POLITECNICO DI TORINO
Repository ISTITUZIONALE

Strain pre-extrapolation methods for shape sensing: A comparative study between modal virtual sensor
expansion and smoothing element analysis

Original

Strain pre-extrapolation methods for shape sensing: A comparative study between modal virtual sensor expansion and
smoothing element analysis / Esposito, M.. - In;: RESULTS IN ENGINEERING. - ISSN 2590-1230. - 29:(2026).
[10.1016/j.rineng.2026.109109]

Availability:
This version is available at: 11583/3007240 since: 2026-02-03T12:32:16Z

Publisher:
Elsevier

Published
DOI:10.1016/j.rineng.2026.109109

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

01 May 2026



Results in Engineering 29 (2026) 109109

journal homepage: www.sciencedirect.com/journal/results-in-engineering

Contents lists available at ScienceDirect

Results in

Results in Engineering

Research paper

Strain pre-extrapolation methods for shape sensing: A comparative study
between modal virtual sensor expansion and smoothing element analysis

Marco Esposito

Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Corso Duca degli Abruzzi, 24, 10129, Torino, Italy

ARTICLE INFO

Keywords:

Structural Health Monitoring
iFEM

Modal VSE

SEA

Shape sensing

Strain pre-extrapolation

ABSTRACT

Reconstructing displacement fields from sparse strain measurements, commonly referred to as shape sensing, has
become a key component in developing effective Structural Health Monitoring (SHM) systems and for enabling
accurate digital twin representations of engineering structures. Among available techniques, the inverse Finite
Element Method (iFEM) is widely used but typically requires a dense sensor network. To reduce this dependency,
strain pre-extrapolation methods are employed. The most established approach is Smoothing Element Analysis
(SEA), which performs well for simple geometries but struggles with complex built-up structures. A recently
proposed alternative, the Modal Virtual Sensor Expansion (Modal VSE), leverages modal strain shapes to virtually
expand the strain field and has shown promising results, though it has not yet been benchmarked against existing
methods. This study provides the first direct comparison between Modal VSE and SEA for strain pre-extrapolation
and subsequent iFEM-based shape sensing of a composite stiffened panel. Results demonstrate that Modal VSE
achieves higher accuracy and better adaptability across the examined configurations. Its superior performance
persists even when sensor signals are corrupted by noise representative of experimental conditions. These findings
highlight Modal VSE as a robust and effective tool for enhancing shape sensing in complex structural domains,

thereby supporting more practical implementations of iFEM-based SHM and digital twin frameworks.

1. Introduction

Shape sensing refers to the process of reconstructing the deformed
shape of a structure using discrete strain measurements. This tech-
nique is increasingly gaining significance for the development of modern
Structural Health Monitoring (SHM) frameworks. Continuous monitor-
ing of displacements throughout a structure’s service life can provide es-
sential information regarding its health, enabling the detection of dam-
age and facilitating efficient maintenance strategies [1-8]. Moreover,
shape sensing can also serve as a feedback monitoring system for con-
trolling the morphing mechanisms in newly developed smart structures
[9-11].

Several shape sensing methods have been proposed over the past
two decades. Recent progress in strain-sensing technology [12,13] has
driven the development of advanced strain-based algorithms. While all
these methods aim to compute the displacement field from discrete
strain measurements, they differ in their underlying principles [14].
This work focuses on the inverse Finite Element Method (iFEM), which
has gained significant recognition in the open literature for its effective-
ness and versatility. The success of the method stems from its superior
accuracy compared to other existing approaches [15,16], its indepen-
dence from material property knowledge, and its applicability to both
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thin-walled shell geometries and beam-like structures, unlike alternative
techniques that are restricted to the latter [17,18]. iFEM, originally in-
troduced in [19], relies on discretising the structural domain using finite
elements and approximating the strain field in terms of nodal degrees
of freedom (displacements and rotations) and shape functions. The dis-
crepancy between this analytical strain field and the measured strains at
selected locations is minimised to determine the nodal values of the de-
grees of freedom that best fit the experimental data. The iFEM has been
successfully applied to beam-like structures [20-22], thin-walled struc-
tures [14,23], as well as sandwich and multilayered composite struc-
tures [24-27]. Recent developments have extended the method’s mod-
elling capabilities through isogeometric formulations [28,29]. Further-
more, in [30], iFEM has been adapted for damage detection via the re-
construction of the modal parameters of plate structures. Damage identi-
fication in multilayered plates has also been addressed in [31] through
the integration of Refined Zigzag Theory (RZT) into the iFEM frame-
work. In several applications and comparative studies [14-16], iFEM
has proven to be more accurate than other shape sensing methods. The
impressive accuracy of the method comes at a cost; the method requires
a significant number of strain sensors to deliver its best performance.
This limitation reduces the applicability of the method to real struc-
tures, where the availability of strain sensors is often limited. A step

Received 21 May 2025; Received in revised form 12 January 2026; Accepted 12 January 2026

Available online 15 January 2026

2590-1230/© 2026 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/rineng
https://www.sciencedirect.com/journal/results-in-engineering
https://orcid.org/0000-0001-6621-7542

$\varepsilon _{k} \, (k=1, \, 2, \, \ldots , \, 8)$


\begin {equation}\label {epsilon} \begin {aligned} & \left \{\begin {matrix} \varepsilon _{xx} \\ \varepsilon _{yy} \\ \gamma _{xy} \end {matrix}\right \}=\left \{\begin {matrix} u_{,x} \\ v_{,y} \\ v_{,x}+u_{,y} \end {matrix}\right \}+z\left \{\begin {matrix} \theta _{y,x} \\ -\theta _{x,y} \\ (\theta _{y,y}-\theta _{x,x}) \end {matrix}\right \}=\left \{\begin {matrix} \varepsilon _1 \\ \varepsilon _2 \\ \varepsilon _3 \end {matrix}\right \}+z\left \{\begin {matrix} \varepsilon _4 \\ \varepsilon _5 \\ \varepsilon _6 \end {matrix}\right \}=\bm {e}+z\bm {k} \\ & \left \{ \begin {matrix} \gamma _{xz} \\ \gamma _{yz} \end {matrix}\right \}=\left \{ \begin {matrix} w_{,x}+\theta _y \\ w_{,y}-\theta _x \end {matrix}\right \}=\left \{\begin {matrix} \varepsilon _7 \\ \varepsilon _8 \end {matrix}\right \}=\bm {g} \end {aligned}\end {equation}


$\bm {e}$


$\bm {k}$


$\bm {g}$


$u$


$v$


$w$


$\theta _x$


$\theta _y$


$z$


$\mathbf {N}$


$\mathbf {u}^e$


\begin {equation}\label {disp_shape} [u, \ v, \ w, \ \theta _x, \ \theta _y]^T=\mathbf {N} \mathbf {u}^e\end {equation}


\begin {equation}\label {str_shape} \varepsilon _{k}(\mathbf {u}^e)=\mathbf {B}_k \mathbf {u}^e \quad (k=1, \, 2, \, \ldots , 8)\end {equation}


$\mathbf {B}_k$


$k$


\begin {equation}\label {functional} \Psi ^e(\mathbf {u}^e)=\sum _{k=1}^{8}\lambda _k^e w_k^e\iint _{A^e}(\varepsilon _k(\mathbf {u}^e)-\varepsilon _k^m)^2dxdy\end {equation}


$\varepsilon _k^m$


$k$


$A^e$


$w_k^e$


$w_k^e = 1$


$k=1,2,3,7,8$


$w_k^e=(2h)^2$


$k=4,5,6$


$h$


$\lambda _k^e$


$k$


$1$


$10^{-4}, 10^{-5}, 10^{-6}$


$\varepsilon _k^m$


$(g)$


\begin {align}&\mathbf {e}_{(g)}^m= \left \{ \begin {matrix} \varepsilon _1^m \\ \varepsilon _2^m\\ \varepsilon _3^m\end {matrix}\right \}_{(g)}=\frac {1}{2} \left \{ \begin {matrix} \varepsilon ^{+}_{xx}+\varepsilon ^{-}_{xx} \\ \varepsilon ^{+}_{yy}+\varepsilon ^{-}_{yy}\\ \gamma ^{+}_{xy}+\gamma ^{-}_{xy}\end {matrix}\right \}_{(g)}\\ &\mathbf {k}_{(g)}^m= \left \{ \begin {matrix} \varepsilon _4^m \\ \varepsilon _5^m\\ \varepsilon _6^m\end {matrix}\right \}_{(g)}=\frac {1}{2h} \left \{ \begin {matrix} \varepsilon ^{+}_{xx}-\varepsilon ^{-}_{xx} \\ \varepsilon ^{+}_{yy}-\varepsilon ^{-}_{yy}\\ \gamma ^{+}_{xy}-\gamma ^{-}_{xy}\end {matrix}\right \}_{(g)}\end {align}


