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Communication
On the Computation of Square Roots and Inverse Square Roots of Gram

Matrices for Surface Integral Equations in Electromagnetics

Rui Chen , Adrien Merlini , and Francesco P. Andriulli

Abstract—Surface integral equations (SIEs) are widely used for
modeling electromagnetic scattering problems. However, after their
discretization via the boundary element method (BEM), the spectra and
eigenvectors of resulting matrices are not usually representative of those
of underlying surface integral operators, which can be problematic for
methods that rely heavily on spectral properties. To address this issue,
the spectrum of the integral operators can be recovered, while preserving
symmetry, using square roots and inverse square roots of Gram matrices.
In this work, several algorithms are delineated for the computation
of square roots and inverse square roots of several relevant Gram
matrices. The algorithms we detail rely on properly chosen polynomial
expansions of the scalar square root and inverse square root functions
and the theory of matrix functions. Tables containing different sets of
expansion coefficients are provided along with comparative numerical
experiments that evidence the advantages and disadvantages of the
different approaches. In addition, the use of the proposed techniques as
a tool for the recovery of the spectrum of integral operators is illustrated
in the case of a spherical geometry for which the analytic spectrum is
known.

Index Terms—Gram matrix, matrix function, polynomial expansion,
spectral analysis, surface integral equation (SIE).

I. INTRODUCTION

The boundary element method (BEM) is widely used for analyz-
ing electromagnetic scattering from perfectly electrically conducting
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(PEC) objects. For such scatterers, the BEM is typically used to
discretize surface integral equations (SIEs), such as the electric
field integral equation (EFIE), the magnetic field integral equation,
and their linear combinations. Different from differential equation
(DE)-based methods, the BEM does not require the use of artificial
absorbing boundary conditions for truncating the physical domain
into a finite computational domain. Moreover, the BEM requires only
the surface of the scatterer to be discretized, using boundary elements,
which results in comparatively fewer unknowns compared to the
DE-based methods [1].

To numerically solve SIEs, surface integral operators are dis-
cretized by expanding the surface current with basis functions and
testing the resulting equation, which yields a matrix system. Then,
direct solvers or iterative solvers coupled with fast matrix-vector
product algorithms are used to solve the system for the current
expansion coefficients.

However, the spectrum and eigenvectors of the resulting boundary
element matrices are not usually representative of those of the
underlying surface integral operators. It is partly because, in general,
the boundary elements do not form an orthonormal basis of the spaces
they span and the operators’ eigenvalues can be recovered through a
generalized eigenvalue problem [2]. While it is not necessarily prob-
lematic for standard solution strategies, some numerical methods rely
on delicate spectral manipulations that necessitate the correspondence
between the spectra of the operator to be discretized and that of the
corresponding boundary element matrix [3]. To solve this issue, one
could use orthonormal basis functions, but they are often impractical.

Other approaches leveraging the Gram matrices [4] of the bases
used in the discretization of the integral operators have been proposed.
For instance, when the symmetry of the original problem does not
need to be maintained, the multiplication by the inverse of the
Gram matrices [5] can be used to reconstruct the operator spectrum.
Instead, when the symmetry must be preserved, an a posteriori
orthonormalization of the bases using square roots and inverse square
roots of these Gram matrices—as delineated, for instance, in [3]
and references therein—can be used. To compute the square roots
and inverse square roots of the Gram matrices, the singular value
decomposition (SVD) [4] could be used. However, because of its
prohibitive computational cost, SVD quickly becomes impractical for
large problems. Alternatively, several algorithms have been presented
to compute these matrices—such as the Schur method [6], the Newton
method [7], or the matrix sign function [8] to name a few—and
their theory is well-established. Nonetheless, the application of these
schemes to the variety of the Gram matrices appearing in the integral
equations-relevant scenarios is not trivial. A specific set of approaches
must be selected among many and the associated parameters need to
be optimized to avoid instability issues [7] and ensure a computational
complexity compatible with traditional fast solution and iterative
eigenproblem methods [9].

