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Abstract

The accurate motion of roller-bearing-supported rings is critically influenced by shape
and positional tolerances, which are often underestimated in conventional modeling ap-
proaches. The aim of this study is to develop and validate a multibody dynamic framework
capable of quantifying the impact of roundness and positional errors on the motion accu-
racy of roller-bearing-supported rings. Shape errors are modeled using Fourier series and
incorporated into a high-fidelity multibody simulation environment. Experimental valida-
tion using laser triangulation reveals a maximum runout error of 72.9 µm, compared to a
numerically predicted value of 88.6 µm, resulting in a quantified numerical overestimation
of 21.5%. Parametric studies investigated the effects of harmonic order, error amplitude,
and combined error scenarios on key performance metrics, including trajectory runout and
initial offset displacement. Results reveal that the trajectory errors range between 0.29 mm
and 0.63 mm for shape error orders and can escalate to 2.84 mm for high amplitude errors,
demonstrating the critical role of error order and amplitude. Furthermore, combined
simulations show that bearing position errors exert a more pronounced effect on radial
accuracy than shape deviations alone. The proposed approach enables precision design
evaluation and tolerance optimization in high-accuracy applications, including robotics,
aerospace mechanisms, and optical alignment systems.

Keywords: multibody dynamics; roller bearings; runout error; roundness error; positional
error; tolerance analysis; Fourier series; motion accuracy; robotics; manipulation

1. Introduction
Large rings [1] or large containers [2], such as those used in aerospace mechanisms,

robotic arms, semiconductor wafer stages, and high-accuracy optical devices, can be
constrained through fixed rollers contacting the respective inner or outer border or rollers
placed between one border and an outer raceway which is fixed (the so-called YRT rollers).
Much research has been directed at increasing the reliability of rolling bearings by focusing
on the analysis of fatigue resistance, wear, thermal properties, and tribological aspects [3–6].

Significantly less attention has been devoted to the position accuracy associated with
the orbit covered by the center of the ring during a whole rotation. This aspect becomes
predominant in the case of rings that are not heavily loaded and whose main function
is carrying small devices at established angular positions. In fact, the accuracy of posi-
tioning can vary as a result of manufacturing tolerances and shape errors. Prior studies
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have identified influential parameters, such as the number and spatial distribution of
rollers [7], manufacturing tolerances on raceway diameter and profile [8], and localized
defects or shape distortions on the bearing surface [9,10]. Many other authors considered
variations of contact geometries under different loads [11]. However, most analyses to
date rely on simplified analytical models that struggle to capture the complex interactions
between multiple geometric and positional errors.

Real-world high-precision applications often demand error combinations to be mod-
eled simultaneously. For example, in robotics and semiconductor manufacturing, sub-
micrometer bearing runout directly affects the repeatability and positional fidelity of
robotic joints and pick-and-place arms [12]. High-speed spindles in CNC machining
rely on ultra-precise rotary motion [13], where roundness errors contribute to tool wear,
surface finish degradation, and loss of dimensional control. Additional sensitivity is ob-
served in gyroscopic inertial navigation units [14] and coordinate measuring machines
(CMMs) [15], where bearing imperfections induce tracking errors and compromise metro-
logical accuracy.

This calls for high-fidelity numerical frameworks that move beyond the limits of static
or single-error models. While a few studies have used finite element techniques [3] or con-
tact mechanics models [11] to simulate these effects, they often lack flexibility or scalability
for system-level investigations.

Multibody dynamics (MBD) approaches offer a powerful alternative. Prior research
has shown that multibody models can capture complex motion patterns and contact interac-
tions within mechanical assemblies, including those influenced by tolerance chains [16]. The
use of MBD tools like MSC Adams 2022.1 allows for modeling multiple degrees of freedom,
realistic contact interfaces, and dynamic excitation. However, systematic incorporation of
manufacturing tolerances—especially shape and positional errors—into multibody simula-
tions remains limited. Moreover, the validation of such models against experimental data
has been sparse.

Despite extensive studies on bearing reliability and tribological behavior, far less
attention has been devoted to how manufacturing tolerances and shape deviations propa-
gate into system-level motion errors. For high-precision applications, even sub-millimeter
roundness and positional deviations and their combination can accumulate significant
runout errors, making it necessary to develop models that explicitly incorporate toler-
ance effects and their combination into the dynamic analysis of roller-bearing-supported
rings. In this work, a multibody dynamic model is developed and validated to assess
how shape and position errors characterized using Fourier series affect the trajectory and
dynamic behavior of roller-bearing-supported rings. The model is experimentally verified
using laser triangulation measurements. Key performance metrics are extracted and an-
alyzed under various harmonic orders and error amplitudes. Special attention is given
to the interaction of multiple error types, and the relative impact of shape vs. positional
deviations is quantified. The proposed methodology is especially relevant for tolerance
optimization frameworks in high-precision design, such as statistical tolerancing: the
MBD-driven performance predictor could be computed to guide tolerance allocation across
components. The methodology can be extended to support design verification under
ISO 492 [17] classification standards.

The present work illustrates how a multibody model can be set up and allows the
prediction of axis orbits generated by complex combinations of shape and position errors
characterized using Fourier series and taking into account component-level design variables
in the evaluation of the overall performance of the system.



Designs 2025, 9, 120 3 of 22

2. Materials and Methods
An experimental test was set up in order to validate the numerical model, which was

aimed at replicating the actual working conditions. The main aim of the multibody model
was to assess the effect on the system’s response of shape errors on the inner surface of the
ring, as well as the interactions of various errors affecting the inner circumference of the
ring, the outer bearing profile, and the bearing position.

