computable from the degrees of freedom of a VEM function and also stable. Starting from 
[3] and the preprint of [4], novel stabilization-free VEM have been devised for elliptic problems, based on polynomial projections of 
the gradients of basis functions on high degree polynomial spaces. In Berrone et al. [5,6], Borio et al. [7], Marcon and Mora[8], the 
theoretical foundations of the method were developed, considering the primal and mixed formulations of elliptic problems. Moreover, 
these discretization strategies have been applied to various problems of interest in computational mechanics [9–15].

This paper deals with the a posteriori error estimation of the scheme presented in [5,6]. In the context of classical stabilized VEM, 
the development of a posteriori error estimates can be found in [16–19] and adaptive schemes exploiting these results have been 
succesfully devised, addressing the non-trivial issue of defining quality-preserving refinement strategies for polygons [20]. However, 
in the a posteriori analysis of standard VEM the stabilization operator is found to be an issue in deriving the required equivalence 
between the error and the error estimator. Recently, some stabilization-free a posteriori error bounds were proved for stabilized 
VEM [21–23], though these results are limited to certain classes of meshes. In this work, the absence of a stabilizing bilinear form 
in stabilization-free schemes enables to prove rigorously the equivalence between a suitably defined error measure and classical 
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$\K $


$\K $


$\Omega \subset \mathbb {R}^2$


\begin {equation}\label {eq:modelProblem} \begin {cases} -\nabla \cdot \left ( \K \,\nabla u \right ) = f & \text { in $\Omega $,}\\ u= 0 &\text { on $\partial \Omega $,} \end {cases}\end {equation}


$f\in L^2(\Omega )$


$\K $


$\K \in (L^\infty (\Omega ))^{2\times 2}$


\begin {equation}\label {eq:constraintsK} \K _0|\bm {v}|^2 \le \bm {v}\cdot \K (\bm {x})\bm {v}\le \K _1 |\bm {v}|^2, \quad \forall \bm {v}\in \mathbb {R}^2, \quad \text {for a.e. }\,\bm {x}\in \Omega ,\end {equation}


$\K _0$


$\K _1$


$\abs {\cdot }$


$\a {\cdot }{\cdot }\colon \mathrm {H}^1_{0}({\Omega })\times \mathrm {H}^1_{0}({\Omega }) \to \mathbb {R}$


\begin {equation}\label {eq:defBilFormA} \a {u}{v} := \int _\Omega \left (\K \,\nabla u\right ) \cdot \nabla v,\quad \forall \,u,v \in \mathrm {H}^1_{0}({\Omega }).\end {equation}


$u\in \mathrm {H}^1_{0}({\Omega })$


\begin {equation}\label {eq:contVarForm} \a {u}{v} = \scal [\Omega ]{f}{v} \quad \forall \,v\in \mathrm {H}^1_{0}({\Omega }), \,\end {equation}


$\scal [\mathcal {O}]{\cdot }{\cdot }$


$L^2(\mathcal {O})$


$\mathcal {O}\subseteq \Omega $


$\Mh $


$\Omega $


$E$


$\Mh $


$h_E$


$E$


$h\coloneqq \max _{E\in \Mh }h_E$


$\Xh $


$\Mh $


$\Eh $


$\Mh $


$\Ehint $


$\Mh $


$\Omega $


$E\in \Mh $


$\Eh [E]\coloneqq \{e\in \Eh : e\subset \partial E\}$


$\Mh $


$\exists \,\kappa > 0$


$\forall E\in \Mh $


$E$


$\rho _E\geq \kappa h_E$


$e\subset \partial E$


$\abs {e}=: h_e \geq \kappa h_E$


$\NVE $


$E$


$E$


\begin {equation}\label {eq:numVerticesBounded} \exists \NVmax >0\colon \forall E\in \Mh ,\, \NVE \leq \NVmax \,.\end {equation}


$\bs {x}\in \Xh $


$\NVEE $


$h$


\begin {equation}\label {eq:numElementperVertexBounded} \exists \NVEmax >0\colon \forall \bm {x}\in \Xh ,\, \NVEE \leq \NVEmax \,.\end {equation}


$\K $


$E\in \Mh $


$\K _E \in \mathbb {R}$


$E\in \Mh $


$\Poly {k}{\mathcal {O}}$


$k$


$\mathcal {O}$


$\Poly {m}{\mathcal {O}} \setminus \Poly {n-1}{\mathcal {O}}$


$n$


$m$


$E\in \Mh $


$\Pi ^{\nabla ,E}_{k}:\mathrm {H}^1({E})\rightarrow \Poly {k}{E}$


$\mathrm {H}^1$


$\forall \,u\in \mathrm {H}^1({E})$


\begin {equation}\label {eq:higher_order_PiNablaorthogonalitycondition} \begin {cases} \scal [E]{\nabla \left (\Pi ^{\nabla ,E}_{k} u -u \right )}{\nabla p}=0 & \forall p\in \Poly {k}{E} \\ \int _{E} u - \Pi ^{\nabla ,E}_{k} u = 0 & \text {if $k>1$} \\ \int _{\partial E} u - \Pi ^{\nabla ,E}_{k} u = 0 & \text {if $k=1$} \end {cases}\end {equation}


$k$


$v_h\in \Ve [E]{k}$


$\NVE $


$v_h$


$k>1$


$k-1$


$v_h$


$k>1$


$\frac {k(k-1)}{2}$


$\frac {1}{E}\scal [E]{v_h}{m_i}$


$\forall \, i=1,\ldots , n_{k-2}$


$n_{k-2}:=\dim \Poly {k-2}{E}$


$\{m_i\}_{i=1}^{n_{k-2}}$


$\Poly {k-2}{E}$


$\Ve {k} := \{v\in \mathrm {H}^1_0({\Omega })\colon v_{|E} \in \Ve [E]{k}\}$


$E\in \Mh $


$\ell _E\geq 0$


$\mathcal {P}_{k,\ell _E}(E)$


\begin {equation}\label {eq:firstDecompositionPkell} \begin {aligned} \mathcal {P}_{k,\ell _E} &:= \PolyDouble {k-1}{E}\oplus \curl \left (\Poly {k+\ell _E}{E}\setminus \Poly {k}{E}\right ) \\ &=\bs {x}\Poly {k-2}{E}\oplus \curl \Poly {k+\ell _E}{E}\,, \end {aligned}\end {equation}


$p\in \Poly {k+\ell _E}{E}$


$\curl p =\left (\frac {\partial p}{\partial x_2},-\frac {\partial p}{\partial x_1}\right )$


$\projH \nabla : \mathrm {H}^1+({E}) \to \mathcal {P}_{k,\ell _E}$


$\mathrm {L}^2$


$\mathrm {H}^1({E})$


$\forall u\in \mathrm {H}^1({E})$


\begin {equation}\label {eq:def-projH} \scal [E]{\projH \nabla u}{\boldsymbol {p}} = \scal [E]{\nabla u}{\boldsymbol {p}} \;\; \forall \boldsymbol {p} \in \mathcal {P}_{k,\ell _E} \,.\end {equation}


$u_h\in \Ve [E]{k}$


$\projH \nabla u_h$


$u_h$


$a^E_h\colon \Ve [E]{k}\times \Ve [E]{k} \to \mathbb {R}$


\begin {equation}\label {eq:higher_order_defahE} \ahE {u_h}{v_h} := \scal [E]{\K _E \projH \nabla u_h}{\projH \nabla v_h}, \quad \forall u_h,v_h \in \Ve [E]{k}\,,\end {equation}


$\Mh $


$a_h \colon \Ve {k}\times \Ve {k} \to \mathbb {R}$


\begin {equation}\label {eq:higher_order_defah} \ah {u_h}{v_h}:=\sum _{E\in \Mh }\ahE {u_h}{v_h} \quad \forall u_h,v_h \in \Ve {k} \,.\end {equation}


$u_h\in \Ve {k}$


\begin {equation}\label {eq:higher_order_discrVarForm} \ah {u_h}{v_h} = \sum _{E\in \Mh }\scal [E]{f_h}{v_h} \quad \forall v_h \in \Ve {k}\,,\end {equation}


$f_h \coloneqq \Pi ^{0,E}_{k} f$


$\forall E\in \Mh $


$\Pi ^{0,E}_{k}\colon \mathrm {L}^2({E}) \to \Poly {k}{E}$


$\mathrm {L}^2{}$


$\forall u\in \mathrm {L}^2({E})$


\begin {equation}\label {eq:PiK} \scal [E]{\Pi ^{0,E}_{k} u}{p} =\scal [E]{u}{p} \quad \forall p\in \Poly {k}{E} \,.\end {equation}


$\ell _E$


$q\in \mathbb {P}_{k+\ell _E}(E)$


$k\NVE -1$


$\frac {1}{\abs {\partial E}}\scal [\partial E]{q}{\pi _i}$


$\Poly [0]{k-1}{\partial E}:=\{\pi : \pi _{|_e} \in \Poly {k-1}{e}\,, \forall e\subset \partial E\,, \int _{\partial E} \pi = 0 \}$


$E\in \Mh $


$\alpha ^E_\ast $


$h_E$


\begin {align*}\norm [0,E] {\projH \nabla v_h}^2\ge \alpha ^E_\ast \norm [0,E] { \nabla v_h}^2,\qquad \qquad \forall v_h \in \Ve {E}.\end {align*}


$u$


$u_h$


\begin {equation}\label {def:error} \begin {split} \ennorm [\K ,1,\omega ]{u-u_h} & \coloneqq \sup _{w\in \mathrm {H}^1_{0}({\omega }){}}\frac {\sum _{ E\in \omega } a^E({u},{w}) - \ahE {u_h}{w} }{\norm [0,\omega ]{\sqrt {\K }\nabla w}} \\ &=\sup _{w\in \mathrm {H}^1_{0}({\omega }){}}\frac {\sum _{ E\in \omega } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{\nabla w}}{\norm [0,\omega ]{\sqrt {\K }\nabla w}}, \end {split}\end {equation}


$a|^E({\cdot },{\cdot })\coloneqq a({\cdot },{\cdot })|_E$


$\omega \subseteq \Mh $


$\Mh $


$u|_E\in \Poly {k}{E}$


$\forall E\in \Mh $


$\ennorm [\K ,1,\omega ]{u-u_h}~=~0$


$E\in \Mh $


$C_p>0$


$h_E$


\begin {align*}\norm [0,E]{v - \Pi ^{0,E}_{k}v}\le C_p \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{\sqrt {\K }\nabla v}, \quad \forall v\in \mathrm {H}^1({E}).\end {align*}


