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A B S T R A C T

This paper introduces a novel approach to the prescribed-time control of continuum surgical robots, focusing on 
four key areas: enhanced system safety, tailored transient tracking, steady-state tracking enhancement, and 
optimal learned control. The main contribution is the application of system state constraints on tracking error, 
transforming these constraints into an unconstrained problem using a monotone tube boundary. This method 
avoids the complexity of Model Predictive Control (MPC) and Control Barrier Functions (CBF) techniques, as well 
as the conservatism and fixed-boundary issues associated with the Barrier Lyapunov Function (BLF) method. By 
using a monotone tube boundary, the approach allows for the pre-assignment of transient characteristics for 
tracking error, avoiding excessive overshoot and lack of adjustability seen with the Prescribed Performance 
Function (PPF). The prescribed-time control philosophy enables pre-determination of settling time, enhancing 
precision and convergence rates essential for surgical applications. Additionally, an optimized prescribed-time 
control strategy using an actor-critic neural network-based Reinforcement Learning (RL) approach ensures 
controller optimality, reducing control effort, power consumption, and heat generation in the robot’s actuators. 
The method adapts to dynamic environments, ensuring robust performance in various surgical scenarios. 
Simulation results on a two-segment continuum robot demonstrate the proposed method’s advantages over state- 
of-the-art techniques.

1. Introduction

The influence of control science spans various engineering fields 
such as robotics, aerospace, electric vehicles, and traffic management. In 
medicine, it has driven significant advancements in surgical robots, 
rehabilitation devices, wearable sensors, and breathing aids [1]. While 
medical science has improved diagnostic capabilities with tools like 
X-rays, CT scans, and various blood tests, treatment challenges remain, 
particularly for surgeries in hard-to-reach areas. For instance, aspirating 
blood or infectious material from intracavities with small incision ports 
(5-15 mm) presents a challenge [2]. Natural Orifice Transluminal 
Endoscopic Surgery (NOTES) helps reduce surgical trauma by passing 
instruments through narrow, curved cavities to perform precise opera
tions [3,4]. However, the blood suctioning procedure in NOTES still 

requires manual operation by a bedside assistant [6,7]. Researchers 
have turned to continuum robots to perform complex, minimally inva
sive procedures in unstructured surgical environments due to their 
adaptability, safety, and dexterity [8,9]. Ensuring the precision and 
reliability of these robots is crucial for patient safety, necessitating 
advanced control methods to maintain peak performance amidst dis
turbances and uncertainties.

In recent years, many controllers for continuum robots have been 
designed, with PID controls being among the first due to their simplicity 
and efficiency. For example, in [10] and [11], the PID controller is 
utilized for continuum robot control; [10] employs the Grey Wolf 
Optimizer (GWO), and [11] uses fuzzy logic to fine-tune the PID pa
rameters. The literature review reveals that the Model Predictive Con
trol (MPC) method is also widely used in robotic systems, similar to the 
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PID controller. For instance, references [12] and [13] demonstrate 
effective angle control and deformation management in continuum ro
bots via MPC. However, it is important to note that both PID and MPC 
are inherently suitable for linear systems and may not be highly accurate 
for nonlinear systems such as continuum robots, especially in the pres
ence of uncertainties [14]. Therefore, for nonlinear systems, sliding 
mode controllers are often employed, which are also known for their 
robustness against uncertainties [15–18].

It should be noted, however, that classic sliding mode controllers are 
not suitable for surgical continuum robots for two primary reasons. 
Firstly, the complex kinematic and dynamic models of these robots, 
which arise from their structural flexibility, additional degrees of 
freedom, and nonlinear factors such as internal drive friction and 
backlash, make them more intricate than traditional robots [5,9]. Sec
ondly, their low stiffness poses control challenges during precise posi
tion interactions with the environment [19]. Additionally, the 
chattering phenomenon inherent in sliding mode controllers can induce 
vibrations and significant transient errors [18,20,21], which is critical 
during surgery where there is a risk of damaging vital tissues and 
endangering human life.