In this work, several strategies inherited from scalar polynomial
expansion approaches are delineated and tailored for the evaluation
of the square roots and inverse square roots of several of the most
relevant Gram matrices for SIEs in electromagnetics. To numerically
compute these matrices suitably chosen polynomial expansions of
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the scalar square root and inverse square root functions are used
in conjunction with the theory of matrix functions [10]. Note that
the techniques delineated here could also be used in applications
beyond electromagnetics in which Gram matrices are useful, for
instance, in quantum mechanics and quantum theory [11]. Tables
containing expansion coefficients are provided along with numerical
experiments that illustrate the merits and the shortcomings of the
different approaches along with a thorough performance analysis.
To demonstrate the applicability of the proposed techniques, numeri-
cal examples showing how the spectrum of the integral operators can
be recovered from a standard boundary element matrix are presented
for the scattering from a PEC sphere for which the analytic spectrum
is known. A preliminary version of this communication with limited
implementation details was presented in [12].

II. BACKGROUND

Let S denote the surface of a PEC scatterer residing in an
unbounded homogeneous background medium with permittivity ε
and permeability µ. The PEC scatterer is excited by an electromag-
netic wave with the incident electric field Einc(r). Upon excitation, the
surface current J(r) induced on S generates the scattered electric field
Esca(r) in the background medium. The total electric field Etot(r) =
Einc(r) + Esca(r) satisfies the boundary condition n̂(r) × Etot(r) = 0
for r ∈ S from which EFIE is expressed as

−n̂(r)× Einc(r) = T [J](r) = n̂(r)×
�
− jωµ

Z
S

g(r, r′)J(r′)ds′

−
j
ωε
∇

Z
S

g(r, r′)∇′s · J(r′)ds′
�
. (1)

Here, n̂(r) is the outward pointing unit normal vector, g(r, r′) =
e− jkR/(4πR) is the Green function, k = ω

√
µε is the wavenumber, and

R = |r−r′| represents the distance between the field and source points.
Note that, the time-harmonic factor e jωt is assumed and suppressed
throughout this work.

To numerically solve (1) for J(r), S is meshed using triangular
patches. Then, J(r) is expanded using Rao-Wilton-Glisson (RWG)
basis functions [13] as J(r) =

PNE
n=1{j}nfn(r). Here, NE denotes the

number of edges of the mesh, j is the vector containing the NE
expansion coefficients to be solved for, and the nth RWG basis
function fn(r) is defined as fn(r) = (r − r+n )/(2A+

n ) if r ∈ t+n and
fn(r) = (r−n − r)/(2A−n ) if r ∈ t−n , where t+n and t−n are two triangular
patches sharing the nth edge, r+n and r−n are the vertices of t+n and t−n
that do not belong to the nth edge, and A+

n and A−n are the areas of
t+n and t−n , respectively.

Next, rotated RWG functions n̂(r) × fm(r), m = 1, 2, . . . ,NE, are
used to test the equation yielding a fully discretized matrix equation

Tj = v. (2)

Here, the entries of the boundary element matrix T has dimen-
sion NE × NE and the right-hand side vector v has NE elements.
Their elements are {T}mn = 〈n̂(r) × fm(r),T [fn](r)〉, and {v}m =
−〈n̂(r)×fm(r), n̂(r) × Einc(r)〉, respectively, where 〈·, ·〉 denotes the
appropriate bilinear form and, which for all cases studied in the
communication, can be computed as 〈a(r),b(r)〉 =

R
S a

a(r) · b(r)ds
for vector functions, 〈a(r), b(r)〉 =

R
S a

a(r)b(r)ds for scalar functions,
and S a is the support of a(r) or a(r).

