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KEYWORDS Abstract This paper addresses the challenge of mass uncertainty during the powered descent phase
Uncertainty; of a Mars lander and proposes a robust powered descent guidance algorithm that accounts for
Trajectory optimization; uncertainties in mass and fuel consumption. First, the traditional trajectory optimization method
Convex optimization; based on convex optimization is improved by developing a fast and accurate solution approach
Powered descent; using sequential convex optimization. Second, the effects of mass uncertainty on position are mod-
Closed-loop guidance eled and analyzed, with corresponding computational methods provided for different scenarios.

Third, the worst-case scenario under mass uncertainty is analyzed through both geometric and the-
oretical approaches, and a modified glide-slope constraint method is proposed to ensure safe land-
ing even in adverse conditions. Moreover, a closed-loop receding horizon based guidance is
developed to further mitigate the effects of mass uncertainty and improve terminal landing accu-
racy. Finally, the proposed improved convex optimization algorithm and robust trajectory opti-
mization algorithm are validated through simulation cases and compared with a probabilistic
approach. The simulations further test various initial positions, velocities, and glide-slope angles,

demonstrating that the solutions are both accurate and robust.
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of reusable launch vehicles has emerged as a transformative
innovation, capturing widespread attention and reshaping
the future of space exploration.' ™ These missions all include
a powered descent phase, that is, deceleration and control with
engines during the final approach to the surface. Among them,
missions such as manned lunar landing,” Mars surface explo-
ration® and asteroid sampling’ require safe landing on plane-
tary surfaces and then carrying out scientific research. For
reusable rockets,” a soft landing to a retrieval point is required.
These high-value landing missions bring safer and more robust
requirements for power descent guidance.

During the powered descent phase, the engines decelerate
and control the lander by consuming fuel to generate thrust.
However, the fuel carried by the lander and its consumption
rate are difficult to measure precisely.” For instance, the initial
fuel mass for the powered descent of a reusable rocket depends
on the remaining mass from the launch stage, and the fuel con-
sumption during Mars landings cannot be accurately deter-
mined. Mass estimation errors can lead to deviations in the
lander’s acceleration, resulting in errors in velocity and posi-
tion. In severe cases, this can cause collisions with obstacles
or the surface, ultimately leading to mission failure. Therefore,
developing a powered descent guidance algorithm that
accounts for uncertainties in mass is critically important. Addi-
tionally, the powered descent phase represents the final stage in
planetary surface exploration missions. During this phase, the
main engine of the lander is ignited to provide thrust for decel-
eration and guidance, consuming a significant amount of fuel.
Thus, reducing fuel consumption during the powered descent
phase can allow for heavier scientific payloads, thereby
improving the overall mission efficiency.'”

Currently, guidance methods for the powered descent phase
can currently be categorized into three main types'': analytical
guidance,'> numerical optimization-based guidance,'*'* and
learning-based guidance.'” Analytical methods, such as Zero-
Effort-Miss/ Zero-Effort-Velocity (ZEM/ZEV) guidance,'®
polynomial guidance, and convex curvature guidance,'”'®
are representative examples of this category. These methods
are known for their low computational demand and high pro-
cessing speed. However, they struggle to handle complex pro-
cess constraints and often fail to achieve optimal fuel
consumption. In contrast, numerical optimization-based meth-
ods, including convex programming and pseudospectral opti-
mization, provide more optimal solutions.'” Among these,
convex optimization stands out due to its rapid solution capa-
bilities, enabling real-time onboard computation. Notably,
SpaceX employs this technology in the landing guidance of
its reusable rockets, highlighting its significant potential for
practical applications. More recently, learning-based guidance
has garnered increasing attention, particularly reinforcement
learning-based methods.'” However, practical application of
such methods remains constrained by issues of stability and
reliability.

The aforementioned powered descent guidance methods are
primarily designed for deterministic parameters. However, cer-
tain parameters are difficult to measure or estimate precisely,””
and these uncertainties pose significant challenges to guidance
and control systems.’'>> To address these challenges, research-
ers have developed various approaches to handle uncertainties,
which can be broadly classified into parameter uncertainty

methods, probabilistic methods, set-based techniques, and
learning-based strategies. Parameter uncertainty methods,”
including robust control and adaptive feedback control, offer
systematic frameworks for addressing bounded parameter
variations and external disturbances. However, these
approaches often face limitations in effectively handling com-
plex constraints and optimizing performance metrics. Proba-
bilistic methods, such as polynomial chaos expansion®**
and covariance control,”® explicitly model the statistical prop-
erties of uncertainties, enabling more nuanced and risk-aware
decision-making. Nonetheless, they rely heavily on accurate
prior knowledge of uncertainty distributions, which may not
always be available or reliable. Set-based techniques, including
funnel scheduling®’ and tube-based model predictive control,”®
offer strong guarantees for constraint satisfaction under
bounded uncertainties. These methods are effective at captur-
ing reachable sets and ensuring safety, but they often require
substantial computational resources to propagate uncertainty
sets over time. Additionally, they are typically combined with
feedback control mechanisms to ensure system stability.
Recently, learning-based approaches have gained attention
for uncertainty handling,>*° leveraging advancements in rein-
forcement learning and Gaussian process regression to adapt
to complex or unknown system dynamics. While promising,
these methods usually demand large volumes of data and
extensive training time, and often lack formal guarantees on
safety and performance. Each of these methods has distinct
strengths and limitations, leading to the development of hybrid
approaches that combine multiple strategies to balance perfor-
mance and robustness.”’

Among the various sources of uncertainty, mass uncer-
tainty is especially critical during the powered descent phase,
particularly in Mars landings and reusable rocket missions.
This uncertainty can be further divided into fuel quantity
uncertainty and fuel consumption rate uncertainty. While
probabilistic methods are effective for quantifying uncertainty,
they often require extensive data to derive accurate probability
distributions, which can be impractical in many real-world sce-
narios.*> To overcome this challenge, this study models uncer-
tainties within a bounded, closed set framework.

Inspired by robust optimization principles,”® this paper
proposes a worst-case robust optimization framework that
directly incorporates bounded uncertainties into a convex for-
mulation. This approach offers a tractable, non-probabilistic,
and safety-focused alternative that ensures robust performance
without requiring prior knowledge of uncertainty distribu-
tions, large datasets, or intensive computational resources.
The proposed framework functions as an open-loop trajectory
optimization method. When integrated with receding horizon
techniques to form a closed-loop guidance algorithm, it guar-
antees constraint satisfaction throughout the entire computa-
tion process. Furthermore, the theoretical analysis of worst-
case scenarios demonstrates that the framework is extensible
to cases involving uncertainties in initial position and velocity.
This underscores the method’s scalability and adaptability,
making it well-suited for a wider range of uncertainty scenarios
in practical guidance and control applications.

This paper introduces an algorithm that improves the tradi-
tional convex optimization framework while considering the
initial mass and fuel consumption uncertainties to tackle the
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trajectory optimization challenge of achieving safe landing
under mass uncertainties. The innovations of this paper are
summarized as follows.

(1) An improved convex optimization method based on
sequential convex optimization is proposed to reduce
the linearization error in the lossless convexification pro-
cess. The improved algorithm achieves higher solution
accuracy and better optimality.

(2) An open-loop robust trajectory optimization approach
is developed to address mass uncertainty. Through geo-
metric analysis and theoretical exploration of worst-case
scenarios, the method ensures a safe landing even under
the most adverse conditions. Theoretical analysis shows
that the uncertainties in initial position and velocity can
be incorporated using the proposed approach.

(3) A closed-loop receding horizon based guidance is devel-
oped to further mitigate the effects of mass uncertainty
and improve terminal landing accuracy. This approach
combines the computational efficiency of convex opti-
mization with the robustness of the proposed frame-
work, ensuring that system constraints are not violated
throughout the guidance process.

2. Problem formulation for fuel optimal powered descent
guidance

In this section, a mathematical formulation of the fuel optimal
powered descent landing scenario within a Three-Degrees-of-
Freedom (3-DoF) framework is presented. First, in Section 2.1,
the underlying assumptions are outlined, and the reference
coordinate system is defined. Next, the kinematic and dynamic
models are established, followed by a discussion of the associ-
ated constraints governing the entire process. Then, in
Section 2.2, the mathematical models of uncertainties are
developed. Finally, in Section 2.3, a comprehensive formula-
tion of the fuel optimal powered descent guidance problem is
provided.

2.1. Mathematical model of dynamics and constraints

This study is based on a 3-DoF model, focusing solely on posi-
tion and velocity. During the powered descent phase, the lan-
der is treated as a point mass subjected to various forces,
including gravity, aerodynamic drag, and thrust from the
thrusters. In this paper, aerodynamic drag is considered negli-
gible compared to gravity and thrust, and thus its effects are
therefore ignored. The landing scenarios considered involve
planets with uniform gravitational fields, such as the Earth
and Mars. Given the relatively low initial altitude during the
powered descent phase (typically within 5 km) and the brief
duration of the descent process (on the order of a few minutes),
it is reasonable to assume that the gravitational field remains
constant and to neglect the effects of planetary rotation. It is
assumed that the thrusters are activated at the initial time #,
and can only be shut off at the final time #,. The thrust magni-
tude can be adjusted within a range from minimum to maxi-
mum, with the minimum thrust being greater than zero.
Additionally, it is assumed that fuel consumption is linearly
proportional to the thrust magnitude.