To enhance the performance of sliding mode controllers in surgical 
robotics, the integration of finite-time, fixed-time, and prescribed per
formance methodologies is essential. These approaches significantly 
expedite goal attainment, and minimize overshoot, ripple, and steady- 
state error, thereby optimizing operational precision. However, each 
of these methods has advantages and disadvantages that are briefly 
mentioned here. In the intricate domain of control theory, the nuances 
distinguishing finite-time sliding mode controllers from fixed-time 
counterparts are pivotal, particularly in their convergence properties 
[22–24]. Finite-time controllers assure system stability within a time 
frame that is not only finite but also varies based on the system’s initial 
state. In contrast, fixed-time controllers offer a guarantee of stability 
within a fixed upper bound on convergence duration, meaning that the 
upper bound of the settling time is notably independent on the system’s 
initial conditions, thus facilitating a more predictable and swift path to 
convergence [25,26]. Diverging from these temporal-focused strategies, 
Prescribed Performance Sliding Mode Control (PPSMC) delineates a 
sophisticated framework wherein the system’s output or error trajectory 
is meticulously guided to conform to a pre-established transient 
behavior, ensuring strict adherence to predefined transient and 
steady-state performance specifications [27,28]. However, in the deli
cate surgical robotics field, the prescribed performance method, while 
offering precise control over critical parameters such as overshoot and 
settling time, introduces risks associated with its less accurate control 
over the transient state, which may inadvertently result in damage to 
sensitive bodily tissues. To circumvent these potential hazards, this 
article advocates for a robust alternative known as the monotone tube 
approach [29]. This method is designed to mitigate the aforementioned 
risks and substantially enhance control precision. It is further 
augmented by Monotone Tube Sliding Mode Control (MTSMC), which 
employs strategically defined tube boundaries to reinforce PPSMC, 
thereby maintaining the system’s performance within specified con
straints despite the presence of disturbances or uncertainties. Utilizing 
the monotone tube method enables to accurately determine the settling 
time and overshoot, thereby resolving the challenging issue of safety in 
surgical robotics.

In this paper, the prescribed-time method within MTSMC is proposed 
to achieve an even higher level of safety [30]. Unlike finite-time control 
and fixed-time control, prescribed-time control is a method in control 
systems that guarantees stabilization within a preassigned time frame 
completely independent from the initial condition, which is crucial for 
tasks where timing is critical. Prescribed-time control is adaptable for 
various systems and ensures stability without inducing saturation or 
triggering unwanted dynamics. The primary rationale for employing the 
prescribed-time method in this research is to ensure that the tracking 
error converges to zero with remarkable speed and to render the system 

completely independent from the initial conditions, thereby achieving 
an unprecedented level of safety in surgical robotics.

In this article, the reinforcement learning (RL) method is also used in 
the controller to create different capabilities in the continuum surgical 
robot, one of the most important of which is to achieve optimal per
formance in unknown and different environments [31,32]. RL has 
emerged as a promising approach in this context, offering solutions for 
sequential decision-making problems in healthcare. By leveraging RL, 
continuum robots can optimize their actions based on feedback from the 
environment, improving their performance in dynamic and uncertain 
surgical settings. Studies have shown RL’s potential in enhancing pre
cision and adaptability in tasks such as object grasping and autonomous 
learning in robotics, as well as optimizing treatment regimes in chronic 
diseases and critical care. The essence of this technology lies in its ability 
to not only excel in routine, well-known scenarios but also to maintain 
high performance in novel and unpredictable settings. Consider, for 
instance, a continuum robot typically deployed for renal procedures; 
through the advancements discussed herein, such a robot can be 
exploited for cardiac surgeries or other body organs. This capability 
allows it to have good performance even in the presence of disturbances 
and unwanted uncertainties, such as pulmonary or blood pressure. 
Moreover, the system’s efficiency is epitomized by its minimal energy 
demands during operations. At the heart of this efficiency is the 
Actor-critic reinforcement learning approach, which has been instru
mental in formulating an optimal control law. This sophisticated strat
egy enables the controller to nullify tracking errors with minimal 
exertion of control forces. Achieving this objective necessitated the 
resolution of the Hamilton-Jacobi-Bellman (HJB) equation, a task 
adeptly accomplished through the reinforcement learning algorithm. 
The implications of solving the HJB equation are profound, as it paves 
the way for the robot to execute precise maneuvers with unparalleled 
accuracy and reliability.

In order to prove the efficacy of the proposed method, numerical 
simulations on a two-segment continuum robot, previously studied in 
[33] and [34], were carried out. Results were compared to those re
ported in [33], where an alternative control approach was proposed.

In summary, these contributions together emphasize the potential of 
the paper to significantly increase the accuracy, safety, and efficiency of 
continuum robot manipulators and pave the way for their wider appli
cation in complex and critical environments, which can be summarized 
as follows. 

• Enhanced System Safety: The paper presents a monotone tube 
boundary to enforce system state constraints on tracking error, 
transforming them into an unconstrained problem. This method 
provides a more efficient alternative to the complexity of Model 
Predictive Control (MPC) and Control Barrier Functions (CBF), and 
avoids the conservatism and fixed-boundary issues of Barrier Lya
punov Functions (BLF).

• Tailored Transient Tracking: The monotone tube boundary en
ables precise pre-assignment of transient tracking characteristics, 
offering improved control over tracking behavior compared to Pre
scribed Performance Functions (PPF), which often result in excessive 
overshoot and limited adjustability.