$\lambda _k^e$


$\varepsilon _7$


$\varepsilon _8$


$\lambda _{7,8}^e$


$\varepsilon ^m_{7,8}$


\begin {align}&\frac {\partial \Psi _e(\mathbf {u}^e)}{\partial \mathbf {u}^e}=\mathbf {l}^e\mathbf {u}^e-\mathbf {f}^e=0\\ &\mathbf {u}^e={\mathbf {l}^e}^{-1}\mathbf {f}^e\end {align}


$\mathbf {l}^e$


$\mathbf {f}^e$


$\mathbf {L}$


$\mathbf {F}$


$\mathbf {U}$


\begin {equation}\mathbf {U}=\mathbf {L}^{-1}\mathbf {F} \label {Xeqn4-7}\end {equation}


$\mathbf {s}$


$\mathbf {s_x}$


$\mathbf {s_y}$


$C^1$


$\varepsilon _{SEA}(x,y)$


\begin {equation}\label {interpol_sea_eps} \begin {aligned} \varepsilon _{SEA}(x,y) &= \mathbf {Ps} + \mathbf {Ms_x} + \mathbf {Ls_y} \end {aligned}\end {equation}


$d_x$


$d_y$


\begin {equation}\label {interpol_sea_theta} \begin {aligned} d_x(x,y) &= \mathbf {Ps_x} \\ d_y(x,y) &= \mathbf {Ps_y} \end {aligned}\end {equation}


$\mathbf {P}=[P_1(x,y),P_2(x,y),P_3(x,y)]$


$\mathbf {M}=[M_1(x,y),M_2(x,y),M_3(x,y)]$


$\mathbf {L}=[L_1(x,y),L_2(x,y),L_3(x,y)]$


$C^0$


$\varepsilon _{SEA}(x,y)$


$\varepsilon _{m}(x_i,y_i)$


\begin {equation}\label {func_sea} \begin {aligned} \Phi ^e &= \frac {1}{n^e} \sum _{i=1}^{n^e} \left [ \left ( \varepsilon _{SEA}(x_i,y_i)) - \varepsilon _m(x_i,y_i) \right )^2 \right ] \\&\quad + \alpha \int _{A^e} \left [ \left ( \varepsilon _{{SEA},x} - d_x \right )^2 + \left ( \varepsilon _{{SEA},y} - d_y \right )^2 \right ] \, dA^e \\ &\quad + \beta A^e \int _{A^e} \left [ \left ( d_{x,x} \right )^2 + \left ( d_{y,y} \right )^2 + \frac {1}{2} \left ( d_{x,y} + d_{y,x} \right )^2 \right ] \, dA^e \end {aligned}\end {equation}


$A^e$


$n^e$


$n^e$


$\varepsilon _{{SEA},x}$


$\varepsilon _{{SEA},y}$


$d_x$


$d_y$


$C^0$


$\varepsilon _{{SEA},x}\to d_x$


$\varepsilon _{{SEA},y}\to d_y$


$\varepsilon _{{SEA},x}$


$\varepsilon _{{SEA},y}$


$C^0$


$\varepsilon _{SEA}$


$C^1$


$\alpha $


$C^1$


$C^1$


$\alpha \to \infty $


$\beta $


$\alpha $


$\mathbf {d^e}=[\mathbf {s},\mathbf {s_x}, \mathbf {s_y}]^T$


\begin {equation}\label {sytem_eq_sea} \begin {aligned} \frac {\partial \Phi ^e}{\partial \mathbf {d^e}} &\rightarrow \mathbf {K^e}\mathbf {d^e}=\mathbf {f^e} \end {aligned}\end {equation}


$\mathbf {K^e}$


$\mathbf {f^e}$


\begin {equation}\label {K_eq} \mathbf {K}^e = \frac {1}{n^e} \sum _{i=1}^{n^e} \mathbf {N}_i^T \mathbf {N}_i + \alpha \int _{A_e} \mathbf {B}_\alpha ^T \mathbf {B}_\alpha \, dA^e + \beta A^e \int _{A_e} \mathbf {B}_\beta ^T \mathbf {D} \mathbf {B}_\beta \, dA^e\end {equation}


\begin {equation}\label {f_eq} \mathbf {f^e} = \frac {1}{n^e} \sum _{i=1}^{n^e} \varepsilon _m(x_i,y_i) \mathbf {N}_i^T\end {equation}


\begin {equation}\begin {aligned} &\mathbf {N}_i = [\mathbf {P}(x_i, y_i), \mathbf {M}(x_i, y_i), \mathbf {L}(x_i, y_i)], \quad \mathbf {B}_\alpha = \begin {bmatrix} \mathbf {P}_{,x} & \mathbf {M}_{,x} - \mathbf {P} & \mathbf {L}_{,x} \\ \mathbf {P}_{,y} & \mathbf {M}_{,y} - \mathbf {P} & \mathbf {L}_{,y} - \mathbf {P} \end {bmatrix} \\ &\mathbf {B}_\beta = \begin {bmatrix} \mathbf {0} & \mathbf {P_{,x}} & \mathbf {0} \\ \mathbf {0} & \mathbf {0} & \mathbf {P}_{,y} \\ \mathbf {0} & \mathbf {P}_{,y} & \mathbf {P}_{,x} \end {bmatrix}, \quad \mathbf {D} = \begin {bmatrix} 1 & \mathbf {0} & \mathbf {0} \\ \mathbf {0} & 1 & \mathbf {0} \\ \mathbf {0} & \mathbf {0} & 1/2 \end {bmatrix}, \quad \mathbf {0} = [0, 0, 0] \end {aligned} \label {Xeqn11-14}\end {equation}


$\mathbf {K}\mathbf {d}=\mathbf {f}$


$\alpha $


$\beta $


$\alpha $


$\beta $


$S$


$(\mathbf {\varepsilon }_{{VSE}})_{S\times 1}$


$S_m$


$(\mathbf {\varepsilon }_m)_{S_m\times 1}$


$S_e$


$(\mathbf {\varepsilon }_e)_{S_e\times 1}$


$S = S_m + S_e$


\begin {equation}\mathbf {\varepsilon }_{{VSE}} = \begin {bmatrix} \mathbf {\varepsilon }_m \\ \mathbf {\varepsilon }_e \end {bmatrix} \label {Xeqn12-15}\end {equation}


$\mathbf {q}$


\begin {equation}\label {master} \mathbf {\varepsilon }_m = \mathbf {\Phi }_s^m \mathbf {q}\end {equation}


\begin {equation}\label {slave} \mathbf {\varepsilon }_e = \mathbf {\Phi }_s^e \mathbf {q}\end {equation}


$(\bm {\Phi }_s^{(m,e)})_{S\times M}$


$M$


\begin {equation}\mathbf {q} = \left [(\mathbf {\Phi }_s^m)^T \mathbf {\Phi }_s^m \right ]^{-1} (\mathbf {\Phi }_s^m)^T \mathbf {\varepsilon }_m \label {Xeqn15-18}\end {equation}


\begin {equation}\label {VSE_modal} \mathbf {\varepsilon }_e = \mathbf {\Phi }_s^e \left [(\mathbf {\Phi }_s^m)^T \mathbf {\Phi }_s^m \right ]^{-1} (\mathbf {\Phi }_s^m)^T \mathbf {\varepsilon }_m\end {equation}


