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ABSTRACT

In the analysis of any type of system, granting maximam information extraction from its data is
non-trivial. Confidence in successful information extraction typically builds on prior knowledge
of the studied system or on the user’s experience./However, a tobust and objective criterion for
ensuring maximum information extraction from data is difficult to define. Here, we introduce a
data-driven approach that employs Shannon.entropy as a transferable metric to assess and quantify
Maximum Information Extraction (MInE) from data via their clustering into statistically-relevant
micro-domains. The method is general and canbe applied virtually to any type of data or system. We
demonstrate its efficiency by analyzing, as a firstexample, time-series data extracted from molecular
dynamics simulations of water andsice coexisting at the solid/liquid transition temperature. The
method allows quantifying the information contained in the data distributions (time-independent
component) and the additional information gain attainable by analyzing data as time-series (i.e.,
accounting for the information contained in'data time-correlations). The different micro-domains
that can be effectively resolved and classified in the system are characterized by own entropy, which
are found consistent with experimentally known thermodynamic parameters. A second test case
demonstrates how the MInE(approach is also effective for high-dimensional datasets and clearly
shows how including little informative, but noisy, extra components/features in high-dimensional
analyses may be not onlyuseless; but.eéven detrimental to maximum information extraction. This
provides a robust parameter-free approach and quantitative metrics for data-analysis, and for the

study of any type of system/rom its data.

Keywords Information gain - Shannon entropy - Data clustering - Time-series - Data science

Introduction

Scientific data analysis often requires critical methodologi-
cal choices — such as the selectionof observables, resolu-
tion, and analysis parameters — that significantly influence
both the extraction and interpretation of physical informa-
tion [[1]-[3]]. These choices are frequently guided by heuris-
tic conventions, prior experience, or implicit assumptions,
which can introduce bias and compromise the robustness
and reliability of the results [4], [5]. An automatic method
capable of learning directly from the data the maximum
information’effectively extractable from them would be
a breakthrough in many fields, from data science to the

*Corresponding author: giovanni.pavan@polito.it

study of the physical behavior of complex systems. As
notable examples, various algorithms have been developed
to optimize specific analysis parameters [0]], [7]. While
effective, these methods typically focus on isolated steps in
data acquisition or processing — such as, e.g., feature selec-
tion [8]-[/11]], clustering [[12]], [13]], or coarse-graining [14],
[15]] — making it difficult to assess and compare the im-
pact of different choices using a unified transferable metric.
However, understanding the physics of complex systems
or extracting the maximum amount of information from
their data would require a unified framework/method that
allows systematically tackling such problems in a more
general, holistic, and comprehensive way.
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Here we present a robust, data-driven approach based on in-
formation theory to optimize such methodological choices,
thereby maximizing the extraction of relevant information
through the clustering of data into statistically relevant
micro-domains. This method, herein referred to as “Max-
imum Information Extraction" (MInE), is versatile and
applicable to both uni- and multivariate datasets and to
study the physics of virtually any type of system from its
data. The MInE approach employs a Shannon entropy-
based metric to quantify the information gain (i.e., entropy
decrease) achieved via clustering across various cases and
setups, providing a principled criterion for identifying the
optimal methodological choices and analysis setup for
maximizing information extraction. We demonstrate the
effectiveness of MInE in maximizing the extraction of
information from data using different case studies. In par-
ticular, we show how the method is particularly efficient
and useful in cases that are typically non-trivial, such as in
noisy datasets and time-series.

By using Shannon entropy as a transferable metric, MInE
compares the information extractable as a function of the
micro-clusters that can be effectively resolved. The opti-
mal resolution [[16] and best analysis setup for maximum
information extraction are identified as those minimizing
Shannon entropy. We demonstrate the effectiveness of
MInE through two case studies. First, we compate the
information extractable from univariate time-series data —
obtained using different descriptors [[17]-[19] from Molec-
ular Dynamics (MD) trajectories of water and.ice phases
coexisting at the melting temperature — as ‘a functionrof
resolution and/or descriptor choice. We demonstrate how
the different micro-clusters that are discovered from the
data correspond to domains that are characterized by their
own internal entropy — proving their physicabrelevance —,
whose differences are found consistent with known ther-
modynamic quantities for aqueous systems (e.g.; entropy
of fusion). Second, in a model Langevin dynamics on a
bi-dimensional energy landscapes we show how MInE can
assess how information extraction is dnfluenced by the in-
terplay between the number of dimensions considered and
the impact of noisy data and frustrated information phe-
nomena [20]] in multivariate analyses., These case studies
highlight MInE as a physically:robust and general method
for optimizing data analysis and for maximizing the knowl-
edge attainable from virtually any type of system and/or
data.

