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ABSTRACT

Deciphering the complex interactions at the blood vessel–wall interface remains a key challenge in hemodynamics research. Wall shear stress (WSS)
is recognized as a signature for near-wall velocity dynamics, while vorticity represents a fundamental structure of fluid motion. In this work, we revise
and extend a recently proposed unifying theoretical approach that sought to connect the topological features of surface vorticity (SV) and WSS
[Mazzi, Gallo, Cal�o, Steinman, and Morbiducci, “Linking wall shear stress and vorticity topologies: Toward a unified theory of cardiovascular flow
disturbances,” Phys. Fluids 36(6), 61905 (2024)], the latter recently gaining momentum as a predictor of vascular disease. By revising a partially erro-
neous interpretation of the link between WSS and SV fixed points (focal points on the luminal surface where these fields vanish), we demonstrate
here that every WSS fixed point is also a SV fixed point, and vice versa, though their nature and stability may differ. Building upon the previous
study, we establish a robust theoretical classification of the possible combinations of WSS and SV fixed points, based on their nature and stability,
and mechanistically connect them to near-wall fluid structures. These structures can further be distinguished by the presence or absence of vorticity
diffusion flux normal to the wall, depending on local vorticity kinematics. High-resolution computational fluid dynamics simulations on intracranial
aneurysm models validate these theoretical insights. This unifying framework offers a clear taxonomy describing the mechanistic relationship
between near-wall flow disturbances and intravascular hemodynamics, providing a deeper understanding of how local shear forces are influenced by
near-wall fluid structures, while also paving the way for a clearer interpretation of the role of near-wall hemodynamics in vascular pathophysiology.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by /4.0/). https://doi.org/10.1063/5.0253618

I. INTRODUCTION

A complicated interplay of systemic, biological, and hemody-
namic factors underpins the onset and progression of a plethora of vas-
cular diseases.1 In the intricate landscape of vascular pathophysiology,
local hemodynamics has long been recognized as playing a pivotal
role2–8 due to the mechanisms of action of flow disturbances on the
endothelium. Attention has been directed toward the hemodynamics
in the near-wall region, which is involved in regulating the local trans-
port of biochemicals at the interface between the streaming blood and
the arterial wall,4 as well as in the mechanical stimulation of the endo-
thelium. This is traditionally interpreted in terms of wall shear stress,9

which modulates endothelial function through the activation of the
mechanotransduction machinery regulating endothelial cells gene
expression and response via specialized signaling pathways.10

In efforts to unveil the mechanisms underlying vascular patho-
physiology involving local hemodynamics, the multifaceted nature of
the wall shear stress has been extensively investigated over the years
and several quantities traceable to wall shear stress have been proposed
as localizing factors influencing vascular wall dysfunction, as well as
potential markers/predictors of vascular disease. However, despite the
large body of literature on the topic, a still unclear picture emerges,
characterized by only moderate and sometimes contradictory associa-
tions between vascular disease and wall shear stress.11–13 In recent
years, there has been growing research interest in analyzing the topo-
logical skeleton wall shear stress applied to cardiovascular flows.9,14–20

Peculiar wall shear stress topological features have emerged as predic-
tors of future myocardial infarction,6 long-term restenosis risk follow-
ing carotid surgical interventions,21 and early-stage plaque progression
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in coronary arteries.8,22 Additionally, the analysis of the wall shear
stress topological skeleton has provided insights into blood–wall mass
transfer in vascular territories.9,23,24

Applying dynamical systems theory to the shear forces at the
fluid–wall interface, the wall shear stress topological skeleton is com-
posed of fixed (or critical) points where wall shear stress locally van-
ishes and around which the wall shear stress field lines can adopt a
finite number of distinct configurations. Additionally, there are unsta-
ble and stable manifolds (or critical lines) that link these fixed points,
along which the wall shear stress field lines thicken or rarefy, exerting a
contraction or expansion action on the endothelium.15 Interpreting
the topological skeleton of wall shear stress in terms of biomechanical
actions on the endothelium is biologically relevant because the wall
shear stress topology reflects key hemodynamic features such as flow
separation, stagnation, and impingement points, which have been
identified as biomechanical factors contributing to vascular
disease.14,15

A. Linking wall shear stress profiles to intravascular
fluid structures

While there is active research exploring the association between
vascular adverse events and the frictional forces exerted by the flowing
blood at the blood–wall interface, relatively few studies have focused
on clearly identifying the intravascular fluid structures that, by leaving
their distinctive imprints on the vessel wall, decisively shape the topo-
logical skeleton of wall shear stress. In this context, fluid mechanics
theory points to vorticity25 to uncover the intravascular fluid structures
that shape wall shear stress topology. Specifically, the physiological sig-
nificance of vorticity transport and vorticity-derived quantities, such as
helicity, has been interpreted in terms of energetics, demonstrating
beneficial effects, for instance, in the hemodynamics of the heart26,27

and the aorta,28,29 as well as in terms of atheroprotective action on the
endothelium,30–32 contributing to maintaining physiologic transport of
biochemicals and mechanical stress distribution.33 Alongside this ben-
eficial impact, certain vorticity-related quantities have also been impli-
cated in detrimental effects, such as in coronary arteries,34–36 and in
intracranial17,37–41 and abdominal aortic aneurysms.42–44

Motivated by the need to understand how intravascular fluid
structures shape wall shear stress on the luminal surface of the vessel,
we recently proposed a unified theory to link vorticity to wall shear
stress profiles.45 The study’s rationale was that elucidating the connec-
tions between the topological skeletons of wall shear stress and surface
vorticity (the vorticity on the luminal surface of the vessel) could pro-
vide a key for deciphering the nature of the local interactions between
intravascular hemodynamics and the vessel wall. This, in turn, would
offer a clear interpretation of the phenomena occurring at the lumen–
endothelium interface and would contribute to a less elusive definition
of the “flow disturbances” implicated in adverse biological events.45 To
achieve this, we drew inspiration from existing theories on the struc-
ture of turbulence in the boundary layer at no-slip walls46,47 and
sought to establish a definitive theoretical link between the topological
features of wall shear stress and surface vorticity, differentiating cases
based on at-wall and near-wall vorticity characteristics.45 Among the
main findings of that study, we demonstrated that (i) the location,
nature, and stability of wall shear stress and surface vorticity fixed
points are tightly connected, and (ii) the near-wall vorticity character-
istics are closely tied to the theoretically possible specific permutations

of wall shear stress and surface vorticity fixed points.45 Unfortunately,
we also mistakenly considered a scenario where the normal compo-
nent of the surface vorticity could take on a not-null value, leading us
to the erroneous conclusion, that in some cases, wall shear stress fixed
points might not have corresponding surface vorticity fixed points.45

