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Abstract: This paper analyzes the compressive damage behavior of composite plates using

2D structural theories and 3D failure criteria. The proposed approach integrates the Carrera

Unified Formulation (CUF), 3D Hashin failure model for fibers, and Puck’s matrix compres-

sion criterion. It features advanced modeling of the fracture plane orientation and progressive

material degradation. The structural modeling is layer-wise (LW) and enhances computational

efficiency while maintaining high accuracy compared to traditional finite element approaches.

Verification and validation are carried out on single-element tests, compact compression tests,

and open-hole compression tests, with the results demonstrating strong agreement with ex-

perimental data and existing numerical models. The study highlights the benefits of using

higher-order 2D structural theories instead of refined meshes to capture the complex failure

mechanisms of fiber-reinforced composites under compression.

Keywords: Composites; Damage; Hashin; Puck; CUF, FEM.
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1 Introduction

Fiber-reinforced composite materials are commonly used in various engineering applications,

including aerospace industry ones, due to their good specific strength and stiffness, as dis-

cussed in [1]. The failure analysis of composites is still challenging due to multiple failure

modes. The compressive failure mechanism is particularly challenging due to the interplay

of failure modes such as the fiber micro-buckling, kinking, and matrix shear failure [2, 3, 4].

Another complicating factor is the presence of manufacturing defects, including fiber misalign-

ment and micro-structural voids, which can significantly impact material performance [5, 6].

Understanding and accurately modeling these failure mechanisms are crucial for composite

structure’s reliable and efficient design [7].

Damage modeling approaches for fiber-reinforced composites belong to discrete damage mod-

els (DDM) and continuum damage models (CDM). DDM explicitly models the geometry of

cracks within a structure. DDM, including the extended finite element method (X-FEM) and

cohesive zone modeling (CZM), provides high-fidelity predictions of crack initiation and prop-

agation, see [8], but requires significant computational resources. CDM, conversely, has lower

computational costs [9] and models the damage evolution through degradation parameters

within the constitutive equations. While CDM has been widely applied to tensile damage

analysis, its extension to compressive damage remains relatively under-explored. Some exam-

ples of application are the analysis of an open-hole composite laminate [10] and the notched

omega stiffened composite panels [11].

In CDM, the material degradation laws exploit failure criteria to predict damage initiation,

progressive failure, and ultimate failure strengths. Different criteria are available, e.g., Hashin,

Puck, Hoffman, and Tsai-Wu [12, 13, 14, 15].

An example of a modeling approach for the nonlinear behavior induced by damage is the

CODAM, initially developed for macroscopic sub-laminate level modeling of composites as

discussed in [16]. CODAM provides intralaminar damage based on continuum damage me-

chanics and uses failure criteria for fibers and matrices. The second-generation model, known

as CODAM2, translates the sub-laminate strain-softening behavior into equivalent stress-

strain responses along the principal ply directions [17], and it was implemented in various
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finite element commercial software as LS-DYNA [18, 19].

The progressive damage analysis of composite structures may require a high computational

cost due to the refined meshes needed to obtain an accurate stress field. Different techniques

have been proposed in the literature to overcome this problem, such as solid/shell coupling,

where the solid elements are used only in the critical region [20], and the global/local method

as in [21].

The present work aims to reduce the computational cost of progressive failure analysis of

composites under compression using 2D structural theories. In the previous works by the

authors, the nonlinear material behavior of composite structures was described via CODAM2

for both traction [22] and compression [23]. The present work’s novelty stems from using a

different damage model based on Hashin 3D and Puck failure criteria for matrix compression

[24, 25]. The selection of the Puck criterion for the matrix leads to a more accurate matrix

compression failure as it features inclined fracture mechanisms as observed in experimental

studies [26, 27, 28].

The computational efficiency improvement is due to using Carrera Unified Formulation (CUF)

for the structural modeling [29]. CUF enables the development of higher-order 1D and 2D the-

ories, wherein the accuracy is augmented through the utilization of cross-section and thickness

expansion functions instead of mesh refinement. CUF efficiency reduces computational cost

when compared with standard solid element FE analyses. Others examples of CUF models

applied for progressive analysis can be found in [30], where the micromechanical framework

exploits a class of refined 1D models or for the evaluation a model’s performance based on

the failure index in [31]. In this work, higher-order 2D theories are employed. The layer-wise

(LW) approach is used to model the though-the-thickness behavior of plates [32].