The coordinate system is defined as follows: the surface
inertial coordinate system is denoted as O;xyz, with its origin
located at the expected landing point. The x-axis points
upward, the y-axis points eastward, and the z-axis points
northward. A schematic representation of this coordinate sys-
tem is provided in Fig. 1.

In the surface inertial coordinate system O;xyz, the position

of the lander is denoted as r = [ry, r,, r_,]T € R?, and its velocity
vector as v = [vy, v, vZ}T € R3. The thrust force acting on the

lander is represented by T = [T\, T,, TZ]T € R®. Additionally,
the gravitational acceleration is denoted as g,,. The translation
dynamics of the lander is:

{r(t) =v(1) ” W

Considering the assumptions of fuel consumption, the rela-
tionship between the mass variation 7( ¢) and the magnitude
of thrust || 7(¢) ||, is given by:

{fh(l) = —aof| T(2) ||,

2
o =0o+ Ax )

where o is the fuel consumption coefficient, o is the nominal
value of the fuel consumption coefficient, Ao is the uncertainty
component of the fuel consumption coefficient. The fuel con-
sumption coefficient o is calculated based on the specific
impulse I,,, the Earth’s gravitational acceleration g,, and the
specific thruster configuration.*

The constraints are divided into state constraints and con-
trol constraints. State constraints are further categorized into
two major types: initial and final state constraints, and process
state constraints. Specifically, at the initial and final times, the
lander is subject to the following state constraints:

{"( ty) = ro, V(o) = vo, M(ty) = Mye

V( tf) = r, v( tf) =V, m( tf) = Mry

3)

where my, is the initial total mass including both the lander
and the fuel, mg,y is the mass of the lander, m(ty) and m(iy)
are the initial and final masses respectively, ry and ryare the ini-
tial and final positions respectively, and vy and vy are the initial
and final velocities respectively.

Regarding process state constraints, obstacle avoidance is
necessary during the powered descent phase. To enhance
obstacle avoidance capabilities, a conical glide-slope constraint

Fig. 1

Coordinate system and powered descent scenario.
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x (Up)
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Fig. 2 Illustration of glide-slope constraint.

is introduced. As shown in Fig. 2, this is mathematically repre-
sented by a state constraint as follows:

Iy

Jren

where, 7,, denotes the glide-slope constraint angle. ry, r,, and 7.
represent the components of the position vector r.

In addition, control constraints arise from the physical
characteristics and assumptions of the thrusters. The con-
straints on thrust are as follows:

0 < Thin < ” T(l) Hz < Tnax (5)

tan y, <

4)

where T, 1S a positive value, indicating that the engines can-
not be shut down during the descent process and must be
started from the beginning. Ty, represents the maximum
thrust the thrusters can provide.

2.2. Mathematical model of mass and fuel consumption
uncertainties

Existing literature often treats uncertainty as a probability dis-
tribution,” *° such as a Gaussian distribution. However,
determining the actual probability distribution can be chal-
lenging due to the lack of sufficient data to support its accu-
racy and the difficulty in identifying the exact type of
probability distribution. Therefore, unlike the existing litera-
ture, this paper constrains uncertainty within a bounded set.
As for the mass uncertainty, it can be expressed in the follow-
ing form:

my = my + Amy,
Uare < Ay < Uy

(6)

where, my is the nominal mass at time ¢, Amy represents the
mass uncertainty at time f#;,, %, is the lower bound of the
uncertainty at time #,, and %y, is the upper bound of the
uncertainty at time f;.

2.2.1. Initial mass uncertainty

For initial mass uncertainty, it is assumed that the uncertainty
is additive and bounded, this can be mathematically repre-
sented as:

{ Myer = Myer + An'lwel
,'Wa g Amwel < Wb

Considering that the optimized thrust is fixed, the fuel con-
sumption at each time step remains constant. Therefore, when
the initial mass has uncertainty, the mass uncertainty Anzy in
Eq. (6) is converted to the following form:

{ Anmye = Amye, 8)
Ua =W o, Uvy =W
2.2.2. Fuel consumption uncertainty

For fuel consumption uncertainty, we consider that the fuel
consumption coefficient o has an uncertainty that is bounded
and can be expressed mathematically as:

My =my —ol| Ti(2) |,
o=a+ Ax )
9751 <Aoc<97b

Iterate Eq. (9) yields the expression for m ., with respect to
my as:

mye =y = (&4 Aa)|| Teea (1) [l
=my = @+ A (|| T () |, + 1| Tiea (1) I1,)

e (10)
=my— (a+ Ao) ;} I 7o) Il
Therefore, the mass uncertainty A my due to fuel consump-
tion uncertainty is:

Ame = =Ao(|| Ter(0) L+ + 1 Ta(0) [l + 1| To(2) 11,)
(11)

2.2.3. Combined uncertainty regarding initial mass and fuel
consumption

When there is uncertainty in both initial mass and fuel con-
sumption, combining Egs. (8) and (11), this mixing uncertainty
can be mathematically expressed as:
k=1
Amg = Amyq — A2y | T,(0) |, (12)
=0
Thus, for these three cases of mass uncertainty, the mass of
uncertainty Amy is obtained in Egs. (8), (11), and (12),
respectively.

2.3. Fuel optimal problem formulation

In this paper, we aim to minimize fuel consumption during
powered descent while achieving a pinpoint landing and satis-
fying state and control constraints. Therefore, the optimization
objective for this problem is the total fuel consumption. The
optimized variables are the magnitude and direction of thrust.
The fuel optimal powered descent guidance problem is
described as an optimal control problem as follows

Problem 1. Fuel optimal powered descent problem

It
in —m(t;) <= mi I(t) | de
min —m(t)) = min [ 700 1,

(13)
subject to : Eqgs. (1) — (5)
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Problem 1 describes the fuel optimal powered descent guid-
ance problem, which is nonconvex in nature. An effective
approach to address this challenge is to transform the original
nonconvex problem into a second-order cone programming
problem through lossless convexification.**?°

3. Improved lossless convexification and problem formulation
considering uncertainties in initial mass and fuel consumption

In the previous section, a mathematical description of the fuel
optimal powered descent guidance problem was established.
Due to the nonlinear dynamics constraints and the minimum
thrust amplitude constraint, this optimization problem is
inherently non-convex. In Section 3.1, an improved lossless
convex optimization method was proposed to transform the
non-convex problem into a convex one.

Furthermore, in Section 3.2, after developing the improved
lossless convexification method for the nominal problem, the
uncertainties in initial mass and fuel consumption were consid-
ered. The analytical form of the impact of these uncertainties
on the state variables was derived. Finally, the effect of these
uncertainties on the powered descent trajectory was analyzed.

3.1. Improved lossless convexification

In this section, an improved lossless convex optimization method
was proposed based on the lossless convexification.* Through
variable substitution, Taylor expansion, and iterative correction,
an exact convex optimization solution for the original non-
convex problem was obtained. Subsequently, by discretizing the
continuous system, a discrete problem was derived that can be
rapidly solved using a convex optimization solver. Additionally,
a correction method based on sequential convex optimization is
proposed in order to solve the error in the linearization process.

For the optimal control problem 1, the nonconvexity primar-
ily arises from two sources: the minimum thrust constraint 7y,
and the nonlinear dynamics involving division. To address the
minimum thrust constraint, a method introducing slack variables
was adopted in Ref. 35 Consequently, Problem 1 can be trans-
formed into the following relaxed form, as shown in Problem 2.

Problem 2. Relaxed fuel optimal powered descent problem

iy

in —m(t) <= i I'(t)dt
T(r;r)l,lrrl(z) m(t) T(rrr)l,lrfl(ﬁ { (0
(1) =v(1)
W(1) = g+ 22
m(t) = —ol'(1)

1 T(e) |, < T(2) (14)

X
0 < Tmin < F(Z) < Tmax
Iy
Vi
)‘( [0) = o, V( IO) = Yo, m( t()) = Myt
(

r(te) =rp, v(tp) = v, m(t) = Myry

subject to :

tan Ves <

where, I'(7) is the introduced slack variable. It has been proven
in Refs. 34 and 35 that when the optimization objective is fuel

optimality, the optimal solution to the relaxed problem is also
the optimal solution to the original problem.

To eliminate the nonlinearity in the dynamic constraints
involving division, a variable substitution approach is adopted
as follows:

z(t) = Inm(r)

u(t) =14 (15)
o (1) = 1

The time derivative of z is obtained as follows:

sy =0 oW g (16)

m(t) m(1)

where, Eq. (16) is used to replace the fuel consumption in
Eq. (14).

