POLITECNICO DI TORINO
Repository ISTITUZIONALE

Sparse Gabor representations of metaplectic operators: controlled exponential decay and Schrédinger
confinement

Original

Sparse Gabor representations of metaplectic operators: controlled exponential decay and Schrédinger confinement /
Cordero, Elena; Giacchi, Gianluca; Pucci, Edoardo; Trapasso, Salvatore Ivan. - In: ADVANCES IN MATHEMATICS. -
ISSN 0001-8708. - 490:(2026), pp. 1-44. [10.1016/j.aim.2026.110828]

Availability:
This version is available at: 11583/3007235 since: 2026-02-03T11:19:02Z

Publisher:
Elsevier

Published
DOI:10.1016/j.aim.2026.110828

Terms of use:

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

25 April 2026



Advances in Mathematics 490 (2026) 110828

journal homepage: www.elsevier.com/locate/aim

Contents lists available at ScienceDirect

Advances in Mathematics

MATHEMATICS

Sparse Gabor representations of metaplectic
operators: controlled exponential decay and
Schrodinger confinement,

L))

Check for
Updates

Elena Cordero?, Gianluca Giacchi®, Edoardo Pucci?,

S. Ivan Trapasso ©*

& Universita di Torino, Dipartimento di Matematica, via Carlo Alberto 10, 10123

Torino, Italy

Universita della Svizzera Italiana, Faculty of Informatics, Via la Santa 1, 6962

Lugano, Switzerland

¢ Politecnico di Torino, Dipartimento di Scienze Matematiche “G. L. Lagrange”,
corso Duca degli Abruzzi 24, 10129 Torino, Italy

ARTICLE INFO

ABSTRACT

Article history:

Received 4 August 2025
Accepted 21 January 2026
Available online xxxx
Communicated by C. Fefferman

MSC:
42B35
81S30
35510
43A65
42B37

Keywords:
Gelfand-Shilov spaces
Metaplectic operators
Time-frequency analysis
Gabor wave packets
Schrodinger equation
Harmonic oscillator

* Corresponding author.

Motivated by the phase space analysis of Schrédinger evolu-
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decay rates as well as arbitrary quadratic Schrédinger propa-
gators. In particular, we extensively discuss some prominent
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models such as the harmonic oscillator, the free particle in a
constant magnetic field and fractional Fourier transforms.
© 2026 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The analysis of Schrédinger equations has largely benefited from techniques of time-
frequency analysis in recent decades — the recent monograph [16] and the references
therein could serve as a fair point of departure in this connection. Several non-trivial
results, ranging from the study of well-posedness in low-regularity spaces to novel facets
of the uncertainty principle, have been proved using techniques revolving around the
paradigm of decomposition into Gabor wave packets [23,28]. Special attention has been
devoted to the class of metaplectic operators for several reasons (cf. Section 2.2 for
further details), including the fact that they model the Schrodinger evolution operators
associated with quadratic differential operators, the most notable example being the
quantum harmonic oscillator. To be more precise, consider the problem (see, e.g., [36,
Sec. 4.3.3] or [21, Sec. 15] with h =1/(27))

1 ou

zﬁa(t,x) = H"u(t, x), (1)

where HY denotes the Weyl quantization of the real quadratic form H: R?? — R, that
is

HY f(x) = / AT (%“’5) fly) dy de.

R2d
o Az o
The harmonic oscillator H = — 5.2 + B corresponds to the quantization of the symbol
0
z? + &2
H(z,€) = ==, (2,§) €R™.

The solution of the corresponding Cauchy problem with initial datum u(0,z) = ug(x)
can be expressed using the metaplectic operator

~

S{{ — e—2m‘tH"”7 (2)

which evolves the initial state over time, that is u(t,z) = §tHuo ().
The Hermite operator is actually a central subject of investigations in harmonic anal-
ysis, mostly in light of its distinctive spectral structure and related consequences. Among
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the several contributions on the matter, we quote Vemuri’s work [52] that has recently
attracted renewed attention in the community [32,39] — see also [3,8,17,24] for related
problems. In short, the problem concerns the Gaussian decay rates of solutions of the
harmonic oscillator. For ¢ > 0 and 1 < p < oo, the space

EP(RY) := {f € L2(RY) : | f(2)e=""| 1 < o0 and [|f(€)eV ||y < o0}

happens to be particularly interesting, as many uncertainty principles of Hardy or
Cowling-Price type [18] can be readily characterized — for instance, if f € E>X(R?)
we have the following trichotomy: if € > 7 then f = 0, while if ¢ = 7 then f is propor-
tional to a Gaussian function e=™17I° and if & < 7 then E2°(R?) is an infinite-dimensional
space including all the Hermite functions.

Let us focus on the case where p = o0o. In dimension d = 1, Vemuri proved fine
properties of a general function f belonging to E2°(R) in the subcritical regime € < ,
showing that the coefficients of the Hermite expansion of f satisfy a precise exponential
decay. Interestingly enough, this result has been used to prove a localization result for
the solutions of the Hermite operator: given an initial datum )y € Ef;’nh(Qa)(R), the
solution 1, = e~2™"H" 4y belongs to Eoon(s(R) forallt > 0 and § < a — the endpoint
conjecture 8 = o was proved only recently in [32,39].

Vemuri refers to this result as a manifestation of confinement of solutions of the
harmonic oscillator. In fact, from a heuristic point of view, the essential phase-space
content of a function f € E2°(R) is sharply localized (i.e., with Gaussian decay) in a
square box of side ~ 1/e. The problem just outlined strongly resonates with some recent
trends in the area of Gabor wave packet analysis, as we now highlight.

1.1. Gelfand-Shilov spaces with fixed rates

First, we emphasize that the spaces E2°(R¢) under our attention are special cases
of the well-known Gelfand-Shilov spaces, introduced in [25-27] in the context of the
analysis of certain parabolic initial value problems. Since their appearance, they have
been successfully employed to study the well-posedness and properties of PDE solutions
in various settings [6,7,33], also using time-frequency techniques [2,11,12,14]. In fact,
certain Gelfand-Shilov spaces can be characterized by time-frequency representations
and described in terms of modulation spaces, with applications to pseudodifferential
calculus [29,37,38,41-48].

To be more concrete, recall that the Gelfand-Shilov space ST(R9), r, s > 1/2, contains
all the smooth functions f € C°°(R?) for which there exist constants h > 0, k > 0 such
that

/7 A 1/s
£ (@)™ e < oo and || F(€)e™ L < oo, (3)

see [15,29,41,42]. We focus here on the Fourier-invariant spaces with r = s, and the key
observation for our purposes is that the constants h, k are not generally related. The link
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with Vemuri spaces (actually corresponding to s = 1/2) comes when we restrict to the
following subclasses of Gelfand-Shilov spaces.

Definition 1.1. For s > 1/2, £ > 0, the e-Gelfand-Shilov class S5 _(R?), is the space of
functions f € C>°(R?) such that

N 1/s
L= < 0o and ||f(§)e€|5| ||L§o < 00.

1 (z)est!”

It is clear from the characterization in (3) that

S:.(R) C SIRY) and [ 81 (RT) = SIRY).

e>0

Similar spaces of functions have been investigated recently in connection with the expo-
nential decay of the Hermite coefficients, see for instance [35,49].

The first goal of our study is to understand the time-frequency concentration of func-
tions in these subclasses. To this end, recall that if g € S(R?) is a non-trivial Schwartz
function, the wave packet 7(2)g(y) = e*™*¥g(y — ) arising from a joint translation and
modulation of g is then essentially localized in phase near z = (x,¢) € R??. A standard
phase space representation of a tempered distribution f € S’(R%) is given by the short-
time Fourier transform (STFT), which ultimately amounts to compute coefficients of a
continuous decomposition of f into Gabor wave packets:

Vof(@.€) = (fom(z,£)g) = / e f(y) gy — ) dy. (4)

Rd

It was shown by Grochenig and Zimmermann in [29] that, if f,g € S3(R?), then
Vyf € S¢(R??). We refine the mentioned result as follows.

Theorem 1.2. Let f, g € SSS,E(]Rd) with s > % and € > 0. Then Vy f belongs to Sj’(;(RQd),
for every § > 0 satisfying

d=¢e/4, s=1/2
§<2l-2ie 1/2<s<1 (5)
§<272¢e, s>1.

Note that the transition from the convex to concave regime at s = 1 in the threshold
bounds is continuous, and there is reason to believe that the latter are optimal. The loss
that prevents one from achieving them with ¢ (except for the Gaussian case) originates
from the current proof strategy, relying on careful bounds for convolutions of exponential
functions — see Section 3 for the details. We emphasize that one can easily obtain similar
results for the Wigner distribution and the ambiguity function, as well as other time-
frequency representations, as detailed in Section 2.3 below.
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On the other hand, a partial converse of Theorem 1.2 can be obtained if we fix the
window ¢ and ask for a stronger decay on the STFT.