For certain applications, such as preconditioning [14], the electric
field integral operator (EFIO) T must also be discretized using Buffa-
Christiansen (BC) basis functions gn(r), n = 1, 2, . . . ,NE [15]. The
BC basis functions are dual functions with respect to the RWG
basis functions and are defined on barycentrically refined triangular
patches. The explicit definition of the BC basis function gn(r) is
omitted here and can be found in [15]. We denote the Gram matrices
associated with the RWG and BC functions as Gf,f and Gg,g. Their
entries are {Gf,f}mn = 〈fm(r), fn(r)〉 and {Gg,g}mn = 〈gm(r), gn(r)〉,
respectively.

Besides the above-mentioned vector basis functions, used for the
discretization of EFIE, scalar basis functions can also be used for

the discretization of SIEs. Here, two commonly used sets of scalar
basis functions are considered the pyramid basis functions λn(r),
n = 1, 2, . . . ,NV and their dual functions λ̃n(r), n = 1, 2, . . . ,NP,
where NV and NP denote the number of vertices and triangular
patches of the mesh, respectively. The dual-pyramid basis functions
λ̃n(r) are defined on the barycentrically refined triangular patches.
The nth pyramid basis function λn(r) is defined to be equal to 1 at
the nth vertex, 0 at the other vertices, and linear on the triangular
patches sharing the nth vertex [16]. The explicit definition of λ̃n(r) is
omitted here and can be found in [15]. Similarly, the Gram matrices
associated with the pyramid and dual-pyramid functions are Gλ,λ

with dimension NV × NV and Gλ̃,λ̃ with dimension NP × NP, whose
entries are {Gλ,λ}mn = 〈λm(r), λn(r)〉, and {Gλ̃,λ̃}mn = 〈λ̃m(r), λ̃n(r)〉,
respectively.

The Gram matrices introduced above (Gf,f , Gg,g, Gλ,λ, and Gλ̃,λ̃)
are symmetric positive definite (SPD)—since we consider only Gram
matrices of bases [4]—and can be used for the normalizations of the
EFIE boundary element matrix T, the loop-to-RWG transformation
matrix Λ, and the star-to-RWG transformation matrix Σ, where the
explicit definitions of Λ and Σ can be found in [17]. As mentioned in
[3], using the matrices multiplied by the inverse square roots of the
corresponding Gram matrices T̃, Λ̃, and Σ̃ instead of their standard
counterparts T, Λ, and Σ allows for more efficient spectral manipu-
lations for problems involving nonuniformly discretized geometries.
These new matrices are obtained by multiplying the standard matrices
with the inverse square roots of the corresponding Gram matrices,
for example, T̃ =

p
Gf,f

−1T
p

Gf,f
−1. In Section III, strategies for the

computation of the square roots and inverse square roots of the real,
sparse, and SPD Gram matrices introduced above are presented.

III. COMPUTATION OF THE SQUARE ROOTS AND INVERSE
SQUARE ROOTS OF THE GRAM MATRICES

To compute the square roots and inverse square roots of the Gram
matrices of interest, a simple-to-define but expensive-to-compute
approach is leveraging SVD [4]. SVD of a real SPD matrix G of
dimension N × N is

G = USUT (3)

where S is a diagonal matrix with nonzero elements that are the
N singular values of G and U is a unitary matrix. Here, and in the
following, G stands for any of the matrices Gf,f , Gg,g, Gλ,λ, and Gλ̃,λ̃.
Given that the Gram matrices under consideration are also invertible,
their square roots and inverse square roots can be obtained as

√
G = US̄UT (4)

√
G−1 = US̄−1UT (5)

where S̄ is a diagonal matrix of which the diagonal entries are the
square roots of that of S. However, because of the computational cost
of the SVD algorithm, this method quickly becomes impractical for
large problems. Note that, since the matrices under consideration are
SPD, their respective square roots are unique [18].