The ordinary differential equation for mass can be obtained
as follows:
(1)

= —oao(t 17

i = o) (17)

Solving the ordinary differential Eq. (17) yields the mass
m(t) as follows:

m(t) = myqeh 2o (18)

Consequently, the optimization objective in Eq. (14) can be
converted into the following form:

1
min —z(f) <= min / a(r)dt (19)
u(1),0(t) u(t),0(t) Jo

For the thrust magnitude constraint in Eq. (14), after
applying the variable substitution, it is transformed into the
following form:

Tmin
m(t)

Tmax
m(1)
which remains in a nonconvex form. From Eq. (15), we

have m(f) = ¢’). Therefore, Eq. (20) transforms to the
following:

0<

<o(f) < (20)

0 < Twine ™ < 0(1) < Traxe ™" (21)

To transform the constraint into a convex form, expand
Eq. (21) using a Taylor series. Perform a second-order expan-
sion on the left-hand side of the inequality and a first-order
expansion on the right-hand side, resulting in the following
form:

Toine ™0 [1 = (=(0) = 21(0)) + }(=(0) = 2(0))’] < o(0)

(22)
(1) < Toaxe ™[l = (2(1) = z.(1))]
where, z,(¢) and z,(¢) are computed as:
{ z(t) = In (Myer — 0T imin?) (23)
Zu(t) = ln (mwct - OCTmaxl)

In general, the relaxed Problem 2 can be reformulated by
variable substitution and Taylor expansion as shown in
Problem 3.
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Problem 3. Convexified fuel optimal powered descent problem

—z(ty) <= t)dt
iy~ = pi Joe )

(1) = v(1)
(1) = gy +u(1)
2(t) = —ao(r)

subject to :
(1) < Toaxe ™[l = (2(1) — z,(1))]

tany,, < 2=
})gs = r‘§+r‘§

V(lo) = o, V(lo) ="Yo, Z(ZO) = lnmwet
l’(lf) =ry, V(lf) =y, Z(ff) = ll'llﬂdry

24

As for the glide-slope constraint (4), it can be transformed
into the cone constraint as:

Problem 3 is a convex optimization problem, specifically a
Second-Order Cone Programming (SOCP) problem. This
problem can be solved quickly using convex optimization sol-
vers. However, these solvers cannot directly solve continuous
problems, making it necessary to discretize the continuous
problem.

Considering Problem 3 as an optimal control problem and
choosing the new state variable as vector X(7). The system is
then represented as follows:

I'x

01 07[" 1

|:0 0 1 :| r}\r’ ‘ g |: tan y,q ) 07 0 r,\r’ (25)
I I

. t
X(1) = AX(1) + B. {”( ) } + B (26)
a(1)
where,
r(t)
8m
X(t)y=|v(®)|, %m= {0}
z(1)
(27)
03><3 13 03><1 03><3 03><1
Ac = 03><3 03><3 03><l B Bc = 13 03><1
01,3 013 Opy 0.3 —o

The sampling time At¢ is chosen to be:
tr— 1ty
At= 28
N+1 (28)
When the initial time satisfies 7, = 0, the time at each dis-
crete point is:

t,' = lAf,

By discretization, the objective function in Eq. (24) is con-
verted to the following form:

N
min —z(ty) < min oAt Y a(t) (30)
u(ii),0(1k) u(i)o(tk) =
Define X(#;) as the discrete state variable at time 7, and
u(t;) and o(#) as the discrete control variables. Note that
for the state variable X(#), the range of £k is

k=0,1,---, N+ 1, while for the control variables u(z;) and
o(tx), therange of kisk =0, 1, ---, N, and the discretized sys-
tem equations are denoted as:

ll(lk)
O'(lk)
where, X(#) is the initial state and X(¢y,) is the terminal state.

When using a zero-order hold for discretization, the matrices
Ay and By are calculated as follows:

X(tiy1) :AdX(Zk)"‘Bd{ } + BiYm (1)

At
Ag =" B, = / et I B dr (32)
0

According to Egs. (27) and (32), the discrete matrix corre-
sponding to this paper is obtained as:

100 At 0 0 0
010 0 At 0 0
001 0 0 Ar 0

A;=10 00 1 0 0 0
000 0 1 0 0
000 0 0 1 0
000 0 0 0 1]
(220 0o 0 | (33)
0 22 0 0
0 0 A% 0

Bi=|Ar 0 0 0
0 At 0 0
0 0 At 0
L0 0 0 —oAr]

By iteratively calculating Eq. (31), the expression for
X(tr41) in terms of X(#y) can be obtained as follows:

(1) = A5 X(t0) + (A5Bo + -+ AuBy + Bo) [i‘f%

(2]

[A'By, -, A4By, By]|Tw 1| k=01,---,N
L/H}
uj
L [UJ J
(34)

The discrete form of the thrust constraints are:
| w(te) [, < o) (35)

Tine ™) |1 — (z(t) — z(t)) + $(z(tx) — 2())*| < o(te)
o) < Tmaxei”(tk)[l = (2(t) = z(t))]
Zi(t) = In (Myet — 2 Tmintk
Zu(te) = In (Myer — T maxti)
(36)

The glide-slope constraint takes the discrete form
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01 0 Ixk Pk
: <m0 0]
oo <t o o
Iz k 2 LEN (37)
xk = [17 01><6]X(tk)7 ry,k = [07 13 OIXS]X(tk)
r:,/( = [07 07 17 01x4}X(t/c)

The initial and terminal state constraints in Eq. (3) can be
converted into a discretized form as follows:
ro
X([()) = Yo
111 Myet
I 05,3 0 re
3 3x3 3X1:|X(tf):|:l:|
0s,3 L 03, Ve
(031 050 1]X(#) > Inmgy

Thus, the discretized formulation of the convexified fuel
optimal powered descent Problem 3 is as shown in Problem 4.

(38)

Problem 4. Discretized form of the convexified fuel optimal
powered descent problem

N
min  —z(ty;) <= min oAt> ot
WiR,y TF ) = min @Al o(i) (39)

subject to : Egs. (33) — (38)

where, k =0, 1, ---, N. The intermediate variables are calcu-
lated as follows:

lr— 1y
th=At k= -k 40
: N+1 (40)

Problem 4 presents a discretized model that can be directly
solved using convex optimization solvers, which can be conve-
niently modeled and solved using CVX or YALMIP.

However, this model is only a convex approximation of the
original nonconvex Problem 2 achieved through a Taylor
expansion. The approximation error in this model increases
over time 7. Therefore, it is necessary to refine the problem
to obtain a more accurate solution to the original problem.
An iterative refinement algorithm is proposed based on the
solution of Problem 4.

Define u(-) as the set {u(#;)|k =0,1,---, N}, define a() as
the set {o(#)/k=0,1,---,N}, and define X(-) as the set
{X(#)|k=0,1,---, N+ 1}. Denote the solution of Problem

dasu(), E(),X’() Then, z(#;) can be expressed as:

E(Z/c) = [01><6> 1 ]X(lk) (41)

Thus, based on Eq. (41), the original approximation in Eq.
(22) is converted into a modified Taylor expansion in terms of
Z(1) as follows:

{ o0 > Tane 1 = (0 = 200+ Yo -20)]
O-(t/\’) < Tmax67 ([A)[l —

(2(t) = 2(1))]

Problem 5. Discretized form of the sequential convexified
problem

N
min  —z(t < min aAt> o1
i ) —2(iv) () 0(1x) Eo (1) (43)

subject to : Egs. (33) — (35),(37),(38), (41), (42)

Based on the discussion above, the steps of the improved
lossless convexification algorithm is summarized in Algorithm
1 as follows:

Algorithm 1. Improved lossless convexification algorithm.

1. Define tolerance ey > 0.

2. Solve Problem 4 to obtain u (~)7<~7(-),3((~).

3. Assign z;(tx) = Z(t), zu(tx) = Z(#x) according to Egs. (36) and
42).

4. Solve Problem 5 based on the modified Taylor expansion (42).
Denote the solution as (), 6(-), X(-).

5. while || X(-) = X() [, > ex do

6. Assign )N(() = X(\).

7. Assign z;(tx) = Z(tx), zu(tx) = Z(t) according to Egs. (36)
and (42).

8. Solve Problem 5 based on the modified Taylor expansion
in Step 7. Denote the solution as i(-), &(-), X(-).

9. Calculate the error || X(-) — X’() II,-
10. end while
11. Assign u*(-) = (), o*(-) = 6(-), X*(-) = X(-).
12. return u*(-),0*(-), X*(-) as the optimal solution.

Algorithm 1 is primarily designed to reduce the error
caused by Taylor expansion in Eq. (22). Although this error
has a minor impact on the optimized trajectory and is gener-
ally ignored in existing literature.”**> However, based on the
method of sequential convex optimization,’*?’ Algorithm 1
can significantly minimize this error. The convergence proof
of Algorithm 1 is provided in Appendix A.

3.2. Problem formulation considering uncertainties in initial
mass and fuel consumption

In the previous subsection, the improved lossless convexifica-
tion algorithm for the fuel optimal powered descent problem
was constructed. However, this construction assumes that
the initial mass and fuel consumption are fixed and certain.
In practice, the initial mass may be uncertain, particularly in
the context of reusable rockets. Additionally, fuel consump-
tion is not strictly linear with thrust amplitude and may also
exhibit uncertainties. Therefore, this subsection builds upon
the previous one to construct a problem formulation consider-
ing uncertainties in initial mass and fuel consumption.