2.1. Experimental Test

The experimental work was conducted at the Department of Mechanical and Aerospace
Engineering, Politecnico di Torino, Torino, Italy.

2.1.1. Experimental Setup

The experimental setup consisted of a ring, a series of steel bearings, a driver gear, and
a laser triangulation sensor (see Figure 1). Due to confidentiality restrictions established by
a non-disclosure agreement with the industrial supplier, photographs of the experimental
setup cannot be shared. However, Figure 1 presents the detailed schematics that faithfully
reproduce the experimental setup. All relevant parameters, device specifications, and
measurement configuration are fully reported in this section to ensure reproducibility.

Figure 1. Measurement of the ring’s displacement through Laser Triangulation (LT).

The vertical displacement of the ring is constrained by eight supporting bearings
positioned in contact with the inferior surface of the ring; three spring-loaded bearings are
in contact with the superior surface of the ring. The spring stiffness for such bearings is
366 N/m and the preload is 5.3 N. These values were obtained from the technical datasheet
of the manufacturer and validated by the supplier through internal calibration procedures.
The radial displacement of the ring is constrained by two lateral fixed bearings and one
lateral spring-loaded bearing, whose parameters are reported in Table 1. This arrangement
ensures stability and precision in the measurements obtained during the experimental
procedure. The ring is driven kinematically by an external driver, so an external spur-gear
flank of the ring with 969 teeth acts as a driven gear. A steel pinion with 60 teeth meshes
laterally with the ring, giving a transmission ratio of 16.15. The external spur mesh gear
employs a module of m = 0.7 and a pressure angle of α = 20◦ [18]. The pinion is guided by
a stepper motor with a nominal torque of 1.86 Nm (ST5918l, Nanotec Electronic GmbH &
Co. KG, Feldkirchen, Germany.).

A laser triangulator (LT, PNBC003, Wenglor, Tettnang, Germany) was used to track
the actual trajectory of the ring (Figure 1) taking advantage of its capability of performing
high-speed, minimally invasive measurements. It was placed at a distance of 50.9 mm from
the inner surface of the ring.

Table 1 shows the technical specifications of the LT device, the main geometrical
parameters, the bearings and the spring specifications.
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Table 1. LT device and bearing characteristics.

Laser Triangulator Bearings Spring

Parameter Value Parameter Value Parameter Value

Resolution 0.3 µm External diameter 10 mm Stiffness (kb) 1334 N/m
Light spot diameter <0.25 mm Internal diameter 4 mm Preload (F) 19.3 N

Working range 20–40 mm Height 4 mm
Linearity deviation 10 µm

Switching frequency 15 kHz
Response time <33 µs

Three measurement trials were executed. During each test 2.5 rotations were per-
formed; the test included an initial acceleration step (810◦/s2 covering 45◦), a steady
velocity phase (270◦/s covering 810◦) and a final deceleration (810◦/s2, covering 45◦).
The results are presented as an averaged and filtered curve from the three trials. During
physical testing, the laser triangulator captured the ring’s radial displacement as it rotated,
but the initial angular position (i.e., 0◦ reference on the ring) was not recorded or aligned
with a known geometric feature. As a result, the experimental trajectory has an unknown
phase offset with respect to the ring geometry used in the simulation. Future studies
could resolve this limitation by applying a fiducial mark to the ring and synchronizing
measurement with the rotation angle, allowing direct phase comparison. The configuration
described in this section is representative of applications with moderate loads and sub-
hertz to few-hertz rotational frequencies (0.75 revolutions/s), such as those used in in-vitro
diagnostic industry.

2.1.2. Inner Ring Reconstruction

A reference geometry with the actual inner ring was created in order to validate the
multibody model. The upper and lower edges of the internal surface of the actual ring
were recorded by a roundness tester (CMM, Zeiss Spectrum, ZEISS, Oberkochen, Germany)
(Figure 2). The two contour curves were interpolated through a Fourier series, calculating
the amplitude and phase up to the eighth harmonic order.

 

Figure 2. Contour curves obtained by the roundness instrument.

The model validation was performed by replicating the actual ring shape and bound-
ary conditions in the multibody software MSC Adams 2022.1. Results were compared
in terms of the ring’s displacement: the peak-to-peak distances were computed for both
numerical and experimental trials at the measurement point as the distance from one peak
(red circle in Figure 3) to the nearest valley (green circle in Figure 3). The maximum of
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such distances is then chosen over one cycle of rotation and defined as the runout error of
the system.

Figure 3. A schematic of the maximum ring’s displacement computation: the distance from one peak
(red circle) to the nearest valley (green circle) of the ring’s displacement (black line).

2.2. Multibody Model
2.2.1. Geometry and Parameters

In order to investigate the dynamic behavior of the ring and bearing system, a multi-
body model was implemented in MSC Adams (Hexagon Software, v. 2022.1) [19]. The
multibody system and its components are represented in Figure 4. The system consists of
rigid bodies that are the ring with a thickness of 6 mm, and the lateral bearings, whose
actual geometry was simplified by cylinders with 10 mm diameter. Two types of bearings
were implemented in the model, fixed and spring-loaded; the spring-loaded bearing is used
to ensure constant contact between the inner surface of the ring and the outer surface of the
two fixed bearings. The lateral bearings are equally spaced along the internal circumference
(120◦ from each other), as reported in Figure 4; their position corresponds to their nominal
value. The spring parameters, stiffness kb and preload force F, are the same reported in
Table 1. Table 2 shows the main geometrical parameters of the model.