$\mathbf {\varepsilon }_e$


$\mathbf {\varepsilon }_m$


$\mathbf {\varepsilon }_{{VSE}}$


$\mathbf {\varepsilon }_m$


$\mathbf {\varepsilon }_m$


$\mathbf {\Phi }_s$


$\alpha $


$\beta $


$M$


$S_m$


$S_m > M$


$\mathbf {\Phi }_s^e$


$\mathbf {\Phi }_s^m$


$[45/0/0/45/0/0/0/45]_s$


$F_z=200N$


$\alpha $


$\beta $


$\beta =10^{-6}$


$\alpha $


$10^{-5}$


$10^4$


$n$


\begin {equation}\label {eq_rmse} RMSE = \sqrt {\frac {1}{n} \sum _{i=1}^{n} ( \varepsilon ^m_i - \varepsilon _i )^2}\end {equation}


$\varepsilon _i^m$


$\varepsilon _i$


$\alpha $


$\alpha $


$[10^{-5},10^0]$


$RMSE$


$RMSE$


$\alpha =10^{-5}$


$\alpha $


$\alpha =10^{-5}$


$RMSE$


$RMSE$


$RMSE$


$RMSE$


$\mu \varepsilon $


$RMSE$


$\mu \varepsilon $


$\mu \varepsilon $


$\alpha =10^{-5}$


$w$


\begin {equation}\label {ERMS_v} \%RMSE_w=100 \times \sqrt {\frac {1}{1035}\sum _{i=1}^{1035}\left (\frac {w_i-w^{ref}_i}{w^{ref}_{max}}\right )^2}\end {equation}


$w_i$


$w_i^{ref}$


$w_{\max }^{ref}$


\begin {equation}\label {Ew_i} \%Ew_i=100 \times \left (\frac {|w_i-w^{ref}_i|}{|w^{ref}_{max}|}\right )\end {equation}


\begin {equation}\label {Ew_max} \%Ew_{max}=100 \times \left (\frac {|w_{max}-w^{ref}_{max}|}{|w^{ref}_{max}|}\right )\end {equation}


\begin {equation}\label {ERMS_v} RMSE_w=\sqrt {\frac {1}{1035}\sum _{i=1}^{1035}\left (w_i-w^{ref}_i\right )^2}\end {equation}


\begin {equation}\label {Ew_max} Ew_{max}=|w_{max}-w^{ref}_{max}|\end {equation}


$\%Erms_w$


$\%Ew_{\max }$


$RMSE_w$


$Ew_{\max }$


$\%Erms_w$


$\%Ew_{\max }$


$RMSE_w$


$Ew_{\max }$


$\%Ew_i$


$\%Ew_i$


$\%Ew_i$


$\%Erms_w$


$\%Ew_{\max }$


$\%Ew_{\max }=1.96$


$\%Ew_{\max }=3.65$


$\%Ew_i$


$10\%$


$RMSE$


$\%RMSE_w$


$\%Ew_{\max }$


$RMSE$


$\%RMSE_w$


$\%Ew_{\max }$


$\mu $


$\sigma $


$\%RMSE_w$


$\%RMSE_w$


$\sigma $


$\%Ew_{\max }$


$\alpha $


$\beta $

mailto:marco.esposito@polito.it
https://doi.org/10.1016/j.rineng.2026.109109
https://doi.org/10.1016/j.rineng.2026.109109
http://creativecommons.org/licenses/by/4.0/

M. Esposito

forward in overcoming this limitation has been recently proposed in
Biscotti et al. [32], where the Single Sensor Based iFEM (SSB-iFEM) has
been formulated. This formulation removes the standard iFEM require-
ment for back-to-back sensors, allowing the sensorisation of thin-walled
structures with single-sided sensor configurations and thus reducing the
sensor requirement for the method. This formulation has been success-
fully applied to the monitoring of a container ship in Bardiani et al. [33].

Another strategy to reduce the strain sensor requirement for iFEM is
the use of strain pre-extrapolation techniques. In Wang et al. [34], the
full strain field of a CFRP plate is reconstructed from a limited number
of strain measurements through a moving-surface spline interpolation
based on Green’s functions. Despite this promising approach, the chal-
lenge of enriching iFEM input with additional strain data from a limited
number of physical sensors installed has been addressed in only a few
studies. One of the first approaches was the Smoothing Element Analysis
(SEA), introduced in [35] as a finite element-based method for extrap-
olating individual stress components across a domain with adjustable
smoothness. SEA was later adapted to handle strain components and in-
tegrated with iFEM for applications such as experimental shape sensing
of a wing-shaped sandwich laminate [36] and, more recently, numerical
shape reconstruction of an aluminium plate [37]. In [38], SEA has been
coupled with a sensor optimisation algorithm to increase the efficiency
of the method and further reduce the number of sensors required by
iFEM. An alternative strategy based on polynomial fitting was proposed
in [39] for the same purpose. A comparative assessment of SEA and
polynomial fitting was conducted in [40], focusing on an experimental
case involving a composite plate under buckling conditions and showing
the superior extrapolation capabilities of SEA. Although SEA is widely
adopted as the standard technique for extrapolating strain data for iFEM,
its applicability is generally limited to simple geometries. Specifically, it
can only propagate strain information within regions lying on the same
continuous surface as the sensor data, i.e. strains recorded on the skin
of a stiffened panel cannot be used to infer strains on the stiffeners, and
vice versa. Additionally, since this technique operates on scalar quanti-
ties, each strain component must be extrapolated separately, resulting in
complex processes. A new strain pre-extrapolation technique, the Modal
Virtual Sensor Expansion (Modal VSE), has been recently formulated
and coupled with iFEM in [41]. This method is inspired by an estab-
lished shape sensing technique, renowned for its adaptability to sparse
strain sensor configurations, the Modal Method (MM) [42]. The Modal
VSE employs modal strain shapes as basis functions to reconstruct the
full strain field of a structure. The coefficients of the basis functions are
determined by fitting the modal strain expansion to discrete strain mea-
surements, in a least-squares sense, using data from a limited number
of sensors. This technique overcomes the limitations of SEA in terms of
its applicability to complex geometries. In fact, since the modal strain
shapes are defined across the entire structural domain and account for
all strain components in every direction, the virtual expansion is not lim-
ited by the location or direction of the input data. For instance, starting
from discrete strain components measured along the x-direction on one
surface of a structure, it is possible to compute strain components in
the y-direction on a different surface of the same structure. The novelty
introduced by the Modal VSE has demonstrated promising results; how-
ever, it has never been compared with other strain pre-extrapolation
models. A rigorous comparative study assessing the performance of the
Modal VSE is therefore highly needed, both for researchers and indus-
trial practitioners, to determine the most suitable tool for their specific
applications.

In this work, the Modal VSE method is benchmarked against the most
widely used pre-extrapolation approach, SEA. The comparative study
is numerically performed on the extrapolation of strains of a compos-
ite wing-shaped panel. Starting from a reduced set of sensors, the two
methods are used to expand the strain information and feed the iFEM
for shape sensing. The analysis also includes an uncertainty propaga-
tion analysis, performed through a Monte Carlo Simulation process [16],
to evaluate the influence of errors that may affect the inputs from ex-
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perimentally measured strains. The study shows that the Modal VSE is
more adaptable to complex geometries and consistently more accurate
than SEA for strain pre-extrapolation. Moreover, although iFEM demon-
strates strong robustness and is only slightly affected by variations in the
strain input, the use of Modal VSE for strain pre-extrapolation also leads
to improved accuracy in shape sensing. These conclusions are also con-
firmed in the uncertainty propagation study, when the input strains are
affected by errors simulating experimental scenarios.

The paper is structured as follows. In Section 2, iFEM is introduced.
The strain pre-extrapolation methods, the Modal VSE and SEA, are de-
scribed in detail in Section 3. In Section 4, the test case and the results
of the strain pre-extrapolation and shape sensing are presented. The ef-
fects of the uncertainty in the strain input are evaluated in Section 5.
Finally, in Section 6, the concluding remarks are formulated.

2. Inverse Finite Element Method

The inverse Finite Element Method (iFEM) is founded on the discreti-
sation of the structural domain into finite elements. Similar to the con-
ventional (direct) Finite Element Method, the displacement field within
each element is interpolated through unknown nodal degrees of freedom
(DOFs) and predefined spatial shape functions [43]. This formulation
enables the direct derivation of the strain field from the spatial deriva-
tives of the shape functions and the nodal degrees of freedom [44].