3.2.1. Problem formulation considering uncertainties

Based on Problem 4 and Algorithm 1, we obtain the optimal tra-
jectory w*(+), a*(-), X*(-) for the nominal mass m without consid-
ering uncertainties, and since the variable replacement,
w(t) = % Therefore, what we get by Algorithm 1 is the set

of thrust magnitudes 7(-) based on the nominal masses.

First, since the optimized thrust obtained based on the nom-
inal mass is fixed. When the mass has uncertainties as shown in
Eq. (6), we find that discrete-time state Egs. (31) and (34), which
employ variable substitution, are not applicable for analyzing the
impact on states, trajectory, and constraints satisfaction. There-
fore, we return to the original, state equations without variable
substitution as in Egs. (1) and (2). Assuming that mass and
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thrust are discretized using a zero-order hold, we obtain the dis-
crete forms of Egs. (1) and (2):

Fit1 ~ | Tk =~ (T
A7) R e
|:vk+1:| d|:vk:| W\ T (44)
myp = my —of| Te(2) ||,

where, matrices for discrete equations AAd and l§d are calculated
as follows:

~ 0 17 ~ 0
A. = ,B. =
0 0 1
~ ~ 1 At
_ adcAl

Ag=elt' = [o ) } (45)
> At ;(A )’\ LIZ
B, = eI B dr=| ?

d fo At

Thus, states containing uncertainty can be represented in
the following form:

Fr ~ [r ~
{ ”'} :Ad{ k} + B2+ g
Vie+1 Vi

_a "™ Lp(_x
= 4 Lk ] + Ba(- L+ ) (46)
—~ "k ~ S T
:Ad|: ]JrBdngrBd*"Qk
Vi iy
where, k =0,1,---, N. my is the nominal mass. g, = - i
my+Amy

the coefficient.
Iterating Eq. (46) yields the following:

re ~ [~ [re ~ ~
{ Hl} = Ay |:Ad|: ! ] + Bagm +Bd;"l Qi1
Vit Vi—1 k=t

+Bdgm + Ed L. Ok

my

~2 | Fp— ~ o~ ~
:Ad|: ‘ ]} + AaBugm + Bugn
V-1 (47)
+Ad3d%'9k_1 +Bd”%'@k
~k+1 ] Fy ~k o~ ~ o~ ~
=A, ) + (AdBd+"'+AdBd+Bd)gm
0

B L. e A By T B T,
, 0+ JrAdBd,;%I Q/(flJFBd,;,A Ok

For terms containing uncertainty, they can be transformed
into the following form:

TR, 1o 1B, T B I
AgBazt 0o+ -+ AaBal= -0 + Bazk o,

mi_y my;

@'<1+AQO>

my

~k o~ o~ o~ ~
=48, - Ao B[,
,77;‘| (1+Agk 1)
L.(1+Ag)
Iy
my
. . (48)
:{AdBd; -, AqBgq, By T,
my_y
I
"
T
Ao
ke PO
+[Ad3d-, ce, AgBy Bd] A
A

my,

_ 1 — _—Amy
where, Ag,=¢,—1= A Eq.

(48) shows that the
impact of mass uncertainty can be divided into two parts:
one part is the nominal term, and the other part is the
uncertainty term. The uncertainty term in Eq. (48) can be

simplified as:

T,
&—aAQo
A _ [AkA ~ = ~ } :
Avk+l AdBd7 B AdBd7 Bd LAQk |
My -
T
,;AAQk
Aao
- [2;&17 , AgBy, Ed} E
Aay_,
Aak
(49)
From Eq. (45), we obtain:
/ik_ [1 At-k} fikﬁ _ Asz N {Atz-k} (50)
Tloo1 T Ay 0

By substituting Eq. (50), the uncertainty term in Eq. (49)
can be expressed as:

Ary Az
3] [ am s s
<+

Ak A0
—0—{ 0 ]~Aa0+~~~+{0 }Aak (51)

(] G £ 47

where, A a; is calculated as follows:
Aa, = % -Agy

_ L_—Am
=u (tk) my+A :n/\,

(52)

In Eq. (52), Aa; can be seen as the equivalent acceleration
resulting from mass uncertainty. This equivalent acceleration
depends on the optimized thrust magnitude 7}, nominal mass
my, and mass uncertainty Ami.

By substituting the uncertain mass Amy in Egs. (8), (11),
and (12) and the nominal mass m; together with the optimized
thrust 7} in Algorithm 1, the equivalent acceleration error A ay
caused by uncertainty can be determined using Eq. (52). Then,
the states error due to mass uncertainty can be calculated
according to Eq. (51).

4. Robust powered descent guidance considering worst-case
scenarios

Due to uncertainties in mass, there may be deviations between
the actual position and the theoretical position, which can lead
to violations of glide-slope constraints during descent and
result in failed obstacle avoidance. In this paper, we define
the mass uncertainty as a bounded closed set, aiming to ensure
a safe landing even in the worst-case scenario, while allowing
the lander to approach the landing point with optimal fuel
efficiency.
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4.1. Effect of mass uncertainty on position

By solving the improved lossless convexification Algorithm 1,
we obtained the trajectory optimization results for the nominal
case. The acceleration u*(¢) in the results is part of the calcula-
tion for Aa; in Eq. (52).

According to Eq. (52), we draw the following conclusions:

(1) When Am; < 0, meaning the actual mass is smaller than
the nominal mass, the magnitude of acceleration
increases under constant thrust, leading to faster acceler-
ation and deceleration.

(2) When Amy; > 0, meaning the actual mass is greater than
the nominal mass, the magnitude of acceleration
decreases under constant thrust, resulting in slower
acceleration and deceleration.

Based on Newton’s laws of kinematics, the position error is
the double integral of the acceleration error and can be
expressed as:

Ar(t) = Aa(r)dedt (53)

where, Ar(f) represents the position error, and Aa(z) repre-
sents the velocity error.

On the basis of Egs. (51) and (52), the position error Ary
and velocity error Av, at any given time #;, caused by mass
uncertainty can be calculated. Based on the proposed
improved lossless convexification Algorithm 1, different initial
positions and velocities result in varying thrusts, which in turn
lead to different accelerations. For the same initial position but
with varying initial velocities, mass uncertainty may result in
different disturbance trajectories, as shown in Fig. 3.

Different initial positions and velocities lead to varying
thrusts and, consequently, different position errors due to mass
uncertainty. However, the position error exhibit the following
characteristics: First, the error is independent along the x, y,
and z axes. Second, when mass uncertainty is defined as a
bounded closed set, the resulting disturbance error also forms
a bounded set. Lastly, if position uncertainty is a continuous,
bounded set of real values as in Eqs. (7)-(12), the position
error is geometrically represented as a rectangular shape.

4.2. Geometric analysis of worst-case scenarios

Based on the characteristic that the position error is bounded,
we adopt the worst-case analysis to ensure that the powered
descent phase is safe when approaching the landing site. First,
a description of the worst-case scenario is provided, followed
by an analysis of its geometric characteristics and constraint
conditions. Finally, the problem formulation and the iterative
solution algorithm are presented.

Nominal trajectory

------------- Disturbed trajectory

Slope
................................. constraint

l Surface

Fig. 3 Illustration of disturbed trajectory.

In the worst-case scenario, it is required that the position
always remains within glide-slope constraints while aiming
for the final position to be as close to the landing point as pos-
sible. Therefore, the worst-case condition occurs when the dis-
turbed trajectory is exactly tangent to the glide-slope
constraint. The worst-case scenario is illustrated in Fig. 4.

Based on the worst-case analysis, this paper proposes a mod-
ified glide-slope constraint to ensure that the perturbed trajec-
tory can still satisfy the original glide-slope constraint, as
shown in Fig. 5. One thing that needs to be made clear is that
the position error is time-varying, so the modified glide-slope
constraint needs to be determined by an iterative algorithm. In
each iteration a new modified glide-slope constraint is computed
based on the previous result. Fig. 5 shows the relationship
between the original glide-slope constraints, the old modified
glide-slope constraint and the new modified glide-slope con-
straint. The new modified glide-slope constraint is determined
by the modified terminal position i and the A, point. The calcu-
lation of the modified glide-slope constraint will be given below.

To simplify the calculation of the modified glide-slope con-
straint, the three-dimensional space Oxyz is projected onto a

- B —~i——
(: ! -2
- e B
N e —————— L T — >4
~ I #
~ | B: 7
N u_, | s
\\ » ‘B P

P Pl
Y e 7
x (Up) S = u
N
3
N
N
N
z (No B 4
5 Ve
OI
»v(E

ast)
P-y-(East)

Fig. 4 Three-dimensional schematic of worst-case scenario.

Nominal trajectory
------------- Disturbed trajectory
x4

. New modified

% slope constraint

= Old modified

1 slope constraint

Original slope
constraint

W +u?
oy T Uz g

» Surface
w

Fig. 5

Illustration of modified glide-slope constraint.