• Steady-State Tracking Enhancement: The integration of a 
prescribed-time control approach ensures that settling time is pre- 
determined and independent of initial conditions. This results in 
faster convergence and higher accuracy, which is critical for appli
cations like robotic surgery.

• Optimized and Adaptive Control: The paper introduces an actor- 
critic neural network to optimize the prescribed-time control strat
egy. This reduces control effort, lowers power consumption, and 
minimizes heat generation in actuators, important for safety in 
medical applications. Additionally, the adaptive nature of the 
approach allows for effective operation in dynamic and unstructured 
environments.
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The paper is outlined as follows. The mathematical model of the 
continuum robot is described in section 2. Section 3 presents the pro
cedure of controller design and its stability analysis through the Lya
punov function strategy. In section 4 the proposed controller is applied 
on the continuum robot and several scenarios are considered in the 
simulation to evaluate the performance of the proposed method against 
the method in [33]. Finally, in section 5, the conclusion and discussion 
are expressed.

2. Mathematical modeling of the continuum robot

Continuum robots are flexible robotic systems first designed by 
Victor Scheinman and Larry Leifer at Stanford University in 1965. These 
robots can continuously deform, achieving enhanced flexibility and 
precision in movement, making them particularly suitable for complex 
tasks in confined spaces. They operate by bending at their sections, 
allowing navigation through restricted environments while minimizing 

the risk of damage to surrounding areas. This paper focuses on the 
design of a controller for a specific continuum robot, segmented into two 
distinct sections, with four degrees of freedom (DoF).

Each section is controlled by three non-elastic cables, facilitated by 
intermediary support disks as depicted in Fig. 1 [34]. Within this 
configuration, the bending angles along the y-axis are denoted as θ1 
and θ2, while the rotational angles about the z-axis are represented by δ1 
and δ2. Additionally, the radii corresponding to the bending angles are 
r1 and r2, and the length of the central supporting structure, or back
bone, for each section is designated as l.

Table 1

2.1. Kinematic model

To construct the kinematic model for the specified continuum robot, 
which follows the constant curvature assumption, it is necessary to 
determine the endpoint’s local coordinates and the corresponding 
rotation matrix for each segment. Subsequently, the robot’s global co
ordinates are computed. The local coordinates for the endpoint position 
vector in each segment of the continuum robot are specified in the 
following manner [34]. 

Pi− 1
i = [ xi yi zi ]

T
, i = 1,2 (1) 

Such as: 

xi =
l
θi
(1 − cos(θi))cos(δi),

yi =
l
θi
(1 − cos(θi))sin(δi),

zi =
l
θi

sin(θi)

The rotation matrix for each segment of the continuum robot can be 
articulated through the subsequent matrix: 

Ri− 1
i = Rot(z, δi)Rot(y, θi)Rot(z, − δi)

=

⎡

⎢
⎣

c2δicθi + s2δi cδisδicθi − cδisδi cδi sθi
cδisδicθi − cδisδi s2δicθi + c2δi sδi sθi

− cδisθi − sδi sθi cθi

⎤

⎥
⎦

(2) 

Where c and s denote cosine and sine function respectively. The 
process for determining the global coordinates of the endpoint position 
of the continuum robot is as follows: 

P0
2 = P0

1 + R0
1.P

1
2 = [ x y z ]T (3) 

Where  

The computation of the rotation matrix within the global frame for 
the robot in question is derived using the Eq. 4. 

R0
2 = R0

1.R
1
2 =

⎡

⎣
a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤

⎦ (4) 

Fig. 1. Two Segment Continuum Robot Structure [34].

Table 1 
Parameter values of the considered continuum robot [34].

Parameter Designation Value

l Bending section length 0.3 m
m Disk mass 0.01 kg
g Gravity constant 9.81 m/s2

E Young’s modulus 2.1⋅1011 Pa
Ib Inertia moment of disk 3.97⋅10− 12 m4

Ixx Inertia moment of elastic backbone 3.06⋅10− 7 m4

x = l
(

cδ1sδ2sθ1 − cδ2(cθ2 − 1)(c2δ1cθ1 − c2δ1 + 1)
θ2

−
sδ1sδ2(cθ1 − 1)(cθ2 − 1)

θ2
−

cδ1(cθ1 − 1)
θ1

)

y = l
(

sδ1sδ2sθ1 − sδ2(cθ2 − 1)(c2δ1 + cθ1s2δ1)

θ2
−

cδ1cδ2sδ1(cθ1 − 1)(cθ2 − 1)
θ2

−
sδ1(cθ1 − 1)

θ1

)

z = l
(

cθ1sδ1 + cδ1cδ2sθ1(cθ2 − 1)
θ2

+
sδ1

θ1
+

sδ1sδ2sθ1(cθ2 − 1)
θ2

)
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Such as:  