In this work, the square roots and inverse square roots of the Gram
matrices are expressed as

√
G =

p
‖G‖2

p
G/‖G‖2 (6)

√
G−1 =

p
‖G‖2−1

p
G/‖G‖2−1 (7)

where ‖G‖2 denotes the L2-norm of G. Even though this normaliza-
tion by ‖G‖2 is not a necessary step of our proposed techniques, it
is helpful for our analysis and the value of ‖G‖2 can be computed
fast using power methods [19] for sparse, SPD, and well-conditioned
matrices. Then, because the Gram matrices under consideration are
sparse,

√
G/‖G‖2 and

√
G/‖G‖2−1 are numerically approximated

using polynomial expansions-based algorithms combined with the
theory of matrix functions [10] as presented in Sections III-A–III-C.
Finally,

√
G and

√
G−1 are computed by multiplying

√
‖G‖2 and√

‖G‖2−1 with the numerical approximations of
√

G/‖G‖2 and√
G/‖G‖2−1, respectively. This approach is made possible by the fact
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that all the Gram matrices under consideration are sparse, meaning
that they can be computed, stored, and multiplied to a vector in
linear complexity, which is crucial to maintain compatibility with
fast solvers for the overall electromagnetic problem.

To condense the treatments, given a real, sparse, and SPD matrix
X of dimension N × N, we denote f (X) as a matrix function that
corresponds to either X 7→

√
X or X 7→

√
X−1. The numerical

expression of f (X) can be obtained by generalizing the numerical
(polynomial or rational) approximation of its scalar function coun-
terpart f (x), which corresponds to either x 7→

√
x or x 7→

√
x−1,

x ∈ R+, to matrix arguments [10]. Then, the numerical approx-
imations of

√
G/‖G‖2 and

√
G/‖G‖2−1 are obtained by using the

expansions of
√

X and
√

X−1 with X = G/‖G‖2. We denote by δ the
relative error between f (X)—computed, for instance, by SVD—and
its approximation f num(X): δ = ‖ f (X) − f num(X)‖2/‖ f (X)‖2.

A. Taylor Series Expansion
As the first algorithmic approach, the Taylor series expansion

(TSE) [20] is used for the polynomial approximations of x 7→
√

x and
x 7→

√
x−1. Using TSEs, x 7→

√
x and x 7→

√
x−1 can be numerically

expanded around x = 1 as

x 7→
√

x ≈
NTX
n=0

cTSE
n (x − 1)n, and

x 7→
√

x−1 ≈

NTX
n=0

c̃TSE
n (x − 1)n. (8)

Here, NT is the order of the TSE, and cTSE
n and c̃TSE

n are the nth
expansion coefficients of TSE for the approximations of

√
x and√

x−1, respectively. These coefficients can be computed as

cTSE
n =

√
x(n)|x=1

n!
, and c̃TSE

n =
(1/
√

x)(n)|x=1

n!
. (9)

The approximations of their matrix function counterparts X 7→
√

X
and X 7→

√
X−1 are obtained by generalizing (8) to X as

X 7→
√

X ≈
NTX
n=0

cTSE
n (X − I)n, X 7→

√
X−1 ≈

NTX
n=0

c̃TSE
n (X−I)n (10)

where I is the identity matrix with the same dimension as X.
The values of the first ten expansion coefficients of the TSEs

{cTSE
n }

9
n=0 and {c̃TSE

n }
9
n=0 are {1, (1/2),−(1/8), (1/16), −(5/128),

(7/256),−(21/1024), (33/2048),−(429/32 768), (715/65 536)} and
{1,−(1/2), (3/8), −(5/16), (35/128),−(63/256), (231/1024),−(429/
2048), (6435/32 768), and −(12 155/65 536)}, respectively.

B. Chebyshev Polynomial Expansion
As the second algorithmic approach, the truncated Chebyshev

polynomial series expansion (CPE) [21] is used for the polynomial
approximations of the square root function and its reciprocal on the
interval x ∈ [n0, 1] as

x 7→
√

x ≈
NCX
n=0

′cCPE
n Tn(x), and x 7→

√
x−1 ≈

NCX
n=0

′c̃CPE
n Tn(x). (11)

Here, the primed summation indicates that the first term is halved, n0
is a positive real number, NC is the expansion order of CPE, Tn(x) is
the shifted Chebyshev polynomial of the first kind of order n defined
on the interval x ∈ [n0, 1] as

