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Multi-Fidelity Modeling of a Lean Premixed Swirl-Stabilized
Hydrogen Burner with Axial Air Injection

Lorenzo Folcarelli ∗, Andrea Ferrero†, Filippo Masseni ‡ and Dario Pastrone§
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Anna Spagnolo ¶

Optimad Srl, Torino, Italy, 10134

Fausto Dicech ‖
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Premixed hydrogen burners offer promising results in reducing pollutant emissions but
are susceptible to flashback, posing significant safety risks and requiring high experimental
costs. This study introduces a multi-fidelity modeling approach to address the challenges
posed by the scarcity of high-fidelity data, leveraging the assumption of a linear correlation
between high-fidelity and low-fidelity data. The model is tested on predicting the axial flame
distance from the mixing tube, an indicator of flashback susceptibility, in a lean premixed
swirl-stabilized hydrogen burner. Experimental results serve as high-fidelity data, while 2D
steady axisymmetric RANS simulations provide low-fidelity data. The results demonstrate the
potential of 2D RANS to approximate burner behavior accurately and the capability of the
multi-fidelity model to enhance low-fidelity predictions with a severely limited set of training
points.

I. Nomenclature

Roman Letters

𝑎 = slope of linear correlation
𝑎𝐹𝑙 = experimental constant for fuel temperature determination
𝑏 = intercept of linear correlation
𝑏𝐹𝑙 = experimental constant for fuel temperature determination
𝑐𝑝 = specific heat capacity at constant pressure
𝐶𝜉 = length scale constant
𝐶𝜏 = time scale constant
𝑑 = total derivative
𝐷 = diameter
𝐷𝑚 = mass diffusion coefficient
𝐷𝑇 = Soret diffusion coefficient
ℎ = sensible enthalpy
ℎ0 = enthalpy of formation
𝐽 = diffusion flux
𝑘 = turbulent kinetic energy
¤𝑚 = mass flow rate
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M = molecular weight
𝑝 = pressure
𝑃𝑟𝑡 = turbulent Prandtl number
𝑟 = radial distance
𝑅 = universal gas constant
R = volumetric rate of creation
𝑆 = strain rate tensor
𝑆𝑐𝑡 = turbulent Schmidt number
𝑇 = temperature
𝑢0 = mean air axial velocity in the mixing tube without fuel injection
𝑣 = velocity
¤𝑉 = volume flow rate
𝑥𝐹 = axial flame distance from the mixing tube
𝑦𝐿𝐹 = low-fidelity data
𝑦𝐻𝐹 = high-fidelity data
𝑦+ = dimensionless wall distance
𝑌 = mass fraction
𝑤 = weight function
𝑧 = axial coordinate

Greek Letters

𝜕 = partial derivative
𝛿 = function of the differences between high-fidelity and low-fidelity data
𝛿𝑖 𝑗 = Kronecker delta with respect to indices 𝑖 and 𝑗
𝜖 = rate of dissipation of turbulent kinetic energy
𝜃 = azimuth
𝜅 = laminar thermal conductivity
𝜅𝑒 𝑓 𝑓 = effective thermal conductivity
𝜅 𝑓 𝑠 = volume fraction
𝜇 = laminar dynamic viscosity
𝜇𝑡 = turbulent dynamic viscosity
𝜇𝑒 𝑓 𝑓 = effective dynamic viscosity
𝜈 = kinematic viscosity
𝜉 = length scale
𝜌 = density
𝜏 = turbulent stress tensor
𝜏∗ = time scale
𝜙 = equivalence ratio
𝜒 = axial injection ratio
Ω = volumetric heat of reaction

Abbreviations

AHEAD = Advanced Hybrid Engines for Aircraft Development
EDC = Eddy Dissipation Concept
HF = High-Fidelity
LES = Large Eddy Simulation
LF = Low-Fidelity
RANS = Reynolds Averaged Navier Stokes
RBF = Radial Basis Function
RMSE = Root Mean Square Error
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II. Introduction

As the aeronautical world is moving toward a more environmentally conscious future, hydrogen-fueled propulsion
emerges as both a compelling alternative to hydrocarbon fuels and a multifaceted challenge. The attraction lies in the