To formulate the dynamic model for the continuum robot, the 
method involving kinetic energy is employed. Consequently, the 
calculation of velocities and positions for each segment is executed in 
following manner: 

vi = [ ẋi ẏi żi ]
T (5) 

Where: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi =
1
θi

(

sθicδi −
1
θi
(1 − cθicδi)

)

θ̇i −
1
θi
((1 − cθi)sδi)δ̇i

ẏi =
1
θi

(

sθisδi −
1
θi
(1 − cθisδi)

)

θ̇i +
1
θi
((1 − cθi)cδi)δ̇i

żi =
1
θi

(

cθi −
1
θi

sθi

)

θ̇i 

Through the derivation of Eq. (3), the endpoint velocity of the robot 
in the global frame is determined in the following way: 

v = [ ẋ ẏ ż ]T (6) 

Such as: 

ẋ = l

(
cδ1sθ1

θ1
+

cδ1(cθ1 − 1)
θ2

1
+

s2δ1sδ2sθ1(cθ2 − 1)
2θ2

)

+
2cδ1cθ1sδ2 + 2c2δ1cδ2sθ1(cθ2 − 1)

2θ2

)

θ̇1

+ l

(
2cδ2(cθ2 − 1)(c2δ1cθ1 − c2δ1 + 1) − 2cδ1sδ2sθ1

2θ2
2

)

−
s2δ1sδ2(cθ1 − 1)(cθ2 − 1)

2θ2
2

+
s2δ1sδ2sθ2(cθ1 − 1)

2θ2

)

θ̇2

+
2cδ2sθ2(c2δ1cθ1 − c2δ1 + 1)

2θ2
+

sδ1(cθ1 − 1)
θ1

)

δ̇1

+ l
(

−
sδ1sδ2sθ1

θ2
+

sδ2(cθ1 − 1)(cθ2 − 1)(2c2δ1 − 1)
θ2

−
2cδ1cδ2sδ1(cθ1 − 1)(cθ2 − 1)

θ2 

+l
(

2sδ2(cθ2 − 1)(c2δ1cθ1 − c2δ1 + 1) + 2cδ1cδ2sθ1

2θ2

−
s2δ1cδ2(cθ1 − 1)(cθ2 − 1)

2θ2

)

δ̇2

ẏ = l

(
sδ1sθ1

θ1
+

sδ1(cθ1 − 1)
θ2

1
+

s2δ1sδ2sθ1(cθ2 − 1)
θ2

+
cθ1sδ1sδ2 + cδ1cδ2sδ1sθ1(cθ2 − 1)

θ2

)

θ̇1

+l
(

sδ2sθ2(c2δ1 + cθ1s2δ1) + cδ1cδ2sδ1sθ2(cθ1 − 1)
θ2

+
sδ2(c2δ1 + cθ1s2δ1) + cδ1cδ2sδ1(cθ1 − 1)(cθ2 − 1)

θ2
2

−
sδ1sδ2sθ1

θ2
2

)

θ̇2 + l
(

cδ2s2δ1(cθ1 − 1)(cθ2 − 1)
θ2

+
cδ1sδ2sθ1 − c2δ1cδ2(cθ1 − 1)(cθ2 − 1)

θ2

−
cδ1(cθ1 − 1)

θ1
−

2cδ1sδ1sδ2(cθ1 − 1)(cθ2 − 1)
θ2

)

δ̇1

+l
(

cδ2sδ1sθ1 − cδ2(c2δ1 + cθ1s2δ1)(cθ2 − 1)
θ2

+
cδ1sδ1sδ2(cθ1 − 1)(cθ2 − 1)

θ2

)

δ̇2

ż = l
(

cδ1cδ2cθ1(cθ2 − 1) − sδ2sθ1 + cθ1sδ1sδ2(cθ2 − 1)
θ2

−
sδ1

θ2
1

)

θ̇1 + l

(

−
cθ1sδ2 + cδ1cδ2sθ1(cθ2 − 1)

θ2
2

−
sδ1sδ2sθ1(cθ2 − 1)

θ2
2

−
cδ1cδ2sθ1sθ2 − sδ1sδ2sθ1sθ2

θ2

)

θ̇2

+l
(

cδ1

θ1
+

cδ1sδ2sθ1(cθ2 − 1) − cδ2sδ1sθ1(cθ2 − 1)
θ2

)

δ̇1

+l
(

cδ2cθ1 − cδ1sδ2sθ1(cθ2 − 1) + cδ2sδ1sθ1(cθ2 − 1)
θ2

)

δ̇2 

a11 =
(
c2δ1cθ1 − c2δ1 + 1

)(
c2δ2cθ2 − c2δ2 + 1

)
− cδ1cδ2sθ1sθ2 + sδ1sδ2(cθ1 − 1)(cθ2 − 1)

a12 =
2sδ2(cθ2 − 1)(c2δ1cθ1 − c2δ1 + 1)