$E\in \Mh $


$v\in \mathrm {H}^1({E})$


\begin {align*}\norm [0,E]{v - \Pi ^{0,E}_{k}v}\le \norm [0,E]{v - \Pi ^{0,E}_{k}v}\le C_p h_E\norm [0,E]{\nabla v}= C_p \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{\sqrt {\K }\nabla v}.\end {align*}


$E\in \Mh $


$\tilde {\omega }_E$


$E$


$e\in \Eh $


$\omega _e=\displaystyle \bigcup _{E\in \Mh :e\in \Eh [E]} E$


${\tilde {\omega }_e}=\bigcup _{E\in \omega _e} \tilde {\omega }_E$


${\omega _E}=\bigcup _{e\in \Eh [E]} \omega _e$


\begin {equation}\label {def:Nomegamax} \Nomegamax = \max _{E\in \Mh }\{\# \tilde {\omega }_E\} \le \NVmax \left (\NVEmax -2\right ) +1,\end {equation}


$\NVmax $


$\NVEmax $


$\# \tilde {\omega }_E$


$\tilde {\omega }_E$


$\Mh $


$E$


$\# \tilde {\omega }_E = 9$


$v\in \mathrm {H}^1_0({\Omega })$


$v_I\in \Ve {k}$


$E\in \Mh $


\begin {equation}\label {eq:BoundClement} \norm [0, E]{v-v_I} + h_E \norm [0, E]{\nabla (v-v_I)}\le C_{I} h_E \norm [0, \tilde {\omega }_E]{\nabla v}\,,\end {equation}


$C_I$


$k$


$e\in \Eh $


$\K _{\omega _e} = \sum _{E\in \omega _e}\K _E$


$v_I$


$C_{I,1}$


$C_{\K ,E}$


$C_{\K _{\omega _e}}$


$\forall v \in \mathrm {H}^1_{0}({\Omega }){}$


\begin {align}\norm [0,E]{v-v_I}&\le C_{I} C_{\K , E}\frac {h_E} {\sqrt {\K _E}}\norm [0,\tilde {\omega }_E]{ \sqrt {\K } \nabla v} &\forall E\in \Mh ,\label {eq:BoundClementElementK} \\ \norm [0,e]{v- v_I}&\le C_{I,1} C_{\K _{\omega _e}} \frac {h_e^{1/2}}{\sqrt {\K _{\omega _e}}}\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla v} &\forall e \in \Eh ,\label {eq:BoundClementSqrtEdgeK}\end {align}


$C_{\K , E}, C_{\K _{\omega _e}}, C_{I,1}$


$k$


$\K _E$


$C_{\K , E}~\coloneqq ~\sqrt {\frac {\K _E}{\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}$


$C_{\K _{\omega _e}}~\coloneqq ~ \sum _{E\in \omega _e}\{C^2_{\K , E}\}$


$E\in \Mh $


\begin {align*}&\norm [0,E]{v-v_I} \le C_{I} h_E\norm [0, \tilde {\omega }_E]{\nabla v} \le C_{I}\frac {h_E}{\sqrt {\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} \\ &\qquad = C_{I}\frac {\sqrt {\K _E}}{\sqrt {\min _{E'\in \tilde {\omega }_E}\{\K _{E'}\}}}\frac {h_E}{\sqrt {\K _E}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} = C_{I} C_{\K , E}\frac {h_E}{\sqrt {\K _E}}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v} \,.\end {align*}


$e\in \Eh $


$E\in \omega _e$


\begin {equation}\label {eq:scaled-trace-inequality} \norm [e]{v}^2\le C_{tr}\left (h^{-1}_e\norm [E]{v}^2 + h_e\norm [E]{\nabla v}^2\right ), \quad \forall v\in H^1(E).\end {equation}


$\forall E\in \omega _e$


\begin {align*}\norm [0,e]{v-v_I}^2&\le C_{tr}\left (h^{-1}_e\norm [E]{v-v_I}^2 + h_e\norm [E]{\nabla ( v -v_I)}^2\right ) \\ &\le C_{tr}\left ( C_{I}^2 h^{-1}_e h^2_E\norm [0, \tilde {\omega }_E]{\nabla v}^2 + C_{I}^2 h_e\norm [0, \tilde {\omega }_E]{\nabla v}^2\right ) \\ &= C_{tr}C_{I}^2 \left ( \frac {h^2_E}{h^2_e} + 1 \right )h_e\norm [0, \tilde {\omega }_E]{\nabla v}^2 \\ &\le C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )C^2_{\K , E}\frac {h_e}{\K _E}\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v}^2 \,.\end {align*}


\begin {equation*}\K _E \norm [0,e]{v-v_I}^2 \leq C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )C^2_{\K , E}h_e\norm [0, \tilde {\omega }_E]{\sqrt {\K }\nabla v}^2 \quad \forall E\in \omega _e\,.\end {equation*}


$E\in \omega _e$


\begin {equation*}\K _{\omega _e}\norm [0,e]{v-v_I}^2 \le C_{I,1}^2 C_{\K _{\omega _e}}^2 h_e\norm [0, \tilde {\omega }_{e}]{\sqrt {\K }\nabla v}^2 \,.\end {equation*}


$C_{I,1}^2\coloneqq C_{tr}C_{I}^2\left ( \frac {1}{\kappa ^2} + 1 \right )$


$u$


$u_h \in \Ve {k}$


\begin {align*}\a {u}{w_h}- \ah {u_h}{w_h}= \scal [\Omega ]{f-f_h}{ w_h} \quad \forall w_h \in \Ve {k}.\end {align*}


$u$


$u_h \in \Ve {k}$


$C_U>0$


$h_E$


\begin {align}\ennorm [\K ,1,\Mh ]{u-u_h}^2 \le C_U \, \sum _{E\in \Mh } \left (\eta ^2_E +\mathcal {F}^2_E \right ),\end {align}


$\ennorm [\K ,1,\Mh ]{ \cdot }$


\begin {align}&\eta ^2_E \coloneqq \frac {h^2_E}{\K _E}\norm [0, E]{r_E}^2+ \frac {1}{2}\sum _{e\in \Eh [E]\cap \Ehint }\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2,\\ &\mathcal {F}^2_E \coloneqq \frac {h^2_E}{\K _E} \norm [0,E]{f-f_h}^2 \,,\end {align}


\begin {align}\label {eq:defRE} r_E &\coloneqq f_h + \divt \left (\K _E \, \projH \nabla u_h\right ), \\ \label {eq:defJE} j_e &\coloneqq [[\K \, \projHOmega \nabla u_h]]_e := \sum _{E\in \omega _e} \K _{E} \, \projH \nabla u_h \cdot \bm {n}^e_E \,,\end {align}


$\bm {n}^e_E$


$e$


$E\in \omega _e$


$\lesssim $


$h_E$


$\K $


$w\in \mathrm {H}^1_{0}({\Omega }){}$


$w_I\in \Ve {k}$


\begin {align*}&\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w} = \\&= \sum _{E\in \Mh }\scal [E]{\K _E\left ( \nabla u - \projH \nabla u_h\right )}{ \nabla w- \nabla w_I } + \scal [\Omega ]{f-f_h}{ w_I}.\end {align*}


\begin {align}\notag &\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w} \\ \notag & = \scal [\Omega ]{f}{ w-w_I } - \sum _{E\in \Mh }\scal [E]{\K _E \projH \nabla u_h}{ \nabla w- \nabla w_I}+ \scal [\Omega ]{f-f_h}{ w_I} \\ \notag & = \scal [\Omega ]{f-f_h}{ w-w_I } +\scal [\Omega ]{f_h}{ w-w_I } \\ \notag &\quad \quad -\sum _{E\in \Mh }\scal [E]{ \K _E \projH \nabla u_h}{ \nabla w- \nabla w_I }+ \scal [\Omega ]{f-f_h}{ w_I} \\ \label {eq:upperBound:firstStep} & = \scal [\Omega ]{f_h}{ w-w_I } -\sum _{E\in \Mh }\scal [E]{ \K _E\projH \nabla u_h}{ \nabla w- \nabla w_I }+ \scal [\Omega ]{f-f_h}{ w}.\end {align}


$w-w_I\in \mathrm {H}^1_0({\Omega })$


\begin {align*}&\scal [\Omega ]{f_h}{ w-w_I }-\sum _{E\in \Mh }\scal [E]{ \K _E \projH \nabla u_h}{ \nabla w- \nabla w_I } \\ &\qquad = \sum _{E\in \Mh }\scal [E]{f_h+\divt \left ( \K _E \, \projH \nabla u_h\right )}{w-w_I} \\ &\qquad \quad - \sum _{e\in \Ehint }\scal [e]{[[\K \, \projH \nabla u_h]]_e}{w-w_I} \\ &\qquad = \sum _{E\in \Mh } \scal [E]{r_E}{w-w_I} - \sum _{e\in \Ehint }\scal [e]{j_e}{w-w_I} \\ &\qquad = I + II\end {align*}


$C_{\K }\coloneqq \max _{E\in \Mh } \{C_{\K ,E}\}$


\begin {align*}I& = \sum _{E\in \Mh }\scal [E]{r_E}{w -w_I}\le \sum _{E\in \Mh }\norm [0,E]{r_E} \norm [0,E]{w-w_I} \\ &\lesssim \; C_{\K }\sum _{E\in \Mh } \frac {h_E}{\sqrt {\K _E}} \norm [0,E]{r_E} \norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}.\end {align*}


\begin {align*}I \;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2}\left (\sum _{E\in \Mh }\norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}^2 \right )^{1/2}.\end {align*}


\begin {align*}II &= -\sum _{e \in \Ehint } \scal [e]{j_e}{w - w_I}\le \sum _{e \in \Ehint } \norm [0,e]{j_e} \norm [0,e]{w -w_I} \\ &\;\lesssim \; C^{\Ehint }_{\K } \sum _{e \in \Ehint } \frac {h_e^{1/2}}{\sqrt {\K _{\omega _e}}}\norm [0,e]{j_e}\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}\\ &\;\lesssim \; C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2} \left (\sum _{e \in \Ehint }\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}^2 \right )^{1/2},\end {align*}


$C^{\Ehint }_{\K } \coloneqq \max _{e\in \Ehint } \left \{ C_{\K _{\omega _e}}\right \}$


\begin {align*}\left (\sum _{E\in \Mh }\norm [0,\tilde {\omega }_E]{\sqrt {\K }\nabla w}^2 \right )^{1/2} &\le \sqrt {\Nomegamax }\norm [0,\Omega ]{\sqrt {\K }\nabla w}, \\ \left (\sum _{e \in \Ehint }\norm [0, \tilde {\omega }_e]{\sqrt {\K }\nabla w}^2 \right )^{1/2} &\le \sqrt {2 \Nomegamax } \norm [0,\Omega ]{\sqrt {\K }\nabla w},\end {align*}


