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Continuous-Time Distributed Learning
for Collective Wisdom Maximization

Luka Bakovié, Giacomo Como, Fabio Fagnani, Anton Proskurnikov, Emma Tegling

Abstract—Motivated by the well established idea that collective
wisdom is greater than that of an individual, we propose a novel
learning dynamics as a sort of companion to the Abelson model
of opinion dynamics. Agents are assumed to make independent
guesses about the true state of the world after which they engage
in opinion exchange leading to consensus. We investigate the
problem of finding the optimal parameters for this exchange,
e.g. those that minimize the variance of the consensus value.
Specifically, the parameter we examine is susceptibility to opinion
change. We propose a dynamics for distributed learning of the
optimal parameters and analytically show that it converges for all
relevant initial conditions by linking to well established results
from consensus theory. Lastly, a numerical example provides
intuition on both system behavior and our proof methods.

I. INTRODUCTION

The idea of considering a multitude of opinions to form
an accurate description of a phenomenon or come up with a
solution to a problem is rather commonplace in today’s society.
This concept permeates everything from the very practical
elements of society, as the principle underlying democratical
pluralism, to the folklore, where expressions such as two heads
are better than one are commonplace. Scientific inquiry into
this question is considered to have started with Galton’s Vox
Populi [1] where it was discovered that the median guess on a
numerical value taken from a large population is surprisingly
close to the ground truth. One could attempt to write this off
as a simple experiment demonstrating that sampling a large
number of independent measurements increases the accuracy,
but the phenomenon itself is much deeper than that. Namely,
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human opinions are not completely independent of one another
but instead evolve and depend on the opinions of those one
comes in contact with. The study [2] demonstrates that not
only do more complicated effects come into play, they can
also be harmful to the overall wisdom the group displays.
Specifically, they show that social power plays a crucial role.
This makes sense, as influential individuals are by definition
those who have a greater say or whose opinion matters
most. Mathematically, this is closely related to the concept of
centrality studied in, for instance, [3] and [4]. Certain nodes
in graphs enjoy privileged positions due to either having a
large number of connections or being connected to the right
nodes. Their influence on certain dynamical systems defined
over those graphs is then proportional to their centrality. The
two concepts have been analyzed in parallel ever since the
beginnings of the field of opinion dynamics, but most notably
in Friedkin’s work [5]. A complementary concept present in,
amongst others, Abelson’s model [6] and Taylor’s model [7] is
that of an individual’s susceptibility to opinion change or self
confidence. Instead of just relying on the graph centralities,
these models also consider the fact that some individuals are
less likely to listen to others in general - regardless of their
centrality. Situations where these parameters are dynamic have
also been considered, some examples being [8] where the
social influence graph evolves, or [9] in which the authors
concatenate models with differing levels of stubbornness.
Finally, [10] considers a nonlinear model dealing with polar
opinion evolution, where one of the key components are the
dynamical susceptibilities to persuasion which are functions
of the agents’ current beliefs.

We begin our analysis by considering a group of agents
taking independent guesses on the value of some ground
truth. We then suppose that the agents partake in an opinion
exchange according to the Abelson model. The first question
we then pose is related to the model parameters governing
the exchange — how openly should the agents communicate if
they want to maximize the “good” effect of crowd wisdom?
Mathematically speaking, which susceptibility parameters re-
sult in the least possible variance of the group’s final guess
from the ground truth. After answering this question, we move
on to proposing a dynamical system defined over the same set
of agents which converges to this optimal parameter set. Our
work draws inspiration from some of the authors’ previous
work [11], which examines the optimal self-confidence values
in the discrete scenario of French-DeGroot [12] by considering



it as a game and studying the Nash equilibria. A similar
setup is considered in [13] where the possibility of growing
communities is also investigated.

A. Contributions and paper outline

This paper proposes a novel family of susceptibility adap-
tation dynamics for the Abelson model. Assuming that agents
connected in a graph make independent guesses on the value of
a ground truth, we calculate the optimal set of susceptibilities,
i.e. the one leading to a crowd estimate that has the smallest
possible variance from the ground truth. The dynamical system
is then defined as one where each agent moves away from
the derivative of a local utility function. The set of fixed
points of the system is shown to be exactly the set of optimal
susceptibilities, and the system is shown to converge to a point
in the set for all relevant initial conditions. Finally, a numerical
example provides intuition both on the problem and the proof
methods used.