B. Revising and expanding the link between wall shear
stress and surface vorticity

In this study, all wall shear stress and surface vorticity fixed points
configurations as outlined in our previous study45 are revisited, cor-
recting an erroneous interpretation regarding a property characterizing
vorticity. Furthermore, we expand upon the previous theory45 by
introducing new types of wall shear stress and surface vorticity fixed
points, along with their connections with near-wall fluid structures. To
demonstrate the impact of the revised theory when applied to cardio-
vascular flows, we use the same high-fidelity computational fluid
dynamics (CFD) simulations of intracranial aneurysm hemodynamics
as in our previous study.45 The revised and expanded theory presented
here offers a comprehensive taxonomy of the near-wall velocity and
vorticity kinematics shaping the shear stress topology onto the luminal
surface of a vessel.

II. METHODS
A. Theoretical remarks

This section provides the theoretical background for a better
understanding of the theory adopted in this study to properly revise
and extend the theory underpinning the relationship between the
topology of the wall shear stress and surface vorticity in cardiovascular
flows demonstrated in the previous study.45

1. Wall shear stress vs surface vorticity

Let X � R3 be a domain representing the lumen of a vessel. For
a Newtonian fluid, the wall shear stress s on the surface boundary @X
(from this point onward, @X will refer solely to the vessel wall, exclud-
ing the inflow and outflow sections) can be defined as:

s ¼ P � �2 l n � S@Xð Þ; (1)

where l is the dynamic viscosity, n is the unit vector normal to the sur-
face boundary @X directed from the wall toward the fluid, and S@X is
the strain rate tensor on @X, which can be expressed in terms of the
fluid velocity vector u as follows:

S@X ¼ 1
2

ru@X þruT@X
� �

: (2)

In eq. (1)P is the tangential projection operator:

P ¼ I � n� n; (3)

where I is the identity matrix.
As the velocity gradient tensorru@X can be decomposed into the

sum of its symmetric [S@X, in Eq. (2)] and skew-symmetric
(W@X ¼ 1

2 ru@X �ru@XTð Þ) parts:

ru@X ¼ S@X þW@X

¼ 1
2

ru@X þru@X
T

� �
þ 1
2

ru@X �ru@X
T

� �
; (4)
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it follows thatruT
@X ¼ S@X �W@X, and that the strain rate tensor S@X

can then be expressed in terms ofW@X, i.e.:

S@X ¼ ruT
@X þW@X: (5)

By substituting Eq. (5) in Eq. (1), the expression for s can be
reformulated as follows:

s ¼ P � �2 l n � ruT
@X þW@X

� �� �
¼ P � 2 l �n � ruT

@X � n �W@X

� �� �
: (6a)

According to the definition of the surface deformation stress ts;
48 and

considering blood as incompressible, it follows that on the rigid surface
@X, ts ¼ �2ln � ðr � u@X I�ruT

@XÞ, where I is the unit tensor,
results in a null vector. Consequently, the term 2 l n � ruT

@X in Eq.
(6a) is null. Furthermore, by exploiting the skew-symmetric property
of the spin tensor, (W@X ¼ �WT

@X), Eq. (6a) can be reformulated as
follows:

s ¼ P � 2 l �n �W@Xð Þ½ � ¼ P � 2 l n �WT
@X

� �� �
¼ P � 2 l W@X � nð Þ½ �: (6b)

For any generic vector n, the spin tensor W@X satisfies the well-
known relation:

2W@X � n ¼ x@X � n; (7)

where x@X is the surface vorticity, i.e., the vorticity on the luminal sur-
face of the vessel. The veracity of Eq. (7) has already been proven
elsewhere.45

From Eq. (7), it follows that Eq. (6b) can be reformulated as:

s ¼ P � lx@X � nð Þ: (8)

Finally, based on the definition of P from Eq. (3), Eq. (8) can be
reformulated as follows:

s ¼ I � n� nð Þ � lx@X � nð Þ
¼ lx@X � nð Þ � n� nð Þ � lx@X � nð Þ
¼ lx@X � nð Þ � lx@X � nð Þ � n½ �
¼ lx@X � n; (9)

where the term ðlx@X � nÞ � n is trivially equal to zero, since the vec-
tors ðlx@X � nÞ and n are orthogonal by construction.

A consequence of Eq. (9) is that the pair ðs; x@XÞ is orthogonal
on the luminal surface @X [Fig. 1(A)]. Moreover, based on Eq. (9), the
wall shear stress s can be interpreted not only in terms of near-wall
velocity dynamics,49 but also in terms of vorticity x:45

Fluid vorticity x in domain X is a solenoidal vector field, i.e., it
satisfies the equation:

r � x ¼ 0 (10)

everywhere in X. Moreover, contrary to what we reported in Ref. 45,
the surface vorticity x@X satisfies the following condition:

x@X � n ¼ 0 (11)

everywhere on @X;50 because the fluid velocity obeys the no-slip con-
dition. Hence, Eq. (11) implies that the surface vorticity x@X always
has a null component normal to @X.

The properties expressed by Eqs. (10) and (11) are not violated if,
when expressing the vorticity vector x near the wall in the local coor-
dinate system t1; t2; nð Þ, where n is normal to @X and t1 and t2 are
orthogonal directions on @X [Fig. 1(B)], the vorticity gradient in the
direction normal to @X, which can be formulated as @

@n x � nð Þ,
assumes a not null value.

The consequence of satisfying the condition @
@n x � nð Þ 6¼ 0 is

that, in the near-wall region, a vorticity diffusion flux normal to the
luminal surface @X is established. Based on Eqs. (10) and (11), the vor-
ticity diffusion flux rn can be expressed as:

rn ¼ �
@

@n
x � nð Þ ¼ ��rp � x

¼ ��
@

@t1
x � t1ð Þ þ @

@t2
x � t2ð Þ

� �
; (12)

where � is the kinematic viscosity andrp represents the surface gradi-
ent along the tangential direction to the surface. The vorticity diffusion
flux, deriving from the viscous term in the vorticity transport equa-
tion,51 measures the amount of vorticity diffused in or out @X per unit
area and unit time and describes the kinematic evolution of the vortic-
ity. Equation (12), where all quantities on the right side are defined on
@X, expresses the normal derivatives in terms of the tangent ones.