Tn(x) =

8̂̂̂̂
<̂
ˆ̂̂:

1, if n = 0
2x − (n0 + 1)

1 − n0
, if n = 1

2
�

2x − (n0 + 1)
1 − n0

�
Tn−1(x) − Tn−2(x), otherwise

(12)

and the Chebyshev series coefficients cCPE
n and c̃CPE

n for the approxi-
mations of

√
x and

√
x−1 can be computed as [21]

cCPE
n =

2
π

Z 1

n0

√
xTn(x)p

−x2 + (n0 + 1)x − n0

dx (13)

c̃CPE
n =

2
π

Z 1

n0

√
x−1Tn(x)p

−x2 + (n0 + 1)x − n0

dx (14)

which can be rewritten with special functions as

cCPE
n = 2

√
n0

3F2

�
−1/2 1/2 1

1−n 1 + n ; 1 − n−1
0

�
Γ(1 − n)Γ(1 + n)

(15)

c̃CPE
n =

2
√

n0

3F2

�
1/2 1/2 1
1−n 1 + n ; 1 − n−1

0

�
Γ(1 − n)Γ(1 + n)

(16)

where 3F2 is the generalized hypergeometric function [22] and Γ is
the Euler gamma function.

Similarly, after the series expansions of x 7→
√

x and x 7→
√

x−1

in (11) are derived, their matrix function counterparts can be obtained
by generalizing (11) to the matrix arguments as

X 7→
√

X ≈
NCX
n=0

′cCPE
n Tn(X) X 7→

√
X−1 ≈

NCX
n=0

′c̃CPE
n Tn(X), (17)

where direct evaluation of the sum in (17) is not necessarily optimal
and other algorithms can be employed [23], and Tn(X) is defined as

Tn(X) =

8̂̂̂̂
<̂
ˆ̂̂:

I, if n = 0
2X − (n0 + 1)I

1 − n0
, if n = 1

2[2X − (n0 + 1)I]
1 − n0

Tn−1(X) − Tn−2(X), otherwise.

(18)

Note that, due to the normalization and the properties of the Gram
matrices we study, the spectrum of X—to which the polynomial
approximations are applied—lives in the interval [n0, 1], where n0
is the inverse of the condition number of X. When using (17),
the coefficients cCPE

n and c̃CPE
n must be computed for each matrix

since they depend on the condition number of the matrix argu-
ment n−1

0 . If this turns out to be inconvenient, tabulated values of
coefficients can be used for the matrices that have a value of n0
living in known ranges. Usage of such tabulated values will typically
yield higher errors than the computation with the matrix-dependent
coefficients. In Section IV, we will provide numerical results for
these two approaches designated as “CPE-1” for the matrix-specific
approach and “CPE-2” for the tabulated approach, respectively. For
convenience, the values of cCPE

n and c̃CPE
n of CPE-2 are provided in

Tables I and II for given bounds on the matrices conditioning
(different n0).

C. Padé Approximant Expansion
The last algorithmic approach we explore is the Padé approximant

expansion (PAE) [24] for x 7→
√

x and x 7→
√

x−1 at x = 1 as

x 7→
√

x ≈
PNA

n=0 cPAE
n xnPNA

n=0 cPAE
n xNA−n

x 7→
√

x−1 ≈

PNA
n=0 cPAE

n xNA−nPNA
n=0 cPAE

n xn
. (19)

Here, NA is the expansion order of PAE, and cPAE
n is the nth expansion

coefficient of PAE for the approximations of
√

x and
√

x−1, which
depends on NA and can be obtained after solving the linear equation
systems as presented in [25].
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TABLE I
FIRST 20 CHEBYSHEV SERIES COEFFICIENTS FOR THE SQUARE ROOT FUNCTION FOR DIFFERENT n0

TABLE II
FIRST 20 CHEBYSHEV SERIES COEFFICIENTS FOR THE INVERSE SQUARE ROOT FUNCTION FOR DIFFERENT n0

TABLE III
FIRST 10 PADÉ SERIES COEFFICIENTS FOR DIFFERENT NA

The numerical expressions of their matrix function counterparts
are obtained by generalizing (19) to the matrix arguments as

X 7→

8̂̂̂̂
<̂̂
ˆ̂̂̂:
√

X ≈

 
NAX
n=0

cPAE
n XNA−n

!−1  NAX
n=0

cPAE
n Xn

!
√

X−1 ≈

 
NAX
n=0

cPAE
n Xn

!−1  NAX
n=0

cPAE
n XNA−n

!
.