Theorem 1.3. Let s > 1/2 and g € S5 _(R%)\ {0} be fized. If there exists C > 0 such that

Vo ()] < Ce? TP e R,
then f € S5 _(R%).
A more extensive analysis of the Gaussian scenario is carried out in Section 5.3 below.
1.2. Exponential confinement for metaplectic operators

Although the exponential constraints entailed by the Gelfand-Shilov regularity leave
essentially no room for meaningful uncertainty principles when s > 1/2, Vemuri’s confine-
ment results can be generalized, beyond the Gaussian case, to more general metaplectic
operators. To this end, we first recall that in order to study how a linear operator
T: S(R?) — S'(R?) interacts with wave packets, we introduce the Gabor matriz of T
with respect to atoms g,y € S(RY) \ {0}, that is

(Tr(2)g, w(w)y), 2z weR¥M,

Assuming ||g||z2 = 1 for convenience, the inversion of the STFT (cf. [28]) allows one to
lift the analysis of T' to the phase space level via the following identity:

VTN = [ ErEemwn)Vyf()dz, we R
RQd

The Gabor matrix thus coincides with the kernel of an integral operator associated with
T, and plays a crucial role in continuity results and sparse representations — in line with
other discrete kernels built from frames, see for instance [4,5,11,16,30].

A sparse Gabor matrix is a highly desirable feature for an operator T just like a
sparse matrix offers computational advantages for finite-dimensional operators, a sparse
Gabor matrix provides a parsimonious representation due to the limited number of non-
negligible entries. While standard analytical approaches often give a general, qualitative
understanding of how matrix entries decay far from the diagonal, these methods are gen-
erally not strong enough for theoretical and practical applications that require a precise
quantification of the decay rate. In this connection, several results in the recent literature
concern the study of the Gabor matrix structure, cf., e.g., [11-14,51]. In particular, in
[14] the authors obtained quantitative bounds for the entries of the Gabor matrix of
metaplectic operators S. To be definite, in the case (2) outlined above, for every N € N
and z,w € R??,
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(S 7 (2)g, m(w) W) < Clo1(8) -+ 0a(t) ™/ (1 + | My(w = Sp2)) 7,
for a suitable C' > 0 independent of ¢. The following phenomena are highlighted:

e Gabor wave packets are approximately evolved along the graph of the symplectic
flow ¢t — S;, with a decay rate away from the latter consistent with the Schwartz
regularity of the atoms g, .

o The occurrence of the largest singular values o1(t) > -+ > o4(t) > 1 of S; is tied to
dispersion [9].

o The matrix M; € R?%2? accounts for the expected quantum spreading phenomenon
incurred by wave packets, resulting in a phase space envelope along the classical
trajectory.

If atoms g, v are taken in Gelfand-Shilov classes, one expects to move from a superpoly-
nomial regime to general exponential decay rates for the Gabor matrix, promoting higher
degrees of sparsity. The Gabor matrix decay with Gelfand-Shilov window g € S2(R%)
was already studied in [12, Section 5], leading to bounds of the form

(S7(2)g, (w)g)| < Cemalw=SEI" 4y e R, (6)

for some constants C,a > 0. We underline that the constant a > 0 is unknown and,
in this respect, the decay in (6) is only qualitative. It is therefore natural to restrict
our attention to e-Gelfand—Shilov spaces, which allows for precise control over the size
parameter a, and to refine the estimate so that the more subtle effects revealed in (2)
become apparent.

To state our result in the most general form, we briefly recall that the singular value
decompositions of a symplectic matrix S € Sp(d,R) can be taken in a very special
form (often referred to as Euler decomposition in the literature) — see Proposition 2.1
below for more details. First, the singular values appear in reciprocal pairs of positive
numbers, so we arrange them in such a way that o1 > ... > g4 > 1 are the largest ones
and introduce the diagonal matrix ¥ = diag(oy,...,04). We also need to consider the
associated diagonal matrices

X 0 (¥ O s (I O
p=(o ) =% 7). (o) @

Moreover, there exist non-unique symplectic rotations (i.e., orthogonal and symplectic
matrices) U,V € R2%24 such that S = UT DV (see [40] and Subsection 2.2 below). Any
such decomposition is then characterized by the triple (U, V,X). Henceforth, given a
matrix S € Sp(d,R), we will denote by (U, V,X) a corresponding Euler decomposition,
and by D, D’, D" the associated matrices as defined above.

We are now ready to present a refined pointwise estimate for the entries of the Gabor
matrix of a metaplectic operator, computed using an e-Gelfand-Shilov atom.



E. Cordero et al. / Advances in Mathematics 490 (2026) 110828 7

Theorem 1.4. Consider s > 1/2 and g,y € Sj’E(Rd), Then, there exists C > 0 such that,
for every S e Mp(d,R) with projection S € Sp(d,R), and every Euler decomposition
(U, V,X) of S, we have

(S (2)g m(w)y)] < Odet(5) ™2 APTRST gz e g (8)
where D' is defined in (7) and §(s,d) > 0 is given by

§(s,d) = d e, s=1/2
§(s,d) < d=1/(29)92=1/s¢ 1/2<s<1 (9)
§(s,d) < d=1/2277/241/2s)e 5 > 1,

In particular, for z = 0 we recapture the STFT of S and thus obtain information
about the related e-Gelfand-Shilov class.

Corollary 1.5. Consider s > 1/2 and f,g € SSS,E(Rd). Then, there exists C > 0 such that,
for every Se Mp(d,R),

1/5|Z|1/S

V,(SF)(2)] < Cdet(x) /20D z € R¥,

where 0 < opin < 1 is the smallest singular value of S and 0(s,d) > 0 is as in (9).

Note that this result, combined with Theorem 1.3, leads to a fully fledged confinement
result in the spirit of Vemuri:

Corollary 1.6. Let §tH = e 2™tHY pe the Schridinger propagator associated with a
quadratic Hamiltonian H, as detailed above. For all s > 1/2 and e > 0,

if wo€ S;E(Rd) then ;= §tHuo €S8 )
where £(t) = 27155 (s, d)omin(t)Y/* and 6(s,d) > 0 is as in (9).

It is of course not surprising that in the case of the harmonic oscillator with s = 1/2
our result (e(t) = e/4d) is not as strong as the one obtained by Vemuri and others, who
in fact exploited tools that better adapt to the fine structure of the solutions in that
case (e.g., exponential decay of the Hermite coefficients). Nonetheless, our result has
the merit to generalize the confinement principle beyond the Gaussian regularity and
to every metaplectic operator, hence resulting in a significantly broader scope. Refined
additional results in this spirit are discussed in Section 5 with full details.

For the benefit of the reader, in Section 6 below we collect some results concerning
explicit Euler decompositions for a number of interesting scenarios — including the free
particle (possibly in presence of a constant magnetic field) and the anisotropic harmonic
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oscillator. A detailed analysis of generators of the symplectic group and related operators
(e.g., fractional Fourier transforms) is performed as well.

The paper is organized as follows. In Section 2, we introduce the necessary background
on symplectic matrices, metaplectic operators, and time-frequency representations. In
Section 3, we collect technical lemmas concerning exponential integrals and Gelfand-
Shilov regularity. The main results (Theorems 1.2, 1.3, 1.4, and related corollaries) are
then proved in Section 4, while Schréodinger confinement properties in Gelfand-Shilov
spaces under the action of metaplectic operators are discussed in Section 5. To conclude,
in Section 6 we provide explicit Euler decompositions for several models of interest.

2. Preliminaries
2.1. Notation

We denote by zy = x - y the standard inner product in R? The Fourier transform of
a function f € S(RY) is

for = [ r@arn cert

R4

For f,g € L*(R%), we denote by (f,g) the sesquilinear inner product in L?(R%). It
extends uniquely to a duality pairing (-,-) on S’(R%) x S(R?), where S(R?) denotes
the Schwartz class of smooth, rapidly decaying functions, conjugate-linear in the second
component. The Fourier transform of a tempered distribution f € S’(R¢) is defined
accordingly by

(f,¢)=(f.0),  peSRY.

For d x d real matrices A, B € R¥*?, we write

where Oy4 denotes the d x d null matrix. We also denote by I; the d x d identity matrix.
When the dimension d is understood, we omit the subscript and write O and I. If
()\j);-lzl C R, we denote by diag();) the diagonal matrix with ordered diagonal entries
ALy ..., Ag. We denote by U(d, R) the set of d x d orthogonal matrices, whereas GL(d, R)
denotes the space of invertible d x d matrices.

Finally, we write f < g when the inequality f < Cg holds with a constant C > 0
independent of f,g.
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2.2. Symplectic matrices and metaplectic operators

The symplectic group Sp(d,R) consists of all real 2d x 2d matrices S satisfying the
condition

STJS =J,

where the canonical symplectic matrix J is
_(Oa Is
J= (_Id Od)' (10)

Euler decomposition. We will need the following result on a SVD-like decomposition of
symplectic matrices, also known as the Euler decomposition — [40, Appendix B.2] for
additional details.

Proposition 2.1. For any S € Sp(d,R) there exist U,V € U(2d,R) which satisfy

S=U"DV, D=Yax !,

1

with ¥ = diag(oy,...,04) and o1 > ... > 04 > 051 > ...> 0] = Omn are the singular

values of S.