The physical interpretation of Eq. (12) is that rn represents a
purely kinematic effect of Eq. (10).50 Upon closer inspection, it can be
argued that there are only two possible ways of interaction of the vor-
ticity with a material surface: (i) vortex lines in the near-wall region are
aligned parallel to the wall [Fig. 1(C)], and the vorticity diffusion flux
rn normal to the luminal surface @X50 must be null [case rn ¼ 0,
Fig. 1(D)]; (ii) the near-wall vortex lines deflect from parallel to normal

FIG. 1. (A) Sketch of wall shear stress (red arrow) and surface vorticity (blue arrow)
vectors forming an orthogonal pair ðs; x@XÞ on a stationary curved wall @X; (B)
local coordinate system ðt1; t2; nÞ such that the t1 � t2 plane identifies the local
tangent plane to @X; (C) vortex lines infinitesimally close to a wall aligned parallel
to the wall; (D) sketch of the presence of a null vorticity flux normal to the wall; (E)
turning of tangential vortex lines to the normal direction; (F) sketch of the presence
of a not-null vorticity flux normal to the wall. The blue vortex lines represent surface
vorticity.
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to the wall, or vice versa [Fig. 1(E)], thereby establishing a not-null vortic-
ity diffusion flux normal to the material surface [case rn 6¼ 0, Fig. 1(F)].
Interestingly, when rn 6¼ 0, the existence of a vorticity flux normal to the
wall in the near-wall region can be associated with a not-null curl of the
wall shear stress on the material surface, as supported by the following
expression (the proof of which is presented in the Appendix):

rn ¼ ��rp � x ¼ n
q
� r � sð Þ; (13)

where q is the density. A physical interpretation of Eq. (13) is that the
tendency to rotation of the wall shear stress s on the material surface
@X always results in a deflection of vortex lines from being parallel to
normal to the wall (or vice versa, depending on the direction of rota-
tion of s) in the near-wall region.

2. The topological skeleton of a vector field

Equation (9) implies a strong relationship between the topological
skeletons of s and x@X. Recently, we proposed that a clear interpreta-
tion of this relationship could provide insights into how blood flow
dynamics shape the wall shear stress topology on the vessel wall,6,21,22

which has been identified as a contributing factor in the onset and pro-
gression of vascular disease.6,21,22 Rooted in dynamical system theory,
a topological skeleton of a vector field consists of a collection of fixed
points xfp 2 Rn(critical points where the field locally vanishes) con-
nected by stable/unstable manifolds (or critical lines) that repel/attract
nearby field lines [Fig. 2(A)].

Fixed points play a pivotal role in shaping the structure of the
topological skeleton, as a result of their stability properties [Fig. 2(B)]:
a stable/unstable fixed point is characterized by a sink/source configu-
ration, attracting/repelling the nearby field lines.14–16 Beyond stability,
fixed points can be further classified into saddle points, foci, centers, or
nodes [Fig. 2(B)]: (i) a saddle point attracts and repels nearby field lines
along two distinct directions; (ii) a stable/unstable focus is encased
within converging/diverging and spiral-shaped field lines; (iii) a center
is enclosed by field lines forming closed loops; (iv) a stable/unstable

node exhibits converging/diverging field lines [Fig. 2(B)]. For fixed
points classified as nodes, two special cases exist: the stable/unstable
star node, characterized by converging/diverging straight field lines,
and the stable/unstable degenerate node, which attracts/repels field
lines collapsing along a primary direction [Fig. 2(B)].52

Starting from the observation that the orthogonal pair ðs; x@XÞ
lies on @X, a two-dimensional analysis can be employed to identify
and classify fixed points, determining their nature and stability proper-
ties. Technically, fixed points can be identified by computing the
Poincar�e index,53 as extensively detailed in previous studies.15,16,45

While the Poincar�e index locates fixed points, it does not provide
information about their nature or stability properties.

The classification of fixed points requires analyzing the signs of
the eigenvalues ki of the Jacobian matrix J of the vector field.16,54 This
process, summarized in Table I, considers the s and x@X fields within
the two-dimensional space of the luminal surface (Fig. 1).

As reported in Table I, star and degenerate nodes are special cases
of nodes where the eigenvalues of the Jacobian matrix are real and

FIG. 2. (A) Explanatory sketch of the stable/unstable manifold configurations linking fixed points; (B) stability and type of fixed points of a vector field in the tr-det plane, where
tr and det refer to the trace and determinant of the Jacobian matrix of the vector field respectively. The dotted line represents the critical quadratic curve splitting the det> 0
region in two subregions where the eigenvalues of the Jacobian matrix of the vector field are complex or real numbers. Inspired by Perry and Fairlie.64

TABLE I. Classification of fixed points based on the eigenvalues of the Jacobian
matrix for a 2D vector field (a;b 2 RþÞ: I is the identity matrix.

K Fixed point

k1 < 0 < k2 Saddle point
k1; k2 > 0 Unstable node
k1; k2 < 0 Stable node

k1 ¼ k2 > 0; J ¼ kI Unstable star node
k1 ¼ k2 < 0; J ¼ kI Stable star node
k1 ¼ k2 > 0; J 6¼ kI Unstable degenerate node
k1 ¼ k2 < 0; J 6¼ kI Stable degenerate node

k1;2 ¼ a6bi Unstable focus
k1;2 ¼ �a6bi Stable focus
k1;2 ¼ 6bi Center
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coincide. Additionally, the Jacobian matrix is either proportional or
non-proportional to the identity matrix for star and degenerate nodes,
respectively.

In general, the eigenvalues ki of the Jacobian matrix J are the
roots of the characteristic polynomial pJ kð Þ ¼ detðJ � kIÞ. In the case
of interest, for a 2� 2 Jacobian matrix, the characteristic polynomial
can be expressed in terms of the trace and determinant as follows:

k2 � tr Jð Þkþ det Jð Þ ¼ 0; (14)

where tr Jð Þ ¼ k1 þ k2 and detðJÞ ¼ k1k2. To summarize the theoreti-
cal remarks presented in Table I and Fig. 2(B), the analysis of the
Jacobian matrix of the field reveals that if detðJÞ < 0, the fixed point is
a saddle point. In the case detðJÞ > 0, the fixed point can be a focus, a

node, or a center, specifically: (i) if detðJÞ > tr2 Jð Þ
4 , the fixed point is a

focus; (ii) if detðJÞ < tr2 Jð Þ
4 , the fixed point is a node; (iii) if

detðJÞ ¼ tr2 Jð Þ
4 , the fixed point is star or a degenerate node; (iv) if

tr Jð Þ ¼ 0; the fixed point is a center.
Finally, in the case of a node or a focus, the stability of the fixed

point is determined by the sign of tr Jð Þ; with tr Jð Þ < 0 identifying a
stable fixed point and tr Jð Þ > 0 identifying an unstable one.