possibility of achieving efficient combustion within gas turbine engines, thanks to hydrogen’s high lower heating value
(LHV) and specific heat [1]. Moreover, the carbon-free products resulting from hydrogen combustion promise a cleaner
aviation landscape. However, this promising path is not without obstacles. In addition to the extreme difficulties of
storing hydrogen on board and the additional weight caused by hydrogen tanks, elevated temperatures in the combustion
chamber can cause the emission of nitrogen oxides (NO𝑥) [2], which endanger both environmental and human health.
To mitigate the formation of NO𝑥 emissions, a possible solution lies in operating under conditions of a premixed low
equivalence ratio, i.e. a lean combustion regime, as the wide range of flammability of hydrogen, much wider than that
of Jet-A fuel, allows for this kind of flexibility [3]. However, it is essential to recognize that operating in lean conditions
can provoke combustion instabilities [4]. Additionally, hydrogen’s high laminar flame speed and diffusivity lead to a
propensity for upstream flame propagation in hydrogen-premixed systems, i.e. flashback [5]. As flashback can lead to
altered combustion processes, pollutant emissions, and potential damage to the walls, its assessment is of the utmost
importance when evaluating the performance of an hydrogen burner [6].
In the present work, a multi-fidelity model is presented and used to predict the axial flame position in different working
conditions for the AHEAD lean premixed swirl-stabilized hydrogen burner [7]. The flame distance from the mixing
nozzle is considered a marker of the safety margin of flashback since in this kind of burner the axial position of the
flame front shifts upstream as it approaches the conditions where flashback occurs [8]. It is, therefore, chosen as the
objective of the multi-fidelity model. The work is organized in the following way: in Sec.III the multi-fidelity model is
presented, while Sec.IV shows the features of the burner selected as the test case. Then, Sec.V shows the procedure
to obtain low-fidelity data through RANS and an assessment of CFD capability to approximate experimental results.
Finally, the results of the multi-fidelity model are presented in Sec.VI.

III. Multi-Fidelity Model
The multi-fidelity modeling [9] is carried out using experimental data from Ref.[8] as high-fidelity data and 2-D

axisymmetric swirl RANS simulation as low-fidelity data. Multi-fidelity consists of a series of machine learning
techniques widely used to solve regression and interpolation problems. Usually, these models are based upon Gaussian
Processes (GP) [10] or artificial neural networks [11]. The general objective of multi-fidelity is to improve the accuracy
of an approximation model, reducing the overall computational cost associated to the training data. This can be achieved
by leveraging the contribution of information coming from heterogeneous sources. Typically, few high-fidelity data are
paired with many low-fidelity data, assuming a correlation between low- and high-fidelity information. This allows to
better approximate unknown high-fidelity configurations, if compared to an equivalent single fidelity model, lowering
the overall cost. In general, low-fidelity data are cheaper than high-fidelity data, however low-fidelity is, by definition,
less accurate.

Let 𝑥𝐻𝐹 and 𝑦𝐻𝐹 be the high-fidelity (HF) input-output data for the regression problem. Similarly, 𝑥𝐿𝐹 and 𝑦𝐿𝐹 are
the low-fidelity (LF) input-output data. The proposed method assumes that the training sets 𝑋𝐻𝐹 = {𝑥𝑖

𝐻𝐹
: 𝑖 = 1, ... , 𝑛 }

and 𝑋𝐿𝐹 = {𝑥𝑖
𝐿𝐹

: 𝑖 = 1, ... , 𝑚 } are nested, so that 𝑋𝐻𝐹 ⊂ 𝑋𝐿𝐹 . Furthermore, if the corresponding low- and high-
fidelity outputs are linearly correlated, it is possible to evaluate such relationship, as in Equation 1.

𝑦𝐻𝐹 ∼ 𝑎 · 𝑦𝐿𝐹 + 𝑏 (1)

where 𝑎, 𝑏 ∈ R.
Through least squares it is possible to retrieve the best approximating values for the correlation coefficients 𝑎, 𝑏.

Knowing the HF and LF values for the HF training inputs 𝑥𝑖
𝐻𝐹

∈ 𝑋𝐻𝐹 , namely 𝑦𝑖
𝐻𝐹

and 𝑦𝑖
𝐿𝐹

for 𝑖 = 1, ..., 𝑛, with 𝑛 the
number of HF points, we can solve for 𝑎, 𝑏 the system of equations in 2.

𝑦1
𝐿𝐹

1
. . . . . .

𝑦𝑛
𝐿𝐹

1


[
𝑎

𝑏

]
=


𝑦1
𝐻𝐹

. . .

𝑦𝑛
𝐻𝐹

 (2)

Found 𝑎, 𝑏 and considering any LF value 𝑦𝐿𝐹 (𝑥), with 𝑥 being a point in the input domain, it is possible to obtain a
first approximation 𝑦∗

𝐻𝐹
(𝑥), as in Equation 3
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𝑦𝐻𝐹 (𝑥) ∼ 𝑦∗𝐻𝐹 (𝑥) = 𝑎 · 𝑦𝐿𝐹 (𝑥) + 𝑏 (3)

where 𝑦𝐿𝐹 (𝑥) can be accurately approximated with a surrogate model (given the lower computational cost) or
computed online if the model is cheap enough.