Nominal trajectory

Modified slope

constraint
B\ B,

-,
u. 4, : -~
X0 E [x’, W,]
B, B, /‘ Original slope
,é’c - constraint

Fig. 6 The first scenario for region around points 4; and B.
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two-dimensional plane Oxw where the rectangle B, B,B;B, is
located. The Oxw Cartesian coordinate system is defined using
the origin O, the Ox-axis, and the position coordinates
[xi, v, zi] at time #;. The positive direction of the original y-
axis is adopted as the positive direction of the w-axis, while
the x-axis remains aligned with the x-axis of the original
Oxyz coordinate system.

Since the glide-slope constraint forms a conical region with
its central axis aligned vertically, the adjusted terminal position
lies directly above the landing site. As shown in Fig. 5, the
modified terminal position i is computed as follows:

Uy + ) U5, + U2, tan

P = 0 (54)
0

To better illustrate the relationship between uncertainty
and the glide-slope constraint in Fig. 4, the three-
dimensional spatial relationships are projected onto a two-
dimensional plane at each point on the trajectory. A
zoomed-in view of the rectangle B, B, B3 B, is provided in Figs. 6
and 7, highlighting two possible scenarios.

In the first scenario, point B, is far from the original glide-
slope constraint, as illustrated in Fig. 6. For instance, at the
initial time, the lander’s position is distant from the original
glide-slope constraint. Even with the presence of uncertainty,
represented by the dashed box, the original glide-slope con-
straint is still satisfied.

In the second scenario, point By is close to the original
glide-slope constraint, as shown in Fig. 7. For example, at time
t;, the lander’s position is near the original glide-slope con-
straint. When uncertainty, depicted by the dashed box, is
introduced, the disturbed position no longer satisfies the orig-
inal glide-slope constraint.

Although there are two scenarios, we can use a uniform
method to calculate the coordinates of point 4. The position
of point B; corresponds to the nominal trajectory at time #;,
which is known. In the Oxyz coordinate system, it is repre-
sented as [x;,;,z], and in the Oxw coordinate system, it is
expressed as [x;, w;]. The relationship between the two coordi-
nate systems is given as follows:

wi = sign(v,)\/»i + 2

. 17 Vi = 0 (55)
sign(yi) =1 _, 1 <0

The length of segment B, D represents the vertical distance
from point B) to the original glide-slope constraint at time ¢;. It
is calculated as follows:

‘B;D‘ =x;— /¥ +zitany, (56)

The angle f5, in Figs. 6 and 7 is calculated based on the mag-
nitude of uncertainty in the vertical and horizontal directions.

U,
2 2
w2, + U

ot

B.(i) = tan™! (57)

where, the uncertainty terms correspond to the perturbation
terms for the position as %y, = Ary,, Uy, = Ary,, U=y, =
Ar. ;.

Using the law of sines for triangle AB;4;D, we have the
following relationship:

3Dl (Bl

sin (ﬁe + ygs) N sin (n? - "/gs)

The diagonal length of the uncertainty rectangle is
given by

(58)

22
+au,

[ 44| = [BiBs| =

x, +u;, (59)

In order to calculate 4;B; in a uniform way, we define the
—_—

direction from A; to A; as positive. In Fig. 6, 4| B is less than

zero. Conversely, as shown in Fig. 7, A4 B, is greater than zero.

The value of 4B is calculated as follows:

A]B] = {AlAz’ - |B1A3|
B |B17D| sin ("7—725) (60)
sin (Be(i)47gs )

a2 2
T X\t + /Zly,/, + g/;,l-

i

At this point, 4;B; has been calculated, and since the posi-
tion of point By is known, the coordinates [X;, w;] of point 4,
can be determined as follows:

{:f,. = x;+ A By -sin (B, (i) (61)

w; = w; —sign(y;) - A1 By - cos (B,(i))

With this, the new modified glide-slope constraint at time ¢;
in Fig. 5 can be computed as:

=~ g a2 W2 tan a
| Xi— Usyy — 1 /f//),‘,r + uZ/:‘,r tan yy ()

Cgs(i) = tan" Wi

We have obtained {4 (i) for different time moments ;. How-
ever, instead of directly selecting the minimum value of {4(i)
as the new modified glide-slope constraint, we must choose
the {,(7) value at the moment corresponding to the position
closest to the glide-slope constraint, while taking into account
the uncertainties. The distance from B; to the glide-slope is
denoted as (i), the revised distance considering uncertainties
is denoted as Qu(i). &y (i) and Qg (i) are calculated as follows:

égs(i) = <xi -V y12 + Z,Z tan ygs)  COS Ygs
U, + U, + U, - sin (pg + Be(i))
(63)

Let the time corresponding to this first local minimum of
Q,(i) be denoted as z,. The new modified glide-slope con-
straint is expressed as

Vhew = Max (07 Cgs(p)) (64)

where, in order to maintain the convex character of the glide-
slope constraint, it is necessary to limit the glide-slope con-
straint angle to be greater than or equal to zero.

Using the new modified glide-slope constraint angle v,
and the terminal position #;, the nominal trajectory under
the modified glide-slope constraint can be determined with
Algorithm 1. Based on this, we present the following iterative
solving Algorithm 2 that accounts for uncertainties in mass
and fuel consumption.
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Nominal trajectory

4 Modified 71«\p(
constraint

w\

[x, W]
Original slope
constraint

—Y

\

S

W +u?
\ ., T,

Fig. 7 The second scenario for region around points 4; and Bj.

Algorithm 2. Robust powered descent guidance algorithm
considering mass and fuel consumption uncertainties.

1. Define tolerance ¢ > 0, let yo1q = Vgs-

2. Solving the nominal problem using Algorithm 1 to obtain
u(),0(), X().

3. Calculate the uncertainty of the mass A my, at each time #; using
Eqgs. (7)-(11).

4. Calculate the effect of uncertainty on position Ar using Egs.
(51) and (52).

5. Calculate the new modified glide-slope constraint y,.,, using
Eqgs. (54)-(64).

6. while "Vnew - yold‘ = ¢ do

7. Replacing the modified terminal position #s and modified
glide-slope constraint y,,.,, with the original parameters.

8. Let Y14 = Vnew» SOlving the nominal problem using
Algorithm 1 to obtain u(-),a(-), X(-).

9. Calculate the uncertainty of the mass Amy at each time 7
using Eqgs. (7)-(11).

10. Calculate the effect of uncertainty on position Ar, using
Egs. (51) and (52).

11. Calculate the new modified glide-slope constraint y,,
using Eqgs. (54)-(64), determine if the error |pnew — Youd| = € 18
satisfied.

12. end while

13. return u(-), (), X(-) as the robust solution.

The position uncertainty arising from mass uncertainty is
related to the nominal trajectory, so an iterative approach is
required to obtain a convergent solution. Since Algorithm 2
also involves worst-case scenario analysis, providing a rigorous
proof of convergence remains challenging at this stage. How-
ever, qualitative analysis demonstrates that convergence can
still be achieved, as shown in Appendix B.

4.3. Theoretical perspectives on worst-case scenarios

Section 4.2 provided a geometric analysis of worst-case scenar-
ios under uncertainties. In this section, a theoretical analysis
approach is presented.

In this paper, the obstacle avoidance constraint for the des-
cent process is Eq. (37). As shown in Eq. (57), at time #;, the
position uncertainty is expressed as %y, = Ary,, Uy,
Ary,, and U., = Ar., . The glide-slope constraint incorpo-
rating uncertainty is expressed as:

tanygs\/(ry,k +Ar}.’,k)2 + (r_,,k +Arz‘,k)2 < (rx,k + Arxv,k) (65)

Based on Egs. (51) and (52), The set of uncertainty can be
computed and expressed as:

A Ty € (ﬁx,tw (Q,\-Jk = [A Fx 1, min A rx,l/(‘max]
A r,\ut;\ € @y‘,tm @y.tk = [A r_v,t,(,mina A ry‘t,\.max} (66)
A Izt € (9:.1,‘ P (f‘z‘z‘,< = [A Iz 1 min A Iz 1 .max]

Therefore, the worst-case scenario with uncertainty is
expressed as follows: for any Are, € Oy, , Ary, €0,,,
Ar., € 0.,, Eq. (65) will hold. This is an optimization prob-
lem with an infinite number of constraints that needs to be
converted to a problem with finite constraints.

Building on the concept of constructing a new modified
glide-slope constraint in Section 4.2, it is expressed as follows:

tan Joey \/ (Fri)” + (i)’ < (P — Ar) (67)

where, Ar.s and y,., are the vertex and slope angle of the new
modified glide-slope constraint. 7.y, #,x, 7., are the optimized
trajectory results under the new modified glide-slope
constraint.

The worst-case scenario can be described as follows: for the
optimized trajectory results 7,7, 7.4, the original glide-
slope constraint also holds:

~ 2 PN

{ tan py \/(’ﬂy.k + A’"}’Jk) + (rzw/\’ + Arz’,k) < (rf"-k + Arx’,k)
Ar,\:,[/, S 6;.x.tk7Ary7[/\v S 0}'7[/{7Arz.tk € @:,1/,

(68)

The following mathematical construction is used to solve

for Aryr and tan y,.,.