The model is introduced in Section II, along with the main
result of the paper. The whole of Section III is dedicated to
analytically proving all of the building blocks of the main re-
sult. A numerical example is presented in Section IV. Finally,
conclusions and future work are discussed in Section V.

II. PROBLEM SETUP
A. Notation

Vectors are considered as columns in R™. The symbol 1
denotes the vector of all ones and its dimension is implied
by the context. When applying inequalities to vectors, they
are interpreted element-wise. For example, writing z > 0
indicates that every component of the vector z is positive.
For a vector z € R™, the symbol [z] denotes a n x n diagonal
matrix with diagonal z1, ..., z,. For a function f : R — R”,
the symbol f(c0) is used to denote lim;_,~ f(t) whenever
the limit exists. Summation indices are assumed to run over
the set {1,...,n} unless specified otherwise.

B. The Model

Consider a social network modeled as a finite directed
weighted graph G = (V, &, W), whose node set V = {1, ...,n}
represents agents that are connected by a set of directed links
ECV xV. Every link (i,7) € £ has a weight W;; > 0
representing the strength of the direct social influence exerted
by agent j on agent ¢ and, by convention, we set W;; = 0
for every (7,7) € ¥V x V\ £. Given a matrix W, let L[W] =
[W1] — W denote the corresponding (weighted) Laplacian
associated with W.

Assumption 1. The graph G is strongly connected.

Assumption 1 is equivalent to the irreducibility of W. A
classical result from Perron-Frobenius theory [14] states that
under such an assumption there exists a unique left eigenvector
w1 in R™ of the Laplacian such that

LW p=0, 1Tpu=1, p>0. (1)

The elements of p are also known to represent the eigenvector
centrality.

Every agent 7 € V is characterized by a scalar opinion
x; € R and a positive parameter z; € (0, c0) representing her
susceptibility to opinion change. We will stack the suscepti-
bility values of all the agents in a vector z to be referred to as
the susceptibility profile. We shall denote by Z = (0, +00)"
the set of susceptibility profiles.

The agents all observe noisy versions of a common state of
the world 6 in R. Specifically, every agent % in V) observes a
noisy quantity

z;(0)=60+¢;

where &; is a zero-mean random variable with positive finite
variance o7 in (0,+0c). We assume that & and &; are
uncorrelated for all ¢ # j.

Aiming to achieve a better estimate than what they initially
observed, the agents enter a discussion with their neighbors
in G. For every t € Rt and i € V, the opinion evolution is

described by the distributed averaging dynamics
Bi(t) =z > Wij(a;(t) — zi(t)). 2)
J

These dynamics (with z; = 1 for all ¢) were first considered
by Abelson [15] and later rediscovered in control theory as a
continuous-time consensus algorithm [16]. In our model, each
agent is featured by the susceptibility coefficient z;, deter-
mining (along with the influence weights W;;) the effective
influence rates between ¢ and the other individuals. The smaller
z; > 0 is, the more reluctant the individual ¢ becomes to
opinion change. The case if z; = 0, excluded in this work,
corresponds to a stubborn individual who retains her initial
opinion.

The following result will be used to motivate the rest of our
model, with the proof being delayed until the Appendix.

Proposition 1. The Abelson model (2) converges, for ev-
ery initial condition z;(0) = 0 + &; with Var[¢;] = o2 and
susceptibility vector z in Z, to a consensus. Furthermore,
the consensus value is a random variable with mean 0 and
variance

v(z) := Var[z;(c0)] = Z % Z al ;k.
5 A A ;

3)

z

Clearly, the choice of z directly affects the consensus value
of the system, with different z vectors resulting in more or
less variance in the final result. Suppose then that we have
a system planner wishing to minimize v(z). Assuming either
knowledge or estimation [17] of every u; and o;, the system
planner’s best choice is outlined in the following result, proved
in the Appendix.

Proposition 2. Let 02 be the column vector containing en-
2 o2, Then, for every susceptivity profile z in Z,

tries o7, ...,
-1
1
v(z) > (Z 02> “4)
k

k



with equality if and only if

z€Z" = {afyo® : a>0}.