In general, 𝑦∗
𝐻𝐹

(𝑥) will not fit perfectly the HF training points, therefore this approximation should be corrected.
To this end, the objective is to create a model trained on the differences 𝛿 between 𝑦∗

𝐻𝐹
(𝑥) and the known values

𝑌𝐻𝐹 = {𝑦𝑖
𝐻𝐹

: 𝑖 = 1, ... , 𝑛 }. The function 𝛿(𝑥) is known only in the training points

𝛿𝑖 = 𝑦𝑖𝐻𝐹 − 𝑦∗𝐻𝐹 (𝑥𝑖𝐻𝐹) ∀ 𝑖 = 1, ..., 𝑛 (4)

and can be approximated with an interpolator, such as a Radial Basis Functions (RBF) or a Gaussian Process (GP)
regression [12, 13]. This allows to approximate 𝑦𝐻𝐹 (𝑥) as in Equation 5

𝑦𝐻𝐹 (𝑥) ∼ 𝑦∗𝐻𝐹 (𝑥) + 𝛿(𝑥) (5)

Note, however, that multi-fidelity models are often used when there is lack of HF information, therefore the model
𝛿(𝑥) is not expected to be accurate far away from the training points. In fact, a possible solution is to use a weight
function 𝑤(𝑥) to scale the contribution of the 𝛿 term, as in Equation 6:

𝑦𝐻𝐹 (𝑥) ∼ 𝑦∗𝐻𝐹 (𝑥) + 𝛿(𝑥) · 𝑤(𝑥) . (6)

The weight function should represent a measure of "closeness" between a generic point 𝑥 and the training points.
The intuition is that points which are closer to each other in the input domain should have a stronger effect, compared to
those farther away. In this model, the simplest yet effective choice was to set the weights to decrease as the distance
between 𝑥 and the training points increases.

This multi-fidelity model has been implemented in the software romBOX developed by Optimad Srl [14].

IV. Test Case Description
The multi-fidelity model is designed to predict the flame distance from the exit of the mixing tube, utilizing

the experimental measurements conducted in the ’Advanced Hybrid Engines for Aircraft Development’ (AHEAD)
combustor, developed by Paschereit et al. [8], as high-fidelity data. The AHEAD combustor features a fuel conduit that
injects hydrogen into the premixing section through 16 axial injection orifices, each with a diameter of 0.8 mm. Air is
supplied to the premixing section via an air plenum, which incorporates a radial swirl generator and a variable-diameter
axial orifice. The ratio between the air volume flow rate ¤𝑉 passing through the axial orifice and the total inlet volume
flow rate is defined as the axial injection ratio 𝜒:

𝜒 =
¤𝑉𝑎𝑥𝑖𝑎𝑙

¤𝑉𝑎𝑥𝑖𝑎𝑙 + ¤𝑉𝑠𝑤𝑖𝑟𝑙

(7)

The magnitude of the 𝜒 parameter is influenced by the pressure loss in the mixing nozzle, which depends on the
variable diameter of the axial orifice and the operating conditions [15]. The mixing tube itself is a cylindrical duct with a
diameter of 34 mm, leading into a larger cylindrical chamber with a diameter of 105 mm. Additionally, a small fraction
of the air entering the air plenum is injected at the end of the mixing tube through 22 orifices, each with a diameter of
0.6 mm, to locally reduce the equivalence ratio near the wall and prevent wall flashback. A CAD representation of the
AHEAD combustor is provided in Fig. 1, while a detailed description of its features is available in Ref. [16].

The operating conditions of the combustor are determined by the air inlet mass flow, air temperature, equivalence
ratio, geometrical swirl number and axial inlet diameter. The geometrical swirl number, which excludes the contribution
of incoming axial air in its definition, is adjusted by modifying the portion of the radial swirl generator occupied by
blocking rings: all the data referred in this work are performed at a swirl number of 0.9. Hydrogen, stored at room
temperature, enters the combustor at a temperature that can be approximated based on the air mass flow, equivalence
ratio, and air temperature, as described in Ref. [8]. This relationship is given by:

𝑇𝐻2 =
𝑎𝐹𝑙 𝑇𝑖𝑛 + 𝑏𝐹𝑙

(
¤𝑚𝐻2 𝑐𝑝,𝐻2 − 0.5 𝑎𝐹𝑙

)
0.5 𝑎𝐹𝑙 + ¤𝑚𝐻2 𝑐𝑝,𝐻2

(8)
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SECTION A-A

Fig. 1 CAD drawing of the AHEAD combustor in a configuration with geometric swirl number equal to 0.9 and
axial orifice diameter equal to 8 𝑚𝑚.