Euler decompositions of the generators of Sp(d,R) are computed in Section 6.4.
The metaplectic group Mp(d,R) is a double cover of the symplectic group Sp(d,R)
[21,23]. This relationship is described by the group homomorphism

7 Mp(d,R) — Sp(d, R),

whose kernel consists of the identity and its negative in the space L?(R?), i.e., ker(7MP) =
{£idrz}. In the context of this work, any operator S € Mp(d, R) will be associated with
the unique matrix S € Sp(d, R) such that 7P (S) = S. Moreover, we have:

Proposition 2.2 (/23, Proposition 4.27]). Every metaplectic operator S € Mp(d,R) in-
duces an isomorphism on the Schwartz space S(R?), and this mapping extends to an
isomorphism on the space of tempered distributions S'(R%).

2.8. Time-frequency representations
Consider a distribution f € S’(RY) and a function g € S(RY) \ {0} (the so-called

window). The short-time Fourier transform (STFT) of f with respect to g is defined
in (4). The STFT is well-defined whenever the bracket (-,-) makes sense for dual pairs
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of function or (ultra-)distribution spaces, in particular for f € S'(R?) and g € S(RY),
f,9 € L2(R%), or f € (82)(RY) and g € S§(R?) (see [28,29,41] for full details).
In what follows we list the basic properties of the STFT we are going to use in the
sequel, see, e.g., [16,28].
Proposition 2.3. For f, g € S(RY), the STFT enjoys the following properties:
(i) STFT of the Fourier transforms:
Vof(2,8) = e >V, f(¢, —x), =z, €RY (11)

(ii) Fourier transform of the STFT:

—

Vof (w,n) = ™ f(=n)g(w), n,w € R™ (12)
Wigner distribution. For f,g € L*>(R%), the cross- Wigner distribution is defined by

W(f,g)(z,§&) = /f(x +1t/2)g(x — t/2)e_2”5t dt, z, & e RY.
Rd

Again, the definition extends to (ultra-)tempered distributions with formal meaning of
the integral — we refer to [16,28] for the details. We write W f = W(f, f). The Wigner
distribution and the short-time Fourier transform are related by

W(f.9)(x,€) = 29" ™ Ve, f (22,2€), .6 €RY, (13)
where Zg(t) = g(—t) is the flip operator. Moreover,

FW(f,9)(y,n) = e ™"V, f(=n,y). (14)

We recall the following important property on the marginals of the Wigner distribution:

Proposition 2.4. If f,g, f,§ € L'(RY), then:

() Jou W(S.0)(x )€ = f(2)g@), Vo € RY.
(i) Jpa W (7,90, ) da = f()3(E), e € R

We recall the following properties of the Wigner distribution:

« Covariance under time-frequency shifts: for all f,g € L?(R?) and z,w € R??,

W(x(2)f,7(2)9)(w) = W(f,g)(w — 2). (15)
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o« Symplectic covariance: for all f, g € L>(RY) and z € R4,
W(SF,59)(z) = W(f,9)(S™"2). (16)
3. Technical lemmas

We will make use of the following properties for sequences of complex numbers, see
for instance [1].

Lemma 3.1. Let a = (ax)ren be a sequence of complex numbers, n > 1 a fized integer,
and p > 0.

(a) If 1 <p < oo, then

n p n n n
(Soi) <t St ot it < (e
k=1 k=1 k=1 k=1

(b) If0 <p <1, then

n n p n P n
Z\aﬂp < p Pt <Z |ak|> and (Zak> < Z\ak\p.
k=1 k=1 k=1 k=1

P

Our next goal is to review some technical convolution lemmas proved in [14] in light
of the currently assumed Gelfand-Shilov regularity. First, given ¢ > 0 and 0 < s < oo,
we define

C(e,s) = /e—gm; du. (17)
R

Lemma 3.2. Let s > 1/2,a,b>0,0 > 1, v€R and e > 0. Then

-1 i 1
/efe<a+|o u—vl)¥ g—eHuD? gy,
R

l‘

1 .
< COfe,s)(e=? s (at|v])s —50b

S p e ET Ot eat

where C(e, s) is defined in (17).
Proof. First we assume |0~ 1u — v| > ‘—;l, S0

1 1 y-1 1
e—e(a—Ho u—v|)’s Se—a s (a+|vl])s

and
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1
s

/e—s<b+|u|)% du< e 50 /e—%<b+\u|>% du = C(c, s)e 5
R

R
Hence
/e—e<a+\a*1u—v|>%e—e(b+\u|>% du < C(e, 5)e—=2 * (atlo)* =507
R
On the other hand, if |o~tu — o] < |12’—‘, we have in particular that |u| > alg—‘ which
implies:

1 _1 1 _1 1
e 5bHuD® < =527 (ol s < =525 (D)

1
s

<

Now, by the trivial inequality a + |o0~'u — v| > a, we deduce that e—slatlo u—vl)

1
—E&as

e , and obtain
1 1 _ 1 —(1 1 1
/e—%(b+\u|>se—%<b+|u|)se—s(a+|a DT gy < Ofe, )2 0 D¢ gmeas
R

as desired. O
In the case where a = b = 0 we infer:

Corollary 3.3. Let s > 1/2, 0 > 1, v € R, and e > 0. Then

-1 1)s 1/s  o—1/s,(1/s o= (1/s+1)[, 11/
/6 elo™  u—v]| e elu| dUSC(E,S) (6 €2 |v] +e €2 |v] )7

R
which gives

_62—(1/s+1)‘v|1/s

_ -1, g1/s _ 1/s
/e elo™ u—v] 7" o —elul® qq < 2C (e, s)e
R

Lemma 3.4. Under the assumptions of Lemma 3.2 we have

H 1) s
/efe<a+|ufv\>a o=+ u) ¥ gy,
R

—(1 1 1 1 _ 1
< Cle,s)(eme2 TV =50 | pmer t koo F pmgaty

Proof. Let us define

1
s

I::/e—e(aﬂuwo%efe<b+o*1|u\> du.

R
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If\u—v\zlg—‘7

1 1
s

1 1 _ —(L 1
]:/e—%(aﬂu—v\)se—%(a+|u—v|)se—6(b+o Nt gy < O, s)e—s2 TV -50h
R

1
s

— 1
where we used the inequality (b+ o~ !|u|)* > b, which implies e—=®+e Huhs < g—ebs

If lu—v| < %, we have |u| > % so that

1
s

I< C(E,8)6_527%(17-"_071‘1)')%6_%0’
This concludes the proof. O

Corollary 3.5. Let s > %, c>1,veR, and e > 0. Then

ol l/s =1, 11/s _o—(1/s+1)|,1/s _o—1/s{_—1_|1/s
/6 elu—wv| e elo™ u| du§C’(€,s) (6 €2 |v] +e €2 o™ 0| )7
R
so that
_ _ /s —-1,11/s _o—(1/s+1)| _—1_|1/s
/e slu—vl/* g—elo™ | du < 2C(e, s)e™ %2 o™ ol
R

Lemma 3.6. Given s > %, for every e >0, z € R,

d
1 o1 e
/675|D'u7v\a‘676|D u|s du < (z) C((—:,S)2d 67w5(6)|D 'u|s7
R2d

where Y4(e) is defined by:

s 1§8<1
(2d)2s 2
Ys(e) =
E 1 S Z 1?
4(2d)2

and C(e,s) > 0 is defined (17).

Proof. By using the equivalence between the ¢! and ¢ norms on R?¢, cf. Lemma 3.1,
(a), we can write:

= /6—5|D’u—v

R2d

1
s

1
S du

1
o—€lD"u
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1
< [0 (- g SRR SRR )

R2d J=d+1

@ =

xexp( ) 1/(29) Z|uj|+ Z lo; Ll )du.

j=d+1

Now, for 1/2 < s < 1, we use Lemma 3.1 (a) with p =1/s > 1 and we obtain

2d
Z |aj‘ )
j=1

hence

d 2d
g _ 1 .
IS/GXP<‘W S oy by =gl Yy — vy )
j=1

R2d Jj= j=d+1

€
xexp(—m Z|U,]| + Z |0' dU]| )du

Jj=d+1

We can factorize the previous integral in 2d 1-dimensional integrals as follows. First, we
apply Corollary 3.3 for the integrals with respect to the variables u;, j =1...,d:

€ -1 1/s € 1/s
/GXP<(2d)1/(23)|C’ Uj“j/>exp<(2d)1/(23)|uj| / > du;

R
€ € —(1/s+1 1/s
<2C ((Qd)l/(QSVS) exp ( 7(2d)1/(28)2 (/D) |y| 1/ >

We stress that

€ 1
C ((2d)1/(23)’5) = (2d>1/20(5,$).

For uj, j=d+1,...,2d, we use Corollary 3.5:

& s — s L P PV ,
/eXp< (2d)1/(23)|u] v )eXP< (2d)1/(zs)|0 uj| )du]

R
__° L S CVE S DI W VA
=¢ ((Qd)l/(2s)’8> exp ( a2 o v
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2 € _ -
= WO(E,s)exp ( - Wz (1/S+1)|0' 1Uj|1/s>.