Adopting the First-order Shear Deformation Theory as the kinematic
assumption for thin plates, the strain field, which includes three in-plane
strain components and two transverse shear strain components, can be

represented in terms of eight strain measures, €, (k =1, 2, ..., 8):
Exx Uy 0.« €] &4
Epy (= o +z =0y =96 ¢r+2zy65¢0 =€+ zk
Txy Uytu, 0y, —0xx) £ £6 6h)

()1
= = =g
Yyz w.y_ex £g

in the above, e denotes the membrane strain measures, k the bending
curvatures, and g the transverse shear strain measures. The mid-plane
displacements and the bending rotations are u, v, w, 6,, and 0,, and z is
the through-thickness coordinate.

By discretising the structure with finite elements, these kinematic
variables within each element can be interpolated through the shape
function matrix N and the vector of nodal degrees of freedom u®:

[u, v, w, 0, 6,]" = Nu® 2

The eight strain measures defined in Eq. (1) are thus expressed in
terms of the nodal degrees of freedom as:

£ @) =Bu® (k=1,2,..,8) 3

here, B, is a matrix containing the spatial derivatives of the shape func-
tions corresponding to the kth strain measure.

The aim of iFEM is to determine the nodal degrees of freedom that
optimally match, in a least-squares sense, the analytical strain measures
(Eq. (3)) to experimentally obtained strains at discrete locations. This is
accomplished by minimising the following functional:

8
Pee) = Y ALws // (e,(u®) — €Y dxdy 4
k=1 A

in this expression, €} represents the kth strain measure obtained ex-
perimentally, and A° denotes the area of the inverse element. The co-
efficients w{ ensure dimensional consistency across terms and are set
as w¢ =1 for k=1,2,3,7,8, and w¢ = (2h) for k = 4,5,6, with h being
the half-thickness of the plate. The coefficients 4 are penalisation fac-
tors which reflect whether the kth strain measure is available or not:
they are set to 1 if the strain is measured, and to a small value (e.g.,

1074,107%, 107°) otherwise. In the latter case, e is assumed to be zero.
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The first six strain measures can be experimentally estimated at a
generic location (g) by using data from sensors placed on both the top
(+ ) and bottom (-) surfaces of a plate:

el | el +e .
m m _ + -
€ =152 =5 eﬁ_y Teyy (5a)
ey Yot ey
3@ T g
SZ’ 1 E;x - E;x
m _ m _ + -
ko =155 =R T e (5b)
¢ AN
) o e

If only unidirectional sensors are used, only certain strain compo-
nents can be reconstructed; the remaining components are addressed
via the penalisation scheme using 4. The transverse shear strain mea-
sures, €; and ¢g (see Eq. (1)), cannot be experimentally measured and
are always associated with small penalty values Vo and zero measured
values e;'fg.

Minimising the functional in Eq. (4) yields the nodal degrees of free-
dom that best fit the measured strain field in a least-squares sense. This
minimisation leads to a system of linear algebraic equations:

W) _ ey _ge =0 (62)
ouwe N
w =11 (6b)

To apply the method to an entire mesh, a standard assembly procedure
is used. The local matrices 1° and vectors f¢ are assembled to form the
global matrix L and the global vector F, respectively. The global nodal
degrees of freedom U are thus obtained as:

U=L"'F @

The penalisation strategy embedded in Eq. (4) makes the method
suitable even for configurations with sparse sensor coverage, i.e., for
elements lacking direct strain measurement data. However, previous
studies [15,16] have shown that while the method maintains reason-
able accuracy for moderately sparse configurations, it achieves higher
accuracy when the structure is equipped with a dense network of strain
Sensors.

3. Strain pre-extrapolation methods

In the previous section, the importance of the availability of strain
information for the iFEM was highlighted. In this section, two strain
pre-extrapolation methods which can be used to feed iFEM with extrap-
olated strain components from a limited number of physical sensors are
described in detail, focusing on their formulation, strength, and limita-
tions.

3.1. Smoothing Element Analysis

The Smoothing Element Analysis (SEA) is an FE-based strain/stress
extrapolation technique introduced by Tessler et al. in [35]. Although it
has been used for both strain and stress extrapolation, in the context of
this work, only the application to strain is considered; however, the same
formulation can be adopted for stress as well. The method is based on
the discretisation of the structural domain with Finite Elements and on
the consequent expression of the strain field in terms of unknown nodal
degrees of freedom and known shape functions. The nodal degrees of
freedom for an SEA element are illustrated in Fig. 1.

The first DOF, s, represents the extrapolated strain value for each
node. The remaining two, s, and s, are auxiliary DOFS used to enforce
C! continuity in the extrapolated strain field, as discussed in the remain-
der of this paragraph. The strain field, € ¢ 4(x, ), is interpolated within
the element using parabolic and linear shape functions:

espa(x,y) =Ps+Ms, +Ls, (€)]
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(53' Sx3, 5y3)

s =152

(51'5x1'5y1) (Sz'sxz'syz)

Fig. 1. SEA element.

whereas the auxiliary fields, d, and d,, are interpolated using linear
shape functions:

dx(x’ y)= Psx
dy(x, y) = Ps,

€©)

The linear shape functions P =[P(x,y),P,(x,y),Ps(x,y)] are
the area-parametric coordinates of the triangle, whereas
M = [M(x,y), My(x,y), M3(x,y)] and L =[L(x,y), Ly(x,y), L3(x,)]
are the parabolic shape functions introduced in [45]. All these shape
functions are C° continuous, and their explicit formulation can be found
in [40]. To compute the unknown nodal values of the extrapolated
strain field (egp4(x,y)) that best fit the measured strain field, the
method requires discrete measurements of deformation within the
element (¢,,(x;,y;)), as shown in Fig. 1. The procedure is developed
by minimising a functional representation of the error between the
measured quantity and the analytical counterpart. In addition to
this error, the functional includes additional terms to control the
smoothness of the extrapolated field by controlling the continuity of the
derivatives of the extrapolated function. The functional that expresses
these conditions is:

1y
" = ? ; I:(ESEA(xh ¥i) — €, (x;, y,.))z]
+a/‘e [(SSEA,X_dx)z"l‘(ESEA’y—dy)z] dA® (10)

+pA / [(dx,x)2 +(dy,) + %(dw + dy’x)z] dA®
At

where A€ is the area of the element, and »° is the number of available
strain measurements within the element.

The first term of the functional expresses the error between the ex-
trapolated strain field and the measured one in »n° locations within the
element.

The second term expresses the deviation of the derivatives of the
extrapolated strain field (e g4 x> €5E4,,) from the auxiliary fields of the
SEA element (d,, d ,)- Since the auxiliary fields are C° continuous, when
this term is minimised, g4, — d, and egp ), — d,. Therefore, egp 4 .
andegp, , tendtoa C? function and, hence, £ 4 tends to a C! function.
Through the weight a that multiplies this term, it is possible to set the
enforcement level of the C! continuity of the extrapolated strain field,
which is C! continuous for @ — .

The third term is a regularisation term involving the derivatives of
the auxiliary fields. The term imposes a constraint on the strain curva-
tures controlled by the parameter . This parameter should be set to a
small value (compared to «) when the measured strains are perceived to
be reasonably accurate and to a large value if the filtering of corrupted
data is needed [35].

The minimisation of the functional concerning the nodal DOFs, d® =
[s. Sy sy]T, leads to the formulation of a system of linear algebraic equa-
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tions:
00°
d° - K¢d® =f*¢ 1D
the expression of the K¢ and f* are:
e
1
K= Z:‘NITN,. + a/A BB, dA° + ﬁA“/ B/ DB, dA° (12)
= e e
1<
T
fe = - izzlsm(xi,yi)Ni 13)
where:
P M,-P L
N; = [P(x;, y), M(x;, y;), L(x;, y)], Ba=[Pj h(i—P LJiP
0 P, 0 1 0 0
B,=|0 0 P,/ D=[0 1 0[ 0=[000]
0 P, P, 0 0 172

14)

The classic assembly procedure of FE-based methods can extend the
computation of matrices to a complex and multi-element mesh, thereby
allowing the formulation of a global system of linear equations, Kd = f.
The solution of this system leads to the computation of the nodal values
of the extrapolated strain field that best fits the measured strain field at
discrete locations, with the constraints and regularisation contributions
induced by the terms multiplied by « and . The SEA mesh used for the
strain extrapolation can have elements that do not include any strain
measurement. In this case, the first element of Eqs. (12) and (13) are set
to 0.