(1) First solve for Ar. ¢, when 7, = 0,7., = 0, at this point
Eq. (67) is irrelevant to tany,,, and becomes:

A Ixf < fx.k (69)

At the same time, Eq. (68) becomes:

tan ygs\/ (Ar )+ (Arey) = Arey, <Pk (70)
Combine Egs. (69) and (70), one obtains:

Ar.; > max (tan ygs\/(A r}\,_,k)z + (A "z.z,()z . A;,A\__[k)
VA rx,tk € (me, I VA ry.tk € @y.tk ) VA r:,tk € @z,t/(

(71)

Eq. (71) and Eq. (54) are corresponding, with Eq. (54) pro-

viding the specific maximum value. Thus, the value of Ar,¢ is
obtained.

- N2 | -
(ry,/() + (Vz‘k)z?éo,
combining Egs. (67) and (68), we have:

(2) Second solve for tany,.,, when

tan 'ynew (?J*k)z + (;‘\Z‘k)z + A r/\i,f 2

~ 2~ 2
max (tan ygs\/(ry‘k + AR + (P +Ar,) —A rx<,,{>
VAry, € Oy, ,YAr,, €0y, VYAr., € 0.,

(72)
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Simplify to:

tan y,, - templ — Ar,, — A rx‘f)

tan) = max
Pnew = ( temp2

templ = max (\/(?J,‘ FAr) + (P + Arz,,{)z) 73)

temp2 =

VAre, €Oy, ,VAr,, €0,,,VAr., € 0.,

Thus, Egs. (71) and (73) provide the calculation formulas
for calculating the parameters of the new modified glide-
slope constraint at time #;. Both Ar.¢ and tany,,, need to be
selected as the maximum values across all time instances.
Additionally, to ensure that the problem is a convex optimiza-
tion problem, it is required that tany,., = 0. Thus, there are

{ A}"x,f = max (Al‘x.’f(l/c))

74
tany,,, = max (0’ tan ynew(tk)) ( )

Eq. (74) and Eq. (64) correspond to each other. This
demonstrates that a mathematically derived approach can also
yield the corresponding modified glide-slope constraint. Fur-
thermore, as shown in Eqgs. (71) and (73), this method can nat-
urally incorporate both position and velocity uncertainties,
highlighting its scalability and adaptability to broader uncer-
tainty scenarios.

4.4. Receding horizon optimization based guidance

The previously mentioned Algorithm 2 is an open-loop trajec-
tory optimization method. In contrast, the receding horizon
approach directly integrates optimization with closed-loop
guidance, continuously updating an optimal trajectory for a
system by solving an optimization problem over a finite plan-
ning horizon.

By repeatedly re-solving the optimization problem, tradi-
tional receding horizon methods can effectively adapt to dis-
turbances and uncertainties. However, their performance
heavily depends on computational speed and update fre-
quency. Although convex optimization offers relatively fast
computation, it remains more time-consuming compared to
analytical guidance methods.

The key advantage of combining the proposed robust
Algorithm 2 with the receding horizon approach lies in its
insensitivity to computational time constraints. Traditional
receding horizon methods typically require a solution
update within 0.1 s to ensure real-time responsiveness. In
contrast, the proposed robust Algorithm 2 guarantees
collision-free operation throughout the computation cycle,
even when updates occur on a second-level timescale. This
significantly enhances the robustness of the receding horizon
approach, making it more practical for real-world applica-
tions where computational resources and update rates may
be limited.

Building on the receding horizon approach and
Algorithm 2, a closed-loop guidance strategy is proposed in
Algorithm 3.

Algorithm 3. Receding horizon optimization based guidance.

1. Define pause conditions J;, dy. Define update cycle time &;.
2. Define terminal time #;, remaining landing time #,, = f.

3. Define the current state as {rc, vc, mc}.

4. Calculate initial control input #. based on Algorithm 2.

5. while || ro —r¢ ||, = o.0r| ve —w; ||, = 6y do

6. Update states {rc, v, m.} based on control input u, over
the cycle time &.
7. Update remaining landing time 7, = ty, — &.

8. Calculate Algorithm 2.
9. if Algorithm 2 is solved then

10. Update current control input .

11. else

12. Increase remaining landing time #, = ty, — &.

13. Update current control u, by recalculating Algorithm 2.
14. end if

15. end while

It is worth noting that landing time plays a crucial role in
solving the problem. Due to the impact of uncertainty, simula-
tions revealed that insufficient remaining landing time can ren-
der the problem unsolvable. To address this issue, when the
problem becomes infeasible, the remaining landing time is
increased to ensure the solvability of Algorithm 2.

The greatest advantage of combining the receding horizon
approach with the robust open-loop Algorithm 2 is its ability
to ensure that process constraints are never violated at any
time, including during the computation process. Additionally,
the closed-loop nature of Algorithm 3 significantly enhances
the precision of the final landing position.

5. Numerical demonstration

In this section, we apply the proposed robust powered descent
guidance algorithm to the Mars landing problem in the pres-
ence of mass and fuel consumption uncertainties. First, we
provide simulation scenarios and parameter settings. Then,
we validate the effectiveness of the proposed algorithm by
comparing it with an algorithm that does not take uncertainty
into account. Finally, we verify the robustness of the algorithm
proposed in this paper under different initial conditions and
different uncertainties.

The program construction of the robust powered descent
guidance algorithm proposed in this paper uses the CVX
framework, with the semidefinite programming solver SDPT3.
All simulations were performed on a computer with an Intel
Core 19-13900HX processor running at 2.20 GHz and 32 GB
of RAM. The MATLAB R2023b software platform was
employed for implementing and executing the computational
tasks.

5.1. Scenarios and parameters

The kinematic model utilized in this section, detailed in Sec-
tion 2, is formulated as Problem 1. The specific parameter set-
tings for the lander and constraints used in this paper are
presented in Table 1, which are based on the parameters pro-
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Table 1 Simulation parameters for lander and constraints.
Parameter Value

Mmyer (kg) 1 905

mgry (kg) 1 400

rp (m) 0351

(m/s) 0351

Tinax (N) 13 258.17
Tmin (N) 4971.82

o (s/m) 5.09 x 10~
gm (M/s7) [~3.7114, 0, 0]T
Vgs (0) 10

vided in Ref. 34. In addition to describing the landing scenario,
the parameters ¢ and ¢y used in Algorithm 1 and Algorithm 2
aresetasey = 1 x 1072 and & = 1 x 107, respectively. Table |
is the baseline for the parameter settings, and the initial posi-
tion and velocity will be adjusted in the different examples
below to illustrate the effectiveness of the algorithm.

5.2. Algorithm verification

In this section, we validate the effectiveness of Algorithms 1
and Algorithm 2 through simulation examples. First, we com-
pare the thrust results obtained from the improved lossless
convexification algorithm with those from the traditional con-
vex optimization algorithm™*° to demonstrate the effective-
ness of Algorithm 1. Second, we compare the results without
considering mass uncertainty with our proposed algorithm
that takes uncertainty into account to validate the effectiveness
of Algorithm 2.

When the number of discrete points is set to N = 100, the
average CPU time for solving discrete Problems 4 or 5 is
0.03 s. For Algorithm 1, the average CPU time is 0.09 s, and
for Algorithm 2, it is 0.18 s. The above CPU times do not
include the time required for problem transformation using
the CVX framework, which takes approximately 2-3 s for
the problems considered in this paper. The main factor affect-
ing solution time is the number of discrete points. When N is
increased to 200, the CPU time per problem rises to 0.07 s.
Additionally, using a direct solver implementation, without
the CVX framework, can eliminate transformation time and
improve efficiency.

5.2.1. Validation of Algorithm 1

In the simulation, the initial position and velocity are set to
ry = [1500,0,1000]"'m and v, = [~75,0,80]" m/s, respectively.
All other parameters are configured according to Table 1. The
results are presented in Figs. 8, 9 and 10.

The subplots in Fig. 8§ demonstrate that as the terminal time
increases, the thrust profiles obtained using the traditional con-
vex optimization method gradually deviate from the max-min-
max control profile, resulting in solutions that increasingly
diverge from the optimal trajectory. In contrast, the improved
convex optimization method effectively mitigates the lineariza-
tion error that grows with terminal time, thereby producing
solutions that are closer to the true optimal solution.

Figs. 9 and 10 illustrate the evolution of the convergence
metric and objective function over iterations. As shown in

Fig. 9, the convergence criterion is satisfied as early as the sec-
ond iteration. Fig. 10 further demonstrates that the terminal
mass increases progressively with each iteration.

5.2.2. Validation of Algorithm 2

In this paper, we chose two primary scenarios involving mass
and fuel consumption uncertainties. The first scenario consid-
ers initial mass uncertainty alone, while the second scenario
accounts for both initial mass and fuel consumption uncertain-
ties. To demonstrate the effectiveness of the proposed robust
approach, a baseline method using convex optimization with-
out uncertainty consideration, as introduced in Ref. 34, is also
implemented and referred to as Deterministic Optimization
(DO). The proposed worst-case robust optimization method,
outlined in Algorithm 2, is denoted as WC-RO. Additionally,
we compare our approach with the robust trajectory optimiza-
tion method in Ref. 25, which is based on polynomial chaos
expansion and probabilistic methods, referred to as PCE-RO.