2
+

2sδ1(c2δ2 + cθ2s2δ2)(cθ1 − 1)
2

− cδ1sδ2sθ1sθ2

a13 = cδ2sθ2
(
c2δ1cθ1 − c2δ1 + 1

)
+ cδ1cθ2sθ1 +

2sδ1sδ2sθ2(cθ1 − 1)
2

a21 =
2sδ1(cθ1 − 1)(c2δ2cθ2 − c2δ2 + 1)

2
+

2sδ2(c2δ1 + cθ1s2δ1)(cθ2 − 1)
2

− cδ2sδ1sθ1sθ2

a22 =
(
c2δ1 + s2δ1cθ1s2δ1

)(
c2δ2 + cθ2s2δ2

)
− sδ1sδ2sθ1sθ2 + cδ1cδ2sδ1sδ2(cθ1 − 1)(cθ2 − 1)

a23 = cθ2sδ1sθ1 + sδ2sθ2
(
c2δ1 − cθ1s2δ1

)
+ cδ1cδ2sδ1sθ2(cθ1 − 1)

a31 = − cδ1sθ1
(
c2δ2cθ2 − c2δ2 + 1

)
− cδ2cθ1sθ2 −

2sδ2sδ1sθ1(cθ2 − 1)
2

a32 = − cθ1sδ2sθ2 − sδ1sθ1
(
c2δ2 + cθ2s2δ2

)
− cδ1cδ2sδ2sθ1(cθ2 − 1)

a33 = cθ1cθ2 − cδ1cδ2sθ1sθ2 − sδ1sδ2sθ1sθ2 
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2.2. Dynamic model

The creation of the dynamic model is essential during the controller’s 
design phase. In this study, the Euler-Lagrange approach is utilized to 
construct the dynamic model for the continuum robot under consider
ation, which it is assumed orientation angles are zero (where δ1 = δ2 =

0). The Euler-Lagrange (Eq. (7)) is presented as follows : 

d
dt

∂T
∂θ̇i

−
∂T
∂θi

+
∂U
∂θi

= Qi (7) 

In this context, T represents the sum of kinetic energy, U denotes the 
aggregate potential energy, and Qi refers to the system’s generalized 
forces. For the robot being analyzed, and by applying Eq. (7), the dy
namic model is articulated as follows [34]: 

[
M11 M12
M21 M22

]
⎡

⎣ θ̈1
θ̈2

⎤

⎦+

[
C11 C12 C13
C21 C22 C23

]

⎡

⎢
⎢
⎣

θ̇
2
1

θ̇1θ̇2

θ̇
2
2

⎤

⎥
⎥
⎦+

[
K1
K2

]

=

[
Q1
Q2

]

(8) 

With 

M =

[
M11 M12

M21 M22

]

, C =

[
C11 C12 C13

C21 C22 C23

]

,

K =

[
K1

K2

]

and Q =

[
Q1

Q2

]

.

M, C and K indicate mass, Coriolis and gravitional matrix respectively.
The dynamic model, as outlined by Eq. (8), is expressed in the 

following general model typically used in robotic systems: 

M(θ)θ̈ + C(θ, θ̇) + K(θ) = F (9) 

Where θ, F ∈ R2.

3. Preliminaries, Controller Design and Stability Analysis

The control objective is to design an approximately optimized 
controller to force the bending angles θ to track the desired trajectory in 
a prescribed-time by considering system safety and state constraints. 
Prior to commencing controller design, relevant definitions and lemmas 
that enhance the comprehension of concepts related to monotone tube 
boundaries, prescribed-time control, reinforcement learning-based 
optimal control and designed controller stability analysis are intro
duced.

3.1. Monotone Tube Boundary

Monotone tube boundaries are a class of boundary functions 

designed for prescribed performance control, establishing a quantitative 
relationship between control performance (both transient and steady- 
state) and user-defined indices such as overshoot, accuracy, and 
convergence time, with reduced conservatism. Inspired by dynamic tube 
model predictive control (MPC), these boundaries optimize invariant 
tube geometry and open-loop trajectories simultaneously. Monotone 
tube boundary functions offer a constructive solution for controller 
design, ensuring the desired tracking performance by transforming the 
prescribed performance control (PPC) problem into one of forcing for
ward invariance for the closed loop. This approach provides alternative 
technical routes for studying prescribed performance using tools for 
analyzing invariance in nonlinear systems. If the tracking error remains 
within these boundaries, performance can be adjusted in both transient 
and steady-state stages. In contrast, the standard PPC approach uses 
two-sided boundaries, making it challenging to constrain tracking error 
overshoot. Additionally, the exponential-type function in traditional 
PPC only reaches preselected values as time approaches infinity, pre
venting accurate pre-determination of the convergence set after a pre
assigned convergence time.