\begin {align}I&\;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \norm [0,\Omega ]{\sqrt {\K }\nabla w},\\ II&\;\lesssim \; C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2} \norm [0,\Omega ]{\sqrt {\K }\nabla w} \,.\end {align}


\begin {align*}\sum _{E\in \Mh }\scal [E]{f-f_h}{ w}&= \sum _{E\in \Mh }\scal [E]{f-f_h}{ w - \Pi ^{0,E}_{k}w } \\ &\;\lesssim \; \sum _{E\in \Mh }\frac {h_E}{\sqrt {\K _E}}\norm [0,E]{f-f_h}\norm [0,E]{\sqrt {\K }\nabla w}\\ &\;\lesssim \; \left (\sum _{E\in \Mh }\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}\left (\sum _{E\in \Mh } \norm [0,E]{\sqrt {\K }\nabla w}^2\right )^{1/2}.\end {align*}


\begin {align*}& \ennorm [\K ,1,\Mh ]{u-u_h}=\frac { \sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w}}{\norm [0,\Omega ]{\sqrt {\K }\nabla w} }\\ & \;\lesssim \; C_{\K } \left (\sum _{E\in \Mh } \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \\&\quad + C^{\Ehint }_{\K } \left (\sum _{e \in \Ehint } \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2\right )^{1/2}+ \left (\sum _{E\in \Mh }\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}.\end {align*}


\begin {align*}&\ennorm [\K ,1,\Mh ]{u-u_h}^2\\ &\qquad \;\lesssim \; \,C_U \sum _{E\in \Mh } \left (\frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 + \sum _{e \in \Eh [E]\cap \Ehint } \frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2+ \frac {h^2_E}{\K _E} \norm [0,E]{f-f_h}^2\right ) \\ &\qquad \;\lesssim \; \, C_U \sum _{E\in \Mh }\left ( \eta ^2_E +\mathcal {F}_E^2\right ),\end {align*}
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\begin {align}\notag &\sum _{E\in \Mh } \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w}= \\ \notag &= \sum _{E\in \Mh } \scal [E]{f}{ w} -\sum _{E\in \Mh } \scal [E]{\K _E \projH \nabla u_h }{\nabla w} \\ \notag &= \sum _{E\in \Mh } \scal [E]{f_h}{ w} -\sum _{E\in \Mh } \scal [E]{\K _E \projH \nabla u_h }{ \nabla w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \\ \notag &= \sum _{E\in \Mh } \scal [E]{f_h}{ w} +\sum _{E\in \Mh } \scal [E]{\divt \left (\K _E \projH \nabla u_h \right )}{ w} \\ \notag & \qquad -\sum _{e\in \Ehint } \scal [e]{[[\K \, \projHOmega \nabla u_h ]]_e}{ w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \\ \label {eq:lowerbound_firstEquation} & = \sum _{E\in \Mh } \scal [E]{r_E}{ w} -\sum _{e\in \Ehint } \scal [e]{j_e}{ w} +\sum _{E\in \Mh } \scal [E]{f-f_h}{ w} \,.\end {align}


$w= w_{r,E}$


$\supp (w_{r,E}) \subseteq E$


\begin {equation*}\scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}= \scal [E]{f-f_h}{ w_{r,E}} + \scal [E]{r_E}{ w_{r,E} }.\end {equation*}


\begin {align*}& \frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2 \lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}+\scal [E]{f_h-f}{ w_{r,E}} \\ &\lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{r,E}}+\norm [0,E]{f-f_h}\norm [0,E]{ w_{r,E}} \\ &\lesssim \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right ) }{\nabla w_{r,E}} \\ &\qquad +\left ( \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}\norm [0,E]{\sqrt {\K }\nabla w_{r,E}} \,.\end {align*}


\begin {equation}\label {eq:lowerBound:residual-step} \frac {\frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2}{\norm [0,E]{\sqrt {\K }\nabla w_{r,E}}} \;\lesssim \; \ennorm [\K ,1,E]{u-u_h} +\left (\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2}.\end {equation}


\begin {equation*}\norm [0,E]{\sqrt {\K }\nabla w_{r,E}} =\sqrt {\K _E} \norm [0,E]{\nabla w_{r,E}} \;\lesssim \; \frac {h_E}{\sqrt {\K _E}} \norm [0,E]{ r_E}.\end {equation*}


\begin {equation*}\frac {h_E}{\sqrt {\K _E}} \norm [0,E]{ r_E} \;\lesssim \; \ennorm [\K ,1,E]{u-u_h} +\left ( \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right )^{1/2},\end {equation*}


\begin {align}\label {eq:boundResidual_lower} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \;\lesssim \;\left ( \ennorm [\K ,1,E]{u-u_h}^2+ \frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2\right ).\end {align}
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\begin {equation*}\begin {split} \sum _{E\in \omega _e} \scal [E]{\K _E\left ( \nabla u - \projH \nabla u_h\right ) }{ \nabla w_{j,e}} &= \sum _{E\in \omega _e} \scal [E]{r_E}{ w_{j,e}} - \scal [e]{j_e}{w_{j,e}} \\ &\qquad +\sum _{E\in \omega _e} \scal [E]{f-f_h}{w_{j,e}}. \end {split}\end {equation*}


\begin {align*}\frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2 &\;\lesssim \; \sum _{E\in \omega _e} \left (\scal [E]{r_E}{w_{j,e}} +\scal [E]{f-f_h}{w_{j,e}}\right )- \sum _{E\in \omega _e}\scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )} { \nabla w_{j,e}} \\ &\;\lesssim \; \sum _{E\in \omega _e} \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{r_E}\norm [0,E]{\sqrt {\K } \nabla w_{j,e}} + \sum _{E\in \omega _e} \frac {h_E}{\sqrt {\K _E}}\norm [0,E]{f-f_h} \norm [0,E]{ \sqrt {\K }\nabla w_{j,e}} \\ &\quad - \sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )}{\nabla w_{j,e}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E}\norm [0,E]{r_E}^2 \right )^{1/2}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2\right )^{1/2} \\ &\quad + \left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2 \right )^{1/2} \\ &\quad - \sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )} { \nabla w_{j,e}}.\end {align*}
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\begin {equation}\label {eq:lowerBound:jump-estimate} \begin {split} &\frac {\frac {h_e}{\K _{\omega _e}} \norm [0,e]{j_e}^2}{\left (\sum _{E\in \omega _e} \norm [0,E]{\sqrt {\K }\nabla w_{j,e}}^2\right )^{1/2}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} +\left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2} \\ & \quad + \frac {\sum _{E\in \omega _e} \scal [E]{\K _E \left ( \nabla u - \projH \nabla u_h\right )}{ \nabla \left (-w_{j,e}\right )}}{\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla \left (-w_{j,e}\right )}^2\right )^{1/2}} \\ &\;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} +\left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2} + \ennorm [\K ,1,\omega _e]{u-u_h} \,. \end {split}\end {equation}


\begin {align*}\left (\sum _{E\in \omega _e}\norm [0,E]{\sqrt {\K }\nabla w_{j,e} }^2\right )^{1/2} &\;\lesssim \; \left (\sum _{E\in \omega _e} \K _E\frac {h_e}{\K ^2_{\omega _e}} \norm [0,e]{ j_e}^2\right )^{1/2}+ \left (\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\right )^{1/2} \,.\end {align*}


\begin {equation*}\begin {split} \left (\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\right )^{1/2} \;\lesssim \; \left (\sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 \right )^{1/2} \\ \qquad + \left (\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 \right )^{1/2}+ \ennorm [\K ,1,\omega _e]{u-u_h}. \end {split}\end {equation*}


\begin {align}\label {eq:boundJump_lower} &\frac {h_e}{\K _{\omega _e}}\norm [0,e]{ j_e}^2\;\lesssim \; \sum _{E\in \omega _e} \frac {h^2_E}{\K _E} \norm [0,E]{r_E}^2 +\sum _{E\in \omega _e}\frac {h^2_E}{\K _E}\norm [0,E]{f-f_h}^2 + \ennorm [\K ,1,\omega _e]{u-u_h}^2.\end {align}


\begin {align}\label {eq:boundJump_lower_FINAL} \frac {h_e}{\K _{\omega _e}}\norm [0,e]{j_e}^2 &\;\lesssim \; \sum _{E\in \omega _e}\frac {h^2_{E}}{\K _{E}}\norm [0,E]{f-f_h}^2+\ennorm [\K ,1,\omega _e]{u-u_h}^2.\end {align}
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\begin {align*}\sum _{E\in \Mh }\eta ^2_E\le C_L (\NVmax +1) \left ( \ennorm [\K ,1,\Mh ]{u-u_ h}^2 +\sum _{E\in \Mh } \mathcal {F}^2_E \right ),\end {align*}
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\begin {align*}\ennorm [\K ,1,\Mh ]{u-u_h} \simeq \left ( \sum _{E\in \Mh }\norm [0,E]{\sqrt {\K } \left ( \nabla u - \projH \nabla u_h\right ) }^2 \right )^{\frac 12},\end {align*}


\begin {align*}\epsilon \coloneqq \left (\frac {\sum _{E\in \Mh }\eta ^2_{E}} { \sum _{E\in \Mh }\norm [0,E]{\sqrt {\K } \left ( \nabla u - \projH \nabla u_h\right ) }^2 }\right )^{\frac 12}.\end {align*}


$\K = \RefThree {I}$


$\Omega =(0,1)^2$


$f$


$u(x, y) = \sin (2 \pi x) \sin (2\pi y)$


$m$


$k=1,2,3$


$\Omega =(0,1)^2$


$\K (x,y) = \gamma _i(x,y) I$


$i=1,2$


\begin {align*}\gamma _1(x,y) \coloneqq \begin {cases}10, \;\text {in }\Omega _1 := (0, 0.5] \times (0, 1),\\ 1, \;\text {in } \Omega _2 :=(0.5, 1) \times (0, 1), \end {cases} \gamma _2(x,y) \coloneqq \begin {cases}10^{-3}, \;\text {in } \Omega _1,\\ 1, \;\text {in } \Omega _2. \end {cases}\end {align*}
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\begin {align}\label {def:xi} \xi _i(x) &\coloneqq \begin {cases} -\frac {1}{\gamma _i|_{\Omega _1}}\left (\frac {x^2}{2} +c_i x\right ) \quad \text {if } x\in (0, 0.5],\\ -\frac {1}{\gamma _i|_{\Omega _2}}\left (\frac {x^2}{2} +c_i x -c_i - \frac {1}{2}\right ) \quad \text {if } x\in ( 0.5,1), \end {cases}\end {align}


\begin {align}\label {def:Yy} Y(y)&\coloneqq y (1-y) \left (y-\frac {1}{2}\right )^2,\end {align}
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\begin {align*}u_i(x,y)= \xi _i(x) Y(y),\end {align*}
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residual error estimators. A campaign of numerical tests confirms that the ratio between the error and the error estimator is indeed 
asymptotically constant. To streamline the analysis, estimates are presented in the case of a piecewise constant diffusivity coefficient 
. The extension to variable  would exploit analogous residual estimators and would yield a dependence of the estimate on local 
oscillations of the diffusivity coefficient, similarly to what happens in the a posteriori analysis of finite element methods.