B. Wall shear stress and surface vorticity fixed points

In this section, we analyze the relationship between the location,
nature and stability properties of fixed points of the orthogonal pair
ðs; x@XÞ, partially revising and extending the conclusions from a
recent study from the authors.45 According to Eqs. (9) and (11), in the
local coordinate system t1; t2; nð Þ illustrated in Fig. 1(B), the wall shear
stress s can be expressed in terms of the surface vorticity components
x@X ¼ xt1 ;xt2 ; 0ð Þ as follows:

s ¼ st1 ; st2 ; 0ð Þ ¼ lx@X � n ¼ ldet

t1 t2 n
xt1 xt2 0
0 0 1

0
@

1
A

¼ lxt2 ; �lxt1 ; 0ð Þ: (15)

From Eq. (15), it follows that:

8 ~x 2 @X : s ~xð Þ ¼ 0 () x@X ~xð Þ ¼ 0: (16)

Contrary to our earlier study,45 where we mistakenly stated that in
some cases the fixed points of smight not correspond to fixed points of
x@X, the key implication of Eq. (16) is that if ~x 2 @X is a fixed point for
s, ~x must also be a fixed point for x@X, and vice versa. However, this
bijective relationship in Eq. (16) does not necessarily imply that fixed
points for s andx@X at ~x will share the same nature and stability prop-
erties. Therefore, a deeper investigation is required to elucidate the rela-
tionship between the fixed points of s and x@X at ~x; as the nature and
stability of fixed points are critical in shaping the topological skele-
ton of both fields on the luminal surface, which reflect the near-wall
velocity and vorticity dynamics. In detail, as the topological skele-
ton of wall shear stress provides a signature for the near-wall veloc-
ity,49 a sink (source) configuration for s around one of its fixed
points indicates the presence of a fluid structure in the near-wall
that tends to move away from (toward) the wall. Similarly, when
the topological skeleton of x@X is characterized by a sink (source)
configuration around one of its fixed points, the near-wall vorticity

is expected to feature vortex lines that move away from (toward)
the wall. From this point forward, as in our previous study,45 we
will use the expressions “emanating from” and “impinging on” to
refer to field lines that move away from and toward the wall, respec-
tively. Based on these insights, it becomes clear that analyzing a
fixed point on @X provides a crucial key for interpreting the near-
wall velocity and vorticity dynamics, and ultimately the types of
fluid structures interacting with the vessel wall.16,54

The subsections below deal with the analysis of wall shear stress
and surface vorticity fixed points in cases where rn, the vorticity diffu-
sion flux normal to the wall [Eq. (12)], is either null [Fig. 1(C)], or not
null [Fig. 1(E)].

1. Wall shear stress and surface vorticity fixed points in
the case of null vorticity diffusion flux normal to the
wall

In the local coordinate system t1; t2ð Þ tangent to the wall
[Fig. 1(B)], let us first consider the case when:

9 ~x 2 @X : rn ¼ �� rp � xð Þ~x ¼ 0: (17)

Reminding from Eq. (12) that all quantities expressing rn take value
on @X, it follows that:

8 ~x 2 @X : s ~xð Þ ¼ x@X ~xð Þ ¼ 0� rn ¼ 0 ) @xt1

@t1
¼ � @xt2

@t2
: (18)

According to Eq. (14), the characteristic polynomial of the Jacobian
matrix of s at ~x 2 @X can be expressed as:

pJ sð Þ~x kð Þ ¼ k2 � tr J sð Þ~x
� �

kþ det J sð Þ~x
� � ¼ 0; (19)

where J sð Þ~x , from Eq. (15), assumes the following expression:

J sð Þ~x ¼
@st1
@t1

@st1
@t2

@st2
@t1

@st2
@t2

0
BB@

1
CCA

~x

¼ l

@xt2

@t1

@xt2

@t2

� @xt1

@t1
� @xt1

@t2

0
BB@

1
CCA

~x

: (20)

Hence, in the case of rn ¼ 0, the Jacobian matrix J sð Þ~x must be sym-
metric because of Eq. (18).
Similarly, considering the mathematical restriction on the trace of the
Jacobian matrix of x@X, i.e., tr J x@Xð Þ~x

� �
¼ r � x@Xð Þ ¼ ðrp � xÞ ¼ 0, the characteristic polynomial pJ x@Xð Þ~x
calculated at the fixed point ~x 2 @X can be expressed as:

pJ x@Xð Þ~x ¼ k2 þ det J x@Xð Þ~x
� � ¼ 0: (21)

Considering Eqs. (18) and (20), we have that

det Jðx@XÞð Þ ¼ detðJðsÞÞ
l2 , and since detðJÞ ¼ k1k2, from Eqs. (20) and

(21) the following conditions emerge:

• if detðJ x@Xð Þ~x Þ ¼
detðJðsÞ~x Þ

l2 < 0; then eigenvalues k1 and k2 are
real numbers with opposite sign, indicating that ~x is a saddle
point for both x@X and s [Table I, Fig. 3(A)];

• if detðJ x@Xð Þ~x Þ ¼
detðJðsÞ~x Þ

l2 > 0, then eigenvalues k1 and k2 are
pure imaginary numbers for x@X and real numbers with the
same sign for s (due to the symmetry of the Jacobian matrix
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of s). Hence, the fixed point ~x is a center for x@X (Table I, Fig. 3)

and can be a node (if det J x@Xð Þ~x
� �

<
tr2 J x@Xð Þ~xð Þ

4 Þ or a star node
(if ðdet J x@Xð Þ~x

� � ¼ tr2 J x@Xð Þ~xð Þ
4 Þ for s [Table I, Fig. 3(A)].

Moreover, if rn ¼ 0 at the fixed point ~x , then the Jacobian matrix
of swill be characterized by orthogonal eigenvectors, due to its symmetry.