Proposition 2 states that the minimum of the consensus
variance v(z) over all susceptibility profiles z in Z is achieved
on Z* C Z. The optimal value can be better interpreted in
terms of the so-called expertise (or precision), defined as the
inverse of the variance. In fact, Proposition 2 implies that, for
every z* in Z*, we have

1 1
) o

k

i.e., the optimal group’s expertise (‘“‘collective wisdom”) is the
aggregate of the single agents’ expertises.

The existence of a system planner with knowledge of every
w; and o; is quite a strong assumption, so the question of
investigating alternatives presents itself naturally. What if each
agent instead had knowledge of these parameters only in a
certain neighborhood, and worked to minimize the variance?
To answer this question, we introduce a family of continuous-
time susceptibility dynamics as follows. Consider a second
social network modeled as a finite directed weighed graph
G = (V,E,W). The agent set is the same as before, the
possible difference being the links and their weights, see also
Figs.1-2.

Assumption 2. The graph G is strongly connected and has a
self-loop at every node, that is, W;; > 0.

The assumption that G contains self-loops at each node
is natural here, as the new graph describes information flow
instead of opinion formation. The learning policy proposed
below assumes that each agent i is aware of her own parame-
ters m;, o; along with parameters of some neighbors, and these
neighbors need not be the individuals who influence agent i’s
opinion in the system (2).

The agents communicate over the second network with
the goal of finding susceptibility parameters that lower the
variance of the opinion-dynamical consensus value. Each agent
minimizes a cost function corresponding to the variance in her
neighborhood using the following distributed learning policy

2(0) > 0, (5a)
oy Oui
Zi(t) = aZl( z(t)), (5b)
— [ ,U,k 0'2
Zj: Wi ?j Z k. (5¢)

k

The cost functions u; are local analogues to the global variance
function (3). The centralities y; refer to the social network G,
providing information on the structure of the opinion model
to the susceptibility dynamics. The following results are the
main contribution of this paper.

Proposition 3. The set of optimal susceptibility vectors Z*
exactly comprises the positive equilibria of system (5b).

Theorem 4. For every initial condition z(0) > 0, the solution
to system (5b) exists, is unique, and remains strictly positive
(i.e., z(t) > 0 for all t > 0). Moreover, every such solution
converges to a point in Z*.

Specifically, this means that our distributed algorithm man-
ages to find the system optimal solution previously mentioned
in Proposition 2, without each agent having global knowledge
of every p; and o;. A knowledge of these parameters in some
local neighborhood is sufficient, as long as the underlying
graph is strongly connected. Section III is devoted to proving
all of the components of this result.

III. ANALYSIS

The analysis of the distributed learning policy (5b) is based
on a change of variables that effectively reduces it to a non-
linear consensus algorithm over a static graph. Specifically, we
introduce the substitution z — y, where

1€ V. (6)

Obviously, y; > 0 if and only if z; > 0.

The learning dynamics in the new variables

We first express the utility function (5¢) in the new vari-
ables:

b

i(y)
Bi(y

ui(y) =

~—

where the functions A;(y) and B;(y) are defined as

2
— Yj Yj )
Ai(y) == ;Wij Uj ZW” L Vie.
A straightforward computation yields
Qui _ 2Wii yiBiy) — Aily)
yi o} Bi(y)
y S W, v Wyi
— i j 1 2 j vy 2
2wy T ey T o (7
o} B} (y)
2W; . Yi
— S Wiy i - ).
2133 Z ij o \Yi —Yj
0?B}(y) . o7
By using the chain rule
Ou;  Oy; Ou; pio? du; B y? Ou;
Oz 0z 0y 22 Oy pio? Oy
the learning dynamics (5b) shapes into
. Oyi . yi ? Ou; y; Ou;
P = Zi = — = —
Y 0z; azi y; Jo} Oy
2y ii Wiy,
= 255 (4] Z 7 (5 — vi) ®)

= Zmij y) (y; _yi)-
i



Here the nonlinear coupling functions are found as

-3
(Zﬁ% ) Vi,j € V. (9)

Notice that, for every y > 0, the coupling weight m;; (y) is
positive if and only if W;; > 0.

2y1 y] WZ’L W’L]

262

My (y) = 120

The proof of Proposition 3
Notice first that if z* € Z*, then by definition there exists
« > 0 such that

2
H107
21 z

Denoting by y* the new coordinates corresponding to z*, one
proves that z* € Z* if and only if y™* is a consensus vector,
that is, y* = ¢l for some ¢ > 0.