All the components in the system are modelled as rigid bodies. This assumption is
justified because the elastic deformations under typical bearing preload and operating
loads (on the order of 1–10 MPa contact stresses) are two to three orders of magnitude
smaller than the micron-scale runout and shape errors being studied [20]. Finite-element
analyses of similar roller or race contacts predict sub-micron contact deflections even at
peak loads [21], which lie well below our tolerance bandwidth (tens of microns). The ring
is made of aluminum and the bearings of steel. The material properties are listed in Table
S1 in the Supplementary Materials. Justification for modeling assumptions is discussed in
detail in the Supplementary Materials (Section S2).

Table 2. System parameters.

Parameter Value

Dout 679.7 mm
Din 604.0 mm
Db 10.0 mm
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Figure 4. Multibody system: the overall configuration with spring-loaded bearing (green) and fixed
bearings (purple).

2.2.2. Boundary Conditions

The two fixed bearings are constrained to the ground with a hinge which allows only
the rotation around the z axis (direction normal to the plane xy). The spring-loaded bearing
presents two degrees of freedom (DOFs) that are the rotation around the z axis and the
translational displacement in the spring-axis direction, x. The ring presents four DOFs,
since the only vertical translation along the z-axis is constrained to be zero and a motion
law is applied at the center of the ring, imposing the rotation around the z axis; the motion
law, Rz(t), is reported in Equation (1):

Rz(t) =

{
0

270◦/s

}
i f t < 0.5 s
i f t ≥ 0.5 s

(1)

As a result of the implemented function, the first 0.5 s represents a static condition,
leaving time for the ring to reach an equilibrium configuration under the action of the
bearings; after 0.5 s, the ring starts rotating with a speed of 270◦/s. Table 3 summarizes the
boundary conditions applied to the model.

Table 3. Load and boundary conditions.

DOF Fixed Bearings Spring-Loaded Bearing Ring

x 0 free free
y 0 0 free
z 0 0 0

Rx 0 0 free
Ry 0 0 free
Rz free free 270◦/s



Designs 2025, 9, 120 7 of 22

2.2.3. Contact

Contact forces were implemented to model the interaction between bearings and the
ring. The IMPACT formulation available in MSC Adams 2022.1 was used, which requires
the definition of four parameters as reported in Equation (2):

IMPACT =

{
k(x1 − x)e − .

x × TEP(x, x1 − d, cmax, x1, 0) i f x ≤ x1

0 i f x > x1

}
, (2)

where x is the displacement variable and x1 is the trigger for the interpenetration between
the bodies in contact, e is the coefficient of the spring component that characterizes the
non-linear relationship between applied load and displacement, serving as a measure of
elastic compliance of the system, e.g., a higher value results in more stiff contact, a smaller
value leads to a softer one; k is the stiffness that simulates the elasticity of the contacting
surfaces, cmax is the maximum damping taking into account energy dissipation, and d is the
penetration depth at which the maximum damping is applied, following a step function.

Also, Coulomb friction was modelled, considering the aluminum-steel dry contact
set according to [22]. In Adams, an instantaneous transition between the static friction
coefficient (µs) and the dynamic friction coefficient (µd) is not permitted. To address this,
transition velocities are incorporated into the model. Specifically, as the stiction transition
velocity (vs) approaches zero, the system behavior increasingly approximates the stiction
condition. Conversely, when the relative velocity between two interacting objects reaches
the friction transition velocity (vd), the model transitions to the kinetic friction regime.

Some preliminary simulations were performed in order to identify the best combina-
tion of contact parameters. In particular, simulations using the standard ring model were
performed, checking oscillation peaks of the contact forces (see Supplementary Materials,
Section S3). The set of parameters reported in Table 4 proved to produce smooth behavior
of the contact forces.

Table 4. Contact force parameters.

Parameter Value

e 1.5
k 1.0 × 107 N/me

cmax 1.0 × 105 N·s/m
d 0.001 mm
µs 0.61
µd 0.47
vs 10 mm/s
vd 50 mm/s

2.3. Shape and Position Errors

In this study, shape errors of single elements, namely ring and bearings, and their
combinations are taken into account. For each shape error investigated, the corresponding
geometry and numerical model were implemented and simulations performed. The shape
error can be applied for the inner surface of the ring and/or for the outer surface of the
bearings. The errors applied to the ring and bearing’s shapes and bearing position are
approximated through a periodic function; hence, it is possible to describe these errors by
applying the Fourier series in polar coordinates [23]:

∆r(θ) = ∆r0 + ∑∞
n=1[Cncos(nθ + φn)] (3)

where
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• ∆r(θ): error on the measure of the radius
• ∆r0: average radial error
• Cn: amplitude of the n-th harmonic component
• n: order of the harmonic component
• φn: phase shift of the n-th harmonic function
• θ: angle position

An ideal profile would correspond to Cn = 0 mm and ∆r0 = 0 mm. The addition
of the shape error to the ideal circle profile, defined by the nominal radius r0, gives the
actual shape (Figure 5), and so different geometries were created using Equation (3). This
formulation of the error was here used to investigate different sources of shape and position
errors, based on the system’s component that is affected by the error:

a. inner surface of the ring
b. bearing shape
c. bearings’ position

(a)

(b)

Figure 5. Shape and position errors: (a) inner surface of the ring; (b) bearings’ outer surface and
their position.