Therefore, the integral I can be bounded by

d d
2 2d € —(1/s+1) 2 : /s
I < <E) C(E,S) exXp <— mz |U2|

i=1

—(1/s+1) 11/s
XeXp( Ik Z o™ i )

1=d+1

Lemma 3.1 (a) now gives the estimate

2d 2d

1 1
Dlal | < @)Y agl,
j=1 j=1

o=

and we obtain

2\ "
I< (d> Cl(e, s)* exp ((2d)12 (1/s+1) (Z lvs| + Z lo~ Uz|> )

1=d+1

9\ te d 2d /s
= (= C(€,S)2d exp (— — < |vs| + |0'_1Ui|> >
(d> (2d)2s zz:; i:zd;d

2\¢ 4e .
— (E) Cle,s)*exp | — (2d)§ |D"v|= |,

as desired.

In the case where s > 1, we use Lemma 3.1 (b) with p = 1/s < 1 and obtain

w |-

2d 2d
D laglt =27 D )
j=1 j=1

(the equality above still holds for s = 1) so that, arguing as before,

2\“ 2d € 2 1/s —1, 11/s
I< (3) Cle,s) eXP<—W;|%‘| exp 2d TNz Z o™ wil

i=d+1

Lemma 3.1 (b) also gives the estimate
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2d
> lajl
j=1

which allows to conclude with the bound
2\ @
2d 1/s 1/s
I<<E> Cle,s) exp( 2d1/2<§ g 1/* + E lo~ v|/>>

1=d+1
d
<(2 C(e, s)* exp |D"v|*
—\d ’ (2d)1/2

as claimed. 0O

The next result is reminiscent of the classical Hanner inequalities, see for instance [34,
Exercise 2.4] for a related similar instance.

Proposition 3.7. Consider 1 < p <2 and set ¢, = p(p—1). For all w,z € R? we have
jw + 2 + [ — 2" = 2wl” > ez (Jw] + |2)" . (18)
Proof. Fix w,z € R? and define the function g: R — R by g(t) = |w + tz|P. The LHS

of (18) thus coincides with g(1) + g(—1) — 2¢(0). We then use Taylor’s theorem with
integral remainder to expand ¢(¢) around ¢ = 0, and get

a(1) = 9(0) + ¢/(0) + / (1-8)g"(s)ds,  g(~1) = g(0) — g'(0) + / (—1 — 5)g"(s) ds.
0 0

Therefore, after suitable substitutions, we obtain

g(1) + g(~1) — 29(0 / +6"(—5)] ds.

The second derivative of g(t) is
g"(t) = plw + [P ((p — 2)((w + t2) - 2)% + |w + t2[*[]?) .
In view of the Cauchy-Schwarz inequality and the fact that 1 < p < 2, we estimate
(p = 2)((w+t2) - 2)* > (p = 2)Jw + t2[*[]*.

As a result, we get ¢”(t) > p(p — 1)|w + tz|P~2|z|? for all t € R. We thus infer
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1
g(1) + g(—1) = 29(0) > p(p — 1)|2|? /(1 —5) (lw+ 2P + |w — s2[P7?) ds.
0

For s € [0,1] we have |w £ sz| < |w| + s|z| < |w| + |z, and since p — 2 < 0 we get
w0+ 5272 + [w — 5272 > 2| + [#])P2

To conclude, we have

g(1) + g(—1) —2g(0) > 2p(p — 1)|2|*(jw]| + |2|)P~ 2/ (1—s)d
0

=p(p = Dz*(Jw| + |2))P 7
that is the claim. 0O
Remark 3.8. Considering the endpoint cases, the same integral argument with p = 2
yields equality |w + 2|? + |w — z|* — 2|w|? = 2|2|?, while for p = 1 the RHS is identically

zZero.

Proposition 3.9. Consider ¢ > 6 > 0 and p > 0. There exist constants C = Cg.p, > 0
and K = Kq .5, > 0 such that, for all x € R¢,

CA+ |z) " e==2 "lal" p>1
I p(x) = /6*6(‘””*'“1"“)(11& < C(1+ |z|)de el p=1
R Keol=” 0<p<l.

Proof. We separately discuss the proofs depending on the value of p, which actually
entails exploitation of convexity or concavity of the map s — sP, s > 0.

Case p > 1. Define W, ,(t) = [t|P + |t — z|P — 21 7P|z|P, t € R9. A straightforward
application of Jensen’s inequality shows that U, ,(t) > 0. We can clearly recast the
integral as

Ly(a) = =27l [ o=eva0) gy
Rd

The problem is now reduced to finding an upper bound for the remaining integral, which
we denote by J(x). To this end, set u =t — /2, so that

J(az) :/e—a\I/p,,(t) dt:/e—a(\u+x/2|1’+|u—x/2\p_2\x/2|P)du.

Rd Rd
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With a slight abuse of notation, we denote the exponent term in the new variable as
U(u) = |u+ x/2|P + |u— x/2|P — 2|z/2|P. We can now resort to Proposition 3.7 with
w = x/2 and z = u, hence obtaining

J(z) < J(x) = /exp ( —ep(p — 1)\u|2(|x\/2 + |u|)p_2) du.
Rd

Let us now split the domain R? into two regions B; = {u € R? : |u| < |z|/2} and
By = {u € R? : |u| > |z|/2}. The integral is then split into J(x) = Ji(x) + Jo(z)
accordingly.

Let us focus on J; (z) first. For u € By we have |x|/2 < |2|/2+|u| < ||. Since s +— sP~2
is non-increasing for s > 0, we have (|z|/2 + |u|)?=2 > |z|P~2. We thus conclude that

Ji(@) < [ exp (—ep(p — D]z’ [uf?) du
/

< / exp (—ep(p — D|z/P~2|uf?) du
Rd

d(2—p)

S Cl|$| 2 )

for a suitable C; > 0 that does not depend on z. This argument holds for  # 0 — in
fact, for x = 0 we have J;(0) = 0.

On the other hand, if u € By we have |u| > |z|/2, which in turn implies |z|/2 + |u| <
2|u|. This leads to (|z]/2 + |u])P~2 > (2|u|)?~2. We thus infer

Jo(z) = /6_6‘11(") du < /e_s(p_l)Qp%l“‘p du =: Oy,
B2 R4
for a suitable finite constant Cy > 0.

We have therefore established a global bound for the integral J(z) that is valid for all
r € R namely J(z) < C(1 + \x|)d(27p), for a suitable C' > 0 independent of z. Then

d@2=p) _  ol=p|,.|P
e a2 |z| ,

Ly(@)=e 2"l J(2) < (1 + |a)) "3
that is the claim.

Case p = 1. We begin by making the change of variables u = t — /2, so the integral
becomes

E

)

R
Rd

The term in the exponent can be bounded from below using the triangle inequality:
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lu+2/2] +u—=2/2] = [(u+2/2) £ (u—2/2)| = max{[z|, 2|ul},

so we are now left with bounding

1671(1;) < /efemax{|x|,2|u|}du.
Rd

We split this integral over R? into two regions: the ball B = B(0, |z|/2), centered at the
origin with radius |z|/2, and its complement B¢ = R?\ B(0,|z|/2).

For u € B we have |u| < |z|/2, which implies 2|u| < |z|. The integral over this region
thus becomes

e~elel du = Cylz|%ecl=l,
B(0,]z|/2)
for a suitable Cy > 0.

If u € B® instead, we have 2|u| > |z|, and f‘
clearly holds for a suitable C; > 0.

ul> /2 e~ 2elul gy < Jra e~2elul gy < c

Case 0 < p < 1. We actually prove a slightly stronger result, that is: for every 0 < A < 1
and z € R? there exists C'(\) > 0 independent of = such that I. ,(z) < Ce *¢I*I"  from
which the claim immediately follows.

We first split the exponent in the integrand by leveraging on the parameter A € (0,1):

Lp(z) = /eXp (=aA ([t[" + [t = z[")) exp (=a(l = A) ([t” + [t — ")) dt.
Re

Concerning the first factor, we preliminarily note that a combination of concavity,
monotonicity and triangle inequality shows that

2P + |z = t[7 = ([t + |z = £[)P > [a”.
Therefore,
exp (—eX (JtP + |t — z|P)) < exp (—eA|z|?).
Bounding the second factor trivially amounts to use that |t — z|? > 0:
exp (—e(1 = A) ([t + [t = 2[7)) < exp (=e(1 = A)[¢[*)-

To sum up, we have obtained
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L) < /exp(—a)\|x|p) cexp (—e(1 — N)|tP) dt
Rd
= exp (—eA|z|P) /exp(—e(l = N)|¢P) dt.

Rd

The remaining integral is a finite constant for any A € (0, 1), and the claim follows 0O
3.1. Optimally combining bounds

Consider a function F': R2? — C that satisfies the following two inequalities for some
given constants C,k > 0, m > 0, and p > 0:

|F(z,y)| < C(A+ |z))me " 2y eRY, (19)
|F(z,y)| < CQA+Jy))"e ™ " 2,y eR™ (20)

For future purposes, our goal is to find a bound of the form
[F(2)] < Clz)e™*, 2 = (z,y) € R,

where C(z) is a positive function with at most polynomial growth in |z|, and b > 0 is
the largest possible constant.