The strength of SEA is represented by the possibility of extrapolat-
ing the strain field over geometrical domains that can be meshed with
FE. Moreover, the method has a strong flexibility to different problems
thanks to the parameters a and #, which can impose problem-specific
conditions on the extrapolating functions. However, in some applica-
tions, this represents a limitation. In fact, the setting of these parameters
requires some knowledge of the problem or a parametric study to find
the best setting, thus sometimes resulting in an onerous and challenging
process. The method is well-suited for extrapolating continuous fields
in domains with no abrupt variations in strain. Consequently, it can be
inaccurate when applied to built-up structures, where the complexity
of the structure can lead to sudden variations in the strain field over
the geometrical domain. In addition, for this kind of structure, another
problem is the extrapolation of the strain field on parts of the structural
domain that do not belong to the same surface of the measured strains,
i.e. for a stiffened panel, strains measured on the skin can not be used to
extrapolate strains on the stiffeners and vice versa. In addition, SEA ex-
trapolates scalar quantities; consequently, SEA extrapolates each strain
component at a time, and measured components can only be used to
extrapolate the corresponding field. Another limitation of the approach
is the mesh sensitivity of the method. The quality of the extrapolations
depends on the SEA mesh adopted; therefore, a preliminary study of the
extrapolating model is required.

The SEA approach described in this work is formulated for shell ele-
ments. However, a corresponding formulation for beam-like structures,
based on a beam finite element, should also be feasible. To the authors’
knowledge, such an extension has not yet been explored in previous
studies, but it is expected to be straightforward and should not present
significant difficulties, thereby making the method suitable for a wider
range of geometrical domains.

3.2. Modal Virtual Sensor Expansion

The Modal Virtual Sensor Expansion (Modal VSE) has been recently
coupled with iFEM in [41]. This method combines the features of the
Modal Method, another shape sensing technique, with iFEM to over-
come the limitations of these two techniques. Modal VSE is based on
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the extrapolation of strain measurements from a few sensors using the
modal strain shapes of the structures.

In [46], O’Callahan et al. introduced the System Equivalent Reduc-
tion Expansion Process (SEREP), which can be used to virtually expand
a small number of strain measurements into a larger set. A vector of
S strain components, (e, sx)sx;, can be divided into two subsets: S,
measured strains, (g,,)s, x> and S, expanded strains, (g,),x;, such that
S=58,+5,:

ey g = [zm] (15)

If a FE discretisation of a structural domain is considered, the two
vectors can be expressed through a modal expansion in terms of the
vector of the modal coordinates, q:

e, = @q (16)

g, = D°q an

here, the modal matrices (<I>§""e))sX u are constituted by M columns (the
ith column being the set of strains corresponding to the ith mode shape of
the FE model of the structure). By pseudo-inverting Eq. (16), we obtain:

q=[@" @] (@M, (18)
Substituting this into Eq. (17) provides:
g, = [(@") @] @")e, (19)

This equation allows the computation of the &, subset from the ¢, subset,
enabling the reconstruction of the full strain set &), g, from the measured
strains ¢,,. If ¢,, corresponds to strains measured on a structure, Eq. (19)
allows the expansion of these to strains at different locations or in dif-
ferent directions. Since the modal strain shapes are defined across the
structural domain and for all strain components, this method is not re-
stricted to extrapolating strain components within the same direction
or surface, as seen in Smoothing Element Analysis (SEA). Instead, it can
compute, for instance, strain components in the y-direction on a differ-
ent surface, starting from discrete components in the x-direction.

For the method to be accurate, it is essential to select modes whose
combination can represent the strain field that needs to be extrapolated.
The selection of these modes defines the @ formulation. A criterion for
the selection of the modes, based on the strain energy contribution of the
single mode to the desired static deformed condition, has been adopted
in [42,47] and can be applied here. The selection of the modes involves
a preliminary study that is needed for the method. As for the parameters
a and f described for SEA, this study requires some knowledge of the
expected strain field. Furthermore, the number of modes (M) constrains
the minimum number of measured strains, S,,, requiring that S,, > M.

Modal VSE exhibits some applicability advantages over SEA. How-
ever, it introduces a dependency on the knowledge of the structure’s
material properties, unlike standard iFEM, which only relies on strain-
displacement relationships independent of material properties. Since
Modal VSE requires the computation of modal characteristics dependent
on these properties, its applicability is limited to cases where material
properties are known, which is generally the case in engineering prob-
lems.

The Modal VSE requires the computation of the modal matrices ®¢
and ®7'; however, it is completely independent of the model used to ob-
tain them. The modal characteristics can be extracted from beam, shell,
or even solid FE models, as well as from analytical models or experi-
mental tests, without compromising the generality of the method. This
ensures that the approach remains adaptable to structures with widely
varying geometries and suitable for a broad range of applications.



M. Esposito

Results in Engineering 29 (2026) 109109

Fig. 2. Geometry of the test case [41]. All dimensions are expressed in mm.

Table 1
TWILL T-300 nominal properties.

E,[GPa] En[GPal v;, G, =Gy =G3[GPa]l Ply-thickness [mm] p[Kg/mm’]

59.7 59.7 0.09 3.8 0.25 1.5E-06

4. Numerical comparison

This section compares SEA and Modal VSE numerically on the strain
pre-extrapolation of a composite wing-shaped stiffened panel. The com-
parison is first evaluated based on the extrapolation of the strain from
a small set of measured sensors. Then, the extrapolated set of sensors is
fed into the iFEM, and the accuracy of the shape sensing is also assessed.

4.1. Test case

The analysed numerical test case is a composite wing-shaped stiff-
ened panel, whose geometrical parameters are presented in Fig. 2. The
flat part of the panel is constituted of a laminate whose stacking se-
quence is [45/0/0/45/0/0/0/45],. The three T-section stiffeners have the
exact same lamination on the web, whereas the stacking sequence of the
two caps is obtained by folding the webs’ lamination by ninety degrees.
All the layers of the composite are made of a TWILL T-300 carbon-fibre
fabric prepreg. The characteristics of the prepreg are reported in Table 1.

Three FE models of this structure have been developed. The first one,
the iFEM model, is constituted of 960 iQS4 quadrilateral elements [43],
1035 nodes, and is shown in Fig. 3. This model is the one used for the
application of iFEM. From this model, a high-fidelity model, the direct
model, is obtained by splitting each quad element into four elements,
thus generating a refined mesh of 3840 NASTRAN CQUAD4 elements.
This second model is used to simulate the testing condition of the struc-
ture and to generate the reference strains and displacements adopted to
evaluate the accuracy of the strain pre-extrapolations and shape sens-
ing. Moreover, this model is also used to compute the modal character-
istics of the structure for the use of the Modal VSE. Two other models
are generated for the application of SEA to the structure. These mod-
els, composed of triangular elements, will be described in the following
paragraph.

The boundary conditions considered for this study are simple sup-
ports at the tips of the two half-wings (Fig. 4). The panel is loaded with

.leoc Z & i/o
RXlocJ’loc , T

Sensors on the leading
edge stringer’s web

Fig. 4. Boundary conditions and target deformed shape of the test case. All
dimension are expressed in mm.

a concentrated force, F, = 200N, applied at the root of the wing. The
location of the concentrated force along the chord length is designed
to generate a complex bending and torsion deformation on the wing.
Under this loading condition, the displacement field resulting from the
analysis of the direct model is reported in Fig. 4.
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.leoc I:l Sensors included in the
mR complete master set only
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Fig. 5. Master sets of sensors on the panel. The Complete master set includes
all the sensors represented in the figure, whereas the Reduced master set does
not include the sensors within the black perimeter.

4.2. Sensor configuration

The application of the strain pe-extrapolation requires the definition
of two families of sensors. The actually measured set of sensors will be
referred to as the master set. The master set, plus the strain extrapolated
with the methods object of this work, will be defined as the expanded
set. For this study, two master sets and one expanded set are considered.