2.3.1. Shape Errors on the Inner Circumference of the Ring

With regard to the shape error only on the inner surface of the ring, the radius errors
were generated considering separately the effects of the order n and of the amplitude Cn.

Order of Shape Error in the Inner Circumference of the Ring

The first set of computational trials was aimed at establishing the effect of the profile
error order on the inner surface of the ring. The bearings’ profile and their position
were fixed at the nominal value. Inner ring shape errors were generated by fixing the
amplitude and phase shift values (Cn = 0.14 mm, φn = 45◦). The large aluminum ring was



Designs 2025, 9, 120 9 of 22

produced by waterjet cutting, for which the supplier guarantees a circularity tolerance of
0.20 mm. For the high-precision application, a tighter circularity tolerance of 0.10 mm was
required [24]. The ring’s amplitude value of 0.14 mm was used to represent the as-built
worst-case geometry from water-jet cutting. This choice ensures realistic simulation of
the dominant process-induced form errors [25] and provides a conservative estimate of
system run-out.

The investigation process with n order ranged from two to ten (limits included) and 12,
15, 17, and 20 were performed. Usually, the first ten frequencies of the oscillations are ana-
lyzed, as higher-order modes are considered negligible for practical surface measurements
performed on bearing raceways [7,26]. However, under certain conditions, higher-order
frequencies may have an impact [27]. The error amplitude is set larger than the actual error
of the ring with the intent to show more distinctly the relationship between dynamic error
and the amplitude of the profile error [7].

Amplitude of Shape Error in the Inner Circumference of the Ring

The second set of simulations focused on analyzing the influence of the amplitude
of profile error on radial accuracy of the inner surface of the ring. The bearings’ profile
and their position are fixed at the nominal value. Insights from the initial trials indicated
that specific frequency modes could disproportionately impact the radial error of the ring.
To comprehensively evaluate these effects, two shape error orders—2nd and 6th—were
selected as representative cases. Consistent with prior simulations, the phase angle, φn, was
fixed at 45◦. The error amplitude systematically varied between 0.07 mm and 0.7 mm in
increments of 0.07 mm, allowing for an exhaustive examination of all possible combinations
to quantify the impact of these shape error parameters.

2.3.2. Error Combinations of the Ring Shape, Bearing Shape, and Bearing Position

The third set of computational trials was aimed at studying the combinations of the
profile errors of the inner surface of the ring with the bearings’ position and profile. To
incorporate the positional error of the bearings into the combination cases, Equation (3)
was applied to a nominal circumferential path on which the bearings’ centers are placed
(Figure 5b). This approach allowed for determining a new bearing center position that was
systematically integrated into the combination model, enabling a more precise assessment
of combined error influences on the system’s overall radial accuracy. Both amplitude (Cn)
and order (n) parameters were varied so that 12 cases were investigated. In particular,
three groups of combinations have been examined, considering two and three errors
applied together:

1. ring shape and bearing position errors (cases 1–3 in Table 5)
2. ring shape and bearing shape errors (cases 4–6 in Table 5)
3. ring shape, bearing position and bearing shape errors (cases 7–9 in Table 5).

Table 5. Investigation of error combinations.

Group Case Ring Shape Error Bearings Position Error Bearings Shape Error

ring’s shape
+

bearings’ position

1 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 2; r0 = 297 mm;
Cn = 0.14;

n = 0; r0 = 5 mm;
Cn = 0;

2 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 7; r0 = 297 mm;
Cn = 0.14;

n = 0; r0 = 5 mm;
Cn = 0;

3 n = 5; r0 = 302 mm;
Cn = 0.14;

n = 5; r0 = 297 mm;
Cn = 0.14;

n = 0; r0 = 5 mm;
Cn = 0;
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Table 5. Cont.

Group Case Ring Shape Error Bearings Position Error Bearings Shape Error

ring’s shape
+

bearings’ shape

4 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 2; r0 = 5 mm;
Cn = 0.014;

5 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 7; r0 = 5 mm;
Cn = 0.014;

6 n = 5; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 5; r0 = 5 mm;
Cn = 0.014;

ring’s shape
+

bearing position
+

bearing shape

7 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 2; r0 = 297 mm;
Cn = 0.14;

n = 2; r0 = 5 mm;
Cn = 0.014;

8 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 5; r0 = 297 mm;
Cn = 0.14;

n = 7; r0 = 5 mm;
Cn = 0.014;

9 n = 3; r0 = 302 mm;
Cn = 0.14;

n = 7; r0 = 297 mm;
Cn = 0.14;

n = 15; r0 = 5 mm;
Cn = 0.014;

ring’s shape error

10 n = 2; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 0; r0 = 5 mm;
Cn = 0;

11 n = 3; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 0; r0 = 5 mm;
Cn = 0;

12 n = 5; r0 = 302 mm;
Cn = 0.14;

n = 0; r0 = 297 mm;
Cn = 0;

n = 0; r0 = 5 mm;
Cn = 0;

A selection of these error combinations was then compared to the single shape error
case (corresponding to Cn and n equal to zero for bearings’ shape and position) of the inner
ring surface for a given order (cases 10, 11 and 12).