This paper is organized as follows: Section 2 presents CUF and the FE formulation; Section

3 presents the damage model and the various failure criteria employed for both fiber and

matrix. Numerical results are shown in Section 4 and key conclusions in Section 5.
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Figure 1: 2D-CUF model with Q9 elements

2 Structural theories and finite element formulation

According to CUF for 2D theories [29], and using the reference frame shown in 1, the 3D

displacement field, u(x, y, z), can be expressed as a product between in-plane shape functions,

Ni(x,y) and expansion functions acting along the thickness, Fτ (z),

u(x, y, z) = Fτ (z)Ni(x, y)uτi, τ = 1, ...,M i = 1, ..., p (1)

Fτ (z) is the expansion function modeling the displacement filed along the thickness and having

”M” terms. uτi is the nodal unknown vector. Ni(x,y) are the 2D shape functions, and p is

the number of nodes of each element. The results of this work are obtained using standard

Q4 and Q9 elements. The structural theories exploit Lagrange polynomials as expansion

functions through the layer thickness [32] and leading to a layer-wise (LW) description of the

displacement field,

uk(x, y, ζk) = F k
τ (ζ

k)uk
τ (x, y), τ = 1, ...,M (2)

k is the ply index and ζk spans the ply thickness, [-1,1]. The current work uses first- (LE1),

second- (LE2), and third-order (LE3) polynomials. The stress and strain components are

grouped as follows:

σ = {σxx, σyy, σzz, σxy, σxx, σyz}

ϵ = {ϵxx, ϵyy, ϵzz, ϵxy, ϵxz, ϵyz}
(3)
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By considering the geometrically linear assumptions, the linear strain-displacement relation

is

ϵ = Bu (4)

where u is the displacement vector and B is the linear differential operator given by

bl =



∂x 0 0

0 ∂y 0

0 0 ∂z

∂y ∂x 0

∂z 0 ∂x

0 ∂z ∂y



(5)

The constitutive relation in the damage state is obtained through the secant material stiffness

matrix, Csec,

σ = Csecϵ (6)

As commonly implemented for this class of problems, explicit time integration techniques

and the central difference scheme are employed to solve equations given by the semi-discrete

balance of momentum,

Mü = Fext − Fint (7)

where M is the mass matrix, ü is the acceleration vector, and Fext, Fint the external and

internal force vectors, respectively. More details about the explicit nonlinear formulation in

CUF can be found in [22].
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3 Damage model

The current work adopts 3D Hashin criteria for matrix, fiber tension, and compression. For

matrix compression, the Puck criterion was considered according to the works of Davila et

al. [28] and Lapczyk et al. [33]. The failure index referring to the fiber damage initiation for

compression, Ffc, in Hashin 3D is given by

Ffc =

(
σ11

XC

)2

(8)

XC is the fiber compressive strength. The matrix damage initiation along the transverse

direction occurs when Fmc ≥ 1, where the Puck failure criteria is given by

Fmc =

(
σnt

SA
23 − ηntσnn

)2

+

(
σnl

S12 − ηnlσnn

)2

(9)

The internal material friction is characterized by the coefficients ηnl and ηnt based on the Mohr-

Coulomb failure theory [34]; σnn, σnl and σnt are stresses along the normal, longitudinal shear

and transverse shear directions of the fracture plane, respectively; S12 is the in-plane shear

strength and SA
23 is the transverse shear strength in the fracture plane. The terms employed

in the failure criterion are given by

σnn = σ22 cos
2 θ + σ33 sin

2 θ + 2σ23 cos θ sin θ

σnl = σ12 cos θ + σ13 sin θ

σnt = −σ22 cos θ sin θ + σ33 cos θ sin θ + 2σ23(2 cos
2 θ − 1)

µnt = tan(2θ − 90◦),
µnt

SA
23

=
µnl

S12

, SA
23 =

YC

2

(
1− sinϕ

cosϕ

)
, ϕ = 2θ − 90◦

(10)