Methods

Theoretical Framework

The'Shannon entropy [21] of an observable x, which takes
values in a set X' with probability distribution p(z), is
definedvas:

H(z) ==Y p(x)log, p(x) )

reEX

This quantity measures the uncertainty in x4 with higher
entropy indicating a broader distribution andldower entropy
corresponding to more sharply concentrated distributions.
By normalizing the Shannon entropy between 0 and 1 (see
Methods section), we can define' the information available
from the data as:

I=140 2)

In this way, the information containediin the data takes
values in the range 0 < I < 1. In the limit case where the
data contain no uncertainty (e.g., all data points exactly
equal to one specifi¢ single-value), I equals to 1, while
I = 0 corresponds to thecase where data are completely
random (pure entropy), containing no structure, and no
statistically relevant information can be extracted from
them.

In practice, the information Iy = 1 — Hj contained in the
data, where Hgis the Shannon entropy of the raw data, can
be increased by clustering them into statistically distinct
micro-domains. For a dataset clustered into K clusters
with probability distributions py (), the Shannon entropy
of the clustered system is:

K
Hclust(z) = kaHk 3
k=1

where f;. is the fraction of data points in cluster &, and
H, is the Shannon entropy of the data within that cluster.
By concavity, clustering never increases entropy, and the
corresponding information gain is thus defined as:

Al = —AH = Hy — Hypyg > 0 )

where H| is the Shannon entropy of the original data dis-
tribution.

This quantity effectively measures the reduction in uncer-
tainty achieved via data clustering [22], and correspond to
the Mutual Information [23]] between the descriptor and the
cluster labels. Possible alternative definitions are discussed
in Fig. S5 in the SI, also showing the robustness of this
definition. Based on Eq. [} Iy = Ip + AI. Optimizing
the clustering of the data thus allows to maximize the in-
formation gain following clustering, and consequently the
information effectively extractable from the data, I . A
trivial clustering — where all points belong to a single clus-
ter, or are assigned randomly — yields Al ~ 0, indicating
little to no information gain compared to that attainable
simply form the distribution of the data. In contrast, an
effective clustering maximizes A, maximizing the trans-
lation of the data structure into information.

Detailed information on the entropy calculation are pro-
vided in the Materials and Methods section, as well as in
the SI. Our tests demonstrate that the MInE method is ro-
bust with respect to, e.g., changing the binning in the calcu-
lation of entropy (see Fig. S6), or using a different entropy
estimator (e.g., the Kozachenko-Leonenko density-based
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estimator — see Fig. S6). Note that, while here Shannon
entropy is our primary measure for building our method, al-
ternative information-theory based metrics (such as, when
dealing with time-series, Approximate Entropy [24] or
Sample Entropy [25], [26]]) can also be employed within
the same framework.

In short, MInE shows the maximum amount of informa-
tion attainable from data, and unveils how to effectively
extract it. Note that the MInE workflow thus substantially
differs from entropy-minimization based clustering algo-
rithms [27]]. Shannon entropy minimization is not used in
MInE to guide the clustering itself, but it is rather applied
a posteriori to evaluate the effectiveness of the method-
ological choices for the clustering and to quantify the in-
formation attainable from it. While the MInE approach is
general and can be used to reveal the maximum extractable
information from virtually any type of data (e.g., static, dy-
namic), here we demonstrate its effectiveness by applying
it to prototypical challenging cases, such as highly noisy
time-series data generated by complex dynamical systems
of various types.

MD simulations

Complete details on the MD simulation performed fog this
study are reported in the SI.

Results and Discussion

From entropy to information and back

As a first example, we tested the MInE framework to ana-
lyze MD simulation trajectories of 2048 TIP4P/ICE [28]]
molecules coexisting in dynamic equilibrium, between
solid and liquid phases at the melting témperature (Fig. [Th).
After equilibration, we performed a 7 = 50 ns produc-
tion run under NPT conditions; sampling.trajectories
every 0.04 ns (complete simulation details‘are provided
in the SI). We used various single-particle descriptors to
extract univariate time-series data from.the MD trajecto-
ries, each capturing distinet structural and/or dynamical
features of the system,«with. its own'signal-to-noise ra-
tio [29], [30]. For example, Figs. [I| and 2] show results
obtained using the Smooth Overlap of Atomic Positions
(SOAP) [17]], which-provides a rotationally invariant, high-
dimensional representation of the local molecular den-
sity around each molecule (FigafIb). The SOAP power
spectrum offers afingerprint of the spatial arrangement
of neighboring molecules within a sphere of radius r,
around each molecule. Fig. 2] also contains analyses on
the Local Environment and Neighbors Shuffling (LENS)
descriptor [[19];which captures the entity and speed of the
reshuffling of the neighboring molecules of each molecule.