Although ISO 492 [17] P6/P5 grades for 10 mm bearings specify circularity errors
of 0.007 mm and 0.004 mm respectively, a worst-case 0.014 mm error was modeled due
to (1) represent realistic off-the-shelf bearing performance in a P0/PA class, (2) amplify
bearing effects in the combined errors analysis, and (3) ensure a conservative runout
prediction. Prior tolerance-stack studies [7,28] validate the use of inflated form errors to
expose dynamic sensitivities before refining to nominal tolerances.

2.4. Model Output

The shape error produces two main effects: the first one arises in the static phase due to
the initial displacement that the ring underwent before starting its rotation, while the second
is computed in the dynamic phase as the diameter of the circumference circumscribing
the trajectory of the ring’s center while the ring computes one cycle of rotation. The first
static effect of the ring depends on the initial phase of the geometry; for the purpose of this
study, the output here defined is Distini—the distance between the initial position of the
center of the ring and the center of the aforementioned circumscribed circumference (see
example in Figure 6). Hereinafter, the second dynamic effect is referred to as Dtrajectory—the
diameter of the circumscribed circumference of the ring’s trajectory. These two parameters
were measured for each investigated configuration of the shape errors, in order to assess
the respective effect on the ring behavior.
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Figure 6. Two main output variables: example of the computation.

3. Results
3.1. Model Validation

The upper and lower edge profiles of the inner surface of the ring obtained experi-
mentally (Figure 2) have been fitted with a Fourier series. The overall amplitude of the
roundness error given by the measuring instrument is 0.0945 mm.

Figure 7 shows the upper and lower edges of the ring and the respective fitting with
eight Fourier coefficients, reaching a high goodness of fit (R2 ≈ 99%). Through the Fourier
analysis, the coefficients are obtained and inspected: the second-order coefficient has a
greater amplitude in both cases. However, all eight coefficients are considered to achieve
better reconstruction accuracy. Two ring geometries for the validation model have therefore
been developed, based on Fourier regression, considering all eight Fourier coefficients.
Other hypotheses implemented in the model were:

• the profile error of the bearings is ignored
• the error of the bearings’ position is ignored

(a) (b)

Figure 7. Cont.
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(c) (d)

Figure 7. Ring edges reconstructed through Fourier series: (a) linear graph of the upper edge; (b) polar
graph of the upper edge; (c) linear graph of the lower edge; (d) polar graph of the lower edge.

Figure 8 shows the comparison results for the experimental curve obtained from the
laser triangulator and the simulated ring on the measurement point: the initial displace-
ment has not been considered here since measurements were started after the ring reached
its equilibrium. The experimental results have been filtered with a lowpass filter. For the
numerical results representation, the average curve from the two reconstructed numerical
trials is shown. The experimental curve includes error bars indicating ±1 standard devia-
tion, derived from three repeated measurements at each angular position. These error bars
provide insight into the repeatability and confidence of the experimental runout values.

Figure 8. Comparison between experimental and numerical results; error bars indicate ±1 standard
deviation from three repeated trials.

The numerical model results are consistent with the values recorded by the exper-
imental approach. The peak-to-peak distance values are calculated in both numerical
and experimental recordings. Experimental results show the runout value to be 72.9 µm,
while numerical results provide a runout of 88.6 µm. The multibody model overestimates
the experimental results with an error of 21.5%. Figure 8 shows slight discrepancies of
the numerical model from the experimental trials: there are slight deviations at specific
points (e.g., 130◦, 230◦), where the numerical prediction has higher amplitude compared
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to the filtered experimental data. The discrepancy is in the range of 5.5–17.8 µm in these
regions. The numerical data closely follows the trend of the filtered experimental data and
captures a smooth periodic oscillation with a consistent amplitude. This suggests that the
computational model accurately predicts the main behavior of the experimental system,
although minor deviations can be observed.

In addition to trajectory analysis, the time evolution of the contact force between the
ring and the bearings was evaluated to assess dynamic stability. As shown in Figure 9,
an initial transient is observed during the static settling phase (0–0.5 s), after which the
contact force stabilizes as the ring reaches steady rotation. The multibody system maintains
consistent bearing contact without separation or impact oscillations, thereby validating the
assumptions used in contact modeling.

Figure 9. Initial transient period for contact assessment.

3.2. Shape Errors on the Inner Surface of the Ring
3.2.1. Influence of the Order of Roundness Error

This section depicts the influence of the order of roundness error on the inner surface
of the ring.

Figure 10a represents the values of the circumscribed circumference diameter versus
the shape error order for all the simulated cases. Figure 10b depicts the distance between the
initial position of the center of the ring and the center of the circumscribed circumference,
Distinit, versus the shape error order.

In Figure 10c and in Figure 10d, the trajectory of the center of the ring and the circum-
scribed circumference are shown; for the sake of clarity, only roundness errors of order 2
and 3 are reported, respectively. All the order cases studied are shown in Table S2 in the
Supplementary Materials.

According to Figure 10a, there is not a monotonic relationship between the circum-
scribed circumference diameter and the shape error order, in line with the results from
previous authors [28]. As shown in Figure 10b, there is not a significant difference among
all the order cases regarding the distance between the initial position of the center of the
ring and the center of the circumscribed circumference. Figure 10c,d graphically illustrate
how the harmonic order of the shape error governs the ring’s orbit. With a 2nd-order
(elliptical) error (Figure 10c), the trajectory forms a two-axis ellipse that alternately loads
two distinct bearings. As the ring rotates, each lobe alternately engages and disengages the
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spring-loaded bearing, causing the center to shift between two principal contact regions. In
contrast, in the 3rd-order error (Figure 10d) each of the three lobes sequentially engages a
different bearing, leading to three distinct “bumps” in the trajectory. Because the bearing
layout (Z = 3) matches the harmonic order, the motion is more symmetric but can produce
slightly larger peak deviations produces a three-lobed path, resulting in a more symmetric
but still pronounced runout.