Proposition 3.10. Given the bounds in (19) and (20), the function F(z) = F(z,y) satisfies
the inequality:

[F(2)] S (1+]z)me ",
where the largest possible value for the constant b > 0 is
b=2"P?
Proof. First, we combine (19) and (20) into a single bound, that is:
|F(w,y)| S (14 [2)" e Fmaxzlvl®),

In fact, the hypotheses on F' imply

|F(z,y)| < [ (1+ =) ]me—kwp < e~ klzl?
(I + 2|+ lyh)™ ~ LA+ 2] +[y])

|[F(z,y)] 5[ (1+1yD) ]6kyp§ek|y|p,
(L4 |2+ yl)™ ~ LA+ |z + [y])

So,
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_NF@ YL g hmaxer ol
(1 +Jal + [y

In particular
|F(z,y)] < (14 |z| + |y|)™e FmaxUel®vl) < (1 4|z me=kmax(="lvl”)

Now, for the desired bound to hold for all x,y, we must have k max(|x|?, |y|P) > b|z|P,
hence b must satisfy

max (|, [y|")

Vz,y € R? not both zero.
|2

b<k
Let then u,v be the norms |z| and |y| respectively. We claim that the minimum value of
the ratio

_ (max(u,v))P
g(u,'U) - (u2+v2>p/2

is 277/2_ In fact, the function g(u,v) is homogeneous of degree 0, so its value depends
only on the ratio v/u. Passing to polar coordinates, namely setting u = rcosf and
v=rsinf for r > 0 and 0 € [0, 7/2], we have

(u, ) (max(r cos @, rsin 0))P rP(max(cos 0, sin 9))P
u,v) = =
gu ((rcos0)? + (rsin@)2)r/2  (r2(cos? § + sin? ))r/2

= (max(cos 8, sin 6))P.

The problem boils down to finding the minimum of h(f) = (max(cosf,sin))? for 6 €
[0,7/2]. Elementary arguments show that the minimum occurs at § = 7/4 (so that

u=w, ie., |z| = |y|), and the minimum value is
1\" /2
min h(f)=[—) =274
0€[0,7/2] ©) (\/§>

as claimed. O
4. Proof of the main results
4.1. Proof of Theorem 1.2

Set p = 1/s, so that if s > 1/2 we have p < 2. Recall the notation introduced in
Proposition 3.9:

L(z) = / e—e(t+l=2P) gy

Rd
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Let us focus on the convex case 1 < p < 2 (equivalently, 1/2 < s < 1) for the sake of
clarity, since the proof in the remaining cases follows by the same arguments with slight
modifications — in fact, resorting to the different regimes in Proposition 3.9.

Set k =2'"Pcand vy = @. First, we note that the assumptions and Proposition 3.9
imply

Vo f (2, €| < / FWllg(y = @)ldy S Lep(@) Saep (L4 |2])7e ",
Rd

On the other hand, in light of Proposition 2.3 we have

Vof (2,6)] = [Vaf (€, —2)| < /If(f)\lﬁ(& —y)ldy < I-p(€) < (1+ Jg])7e M
Rd

We can now resort to Proposition 3.10 and conclude that
Vof () S (L [al)7e > 76l 2 e,

To characterize the spectral decay of V,f we use Proposition 2.3 again: setting ¢ =
(w,n) € R?? we have

Vo (w,m)| = | f (=) |[g(w)] S el Hinl" ) < gmele™?,

To sum up, for every z = (z,¢) € R?? and ¢ = (w,n) € R??, we have

,21—3/(2S)E‘Z‘p
?

Vo f(2)| S (X +]z])7e IV, F(O)] < e~ele””,

To take into account the polynomial prefactor, except for the case where s = 1/2 (hence
~v = 0), we must absorb it into the exponential and allow for arbitrarily small losses: for
any « > 0 we can write (1 + |2])7 <, eol=I"" As a result, for every 0 < § < 2173/(2)¢
we have

_ 1/s _ _ 1/s
Vo f(2)] Se 07 V()] Seslel .

Since 2!7%/(2%) < 1 in the range 1/2 < s < 1, we conclude that V, f € 5 ;(R?).
We conclude this section by transferring the STFT regularity stated in Theorem 1.2
to the Wigner distribution.

Corollary 4.1. Let f,g € S;_(R?) with s > 5 and e > 0. Then W(f,g) belongs to the
space SSS,S(RM) for every 6 satisfying (5).

Proof. Using (13) and Theorem 1.2 we can write

_§al/s| 4|1/
W (f,9)(2)| = 24|V f(22)| S e 7T 2 e R, (21)
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whereas the Fourier transform of the cross-Wigner in (14) is (cf. [16, Lemma 1.3.11])

[ FW(f,9)(y,n)| = [Vaf(=n,y)l

with Theorem 1.2 yields

FW(L )| S ez e R
Since 21/5§ > §, the thesis follows. O
4.2. Proof of Theorem 1.3

Fix the window g € S;_(R%)\ {0}. Using the connection between the Wigner distri-
bution and the STFT in (13) we infer

1/s
’

W (f,Zg)(2)] S e Vz € R¥.

In particular, we obtain that W(f,Zg) € S(R%). By assumption g € S5 _(R?), which

implies Zg € S5 _(R?) € S(R?), therefore f € S(R?). We can apply Proposition 2.4 and
obtain:

£ ()| Zg(z)| = | f(x)Tg(x)| < / (W (f,Zg)(x,€)|dE < / e~ 2ol HEl ) ge
R2d R2d

—2¢|z|'/®
< g%l
for every x € R%. Hence,

1F e e Zg (e e < o0

Hence, by using that |[Zg(-)es!"”"

|loo is finite and non-zero, we have that:

Ve
17 oo < oo
The other marginal property in Proposition 2.4 gives

A

(6)Za(e) = / W(f,Zg)(x.€)dx, VEeRY,
R4

|1/s
el

and the same argument as above yields the estimate || f(-) 0o < 00.
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4.8. Proof of Theorem 1./

We argue as in the proof of [14, Theorem 1.1]. Namely, the covariance property of the
Wigner distribution in (15) and its symplectic covariance in (16) justify the following
computations:

~

[(Sm(2)g, w(w)7)[? =(W (Sn(2)g), W (r(w)7y))

~ [ W O Ewmw de.
RZd

= | Wg(S™ ' — 2)Wr(t —w)dt
R2d

= / Wg(S™ u+ S 'w — 2)Wr(u) du.
R2d

1 1
If f € 8:.(RY) then |[Wf(z)] < e 2°91%l" by (21), where § is defined in (5). Therefore,
we control the integrand above as

1 _ _ 1 1 1
Wg(S™ u+ 57 w—2)| S e 2 ATt husls g (u)] g e ol

This gives the estimate

a 1 - _ 1 1 1
|(S7(2)g, m(w)Y)|* < /6*255|S kST lw—al s —25 8lulE g,

R2d

By using the decomposition S = U DV, S~ = VT D71U we write

—2%6|571u+571w—z|% —2%6|u\1/s —2%6|D71u+V(571w—z)\é —2%5\u|%
e e du= [ e e du

R2d R2d
1 7 1 1 non
:det(z)fl / 67255|D u' —vls 67286\D u'|’s du’
R2d
where we used the change of variable u = D"u' and we defined v = —V(S™1w — 2).

Finally, applying Lemma 3.6 we obtain the result.
Proof of Corollary 1.5. Observe that

Ominlw| = 07 |w] = o7 U (W) = o7 '|D' T D'U ()]

<o |ID" DU (w)| = [D'U(w)].

Then, the thesis follows from Theorem 1.4 with z =0. O
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5. Gelfand-Shilov confinement for metaplectic operators

In this section we aim to understand the Gelfand-Shilov behavior of f € S:_(R)
under the action of a metaplectic operator S. We focus first on the two regimes 1/2 < s <
1 and s > 1 — for the sake of clarity we treat them separately, even if the demonstration
techniques are the same. The Gaussian case s = 1/2 will be treated subsequently.

5.1. The case 1/2 < s < 1

In the following statements we write omin = 07 1 <1 to denote the smallest singular
value of S — cf. Section 2.2.

Proposition 5.1. Assume 1/2 < s <1 and £ > 0. If 5 € Mp(d,R) and f € S: (RY) we
have:

D) If omin < 275V/d then Sf € 8° -(RY) for ever 5<d’1/(25)21*1/501/86
f min ) f s,0 f y

— min® -

(i) If omin > 275V, then Sf € 82 (RY).

Proof. We fix a window g € S _(R%)\{0}. We can rephrase the estimate in Corollary 1.5
as

~ 1 % 1
V,Sf(2)] S em (@ 20mmdlel” - vy e R¥, w5 < 21755,

After dividing and multiplying by 21-% in the exponent we get

1
s

V,F(2)| S o=@ D@ @ B 20gdlslt _ o~ Fomn) 2ozl

for every z € R??, for every § < 21-352. Let us compare the coefficients (2\/%Jmin)%6
and €. We distinguish between two cases.

First case:

which entails the condition omim < 27°Vd. In this case we have SSS’E(Rd) C

s (R?) for every § < 2'=s:e. In particular, the window g is in the larger

1
5,(2y/20min) s 6

Gelfand-Shilov class and we apply Theorem 1.3 to deduce that
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Sfes® 1 (RY), V6 <2l72¢
57(2\/50,“;“) s

Second case:
Omin > 2_8\/8.