Monotone tube boundaries link their parameters to widely-used 
quantitative indices in industry, offering several advantages over 
traditional PPC methods: 

• Reduced Conservatism: Monotone tube boundaries provide a less 
conservative approach, allowing for more precise control 
adjustments.

• Enhanced Adjustability: These boundaries enable better control 
over transient and steady-state performance, avoiding the excessive 
overshoot common in traditional PPC.

• Accurate Convergence: The method allows for accurate pre- 
determination of the convergence set, enhancing control precision 
and reliability.

By leveraging these advantages, monotone tube boundaries offer a 
promising solution for improving prescribed performance control in 
various applications. It is worth mentioning we can transform con
straints on the bending angles of the continuum robot to the tracking 
error and use monotone tubes for safety considerations. To streamline 
the process of monotone tube-based controller design for the Continuum 
Robot, the following Lemma is presented.

Lemma 1. [36]: Consider a nonlinear system as: 

ẋ1 = x2
ẋ2 = g(x)u + f(x)
y = x1

(10) 

Where x1 ∈ Rn, x2 ∈ Rn and u ∈ Rn are the states and control inputs 
of the system and x = [x1, x2]

⊤. Define tracking error as e = y − yr and 

Fig. 2. Comparison between standard PPC boundaries and monotone tube boundaries.
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transform it as 

z =

[

ln
(

ε1

1 − ε1

)

,…, ln
(

εn

1 − εn

)]⊤

= [z1,…, zn]
⊤ (11) 

Where ei is the ith element of e, 

εi =
1

Δbi

(

ei − bi

)

,

bi = sign(ei(0))(qi − q∞i) − λiqi,

bi = sign(ei(0))(qi − q∞i) + λiqi,

qi =

⎧
⎪⎨

⎪⎩

csch
(

q0i +
αit

Tci − t

)

+ q∞i , 0⩽t < Tci

q∞i , t ≥ Tci

,

Δbi = bi − bi.

There is a control input as u = ϖ
(

x, e, z, ẏr, ÿr

)

stabilizes the system (10)

and results in the boundedness of z and consequently brings the 
following properties:

P1 (Boundedness): The entire system state x remains bounded.
P2 (Forward Invariance): The system maintains forward invariance 

within the following time-varying monotone tube set. 

E :=

{

x1 ∈ Rn
⃒
⃒
⃒b< y − yr < b, t ≥ 0

}

, b =

[

b1,…, bn

]⊤

, b(t) = [b1,…, bn]
⊤

(12) 

Proof. For more details about the proof of this Lemma and the 
control input u refer to [35].

Fig. 2 illustrates the characteristics of monotone tube boundaries and 
provides a qualitative comparison of its performance with the PPC 
method. It is important to note that bi(0), bi(∞), bi(Tc), bi(0), bi(∞) and 
bi(Tc) are obtained by substituting the values 0, ∞, and Tc) into the 
definitions of b and bi. The Prescribed Performance Function (PPF) used 
in the PPC is defined as: ρ = (ρ0 − ρ∞)e− at + ρ∞, where ρ0 and ρ∞ are 
positive constants representing the initial value, final boundary, and 
decay rate of the Prescribed Performance Boundary (PPB), respectively. 
Note, In control methods where the goal is to guarantee tracking per
formance within a specific range, the selection of this range is based on 
constraints on the system’s output or tracking error. Specifically, it is 
predetermined within what bounds the transient and steady-state errors 
should lie. This is similar to classical linear control methods, where 
parameters such as maximum overshoot, steady-state error, settling 
time, and rise time are used to determine controller gains. Similarly, in 
our approach, the values of b_ and bˉ are determined based on these 
specifications, ensuring the system performs within the desired error 
limits. A detailed explanation of how these parameters are defined can 
be found in reference [35].

3.2. Prescribe-time Control

Finite-time, fixed-time, and prescribed-time control methods each 
offer distinct advantages for system stabilization. Finite-time control 
ensures that the system state converges to a desired region within a finite 
but generally unknown time, which depends on the initial conditions. 
Fixed-time control extends this property by ensuring convergence time 
upper bound independent of initial conditions. Prescribed-time control 
further strengthens this framework by allowing explicit predefinition of 
the convergence time, making it particularly useful in applications 
where strict timing constraints are required.A key stability property 
related to prescribed-time control is Prescribed-Time Input-to-State 
Stability (PT-ISS). PT-ISS extends the conventional Input-to-State Sta
bility (ISS) framework by ensuring that the system state is bounded and 

converges to a small residual set within a predefined time, irrespective 
of initial conditions or external disturbances. This property is crucial in 
control applications where stability must be guaranteed within a strict 
time frame. The following Lemma discusses prescribed-time control.