Here, 𝑇in represents the air temperature, ¤𝑚H2 denotes the hydrogen mass flow rate, and 𝑐𝑝,H2 is the specific heat
capacity of hydrogen at constant pressure, assumed to remain constant over the temperature range of interest. The
constants 𝑎Fl = 1.40 and 𝑏Fl = 34.9 are determined experimentally [8].

The operating parameters for this study cover the following ranges: inlet air temperature from 313 K to 693 K,
inlet air mass flow rate from 80 kg/h to 255 kg/h, and equivalence ratios from 0.2 to 1. However, due to challenges in
simulating a condition with an equivalence ratio of 0.2 using RANS, operating conditions with this equivalence ratio are
excluded from the current analysis.

The operating conditions considered here are derived from the flame distance data presented in Figures 9 and 10 in
Ref. [8]. In particular, Figure 9 in Ref. [8] illustrates the flame distance at a constant 𝑢0 = 70 m/s for different inlet air
temperatures and equivalence ratios, while Figure 10 in Ref. [8] depicts the flame distance at a constant equivalence
ratio, with changes in inlet air temperature and mass flow rate. The parameter 𝑢0 represents the mean velocity in the
mixing tube when only air is present (i.e., equivalence ratio = 0) and is calculated as:

𝑢0 =
¤𝑚air

𝐴mixing tube 𝜌air
(9)

The simulated operating conditions and corresponding experimental flame distances are summarized in Table 1.
Here, 𝑥𝐹/𝐷 represents the flame distance from the exit of the mixing nozzle, normalized by the mixing nozzle
diameter 𝐷 = 34 mm. All simulations assume an axial injection ratio 𝜒 = 12.5, which, as described in Ref. [15],
corresponds to an axial inlet diameter of 8 mm. These data comprise the 53 high-fidelity operating conditions used in
this study. Low-fidelity simulations under the same operating conditions are also computed to construct and validate the
multi-fidelity model presented in Sec. III.

V. Low-Fidelity Data Generation

A. Numerical Model
The simulations are performed in Ansys® Fluent, using a 2D steady swirl axisymmetric flow approximation, i.e.

neglecting every derivative along the azimuthal 𝜃 direction while accounting for a tangential component of velocity 𝑣 𝜃
variable along the axial 𝑧 and radial 𝑟 directions.

𝜕 (·)
𝜕𝜃

= 0 (10)

®𝑣 (𝑧, 𝑟) = [𝑣𝑧 , 𝑣𝑟 , 𝑣 𝜃 ] (11)
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Table 1 Working conditions and corresponding flame distances normalized with mixing tube diameter, extracted
from Ref.[8].

ID ¤𝑚𝐴𝑖𝑟 (kg/h) T𝐴𝑖𝑟 (K) 𝜙 x𝐹 / D

1 255 313 0.3 0.277
2 255 313 0.4 0.285
3 255 313 0.5 0.351
4 255 313 0.6 0.450
5 255 313 0.7 0.627
6 180 453 0.3 0.247
7 180 453 0.4 0.262
8 180 453 0.5 0.275
9 180 453 0.6 0.361
10 180 453 0.8 0.615
11 180 453 1.0 0.991
12 130 623 0.3 0.229
13 130 623 0.4 0.233
14 130 623 0.5 0.216
15 130 623 0.6 0.250
16 130 623 0.8 0.474
17 130 623 1.0 0.866
18 116 693 0.3 0.241
19 116 693 0.4 0.228
20 116 693 0.5 0.220
21 116 693 0.6 0.251
22 116 693 0.8 0.463
23 116 693 1.0 0.807
24 130 313 0.4 0.257
25 184 313 0.4 0.313
26 220 313 0.4 0.342
27 295 313 0.4 0.375

ID ¤𝑚𝐴𝑖𝑟 (kg/h) T𝐴𝑖𝑟 (K) 𝜙 x𝐹 / D

28 80 453 0.4 0.171
29 130 453 0.4 0.293
30 150 453 0.4 0.299
31 205 453 0.4 0.353
32 230 453 0.4 0.417
33 93 623 0.4 0.302
34 110 623 0.4 0.299
35 148 623 0.4 0.350
36 82 693 0.4 0.306
37 100 693 0.4 0.317
38 133 693 0.4 0.324
39 130 313 0.6 0.389
40 184 313 0.6 0.479
41 220 313 0.6 0.529
42 295 313 0.6 0.558
43 80 453 0.6 0.293
44 130 453 0.6 0.399
45 150 453 0.6 0.389
46 205 453 0.6 0.442
47 230 453 0.6 0.555
48 93 623 0.6 0.349
49 110 623 0.6 0.342
50 148 623 0.6 0.362
51 82 693 0.6 0.339
52 100 693 0.6 0.346
53 133 693 0.6 0.346
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Introducing the Favre-filtered variables, denoted by a tilde, obtained for a generic scalar 𝜙 as:

𝜙 =
𝜌𝜙

𝜌̄
(12)

where the overbar indicates the typical Reynolds averaging and 𝜌 represents the density, the corresponding Navier-Stokes
equations are written in compressible form in Eqs.(13)–(15) [17].