This implies that there exists § < 21-35 ¢ such that (2 \/gomin)%(S > ¢, therefore we have

. 11
VoSF(2)| S e @kl vy e R,
By Theorem 1.3, we infer Sf € S;s(Rd). O

Remark 5.2. If 27%v/d > 1, since the smallest singular value of the symplectic projection
S of S satisfies oy < 1, we immediately fall in the first case. This happens, for instance,
if d > 4. In fact, 1/2 < s < 1,80 27% > 1/2, hence

=5d > £>§:1.

Corollary 5.3. Assume 1/2 < s <1,¢>0, f,g € Si_(R?) and S € Mp(d,R). Then the
STFT Vg f enjoys the following properties:

(1) If Owmin < 272FIVd, then V,(Sf) € 82 5(R>) for all § < d~1/2o21-Voglloe,
(i) If omin > 2725T1Vd, then V,(Sf) € S2.(R?).

Proof. Since f,g € S‘;)E(Rd), by Corollary 1.5 we have the estimate

V,8f(2)] e 2V im0y, c g2t vy < g1-die

In view of (12) we get
VeSf(w. ) = I1SF=m)lgw)] S [SF(=mle™=l",  V(w,n) € R

Case 1: omin < 275Vd.
By Proposition 5.1,

1 1
S ()| < e @V Ermm) 0Ty R s < gl

However, the condition o, < 27°Vd implies that (2\/%(7““)%6 < ¢ for every § <

3
21~ 3:¢. Therefore,
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1 1
()| S e @VammmIE gy e R ys < 917
and thus
— 1 1
V,8£(Q) S e CVammm®olls - ye e R, vg < 21- e

Now, since 1/2 < s < 1, we have that 25 > 2 and V g(Sf) decays faster than its Fourier
transform. We conclude that V,(Sf) € S s 2/ (de).

o

Case 2: omin > 275/d.
Again, by Proposition 5.1 and (12) we get

VoSO S el we e R,

We must compare the coefficients € and 2(\/7 Jmm) S8 for § < 2735, Let us separately
discuss the following two sub-cases.

Case 2a: 275V d < opin < 2725T1/d.
Note that condition 1/2 < s < 1 implies 275\/d < 2725T1/d, therefore, this is not an
empty scenario. Furthermore, the following condition holds:

sup 2(\/%@111“);6 <e.

s<2l" 35 e

We conclude as before that V, (S f) e (R24).

s 2(\/"7[:11!1)7
Case 2b: oy > 27251V/d.
Under this assumption, there exists § < 2~ 35¢ such that 2(\/>0mm) d > &. So,
V,(Sf) e S: .(R??). This concludes the proof. O

Remark 5.4. If d > 4, the condition o, > 2-2s+1,/d never holds. In fact, for 1/2 < s < 1
we have 2-25+1,/d > ¥d

5.2. The case s > 1

Proposition 5.5. Assume s > 1, ¢ > 0. If 5§ € Mp(d,R) and f € S: .(RY) we have

Sfe Ss . (RY) for every § < 27 ¢,
16\/—(40'111111) sé

Proof. Fix a window g € ;. (R?)\ {0}. By virtue of Corollary 1.5 we infer

~ _ yEsimt _1
[VoSf(2) Se svaa (2omin) 01215 g, e R2 s < 97w,

After dividing and multiplying by 2:~1 in the exponent we get
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~ T TS Gt 1y st
|VgSf(Z)| 567(2 s)(25 )m(Zamm)b(ﬂzh 267(2 b)m(40mm)b5lzl‘”’

for every z € R??, and § < 2~ 25¢. Observe that

1 . 1 L 1,4 1
SUIp (Ao ) 6 = ——— (doy) T2 e = ( ) c
P Tv/ag omin) (49umin)

0<2  2s¢

IN
—_
(@)
ﬂ’_l
[\}
IsH
—
P
~——
M,

and the assumption s > 1 yields

;<i)%€<ig<g
16vV2d \v2/ ~ 7 16v4d

Therefore g € S° 1 (RY) for every 6 < 2~ 25¢ and the claim follows by Theo-
37m(40m1n) 56
rem 1.3. O

Corollary 5.6. Given s > 1, >0, f,g € S;E(]Rd) and S € Mp(d,R), we have Vggf €

S* 1 (R24) for every § < 2 s e.
$7m(40min)55

Proof. Since f,g € 85 _(R?), by Corollary 1.5 we infer
3 L (20mim) 8]z 2d L
[VoSf(z)| S e svaaioomm , VzeR* Vi <2 2e,
Now, combining (12) with Proposition 5.5 we obtain
sy g SN < ot (Aomin) SO0 F—ely|$ 2d
VoS f(y,m| = 1SF(=mllg(y)| < e rovad € » (y,m) e R,

for every § < 27 25¢. As in the proof of Proposition 5.5, we have

1
su
P 16v2d

0<2 2s¢

(4amin)%6 S g,

hence
— 1 1
V,SF(¢)] S e tovas (omin) =0k

The condition s > 1 implies

@ =
—
|
|
AN
N
—
©
)
E
=
N—
o[
IN
—
o
)
g
=]
SN—
W |

1
L 4fo’min
16+ Qd( )

and we conclude that
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b

1 1
IV, 8(2)] < e ovmatdomm) Fols13
that is the claim. O
5.3. More on Gaussian decay — the case s = 1/2

We address here the question of how the separate decay of f and f is reflected in
the joint phase-space decay of the STFT, in the vein of Theorem 1.2. In general, for
s > 1/2 we aim to find the sharp exponents a,a’,b,b’ > 0 such that, for all z,& € R4,
the conditions

1/s

1f@)] S e f o) S et (22)

are equivalent to
Vi f(w, )] S el I, (23)

The problem seems non-trivial even in the simpler Gaussian case s = 1/2. In fact, in [22]
it is conjectured that the equivalence (22) < (23) holds with o’ = a/2 and b’ = b/2.

On the one hand, the marginal properties of the Wigner distribution in (2.4) and
its representation via STFT in (13) are enough to show that (23) = (22) holds with
a’ =a/2,b =b/2 as conjectured. Sharpness follows by testing the claim on the Gaussian
p(x) =e

On the other hand, a counterexample shows that (22) = (23) fails with the conjectured
exponents. In fact, consider

—alz|?

f($) _ eiwla:|267a|:v\2 _ §§0($), = Rd,

—alzl” and S is the metaplectic operator acting as the pointwise multi-

im|x|?

where ¢(x) = e
plication by the chirp e . By means of standard Gaussian integral formulas (see for

instance [23]), we get

f©= /e”'f'%*‘”f‘%*“fr de = /e*ﬂ(%*i)lm%*%isz d

Rd R4
—d/2 g2 o
- (9 _i) / ¢ TP i 167
i
so that
2
— ealzl? POV = (a2 /n2 4 1)-4p-ble? = _T
[f(z)|=e ;o @ = (a7/m" +1)7 % e, T

However, by combining (13) and (16), or using [16, Proposition 1.2.14], we obtain
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—d/2 2
—alg? — 22 |g—gl? P R o seead [
Vif(z, O = Vop(r,§ —a)| = | — e 2" em £ Ce 21"l e 2@inn ™,
m

To summarize, only the conjectured implication
Vif(e, O Se 83— @) e and |f()| S e

happens to hold. The converse requires different exponents, as proved in the following
result — which turns out to be a refinement of [24, Proposition 2.4], whose optimality
is discussed in [24, Example 4.1].

Proposition 5.7. Assume a,b > 0 and let f € L>(R?) be such that, for all x,¢ € RY,

1f(2)] S ekl (24)
1f(&)] S et (25)

Then,
Vi f(z,€)] S e §l2F=1167 0 (2,6) e R% (26)

Proof. For f € L?(R?) satisfying the decay estimate (24) we have

|fo(.’t,£)‘ < /|f(t)f(t _ LU)| dt S; /e—a\t|26_a\t—x|2 dt — e—a\x|2 /e—2a|t‘2e2atw dt
Rd

R4 R4

—d/2 —d/2
_ (2_a> p—alal? 81zl _ (2_a> o8l
v v

Similarly, using (25) and the fundamental identity of time-frequency analysis (11), we
see that

£ —d/2 b2
Vi F(@,6)| = [Vif(6,—2)] S (ff) e

The conclusion follows by means of Proposition 3.10, or even by direct computation,
since

—d/2
Vif(z, ) < (4‘1;’) e~ 3 (alal*+bIE[*)
(e

which proves (26). O

For the sake of completeness, we report here analogues of Propositions 5.1 and 5.5 in
the Gaussian case. When s = 1/2 it is interesting to highlight the dependence on the

dimension d.
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Proposition 5.8. Consider f € 811//226(]Rd) and S € Mp(d,R).