In the case of noisy time-series data, such as these ones, the
ability to detect/discriminate statistically relevant micro-
domains through single point clustering depends on the res-
olution At used to segment and analyze the data [16], [20],
[31]. Among the available algorithms for single point time-

series analysis [32]], here we use Onion clustering [31]], an
unsupervised method that identifies all statistically rele-
vant micro-domains (including hidden ones) that ean be
resolved in a time-series of length 7 agia function of At,
as well as the fraction of unclassifiable data due todnsuffi-
cient resolution. More details about:Onion clustering are
available in the SI. While Onionelustering is particularly
well suited to for handling noisy time-series, data, and it
is thus chosen as a basis for the demonstrations presented
herein, note that the MInEanethod is'general and can be
applied, in principle, in combination,with any other clus-
tering technique (see Fig. S1, which shows how MInE can
reproduce standard clusteringivaluation approaches, like
the Bayesian Information Criterion [33]], when available).

(d)

T
0.001

P(x)

6 1‘0 2‘0 3‘0 4‘0 5‘0 0.000
Simulation time [ns]

Figure 1: (a) Snapshot of the water/ice atomistic model
system used as a case study. (b) Schematic of the SOAP de-
scriptor, which provides a high-dimensional representation
of the density, order/disorder, and symmetry of the arrange-
ment of neighboring molecules around each molecule. (c)
Denoised [34] PC1 SOAP time-series [20], [30] for the
2048 molecules as a function of simulation time. In red:
the signal of a representative molecule undergoing a water-
to-ice transition. (d) Probability distribution P(z) of the
SOAP PCl1 signals (gray). Two main clusters, correspond-
ing to the liquid and ice phases (inset), are identified by
the two maxima in P(z) (orange and blue Gaussian fits).
These clusters are readily detected using pattern recogni-
tion methods (see SI for details).

In the following, we show as a representative example the
results obtained by analyzing denoised [34]] time-series
data of the first principal component (PC1) of the SOAP
vectors, which is an interesting informative descriptor for
such systems [20], [30] and for the demonstrations that we
are providing herein (complete description for the SOAP
analysis are provided in the Supplementary Material). Data
obtained with other descriptors [19] and/or by reducing
the dimensionality of the SOAP spectra with other meth-
ods (e.g., via Time-lagged Independent Component Anal-
ysis [35], [36]]) are reported later in the paper, and in the
Supplementary Material. Fig. [Tk shows the SOAP PC1
time-series data for all molecules along the trajectory (in
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black), with one molecule undergoing an ice-to-water tran-
sition highlighted in red. The probability distribution P(x)
of the entire SOAP PC1 dataset is shown in Fig. [T{d (gray).
The two prominent density peaks in P(x) allow typical
clustering methods to readily identify two main clusters in
the data. These clusters, represented by the orange and blue
Gaussian curves centered on the P(z) peaks in Fig. [I[,
correspond to the liquid and solid phases, as shown in the
snapshot inset with matching color coding.

However, additional information is nested inside these
data, particularly in their temporal correlations [31]]. This
is evident from the results obtained by Onion clustering
at smaller At (i.e., increasing the temporal resolution).
Complete Onion clustering results are shown in Fig. S1 in
the SI, showing that the number of resolvable clusters is
maximized in the resolution interval 2 ns < At < 20 ns.
Within this range, the method identifies three statistically
distinct clusters corresponding to the ice and water phases,
and the ice/water interface (see Fig. S2 in the SI).

Note that results such as, e.g., the number and quality of de-
tected clusters, as well as the fraction of unclassified data,
are descriptor-dependent. Each descriptor is characterized
by its own signal-to-noise ratio, and its feature space is
defined by metrics that differ from those of other descrip-
tors. As aresult, it is not trivial to unambiguously infer;for
example, whether the information captured by the SOAP
PC1 descriptor represents the maximum extractable infor-
mation, or how one descriptor compares to another. MInE
overcomes this limitation by using entropy.as a'transfer-
able metric and exploiting Shannon entropy minimization
to assess the maximum information that can be extracted
from the data following clustering, asdefined by Eq. A}