∇ ·
(
𝜌 ®̃𝑣

)
= 0 (13)

∇ ·
(
𝜌 ®̃𝑣 ®̃𝑣

)
= −∇ 𝑝 + ∇ · (𝜏) (14)

∇ ·
(
𝜌 ®̃𝑣

(
ℎ̃ + 𝑣̃

2

2

))
= ∇ ·

(
𝑘𝑒 𝑓 𝑓∇𝑇 −

∑︁
𝑗

ℎ̃ 𝑗
®𝐽 𝑗 + 𝜏 · ®̃𝑣

)
+Ω (15)

In Eqs.(13)–(15) 𝑝 represents the pressure, 𝜏 the total stress tensor, ℎ the sensible enthalpy, 𝑘𝑒 𝑓 𝑓 the effective
conductivity, 𝐽 𝑗 the diffusion flux of species 𝑗 , and Ω the volumetric heat of chemical reactions. The total stress tensor
𝜏 is formed by the sum of the laminar and turbulent stresses:

𝜏𝑖 𝑗 = 2 (𝜇 + 𝜇𝑡 )
(
𝑆𝑖 𝑗 −

1
3
𝜕𝑣̃𝑘

𝜕𝑥𝑘
𝛿𝑖 𝑗

)
− 2

3
𝜌̄𝜅𝛿𝑖 𝑗 (16)

with 𝜇 and 𝜇𝑡 indicating the laminar and turbulent dynamic viscosity, respectively, 𝑘 the turbulent kinetic energy
and 𝑆𝑖 𝑗 the strain rate tensor, i.e.:

𝑆𝑖 𝑗 =
1
2

(
𝜕𝑣̃𝑖

𝜕𝑥 𝑗
+
𝜕𝑣̃ 𝑗

𝜕𝑥𝑖

)
(17)

The turbulent viscosity is evaluated using the 𝜅 - 𝜔 Shear Stress Transport (SST) two-equations turbulence model
developed by Menter [18]. The effective thermal conductivity 𝑘𝑒 𝑓 𝑓 is defined as:

𝑘𝑒 𝑓 𝑓 = 𝑘 +
𝑐𝑝𝜇𝑡

𝑃𝑟𝑡
(18)

where k is the laminar thermal conductivity, 𝑐𝑝 is the specific heat capacity at constant pressure and 𝑃𝑟𝑡 is the turbulent
Prandtl number. In this work, 𝑃𝑟𝑡 was selected to be 0.85 and the 𝑐𝑝 is obtained as the mixture-average of the 𝑐𝑝 of all
the species in the mixture, while it is approximated by NASA7 polynomials [19] for the single species 𝑗 , i.e.:

𝑐𝑝, 𝑗 (𝑇)
𝑅

= 𝑎0, 𝑗 + 𝑎1, 𝑗𝑇 + 𝑎2, 𝑗𝑇
2 + 𝑎3, 𝑗𝑇

3 + 𝑎4, 𝑗𝑇
4 (19)

with 𝑅 being the universal gas constant. Thus, the sensible enthalpy for the single species 𝑗 in the case of ideal gas
approximation is calculated as:

ℎ̃ 𝑗 =

∫ 𝑇

𝑇𝑟𝑒 𝑓

𝑐𝑝, 𝑗 𝑑𝑇 (20)

with 𝑇𝑟𝑒 𝑓 being 298.15 𝐾 . Then, the sensible enthalpy of the mixture is evaluated as:

ℎ̃ =
∑︁
𝑗

𝑌 𝑗 ℎ̃ 𝑗 (21)

The diffusion flux of species 𝑗 is defined as:

®𝐽 𝑗 = −
(
𝐷 𝑗 ,𝑚 + 𝜇𝑡

𝑆𝑐𝑡

)
∇𝑌 − 𝐷𝑇̃ , 𝑗∇𝑇 (22)
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where 𝑆𝑐𝑡 is the Schmidt number, 𝑌 is the mass fraction, 𝐷 𝑗 ,𝑚 is the molecular mass diffusion coefficient and 𝐷𝑇, 𝑗 is
the Soret diffusion coefficient. In this study, the Schmidt number was set to 0.7.
Finally, the volumetric heat of reaction Ω is calculated as:

Ω = −
∑︁
𝑗

ℎ0
𝑗

M 𝑗

R 𝑗 (23)

where ℎ0
𝑗
, M 𝑗 and R 𝑗 are the enthalpy of formation, the molecular weight and the volumetric rate of creation, respectively,

of the 𝑗 𝑡ℎ species.
In addition to Eqs. (13)–(15), a conservation equation is considered for 𝑀 − 1 species, where 𝑀 denotes the total
number of species in the mixture. The mass fraction of the excluded species is calculated as 1 minus the sum of the mass
fractions of all the other species. To minimize the numerical error, 𝑁2 is chosen to be the species not directly transported
in the flow domain, as it is expected to have the largest mass fraction. These conservation equations are then written as:

∇ ·
(
𝜌̄ ®̃𝑣𝑌 𝑗

)
= −∇ · ®𝐽 𝑗 + 𝑅 𝑗 (24)

The reaction rates R 𝑗 are modelled using the Eddy-Dissipation Concept (EDC)[20], taking into account turbulence and
chemistry interactions. The EDC model assumes that the reactions only occur in the fine scales, i.e. in the smallest
turbulence scales. It is then necessary to calculate the volume of the computational cell that is occupied by these fine
scales, i.e. the volume fraction 𝜅 𝑓 𝑠:

𝜅 𝑓 𝑠 =
𝜉2

1 − 𝜉2 (25)

In Eq.25 the variable 𝜉 represents the length scale, which is calculated as:

𝜉 = 𝐶𝜉

( 𝜈𝜖
𝑘2

) 1
4 (26)

where 𝐶𝜉 is a constant value equal to 2.1377, 𝜈 is the kinematic viscosity, 𝑘 is the turbulent kinetic energy and 𝜖 is the
rate of dissipation of turbulent kinetic energy. Moreover, the reactions are integrated over the time scale 𝜏∗, which is
defined as:

𝜏∗ = 𝐶𝜏

( 𝜈
𝜖

) 1
2 (27)

where 𝐶𝜏 is a constant value equal to 0.4082. Finally, the reaction rates R 𝑗 can be written as [17]:

R 𝑗 = 𝜌𝜅 𝑓 𝑠
𝑌 ∗
𝑗
− 𝑌 𝑗

𝜏∗
(28)

where 𝑌 ∗
𝑗

represents the fine-scale species mass fraction after reacting over the time scale 𝜏∗ in an adiabatic and isobaric
perfectly stirred reactor, whose initial conditions are the species and temperature at the end of the previous iteration.
Furthermore, the Fluent implementation of the EDC differs from the one originally proposed by Magnussen et al. in
Ref.[21] as it does not take into account that reactions could occur only on a fraction of the fine scales, among other
changes [22].
The spatial discretization is performed using second-order upwind schemes and the coupled pressure-velocity scheme.
Finally, hydrogen chemistry is evaluated using the Ó Conaire reaction mechanism which encompasses 10 species (H,
H2, O, O2, OH, H2O, N2, HO2, H2O2, Ar) and 19 reaction steps [23].

B. Geometry Approximation and mesh
The 2D geometry fluid domain is built with the constraint that the inlets in the axisymmetric geometry have the same

total area of the real combustor, to ensure that the fluid comes out of the inlets with the same velocity as it would in the
real 3D geometry. The 2D geometry CAD with dimensions and boundary conditions used in this work is shown in Fig.2.

The 2D geometry of the radial swirler is approximated based on the actual swirler design, which features eight slots.
Each slot has a total length of 25 mm, connected by two semicircular arcs with a radius of 2.25 mm. For a configuration
with a geometric swirl number of 0.9, the slots are partially blocked by rings, obstructing 7 mm of their length.
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Fig. 2 Dimensions and boundary conditions of the 2D geometry simplification of the AHEAD combustor.

In the 2D axisymmetric approximation, the swirler is modeled with an inlet followed by a wall condition to represent
the obstruction caused by the blocking rings. Since the continuous cylindrical surface in the 2D model represents the
distributed area of the swirler slots, the inlet length in the simulation is shorter than the actual slot length. It is, therefore,
necessary to determine the inlet position in the 2D approximation, and it was decided to retain the geometric centroid of
the actual slot.

The same decision to retain the geometric centroid was applied in approximating the inlet area for both the fuel and
the dilution air. In this approximation, the effect of the boundary layer occupying different portions of the injection
orifice between the real and approximated geometry was neglected. Accounting for this would have required modifying
the geometry of the fuel injection conduit as a function of the equivalence ratio. Additionally, to better approximate
the inlet conditions of the hydrogen stream in the premixing tube, a portion of the fuel conduit is also included in the
2D geometry, which can be seen in Detail A in Fig.2. The resulting mesh is built with approximately 2 · 105 cells,
dynamically refining cells to achieve a 𝑦+ lower than 10 in every simulation. A mesh detail at the inlet can be observed
in Fig.3.