The set of sensors, shown in Fig. 3, is an optimised sensor configura-
tion for the application of iFEM. The configuration was derived in [48]
through an optimisation process carried out with a Genetic Algorithm.
As a consequence, the configuration guarantees high accuracy for shape
sensing. The configuration includes eight lines of sensorised elements
with sensors measuring the strain along the respective line’s direction
(x-loc). Moreover, eight strain rosettes are also considered in the config-
uration. Although this configuration ensures extremely accurate shape
sensing, it involves a considerable number of sensors. For this reason,
the objective of the present study is to reproduce the same level of strain
information as the optimised configuration by expanding the strain field
from a reduced subset of master sensors, thereby decreasing the number
of physical sensors that must be installed without compromising shape-
sensing performance. To achieve that, two master sets are tested. The
first one considers a subset of sensors from 5 out of the eight measuring
lines of the optimised configuration. This configuration sufficiently cov-
ers the geometrical domain of the panel. This master set will be defined
as Complete master set and includes all the sensors presented in Fig. 5.
The sensors included in this set represent 18% of the sensors included in
the optimised set. On the other hand, a reduced set of master sensors is
considered to evaluate the adaptability of the extrapolation methods to
more sparse sensor configurations. This second configuration considers
a broad area of the structure without physical sensors, where the strains
are nonetheless extrapolated. This configuration is defined as Reduced
master set and is obtained by removing the sensors enclosed in the back
square of Fig. 5. This set of sensors represents 15% of those included
in the optimised set. These master sets are not used indiscriminately for
SEA and Modal VSE. In fact, the two methods have different characteris-
tics that adapt to different master sensor configurations. For this reason,
the sets of sensors will be slightly modified to suit the requirements of
each method. A detailed description of the master sets for each method
is provided in the following sections.

All the sensor configurations illustrated in this paragraph are in-
tended in a back-to-back configuration, i.e. sensors are placed on both
the external surfaces of the plate at the designed locations.

4.3. SEA setup

The application of SEA requires the definition of a SEA model. For
this application, two models are considered to evaluate the mesh’s influ-
ence on the accuracy of SEA. Both SEA models are obtained by splitting
the quad element of the iFEM model into four triangular elements, ac-
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Fig. 6. Splitting pattern for the extraction of the SEA mesh from the iFEM mesh.

oS

Xloc

I:l Sensors included in the
complete master set only

Fig. 7. Undivided SEA mesh - This model discretises the skin panel using a
single mesh.

:] Sensors included in the
complete master set only

GO

SOOI
ROZO0
%0 BXK X

%0
HOOOPDMDON

Fig. 8. Zones SEA mesh - This model discretises the skin panel using five sepa-
rate meshes.

cording to the pattern shown in Fig. 6. This pattern has proven optimal
for using SEA in several applications [37,40,45].

The first SEA mesh, labelled as Undivided SEA mesh, considers the
whole panel as a unique mesh (Fig. 7). In this case, the master sensors
are simultaneously used to expand the strains to the optimised sensor
configuration in a single extrapolation process for the entire skin of the
panel.

The second model, labelled as Zones SEA mesh, is obtained from
the previous one by dividing the mesh into five zones, as illustrated in
Fig. 8. For this case, each zone is treated separately, and the strains
are extrapolated within each zone, considering only the master sensors
located within the zone itself. This second model is designed to smooth
possible sharp variations of the strain components between the sensing
lines.

The SEA applicability to the extrapolation of scalar values required
the modelisation of the panel and the stringer separately since the ex-
trapolated strains on the two parts have a completely different direction,
and information on the strain field on one component can not be used
for extrapolating strains on the other component. Consequently, the SEA
process is applied to the two parts separately. This limitation also re-
quires physical sensors to be applied to both parts of the structure. For
this reason, in addition to the sensor master sets described in Fig. 5, the
master sets used for SEA include the additional sensors on the leading
edge’s stringer shown in Fig. 9. The scalar extrapolation nature of SEA
also prevents the use of all three strain components from the rosettes for
the extrapolation of the strains along the x-loc direction. Therefore, the



M. Esposito

Fig. 9. Additional master sensors on the leading edge stringer for the applica-
tion of SEA.

Table 2

Results of the parametric study for the applica-
tion of SEA. The table shows the influence of the
a parameter and the selected kind of mesh for
the extrapolation process.

Undivided SEA mesh Zones SEA mesh

a RMSE [ue] RM SE [ue]
1073 7.8 8.9
1074 8.3 9.5
1073 8.3 9.5
1072 8.3 9.5
107! 8.3 9.5
10° 8.3 9.5
10! 8.4 9.6
10? 8.9 9.7
10% 12.3 10.3
10* 13.8 11.9

rosettes represented in Fig. 5 are only used as mono-axial strain gauges
along the x-loc direction for the SEA process, as highlighted in Figs. 7,
8.

The application of SEA also requires the setting of the method’s pa-
rameters. Therefore, the first step for this method is studying the influ-
ences of the parameter a and of the SEA mesh. On the other hand, the g
parameter is fixed and set to a small value (f = 10~9), as prescribed in
the case where there is good confidence in the accuracy of the measured
strains [40,49]. To assess the influence of «, the parameter varies from
107 to 10* with a step of 10. For each value, the extrapolation of the
strains is performed using the Complete master set on both the Undi-
vided SEA mesh and the Zones SEA mesh to evaluate the performance
of the two different discretisations. For each strain pre-extrapolation,
the RMSE is computed for all the n strain components measured with
the sensors of the optimised configuration:

n
1
2z Z(El{n —g)
nia

In eq. 20, &/ represents the reference strain value extracted from the
high fidelity direct model and ¢; represents the same strain value from
the extrapolated set of strains. The extrapolated set of strains also in-
cludes the reference value of the strains from the master set.

The results of this parametric study are summarised in Table 2.
The results show that SEA is robust to variations in « within the
range [107%, 10°]. In fact, for values within this range, the RM S E does
not show significant fluctuations. However, the minimum value of the
RM SE is obtained for « = 10~ for both the considered SEA meshes.
The influence of the mesh type does not have a considerable impact
on the error. Nevertheless, the Undivided SEA mesh consistently shows
higher accuracy for small values of a. In conclusion, the configuration
that considers the Undivided SEA mesh with a = 107 is the one show-
ing the highest accuracy, and is the one that will be considered in the
comparison study against the Modal VSE.

RMSE = (20)

4.4. Modal VSE setup

For the application of the Modal VSE, the master sets of sensors and
the optimised expanded set are precisely the ones in Fig. 5 and 3, re-
spectively. Thanks to its higher flexibility, the Modal VSE can utilise
sensors only on the panel to extrapolate the strain field on the stringer’s
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Table 3
Results of the comparison between SEA and Modal VSE in
terms of RM SE.

Complete master set ~ Reduced master set

SEA Modal VSE SEA Modal VSE
RM SE [ue] 7.8 4.3 9.2 4.2
Line 1 Top
207 s O FEM. (xef.) P
() ¥ SEA complete master - RMSE=3.3 o ©
40 X [J SEA reduced master - RMS Z
Modal VSE complete master - RMSE=2.5
{) Modal VSE reduced master - RMSE=2.0 @@
-60 - 5@
w
3
= g0
x 4
+ X
100 |- ()
© (=)
120 -
Q.0
140 | | (:3) | |
-600 -400 -200 0 200 400 600
X [mm]

Fig. 10. Strain pre-extrapolation results for Line 1 on the flat side (Top) of the
panel.

web, thus eliminating the need for additional sensors on this component.
Moreover, all three components of the strain rosettes can be used since
the method is able to expand the strains to different components than
the one measured. The Modal VSE pre-extrapolation technique requires
setting fewer parameters with respect to SEA and is mesh-independent.
However, it necessitates computing the structure’s modal strain shapes
and selecting the modes most relevant to the strain field that needs to be
extrapolated. To do that, a technique based on computing the potential
strain energy contribution of each mode to a target deformed shape of
the structure has been formulated in [42]. Although this technique re-
quires knowledge of the target deformed shape, the selection of modes
with this criterion has proven to be robust to variations in the load case
[41]. For the current application, the first 40 modes of the structure
have been computed. Out of these 40 modes, the first 18 modes account
for 98.4% of the total strain deformation energy of the target deformed
shape (Fig. 4), and therefore they are selected for the application of the
Modal VSE.

4.5. Strain pre-extrapolation comparison

In this section, a comparison is performed in terms of strain pre-
extrapolation for SEA and Modal VSE.