Fig. Zh shows the information I attainable from the data
before and after clustering. The information contained in
the data probability distribution P(z) (prior to clustering)
can be quantified by its Shannon entropy,/{ (calculated
via Eq.[I), as Iy = 1 — Hy ~/0.151 (black horizontal
dashed line in Fig. 2h). Since this yalue depends solely
on the data distribution, it isdndependent of the time res-
olution At used in the subsequent clustering analysis. In
contrast, the information contentafter, clustering is given
by Lust(At) = 1 — Hguy (At), represented by the solid
black curve in Fig. Pa. The gray-shaded area between
these two curves represents the total information gain
extractable, in this case, by,Onion clustering. Shannon
entropy minimization'is achieved at At* = 1.8 ns (ver-
tical red dashed lin¢), where the maximum information
Tnax = Touse(At™) ~.0.41is attained (confidence intervals
for the entropy values are shown in Fig. S3). At all resolu-
tions, the'sum of the resolved information I and the resid-
ual entrepy H.remains constant (by definition). Above the
solid black line'in Fig. [2h, the weighted Shannon entropy
of the differént resolved environments (micro-clusters),
[rHypis shown for each value of At. As seen in Fig. [2h,
within the range of At where the ice/water interface (green
area)is resolved as a distinct micro-cluster, the information
I ust 1s maximized when the fraction of unclassified data

points (in violet) is minimized. To ensure that the:entropy
values obtained are not overfitting on the singlestrajectory,
we performed all the analyses also on the two halves of
the trajectory, obtaining quantitatively identical results, see
Fig. S4.

From an information-theoretic perspective, the disappear-
ance of the interface cluster (green) leadsito an increase
in the residual entropy fi Hy{of the remaining clusters
(Fig.2p). Conversely, when the interface is detected, the
total entropy in Eq. [3decreases, despite the introduction of
an additional term. This is because the reduction in fi H},
for the ice and liquid phases more than compensates for the
added entropy contribution of the'interface. Physically, the
optimal range 2 ns S At.< 20 ns provides the best balance
between resolutiofnand noise, enabling the identification of
the ice/water interface;which'has a characteristic residence
time of ~ 10.ns [37]]. Atlower time resolutions (At > 20
ns), an increasing fraction of data points remain unclassi-
fied, resulting. in a raise in the residual entropy H,s and
a corresponding decrease in the information gain (gray
area ifvFig. Eh). On the other hand, at higher resolutions
(At-<. 1 ns), the interface can no longer be resolved as
addistinct envig)nment. This occurs because excessively
fine temporal segmentation emphasizes short-time molec-
ular 'vibrations —interpreted as noise— at the expense of
capturing'the physically meaningful transitions between
phases [20]].

To estimate the contribution of time correlations to the
total information Iy, we repeated the Onion clustering
analysis after randomly reshuffling the time-series frames.
This procedure preserves the data probability distribution
P(z), while effectively removing temporal correlations,
thereby eliminating any information that could be extracted
from them. We performed this reshuffling ten times and
computed the average values of I,y as a function of At;
the variance in the estimation was consistently below 0.1%
for all At. The results are shown in Fig. 2h as a dotted
curve. Notably, this curve is nearly horizontal, indicating
that — once time correlations are removed — the extractable
information becomes largely independent of the resolu-
tion At. Furthermore, the value of I obtained from
the reshuffled data closely matches that obtained from the
original time-series when analyzed at the lowest possible
resolution (At = 7 = 50 ns). In Fig. 2h, the difference be-
tween the [ baseline (dashed line) and the reshuffled 7,
(dotted line) represents the information gain achievable
via clustering under a purely ergodic approximation — that
is, neglecting time correlations. Finally, the difference be-
tween this dotted I, curve and the solid black I, (At)
curve (corresponding to the original time-ordered series)
quantifies the additional information that is uniquely en-
coded in the temporal correlations — highlighted by the
diagonally hatched gray area in Fig. [2h. These results are
particularly interesting because, while time-correlations
are kept into account by Onion Clustering, they are then
ignored in the Shannon entropy calculations. Despite that,
the results of Fig. 2h show that the MInE framework is ca-
pable to evaluate and quantify the extra information gained

Page 4 of 12
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Figure 2: Information gain from Onion clustering as a function of the time resolution At used in the analysis. Top:
schematic representation of a typical MInE workflow. Starting from a dataset (in this case, time-series of single-particle
descriptors such as SOAP or LENS), clustering is performed (with Onion Clustering, setting the time resolution At),
and the information gain for each descrigtor and'each At is evaluated. Bottom: Panel (a) shows results for the SOAP
PC1 dataset with spatial averaging; panel (b) shows results for the LENS dataset. In both panels, the horizontal dashed
line (1) represents the information content of the raw data distribution. The solid black curve (/s ) represents the
information retained after clustering, which varies with At¢. The gray-shaded area corresponds to the increase in
information content achieved through clustering. The dotted line shows the information gain obtained when the dataset
frames are randomly reshuffled, while the diagonally hatched area highlights the additional gain attributable to time
correlations. The width of the, colored regions reflects the weighted Shannon entropy f; Hj, of each environment,
illustrating how entropy varies with At. In panel (a), I.j,5 reaches a maximum at At ~ 2 ns (vertical red dashed line),
indicating the optimal time resolution for extracting information from the SOAP PC1 time-series. The simulation
snapshot is colored according«to Onion clustering at this resolution: bulk ice and liquid water appear in blue and
orange, respectively, with the solid—-liquid interface in green. A small fraction of unclassifiable points appear as sparse
molecules in purple/(color coding matches that in the plot). On the right: The top snapshot shows the corresponding
clustering, using the same color scheme as in panel (a). The bottom snapshot is the same one, colored by entropy
difference calculated relative to that of the bulk of ice and converted in units of [J mol~! K~1].