The outline of the paper is as follows: in Sections 2 and 3 we introduce the model problem and describe the stabilization-free 
Virtual Element Method used to discretize the problem. In Section 4 we present the a posteriori error analysis of the numerical method. 
Section 5 is devoted to numerical results on a squared, an L-shaped domain, and on a Discrete Fracture Network, which models a 
fractured medium. Finally, in Section 6 we summarize the results and draw conclusions.

2.  Model problem

Let Ω ⊂ ℝ2 be a bounded open set. We are interested in solving the following Poisson problem:
{

−∇ ⋅ (∇𝑢) = 𝑓  in Ω,
𝑢 = 0  on 𝜕Ω, (1)

where the loading term 𝑓 ∈ 𝐿2(Ω) and  is a symmetric tensor  ∈ (𝐿∞(Ω))2×2 satisfying:
0|𝒗|2 ≤ 𝒗 ⋅(𝒙)𝒗 ≤ 1|𝒗|2, ∀𝒗 ∈ ℝ2, for a.e. 𝒙 ∈ Ω, (2)

where 0 and 1 are positive constants and |⋅| denotes the euclidean norm. We define the bilinear form 𝑎(⋅, ⋅)∶ H1
0(Ω) × H1

0(Ω) → ℝ
as

𝑎(𝑢, 𝑣) ∶= ∫Ω
(∇𝑢) ⋅ ∇𝑣, ∀ 𝑢, 𝑣 ∈ H1

0(Ω). (3)

The variational formulation of (1) reads as: find 𝑢 ∈ H1
0(Ω) such that,

𝑎(𝑢, 𝑣) = (𝑓, 𝑣)Ω ∀ 𝑣 ∈ H1
0(Ω), (4)

where (⋅, ⋅) denotes the scalar product in 𝐿2(), where  ⊆ Ω.

3.  Mesh and discretization

We introduce a conforming polygonal tessellation ℎ of Ω. Let 𝐸 denote a generic polygon of ℎ, ℎ𝐸 the diameter of 𝐸 and the 
mesh size ℎ ∶= max𝐸∈ℎ

ℎ𝐸 . Furthermore, let ℎ denote the set of vertices of ℎ. Moreover, let ℎ be the set of edges of ℎ,  intℎ
the set of edges of ℎ internal to Ω and for each 𝐸 ∈ ℎ 𝐸ℎ ∶= {𝑒 ∈ ℎ ∶ 𝑒 ⊂ 𝜕𝐸}. We assume that ℎ satisfies the standard mesh 
assumptions for VEM, described below.
Assumption 3.1  (Mesh assumptions). ∃ 𝜅 > 0 such that ∀𝐸 ∈ ℎ,

• 𝐸 is star-shaped with respect to a ball of radius 𝜌𝐸 ≥ 𝜅ℎ𝐸 ,
• for every edge 𝑒 ⊂ 𝜕𝐸, |𝑒| =∶ ℎ𝑒 ≥ 𝜅ℎ𝐸 .

Notice that the above conditions imply that, denoting by 𝑁𝐸 the number of vertices of 𝐸, the number of vertices of each polygon 𝐸
has an upper bound, i.e.

∃𝑁max > 0∶ ∀𝐸 ∈ ℎ, 𝑁𝐸 ≤ 𝑁max . (5)

Furthermore, these conditions ensure that the number of elements in the mesh sharing a vertex 𝒙 ∈ ℎ, denoted by 𝑁
𝒙 , remains 

bounded independently of ℎ, i.e.
∃𝑁

max > 0∶ ∀𝒙 ∈ ℎ, 𝑁
𝒙 ≤ 𝑁

max . (6)

From now on, for simplicity of exposition, we assume  to be a constant on each polygon 𝐸 ∈ ℎ. Let 𝐸 ∈ ℝ denote its value on 
each 𝐸 ∈ ℎ.

3.1.  Discretization

Let ℙ𝑘() be the set of polynomials of degree up to 𝑘 defined on an open connected set , and let ℙ𝑚() ⧵ ℙ𝑛−1() be the set of 
polynomials from degree 𝑛 up to 𝑚. For any given 𝐸 ∈ ℎ, let Π∇,𝐸

𝑘 ∶ H1(𝐸) → ℙ𝑘(𝐸) be the H1 orthogonal projection operator such 
that, ∀ 𝑢 ∈ H1(𝐸),

⎧

⎪

⎨

⎪

⎩

(

∇
(

Π∇,𝐸
𝑘 𝑢 − 𝑢

)

,∇𝑝
)

𝐸
= 0 ∀𝑝 ∈ ℙ𝑘(𝐸)

∫𝐸 𝑢 − Π∇,𝐸
𝑘 𝑢 = 0 if 𝑘 > 1

∫𝜕𝐸 𝑢 − Π∇,𝐸
𝑘 𝑢 = 0 if 𝑘 = 1

(7)

Moreover, we define the local Virtual Space of order 𝑘 as 
𝐸ℎ,𝑘 ∶= {𝑣ℎ ∈ H1(𝐸) ∶ Δ𝑣ℎ ∈ ℙ𝑘(𝐸), 𝛾

𝑒(𝑣ℎ
)

∈ ℙ𝑘(𝑒) ∀𝑒 ⊂ 𝜕𝐸, 𝑣ℎ ∈ 𝐶0(𝜕𝐸),
(

𝑣ℎ − Π∇,𝐸
𝑘 𝑣ℎ, 𝑝

)

𝐸
= 0 ∀𝑝 ∈ ℙ𝑘(𝐸) ⧵ ℙ𝑘−2(𝐸)} (8)

Given 𝑣ℎ ∈ 𝐸ℎ,𝑘, the chosen degrees of freedom of this space are:
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• 𝑁𝐸 pointwise values of 𝑣ℎ at the vertices of the polygon,
• if 𝑘 > 1, 𝑘 − 1 pointwise values of 𝑣ℎ at Gauss-Lobatto quadrature points internal to each edge,
• if 𝑘 > 1, 𝑘(𝑘−1)2  internal moments 1𝐸

(

𝑣ℎ, 𝑚𝑖
)

𝐸 , ∀ 𝑖 = 1,… , 𝑛𝑘−2, where 𝑛𝑘−2 ∶= dimℙ𝑘−2(𝐸) and {𝑚𝑖}
𝑛𝑘−2
𝑖=1  is a scaled monomial basis 

of ℙ𝑘−2(𝐸).

Then, we define the global discrete space as ℎ,𝑘 ∶= {𝑣 ∈ H1
0(Ω)∶ 𝑣|𝐸 ∈ 𝐸ℎ,𝑘}.

To discretize (4), we follow the approach described in [6]. For any given 𝐸 ∈ ℎ, let 𝓁𝐸 ≥ 0 be a given natural number and let 
𝑘,𝓁𝐸 (𝐸) be the polynomial space given by

𝑘,𝓁𝐸 ∶=
[

ℙ𝑘−1(𝐸)
]2 ⊕ 𝐜𝐮𝐫𝐥

(

ℙ𝑘+𝓁𝐸(𝐸) ⧵ ℙ𝑘(𝐸)
)

= 𝒙ℙ𝑘−2(𝐸)⊕ 𝐜𝐮𝐫𝐥ℙ𝑘+𝓁𝐸(𝐸) ,
(9)

where for any 𝑝 ∈ ℙ𝑘+𝓁𝐸(𝐸), 𝐜𝐮𝐫𝐥 𝑝 =
(

𝜕𝑝
𝜕𝑥2
,− 𝜕𝑝

𝜕𝑥1

)

. Then, let Π0,𝐸
 ∇ ∶ H1 + (𝐸) → 𝑘,𝓁𝐸  be the L2-projection operator of the gradient of 

functions in H1(𝐸), defined, ∀𝑢 ∈ H1(𝐸), by the orthogonality condition
(

Π0,𝐸
 ∇𝑢,𝒑

)

𝐸
= (∇𝑢,𝒑)𝐸 ∀𝒑 ∈ 𝑘,𝓁𝐸 . (10)

Remark 3.1.  Notice that for each function 𝑢ℎ ∈ 𝐸ℎ,𝑘, the projection Π
0,𝐸
 ∇𝑢ℎ is computable exploiting only the degrees of freedom 

of 𝑢ℎ. 
Next, we define the discrete bilinear form 𝑎𝐸ℎ ∶ 𝐸ℎ,𝑘 × 𝐸ℎ,𝑘 → ℝ such that

𝑎𝐸ℎ (𝑢ℎ, 𝑣ℎ) ∶=
(

𝐸Π
0,𝐸
 ∇𝑢ℎ,Π

0,𝐸
 ∇𝑣ℎ

)

𝐸
, ∀𝑢ℎ, 𝑣ℎ ∈ 𝐸ℎ,𝑘 , (11)

Summing up over all the elements of ℎ, we define 𝑎ℎ ∶ ℎ,𝑘 × ℎ,𝑘 → ℝ as

𝑎ℎ(𝑢ℎ, 𝑣ℎ) ∶=
∑

𝐸∈ℎ

𝑎𝐸ℎ (𝑢ℎ, 𝑣ℎ) ∀𝑢ℎ, 𝑣ℎ ∈ ℎ,𝑘 . (12)

We can state the discrete problem as: find 𝑢ℎ ∈ ℎ,𝑘 such that

𝑎ℎ(𝑢ℎ, 𝑣ℎ) =
∑

𝐸∈ℎ

(

𝑓ℎ, 𝑣ℎ
)

𝐸 ∀𝑣ℎ ∈ ℎ,𝑘 , (13)

where 𝑓ℎ ∶= Π0,𝐸
𝑘 𝑓 and ∀𝐸 ∈ ℎ, Π0,𝐸

𝑘 ∶ L2(𝐸) → ℙ𝑘(𝐸) is the L2-projection, defined ∀𝑢 ∈ L2(𝐸) by
(

Π0,𝐸
𝑘 𝑢, 𝑝

)

𝐸
= (𝑢, 𝑝)𝐸 ∀𝑝 ∈ ℙ𝑘(𝐸) . (14)

The well-posedness of (13) is discussed in [6]. We summarize it in the following result.
Assumption 3.2. We assume 𝓁𝐸 to be the smallest integer such that any polynomial 𝑞 ∈ ℙ𝑘+𝓁𝐸 (𝐸) can be identified by a set of 
degrees of freedom which contains 𝑘𝑁𝐸 − 1 distinct moments 1

|𝜕𝐸|

(

𝑞, 𝜋𝑖
)

𝜕𝐸 with respect to a scaled polynomial basis of the space 
ℙ0
𝑘−1(𝜕𝐸) ∶= {𝜋 ∶ 𝜋

|𝑒
∈ ℙ𝑘−1(𝑒) ,∀𝑒 ⊂ 𝜕𝐸 , ∫𝜕𝐸 𝜋 = 0}.