(20)

The detailed values of the expansion coefficients cPAE
n of PAE for

NA = 0, 1, . . . , 9, are provided in Table III.

D. General Comments
Before the presentation of numerical experiments in Section IV,

we would like to attract the readers’ attention to the following points.
For the reader’s convenience, Table IV lists the order NT, NC,

and NA at which the Taylor, Chebyshev, and Padé series should
be truncated for the numerical expansion of

√
X and

√
X−1 to

reach a target relative error δ for X with different condition number
(different n0); these truncation orders have been obtained through
extensive numerical experiments.

IV. NUMERICAL RESULTS

In this section, some numerical experiments are presented to
investigate the advantages and disadvantages of TSE, CPE, and PAE
for the computation of

√
G and

√
G−1 for G ∈ {Gf,f ,Gg,g,Gλ,λ,Gλ̃,λ̃}

with thorough performance analysis and demonstrate the applicability
of the proposed techniques to spectral analysis.

A. Accuracy of the Computation of
√

G and
√

G−1

As the first numerical experiment, the accuracy of the computation
of
√

G and
√

G−1 using the proposed techniques is investigated.
A PEC sphere of radius 0.5 m centered at the origin and residing
in free space is considered. The sphere surface is nonuniformly
discretized into three meshes designated as “mesh-1,” “mesh-2,”
and “mesh-3” with {NE,NP,NV} = {1230, 820, 412}, {NE,NP,NV} =
{2193, 1462, 733}, and {NE,NP,NV} = {4449, 2966, 1485}, respec-
tively. These sets of meshes are selected so that the resulting
Gram matrices are increasingly ill-conditioned for mesh-1, -2,
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TABLE IV

TRUNCATION ORDER NT , NC , AND NA FOR THE EXPANSION OF
√

X (LEFT) AND
√

X−1 (RIGHT) TO REACH TARGET δ FOR X WITH DIFFERENT n0

Fig. 1. Relative error δ of the computation of (a)
p

Gf,f , (b)
p

Gg,g,
(c)

p
Gλ,λ, and (d)

p
Gλ̃,λ̃ using TSE, CPE-1, CPE-2, and PAE for three

mesh sets against the expansion order.

and -3 with the condition number of {Gf,f ,Gg,g,Gλ,λ,Gλ̃,λ̃}

equal to {5.16, 5.74, 6.72, 9.11}, {20.45, 14.49, 29.12, 24.58}, and
{615.61, 344.95, 361.91, 269.31}, respectively.

Figs. 1(a)–(d) and 2(a)–(d) show the relative error δ of the com-
putation of

p
Gf,f ,

p
Gg,g,

p
Gλ,λ,

p
Gλ̃,λ̃ and

p
Gf,f

−1,
p

Gg,g
−1,p

Gλ,λ
−1,

p
Gλ̃,λ̃

−1 for three sets of meshes against the expansion
order, respectively, where δ is the relative error between

√
G or

√
G−1

computed using SVD and its numerical computation as described
in Section III. As expected, the accuracy of the computation of√

G and
√

G−1 using the proposed techniques for all the sets of
meshes increases with the expansion order. Moreover, for a fixed
expansion order and a given algorithm, the accuracy of the numerical
computation of

√
G and

√
G−1 improves with mesh uniformity. This

is because, as the mesh quality improves, G exhibits a lower condition
number approaching 1 and the numerical computation of

√
G and√

G−1 improves too (see Section III-D).
Moreover, for mesh-1 (resulting in a lower condition number

for G), the PAE converges faster than the TSE and the CPE. In this
case, one could choose the PAE that needs fewer expansion orders
for a given computational accuracy.