The possible combinations of the nature of the fixed point
~x 2 @X for wall shear stress and surface vorticity, when Eq. (17) is sat-
isfied, are summarized in Fig. 3(A).

2. Wall shear stress and surface vorticity fixed points
in the case of not-null vorticity diffusion flux normal
to the wall

In the same local coordinate system t1; t2ð Þ as shown in Fig. 1(B),
we now consider the case where a not-null vorticity diffusion flux nor-
mal to the wall is established, i.e.:

9 x̂ 2 @X : rn ¼ �� rp � xð Þx̂ 6¼ 0: (22)

From Eq. (12), and always keeping in mind that all quantities express-
ing rn take value on @X, in the case Eq. (22) is satisfied, it follows that:

FIG. 3. Chart of the analysis of wall shear stress and surface vorticity fixed points in the case of (A) null vorticity diffusion flux normal to the wall and (B) not-null vorticity diffu-
sion flux normal to the wall.
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8 x̂ 2 @X : s x̂ð Þ ¼ x@X x̂ð Þ ¼ 0� rn 6¼ 0 ) @

@n
x � nð Þ

¼ � @xt1

@t1
� @xt2

@t2
6¼ 0: (23)

The classification of the nature of s and x@X fixed points x̂ 2 @X can
be performed, as previously done, by solving the characteristic polyno-
mials of the Jacobian matrices of s and x@X at x̂ , and analyzing the
eigenvalues ki associated with them:

pJ sð Þx̂ kð Þ ¼ k2 � tr J sð Þx̂
� �

kþ det J sð Þx̂
� � ¼ 0; (24)

pJ x@Xð Þx̂ kð Þ ¼ k2 � tr J x@Xð Þx̂
� �

kþ det J x@Xð Þx̂
� � ¼ 0: (25)

From Eq. (24), a consequence of having rn x̂ð Þ 6¼ 0 is that J sð Þx̂
is no longer symmetric, since

@xt2
@t2

þ @xt1
@t1

¼ rp � x 6¼ 0 [as evident

from Eq. (20), which has a general form]. Therefore, the consequences
for rn x̂ð Þ 6¼ 0 are that:

• if detðJ x@Xð Þx̂ Þ ¼
detðJðsÞx̂ Þ

l2 < 0; then eigenvalues k1 and k2 are
real numbers with opposite sign, indicating that x̂ is a saddle
point for both x@X and s [Table I, Fig. 3(B)];

• if detðJ x@Xð Þx̂ Þ ¼
detðJðsÞx̂ Þ

l2 > 0, then eigenvalues k1 and k2 may
either be complex conjugate, or real numbers with the same sign,
indicating that x̂ could be a focus, node or degenerate node for

both x@X and s, depending on the sign of tr Jðx@XÞx̂
� �2

� 4det Jðx@XÞx̂
� �

for x@X and tr JðsÞx̂
� �2 � 4det JðsÞx̂

� �
for s

[Table I, Fig. 3(B)].

In the case where rn 6¼ 0, the matrix JðsÞx̂ cannot be symmetric,
implying that JðsÞx̂ has non-orthogonal eigenvectors. The possible combi-
nations of the nature of the fixed point ~x 2 @X for wall shear stress and
surface vorticity, when Eq. (22) is satisfied, are summarized in Fig. 3(B).

C. Computational hemodynamics

As in our previous study,45 intracranial aneurysm models from
the TorontoWestern Hospital aneurysm clinic were used to test results
from the theoretical analysis. These cases were provided under
Toronto Western Hospital’s Research Ethics Board Approval (REB
#19–5823), which permits the research analysis and publication of
anonymized and de-identified patient imaging data from their aneu-
rysm clinic. The geometry reconstruction, meshing strategy, and CFD
settings have been extensively described in prior studies.15,45,55,56

The identification and classification of fixed points on the luminal
surface of intracranial aneurysm models are performed by computing
the Poincar�e index and the eigenvalues of the Jacobian matrix J as
detailed in previous studies.15 In line with the previous study,45 a char-
acterization of the intricate velocity and vorticity structures in the
intracranial aneurysm models was conducted to identify the hemody-
namic features that interacting with the vessel wall @X determine the
topology of wall shear stress and surface vorticity fields. To achieve
this, the recently proposed vorticity vector decomposition into a purely
rotational contribution R, representing the rigid-body rotation, and a
non-rotational contribution associated with shear, was adopted.57,58

For the basic theory underlying this vorticity vector decomposition,
the reader is referred to Refs. 57, 59, and 60. Here, we focus on the
rotational part R of the vorticity, which can be defined as:59

R ¼ Rr ¼ x � r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x � rð Þ2 � 4k2ci

q	 

r; (26)

where R is local rotation strength, r is the unit real eigenvector of the
velocity gradient tensor ru, and kci is the imaginary part of the com-
plex conjugate eigenvalues of ru. Unlike other vortex identification
methods such as Q-criterion, k2 or kci, R provides both the vortex
local rotational axis and the rotational strength, free from shear
contamination.61

III. RESULTS
A. Wall shear stress and surface vorticity fixed points

Two illustrative configurations of surface vorticity and wall shear
stress patterns are presented in Fig. 4, highlighting the potential mutual
relationships between their fixed points in terms of nature and stability
properties. Specifically, the visualizations in Fig. 4 confirm that, regard-
less of whether rn is zero or non-zero: (i) s and x@X form an orthogo-
nal pair on the luminal surface @X; (ii) fixed points for x@X are always
fixed points for s, and vice versa; (iii) s and x@X may exhibit different
topological skeletons on the luminal surface, in accordance with the
developed theory summarized in Fig. 3. More specifically, Fig. 4(A)
presents the case of two fixed points, both of which are saddle points
for x@X and s, and the case of one fixed point that is a center for x@X

and an unstable star node for s. The allowed combinations for wall
shear stress and surface vorticity fixed points of Fig. 4(A) illustrate the
case of a local null vorticity diffusion flux normal to the wall, in the
near-wall region. Alternative combinations of fixed points allowed for
the case where rn is not-null include the stable focus-stable focus pair
and, again, the saddle point-saddle point pair for x@X and s, as shown
in Fig. 4(B).