θ is the fracture angle, which is approximately 53° for a unidirectional composite under uniax-

ial transverse compressive load as found by Donadon et al. [35]. The Puck criterion estimates

the inclination of the most probable fracture plane by calculating θ. The Simple Parabolic

Interpolation Search (SPIS) is adopted in this paper as proposed in [36]. SPIS divides the

overall 180° interval into 18 sub-intervals, each comprising 19 reference points, as shown in

Fig. 2, to evaluate Fmc and, then, θ.
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Figure 2: An example of SPIS method based on [36]

To compute the damage progression, the equivalent compressive displacements δfceq and δmc
eq ,

for fibers and matrix, are used,

δfceq = lc⟨−ϵ11⟩ (11)

δmc
eq = lc

√
⟨−ϵ22⟩2 + ⟨−ϵ33⟩2 + ϵ212 + ϵ223 + ϵ213 (12)

⟨·⟩ is the Mcaulay bracket, lC is the characteristic length set equal to the cubic root of the

Gauss point volume, lC= (VGP )
1/3. The Gauss point volume is the portion of the element

volume associated with each Gauss point. The relation between displacement and strain is

given by δeq= lcϵeq. The corresponding equivalent stresses in the longitudinal and transverse

directions are

σfc
eq =

lc⟨−σ11⟩⟨−ϵ11⟩
δfceq

(13)

σmc
eq =

lc(⟨−σ22⟩⟨−ϵ22⟩+ ⟨−σ33⟩⟨−ϵ33⟩+ σ12ϵ12 + σ23ϵ23 + σ13ϵ13)

δmc
eq

(14)

The ultimate displacement at damage saturation is

δu,feq =
2Gf

T
(15)

δu,meq =
2Gm

T
(16)
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Gf and Gm are the fracture energies in longitudinal and transverse directions, respectively;

T is the peak value of the equivalent transverse stress when the damage occurs, T= σmtc
eq

∣∣
Ft=1

and T= σmtc
eq

∣∣
Fm=1

, respectively. The damage evolution parameter, d, is

d =
δueq(δeq − δ0eq)

δeq(δueq − δ0eq)
(17)

δ0eq = δeq
∣∣
F=1

is the equivalent displacement at the damage initiation. As discussed in [37],

the constitutive elastic stress-strain relation during the damage evolution can be written as

σ = Cdamϵ (18)

where Cdam is the stiffness matrix in the damage state. It can be computed using ∆,

∆ = 1−(1−df )(1−dm)ν12ν21−(1−dm)ν23ν32−(1−df )ν13ν31−2(1−df )(1−dm)ν21ν32ν13 (19)

The damage parameters, df and dm, are

df = 1− (1− dft)(1− dfc) (20)

dm = 1− (1− dmt)(1− dfc) (21)
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dft and dmt refer to fiber and matrix traction, dfc and dmc to fiber and matrix compression.

The damage matrix is

Cdam =
1

∆



C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66



(22)

where the matrix components are defined as follows

C11 = [1− (1− dm)ν23ν32](1− df )E1 C12 = (1− df )(1− dm)(ν21 + ν23ν31)E1

C22 = [1− (1− df )ν31ν13](1− dm)E2 C13 = (1− df )(ν31 + (1− dm)ν21ν32)E1

C33 = [1− (1− df )(1− dm)ν21ν12]E3 C23 = (1− dm)(ν32 + (1− df )ν12ν31)E2

C44 = ∆(1− df )(1− dm)G12 C55 = ∆G23

C66 = ∆G13

(23)

More details on the implementation of damage models in CUF can be found in [22, 23].

Bi-linear constitutive models with a linear post-peak softening response often struggle to
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Figure 3: Family of softening curves

accurately capture the complex behavior of fiber failure under compressive loads. One of the

main challenges is the instability that occurs during the initiation and propagation of fiber

damage, leading to micro buckling and the formation of kink bands. These failure mechanisms

result in a sharp reduction in the load-carrying capacity of the material, followed by a stress

plateau. A simple linear softening approach cannot effectively replicate this response as it

does not account for the rapid loss of strength and subsequent stabilization phase, as explained

in [38]. Alternative softening curves have been introduced to enhance the predictive accuracy

of the material model [39]. These modifications involve refining the damage evolution law,

incorporating a ’linear-brittle’ softening curve that better represents the sharp stress drop

and the following plateau. This approach ensures a more realistic depiction of compressive

failure progression. A key aspect of this enhanced modeling is the residual plateau stress,

which is defined as a fraction of the peak stress. By adjusting this percentage, a family

of softening curves can be generated, capturing variations in compressive failure behavior.