In the first scenario, the initial position and velocity are set
to ry = [1500,0,1000]"m and vy = [~75,0,80]"'m/s, respec-
tively. The initial mass uncertainty, corresponding to Eq. (7),
is defined as Amye € [—20,20] kg. The curves of mass under
initial mass uncertainty are displayed in Fig. 11. The trajecto-
ries and glide-slope angles using DO are presented in Figs. 12
and 13. The results obtained by WC-RO are presented in
Figs. 14 and 15.

Fig. 11 illustrates the impact of initial mass uncertainty on
the mass at each time step, forming a uniform tubular struc-
ture. As shown in Figs. 12 and 13, the nominal trajectory sat-
isfies the glide-slope angle constraint. However, the trajectories
with uncertainties partially violate the glide-slope angle con-
straint, resulting in obstacle avoidance failure and, in some
cases, collision with the ground at the terminal time. In con-
trast, the results shown in Figs. 14 and 15 employ the robust
powered descent guidance algorithm proposed in this paper,
which accounts for the effects of initial mass uncertainty. It
can be observed that both the nominal trajectory and the
uncertain trajectories satisfy the glide-slope angle constraint
and maintain an altitude above the ground at the terminal
time. The same robust optimization results are obtained
through geometric analysis and theoretical analysis.

5.2.3. Comparison with PCE-RO

In the second scenario, the initial position and velocity are set
to ry = [1500,—500,—2000]"m and v, = [~75,0,—50]"m/s,
respectively. The initial mass uncertainty, corresponding to
Eq. (12), is defined as A mye € [—20,20] kg. The fuel consump-
tion uncertainty, corresponding to Eq. (12), is defined as
—0.050 < Ao < 0.050. The parameter settings for PCE-RO
are kept consistent with those in Ref. 25. Assuming that the
distribution of uncertainty factors is uniform with upper and
lower bounds. The curves of nominal and uncertain mass are
displayed in Fig. 16. The trajectories and glide-slope angles
obtained by DO are presented in Figs. 17 and 18. The
results obtained by WC-RO and PCE-RO are presented in
Figs. 19-22.

Fig. 16 illustrates the impact of initial mass and fuel con-
sumption uncertainties on the mass at each time step, forming
a “‘gradually expanding tubular” structure. This occurs
because the engine remains active throughout the descent,
and as time progresses, the uncertainty in fuel consumption
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Fig. 8 Thrust comparison between conventional and improved convex optimization.

accumulates, leading to an increase in mass uncertainty. Simi-
lar to the first scenario, the nominal trajectory in Figs. 17 and
18 satisfies the glide-slope angle constraint. However, when
uncertainties such as those arising from initial mass and fuel
consumption are introduced, some resulting trajectories violate
the constraint in specific regions. These violations compromise
the system’s ability to perform effective obstacle avoidance
and, in some cases, even lead to terminal ground collisions.

In contrast, the results shown in Figs. 19-22 employ WC-
RO and PCE-RO, which takes into account the effects of ini-
tial mass and fuel consumption uncertainties. It can be seen
that both the nominal trajectory and the uncertain trajectories
satisfy the glide-slope angle constraint and maintain an alti-
tude above the ground at the terminal time.

Both the probability-based method PCE-RO and the pro-
posed algorithm WC-RO demonstrate the capability to gener-
ate robust optimal trajectories while accounting for

uncertainties in both initial mass and fuel consumption coeffi-
cient. Although the results of the two approaches are compa-
rable, our method offers distinct advantages:

(1) As shown in Figs. 20-22, the WC-RO method enforces
the constraints more precisely than the PCE-RO
method, ensuring that the worst-case scenario is exactly
satisfied. In contrast, the PCE-RO method tends to be
more conservative. This is primarily because
probability-based approaches approximate bounded
closed sets using probability distributions, which could
lead to more conservative constraint handling.

(2) The PCE-RO method requires expansion of stochastic
states into higher-order deterministic states, which sig-
nificantly increases the scale of the resulting optimiza-
tion problem along with computational burden. As
state variables are expanded, both input and path con-
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straints become functions of higher-order states, hinder-
ing their direct handling through lossless convexification
methods. For instance, while the glide-slope constraint
constitutes a second-order cone constraint with respect
to original state variables, it transforms into a non-
convex form when expressed through higher-order states
in the stochastic setting. This necessitates successive lin-
earization for convexification, thereby further increasing
computational time.

5.3. Algorithm robustness verification

In this section, numerical simulations are conducted to vali-
date the robustness of the proposed robust powered descent
guidance algorithm, which accounts for mass and fuel con-
sumption uncertainties. The simulations evaluate the algo-
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Fig. 14 Nominal and uncertain trajectories obtained by WC-RO
(the first scenario).

In the case of different initial positions, the initial position
is set to ry = [1500,0, z] 'm, where z ranges from —3 000 m to 3
000 m with a step of 1 000 m. The initial velocity is fixed at
vo = [~75,0,—10]"'m/s. All other parameters are configured
according to Table 1. The simulation results obtained are
shown in Figs. 23-25.

In the case of different initial velocities, the initial position
is set to ry = [1500,0,2000]" m. The initial velocity is set to
vo = [~75,0,v.]" m/s, where v. ranges from —60 m/s to
60 m/s with a step of 30 m/s. All other parameters are config-
ured according to Table 1. The simulation results obtained are
shown in Figs. 26-28.

From the simulation results, we can observe that the robust
powered descent algorithm proposed in this paper can satisfy
the process constraints in the presence of initial mass and fuel
consumption uncertainties under different initial positions and
velocities. Additionally, trajectories obtained under different
initial conditions can achieve the purpose of fuel optimal.

In the case of different glide-slope angle constraints, the ini-
tial position is set to ry = [1500,0, 500]" m. The initial velocity
is set to vy = [—75,0,90]" m/s. The glide-slope angle is set
from 4" to 13" with a step of 3°. All other parameters are con-
figured according to Table 1. The simulation results obtained
are shown in Figs. 29 and 30.

Remark. All of the nominal trajectories in this paper are
directly above the landing site, with the final touchdown
accomplished by a vertical landing.

5.4. Receding horizon based closed-loop guidance

In the closed-loop scenario, the initial position and velocity are
set to ¥y = [1500,0,—2000]"m and vy = [~75,0,—50]"m/s,
respectively. The initial mass uncertainty, corresponding to
Eq. (12), is defined as A my,, € [—20,20] kg. The fuel consump-
tion uncertainty, corresponding to Eq. (12), is defined as
—0.050 < Ax<0.050. The update cycle time is set to
g = 5 sand ¢ = 2 s. A shorter update period will significantly
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improve the accuracy of terminal position and velocity, but it
cannot reflect the superiority of the robust algorithm in this
paper. Using Monte Carlo simulation, random experiments
were conducted. The results are shown in Figs. 31-34.
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Fig. 17 Nominal and uncertain glide-slope angles obtained by
DO (the second scenario).
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Fig. 18 Nominal and uncertain glide-slope angles obtained by
DO (the second scenario).

Figs. 31 and 32 demonstrate that under uncertainty, the
closed loop algorithm effectively avoids obstacles and guides
the system to a terminal position close to the landing site.

\
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Fig. 19 Nominal and uncertain 3D trajectories obtained by WC-
RO (the second scenario).
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In Figs. 33 and 34, the distributions of terminal position
and velocity appear linear. This is because the x and z direc-
tions are independent and both are influenced by mass uncer-
tainty in a way that results in a linear effect on position and
velocity.

6. Conclusions

This paper presents a robust powered descent guidance algo-
rithm designed to ensure safe and accurate landings under
uncertainties in mass and fuel consumption. Building upon
the standard lossless convexification framework, an improved
sequential convex optimization method is proposed to reduce
linearization errors and enhance solution optimality and accu-
racy. To handle mass uncertainty, an open-loop robust trajec-
tory optimization approach is developed. Through geometric
reasoning and theoretical analysis of worst-case scenarios,
the method guarantees constraint satisfaction and safe landing
performance, even under adverse conditions. Additionally, the
framework allows for the incorporation of initial position and
velocity uncertainties within the same robust optimization
scheme. To further improve terminal accuracy and robustness,
a closed-loop receding horizon guidance method is introduced.
This approach integrates the computational efficiency of
convex optimization with a feedback mechanism that ensures

continued satisfaction of process constraints throughout the
descent. Simulation results confirm that the proposed algo-
rithm achieves robust performance across various uncertainty
scenarios and landing conditions, maintaining feasibility with
respect to glide-slope and terminal state constraints. The pro-
posed framework is applicable to a wide range of scenarios,
including planetary landings and reusable rocket guidance,
where reliability under uncertainty is critical.
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Appendix A. Convergence analysis of Algorithm 1

Based on Refs. 36-39, the proof of the convergence of Algo-
rithm 1 is divided into two parts. The first part proves the exis-
tence of an optimal solution, while the second part
demonstrates the convergence of the sequential convex opti-
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mization, showing that the convergence result is at least a local
optimal solution of the original problem.