The visualizations of s and x@X patterns on the luminal surface
of the two illustrative intracranial aneurysm CFD models presented in
Fig. 5 (model A1) and in Fig. 6 (model A2), confirm that the locations
of the fixed points are always identical for both s and x@X.
Furthermore, Figs. 5 and 6 demonstrate that at the same location, the
fixed point for s can have different nature and stability properties com-
pared to the fixed point for x@X, resulting in different topological skel-
etons for surface vorticity and wall shear stress. Specifically, for model
A1, topological configurations consistent with the theory are observed:
three saddle points for both s and x@X, one unstable node for s that is
a center for x@X, one stable focus for both s and x@X, and one unsta-
ble star node for s that is a center for x@X (Fig. 5). The unstable and
stable manifolds connected to a saddle point for s [i.e., the critical lines
attracting and repelling neighboring fluid elements, as shown in
Fig. 2(A)] are rotated with respect to the unstable and stable manifolds
connected to the saddle point for x@X [Figs. 5(A)–5(C)]. Additionally,
it can be appreciated that the diverging wall shear stress pattern
around both an unstable node [Fig. 5(A)] and an unstable star node
for s [Fig. 5(C)] colocalizes with x@X field lines forming a closed loop
enclosing the center for x@X [Figs. 5(A) and 5(C)]. Moreover, where a
stable focus for both s and x@X is identified, spiral-shaped counter-
rotating field lines characterize the two topological skeletons in the
neighborhood [Fig. 5(A)].

The analysis of model A2 (Fig. 6) confirms that the simulated
data are aligned with theoretical expectations. Specifically, for model
A2 two fixed points are identified that are saddle points for both s and
x@X, one unstable node for s that is a stable focus for x@X, and one
stable focus for s that is an unstable focus for x@X, on the luminal

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 37, 031907 (2025); doi: 10.1063/5.0253618 37, 031907-7

VC Author(s) 2025

 15 January 2026 15:12:22

pubs.aip.org/aip/phf


surface of the aneurysmal sac (Fig. 6). Contrarily to model A1, around
the fixed point identified as unstable node for s and stable focus for
x@X, the source configuration of the s field lines colocalizes with the
converging spiral-shaped x@X field lines (Fig. 6). This configuration is
linked to the existence of a local net vorticity diffusion flux rn normal
to the wall, ensuring that the underlying theory is not violated.

B. Identifying the link between fixed points and
intravascular fluid structures

An atlas of the allowed combinations of fixed points for wall
shear stress and surface vorticity, their associated local field topologies
on the luminal surface, and the corresponding flow patterns near the
wall is presented in Fig. 7. These visualizations include instantaneous
velocity streamlines, vortex lines and the rotational part of vorticity R
[as introduced in Eq. (26)]. In general, depending on the possible com-
binations of nature and stability for wall shear stress and surface vortic-
ity fixed points, either rotational or non-rotational fluid structures can
interact with the wall, impinging upon or emanating from it. These
fluid structures may or may not be associated with the existence of a
local net vorticity diffusion flux normal to the wall, in the near-wall
region and under the action of blood currents may extend further into
the aneurysmal dome. Specifically, Fig. 7(A) illustrates the case where
the vorticity diffusion flux normal to the wall is null (rn ¼ 0). In such
a scenario, a fixed point that is a saddle point for both s and x@X

attracts and repels velocity field lines in the near-wall region (as
highlighted by the visualization of instantaneous velocity streamlines
that remain parallel to the wall in this region), while no vortex lines
extensions into the aneurysmal dome are observed near the location of

the fixed point [Fig. 7(A)]. It can be also observed that the unstable
and stable manifolds connected to a saddle point for s are orthogonal,
due to the symmetry of J sð Þx̂ when rn ¼ 0 [see Eqs. (18) and (20)].
Furthermore, in a scenario where rn ¼ 0, the near-wall hemodynam-
ics around an unstable star node for s, which is also a center for x@X,
is characterized by circularly shaped vortex lines lying on the wall and
by a non-rotational fluid structure with a velocity normal component
impinging on the wall [Fig. 7(A)], physically consistent with the
diverging wall shear stress straight field lines pattern around the fixed
point.

Figure 7(B) illustrates the case rn 6¼ 0. In such a scenario: (i) a
saddle point for both s and x@X is associated with the presence of two
counter-rotating fluid structures in the near-wall region, highlighted
by the R isosurfaces visualization. In a case like this, the local topologi-
cal skeletons for s and x@X are the result of the complex near-wall
fluid dynamics, with velocity and vortex lines exhibiting not-null,
oppositely oriented components normal to the wall [Fig. 7(B)]; (ii) a
fixed point that is a stable focus for both s and x@X is encased by
spiral-shaped s and x@X field lines, and is associated with a near-wall
rotational fluid structure characterized by a local velocity field with a
component normal to the wall, as well as with vortex lines emanating
from the wall [Fig. 7(B)]; (iii) an unstable node for s that is a stable
focus for x@X is associated with a non-rotational near-wall fluid struc-
ture (highlighted by the R isosurfaces visualization), where local veloc-
ity and vortex lines exhibit oppositely oriented components normal to
the wall. In a case like this, the topological skeleton for x@X features
spiral-shaped field lines encasing the fixed point, while the local field
topology for s resembles the near-wall tangent velocity field lines
[Fig. 7(B)]; (iv) a fixed point that is a stable focus for s and a stable

FIG. 4. (A) Explanatory configurations of surface vorticity and wall shear stress topological skeletons with their fixed points (saddle points for both surface vorticity and wall
shear stress; center for surface vorticity which is an unstable star node for wall shear stress) in case the vorticity diffusion flux normal to the wall has a null value; (B) explana-
tory configurations of surface vorticity and wall shear stress with their fixed points (stable focus and saddle point for both surface vorticity and wall shear stress in case the vor-
ticity diffusion flux normal to the wall has a not-null value.
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node for x@X is the result of the presence of a fluid structure character-
ized by rotational velocity field lines and vorticity field lines, both of
them presenting with a normal component emanating from the wall
[Fig. 7(B)].

According to the theoretical framework in Fig. 3, Fig. 8 clearly
demonstrates that a fixed point for wall shear stress and surface vortic-
ity can exhibit different natures. The explanatory example in Fig. 8(A)
clarifies that a center forx@X, characterized by circularly shaped vortex
lines, can correspond to either an unstable node or an unstable star
node for s. In both cases, the fixed point is associated with a non-
rotational fluid structure impinging on the wall, but the local topologi-
cal skeleton encasing the fixed point differs: diverging, not straight field
lines where s is an unstable node and diverging, straight field lines
where s is an unstable star node. Similarly, the explanatory example in
Fig. 8(B) shows that a stable focus for x@X, characterized by spiral-

shaped vortex lines emanating from the wall in the near-wall region,
can manifest as a stable focus or a stable degenerate node for s: the for-
mer is associated with a rotational fluid structure impinging on the
wall, the latter with a non-rotational one.