In Table 3, the RM S E obtained for the Modal VSE and SEA for the
two considered master sets of measured sensors are summarised. The
RM SE are computed over all the strain components included in the
optimised configuration of sensors. The results show that the Modal VSE
is more accurate than SEA for both sets of master sensors. Moreover, the
analysis proves that Modal VSE is robust to the reduction of provided
strain information. In fact, the RM SE is equal to 4 ue independently
of the considered master set. On the contrary, the SEA shows a slight
decrease in accuracy and a consequent increase in the RM SE from 8
ue to 9 ue when the measured sensors are reduced.

A more detailed comparison can be achieved by analysing the trend
of the extrapolated strains along the eight sensing lines of the optimised
configuration (Fig. 3). The entire set of extrapolated strains is reported
in Appendix A. In this section, only the more critical lines for compar-
ing SEA and Modal VSE are reported and commented. The extrapolated
strains and the reference ones for Line 1 are shown in Fig. 10.

For this case, the reported strains are relative to the panel’s flat sur-
face (Top). For this sensing line, several sensors are included in the mas-
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Fig. 11. Strain pre-extrapolation results for Line 4 on the stiffened side (Bottom)
of the panel.
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Fig. 12. Strain pre-extrapolation results for Line 5 on the stiffened side (Bottom)
of the panel.

ter sets, and both the Modal VSE and SEA can accurately reconstruct the
strain along the line.

On the other hand, Fig. 11 shows the trend of the strain extrapo-
lation for Line 4 on the stiffened surface of the panel (Bottom). Sens-
ing line number 4 is the one that includes physical sensors only in the
complete master set. The analysis of the trends shows that SEA, even
when the complete master set is considered, struggles to reproduce
the real strain distribution. Moreover, when the master set of sensors
is reduced and does not include sensors on Line 4, the RMSE for SEA
increases rapidly. On the contrary, the Modal VSE shows a higher level
of robustness. In fact, although the accuracy decreases for the reduced
master set, the method can replicate the strain distribution, even when
no strain information is acquired on Line 4. The RMSE for Modal VSE
is consistently lower than that for SEA for every considered master set.
This phenomenon highlights the impressive capability of extrapolation
of the Modal VSE, even for regions of the domain where strain informa-
tion is poor or absent.

The same behaviour can be observed for Line 5 in Fig. 12. Only one
strain sensor that belongs to Line 5 is included in both the master sets.
However, this sensing line is close to Line 6, where several physical sen-
sors are included in the master sets. The proximity of this strain infor-
mation does not help SEA to obtain reasonable extrapolations, whereas
the Modal VSE, also in this case, performs strongly better than SEA.

Finally, another sensing line worth analysing is Line 7. This line lies
on the front stringer of the panel. It is essential to note that for the
extrapolation of strains on this line, SEA includes the master sensors in
Fig. 9, whereas the Modal VSE does not consider any master sensor on
the line. Once again, the extrapolation results in Fig. 13 show that the
Modal VSE can extrapolate the strains in portions of the structure not
sensorised with any physical sensors, with an accuracy higher than that
reached by SEA fed with more strain information.
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Fig. 13. Strain pre-extrapolation results for Line 7 on the face of the stringer
towards the leading edge (Leading edge).

4.6. Shape sensing comparison

In this section, the pre-extrapolated strains are used as input to per-
form shape sensing with iFEM. Specifically, to compare the features of
SEA and the Modal VSE and highlight their characteristics, the best-
performing configurations are considered for each method. Therefore,
the strain pre-extrapolation with SEA is performed using the complete
master set of sensors with « = 10~ and the undivided SEA mesh. In con-
trast, the reduced master set of sensors is used for the Modal VSE. Start-
ing from their respective master sets of measured sensors, both methods
are used to extrapolate the strains to the whole optimised configuration
of sensors, which is then used to perform iFEM. The accuracy of the
iFEM is evaluated through three percentage-based errors and two ab-
solute errors concerning the reconstructed transverse displacements, w
(along z direction), relative to the target deformed shape in Fig. 4:

o The percentage root mean squared error of the transverse displace-
ments over the 1035 nodes of the inverse mesh:

2
GRMSE, = 100% 4| L 3" (= il 21
A w =100 x 10352 —7 (1)
i=1 max
where w; are the reconstructed transverse displacements, w;ef are

the reference transverse displacements, computed from the analysis
of the direct mesh, and w/*/, is the maximum value of the reference
transverse displacements. This error, computed over the whole struc-
ture, measures the global accuracy of the shape reconstruction.

o The percentage error on the ith node:

|w, — w]/|
%Ew; =100 x | ———— (22)
|

max

e The percentage error computed in the node where the maximum
reference transverse displacement is experienced:
|LU —uwe f
% EW,pg, = 100 x [ —24X___max (23)

ref
| wmax

This error is a punctual one, allowing for the measurement of the
reconstruction’s accuracy in the most significant displacement.

e The root mean squared error of the transverse displacements over
the 1035 nodes of the inverse mesh:

1035

ﬁ Z (w,- - w;ef)z 24)

i=1

RMSE,, =

¢ The absolute error computed in the node where the maximum refer-
ence transverse displacement is experienced:

Ewpy = |Wpay = wrmngxl (25)

The results of the shape sensing in terms of %Erms,,, %Ewy,,,
RMSE,, and Ew,,, are reported in Table 4, whereas the distributions

8 of %Ew; are reported in Figs. 14 and 15. In Table 4, the results of the
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Table 4
Results of the shape sensing in terms of %Erms,,, %Ew,,,, RMSE,, and
Ew, .-
SEA+iFEM  Modal VSE+iFEM  Nominal strains +iFEM
%RMSE, 2.95 0.97 1.05
%Ew,,, 3.65 1.96 4.02
RMSE,, [mm] 0.14 0.047 0.051
Ew,, [mm] 0.18 0.096 0.20

%Ewl-
0.00 1.06 2.12 3.18 4.24
N -

Fig. 14. %Ew; distribution for the shape sensing performed with SEA coupled
with iFEM.

%E‘.Wl'
0.00 0.85 1.71 2.56 3.41
[ -

Fig. 15. %Ew; distribution for the shape sensing performed with Modal VSE
coupled with iFEM.

shape sensing, where all nominal strains of the optimised sensor con-
figuration are used, without any pre-extrapolation, are also reported for
comparison.

The results show that iFEM is an exceptionally stable shape sensing
method when processing input strains affected by inaccuracy. For every
considered configuration, the errors never exceed 5%, proving that both
the strain pre-extrapolation methods can lead to precise shape sensing.
However, upon closer examination of the error parameters, the Modal
VSE coupled with iFEM demonstrates higher accuracy. The global ac-
curacy, measured by the % Erms,, parameter, tends to the one obtained
with the nominal strain values, with a value of 0.97%, which is signifi-
cantly lower than that obtained with SEA. Moreover, the % Ew,,,, is also
lower for Modal VSE (%Ew,,,, = 1.96) than for SEA (%Ew,,,, = 3.65).
The distributions of % Ew; in Figs. 14 and 15 confirm these results. The
deflections reconstructed with SEA coupled with iFEM show a uniform
distribution of the error over the panel, with a broad area where the
error is close to 4%. In contrast, the shape sensing with the help of the
Modal VSE shows a local rise in the error only in a small portion of the
panel at the trailing edge, where the error reaches 3.4%. In the remain-
ing portions of the structure, the error is comprised between 0% and
1.7%. It is worth noting that the higher accuracy shown by the Modal
VSE is obtained with a master set of measured sensors that includes
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fewer sensors than that of SEA, and does not include sensors on the
stringer.

The shape sensing analysis reveals that, although both models yield
adequate accuracy, the Modal VSE produces more reliable displacement
reconstructions with iFEM. These results are obtained using determinis-
tic values of the input strains, which are derived from a finite element
model of the test case. Moreover, the errors in Table 4 highlight an unex-
pected behaviour. In most cases, the pre-extrapolation leads to smaller
errors than the iFEM fed with the nominal strains. This phenomenon can
be explained by the effect that perturbed inputs can have on iFEM. As
reported in the uncertainty propagation study in [16], strain inputs af-
fected by small errors, as in the case of the discrepancies introduced by
the pre-extrapolation, can statistically produce both slightly better and
worse shape sensing accuracy, in the neighbourhood of the unperturbed
result. In this case, the beneficial coincidence is revealed. Therefore, to
consider different scenarios that may not lead to this favourable condi-
tion and to test the robustness of the methods to the variability of the
strains, it is necessary to perform an uncertainty propagation analysis.
This analysis is presented in the next section.