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - MLST-104262.R2

Maximum Information Extraction From Noisy Data

when also considering the time correlations in the data
during clustering.

Fig. 2b shows the same analysis on time-series data ob-
tained from the same MD trajectories, but using a differ-
ent single-particle descriptor, LENS [[19]]. LENS — which
generally exhibits a higher intrinsic signal-to-noise ratio
compared to SOAP [16], [|30]], [31]], [38] — enables correct
detection of the interface from the highest time resolution,
At = 0.08 ns, up to approximately At ~ 10 ns.

To further assess the physical relevance of the Shannon
entropy values computed in this analysis, we attempted to
relate them to the thermodynamic entropy of the system
under study. This comparison can be made following, for
instance, the approach presented in Ref. [[39], under the
assumption that the chosen descriptor captures all of the
system’s degrees of freedom and their correlations. While
this assumption may not strictly hold — since any descrip-
tor is, to some extent, incomplete — we show below that,
for the LENS data analyzed here, the results obtained are
reasonable and physically meaningful. Complete details
on the assumptions needed for this calculations and com-
parison can be found in the SI.

Absolute entropy values computed on continuous variables,
such as LENS in our case, are generally not meaning-
ful, as they depend strongly on the binning used in the
Shannon entropy estimation. However, entropy differ-
ences can still carry significant physical meaning. Us-
ing the LENS signals we compute the entropy.difference
between the solid ice and liquid water micro-domains;
obtaining a value of AS ~ 18 J mol~! K~ This is
very close to the experimental entropy. of fusion of water,
ASper ~ 22 T mol~! K~ [40] (especially considering
the accuracy that can be expected from such'simulations,
and the description allowed by the LENS descriptor). This
demonstrates the robustness of the approach and the phys-
ical significance of the results obtaineds.in a purely data-
driven way, using the MInE method.

Noteworthy, this approach also allows us to estimate the
entropy difference between‘any other.micro-state in the
system — in this case, the bulk solid ice vs. the solid-liquid
interface environments, aquantity thatds generally difficult
to determine experimentally orotherwise. For the ice/water
interface, we obtain awvalue of ASjers ~ 7.2 Jmol~t K1
compared to the bulk-of ice. Thedower snapshot in Fig. 2p
is colored according to the entropy difference between each
environment vs. solid ice. Thisi$a significant result, as it
clearly highlights:the physical relevance of the interface
environment in such assystem. The fact that this micro-
cluster corresponds’to a dynamically distinct molecular
environment, with its own entropy — different from those
of bothice andiliquid water —, implies that it should not
be confused with either of these two other phases. In
particular, any method or analysis that fails to identify the
interface.environment as a separate and distinct cluster (i)
loses important physical information and (ii) compromises
the statistical characterization of the ice and liquid domains

(especially when interface water molecules are incorrectly
assigned to one of the two bulk phases [4 1]):

Note that other tested descriptors, which account for dif-
ferent degrees of freedom, yield different entropy values
(although they all remain within the same order0f mag-
nitude). For example, using SOAPPCI, we obtain a ice-
water AS ~ 10.7 J mol~* K~ (This difference between
LENS and SOAP can be rationalized by considering that
these descriptors capture only-part of the system’s internal
degrees of freedom. In particular, these results demonstrate
how the difference between the solid ice and liquid water
phases is better capturediby differences in the local diffu-
sivity of the molecules populating these two environments
(measured by LENS) rather than by differences in their
local structural vibrations (measured by SOAP).

It is worth underlining that the MInE approach is not lim-
ited to a specific clustering method (e.g., Onion clustering:
Fig. [2) but.it cambe used in combination with virtually
any other clustering technique. In typical Onion clustering
analyses, depending,on the chosen time resolution At used
to segment the time-series, some data points cannot be
reliably assigned to dynamically persistent micro-clusters.
Such faster-scattering points are grouped into an additional
cluster that collects all “unclassifiable” data. The entropy
of this cluster — typically higher than that of the dynami-
cally persistent micro-clusters due to its greater variabil-
ity.— must be included in the total entropy calculation to
preserve probability mass. Note that this requirement is
automatically fulfilled when using clustering methods that
assign all data points to clusters (e.g., Gaussian Mixture
Models - see Fig. S1).