Fig. 2. Relative error δ of the computation of (a)
p

Gf,f
−1, (b)

p
Gg,g

−1,
(c)

p
Gλ,λ

−1, and (d)
p

Gλ̃,λ̃
−1 using TSE, CPE-1, CPE-2, and PAE for three

mesh sets against the expansion order.

In addition, the figures show that we could use CPE-2 as a
good approximation of CPE-1 by directly using the bounds of the
known ranges in which n0 lives and the corresponding coefficients in
Tables I and II for CPE for convenience. As one would expect, the
error behavior of CPE-1 and CPE-2 converges toward one another
when the actual value of n0 for a given set of meshes and a given
Gram matrix corresponds to the lower bound of the range of n0
(used to select the CPE-2 tabulated coefficients). Additionally, the
Chebyshev series truncation order NC of CPE-2 for the computation
of
√

G and
√

G−1 to reach target δ for G with different condition
number in Figs. 1(a)–(d) and 2(a)–(d) generally matches with that
reported in Table IV. Also, the accuracy of the computation of

√
G−1

is generally lower than that of
√

G using the same expansion order,
the same algorithm, and the same set of meshes for the same G in
Figs. 1(a)–(d) and 2(a)–(d), which is in accordance with the reports
in Table IV.

B. Application to Spectral Analysis
As the second numerical experiment, the use of the proposed

techniques as a tool for the study, manipulation, and accurate recovery
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Fig. 3. Comparison of the singular values of T and T̃ with the spectrum of
T including a zoom around singular value index for 3380 (a) k = 0.1 rad/m
and (b) k = 2.744 rad/m.

of the spectrum of the relevant integral operators is showcased. The
surface of a PEC sphere of radius 1 m is uniformly discretized with
{NE,NP,NV} = {5070, 3380, 1692} and the corresponding boundary
element matrix T is obtained as delineated in Section II. The spectral
analysis is demonstrated for a spurious resonance of the EFIE
operator and a nonresonant wavenumber.

Fig. 3(a) and (b) compares the singular values of the standard
EFIE matrix T and its normalized counterpart T̃ with the analytic
spectrum of the surface integral operator T obtained from a spher-
ical harmonics analysis of the problem [17]. The nonresonant and
resonant wavenumbers [26] are, respectively, k = 0.1 rad/m and
k = 2.744 rad/m and the condition numbers of the corresponding
T matrices are 1.7×105 and 2.9×103. The results are obtained with
the PAE for

p
Gf,f

−1 with NA = 9. Clearly, the singular values of T̃
have a good agreement with the spectrum of T while those of T do
not, even for the resonant scenario.

When assessing the quality of the spectrum obtained from the
BEM matrices of the EM operators, one should keep in mind that
several sources of errors will cause deviation of the matrix spectrum
from the continuous operator’s spectrum. They include the error in the
computation of the elements of the BEM matrices—for instance, in
the computation of nearly singular integrals [27]—the error caused
by the truncation of the expansions of the reciprocal square roots
of the Gram matrices, and the error introduced by the spectral
properties of the discretization bases [28]. In Fig. 3, these errors
degrade the precision of the singular values associated with highly
oscillating singular vectors while the rest of the spectrum shows a
good agreement with spherical harmonics.

V. CONCLUSION

In this work, three polynomial-expansion-based algorithms are
delineated for the computation of the square roots and inverse square
roots of some of the most relevant Gram matrices for SIEs. Properly
chosen polynomial expansions of the square root and inverse square
root of the scalar functions and the theory of matrix functions are
used. Tables containing the different sets of expansion coefficients
are provided along with the comparative numerical experiments that
illustrate the advantages and disadvantages of the different strategies.
Moreover, the application of the proposed techniques to spectral
analysis is demonstrated, which could be applied to most of the
standard SIEs in electromagnetics and acoustics.
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