Importantly, the fracture energy associated with fiber failure remains constant across these

curves, ensuring consistency in energy dissipation during damage evolution. An example of a

family of softening curves using the H-P failure criteria is shown in Fig. 3.
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Table 1: Material properties of IM7/8552

E1 (GPa) E2 (GPa) E3 (GPa) G12 (GPa) G13 (GPa) G23 (GPa) ν12 ν13 ν23
150.0 11.0 11.0 5.8 5.8 2.9 0.34 0.34 0.48

XT (MPa) XC (MPa) YT (MPa) YC (MPa) S12 (MPa) GT
1 (kJ/m2) GT

2 (kJ/m2) GC
1 (kJ/m2) GC

2 (kJ/m2)
2560 1690 73 250 90 120 2.6 80.0 4.2

4 Numerical results

The numerical simulations developed using Hashin 3D and Puck criteria for compression—referred

to as H-P—are compared with those from other modeling approaches and experiments. The

aim is to verify, validate, and assess the new approach, considering accuracy and numerical

efficiency. The material properties used for all cases are listed in Table 1.

4.1 Single element

The first case considers a single element of 1 mm × 1 mm. The material is IM7/8552 carbon

fiber reinforced polymer (CFRP) with a ply thickness of 0.125 mm. The CUF structural

model adopted is one four-node Q4 element as in-plane discretization with a linear Lagrange

expansion LE1 along the thickness as in the previous work based on CODAM2 [23]. Three

cases are considered: the first refers to a uni-axial compression in the longitudinal direc-

tion with the fibers aligned to the y-direction (0°); the second case consists of the uni-axial

compression in the transverse direction concerning the fiber (90°); the last case refers to the

uni-axial compression of a single element quasi-isotropic with lamination of [90/45/0/-45]2s.

The boundary conditions and results of the analyses are shown in Fig. 4. In Fig. 4a-4b, the

results are compared with those from CODAM2-CUF based on 2D Hashin [23]. In Fig. 4c,

the stress-strain curve is compared with the CODAM2-CUF approach, two different damage

models using LS-DYNA and ABQ-DLR-UD in ABAQUS [40]. The LS-DYNA models refer

to CODAM2, implemented as MAT219, and to the Laminate-Based Composite Model, im-

plemented as MAT81. The user-defined material model ABQ-DLR-UD in Abaqus/Explicit

uses Ladeveze’s coupled transverse and shear damage formulation [9]. The results show that:

1. The peak stresses predicted by the present model match the material strengths of the

fiber - 1690 MPa - and matrix - 250 MPa; it also matches the value obtained by the

12
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Figure 4: Stress-strain response of the single element under uni-axial compression
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Model Elements DOF
CUF 191Q9-LE1 191 Q9 elements in-plane and 1 LE1 per ply 82467
CUF 191Q9-LE2 191 Q9 elements in-plane and 1 LE2 per ply 162435
CUF 191Q9-LE3 191 Q9 elements in-plane and 1 LE 3 per ply 242403
MAT18 (LSDYNA) 4848 shell elements N/A

Table 2: Number of elements and DOF in models of the CC test

CODAM2-CUF. The fracture energy matches very well too, and it is given by the area

under the stress-strain curve, i.e., 80 kJ/m2 and 4.2 kJ/m2 in the longitudinal and

transverse direction, respectively.

2. For the quasi-isotropic element, the peak matches well with all other models but MAT81,

which predicts a significantly lower peak stress - around 30% lower than H-P, CODAM2,

and ABQ-DLR-UD. The difference may be due to the assumption of a simplified lami-

nate behavior in which the multilayer system is homogenized, whereas the other models

consider fiber and matrix failure separately. CUF employs a combination of one Q4 and

one LE1 per layer, whereas the LS-DYNA model utilizes a stacked 3D shell approach

to model the single-element laminate.