Theorem 3.1.  Under the mesh Assumptions 3.1 and 3.2, there exists for any 𝐸 ∈ ℎ a constant 𝛼𝐸∗  independent of ℎ𝐸 such that 
‖

‖

‖

Π0,𝐸
 ∇𝑣ℎ

‖

‖

‖

2

0,𝐸
≥ 𝛼𝐸∗ ‖‖∇𝑣ℎ‖‖

2
0,𝐸 , ∀𝑣ℎ ∈ ℎ,𝐸 .

Using the above result, it is immediate to see that (13) admits a unique solution under Assumption 3.2. In [6] it is also proved that 
Assumption 3.2 is also a necessary condition for well-posedness.

4.  A posteriori error analysis

In this work, we consider as a measure of the error between the solution to problem (4) 𝑢 and the solution to problem (13) 𝑢ℎ, the 
quantity

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔 ∶= sup
𝑤∈H1

0(𝜔)

∑

𝐸∈𝜔 𝑎
𝐸 (𝑢,𝑤) − 𝑎𝐸ℎ (𝑢ℎ, 𝑤)
‖

‖

‖

√

∇𝑤‖‖
‖0,𝜔

= sup
𝑤∈H1

0(𝜔)

∑

𝐸∈𝜔

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤
)

𝐸
‖

‖

‖

√

∇𝑤‖‖
‖0,𝜔

,

(15)

where 𝑎|𝐸 (⋅, ⋅) ∶= 𝑎(⋅, ⋅)|𝐸 , and 𝜔 ⊆ℎ is the union of the closure of a set of elements in ℎ.

Remark 4.1.  We notice that if 𝑢|𝐸 ∈ ℙ𝑘(𝐸) ∀𝐸 ∈ ℎ, it results that
|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔 = 0. 
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4.1.  Preliminary results

In this section, we discuss some preliminary results that will be used in the definition of the upper and lower bounds of the error.
Lemma 4.1. Let 𝐸 ∈ ℎ, there exists a constant 𝐶𝑝 > 0 independent of ℎ𝐸 , such that 

‖

‖

‖

𝑣 − Π0,𝐸
𝑘 𝑣‖‖

‖0,𝐸
≤ 𝐶𝑝

ℎ𝐸
√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝐸

, ∀𝑣 ∈ H1(𝐸).

Proof.  For any 𝐸 ∈ ℎ, and function 𝑣 ∈ H1(𝐸), we employ the Poincaré inequality, i.e. 
‖

‖

‖

𝑣 − Π0,𝐸
𝑘 𝑣‖‖

‖0,𝐸
≤ ‖

‖

‖

𝑣 − Π0,𝐸
𝑘 𝑣‖‖

‖0,𝐸
≤ 𝐶𝑝ℎ𝐸‖∇𝑣‖0,𝐸 = 𝐶𝑝

ℎ𝐸
√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝐸

.

 ∎
In [17, Theorem 11] it has been proved the existence of the Clément quasi-interpolation operator for the VEM space, in order to 

give it, we recall some useful definitions.
Definition 4.1. For any element 𝐸 ∈ ℎ, we define 𝜔̃𝐸 as the patch of elements with non-empty intersection with 𝐸, i.e. sharing 
at least one vertex. Furthermore, for any given 𝑒 ∈ ℎ, let 𝜔𝑒 =

⋃

𝐸∈ℎ∶𝑒∈𝐸ℎ

𝐸. Furthermore, 𝜔̃𝑒 =
⋃

𝐸∈𝜔𝑒 𝜔̃𝐸 , and 𝜔𝐸 =
⋃

𝑒∈𝐸ℎ
𝜔𝑒. 

It can be proved that
𝑁𝜔

max = max
𝐸∈ℎ

{#𝜔̃𝐸} ≤ 𝑁max
(

𝑁
max − 2

)

+ 1, (16)

where 𝑁max and 𝑁
max are defined in Assumption 3.1 and #𝜔̃𝐸 is the cardinality of 𝜔̃𝐸 . Notice that, if ℎ is a mesh of squares and 𝐸

is an internal element, we get #𝜔̃𝐸 = 9, achieving the equality in the above bound.
Lemma 4.2  (Clément interpolation estimates). Under Assumption 3.1, for any 𝑣 ∈ H1

0(Ω), there exists a Clément quasi-interpolation 
operator 𝑣𝐼 ∈ ℎ,𝑘 satisfying for each 𝐸 ∈ ℎ

‖

‖

𝑣 − 𝑣𝐼‖‖0,𝐸 + ℎ𝐸‖‖∇(𝑣 − 𝑣𝐼 )‖‖0,𝐸 ≤ 𝐶𝐼ℎ𝐸‖∇𝑣‖0,𝜔̃𝐸 , (17)

where 𝐶𝐼  is a positive constant, depending only on the polynomial degree 𝑘 and on the mesh regularity. 
Definition 4.2.  For any given 𝑒 ∈ ℎ, we define 𝜔𝑒 =

∑

𝐸∈𝜔𝑒 𝐸 . 
Lemma 4.3. Let 𝑣𝐼  be the Clément quasi-interpolation operator as in Lemma 4.2, then there exist three positive constants 𝐶𝐼,1, 𝐶,𝐸 and 
𝐶𝜔𝑒

 such that, ∀𝑣 ∈ H1
0(Ω),

‖

‖

𝑣 − 𝑣𝐼‖‖0,𝐸 ≤ 𝐶𝐼𝐶,𝐸
ℎ𝐸

√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝐸

∀𝐸 ∈ ℎ, (18)

‖

‖

𝑣 − 𝑣𝐼‖‖0,𝑒 ≤ 𝐶𝐼,1𝐶𝜔𝑒

ℎ1∕2𝑒
√

𝜔𝑒

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝑒

∀𝑒 ∈ ℎ, (19)

where 𝐶,𝐸 , 𝐶𝜔𝑒
, 𝐶𝐼,1 are positive constants, depending only on the polynomial degree 𝑘, on the mesh regularity and on the diffusivity 

coefficients 𝐸 . In particular, 𝐶,𝐸 ∶=
√

𝐸
min𝐸′∈𝜔̃𝐸 {𝐸′ }

, and 𝐶𝜔𝑒
∶=

∑

𝐸∈𝜔𝑒{𝐶
2
,𝐸}.

Proof.  Considering, (18), let 𝐸 ∈ ℎ. From (17), we have that
‖

‖

𝑣 − 𝑣𝐼‖‖0,𝐸 ≤ 𝐶𝐼ℎ𝐸‖∇𝑣‖0,𝜔̃𝐸 ≤ 𝐶𝐼
ℎ𝐸

√

min𝐸′∈𝜔̃𝐸 {𝐸′}

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝐸

= 𝐶𝐼

√

𝐸
√

min𝐸′∈𝜔̃𝐸 {𝐸′}

ℎ𝐸
√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝐸

= 𝐶𝐼𝐶,𝐸
ℎ𝐸

√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝐸

.

Then, let 𝑒 ∈ ℎ be fixed. For any 𝐸 ∈ 𝜔𝑒, we recall the following scaled trace inequality:
‖𝑣‖2𝑒 ≤ 𝐶𝑡𝑟

(

ℎ−1𝑒 ‖𝑣‖2𝐸 + ℎ𝑒‖∇𝑣‖
2
𝐸
)

, ∀𝑣 ∈ 𝐻1(𝐸). (20)

Then, by (20), (17), and Assumption 3.1, we have, ∀𝐸 ∈ 𝜔𝑒,

‖

‖

𝑣 − 𝑣𝐼‖‖
2
0,𝑒 ≤ 𝐶𝑡𝑟

(

ℎ−1𝑒 ‖

‖

𝑣 − 𝑣𝐼‖‖
2
𝐸 + ℎ𝑒‖‖∇(𝑣 − 𝑣𝐼 )‖‖

2
𝐸

)

≤ 𝐶𝑡𝑟
(

𝐶2
𝐼ℎ

−1
𝑒 ℎ2𝐸‖∇𝑣‖

2
0,𝜔̃𝐸

+ 𝐶2
𝐼ℎ𝑒‖∇𝑣‖

2
0,𝜔̃𝐸

)

= 𝐶𝑡𝑟𝐶
2
𝐼

(

ℎ2𝐸
ℎ2𝑒

+ 1

)

ℎ𝑒‖∇𝑣‖
2
0,𝜔̃𝐸
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≤ 𝐶𝑡𝑟𝐶
2
𝐼

( 1
𝜅2

+ 1
)

𝐶2
,𝐸

ℎ𝑒
𝐸

‖

‖

‖

√

∇𝑣‖‖
‖

2

0,𝜔̃𝐸
.

Hence,

𝐸
‖

‖

𝑣 − 𝑣𝐼‖‖
2
0,𝑒 ≤ 𝐶𝑡𝑟𝐶

2
𝐼

( 1
𝜅2

+ 1
)

𝐶2
,𝐸ℎ𝑒

‖

‖

‖

√

∇𝑣‖‖
‖

2

0,𝜔̃𝐸
∀𝐸 ∈ 𝜔𝑒 .

Summing up over 𝐸 ∈ 𝜔𝑒, we obtain

𝜔𝑒
‖

‖

𝑣 − 𝑣𝐼‖‖
2
0,𝑒 ≤ 𝐶2

𝐼,1𝐶
2
𝜔𝑒

ℎ𝑒
‖

‖

‖

√

∇𝑣‖‖
‖

2

0,𝜔̃𝑒
.

where 𝐶2
𝐼,1 ∶= 𝐶𝑡𝑟𝐶2

𝐼

(

1
𝜅2

+ 1
)

. ∎

Lemma 4.4  (Galerkin orthogonality). Let 𝑢 be the solution to the continuous problem (4) and 𝑢ℎ ∈ ℎ,𝑘 the solution to the discrete problem
(13), it holds that 

𝑎(𝑢,𝑤ℎ) − 𝑎ℎ(𝑢ℎ, 𝑤ℎ) =
(

𝑓 − 𝑓ℎ, 𝑤ℎ
)

Ω ∀𝑤ℎ ∈ ℎ,𝑘.