Fig. 3 Mesh detail.

Assuming that 2.5% of the total inlet air mass flow rate passes through the dilution orifices, the mass flow rates at
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the boundaries are determined using the definition of the axial injection ratio, 𝜒, as follows:
¤𝑚dil = 0.025 ¤𝑚tot

¤𝑚swirl = (1 − 𝜒) ( ¤𝑚tot − ¤𝑚dil)
¤𝑚axial = ¤𝑚tot − ¤𝑚swirl − ¤𝑚dil

(29)

In Eq. 29, ¤𝑚tot represents the total air mass flow rate, ¤𝑚dil is the mass flow rate through the dilution orifices, ¤𝑚axial is
the mass flow rate through the axial orifice, and ¤𝑚swirl is the mass flow rate through the swirl orifice.

Additionally, it is necessary to define the tangential velocity component at the swirler inlet. However, due to changes
in the inlet geometry in the 2D RANS model, the geometrical swirl number can not be directly applied to establish
boundary conditions. Instead, a tangential-to-radial velocity ratio of 0.8 at the swirler inlet was found to provide good
agreement with experimental results, based on comparisons between CFD predictions and experimental PIV data for a
single operating condition.

This approach aligns with the multi-fidelity model’s objective to accommodate scenarios with limited HF data.
However, it inherently reduces the accuracy of LF results since the selected tangential-to-radial velocity ratio may not be
optimal for all the other operating conditions.

C. Low-Fidelity Results
The capability of the 2D axisymmetric simulations to capture key fluid dynamic characteristics is demonstrated

through a comparison with experimental PIV data ∗ for the following operating conditions: ¤𝑚air = 180 kg/h, 𝑇air = 453 K,
and 𝜙 = 0.4.

Figure 4 compares the axial velocity 𝑣𝑧 , normalized by the mixing tube velocity 𝑢0 = 70 m/s, between the
experimental PIV measurements and the CFD simulation. The plot shows how axial velocity varies with radius
𝑟, normalized by the mixing nozzle radius 𝑅 = 34 mm, measured from the symmetry axis of the combustor. The
comparison includes axial velocity profiles at different axial positions 𝑧/𝐷, where 𝑧 = 0 represents the end of the mixing
tube. At 𝑧/𝐷 = 0.043, the RANS model accurately captures the axial velocity behavior observed experimentally at the
mixing tube exit. As the axial position increases, the CFD results continue to closely follow the experimental data,
with the axial velocities becoming nearly identical between RANS and PIV at one of the farthest measured points, i.e.
𝑧/𝐷 = 2.687.

Analogous considerations can be applied for the comparison of the radial velocity 𝑣𝑟 between PIV and RANS,
performed in the same axial locations and shown in Fig.5. Similarly, it is possible to appreciate how the RANS resembles
the global trend shown by the PIV. This shows the capability of the RANS simulation to capture the inner and outer
recirculation zones inside the combustion chamber.

Additionally, Fig. 6 illustrates the flame behavior as a function of the equivalence ratio for an inlet temperature of
453 K and an air inlet mass flow rate of 180 kg/h, with heat of reaction contours normalized by their maximum values in
each simulation to facilitate comparison. In Fig. 6, the white bar extending up to 𝑟/𝐷 = 0.5 represents the length of the
mixing tube, while the blue bar indicates the combustion chamber wall. The trends observed in the simulations align
well with experimental results from Ref. [8], based on post-processed OHPLIF data. Specifically, in the experiments,
the flame lifts off until the equivalence ratio reaches 0.5, at which point it attaches to the end of the mixing tube. This
behavior is captured by the RANS model, with the key difference being that the flame attachment is predicted to occur
at 𝜙 = 0.6.

Another discrepancy between the simulation and experimental results arises at the stoichiometric equivalence ratio.
In the experimental data, a pronounced curvature of the flame is observed, while the RANS model predicts a relatively
flatter flame surface. This difference in behavior may stem from the limitations of the turbulence model, which might
not fully capture the complexities of the swirled flow. Nevertheless, despite these discrepancies, the RANS model
successfully reproduces the overall trend observed in the experimental data, suggesting that the low-fidelity model holds
significant potential for accurately representing the complex fluid dynamics within the combustor chamber.

Finally, it is worth noticing that the average computational time for the generation of a single LF data point is on the
order of 𝑂 (7 CPU · h), using 30 Intel® Xeon® Gold 6338 cores.