(i) If d =1, then we have

Sfe Sll//2272gﬁlin5(R) if Omin < \/5/2
511//22,£(R) Zf Omin > \/5/2

" 3 1/2
(ii) Ifd > 2, then Sf € 81//27%03]“]5(Rd).
Proof. The proof strategy mirrors the one of Propositions 5.1 and 5.5. We fix g €

811//22,5 (R?)\ {0} and resort to Corollary 1.5 with s = 1/2 to obtain

V,Sf(2)| < e~ a%minl2l® = =2 QIonlZ” v, ¢ R,

If d = 1, then

VoS f(2)] S e 1/2Comnls’ vz e R,
and the claim follows by Proposition 1.3, since oy < V2 if and only if 2e02, <e.
2 min
If d > 2, then 202, < eo2;, < e and again we get the result as a consequence of

Proposition 1.3. O

Remark 5.9. Using Proposition 5.8 one can easily infer the related properties for Vjf
and V,Sf, following the pattern in the proofs of Corollaries 5.3 and 5.6.

6. Applications

As anticipated in the Introduction, the propagators of Schrodinger problems with
quadratic Hamiltonian (1) are metaplectic operators, their associated Hamiltonian flows
corresponding to the symplectic projections of these operators. The purpose of this
section is twofold. First, we compute Euler decompositions for the Hamiltonian flows
arising from quantum dynamics — including the free particle (also in presence of uni-
form magnetic field) and the anisotropic harmonic oscillator; second, we compute Euler
decompositions of the generators of Sp(d, R).

Our focus is on the spreading matrix D'U, appearing in the decay estimate (8) of
Theorem 1.4. For the benefit of the reader, Algorithm 1 summarizes the procedure used
to compute the Euler decompositions. Since the full computation can be quite involved,
we omit the detailed steps and provide only the matrices D and U from which D'U can
be easily inferred.
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Algorithm 1 Euler decomposition of a symplectic matrix.
Require: A matrix S € Sp(d, R).
Ensure: A triple (U, V, %) such that § = U ' DV, where:
« D=YX®x ! with ¥ = diag(o1,...,04),
e 01 2> -+ > 04 > 1are the d largest singular values of S,
e Uand V are orthogonal and symplectic matrices.
1: Compute SsT , and determine the singular values o1,...,04, Ufl, .
matrices ¥ and D as above.

2: Diagonalize SST = U D*U. .
: Modify U to obtain a symplectic matrix U. In particular, when U has diagonal blocks (as in our appli-

cations), this can be achieved by changing the sign of some of its rows.
4: Define V = D'US.

,(J’;l of S. Define the diagonal

6.1. Free particle

The simplest example is the free particle,

i@(t )_ [
om0 T T a2
u(0,2) = ug(x),

with (t,x) € R x R%, d > 1. The solution is given by

u(t,x)zauo(ag):/em@ﬁ HEP) Go(e)de, L eR.

Rd

The free particle propagator is given by §t(t) = ¢"A/27 and the corresponding flow is

St:(é 23‘7)7 teR.

Recalling the results in [14, Section 4], a straightforward computation shows that the

largest d singular values of S; coincide:
oj=o(t)=(1+22 22 +tHYYH)V2 =142+ |t], j=1,...,d

An example of Euler decomposition (U, Vi, %) of S; for ¢ > 0 is given by
_ o(t)l I _
v= oty (T4 = (LG, 9.
The spreading phenomenon manifests itself as a dilation by
_ I t)~tr1
Dwi = ety (L 7). 1)

The spreading phenomenon of the free particle is conceptually outlined in Fig. 1, where
we illustrate the effect of DjU; with d = 1 on the unit disk centered at the origin in
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t=0.00 t=2.00 t=4.00
10 10 10
51 51 51
01 ® o - 0]
-5 -5 4 -5 -
-10 T T T -10 T T T -10 T T T
-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10

Fig. 1. Spreading phenomenon for the free particle. The image of the unit ball of the phase space (¢t = 0) under
the linear transformation D;U; in (27). As t increases, the map produces both rotation and anisotropic
stretching, with the spreading exhibiting a pronounced directional component.

R2 — as a simple toy model for the essential time-frequency support of a Gabor wave
packet.

6.2. Harmonic oscillator

The classical harmonic oscillator has been analyzed by Knutsen [31, Example 4.2],
where the Hamiltonian takes the form

d d

1 m .
o §J2+52wj2xf, with z = (z,£), m > 0, w; € R.
j=1 j=1

H(z) =

This leads to the following Schrédinger equation:

zia—u(t x) = 1
or ot

d
m 2.2
_87r2mA + 3 ijxj u(t, z).
j=1
An explicit expression for the symplectic matrix S, having d x d block decomposition,
is given by:

St = (étt gi) S Rgdxzd, At,Bt,Ct,Dt S RdXd,

associated with the system is provided in [31, Example 4.2]. Namely, the blocks are given
by:

sin(w;t)

1
B, = — diag ( ) , Ay =D, =diag(cos(w;t)), C=—mdiag(w;sin(w;t)).

Wi

To compute an Euler decomposition of S;, let us consider the case where d = 1 first.
Following Algorithm 1, we compute:
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esT = cos?(wt) + ﬁ sin?(wt) <n“jw - mw) sin(wt) cos(wt) xo
te — 1 . 2 2,2 2 A\ 2
T W sin(wt) cos(wt)  cos®(wt) + m*w? sin® (wt)

We need to distinguish four scenarios.

First scenario. If mw = +1 or w = 0, then

mw) sin(wt) cos(wt)

&_(wam> s@mmmwg,

which is symplectic and orthogonal. In this case, D; = I, Uy = [ and V; = 5.

Second scenario. If w # 0 and wt = § 4 2k, then cos(wt) = 0 and sin(wt) = (—1)¥, so
that

(=" 1
— 0

S, = 0 mew | > S8 = | m2w? R
mw(—1)F1 0 0 m2w

In this case, the singular values of S; are o1 = |mw| and oy = ﬁ, and S; = U,' D,V,

with

_ _ 0 (—1) sgn(mw) R 0
ve=t V= (e 5 Dt‘("%‘" |mw>

if jmw| <1, or
|mw| 0 01
V, = (=1 tsgn(mw)I, D, = ( 0 1 > , U= (_1 0)
[mwl

otherwise.

Third scenario.
If wt = kn, k € Z, then S; = (—1)’“]7 and U; =Sy, Dy =T and V; = I.

Fourth scenario. If mw # £1 and w # 0, and cos(wt), sin(wt) # 0, the eigenvalues of
8,7 S can be easily computed as

Ae(t) =1+ B(1)* £ B(t)V2+ B(1)?, (28)

where

610) = | 75 (o — ) s

mw
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The singular values are o(t) and o(t)~!, where

B#)? | B)

+ —=. 29
Recall that X; and ), are the two upper blocks of S;S,". Then, S; = U," D;V} is an Euler
decomposition of Sy, with

o(t)y=4/1+

yt AL (t) — &
t Xt & )\ Xt
U = \/y | t ! \/y J)r\ t()t) ) )

—sgn(Wr
B O Er A Ve s r e

and V; computed accordingly as V; = D, 'U,S,. The correcting factor — sgn(Y) is added
so that det(U;) > 0, and hence det(U;) = 1, guaranteeing that Uy € Sp(1,R).

The general case d > 1 can be approached with a standard permutation argument.
The core idea is rearranging the rows and the columns of S; using a permutation P so
that PS;PT = St(l) e...8 Sgd), where

I
St(j) _ cos(w;t) p— sin(w;t) 7 i=1....d

j
—mw; sin(w;t) cos(w;t)

Then, if St(j) = (Ut(j))TD,Ej)Vt(j) is the Euler decomposition of St(j) for j =1,...,d, the
Fuler decomposition of S; is obtained by conjugating each factor with respect to the
inverse permutation. Specifically, for each j = 1,...,d, we compute the singular values

oW (t) and o) ()~ of St(j) as defined in (29). Next, we consider a permutation matrix
P € R?4x2d gych that:

(1) PS,PT =8P @ ... o8P,
(2) cW(#) > ... >0 D() > 1.

Then, S; = U, D;V; is a SVD of S;, where

mzpww”@”@w%a
%:PWW”@“@WHR

Here, the matrices V;(j) and Ut(j) (j = 1,...,d) are computed using the argument in
dimension 1. Let us show that U;, V; € Sp(d,R). We denote with

ﬂﬁ:<flé>, j=1,....d,
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10 10 10
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0 @ 0 01
-5 1 -5 1 -5
-10 T T T -10 T T T -10 T T T
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t=1.41 t=1.77 t=2.30
10 10 10
51 51 5
0 0 o 0-
-5 1 -5 1 -5
_10 T T T _10 T T T _10 T T T
-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10

Fig. 2. Spreading phenomenon for the harmonic oscillator. The image of the unit ball of the phase space (t = 0)
under the linear transformation D;Ut, with d = 1. The parameters m and w have been chosen randomly
(here, w = 1.7762 and m = 1.7939). The times have been sampled as an/w with « € {0,0.3,0.6,0.8,1,1.3}.
Observe the periodicity of the roto-dilation. In particular, D; U, acts as the identity at time t = 7/w &~ 1.77.

so that, by definition of P, we have PJPT = JM @ ... @ J4. Consequently,

U Ju, =P (UMY & ..o 0 riPTUY &... e UD)P
T((Uf”)TJUE” &...o )T Iu)P

=P V... eJpP=1

Similarly, V,"JV; = J. Hence, U;,V; € Sp(d,R), proving that S; = U, D;V; is an
Euler decomposition of S;. The spreading transformation DU, is illustrated in Fig. 2 by

means of a representative example. The matrix D;U; is 7 /w—periodic in time and acts
as a composition of a rotation and an anisotropic dilation.