Proof.  It follows immediately from the definition of the continuous problem(4) and the discrete problem (13). ∎

4.2.  Upper bound of the error

Theorem 4.1  (Upper bound). Let 𝑢 be the solution to the continuous problem (4) and 𝑢ℎ ∈ ℎ,𝑘 be the solution to the discrete problem (13). 
Then, there exists a constant 𝐶𝑈 > 0 independent of ℎ𝐸 , depending on the mesh regularity, such that 

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,ℎ

≤ 𝐶𝑈
∑

𝐸∈ℎ

(

𝜂2𝐸 + 2
𝐸
)

, (21)

where |||⋅|||,1,ℎ
 is defined by (15) and

𝜂2𝐸 ∶=
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 + 1

2
∑

𝑒∈𝐸ℎ ∩ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒, (22)

2
𝐸 ∶=

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸 , (23)

and

𝑟𝐸 ∶= 𝑓ℎ + ÷
(

𝐸 Π0,𝐸
 ∇𝑢ℎ

)

, (24)

𝑗𝑒 ∶= [[Π0
∇𝑢ℎ]]𝑒 ∶=

∑

𝐸∈𝜔𝑒

𝐸 Π0,𝐸
 ∇𝑢ℎ ⋅ 𝒏𝑒𝐸 , (25)

where 𝒏𝑒𝐸 is the normal vector to 𝑒 pointing outward with respect to 𝐸 ∈ 𝜔𝑒. 
Proof.  In the following, ≲ denotes the existence of a constant independent of ℎ𝐸 and . Let 𝑤 ∈ H1

0(Ω) and 𝑤𝐼 ∈ ℎ,𝑘 such that it 
satisfies Lemma 4.2. By using Lemma 4.4 we have that

∑

𝐸∈ℎ

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤
)

𝐸
=

=
∑

𝐸∈ℎ

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤 − ∇𝑤𝐼
)

𝐸
+
(

𝑓 − 𝑓ℎ, 𝑤𝐼
)

Ω.

Then, applying (4), it follows
∑

𝐸∈ℎ

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤
)

𝐸

=
(

𝑓,𝑤 −𝑤𝐼
)

Ω −
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤 − ∇𝑤𝐼

)

𝐸
+
(

𝑓 − 𝑓ℎ, 𝑤𝐼
)

Ω

=
(

𝑓 − 𝑓ℎ, 𝑤 −𝑤𝐼
)

Ω +
(

𝑓ℎ, 𝑤 −𝑤𝐼
)

Ω

−
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤 − ∇𝑤𝐼

)

𝐸
+
(

𝑓 − 𝑓ℎ, 𝑤𝐼
)

Ω

=
(

𝑓ℎ, 𝑤 −𝑤𝐼
)

Ω −
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤 − ∇𝑤𝐼

)

𝐸
+
(

𝑓 − 𝑓ℎ, 𝑤
)

Ω. (26)

Considering the first two terms above, applying Green’s theorem and since 𝑤 −𝑤𝐼 ∈ H1
0(Ω), we have

(

𝑓ℎ, 𝑤 −𝑤𝐼
)

Ω −
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤 − ∇𝑤𝐼

)

𝐸
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=
∑

𝐸∈ℎ

(

𝑓ℎ + ÷
(

𝐸 Π0,𝐸
 ∇𝑢ℎ

)

, 𝑤 −𝑤𝐼
)

𝐸

−
∑

𝑒∈ intℎ

(

[[Π0,𝐸
 ∇𝑢ℎ]]𝑒, 𝑤 −𝑤𝐼

)

𝑒

=
∑

𝐸∈ℎ

(

𝑟𝐸 , 𝑤 −𝑤𝐼
)

𝐸 −
∑

𝑒∈ intℎ

(

𝑗𝑒, 𝑤 −𝑤𝐼
)

𝑒

= 𝐼 + 𝐼𝐼

By employing (18) and with the definition 𝐶 ∶= max𝐸∈ℎ
{𝐶,𝐸}, we get

𝐼 =
∑

𝐸∈ℎ

(

𝑟𝐸 , 𝑤 −𝑤𝐼
)

𝐸 ≤
∑

𝐸∈ℎ

‖

‖

𝑟𝐸‖‖0,𝐸‖‖𝑤 −𝑤𝐼‖‖0,𝐸

≲ 𝐶
∑

𝐸∈ℎ

ℎ𝐸
√

𝐸

‖

‖

𝑟𝐸‖‖0,𝐸
‖

‖

‖

√

∇𝑤‖‖
‖0,𝜔̃𝐸

.

Using the Hölder inequality, we have 

𝐼 ≲ 𝐶

(

∑

𝐸∈ℎ

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2(
∑

𝐸∈ℎ

‖

‖

‖

√

∇𝑤‖‖
‖

2

0,𝜔̃𝐸

)1∕2

.

On the other hand, employing (19) and the Hölder inequality, we obtain
𝐼𝐼 = −

∑

𝑒∈ intℎ

(

𝑗𝑒, 𝑤 −𝑤𝐼
)

𝑒 ≤
∑

𝑒∈ intℎ

‖

‖

𝑗𝑒‖‖0,𝑒‖‖𝑤 −𝑤𝐼‖‖0,𝑒

≲ 𝐶
 intℎ


∑

𝑒∈ intℎ

ℎ1∕2𝑒
√

𝜔𝑒

‖

‖

𝑗𝑒‖‖0,𝑒
‖

‖

‖

√

∇𝑤‖‖
‖0,𝜔̃𝑒

≲ 𝐶
 intℎ


⎛

⎜

⎜

⎝

∑

𝑒∈ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

⎞

⎟

⎟

⎠

1∕2
⎛

⎜

⎜

⎝

∑

𝑒∈ intℎ

‖

‖

‖

√

∇𝑤‖‖
‖

2

0,𝜔̃𝑒

⎞

⎟

⎟

⎠

1∕2

,

where 𝐶 intℎ
 ∶= max𝑒∈ intℎ

{

𝐶𝜔𝑒

}

. We notice that from the mesh quality assumptions and the Definition 4.1 we have that
(

∑

𝐸∈ℎ

‖

‖

‖

√

∇𝑤‖‖
‖

2

0,𝜔̃𝐸

)1∕2

≤
√

𝑁𝜔
max

‖

‖

‖

√

∇𝑤‖‖
‖0,Ω

,

⎛

⎜

⎜

⎝

∑

𝑒∈ intℎ

‖

‖

‖

√

∇𝑤‖‖
‖

2

0,𝜔̃𝑒

⎞

⎟

⎟

⎠

1∕2

≤
√

2𝑁𝜔
max

‖

‖

‖

√

∇𝑤‖‖
‖0,Ω

,

which bring the previous bounds to be

𝐼 ≲ 𝐶

(

∑

𝐸∈ℎ

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2
‖

‖

‖

√

∇𝑤‖‖
‖0,Ω

, (27)

𝐼𝐼 ≲ 𝐶
 intℎ


⎛

⎜

⎜

⎝

∑

𝑒∈ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

⎞

⎟

⎟

⎠

1∕2

‖

‖

‖

√

∇𝑤‖‖
‖0,Ω

. (28)

Going back to (26), the last term can be estimated employing Lemma 4.1 and Hölder inequality, as follows:
∑

𝐸∈ℎ

(

𝑓 − 𝑓ℎ, 𝑤
)

𝐸 =
∑

𝐸∈ℎ

(

𝑓 − 𝑓ℎ, 𝑤 − Π0,𝐸
𝑘 𝑤

)

𝐸

≲
∑

𝐸∈ℎ

ℎ𝐸
√

𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖0,𝐸
‖

‖

‖

√

∇𝑤‖‖
‖0,𝐸

≲

(

∑

𝐸∈ℎ

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2(
∑

𝐸∈ℎ

‖

‖

‖

√

∇𝑤‖‖
‖

2

0,𝐸

)1∕2

.

Summing up all the terms we get

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,ℎ
=

∑

𝐸∈ℎ

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤
)

𝐸
‖

‖

‖

√

∇𝑤‖‖
‖0,Ω
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≲ 𝐶

(

∑

𝐸∈ℎ

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2

+ 𝐶
 intℎ


⎛

⎜

⎜

⎝

∑

𝑒∈ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

⎞

⎟

⎟

⎠

1∕2

+

(

∑

𝐸∈ℎ

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

.

Then, the thesis is obtained as follows:
|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,ℎ

≲ 𝐶𝑈
∑

𝐸∈ℎ

⎛

⎜

⎜

⎝

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 +

∑

𝑒∈𝐸ℎ ∩ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 +

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

⎞

⎟

⎟

⎠

≲ 𝐶𝑈
∑

𝐸∈ℎ

(

𝜂2𝐸 + 2
𝐸
)

,

where 𝐶𝑈 =
(

max{𝐶, 𝐶
 intℎ
 , 1}

)2
. ∎

Remark 4.2. Following [24], assuming a quasi-monotonicity property on , it is possible to define a Clément-type quasi-interpolation 
operator satisfying error estimates that are independent of the local jumps of . In particular, in the proof of (18) we get 

‖∇𝑣‖0,𝜔̃𝐸 ≤ 1
√

𝐸

‖

‖

‖

√

∇𝑣‖‖
‖0,𝜔̃𝐸

,

and then 𝐶,𝐸 = 1. Consequently in (19) we have 𝐶𝜔𝑒
= 1 and in Theorem 4.1, the constant 𝐶𝑈  does not depend on the diffusion . 

4.3.  Lower bound of the error

In order to prove the lower bound, we use the bubble function 𝜓𝐸 ∈ H1
0(𝐸) for each 𝐸 ∈ ℎ, as defined in [16,17]. In particular, 

we build a shape-regular sub-triangulation of 𝐸 and define 𝜓𝐸 as the sum of the barycentric bubble functions, which are polynomials 
on each sub-triangle. As done in [25], for any element 𝐸 ∈ ℎ, we define the function 

𝑤𝑟,𝐸 (𝑥) ∶=

⎧

⎪

⎨

⎪

⎩

ℎ2𝐸
𝐸
𝑟𝐸 (𝑥)𝜓𝐸 (𝑥) 𝑥 ∈ 𝐸 ,

0 𝑥 ∈ Ω ⧵ 𝐸 ,
(29)

where 𝑟𝐸 is defined by (24). Since 𝑟𝐸 is a polynomial, using the techniques in [25,26], the following results hold true.
Lemma 4.5. Let 𝐸 ∈ ℎ and 𝑤𝑟,𝐸 the corresponding function defined above. The following inequalities hold true 

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 ≤ 𝐶1,𝐵

(

𝑟𝐸 , 𝑤𝑟,𝐸
)

𝐸 ,

and 

ℎ𝐸‖‖∇𝑤𝑟,𝐸‖‖0,𝐸 ≤ 𝐶2,𝐵
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖0,𝐸 ,

where 𝐶1,𝐵 , 𝐶2,𝐵 are constants independent of ℎ𝐸 and ,but depending on the mesh regularity. 
Remark 4.3. From the definition of the space (9), it is immediate to check that ÷Π0,𝐸

 ∇𝑢 ∈ ℙ𝑘−2(𝐸). Thus, since 𝑓ℎ ∈ ℙ𝑘(𝐸), 𝑟𝐸 ∈ ℙ𝑘(𝐸), 
which implies that the constants 𝐶1,𝐵 and 𝐶2,𝐵 in Lemma 4.5 do not depend on 𝓁𝐸 . 