First, based on Refs. 34,38,39, the existence of the optimal
solution for Problem 5 is discussed.

Theorem Al. Assume that the set # of all feasible state and
control variables for Problem 5 are nonempty, consider the
following general optimal control problem™’:

min J)x(-) ()] = @lx(#)] + [, (x,u)de
(1) = flx,u)

x(1)eX, u(t)eU, Vte|n,t]
x(l()) (S A’o7 x(tf) € X;

subject to :

Suppose that

(1) There exists a compact set ¢ such that all feasible trajec-
tories satisfy (¢,x(¢)) € € for all 1 € [ty, t;].

(2) The set of all feasible [x(t)), tr, x(#r)] € # is closed such
that x(t()) € X(),x(tf) € X;.

(3) The control set U is compact.

(4) Functions fand g are continuous on X x U.

(5) For each (#,x(¢)) € €, the set A# defined below is
convex

H(t,x) ={(z1,22) : 21 = g(x,u),z0 =flx,u),uc U} (A1)

Then, there exists an optimal solution pair [x*(-),u*(-)],
such that

Jx*ut) < Jix,u], V[x,ul€R

The complete proof of this theorem is provided in Ref. 40.
This result has been applied in Ref. 34 to establish the exis-
tence of an optimal solution for Problem 2. Furthermore, Refs.
38 and 39 extended its application to prove the existence of
optimal solutions for sequential convex optimization in both
entry and ascent phases. Next, the conditions are verified
one by one to establish the existence of an optimal solution
for Problem 5.

(1) For Problem 5, the terminal time ¢ is given and fixed, all
the state variables are bounded. Thus, Condition 1 is
satisfied.

(2) For Problem 5, the initial and final states are given and
fixed, then [x(ty), tr, x(#;)] € # is closed. Condition 2 is
satisfied.

(3) The control set U is compact as constrained in Egs. (35)
and (42).

(4) The system is linear, and the objective function is affine.
Therefore, Condition 4 is satisfied.
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(5) The constraints in Problem 5 are either linear or second-
order cone, so corresponding the set # will be convex,
and Condition 5 is satisfied.

Thus, there exists an optimal solution for Problem 5.

Second, based on Refs. 36 and 37, the convergence of Algo-
rithm 1 is discussed. Problem 5 is an SOCP problem based on
trajectory X (). Specifically, the sequence problem is con-

structed based on a series of z(-). Problem 5 with initial trajec-

tory /XN’M(-) is abbreviated as P5Y. With the following

assumptions and lemmas, it is shown that Algorithm 1 guaran-
tees convergence, with the converged solution being at least a
local optimal solution of Problem 2.

Assumption Al. Assume that after the discretization process,
the existence of an optimal solution to discretized problem

P51 and each subproblem (proved above) is guaranteed.

Assumption A2. Assume that the quadratic-cone constraints in
each problem P59 are strictly feasible, and there exists a
unique solution for each problem P59

Lemma Al. The feasible set of problem P59 is bounded.

Proof. The control set is bounded by Eqgs. (37) and (42), and
the system in P51 is a linear discrete system, with the system
and input matrices given by Eq. (33). The terminal time # is
given and fixed. Thus, the state set is also bounded. Moreover,
since the states are constrained by Eqs. (37) and (38), their
bounded nature remains unchanged.

Lemma A2. The optimal solution of problem P59, if exists, is
unique.

Proof. Since the objective function in problem P59 is
—z(tn41), the objective function f{z) is strictly convex, then
for any z;#z, and 1 € (0, 1), we have:

SOz + (1 = 2)z) < Mz) + (1 = Dfi(z) (A2)
Assume zj and z; are both optimal solutions, meaning
M) =1z) =1

Consider z; = Az{ 4+ (1 — 1)z}, which belongs to the convex
set %. By strict convexity,

M) <f(z) + (1= Df(z55) =1 (A3)

This contradicts the assumption that z; and z3 are optimal.
Thus, zj = zj}, proving uniqueness.

Lemma A3. Any feasible solution to P59 is also feasible to
Problem 2.

Proof. Based on Assumption 1, disregarding differences
between the discrete and continuous problems, the only differ-
ence between P51 and Problem 2 is the thrust constraint, thus
it is only necessary to prove that any solution satisfying Eq.
(42) also satisfies Eq. (21). For any z € [Z(#), z,], there exists
z € [Z(#), z,) such that

3

e = ¢ 1 = [2() - F(00)] + () - o)) -7 )
(A4)

~ 3
Since —e~* [Zizé[k)] < 0, the first inequality in Eq. (42) rep-
resents a stricter scaled constraint compared to Eq. (21). In the
same way, for any z € [z, z,], there exists z € [z, z,] such that

e = e (1 — (z(1) — Z(1x))] + 672@(%))2 (A5)

Since e - G 2(”‘)) > 0, the second inequality in
Eq. (42) also represents a stricter scaled constraint compared
to Eq. (21). Therefore, the solution to P5 is also feasible to

Problem 2.

Lemma A4. Under Assumption 2, if the optimal solution of

psld is X [q](~) itself, then X [q](~) is a Karush-Kuhn-Tucker

(KKT) solution of Problem 2.

Proof. Based on Ref. 36, P5 can be can be described in the
following standardized form:

minc'y
y
Hy <p
subject to : ¢ g(W¥) + Vel (W¥) (y —y¥) <0, i=1,2,---,1
Ay —b=x0
(A6)

Problem 2 can be can be described in the following stan-
dardized form:

min cTy
y

subject to : Hy < p (A7)

gl(y) < Oa i= 1727"'71

Ay — b? 1(0

With the help of Duality theorem, it can be obtained that

!

H'v + Zung,-(y[k]) +e=A"s (A8)
i=1

vT(HYW —p) =0 (A9)

v:‘gz(y[k]) :07 1= 1727" 71 (Alo)

sT(A —b) =0 (Al1)

HyY < p (A12)

20, v =0 ANF_b=0 sek (Al14)

The result of Egs. (A8)—(89) proves that the Lagrange multi-
pliers (1*,v*,s*) and y* = y# satisfy the KKT conditions for the
problem in Eq. (A7). Specifically, Eqgs. (A9)-(A10) are condi-
tions for complementary slackness, Egs. (A12)—(A14) are condi-
tions for feasibility. A detailed proof can be found in Ref. 36.
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Lemma AS5. (Recursive Feasibility) If P54~ has an optimal

solution denoted as )7[4_1](), then P51 has an optimal

solution.

Proof. To establish the existence of an optimal solution for
P54, it is sufficient to demonstrate that its feasible set is
non-empty.*® According to Lemma A3, any feasible solution
to P51 is also feasible for Problem 2. Therefore, the feasible
set of P51 is non-empty. Furthermore, Lemma Al confirms
that the feasible set of P53 is bounded. Consequently, P5
has an optimal solution.

Lemma A6. (Monotone Decreasing Property) The solution

Slal

sequence {X (~)}q:12m generated by Algorithm 1 satisfies

the monotone decreasing property —zl4!(¢y, 1) < —z19(1yy).
If X'(-) is the optimal solution, and /\7*(~)7é)~([q](~), it holds
=2 (tyy1) < =29 (15 41).

Proof. Assume that X *() =X [q](~). Because X [q](~) is feasible

to problem P5. this means that —z1(zy,,) is also optimal,
which contradicts the uniqueness of the solution of P51,
Therefore, only the strict inequality can hold.

Appendix B. Convergence discussion of Algorithm 2

Algorithm 2 is a combination of two optimization algorithms.
The first optimization algorithm calculates the modified slope
constraint under the reference trajectory that accounts for
uncertainty. The second optimization algorithm computes
the new trajectory under the modified slope constraint. Since
uncertainty is trajectory-dependent, this algorithm is a recur-
sive optimization algorithm. The characteristic of such algo-
rithms is that the parameter settings in each iteration are
adjusted based on the results of the previous optimization.
When dealing with this type of iterative algorithm, conver-
gence analysis becomes more complex, as each iteration
depends not only on the current input but also on the previous
results.

Due to the difficulty in quantitatively analyzing the conver-
gence of Algorithm 2, providing a complete theoretical proof
of its convergence remains an open challenge. Therefore, a
qualitative analysis approach is adopted. The analysis primar-
ily relies on Figs. 6 and 7.

First, it is important to note that uncertainty is bounded.
When the uncertainty is as shown in Fig. 6, where the trajec-
tory deviates from the slope constraint, a suitably relaxed
modified glide-slope constraint is applied to reduce fuel con-
sumption in the convex optimization problem, while reducing
the gap between the uncertain trajectory and the slope. When
the uncertainty is as shown in Fig. 7, where the uncertainty
causes the trajectory to collide with the slope constraint, a
stricter modified slope constraint is used to prevent the trajec-
tory from colliding with the slope constraint. These two strate-
gies ensure that the uncertain trajectory eventually aligns
precisely with the slope constraint.
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