(a) (b)

(c) (d)

Figure 10. Order influence: (a) Dtrajectory vs. order; (b) Distinit vs. order; (c) ring’s center trajectory for
order 2 (blue) and its circumscribed circumference (red); (d) ring’s center trajectory for order 3 (blue)
and its circumscribed circumference (red).

3.2.2. Influence of the Amplitude of Roundness Error

This section analyzes the impact of the profile error amplitude of the ring at the
second and sixth harmonic orders. These specific orders were selected based on results
obtained from the previous simulations, which indicated variability in the circumscribed
circumference diameter values across different harmonic orders, as shown in Figure 10.
Certain orders produced pronounced variations, while others resulted in minimal val-
ues of the circumscribed circumference diameter. To systematically examine the range of
such values, the second harmonic order was chosen to represent a low-value diameter,
while the sixth to represent a high-value diameter. This approach allows for a comprehen-
sive assessment of the influence of roundness error amplitude across a spectrum of the
ring’s responses.

Figure 11a shows how the circumference diameter values grow as the amplitude of the
error increases. Figure 11b presents the variation of the distance between the initial position
of the center of the ring and the center of the circumscribed circumference in relation to
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the variation of the error’s amplitude. The relationship between Dtrajectory and the error’s
amplitude is linear for low amplitude values. However, this behavior changes when the
error’s amplitude reaches higher values.

(a) (b)

(c) (d)

Figure 11. (a) Dtrajectory vs. error’s amplitude; (b) Distinit vs. error’s amplitude; (c) ring’s center
trajectory and its circumscribed circumference (red) for 0.07 mm, 0.21 mm, and 0.35 mm amplitudes
for the 2nd order model; (d) ring’s center trajectory and its circumscribed circumference (red) for
0.07 mm, 0.21 mm, and 0.35 mm amplitudes for the 6th order model.

For result visualization purposes, Figure 11c,d represent the trajectory of the center
of the ring and the circumscribed circumference for the second order and the sixth order
respectively in correspondence to three amplitude errors applied on the inner surface of
the ring: 0.07 mm, 0.21 mm and 0.35 mm.

3.3. Error Combinations

The results of the shape error combinations are shown in Figure 12. Reference behav-
iors, shaded in Figure 12, report results obtained for the single shape error on the inner
surface of the ring and can be used to study interactions. For better outcome interpretation,
the results were grouped based on the ring’s shape error order. All the interaction cases
were compared to a single-error case on the inner surface of the ring.
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(a) (b)

Figure 12. Order error combination influence: (a) Dtrajectory; (b) Distinit.

Figure 12a depicts the influence of the shape error’s order and its combination on the
ring’s behavior. The addition of other errors on the bearing’s outer surface or their position
does not produce significant variations of the circumscribed circumference diameter; on
the contrary, it has an impact on the distance between the initial position of the center
of the ring and the center of the circumscribed circumference (Figure 12b). Comparing
combination cases 1 and 2 (ring’s shape error—bearings position error) with combination
cases 4 and 5 (ring’s shape error—bearings shape error), it can be concluded that errors in
bearings’ position have a major influence compared to errors in the bearing surface and
this is due to differences between the respective amplitudes. For the purpose of results
representation, Figure 13 shows the ring’s center trajectory in static and dynamic phases
for four different combination cases.

(a) (b)

(c) (d)

Figure 13. Ring’s center trajectory (blue) and circumscribing circumference (red) in four different
combination cases: (a) case 10—2nd order ring’s shape single error; (b) case 2—2nd order ring’s
shape error and 2nd order bearing position errors; (c) case 4—2nd order ring’s shape error and 2nd
order bearing shape errors; (d) case 7—2nd order ring’s shape error, 2nd order bearing position, and
2nd order bearing shape errors.
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4. Discussion
The workflow here developed can be applied to assess the impact of geometrical errors

affecting profiles or position errors. The multibody model can be used to inspect a single
effect or error combinations both in static and dynamic conditions. The ring is kept in place
by an elastic component, and this results in errors affecting both its initial position (initial
offset) and its trajectory. Trajectory errors are determined not only by the amplitude of the
profile errors but also by error orders that influence the elastic component behavior.

When only the order effect is studied, the greater influence of the error is observed for
orders that follow a certain pattern. In accordance with [28], when the number of bearings
Z is odd (Z = 3 in the present case), the minimum value of the circumscribed circumference
diameter is obtained for orders (Z ± 1)/2 + (n − 1) · Z, and the maximum for n·Z, where n is
a natural number. Importantly, the initial assembly state (relative ring and roller positions)
determines which rollers contact which error lobes, so that even the same shape error can
yield different ring displacements under different mounting conditions [28]. Therefore, to
improve the rotational accuracy of the dynamic system, the harmonic components that
present n·Z orders must be avoided during the manufacturing process.

Given the order of shape errors with an amplitude of 0.14 mm, the ring trajectory
errors are in the range of [0.29–0.63] mm (Figure 10); the runout error may reach up to 2 to
4.5 times the amplitude of the ring’s profile error. Meanwhile, the distance between the
initial position of the center of the ring and the center of the circumscribed circumference
does not have significant variation through all the order cases. This is due to the spring
bearing which follows the ring’s profile. The impact of the order of profile errors implies
that the rotating speed is relevant.