The information captured by different descriptors

By assessing the maximum amount of information that
can be extracted from a given dataset, MInE also enables
a direct comparison, and ranking, of different descriptors
based on their effectiveness in capturing relevant infor-
mation from the same trajectories. This comparison is
made possible by the transferable nature of the Shannon
entropy—based metric used. As shown in Fig.[3p, we ap-
plied MInE to time-series data derived from different de-
scriptors computed on the same MD trajectories of the
ice/water model system. In addition, we employed alter-
native dimensionality-reduction techniques to analyze the
high-dimensional SOAP spectra.

For this specific system, the results of these analyses,
shown in Fig. [3p, reveal that some descriptors enable the
conversion of MD trajectories into time-series from which
significantly more information can be extracted than oth-
ers. In particular, these descriptors yield higher relative
information gain AI/Hy. For example, the LENS descrip-
tor [19] and the first time-lagged Independent Component
(tIC1) [35]}, [36] of the SOAP spectra, when analyzed using
Onion clustering, provide the highest information gain (up
to time-resolutions of At < 2 ns) among the descriptors
tested: AI/Hy ~ 0.35 — 0.4. This relative information
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gain highlights the effectiveness of these descriptors in
retaining and extracting physically relevant information
encoded in the molecular trajectories. Note that all four
descriptors used in this comparative analysis were com-
puted with a cutoff radius of . = 10 A, corresponding
to the third solvation shell. This parameter sets the inter-
particle distance over which correlations, reconfigurations,
and structural features are probed. As such, . is a funda-
mental parameter that determines the spatial resolution of
the analysis and directly influences the amount and type of
information that can be effectively captured.

Optimal resolution for maximum information
extraction

Many widely used single-particle descriptors are designed
to capture the behavior of neighboring units surrounding
each particle in the system. The neighborhood of each
molecule is typically defined as a sphere with a cutoff
radius r., which sets the spatial scale over which correla-
tions, rearrangements, symmetries, and other structural fea-
tures are analyzed. In this way, r. effectively determines
the spatial resolution of the analysis and, consequently,
the physical information that can be extracted from the
system. Recent work has shown that the optimal spatial
resolution for studying a given system depends on whether
the dominant physical phenomena are local or collective
in nature [|16]]. The MInE approach offers a quantitative
framework to identify this optimal resolution by evaluat-
ing how much relevant information can be extracted,at
different values of r..

As a proof of concept, we tested this approach on the same
MD trajectory of the TIP4P/ice solid-liquid coexistence
system. We computed both LENS and SOAP descriptors
using different cutoff radii, r., chosen to correspend to
characteristic minima in the water—water radial distribu-
tion function, g(r) (see Fig. [Bp, top; red dots) Fig.
(bottom) shows how the maximum relative information
gain, AT/ Hy, achievable through Onion clustering varies
as a function of the cutoffradius used. to.compute the de-
scriptor time-series. For both descriptors, A/ H( exhibits
a clear maximum at 7, ~1L0—13'A, thereby identifying
this as the optimal resolution for,maximizing information
extraction in this system.

As discussed in detail in Ref..[16]], this result reflects the
characteristic length scale of the collective structural dy-
namics dominating/aqueous systems of this kind: accu-
rately capturing such phénomena requires including at
least up to the third solvation shell. Smaller cutoff values
fail to capture essential mid-range correlations, resulting in
datasets.dominated by local noise and fast vibrations; con-
versely, excessively large cutoffs cause information loss
due to over-averaging. More broadly, the results shown
in Fig.illustrate how MInE offers a robust, quantitative
framework for optimizing key analysis parameters — such
as descriptor type, cutoff radius, and spatial and temporal
resolutions — to ensure maximal information extraction
from molecular trajectory data.

Application to multivariate datasets

MInE can also be applied to high-dimensional datasets and
multivariate time-series. When using multivariate descrip-
tors, quantifying information becomes particularly-felevant
in tasks such as feature selection andydimensionality re-
duction. These approaches aim at reduce data complexity
but often involve trade-offs, as decreasing the number of
variables can lead to information loss. To explore this, we
tested the MInE framework'on a simple multivariate model
dataset. Specifically, we simulated the Langevin dynamics
of 100 particles in twordistinct bi-dimensional potential
energy landscapes: one with-feur minima (A to D), requir-
ing both (z, y) coordinates for proper identification, and
another with only'two minima/{A and B), distinguishable
using the y coordinate aloné. In both cases, all minima
are subject to identical Gaussian noise (Fig. fp). We then
applied the same MInE procedure as described above to
four different.datasets,.obtained by analyzing both systems
using either the full (, y) coordinates or only the y coor-
dinate through Onion clustering (see SI for full details on
thesestest cases).