Proposition 3 can be restated as follows: a vector y* >
0 is an equilibrium of (8) if and only if it is a consensus
vector. This result follows directly from Assumption 2 and (9).
Indeed, the equations (8) can be written in compact form as

y = —LIM(y)]y,

where the Laplacian matrix corresponds to the matrix M (y) =
(m;(y)). Hence, for every y > 0, the graph associated with
L(y) inherits its strong connectivity from the graph of matrix
W. Hence, y* is an equilibrium if and only if y* € ker L(y*),
and this kernel is coincident with the set of all consensus
vectors.

The proof of Theorem 4

Notice that as long as the solution y(¢) remains strictly
positive, the dynamical system (8) constitutes a special case
of the nonlinear averaging dynamics examined in [18]. Using
the notation from [18], our case corresponds to a time-invariant
interaction digraph, denoted by G, and the scalar states of the
nodes y; € R, satisfying the time-invariant dynamics

“(y) = Zmij(Y) (Z/j - Yi)-

Obviously, a;;(y) are positive and locally Lipschitz in Z =
(0,00)™. Theorem 3.6 in [18] implies that if a closed convex
set A contains y;(0) for every ¢ € V, then it contains every
coordinate y;(t) of the solution! for all ¢ > 0. Applying
this result with A = [min; y;(0), max; y;(0)], we deduce that
the solution y(¢) remains uniformly positive, bounded, and
globally defined for all time. Reverting to the original variables
z, this implies that each component remains positive and upper
bounded, ensuring that the solution exists for all ¢ > 0.

Applying Theorem 3.8 from [18] to the closed and convex
set S = [min; y;(0), max; y;(0)] yields that the solution y(¥)
exhibits asymptotic agreement:

Jim () =0 =0 Vigev.  (0)

Tn [18], such a set A is referred to as “positively invariant”; in ODE theory,
one typically states that the subset of the state space A" is forward invariant.

Fig. 1: The social network graph G

In fact, this implies a stronger fact: each y;(t) converges
to a common limit. Indeed, since the function y(t¢) is uni-
formly bounded, a sequence t; — oo exists such that
y(tx) converges; (10) then guarantees that the limit must be
the consensus vector: y(ty,) —— y* = (1 for ¢ € R.
Moreover, [18, Theorem 3.7] impolci)es that consensus vectors
are Lyapunov (weakly) stable equilibria of (8). That is, for
every € > 0 there exists § € (0,¢) such that, once the solution
y(t) enters the open dé-ball Bs(y*) := {y : |ly — y*||} < 9,
it remains in the open e-ball B.(y*). Hence, for k being so
large that y (¢) € Bs(Cy*) and ¢ > ¢y, the solution y(¢) stays
in B.(y*). Since € > 0 can be arbitrary, we prove that, in
reality, y(t) P y* = (1. Recalling that y(¢) is uniformly
positive, we have ¢ > 0. Returning to the variables z, one has

o?
*
zi(t) e ra ‘,

and the ultimate vector of susceptibilities z* belongs to Z*.

Remark 1. While the limit z* = lim;_, o, z(t) is not explicitly
known, the proof of Theorem 4 implies that min; y;(0) < y =
wio?/zF < max; y;(0). This gives a simple yet conservative
estimate of the fixed point found by the distributed algorithm.

IV. NUMERICAL EXAMPLE

To illustrate the behavior of our dynamical system, we
construct’ a network of n = 6 agents connected as per Fig-
ure 1, with all edge weights equal to 1. The vector of agents’
variances o2 is set to [1,1.1,1,1.2,1.1,1] and the centrality
vector u = [1/8,3/16,1/8,1/4,3/16,1/8]. Agent 4 is the
most central, but they also have the highest variance on
their measurement of the ground truth. If susceptibilities were
uniformly distributed, the noisy agent would have more impact
on the steady-state value compared to the agents with lower
variances.