Lemma 2. [37]: If for a nonlinear system ẋ = f(x, t, d) there is a smooth 
positive definite radially unbounded function V : Rn→R+ satisfies: 

V̇(t)⩽ − 2k*μ1(t, t0)V(t) + μ1(t, t0)C*
1 + C2 (13) 

for positive constants k*,C1 and C2, then 

V(t)⩽V(t0)e
− 2k*Tp

p− 1

((
Tp

Tp+t0 − t

)p− 1

− 1

)

+
C*

2k* (14) 

and consequently it can be concluded that the system is prescribed-time 
input-to-state stable (PT-ISS) in time Tp.Where μ1(t, t0)⩾1 and C = C1 +

C*
2. The definition of PT-ISS can be found in [37].

3.3. A General Point of View of Reinforcement Learning Based Optimal 
Control

Let’s contemplate a nonlinear system, represented as follows: 

ẋ(t) = f(x(t), u(x(t))) (15) 

In this equation, x(t) ∈ Rn is the state variable, u(x(t)) ∈ Rm is the 
control input, and f(x(t), u(x(t))) ∈ Rn is a continuous function satisfying 
the condition f(0) = 0. To derive the optimal control law for this system, 
we introduce the integral performance index over an infinite horizon, 
also known as the value function: 

J(x, u) =
∫ ∞

t
c(x(τ), u(x(τ)))dτ (16) 

Here, c(x, u) = xTP1x + uT(x)P2u(x) ∈ R is the cost function. The 
matrices P1 = PT

1 ∈ Rn×n and P2 = PT
2 ∈ Rm×m are positive semi-definite 

and definite, respectively.

Definition 3. (Admissible control) [38]: The control law u(x) in 
system (15) is considered to be admissible within the set Ωu under the 
following prerequisites: The control law u(x) must exhibit continuity, 
the equation u(0n) = 0m must hold, the control law should ensure the 
stability of system (15) and the control law ensure the boundedness of 
value function J(x). It is noteworthy that the admissible control law 
within the set Ωu is represented as u(x) ∈ Ψ(Ωu).

The HJB equation is a cornerstone of optimal control theory. It offers 
a method to ascertain the best control policy for a dynamic system by 
solving a specific partial differential equation. The derivation of the HJB 
equation is based on the optimality principle, which posits that irre
spective of the initial state and decision, the subsequent decisions must 
constitute an optimal control policy with respect to the state that results 
from the initial decision. For a system represented by Eq. (15) and a 
value function given by equation (6), the HJB equation is defined as 
follows [39]: 

min
u∈U

(

c(x, u)+
(

J(x, u)
∂x

)T

f(x, u)
)

= 0 (17) 

u denotes the set of admissible control inputs. The solution to the HJB 
equation yields the optimal value function J*(x, t), which can be 
employed to derive the optimal control policy. The optimal control 
policy can be determined by finding the value of u* that minimizes the 
expression inside the minimum operator in the HJB Eq. (7), as shown 
below [39]: 

u*(x, t) = arg min
u∈U

(

c(x, u)+
(

J(x, u)
∂x

)T

f(x, u)
)

(18) 
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Let’s consider the dynamics of system (15) to be represented as 
follows: 

ẋ(t) = f(x) + g(x)u(x) (19) 

For a system that takes the form of Eq. (19), the challenge of optimal 
control is to identify a suitable control that minimizes the performance 
index (16) to achieve the control objective. Let’s denote the optimal 
control law for system (19) as u*(x). By replacing u(x) with u*(x) in Eq. 
(16), we obtain the optimal performance index function: 

J*(x, u) =
∫∞

t

c(x(τ), u*(x(τ)))dτ = min
u∈Ψ(Ωx)

⎛

⎝
∫∞

t

c(x(τ), u(x(τ)))dτ

⎞

⎠ (20) 

The HJB equation is derived by calculating the time derivative on 
both sides of the first part of Eq. (10): 

H(x, u*, J*) = xTP1x + u*T(x)P2u*(x) +
(

J*(x, u)
∂x

)T

×(f(x) + g(x)u*(x)) = 0

(21) 

Given the relationship, the optimal control solution u*(x) associated 
with the optimal performance index function (20) is unique. Therefore, 
it is necessary for it to satisfy the HJB Eq. (21) as a unique control so
lution. In this case, u*(x) can be derived from the solution ∂H(x, u*, J*)

/∂u* = 0 as follows: 

u*(x) = −
1
2
P− 1

2 gT(x)
dJ*(x, u)

dx
(22) 

However, the optimal control (22) is not directly obtainable due to 
the uncertain term dJ*(x)

dx . To acquire the available optimal control and to 

ensure (22) as the unique control solution (21), dJ*(x,u)
dx should be ob

tained. This can be achieved by solving the following HJB equation, 
which is derived by substituting (22) into (21): 

H(x, u*, J*) = xTP1x +
dJ*(x)
dxT f(x)−

1
4

dJ*(x)
dxT g(x) × P− 1

2 gT(x)
dJ*(x)

dx
= 0

(23) 