The information gain obtained after clustering for these
model systems is shown in Fig. [@p. For the system with
four energy minima (Fig. b, left), using both (z,y) co-
ordinates all four minima to be identified. In contrast,
using only the y coordinate does not distinguishes between
A and C or between B and D, which collapse into two
degenerate (and doubly-populated) A+C and B+D states.
Comparing the blue and orange curves highlights that the
maximum attainable information gain (reached in this sys-
tem for At < b5 frames) is twice as high when perform-
ing a bi-dimensional analysis (blue) compared to a mono-
dimensional one (orange). For the system with just two
minima (Fig. E}), right), the maximum attainable informa-
tion gain is the same wether using both (z, y) or just the y
coordinate (green vs. red curves): in this case, both min-
ima are correctly identified regardless of dimensionality,
making the second variable unnecessary. Importantly, the
maximum information gain is identical in the orange curve
(mono-dimensional analysis of the four-minima system)
and the red and green curves (two-minima system), despite
representing different systems and analyses. This demon-
strates how Shannon entropy within the MInE framework
serves as an objective, transferable, and quantitative metric
for assessing and comparing the extractable information
across datasets and analysis strategies.

Interestingly, in both systems, the information gain (and
thus clustering performance) decreases more rapidly with
increasing At in the bi-dimensional analyses (blue and
green curves) compared to the mono-dimensional ones
(orange and red). In the four-minima system, one initial
hypothesis attributed this behavior to the “apparent” longer
residence times of particles in the degenerate A+C and
B+D states identified by the mono-dimensional analysis,
compared to the shorter residence times in the individ-
ual A, B, C, and D states resolved by the bi-dimensional
one. However, this explanation does not hold for the two-
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Figure 3: Optimizing descriptor choice and spatiotemporal resolutions forsmaximum information extraction. (a)
Relative information gain AI/Hj, obtained by applying Onion clustering,to time-series data derived from different
descriptors: LENS (blue), the first principal component (PC1) of SOAP (orange), the first time-lagged independent
component (tIC1) of SOAP (red), and the number of neighbors Tieign (green). (b) Top: Radial distribution function
g(r) of the water molecules (oxygen atoms only), computed over the entire simulation trajectory. Red dots mark the
minima in g(r), corresponding to solvation shells, used here as characteristi¢ cutoff values r. for computing descriptor
time-series. Bottom: Maximum relative information gain AT /H attainable via Onion clustering on LENS and SOAP

PC1 time-series calculated using different cutoff radiiv,.

minima system (Fig. @b, right), where both A and B states
are correctly identified in both types of analyses—yet the
same faster decrease in information gain with increasing
At is observed in the bi-dimensional case. Thesefind-
ings for the two-minima case point instead to the role of
noise-addition phenomena that can affect high-dimensional
analyses: specifically, even though the z.component in this
case does not provide relevant information, it still. intro-
duces noise [20]]. In higher-dimensional spaces, clustering
algorithms tend to leave a larger fraction of data points
unclassified [20], [42], as also shown in Fig: S2 of the SI.
As discussed elsewhere [20]], these results underscore how
including additional (noiSy)/dimensions may be not only
unhelpful, but actually detrimental to the effectiveness of
high-dimensional analyses:

To further validate these effects, we performed an addi-
tional test in both systems by introducing a third dimen-
sion z, which — like'z'in the previous test — does not carry
any meaningful information but only contributes Gaus-
sian noise (i.e., alliminima are characterized by identi-
cal, uncorrelated noise inall directions). The gray curves
in Fig. Eb,c show that while the maximum attainable
information remains unchanged compared to the lower-
dimensional . cases,/the range of At values over which
this dnformation is effectively extractable becomes further
reduced. Thisconfirms that adding increasingly noisy com-
ponents hinders the extraction of meaningful information,
particularlythat embedded in the time-correlations of the
data. These findings reflect a manifestation of the so-called
“curse of dimensionality” [43], [44], highlighting that in
clustering analyses there exists a threshold beyond which

the inclusion of additional dimensions shifts from enrich-
ing the information content to merely introducing noise.
MInE proves particularly valuable in this context, as it
enables probing and quantifying these effects in a rigorous
and interpretable way.

‘We underline that, while the results above focus on time-
series data — where temporal correlations play a key role
— the MInE approach is general and applicable to other
types of datasets as well. For example, in the case of static
data distributions (or in situations where time correlations
are irrelevant or difficult to resolve), the I, becomes
independent of the A¢. In such contexts, MInE can be thus
used to identify, e.g., the most effective clustering method,
or parameter set (descriptor(s)) that allows minimizing
Shannon entropy and maximizing information extraction
from the data distributions.