The graph G used for susceptibility optimization is shown
in Figure 2, with all link weights once again being set to 1.
The bar graph is an interesting example for our model as one
would intuitively expect the bottleneck between nodes 3 and 4
to affect an algorithm attempting to find the globally optimal
solution. Nevertheless, due to the dynamics essentially being
an averaging system, the performance is optimal meaning that

2 All simulations were computed in MATLAB using the ode45 and ode23s
solvers. Code is available on request from the first author.
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Fig. 2: The susceptibility optimization graph G

the variance is minimized. The scalability of such algorithms
depends on local complexity of the graph, since every agent
only sees their own neighborhood. Therefore, large graphs do
not present a problem as long as they are sparse.

Figure 3 shows the dynamics in the y; variables. There, the
system converges to a consensus. This is an illustration of the
character of the points in the optimal set - they are the ones
where each agent’s susceptibility to change is proportional
to its variance and its centrality. Both of these observations
make intuitive sense. Agents with high variances benefit from
taking other opinions into account, reducing their variance.
Those with high centrality contribute disproportionately to the
consensus value and should also mediate this effect through
their susceptibility.

Furthermore, the simulation hints at the decreasing convex
hull of states mentioned in the proof of Theorem 4, as one
can clearly see that max;cy y; is monotonically decreasing
whilst min;cy y; is monotonically increasing throughout the
dynamics. The exact same dynamics are examined in Figure 4,
using the original variables z; from Equation 6. This system
no longer necessarily converges to a consensus. Instead, a
dissensus is the common end result and groups are only formed
in situations where agents match each other in both centrality
and their individual opinion variance.

V. CONCLUSIONS

We have proposed a distributed continuous-time dynamical
system in which agents learn the optimal variance reducing
susceptibilities for the Abelson model. By linking our work
to the non-linear consensus literature, we provide analytical
results showing that the fixed points of the system are exactly
equal to the globally optimal susceptibilities, and that the
system converges to a point from the optimal set for all
relevant initial conditions. Finally, our numerical example
serves to provide intuition on the proof methods by examining
the state evolution in different coordinates.

There exist several possible directions for future work. First,
one could let the noise variables ¢; affecting the initial guesses
be correlated. This is a small change making a big difference
to the analysis and significantly complicating the utility func-
tions u;. One could say it would make the modelling scenario
more realistic, as e.g. geographically close agents tend to be
affected by the same type of environmental, educational or
informational influences. Second, one could further generalize
the problem by considering also the optimal graph weights for

0.16 ]
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Fig. 3: In the variable y;(t) = p;02/2;(t) the agents reach
consensus. This serves as an illustration of the fact that an
optimal susceptibility configuration is an egalitarian one where
each agent listens to others in direct proportion to their own
variance and their own centrality.
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Fig. 4: Quantities z;(t) for each agent do not necessarily reach
consensus. Here, the agents converge to a dissensus with three
groups. The groups form when agents have matching values
for both p1; and o?.

reducing variance and not just the susceptibilities. Finally, a
direction that the authors are already pursuing is the analysis of
a system where the opinion dynamics evolve in parallel to the
susceptibility dynamics. Due to different convergence speeds
of the two system components x and z, the analysis is far from
trivial as the opinion dynamics do not in general converge
to the optimal consensus value even if the susceptibility
components do still converge to the previously defined set Z*.
We hope to further analyze this issue by introducing separate
timescales for the two systems.



[1]
[2]

[3]

[4]

[6]
[7]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

REFERENCES

F. Galton, “Vox populi,” Nature, vol. 75, no. 1949, pp. 450-451, Mar.
1907.

J. Becker, D. Brackbill, and D. Centola, “Network dynamics of social
influence in the wisdom of crowds,” Proc Natl Acad Sci USA, vol. 114,
no. 26, p. 201615978, June 2017.

L. Katz, “A new status index derived from sociometric analysis,”
Psychometrika, vol. 18, no. 1, p. 39-43, Mar. 1953.

P. Bonacich, “Power and centrality: A family of measures,” Am Jour
Sociol, vol. 92, no. 5, pp. 1170-1182, 1987.

N. E. Friedkin and E. C. Johnsen, “Social influence networks and
opinion change,” Adv Group Process, vol. 16, no. 1, pp. 1-29, 1999.
R. P. Abelson, “Mathematical models in social psychology,” in Adv Exp
Soc Psychol. Elsevier, 1967, vol. 3, pp. 1-54.

M. Taylor, “Towards a mathematical theory of influence and attitude
change,” Hum Relat, vol. 21, no. 2, pp. 121-139, 1968.