Similarly, for any given 𝑒 ∈  intℎ , let 𝜓𝑒 be the bubble function relative to 𝑒, as defined in [16,17]. In particular, we consider 
the sub-triangles sharing 𝑒 of the elements in 𝜔𝑒 and 𝜓𝑒 is defined as the sum of the barycentric bubble functions relative to these 
sub-triangles. Moreover, following [26] we extend 𝑗𝑒, defined by (25), through a constant prolongation in the normal direction with 
respect to 𝑒. Let 𝑗𝑒 be such function. We define 

𝑤𝑗,𝑒(𝑥) ∶=

⎧

⎪

⎨

⎪

⎩

ℎ𝑒
𝜔𝑒

(𝑗𝑒)(𝑥)𝜓𝑒(𝑥) 𝑥 ∈ 𝜔𝑒,

0 𝑥 ∈ Ω ⧵ 𝜔𝑒 .
(30)

The following results can be proved using the techniques in [25,26].
Lemma 4.6. Let 𝐸 ∈ ℎ, 𝑒 ∈ 𝐸ℎ  and 𝑤𝑗,𝐸 as defined in (30). Then, 

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 ≤ 𝐶1,𝑏

(

𝑗𝑒, 𝑤𝑗,𝑒
)

𝑒,
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and 

ℎ1∕2𝑒
‖

‖

‖

∇𝑤𝑗,𝑒
‖

‖

‖0,𝐸
≤ 𝐶2,𝑏

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖0,𝑒,

where 𝐶1,𝑏, 𝐶2,𝑏 are constants independent of ℎ𝐸 and , but depending on the mesh regularity. 
Theorem 4.2  (Local lower bound). 

Let 𝐸 ∈ ℎ be given, 𝑢 the solution to the continuous problem (4) and 𝑢ℎ ∈ ℎ,𝑘 the solution to the discrete problem (13). Then there 
exists a constant 𝐶𝐿 > 0 independent of ℎ𝐸 and of , but depending on the mesh regularity, such that 

𝜂2𝐸 ≤ 𝐶𝐿

(

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,𝜔𝐸

+
∑

𝐸∈𝜔𝐸

2
𝐸

)

,

where |
|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔𝐸  is defined by (15) and 𝜂𝐸 and 𝐸 in Theorem 4.1. 

Proof.  In the following, ≲ denotes the existence of a constant independent of ℎ𝐸 and . For any 𝑤 ∈ H1
0(Ω), exploiting problems (4) 

and (13) and the definitions of 𝑟𝐸 and 𝑗𝑒 in (24)-(25), we have
∑

𝐸∈ℎ

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤
)

𝐸
=

=
∑

𝐸∈ℎ

(𝑓,𝑤)𝐸 −
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤

)

𝐸

=
∑

𝐸∈ℎ

(

𝑓ℎ, 𝑤
)

𝐸 −
∑

𝐸∈ℎ

(

𝐸Π
0,𝐸
 ∇𝑢ℎ,∇𝑤

)

𝐸
+

∑

𝐸∈ℎ

(

𝑓 − 𝑓ℎ, 𝑤
)

𝐸

=
∑

𝐸∈ℎ

(

𝑓ℎ, 𝑤
)

𝐸 +
∑

𝐸∈ℎ

(

÷
(

𝐸Π
0,𝐸
 ∇𝑢ℎ

)

, 𝑤
)

𝐸

−
∑

𝑒∈ intℎ

(

[[Π0
∇𝑢ℎ]]𝑒, 𝑤

)

𝑒 +
∑

𝐸∈ℎ

(

𝑓 − 𝑓ℎ, 𝑤
)

𝐸

=
∑

𝐸∈ℎ

(

𝑟𝐸 , 𝑤
)

𝐸 −
∑

𝑒∈ intℎ

(

𝑗𝑒, 𝑤
)

𝑒 +
∑

𝐸∈ℎ

(

𝑓 − 𝑓ℎ, 𝑤
)

𝐸 . (31)

First, taking 𝑤 = 𝑤𝑟,𝐸 as defined in (29), since supp(𝑤𝑟,𝐸 ) ⊆ 𝐸 we get
(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑟,𝐸
)

𝐸
=
(

𝑓 − 𝑓ℎ, 𝑤𝑟,𝐸
)

𝐸 +
(

𝑟𝐸 , 𝑤𝑟,𝐸
)

𝐸 .

Using the Cauchy-Schwarz inequality and Lemma 4.5, we have that
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 ≲

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑟,𝐸
)

𝐸
+
(

𝑓ℎ − 𝑓,𝑤𝑟,𝐸
)

𝐸

≲
(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑟,𝐸
)

𝐸
+ ‖

‖

𝑓 − 𝑓ℎ‖‖0,𝐸‖‖𝑤𝑟,𝐸‖‖0,𝐸

≲
(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑟,𝐸
)

𝐸

+

(

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2
‖

‖

‖

√

∇𝑤𝑟,𝐸
‖

‖

‖0,𝐸
.

Then,
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

‖

‖

‖

√

∇𝑤𝑟,𝐸
‖

‖

‖0,𝐸

≲ |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝐸 +

(

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

. (32)

We notice that, from Lemma 4.5, one has
‖

‖

‖

√

∇𝑤𝑟,𝐸
‖

‖

‖0,𝐸
=
√

𝐸
‖

‖

∇𝑤𝑟,𝐸‖‖0,𝐸 ≲
ℎ𝐸

√

𝐸

‖

‖

𝑟𝐸‖‖0,𝐸 .

Then, from (32) we get

ℎ𝐸
√

𝐸

‖

‖

𝑟𝐸‖‖0,𝐸 ≲ |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝐸 +

(

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

,

and, squaring, 
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 ≲

(

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,𝐸 +

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)

. (33)
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Going back to (31), for any edge 𝑒 ∈  intℎ  we take 𝑤 = 𝑤𝑗,𝑒 as defined in (30). Since supp(𝑤𝑗,𝑒) ⊆ 𝜔𝑒 we get
∑

𝐸∈𝜔𝑒

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑗,𝑒
)

𝐸
=

∑

𝐸∈𝜔𝑒

(

𝑟𝐸 , 𝑤𝑗,𝑒
)

𝐸 −
(

𝑗𝑒, 𝑤𝑗,𝑒
)

𝑒

+
∑

𝐸∈𝜔𝑒

(

𝑓 − 𝑓ℎ, 𝑤𝑗,𝑒
)

𝐸 .

Using Lemma 4.6 and the Hölder and Poincaré inequalities, we get
ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 ≲

∑

𝐸∈𝜔𝑒

((

𝑟𝐸 , 𝑤𝑗,𝑒
)

𝐸 +
(

𝑓 − 𝑓ℎ, 𝑤𝑗,𝑒
)

𝐸

)

−
∑

𝐸∈𝜔𝑒

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑗,𝑒
)

𝐸

≲
∑

𝐸∈𝜔𝑒

ℎ𝐸
√

𝐸

‖

‖

𝑟𝐸‖‖0,𝐸
‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖0,𝐸
+

∑

𝐸∈𝜔𝑒

ℎ𝐸
√

𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖0,𝐸
‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖0,𝐸

−
∑

𝐸∈𝜔𝑒

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑗,𝑒
)

𝐸

≲

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2(
∑

𝐸∈𝜔𝑒

‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖

2

0,𝐸

)1∕2

+

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2(
∑

𝐸∈𝜔𝑒

‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖

2

0,𝐸

)1∕2

−
∑

𝐸∈𝜔𝑒

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇𝑤𝑗,𝑒
)

𝐸
.

Then, employing the definition of |
|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔𝑒  in (15),
ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

(

∑

𝐸∈𝜔𝑒
‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖

2

0,𝐸

)1∕2

≲

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2

+

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

+

∑

𝐸∈𝜔𝑒

(

𝐸

(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

,∇
(

−𝑤𝑗,𝑒
)

)

𝐸
(

∑

𝐸∈𝜔𝑒
‖

‖

‖

√

∇
(

−𝑤𝑗,𝑒
)

‖

‖

‖

2

0,𝐸

)1∕2

≲

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2

+

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

+ |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔𝑒 .

(34)

We employ again Lemma 4.6, obtaining 
(

∑

𝐸∈𝜔𝑒

‖

‖

‖

√

∇𝑤𝑗,𝑒
‖

‖

‖

2

0,𝐸

)1∕2

≲

(

∑

𝐸∈𝜔𝑒

𝐸
ℎ𝑒
2
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

)1∕2

+

(

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

)1∕2

.

Thus, subtituting in (34), we get
(

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒

)1∕2

≲

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸

)1∕2

+

(

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸

)1∕2

+ |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,𝜔𝑒 .

and squaring, 
ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 ≲

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 +

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸 + |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,𝜔𝑒

. (35)

Finally, we apply (33) in (35), getting 
ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 ≲

∑

𝐸∈𝜔𝑒

ℎ2𝐸
𝐸

‖

‖

𝑓 − 𝑓ℎ‖‖
2
0,𝐸 + |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,𝜔𝑒

. (36)

We conclude the proof by summing (33) and (36). ∎
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Fig. 1. Meshes used for convergence tests.

Corollary 4.1  (Global lower bound).  Let 𝑢 the solution to the continuous problem (4) and 𝑢ℎ ∈ ℎ,𝑘 the solution to the discrete problem
(13).
Let |

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,ℎ
 be defined as in (15), it holds 

∑

𝐸∈ℎ

𝜂2𝐸 ≤ 𝐶𝐿(𝑁max + 1)

(

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||
2
,1,ℎ

+
∑

𝐸∈ℎ

2
𝐸

)

,

where 𝜂𝐸 , 𝐸 are defined in Theorem 4.1, 𝐶𝐿 is defined in Theorem 4.2, and 𝑁max as in Assumption 3.1. 