Due to the previous considerations, the circumscribed circumference diameter can
assume high or low values, based on the order case. These considerations helped to select
the second computational setup to cover the entire range and to study the amplitude
influence. Based on these preliminary considerations, the trajectory error varies signif-
icantly depending on the harmonic order, with potential for both high and low values.
To comprehensively evaluate this variability, initial offset values were categorized into
low and high levels. This framework informed the selection of the second computational
setup, which was designed to span the entire range of potential values, thereby enabling
a thorough analysis of amplitude effects on radial runout error. This setup allows for a
robust investigation of how amplitude variations impact the overall runout error across
different harmonic orders.

The sensitivity to harmonic order is further evident in the amplitude of the run-out
response. Given the amplitude of shape errors, the ring trajectory errors are in the range of
[0.17–2.84] mm (Figure 11). Consistent with prior studies on bearing accuracy [26,28], the
relationship between the amplitude of the profile error and the circumscribed circumference
diameter is quasi-linear, since larger form deviations raise the peak–valley height of the
raceway. Notably, amplitude effects are not uniform across orders: consistent with the
literature, we see that for orders like (Z ± 1)/2 + (n − 1) · Z (Z odd) even a large amplitude
has only a small impact, whereas for order n·Z it has a dramatic impact. This explains why
in the results, some error harmonics appear “benign” to amplitude changes while others
induce steep rises in amplitude change.

In the second part of the study, combinations of shape and positional errors were
investigated to understand their interactive influence on the system’s behavior. The results,
as presented in Figure 12, show a notable increase in the initial displacement (Distinit)
when multiple error types are combined, while the trajectory diameter (Dtrajectory) during
rotation remains largely consistent with that of the single shape-error cases. This indicates
that the interaction between different error sources—particularly shape deviations of the
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ring and positional offsets of the bearings—exerts its primary influence during the static
phase, when the ring finds its equilibrium position relative to the preloaded bearing. The
mechanism underlying this behavior arises from the engagement of shape lobes with
bearing contact points. When bearing positions are slightly perturbed, even low-order
shape deviations of the ring are encountered at different angular locations, effectively
changing the angle of interaction. This causes a geometric mismatch between the ring
profile and the preload path, resulting in a lateral shift of the ring center to minimize energy
under contact constraints. The system stabilizes in a new position that accommodates both
the lobed geometry and the altered bearing layout, leading to a larger Distinit, even if the
rotating runout amplitude does not increase substantially. Positional errors of the same
harmonic order and amplitude shift the static equilibrium by up to 0.04–0.18 mm in cases
1–4, but only marginally changing Dtrajectory. This difference arises because position errors
alter the preload geometry before rotation, whereas dynamic runout is governed more by
the ring’s profile under cyclic loading [28]. Similar effects have been described in high-
precision assemblies, where mounting eccentricities modulate contact phase and amplify
positional drift without necessarily affecting dynamic error magnitude [29,30]. Moreover,
both positioning errors and trajectory errors may actually be lower than the sum of single
error effects: shape and positional tolerances do not merely additively superpose—they
modulate each other’s effect via the changing contact geometry.

The simulation cases that included bearing shape errors (cases 4–6 and 7–9) did
not show a significant rise in Dtrajectory either. This is attributed to the smaller absolute
amplitude of bearing profile errors (e.g., for bearings having an outer diameter of 10.0 mm
the tolerances are less than 0.01 mm [17]). As a result, although three combined error
sources are present in cases 7–9, the dynamic influence remains subdued compared to the
effect of initial offset. These findings confirm that Distinit is a more sensitive metric for
assessing multi-tolerance interactions in lightly loaded or elastically preloaded bearing
systems, where the ring adjusts its position before rotation begins. Thus, for precision-
critical applications, both static displacement and dynamic runout must be evaluated, as
they respond to different aspects of the tolerance chain.

The model validation was performed through an experimental analysis. The shape
profile of the ring’s edges recorded by the roundness instrument shows that the lower edge
presents a smaller radius compared to the upper one. This is due to the manufacturing
technique implemented to build the ring: the waterjet laser technique produces a tapering
effect on the cutting surface [25]. Furthermore, the 0.0945 mm measured profile amplitude
closely matches the value used in the tolerance analysis (Cn = 0.14 mm), validating the
relevance of the shape order and interaction studies presented in previous sections. The
Fourier analysis of the edges shows the amplitude of the second harmonic component to
be dominant for both profiles, so both shapes are similar (mainly elliptical).

The resulting runout errors amplitude agreed between experimental and numerical
tests (72.9 µm vs. 88.6 µm, respectively). Phase shifts between numerical and experimental
results cannot be compared to each other as the initial measurement point on the ring is
unknown. The starting angle of measurement in the experimental setup is not aligned
with a known geometric feature, meaning any phase shift between the numerical and
experimental profiles could shift peaks and valleys in a way that alters the apparent runout.
This phase shift means that while both the experimental and simulated orbits trace similar
patterns—e.g., elliptical or lobed paths—their orientation in the coordinate frame differs.
Consequently, maximum and minimum points do not align, and the trajectory curves
cannot be overlaid directly without applying an arbitrary rotational transformation. Since
the goal of this study was to assess the magnitude and shape of the runout rather than its
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absolute angular position, the validation focused on peak-to-peak amplitude (Dtrajectory)
and orbit shape symmetry rather than phase-coherent alignment.