IV. DISCUSSION

The unified theory presented in our previous study45 is revised
and expanded here with the ultimate goal of demonstrating that the
topological skeleton of wall shear stress on the luminal surface of a ves-
sel is “sculpted” by distinct intravascular fluid structures in the near-
wall region.

Before summarizing the study’s main findings, it is important to
interpret the theoretical link established by Eq. (9) in the context of the
physics of fluids. The topological skeletons for wall shear stress and
surface vorticity reflect the distinctive characteristics of the near-wall

FIG. 5. Visualization of instantaneous surface vorticity (left panel) and wall shear stress (right panel) field lines and vector fields on the luminal surface of intracranial aneurysm
model A1. Flow visualizations refer to mid acceleration phase in systole. Surface vorticity and wall shear stress fixed points are depicted. Three different views are displayed:
(A) front view, (B) top view, and (C) back view. Four insets zooming on fixed points locations are displayed to appreciate the field topology in their neighborhood.
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FIG. 6. Visualization of instantaneous surface vorticity (left panel) and wall shear stress (right panel) field lines and vector fields on the luminal surface of intracranial aneurysm
model A2. Flow visualizations refer to mid acceleration phase in systole. Surface vorticity and wall shear stress fixed points are depicted. One inset zooming on fixed points
locations is displayed to appreciate the field topology in their neighborhood.

FIG. 7. Explanatory configurations of velocity streamlines, vortex lines, and R isosurfaces around wall shear stress and surface vorticity fixed points (A) in the case the vorticity diffusion flux
normal to the wall has null value, and (B) in the case the vorticity diffusion flux normal to the wall has a not-null value. White arrows indicate the direction of velocity streamlines and vortex
lines. Velocity streamlines are colored with the distance from the luminal surface, to highlight how much there are lengthened inside the aneurysmal dome by blood flow drafts.
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fluid structures interacting with a material surface: the topological skel-
eton around a fixed point for wall shear stress mirrors the near-wall
tangent velocity field,49 while for surface vorticity, it represents the
imprint of the local vorticity kinematics on the wall. Furthermore, Eq.
(9) reveals that the manifolds of wall shear stress and vorticity undergo
mutual rotation. Consequently, their topological skeletons around a
fixed point may appear similar or distinct, a relationship that the the-
ory can predict with precision.

In our previous article,45 the theoretical discussion on the rela-
tionship between wall shear stress and surface vorticity fixed points
considered a scenario where the normal component of the surface vor-
ticity could be not null. However, surface vorticity must remain tan-
gent to a material surface if the velocity obeys the no-slip condition
[i.e., Eq (11) is always satisfied]. This led us to the erroneous

conclusion that, in certain cases, a fixed point for wall shear stress may
not be a fixed point for surface vorticity, an interpretation that violates
Eq. (11), which is always satisfied.45 Since the opportunity to correct
this erroneous interpretation was denied, in this study we have par-
tially revised the previous theory, clarifying that all fixed points of wall
shear stress must also be fixed points of surface vorticity, and vice
versa. Furthermore, we reinforced the analysis by demonstrating that
the nature and stability of a fixed point are not necessarily identical for
surface vorticity and wall shear stress. In addition, we expanded the
theoretical framework by incorporating a more comprehensive classifi-
cation of fixed points, and we constructed an atlas of all the possible
combinations of near-wall velocity and vorticity structures associated
with wall shear stress and surface vorticity topological skeletons
around their fixed points.

FIG. 8. Explanatory configurations of vortex lines, velocity streamlines, surface vorticity, and wall shear stress vector fields around wall shear stress and surface vorticity fixed
points to highlight the multiple nature of fixed points (A) in the case the vorticity diffusion flux normal to the wall has null value (a center for surface vorticity can be an unstable
node or an unstable star node for wall shear stress), and (B) in the case the vorticity diffusion flux normal to the wall has a not-null value (a stable focus for surface vorticity can
be a stable focus or stable degenerate node for wall shear stress).
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The taxonomy summarizing the main findings of this study is
presented in Figs. 9 and 10. Specifically, for each permissible combina-
tion of wall shear stress and surface vorticity fixed points, when the
vorticity diffusion flux normal to the wall is null (rn ¼ 0), the charac-
teristics of the associated near-wall fluid structures are detailed in
Fig. 9: (i) a stable/unstable node for wall shear stress always corre-
sponds to a center for surface vorticity. This fixed point is associated
with a non-rotational fluid structure, characterized by near-wall veloc-
ity emanating from or impinging on the wall. This interaction shapes
the wall shear stress skeleton with converging or diverging field lines
(where the eigenvectors of the wall shear stress Jacobian matrix are
orthogonal) and the surface vorticity skeleton with circular lines,
around the fixed point; (ii) if the stable/unstable node for wall shear
stress described in the previous point is a star node, its skeleton is
defined by converging or diverging straight field lines, a consequence
of the wall shear stress Jacobian matrix being proportional to the iden-
tity matrix in this case; (iii) a saddle point for wall shear stress always
corresponds to a saddle point for surface vorticity (and vice versa).
This fixed point involves near-wall kinematics where velocity and vor-
tex lines are parallel to the wall, shaping the two topological skeletons
with converging and diverging patterns along principal directions,
which are mutually oriented according to Eq. (9). For each permissible
combination of wall shear stress and surface vorticity fixed points,
when the vorticity diffusion flux normal to the wall is not null
(rn 6¼ 0), the characteristics of the associated near-wall fluid structures
are detailed in Fig. 10: (i) a stable/unstable node for wall shear stress
can correspond to a stable/unstable node, a degenerate node (with
local topology characterized by converging/diverging field lines), or a
stable/unstable focus (with topology characterized by spiral-shaped
field lines) for surface vorticity. This fixed point is associated with a
non-rotational fluid structure characterized by near-wall velocity ema-
nating from/impinging on the wall, which shapes the wall shear stress

skeleton in terms of converging/diverging field lines (in this case the
eigenvectors of the wall shear stress Jacobian matrix are non-orthogo-
nal), and vortex lines emanating from/impinging on the wall; (ii) if the
stable/unstable node for wall shear stress described above is a degener-
ate node, the latter attracts/repels wall shear stress field lines collapsing
along a principal direction; (iii) a stable/unstable focus for wall shear
stress can correspond to a stable/unstable node, a degenerate node, or
a stable/unstable focus for surface vorticity. This fixed point is always
associated with a rotational fluid structure characterized by near-wall
velocity emanating from/impinging on the wall, which shapes wall
shear stress in terms of spiral field lines [due to the presence of a net
vorticity diffusion flux normal to the wall, that can be expressed in
terms of curl of the wall shear stress, see Eq. (13)]; (iv) a saddle point
for wall shear stress always corresponds to a saddle point for surface
vorticity (and vice versa). This fixed point involves near-wall dynamics
where velocity and vortex lines oppositely emanate from and impinge
on the wall.