5.  Numerical results

In this section, we present some numerical tests to show the equivalence between error and error estimator in the different 
problems proposed in [16] and on a standard test on an L-shaped domain. Firstly, we approximate the error defined in (15) as 

|

|

|

|

|

|

𝑢 − 𝑢ℎ||||||,1,ℎ
≃

(

∑

𝐸∈ℎ

‖

‖

‖

‖

√


(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

‖

‖

‖

‖

2

0,𝐸

)
1
2

,

and define the effectivity index as the ratio between the estimator and the error, i.e. 

𝜖 ∶=

⎛

⎜

⎜

⎜

⎜

⎝

∑

𝐸∈ℎ
𝜂2𝐸

∑

𝐸∈ℎ

‖

‖

‖

‖

√


(

∇𝑢 − Π0,𝐸
 ∇𝑢ℎ

)

‖

‖

‖

‖

2

0,𝐸

⎞

⎟

⎟

⎟

⎟

⎠

1
2

.

5.1.  Test 1

We consider the Poisson problem with  = 𝐼 and Ω = (0, 1)2, setting the loading term 𝑓 in such a way that the solution to the 
problem is 𝑢(𝑥, 𝑦) = sin(2𝜋𝑥) sin(2𝜋𝑦). We tested it on meshes made up of convex polygons labeled Polymesher [27], distorted cartesian 
meshes (Distorted cartesian), and concave meshes labeled Star concave, as represented in Fig. 1. Fig. 2 shows the behavior of 
the estimator and the errors in the cases 𝑘 = 1, 2, 3. Moreover, they show that the effectivity indices are independent of the meshsize 
and display a weak dependence on the type of polygons used.

5.2.  Test 2

We test the estimator in the presence of diffusion jumps. Let Ω = (0, 1)2 and the diffusion tensor (𝑥, 𝑦) = 𝛾𝑖(𝑥, 𝑦)𝐼 , 𝑖 = 1, 2, and 

𝛾1(𝑥, 𝑦) ∶=

{

10, in Ω1 ∶= (0, 0.5] × (0, 1),
1, in Ω2 ∶= (0.5, 1) × (0, 1),

𝛾2(𝑥, 𝑦) ∶=

{

10−3, in Ω1,
1, in Ω2.

The loading term is chosen so that the solution 𝑢𝑖(𝑥, 𝑦) = 𝜉𝑖(𝑥)𝑌 (𝑦), where 

𝜉𝑖(𝑥) ∶=

⎧

⎪

⎨

⎪

⎩

− 1
𝛾𝑖|Ω1

(

𝑥2

2 + 𝑐𝑖𝑥
)

if 𝑥 ∈ (0, 0.5],

− 1
𝛾𝑖|Ω2

(

𝑥2

2 + 𝑐𝑖𝑥 − 𝑐𝑖 −
1
2

)

if 𝑥 ∈ (0.5, 1),
(37)

𝑌 (𝑦) ∶= 𝑦(1 − 𝑦)
(

𝑦 − 1
2

)2
, (38)

and 𝑐𝑖 ∶= −
3𝛾𝑖|Ω1+𝛾𝑖|Ω2

4
(

𝛾𝑖|Ω1+𝛾𝑖|Ω2
) .

We solve the problem on a family of distorted cartesian meshes (see Fig. 1b), conforming to the jumps of . The convergence 
plots displayed in Fig. 3 confirm the optimal convergence rates. The effectivity indices remain stable with respect to the meshsize. 
The jump of the diffusivity coefficient has a minimal impact on the indices 𝜖, demonstrating strong robustness of the estimator.
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Fig. 2. Test 1: Convergence plots. In the legends, 𝑚 is the average convergence rate.

Fig. 3. Test 2: Convergence plots. In the legends, 𝑚 is the average convergence rate.
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Fig. 4. Test 3: Convergence plots. In the legends, 𝑚 is the average convergence rate.

5.3.  Test 3

In this section, we consider problems where the diffusity coefficient does not meet the quasi-monotonicity condition discussed in 
Remark 4.2. The tests considered are the one presented in [24], where Ω = (0, 1)2 and the diffusion tensor is  = 𝛾𝑖𝐼 with 𝑖 = 3, 4, 
with 

𝛾3(𝑥, 𝑦) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 in Ω11 = (0, 0.5)2,
10−3 in Ω12 = [0.5, 1) × (0, 0.5),
10−2 in Ω21 = (0, 0.5) × [0.5, 1),
10 in Ω22 = [0.5, 1)2,

𝛾4(𝑥, 𝑦) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

1 in Ω11,
10−7 in Ω12,
10−2 in Ω21,
105 in Ω22,

We impose the loading terms in such a way that the exact solutions are 
𝑢𝑖(𝑥, 𝑦) = 𝜉𝑖(𝑥)𝑌 (𝑦),

where 𝜉𝑖(𝑥), 𝑌 (𝑦) are defined in (37) and in (38), and 

𝑐𝑖 ∶=

⎧

⎪

⎨

⎪

⎩

−
3𝛾𝑖|Ω11+𝛾𝑖|Ω12

4
(

𝛾𝑖|Ω11+𝛾𝑖|Ω12
) in Ω11 ∪ Ω12,

−
3𝛾𝑖|Ω21+𝛾𝑖|Ω22

4
(

𝛾𝑖|Ω21+𝛾𝑖|Ω22
) in Ω21 ∪ Ω22.

We solve the problem on a family of distorted cartesian meshes (see Fig. 1b), conforming to the jumps of , achieving the optimal 
convergence rate as shown in Fig. 4. The results show that the computed effectivity indices are independent of the meshsize, proving 
the robustness of the estimate proposed. We notice also in this case that the jumps of  do not influence significantly the effectivity 
indices, even though the quasi-monotonicity property is not fulfilled. Indeed, the area of the polygons where the quasi-monotonicity 
of  is not satisfied is decreasing with ℎ.

5.4.  Test 4

We consider a problem defined on the L-shaped domain Ω = (−1, 1)2 ⧵ ([0, 1] × [−1, 0]). We take the boundary conditions and the 
loading term such that the solution results 

𝑢(𝜌, 𝜃) = 𝜌2∕3,

where 𝜌 and 𝜃 are the polar coordinates. This solution 𝑢 ∈ H1(Ω) has a corner singularity in the origin, and it is possible to prove that 
𝑢 ∈ H𝑠(Ω), 𝑠 < 5

3 . Under uniform mesh refinements, the asymptotic rate is suboptimal and it results (#ℎ
)−1∕3 ≃ ℎ2∕3, independently 

on the polynomial degree 𝑘. We performed the test on Polymesher, Distorted cartesian, and Star concave L-shaped meshes (see 
Fig. 5) and for the cases 𝑘 = 1, 2, 3, achieving the expected order of convergence as shown in Fig. 6. The test highlights that the 
effectivity indices are not affected by the bounded Sobolev regularity of the problem.
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Fig. 5. Meshes used for convergence Test 4.

Fig. 6. Test 4: Convergence plots. In the legends, 𝑚 is the average convergence rate.

Fig. 7. Geometry of the DFN considered.
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5.5.  Test DFN: a discrete fracture network

To validate the robustness of the a posteriori error estimator, we test it on a more practical scenario: a discrete fracture network 
(DFN), which is a set of planar polygons intersecting in ℝ3 that models a fractured medium. Flow in DFN is governed by local Darcy 
laws with matching conditions at intersections, prescribing the continuity of the solution and balance of fluxes [28]. We consider the 
benchmark problem discussed for instance in [20] , where the DFN is constituted by three fractures as shown in Fig. 7. Exploiting the 
flexibility of VEM in dealing with aligned edges, we discretize the problem by meshing each fracture independently, and imposing 
global conformity, as described in [20]. We solve the problem with  = 𝐼 on each fracture, by imposing the Dirichlet boundary 
conditions and the loading term in such a way that the exact solutions are:

𝑢1(𝑥, 𝑦) = − 1
10

(

𝑥 + 1
2

)

(

8𝑥𝑦(𝑥2 + 𝑦2) + atan2(𝑦, 𝑥) + 𝑥3
)

,

𝑢2(𝑥, 𝑧) = − 1
10

(

𝑥 + 1
2

)

𝑥3(1 − 8𝜋|𝑧|),

𝑢3(𝑦, 𝑧) = 𝑦(𝑦 − 1)(𝑦 + 1)(𝑧 − 1)𝑧,

on each corresponding fracture

𝐹1 =
{

(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ −1 ≤ 𝑥 ≤ 1
2
, −1 ≤ 𝑦 ≤ 1, 𝑧 = 0

}

,

𝐹2 =
{

(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ −1 ≤ 𝑥 ≤ 0, 𝑦 = 0, −1 ≤ 𝑧 ≤ 1
}

,

𝐹3 =
{

(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∶ 𝑥 = −1
2
, −1 ≤ 𝑦 ≤ 1, −1 ≤ 𝑧 ≤ 1

}

.

Following the a posteriori error analysis in [16, Test 5.5], we modify suitably the a posteriori error estimator as: 

𝜂̃𝐸 ∶=
ℎ2𝐸
𝐸

‖

‖

𝑟𝐸‖‖
2
0,𝐸 + 1

2
∑

𝑒∈𝐸ℎ ∩ intℎ

ℎ𝑒
𝜔𝑒

‖

‖

𝑗𝑒‖‖
2
0,𝑒 +

1
4

∑

𝑒∈𝐸ℎ ∩ trℎ

ℎ𝑒
𝜔𝑒

‖

‖

‖

[[Π0
∇𝑢ℎ,𝑖𝑒 ]]𝑒 + [[Π0

∇𝑢ℎ,𝑗𝑒 ]]𝑒
‖

‖

‖

2

0,𝑒
,

where Π0
∇𝑢ℎ,𝑖𝑒  and Π0

∇𝑢ℎ,𝑗𝑒  are the projections of the solutions on the two fractures meeting at an edge 𝑒. Moreover,  trℎ  denotes the 
set of edges belonging to an intersection and  intℎ  the set of the remaining internal edges. In Fig. 8, we show the computed convergence 

Fig. 8. Test DFN: Convergence plots. In the legends, 𝑚 is the average convergence rate.
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rates on the three meshes, generated by using [29] and depicted in Fig. 7, for the cases 𝑘 = 1, 2, 3. Also in this case, we observe optimal 
convergence rates and that the effectivity indices are independent of the meshsize.

6.  Conclusions

We derived a posteriori error estimates for the Stabilization-Free Virtual Element Method defined in [5,6]. The absence of a 
stabilizing bilinear form in the discretization method allows to obtain equivalence between a suitably defined error measure and 
classical residual error estimators. Numerical tests on several mesh types validate the proposed error estimator. Finally, we also 
validate the estimates on a problem of interest in engineering, considering the DFN framework. Results show the robustness of the 
proposed method in the computation of the pressure distribution.
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