5. Uncertainty propagation analysis

An uncertainty propagation analysis is performed in this section to
better understand the behaviour of SEA and Modal VSE in real scenar-
ios, where sensors are affected by noise and uncertainties from different
sources. The process of uncertainty quantification involves analysing the
probability density function (PDF) of the output and its statistical mo-
ments when the model inputs are subject to variability. A commonly
adopted approach for this type of analysis is the Monte Carlo Simula-
tion (MCS). In this method, each input variable is assigned a probability
distribution. Multiple samples are then drawn from these distributions
to generate a variety of input combinations for the model under study.
These sampled inputs are used to run the model repeatedly—in this con-
text, the sensor extrapolations and the consequent shape sensing algo-
rithms, resulting in a statistical description (PDF) of the output. The
accuracy of the resulting PDF depends on the number of input combi-
nations generated. When using basic random sampling, a large number
of simulations is typically needed, which leads to high computational
cost. Alternative sampling strategies can improve simulation efficiency
and accuracy by using fewer input samples. One such technique is Latin
Hypercube Sampling (LHS), a stratified sampling method that ensures
all regions of each variable’s distribution are adequately represented
[50]. This leads to more accurate results even with a reduced number
of samples.

To take into account the deviation from the deterministic values
present in experimental strain measurements, a normally distributed er-
ror with zero mean and a standard deviation of 10% of the nominal value
is added to the strain values obtained from the deterministic FEM nu-
merical analysis. For this analysis, the number of samples extracted with
LHS is 1000.

The strains affected by the sampled errors are used to perform strain
pre-extrapolation with SEA and Modal VSE. Replicating the process de-
scribed in the previous sections, the extrapolated strains are then used
to perform shape sensing with iFEM. The configurations, in terms of
master sets and expanded sets of sensors, are the same as those adopted
in Section 4.6.

The resulting PDFs of the RMSE (Eq. 20) for the extrapolated
strains, %RM SE,, (Eq. 24), and % Ew,,,, (Eq. 25) for the reconstructed
displacements are reported in Figs. 16, 17, and 18, respectively.

Fig. 16 allows for evaluating the effect of uncertainty on the strain
pre-extrapolation capabilities of the methods selected for this compari-
son work. The PDF relative to the Modal VSE shows a mean value (u)
that is 1.7 times smaller than the one experienced by SEA. Moreover,
the standard deviations (o) of the two PDFs are comparable, with Modal
VSE showing a slightly higher value and, consequently, a somewhat
higher variability of the RMSE in consequence of uncertainties in the
strains. The same trend can be inferred from the Coefficient of Variation
(CoV) reported in the graphs. It is essential to highlight that the Modal
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Fig. 16. PDF of the RM SE for the extrapolated strains, when the master sensors
are affected by 10% normally distributed error.
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Fig. 17. PDF of the %RM SE,, for reconstructed displacements, when the mas-
ter sensors are affected by 10% normally distributed error.
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u =196 Em%Ew, PDF - SEA+FEM

0141 o =3.05 [ %Ew,, PDF - Modal VSE+FEM||
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Fig. 18. PDF of the % Ew,,,, for reconstructed displacements, when the master

max

sensors are affected by 10% normally distributed error.

VSE’s PDF is almost entirely on the left of the SEA’s one. Therefore,
the strain pre-extrapolations that are more affected by errors performed
with Modal VSE are more accurate than the best ones performed with
SEA.

The analysis of Figs. 17 and 18 lead to evaluations of the robustness
of the two methods when used to feed iFEM for shape sensing. In Fig. 17,
the PDFs of % RM S E,,,, which measures the global accuracy of the shape
sensing, are presented for the two methods. The coupling of Modal VSE
with iFEM shows more robust results in terms of mean value and stan-
dard deviation. In this case, the two distributions partially overlap in
the % RM S E,, range between approximately 1.5% and 3%, although the
overlap occurs in a region of relatively low probability density for both
models. Fig. 18 shows the PDFs of the error on the maximum deflection.
The comparison of the two models on this parameter is less straightfor-
ward. Modal VSE and SEA both show a higher variability, highlighted
by the significant value of ¢ and CoV. Moreover, the PDFs overlap in
a broad range of %Ew,,,, values. However, also in this case, the mean
value of the error for the Modal VSE is lower than that experienced by
SEA. The same trend occurs for the standard deviations.
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To summarise, the uncertainty in strain measurements consistently
has a more negative effect on SEA than on Modal VSE. The Modal
VSE yields more accurate and robust results in both the strain pre-
extrapolation process and shape sensing when coupled with iFEM. Ad-
ditionally, this behaviour is observed when the Modal VSE utilises a
smaller number of actually measured strain sensors, with no strain in-
formation available on the stringer of the structure.

6. Conclusions

This work presents a comparative study between Modal VSE and
SEA, two strain pre-extrapolation methods used to expand sparse strain
measurements so that the strain-based shape-sensing algorithm iFEM
can be provided with sufficient input data. Modal VSE is a recently for-
mulated method that has shown promising results, but still lacks rig-
orous benchmarking against well-established approaches such as SEA.
The objective of this work is therefore to derive crucial insights, both
in terms of accuracy and applicability, through such benchmarking, to
guide researchers and industrial practitioners in selecting the most suit-
able tool for their specific application.

The comparison is numerically performed on a complex structure: a
composite stiffened wing-shaped panel. This structure includes geomet-
rical features typical of aerospace systems, posing challenging condi-
tions for strain pre-extrapolation algorithms due to discontinuities in the
strain field introduced by stiffeners and the overall geometric complex-
ity of the built-up configuration. On this structure, Modal VSE demon-
strates superior versatility and ease of use. The method is able to accu-
rately reconstruct the strain field in several regions of the panel, includ-
ing the stiffeners, even when only a limited number of physical sensors
are installed on the skin. This leads to accurate displacement reconstruc-
tion with iFEM. Modal VSE also overcomes key limitations of SEA when
applied to built-up structures. SEA performs well with smoothly varying
strain fields but becomes impractical where abrupt strain variations oc-
cur. Moreover, SEA cannot extrapolate strains across different surfaces
(i.e., from skin to stiffeners) or between different strain components, as
it operates on scalar values independently. Modal VSE addresses these
issues by relying on modal strain shapes, which are defined over the en-
tire structural domain and for all strain components. From an applica-
tion perspective, Modal VSE is also advantageous because SEA requires
careful tuning of several parameters («, #, SEA mesh), often necessitat-
ing a preliminary parametric study. The superior performance of Modal
VSE is further supported by a study on the influence of input strain un-
certainties, simulating experimental conditions.

Although Modal VSE offers greater versatility and accuracy, it intro-
duces limitations for particular scenarios. When material properties are
unknown or unreliable, SEA remains preferable. Modal VSE depends on
computing the modal characteristics of the structure, which may be un-
feasible or inaccurate if material characterization is poor. SEA, on the
other hand, is completely independent of such information. Addition-
ally, the combination of Modal VSE and iFEM is a recent development
and is still only partially explored. Future work should investigate the
potential of Modal VSE to further reduce sensor requirements. In the
present study, although a consistent reduction in the number of physi-
cal sensors is achieved, the number of sensors required for extrapolation
remains relatively high. Coupling Modal VSE with sensor optimization
algorithms for the selection of the master set of physical sensors could
overcome this limitation and represents a promising direction for future
research.
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Appendix A. Extrapolated strains
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In this Appendix, the extrapolated strains from the numerical study
are reported (Fig. A.1), along with the reference strains for all eight sens-
ing lines of the optimised configuration (Fig. 3). The strains are reported
for the flat side of the panel (Top), the stiffened side of the panel (Bot-
tom), the face of the stringer towards the leading edge (Leading edge),
and the surface of the stiffener towards the trailing edge (Trailing edge).
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Fig. A.1. Extrapolated and reference strains for all eight sensing lines of the optimised configuration.
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