The discrepancy can be attributed to several model simplifications:

• The most prominent simplification in the numerical model is the assumption that both
the ring and the bearings behave as perfectly rigid bodies. The rigid-body assumption
is justified for this system given the low speeds, relatively high stiffness of the ring
and bearings, and the geometric scale of the tolerance-induced deviations. However,
in high-speed, thin-walled, or ultra-precision applications, elastic deformation could
significantly influence both static and dynamic responses and should be incorporated
through compliant multibody or FEM-based modeling extensions.

• The present model targets low-speed operation (270◦/s) with a fixed preload and rigid
bodies coupled by penalty-based contact with normal and tangential compliances, vis-
cous damping, and Coulomb friction with stiction and friction transitions. Lubrication,
material hysteresis, and structural flexibility are not included. Jacobs et al. [31] experi-
mentally show the formation of a lubricant film changes the stiffness and damping of a
deep-groove ball bearing. Alfares et al. [32] show that the initial axial preload applied
to the bearings plays a significant role in reducing the vibration levels. Following Jang
& Jeong’s rigid-rotor formulation [33], the cage and ball-spin frequencies increase with
speed via centrifugal and gyroscopic effects, so the principal order lines shift upward.
Therefore, the here developed predictions should be interpreted as conservative for
geometric-error-driven runout within the tested regime.

• The experimental ring is supported by physical bearings whose seating and alignment
introduce subtle misalignments and damp high-frequency modes. The simulation, by
contrast, assumes perfectly fixed vertical DOF of the ring and no assembly clearance.

• The reconstructed ring profile was assumed to be a perfect vertical extrusion between
upper and lower cross-sections, whereas the real ring cut via waterjet may have slight
axial taper or warping; the actual contact circumference between the bearings and
the ring may present other shape errors that are not considered in this case. This
approximation could magnify the lobing effect in the model compared to the smoother
real contact behavior.

• Only the profile error of the inner ring surface was experimentally measured: in the
actual model, there are several more tolerances to be examined, such as position error
of the bearings, shape error of the bearings, diameter error, flatness, perpendicularity,
etc.; being true that these have a smaller impact, their effect is not null. In particular, the
exclusion of bearing position errors and housing misalignments may cause the model
to over-predict sensitivity to the ring profile alone. Prior studies [24,27] emphasize that
tolerance interactions are nonlinear, and overemphasis on a single tolerance source
may inflate its simulated impact.

Nonetheless, the model validation produced positive results since model simulation
errors are kept below the expected circularity tolerance of 0.20 mm. The close match
in the trajectory shape and the systematic dynamic overestimation (rather than erratic
error) confirms that the model accurately reflects the physical mechanism of shape-induced
runout. The 21.5% margin thus provides a reliable conservative envelope, indicating that
the multibody model can be used for design and tolerance prediction even when full
elastic and tribological modeling is not feasible. Future refinement could include compliant
contact modeling or stiffness calibration based on bearing test data. The validated workflow
readily accommodates 3D and higher speed extensions. The current model already includes
in-plane translations and tilts of the ring. Axial taper and/or warping can be incorporated
without altering the solver architecture by the Fourier parametric error description used for
shapes and positions within the same workflow. On the dynamics side, the imposed motion
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law Rz(t), the parametrized spring preload and stiffness, and the IMPACT contact with
compliance and damping already in the model allow speed and preload sweeps without
changes to the topology of the model.

Despite some limitations of the numerical approach and the uncertainty of the experi-
mental setup, the model-predicted values are consistent with the experimental outcome:
the numerical results closely follow the trend of the experimental data, capturing a smooth
periodic oscillation as well as their amplitude. The analytical estimation and dynamic
effects would have been very hard to compute considering that the ring position is set
by an elastic component, and secondly, the estimation becomes very complex when more
errors are considered.

5. Conclusions
The method outlined here is very versatile and can allow the optimization of the

bearings’ tolerances or any large components such as rings according to specifications
on the position accuracy and the roundness error. The objective here is preliminary de-
sign screening to study the effect of the propagation of measured geometric deviations
through a transparent MBD model and quantify their impact on runout under representa-
tive low-speed and fixed preload conditions. The model can be customized considering
actual manufacturing errors, assessed through dedicated metrology campaigns, so that
the respective outcome can be foreseen without specific experimentation and, most im-
portantly, the effort to improve the manufacturing process can be directed towards the
most effective improvements to the end of position accuracy. This work, by incorporating
harmonic surface errors into such a multibody framework, complements recent efforts
to validate complex bearing models against experiments. Among the investigated error
sources, bearing position errors affect the static offset, as they directly change the preload
geometry before rotation. Roundness profiles, particularly with harmonic orders matching
the supporting bearings number n·Z, dominate the trajectory of the ring during rotation.
Considering that the static offset can be compensated for a posteriori, the most critical
errors are those related to critical harmonic orders in ring geometry.

The results provide a validated framework for quantifying tolerance effects in mecha-
nisms requiring high precision. The findings contribute to industrial reliability, improved
precision in robotics, manufacturing, and reduced time waste from over-specification
of tolerances.

The multibody model not only provides kinematic information, but also dynamic
output so that vibrations can be assessed, and this is particularly important in the case of
transportation of components containing liquids and/or if repeated accelerations, stops,
and inversion of rotation are foreseen.
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