Conclusions

We introduce a general data-driven framework to quantify
the information extractable from virtually any type of data
and to assess Maximum Information Extraction (MInE).
The method relies on Shannon entropy minimization to
quantify how much structure in the data can be effectively
resolved via data clustering. In a purely unbiased and data-
driven way, MInE allows to optimize data analysis (e.g.,
the choice of the best descriptor, or of the optimal spa-
tial and temporal resolutions) to maximize the extraction
of physically meaningful information. The framework is
applicable to both continuous and categorical data and pro-
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Figure 4: (a) From left to right, the trajectories of 100, par-
ticles in a bi-dimensional energy landscape with 4‘and 2
minima respectively, and the probability distribution of the
y coordinate P(y). The clusters identified by Onion clus-
tering in the two systems, using the full (z, y)strajectories
or only the y coordinate, are shown in blue, orange, green
and red respectively. (b) Information gain A7 from ©Onion
clustering as a function of time resolution At (in simula-
tion time-steps) used for the analysis. Forneach of the two
example model systems (left and right panels)ythree differ-
ent datasets are analyzed: different color curves matching
those in panel (a). For the system with four minima (left),
clustering with (z,y) (blue curve)rallows, resolving all
four A-D minima, yielding at maximum twice the infor-
mation gain compared to that attainable when clustering
using variable y only (orangeswhich allows resolving only
two minima), but the performance degrades an order of
magnitude earlier (At ~_10"vsy 100 frames). For the
two-minima system (right), clustering with (z,y) (green)
and with y (red) achieves the same maximum gain (allow-
ing to resolve in both cases both A-B minima), though
degradation is again faster forthe bi-variate case. In both
systems, we added a third case (gray curve) demonstrating
how adding a third‘z coordinate, which does not bring
additional relevant information but just noise (the minima
become spherical in three dimension), does not increase
the attainable information gain but also accelerates analy-
sis degradation confining it to lower At.

vides a transferable metric to guide analysis acrossidiverse
systems.

Here, we first test the efficiency of the MInE approach to
analyze molecular dynamics simulations of solid-liquid
water coexistence. Single point time-series clustering con-
ducted by Onion clustering allows maximizing the Shan-
non entropy reduction following to clustering. MInE re-
veals the best suited descriptors (among a set of tested
ones) and the optimal resolutions to,maximum informa-
tion extraction. We demonstrate how this,maximum infor-
mation extraction aligns with the robust detection of the
solid-liquid interface aswa distinct environment (Fig. [2).

In one shot, MInE éstimatés the Shannon entropy of the
various detected environments,'and it allows to reconduct
it to thermodynamic,entropy differences. As a notable ex-
ample, the comparison between the entropy of the bulk ice
and liquid water provides an entropy difference between
the solid and liquid phases in the system that is in good
agreement withithe experimentally known thermodynamic
entropy of fusion of water (Fig.[2b). This is a remarkable
result, considered the typical accuracy expected from such
simulations and the level of description allowed by one
single descripter, i.e., LENS. Any individual descriptor is,
per se, incomplete to some extent, and different descrip-
tors may provide different entropy difference estimations.
This demonstrates the extent to which different representa-
tions encode physically relevant degrees of freedom and
proves how MInE can be a fundamental tool to compare,
assess, and rank descriptors based on their completeness
and ability to maximize information extraction (Fig.[3).

Noteworthy, MInE also allows estimating the entropy
of the solid-liquid interface domain relative to bulk ice
(Fig.[2b), a quantity that is difficult to access experimen-
tally. MInE proves the relevance of this micro-state in
the system, demonstrating how this has its own entropy,
which is different from those of ice and liquid phases. This
demonstrates how MInE can not only assist the discov-
ery of new relevant micro-states in the system, but it also
reveals their relative entropy values and quantifies the in-
formation gain associated to their discovery. This is useful
for validating the obtained results in the case of known sys-
tems (as in the aqueous system studied herein, for which
experimental entropy variations are available). Also, this
is especially useful for systems about which little is known
a priori, for which MInE can reveal precious and robust
quantitative information on their internal microscopic-level
physics.

The results of Fig. 4| demonstrate the efficiency of MInE
in analyzing also high-dimensional dataset, revealing the
information loss encountered when, e.g., missing one fun-
damental information. This provides a robust quantitative
handle to support dimensionality reduction approaches as
well as feature selection to maximum information extrac-
tion.

The MInE method is simple to implement, physically in-
terpretable, and it does not rely on any system-specific
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assumptions. This provides a general framework to quan-
tify information gain in data analysis that can be applied to
a wide range of problems, from atomistic to biological sys-
tems, as well as to other complex datasets. We expect that
MInE will become a fundamental framework for studying
and resolving the physics of systems from their data, as
well as to guide the discovery of new knowledge via data
analysis in general.
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