P. Jia, A. Mirtabatabaei, N. E. Friedkin, and F. Bullo, “Opinion dynamics
and the evolution of social power in influence networks,” STAM Rev,
vol. 57, no. 3, p. 367-397, Jan. 2015.

L. Wang, C. Bernardo, Y. Hong, F. Vasca, G. Shi, and C. Altafini,
“Consensus in concatenated opinion dynamics with stubborn agents,”
IEEE Trans Automat Contr, vol. 68, no. 7, p. 4008-4023, July 2023.
V. Amelkin, F. Bullo, and A. K. Singh, “Polar opinion dynamics in social
networks,” IEEE Trans Automat Contr, vol. 62, no. 11, pp. 5650-5665,
Nov. 2017.

G. Como, F. Fagnani, and A. V. Proskurnikov, “Reaching optimal dis-
tributed estimation through myopic self-confidence adaptation,” /FAC-
PapersOnLine, vol. 55, no. 30, pp. 442-447, 2022.

M. H. DeGroot, “Reaching a consensus,” J Am Stat Assoc, vol. 69, no.
345, pp. 118-121, 1974.

B. Golub and M. O. Jackson, “Naive learning in social networks and the
wisdom of crowds,” Am Econ J-Microecon, vol. 2, no. 1, p. 112-149,
Feb. 2010.

F. Bullo, Lectures on Network Systems, 1.7 ed. Kindle Direct Publish-
ing, 2024.

R. Abelson, “Mathematical models of the distribution of attitudes under
controversy,” in Contributions to mathematical psychology, N. Freder-
icksen and H. Gullicksen, Eds. Holt, Rinehart & Winston, 1964.

L. Moreau, “Stability of continuous-time distributed consensus al-
gorithms,” in 2004 43rd IEEE conference on decision and control
(CDC)(IEEE Cat. No. 04CH37601), vol. 4. IEEE, 2004, pp. 3998-
4003.

K. You, R. Tempo, and L. Qiu, “Distributed algorithms for computation
of centrality measures in complex networks,” IEEE Trans Automat
Contr, vol. 62, no. 5, pp. 2080-2094, May 2017.

Z. Lin, B. Francis, and M. Maggiore, “State agreement for continuous-
time coupled nonlinear systems,” SIAM J Control Optim, vol. 46, no. 1,
pp. 288-307, 2007.

A. V. Proskurnikov and R. Tempo, “A tutorial on modeling and analysis
of dynamic social networks. Part I,” Annu Rev Control, vol. 43, pp.
65-79, 2017.

APPENDIX
A. Proof of Proposition 1
It is known that the Abelson model (2) converges to consen-
sus whenever the graph corresponding to the Laplacian matrix
L([z]W) is strongly connected® [14], [19]. This condition is
guaranteed by Assumption 2, recalling that z > 0. The vector
of (identical) final opinions can be found as follows

Jim x(t) = (w(z) "x(0))1,

where w(z) is the normalized left eigenvector of the Laplacian
L([2z]W), corresponding to the eigenvalue 0. One can show
that w(z) is proportional to the vector [z] =1, that is,

1
D j 1/ %
Hence the final opinion of each agent is

() 01+ ¢)

w(z) 2]~

lim ZT; (t) =

t—o00

Here p is the left eigenvector of W defined in (1). From this
form it is clear that x; has the expectation 6 and the claim
about the variance follows from the fact that &;, £; are assumed
to be uncorrelated for all 7 # j.

B. Proof of Proposition 2

Denote
Ui/ Zi
v 1=

o Zj /2

Then, obviously, the equalities hold as follows:
U(Z) = Zj VJZO-JQ"
Zj(ujaj)aj_l = Zj vj =1.

Using the Cauchy-Schwarz inequality, one has

v(z) Zj 0;% = Zj(”j%‘)z Zj 02> 1,

which inequality is strict unless the two vectors are parallel:
Wio; [z = vio; = co; ! for some scalar ¢ > 0. Hence, z; =
ap;o? for all i, where a« = ¢! > 0, i.e.,, z € Z*.

3In reality, consensus in the Abelson model requires only quasi-strongly
connectivity (the existence of a directed spanning tree) [19], whereas strong
connectivity is used in this paper to guarantee that p; > 0.