4.2 Compact compression test

The second test consists of a compact compression test (CC) of quasi-isotropic [90/45/0/-45]4s

laminate; the geometry and loads are shown in Fig. 6. This numerical case was retrieved from

[41], in which the authors conducted a quasi-static fracture experimental tests; afterwards, in

[40], the authors used CODAM2 and MAT81 damage models in LS-DYNA for the same case.

Figure 6 also shows the 2D mesh adopted in CUF and retrieved from [23]. The mesh has 191

Q9 elements, while LE1, LE2, and LE3 expansion functions are adopted for each laminate

ply along the thickness. Table 2 lists the number of elements of models used for this case.

Figure 5 shows the force and Pin Opening Displacement (POD) curves. CUF models have

linear softening post-peak curves. CUF models have different expansion functions along the

thickness, from linear to cubic. The force-POD curves derived from experimental testing and

the MAT81 damage model in LS-DYNA are also plotted. The value of peak force, the POD

related to the peak force, and the corresponding error with respect to the experimental values

14



Figure 5: Geometry and in-plane discretization of the CC; dimensions are in mm and the FE
mesh has 191 Q9 elements
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Approach Peak Force (kN) Error (%) POD at peak force (mm) Error (%)
Experiments -9.092 – 0.932 –
MAT81 (LS-DYNA) -9.912 9.0 1.005 7.8
H-P (CUF)-LE1 -9.267 1.49 0.836 -10.3
H-P (CUF)-LE2 -9.668 6.3 0.948 1.87
H-P (CUF)-LE3 -9.965 9.6 0.948 1.87
CODAM2 (CUF)-LE1 -10.671 17.4 0.887 -4.8
CODAM2 (CUF)-LE2 -11.283 24.1 0.962 3.2
CODAM2 (CUF)-LE3 -11.808 29.9 1.074 15.2

Table 3: Comparison of peak forces and POD at peak force for different approaches for the
CC

are listed in Table 3. Figure 7a shows the LE1 case; the vertical lines indicate three POD

values: -0.687, -0.836, and -0.985 mm. Figure 7b shows the damage progression for the three

selected POD values in fiber and matrix. The results suggest that:

1. There is a good agreement between force-POD curves obtained using the H-P damage

model and the experimental results.

2. The H-P damage model in the case of linear softening better matches the experimental

results than CODAM2. The percentage errors for peak forces and POD at peak force are

always less than 10%. Parabolic and cubic expansions improve the POD at peak forces,

but some oscillations in the convergence are found concerning the peak forces. The

problem considered is in-plane; therefore, LE1 can be considered enough for accurate

results. Higher-order theories may play a more significant role when interlaminar effects

are present, such as delamination.

3. Differences in the slope of the linear branches may be due to the inability to replicate

the same boundary conditions as in the experimental real case.

4. Oscillations in the post-peak curve in the CUF approaches may be caused by the absence

of numerical damping.

5. The H-P CUF approach has a lower percentage error than MAT81 with LS-DYNA. The

latter is based on the homogenization of the laminate, while the former retains each ply

properties through a layer-wise approach.
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loads. The FE mash has 48 Q9 elements

L (mm) W (mm) d (mm)
Scale 1 32 32 6.35
Scale 2 64 64 12.70
Scale 3 128 128 25.40

Table 4: Dimensions of the open-hole specimen for three different scales

4.3 Open-hole compression test

The third numerical case refers to an open-hole specimen with a [45/90/-45/0]4s quasi-

isotropic layup subjected to compression loads; it is based on the previous numerical works

[23] and compared with the experimental tests made by Lee and Soutis in [42]. The geometry

and boundary conditions are shown in Fig. 8, where dimensions W and L employed in this

paper depend on the scale used and listed in Table 4. Table 5 lists the number of elements

and DOF of models employed in this case.