6.3. Uniform magnetic potential

Let us consider the following Hamiltonian:

H(z,&) = Z§ +w(Bz-{— B¢ -x

Z%

(30)
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where m > 0, w € R\ {0} and B € R¥*? is a non-trivial skew-symmetric orthogonal
matrix — namely, satisfying B' = —B and B'" B = I. Note that the assumptions on
B force the dimension d to be even. Indeed, for d = 2 and B = J, the quantization of
the so-called Landau Hamiltonian in (30) represents a simplified model for the quantum
dynamics of a charged particle in the plane under the action of a uniform, orthogo-
nal magnetic field. For more information on the spectral properties of this and related
problems (e.g., the twisted Laplacian) see [19,20,50] and the references therein.
The canonical transformation associated with (30) is

S, = ( cos?(wt)I + sin(wt) cos(wt) B %(sin2 (wt)B + sin(wt) Cos(wt)1)>
—mw(sin?(wt)B + sin(wt) cos(wt)[) cos?(wt)I + sin(wt) cos(wt) B

obtained by applying the half-angle formulae to [10, Section 7].
Using that BT = —B and B' B = I, a straightforward computation shows that

1 1
2 2 I :
|:COS (wt) + a2 Sin (wt)} I (mw mw) sin(wt) cos(wt)I

5,8 = 1
(m - mw) sin(wt) cos(wt)l  [cos?(wt) + m*w? sin?(wt)] I (31)

_ (XL NI
T\ Zd )
We distinguish three scenarios.

First scenario. If mw = +1, then S; S, = I and, therefore oy = ... = 094 = 1. In this
simple case, D} = U, = I.

Second scenario. If mw # +1, and t = EX (k € Z), we have

e S N S

[(1+m?w?) + (1 —m’w?) (-1)"] T

and we distinguish two sub-cases. If k is even, S;S,” = I and, again we have oy = ... =

0924 = 1. If k is Odd7
1
StStT = m%ﬂl 0 )
O miw?I

so that o1 = ... = 04 = max{|mw|, |mw|~'} = o(t). In this case, it is straightforward
to decompose S; = UtTDtVt with

_ _ 0 sgn(mw)B
Ui=1, Vi= (—sgn(mw)B 0 )
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if |mw| < 1, and

_ _ sgn(mw)B O
U=, Vi=-— ( @) sgn(mw)B

otherwise.

Third scenario. If mw # +1, and t # EX we have that (-1 — w)sin(2wt) # 0 and,
consequently, the upper-right block of (31) is invertible. Using Schur’s complements for
the computation of det(S;S,” — Al2q), we infer that the eigenvalues A4 (t) of S;S,” have
the same expression in (28) and, consequently, the largest singular values of Sy, o(t), are
the same as in (29). Accordingly, the other singular value is o(¢)~!, and they both come
with multiplicity d. Consequently, D; = o(t)I; ® o(t) 114, and

yt )\+( ) *Xt

I
U, — VIE+ - X)? VIE+ - X)?
' Iytl I —sgn() Sy <> xt :
\/yt —(t) = &)? VIZ+ (A-(t) — X)?

where now the blocks X; and ) are defined as in (31). The factor —sgn();) in the
lower blocks makes U; symplectic. The matrix V; is then computed using the relation

S; = U,” D;V;. Although the existence of a non-zero d x d orthogonal matrix B satisfying
BT = —B requires d to be even, the conceptual illustration in Fig. 2, which depicts
the spreading phenomenon for the harmonic oscillator, remains relevant in the present
setting of the uniform magnetic potential, due to the block-diagonal structure of the
matrices Uy and Djy.

6.4. Euler decompositions of the generators of Sp(d,R)

Finally, we compute the Euler decompositions of the generators of the symplectic
group, that are J, defined in (10), and matrices in the form

E-1 O I O
DE':_( 0 ET)a VQ: (Q I>7

for d x d matrices Q = Q" and E € GL(d,R).

6.4.1. Fourier transforms.

As far as J is concerned, the singular values of J are trivially o1 = ... = g9q = 1,
and the corresponding Euler decomposition is J = U DV, where D = I, U = J' and
V = I. Let us comment about the so-called partial Fourier transforms. For a subset of
indices J = {1 < j1 < ... < jr < d} C{l,...,d}, consider the diagonal matrix Iy
with diagonal entries I;; = 1 if j € J and 0 otherwise. For z € R¢, set 7 = I 7z and
xge = x — x 7. The metaplectic operator with projection
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_(I-17 1y
HJ(IJ IIJ)

is, up to a phase factor, a so-called fractional Fourier transform,
Fof(e)= [ fage +ug)e o 10dyg,  f e SR,
RT

where dyy = dyj, ...dy;,. Since H}HJ = I, 0 = 1 is a singular value of II; with
multiplicity 2d. Again, if V=1, D=1 and U = H}, we have II; = UTDV.

Now, let I' = span{vy,...,v,} C R% be a subspace of R¢ of dimension r, with orthonor-
mal basis {v,...,v,}. Let us decompose # = 1 + 7o € R, with x; € T and x5 € T,
Consider a rotation R so that Rv; = e; for every j = 1,...,r, where {e1,...,e,} are

the first 7 vectors of the canonical basis of R%. Let J = {1,...,r}, the action of the
metaplectic operator with projection

_(R"(I-15)R RTI;R B
HR—( 7RTI\7R RT(I*IJ)R —DRHJDRTa

is given by
Frf(é+x2) = Fo(f o RT)(R(& +22))

- /fORT(y%,-~-,yLsz)e*%iREl'yldm,
R'r

where & € T, x5 € 't and we have identified

Rxo=(0,...,0,y3,..., 95 ") e R < (ya,...,y57 ") € R,
N——

7 times

and similarly for R¢;. The change of variables Ry, = z; yields

]:Ff(fl + 51;2) = /f(ml + x2)6—27\'i§1'ac1 dx17
T

the partial Fourier transform along I'. Then, the Euler decomposition of Ilg is I =
U'DV, where U =11 D, D=1 and V = Dxr.

6.4.2. The matrices Dg
Concerning the matrices Dg, let E = U "DV be an SVD of E, then an Euler decom-

position of Dg is
Do — vl o D O Uu o
E=\o vi)\o pt)\o U)
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6.4.3. The matrices Vg
The Euler decomposition of lower triangular matrices Vi is slightly more involved.
We proceed step by step. For d =1 and u € R, let

()

If 4 = 0, then V,, = I and there is nothing to say. Otherwise, the eigenvalues of V;LVHT
are

and, consequently, the singular values of V,, are

2
ai:\/1+’“‘zi‘g‘. (32)

Observe that the expression (32) also encodes the case where p = 0, where the only
singular value is ¢ = 1 with multiplicity 2. Let

4 2

ptou
=22+
P+ .u+4 5

be the norms of the eigenvectors of VMVJ associated to At respectively. Then, the matrix

12 )\+—1

P+ P+
Clul —sen(w)(A- — 1)
P— pP—

U =

is orthogonal and has det(U) = 1 by construction. Consequently, V,, = UTDV is an
Euler decomposition of V,, when p # 0, where U is defined as above, D = diag(oy,0_),
and V is computed accordingly.

For the case d > 1, we first consider @ = A = diag(\1,...,Aq). Then, there exists a
permutation P so that

PVAPT:VMEB...EBV)\M V)\j = ()\1] EJ)’ (33)

where, with an abuse of notation, the permutation is chosen so that |A\1| > ... > |Aq4|.
Using (33), we may compute the Euler decomposition of each Vj,, say V), = U ]TDJ-VJ-,
according to the argument for d = 1, and define
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Va=P (Vi ®...0V,,)P
=P U/ ®..0U)D1®...0D)(Vi®...0Vy)P
=U"DV,

where

U=P (Ui®...0U)P,
D=P'(Di®...® Dy)P,
V=P WVio.. .oV)P.

Observe that all these matrices are symplectic, since PJPT = (J; @ ... @ Jg), where

J1=...=Jg=J € Sp(1,R). The singular values of Vo are computed as in (32), namely
. 22 s
(7) J J
=1+ x|

Observe that by choosing P so that the eigenvalues of V5 have been sorted with decreas-
ing absolute values, the singular values of Vi are arranged as

O’j:O'Eg)7 ‘ j=1,...,d,

Oap; =0 I =1, d
Finally, it remains to study the general case where @) is real and symmetric. Let ©
orthogonal be such that @ = ©TAO, where A = diag(};) is the diagonal matrix of the
eigenvalues of (). A simple computation shows that the singular values of V, coincide
with the singular values of Va, and

(o7 0\, © 0\ _ 1
wg_(o (ﬂ)u DV(O @)_U'Dw

=UT =V

is an Euler decomposition of Vi, where VA = U " DV is the Euler decomposition of Va
computed as above.

Remark 6.1. The same argument yields the Euler decomposition of Vg ,Q =QT, the
symplectic projections of metaplectic Fourier multipliers

mof=F1(Pqf), [feL*RY,

—imQx-x

where ®_g(z) =e
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