The stability or instability of a wall shear stress (surface vorticity)
focus or node is intrinsically connected to near-wall dynamics, which
is characterized by velocity lines (vortex lines) either emanating from
or impinging on the wall. However, only a stable/unstable focus for
wall shear stress is consistently associated with a near-wall dynamics
where rotational velocity and vorticity lines emanate from or impinge
on the wall.

High-fidelity CFD data from intracranial aneurysm models con-
firmed the theoretical links between wall shear stress and surface vor-
ticity topology on the luminal surface.

Among the main fluid mechanical implications, the proposed
analysis establishes a clear and direct link between the topological skel-
etons of wall shear stress and surface vorticity, shaped by the interac-
tion between the material surface and near-wall fluid dynamics. In
cardiovascular flows, this cross-data topological analysis holds

FIG. 9. Summary of the nature of the theoretically admitted relationships between wall shear stress fixed points, surface vorticity fixed points, and near-wall flow fluid structures
in terms of vorticity and velocity in the case of null vorticity diffusion flux normal to the wall.
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potential mechanobiological relevance. For example, the interaction of
the luminal surface with shear flow, as opposed to rotational or non-
rotational fluid structures, uniquely influences wall shear stress topol-
ogy, which has emerged as a predictor of vascular disease.6,8,21,22 By

establishing a theoretical connection between the wall shear stress
topological skeleton and distinct fluid structures near the wall, this
study enables a more precise definition of flow disturbances, whether
associated with a specific pathology or a vessel type.

FIG. 10. Summary of the nature of the theoretically admitted relationships between wall shear stress fixed points, surface vorticity fixed points, and near-wall flow fluid structures
in terms of vorticity and velocity in the case of not-null vorticity diffusion flux normal to the wall.
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Moreover, the analysis presented, which considers the kinematics
of vorticity in the near-wall region, shows potential as a valuable tool for
classifying flow disturbances based on their influence on biochemical
transport in this region. This potential is supported by two key observa-
tions: (i) the wall shear stress topological skeleton is a critical factor in
regulatingmass transfer at the interface between blood flow and the arte-
rial wall,62 and (ii) near-wall vorticity can either enhance or hinder the
transport of substances to the arterial wall by affecting advection and dif-
fusion processes, modulating accumulation or depletion of atherogenic
particles in the near-wall region.23,24 The capability to clearly link local
wall shear stress and surface vorticity topologies to the near-wall blood
dynamics represents a crucial step toward understanding how the vessel
wall responds to flow disturbances, whether these disturbances result in
injury, inflammation, endothelial dysfunction.

The presented analysis may be limited by the potential sensitivity
of the theoretical findings to the numerical settings adopted to perform
CFD simulations. Nevertheless, the results from the high-fidelity CFD
simulations employed in this study align with the cases predicted by the
theory, confirming the feasibility of applying the theoretical findings to
computational hemodynamic models. Furthermore, the proposed uni-
fied theory applies to Newtonian fluids and is limited to fluids confined
by rigid surfaces. However, treating blood as a Newtonian fluid has been
identified as a source of second-order effects in patient-specific simula-
tions of cardiovascular flows, and assuming rigid walls avoids introduc-
ing additional uncertainties related to wall structure and mechanical
behavior.63 Future studies will extend the here presented theory to non-
Newtonian fluids and deformable boundaries, to test their real impact in
the context of cardiovascular flows.

V. CONCLUSION

A revised and expanded version of the unified theory recently
introduced by the authors45 provides a critical framework for accu-
rately identifying and interpreting the cause-effect relationships linking
the near-wall velocity and vorticity structures with wall shear stress
and surface vorticity topology on a material surface. This has para-
mount relevance for cardiovascular flows, where the material surface is
the luminal surface of a vessel. By enabling the precise identification of
flow disturbances, the theory offers insights into their mechanistic
links with biological adverse events and clinical observations. The find-
ings of this study can inform the design of targeted experiments to
investigate how features of the wall shear stress topological skeleton,
shaped by various near-wall velocity and vorticity structures, influence
vascular mechanobiology.
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APPENDIX: RELATIONSHIP BETWEEN VORTICITY FLUX
NORMAL TO THEWALL AND CURL OF WALL SHEAR
STRESS

Let us consider the mathematical definition of the curl of wall
shear stress in the local coordinate system t1; t2; nð Þ

r � s ¼ det

t1 t2 n
@

@t1

@

@t2

@

@n
st1 st2 0

0
BBB@

1
CCCA

¼ � @st2
@n

	 

t1 þ @st1

@n

	 

t2 þ @st2

@t1
� @st1

@t2

	 

n: (A1)

Considering that the wall shear stress lies solely on the surface @X

(i.e.,
@st2
@n ¼ @st1

@n ¼ 0), it follows that r� s ¼ @st2
@t1

� @st1
@t2

� �
n.

According to Eqs. (9) and (15), and considering the wall shear stress
in terms of the surface vorticity components s ¼ ðlxt2 ;�lxt1 ; 0Þ,
Eq. (A1) can be expressed also as:

r� s ¼ �l
@xt1

@t1
� l

@xt2

@t2

	 

n ¼ �l

@xt1

@t1
þ @xt2

@t2

	 

n: (A2)

By dividing Eq. (A2) by the density q and by considering the dot
product between Eq. (A2) and the normal n to the surface @X, we
obtain:

n
q
� r � sð Þ ¼ ��

@xt1

@t1
þ @xt2

@t2

	 

¼ rn; (A3)

in accordance with the definition of the vorticity diffusion flux nor-
mal to the wall provided in Eq. (12).
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