The first set of results refers to Scale 1, and different CUF models are employed, with 48,

72, and 96 Q9 elements, and linear to cubic expansion functions. The post-peak softening

Model Elements DOF
Scale 1

CUF 48Q9-LE1 48 Q9 elements in-plane and 1 LE1 per ply 22176
CUF 48Q9-LE2 48 Q9 elements in-plane and 1 LE2 per ply 43680
CUF 48Q9-LE3 48 Q9 elements in-plane and 1 LE3 per ply 65184
CUF 72Q9-LE1 72 Q9 elements in-plane and 1 LE1 per ply 33264
CUF 96Q9-LE1 96 Q9 elements in-plane and 1 LE1 per ply 44352
MAT18 (LSDYNA) 1202 shell elements NA

Scale 2
CUF 128Q9-LE1 128 Q9 elements in-plane and 1 LE1 per ply 57024

Scale 3
CUF 256Q9-LE1 256 Q9 elements in-plane and 1 LE1 per ply 114048

Table 5: Number of elements and DOF of models for the open-hole specimen
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Figure 9: Comparison of peak strength values of the [45/90/-45/0]4s quasi-isotropic open-
hole compression test for Scale 1 with different damage models, experiments and various
CUF models with linear softening

is linear; see Fig. 9. The peak values are compared with experiments [42] and numerical

cases obtained using the MAT18 damage model in LS-DYNA [23]. The figure shows also the

numerical value obtained using ABAQUS with a damage model based on Hashin 2D failure

criteria and 2D shell elements. Figure 10 shows the peak strength values obtained with vari-

ous CUF models with linear-brittle post-peak softening and the H-P damage model; results

are compared with experimental data, numerical ones based on MAT18 in LS-DYNA and

previous CODAM2-CUF cases. The H-P CUF model’s damage evolutions are shown in Fig.

11, for different values of displacements, -0.24 mm, -0.29 mm, and -0.31 mm; the results refer

to the with 96 Q9 mesh and LE1. The final set of results refers to the peak failure strength

obtained for three scales. The LE1 was used in all CUF results, and a linear brittle (Br-50)

post-peak softening. In Fig. 12, the peak strength for H-P CUF models is compared with the

CODAM2 CUF model with a linear brittle (Br-30) post-peak softening, experimental values

and the MAT18 damage model in LS-DYNA [23]. The results suggest that:

1. The linear softening overestimates the peak stress of 20% compared to the experiment’s

value. Using H-P improves the results compared to CODAM2 and Hashin 2D from
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Figure 10: Comparison of peak strength values of the [45/90/-45/0]4s quasi-isotropic open-
hole compression test for Ccale 1 with different post-peak softening

(a) Fiber damage evolution

(b) Matrix damage evolution

Figure 11: Damage evolution of the [45/90/-45/0]4s quasi-isotropic open-hole compression
test for a) fiber and b) matrix at -0.24 mm, -0.29 mm, and -0.31 mm; Scale 1
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Abaqus as the peaks are 25% lower.

2. A 48 Q9 element mesh is enough to have converged results.

3. The linear-brittle softening models enhance the accuracy of peak values. The expansion

variation from LE1 to LE3 has a negligible impact on the compressive peak value.

4. The H-P CUF approach with Br-50 is closer to the experimental results than MAT18

in LS-DYNA, exhibiting a reduced computational cost. The CUF model uses a 48 Q9

in-plane mesh, while the MAT18 model employs 1202 elements.

5 Conclusions

This work has presented results from combining Hashin 3D and Puck failure criteria (H-P)

and refined 2D structural theories. The structural modeling is based on CUF and is layer-wise

to retain the properties of each ply. Single-element tests, compact compression, and open-

hole specimens were considered. Results were compared to other numerical approaches and

experiments from the literature. The effect of various parameters on nonlinear equilibrium

curves, peak force values, and damage progression was evaluated, including structural theories,

FE meshes, and softening laws. The main conclusions are the following:
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� Overall, the use of H-P has improved the accuracy compared to previous models such

as the CODAM2.

� The use of linear-brittle softening curves allowed us to obtain a more precise prediction

of the peak strength for the open-hole specimen subjected to compression. The linear

softening was enough for the compact compression using H-P, while the linear brittle

was necessary using CODAM2.

� Due to the in-plane nature of the cases considered, linear expansions of the ply displace-

ment field are enough. The use of a layer-wise approach is mandatory as equivalent-

single layer models provided poorer results.

Future investigation should concern multi-scale models to evaluate the propagation of damage

at the microscopic level, the application of the global-local framework, and the development

of a two-way coupling approach to account for local stiffness degradation.
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