∗PIV data can be downloaded from the following URL: https://tnfworkshop.org/ahead-lean-premixed-swirl-stabilized-hydrogen-burnertu-berlin/.
URL visited on May 20th, 2024.
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Fig. 4 Comparison of axial velocity vz, normalized by velocity 𝑢0, between PIV and CFD data at different axial
locations 𝑧 and radius 𝑟, normalized by mixing tube diameter D.
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Fig. 6 CFD flame visualization through the heat of reaction contours. Simulations performed at Tin = 453 K,
and mair = 180 kg/h.

Finally, Fig. 7 presents a comparison between the RANS output (low-fidelity data) and the experimental results
(high-fidelity data). The flame distance for the low-fidelity data is determined from the CFD results, using the first axial
position where the heat of reaction exceeds a threshold of 1 W. The Pearson’s linear correlation coefficient between the
low-fidelity and high-fidelity data is found to be 0.77, which supports the assumption of a linear correlation between
these datasets, as discussed in Section III.
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Fig. 7 (a) High-Fidelity and Low-Fidelity data comparison and (b) linear correlation between the two different
fidelity levels.
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VI. Multi-Fidelity Results
To validate the multi-fidelity model, 15 points are randomly selected from Table 1 as validation points and they are

explicitly shown in Eq.30. These points are chosen such that they do not lie at the boundaries of the parameter space,
meaning none of the selected points have air temperature, air mass flow rate, or equivalence ratio values that correspond
to the minimum or maximum values within the dataset. The parameter space is thus defined by air mass flow rate, air
temperature, and equivalence ratio.

𝐼𝐷𝑣𝑎𝑙𝑖𝑑𝑎𝑡𝑖𝑜𝑛 = [7, 8, 10, 13, 14, 15, 16, 29, 32, 33, 44, 45, 46, 47, 48] (30)

For the remaining points in the dataset, a sequence of training points is constructed by iteratively adding the point
that is furthest from the existing points in the sequence. To obtain the statistics over the error in Fig.8 the training set
construction was performed each time starting from a different point between the 38 ones in the dataset.

The multi-fidelity model is compared to a single-fidelity model which fits the HF data with RBF using the same HF
training points of the multi-fidelity model, which in this work uses RBF too to approximate the correction field 𝛿(𝑥).

The results, shown in the boxplot in Fig. 8, with the solid central line representing the median, demonstrate that the
multi-fidelity model consistently outperforms both the high-fidelity fitting and the individual low-fidelity data in terms
of root mean square error. Notably, the multi-fidelity model remains effective even with a small set of training points,
approximately equal to the number of input parameters. As the number of training points increases, the model becomes
less sensitive to the specific points selected, progressively improving the low-fidelity data until it reaches an asymptote
with just five training points.

Moreover, increasing the number of training points also reduces the error for the high-fidelity fitting, which, however,
plateaus at a higher asymptote compared to the multi-fidelity model. This highlights the multi-fidelity model’s ability to
effectively enhance low-fidelity data.
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Fig. 8 Comparison of high-fidelity and multi-fidelity models RMSE computed on a fixed validation set. Statistics
are obtained by changing the training set sequences. Outliers are omitted.

Finally, the online computational cost of the multi-fidelity model, including both the training and evaluation phases,
is on the order of 𝑂 (1 · 10−4 CPU · h). Thus, the increase in computational cost due to the multi-fidelity model is
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negligible concerning the generation of low-fidelity data.

VII. Conclusions
A multi-fidelity modeling approach is presented, assuming a linear correlation between LF and HF data. The

model is trained and validated to predict the flame distance from the mixing nozzle in a lean premixed swirl-stabilized
hydrogen burner. The experimental data from Ref. [8] serve as the HF dataset, while the LF data are obtained using 2D
axisymmetric RANS simulations. The output of CFD simulations reveals a linear correlation between HF and LF data,
demonstrating that RANS simulations, despite the simplification of a 2D axisymmetric geometry and the limitation on
approximating inlet boundary conditions, can effectively capture the complex fluid dynamics and chemistry-turbulence
interactions within the combustion chamber.

Additionally, the multi-fidelity model enhances the LF predictions by leveraging a limited number of HF data
points, using RBF to construct a correction field between HF data and LF approximations. This approach successfully
approximates a complex phenomenon, such as flame positioning in a hydrogen burner, by integrating LF simulations
with sparse HF data. The methodology offers significant potential for reducing experimental costs, facilitating the
exploration of design parameters, and improving the design of experiments. Furthermore, HF data could be substituted
with higher-fidelity simulations, such as large-eddy simulations (LES), or extended through intermediate-fidelity layers,
like 3D RANS with more accurate turbulence modeling, bridging the gap between computational and experimental
results.
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