Note that finding the analytical solution of the HJB Eq. (23) is 
challenging due to its strong nonlinearity. To address this issue, RL is 
employed as a practical method to find an approximate solution for 
optimal control [39]. Among the various reinforcement learning 
methods, the actor-critic reinforcement learning method has been 
extensively utilized in optimal control. To do this usually to reduce the 
uncertainty of the optimal control law (22) and guarantee the stability of 
the system, (22) can be rewritten as follows: 

u*(x) = ϖ(x) − J0(x) (24) 

Where ϖ(x) is a feedback control law proposed by the designer and 
known and J0(x) is an unknown term. J0(x) can be approximated solu
tion by RL as follows. 

J0(x) = WTΦ(x) + ε(x) (25) 

Where W ∈ Rl represent the RL actor-critic NN weights, where p is 
the number of neurons. The basis function vector Φ(x) =

[φ1(x),…,φl(x)]
T is defined with φi(x) = exp

[
− (x − mi)

T
(x − mi)/ϱ2

i
]
, 

where ϱi denotes the width of the Gaussian function and mi =

[mi1,…,min]
T are the centers of the receptive fields for i = 1,2,…,l. Here, 

ε(x) ∈ R represents the approximation error.
Let define a useful Lemma that will be used in the stability analysis 

named Young’s inequality.

Lemma 3. [40] (Young’s inequality): For any positive variables θ1 
and θ2, the following inequality holds: 

θ1 θ2 ≤
1
β1

θ1
β1 +

1
β2

θ2
β2 (26) 

where β1, β2 > 1 and 1
β1
+ 1

β2
= 1. Based on (26), it is easy to prove that if 

θ1 and θ2 are vectors, the following inequality holds 

θT
1 θ2 ≤

1
β1

θ1
β1 +

1
β2

θ2
β2 (27) 

Where θ1
β1 and θ2

β2 indicate the element-wise power for vectors θ1 

and θ2.

3.4. Safe High Precision Reinforcement Learning based Optimal Control

The proposed control scheme is demonstrated in Fig. 3.
By introducing the following variables the following state-space 

mode for (9) can be obtained. 

x1 = θ,
x2 = θ̇,
x =

[
x⊤

1 , x
⊤
2
]⊤
,

u = F 

And define: 

g(x) = M− 1(θ),
f(x) = − M− 1(θ)(C(θ, θ̇) + K(θ))

Therefore (9) can be rewritten as follows: 

ẋ1 = x2
ẋ2 = g(x)u + f(x)
y = x1

(28) 

Based on (11) the dynamics of the transformed error can be written 
as: 

żi = riėi + ωi (29) 

With ri = 1
εi(1− εi)Δbi

, ωi = ri
Δbi

(bi
˙
bi −

˙bibi − eiΔ̇bi). Define ωi =

ri
Δbi

(bi
˙
bi −

˙bibi − eiΔ̇bi), ω = [ω1,ω2]
⊤, so we have: 

ż = rė + ω (30) 

We introduce a novel sliding surface which can ensure the 
prescribed-time stability of tracking errors. 

si = żi + μzi (31) 

Where μ is a scaling factor that provides the prescribed-time stability. 

μ =

⎧
⎨

⎩

σ
Tp − t

, t < Tp

δ, t⩾Tp

(32) 

Where, σ and δ are positive constants and Tp is the prescribed settling 
time.

Define 

s = [s1, s2]
⊤ (33) 

Therefore, 

s = ż + μz (34) 

the time-derivative of s is equal to: 

ṡ = z̈ + μ̇z + μż (35) 

Using (26) and (28), (32) yields: 

ṡ = ṙė + rë + ω̇ = rg(x)u + r
(

f(x) − ÿr

)

+ ṙė + ω̇μ̇z + μż (36) 
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To assure the optimality of control law based on section 3.3 we 
define the following value function. 

J(s) =
∫+∞

t

(s⊤(τ)Ps(τ)+ u⊤(τ)Ru(τ))dτ (37) 

Where P⩾0 and R > 0.
The optimal value function is equal to:  

To attain the optimal control law u* we get the following HJB 
equation (Hamilton–Jacobi–Bellman). 

H(s, u*, J*) = s⊤Ps + u*⊤Ru* +

(
dJ*(s)

ds

)⊤

ṡ (39) 

Substituting (34) into (37) yields: 

H(s, u*, J*) = s⊤Ps + u*⊤Ru*

+

(
dJ*(s)

ds

)⊤(

rg(x)u* + r
(

f(x) − ÿr

)

+ ṙė + ω̇ + μ̇z + μż
) (40) 

To derive u* we calculate the derivative of H(s, u*, J*) with respect to 
u* and solve the following equation: 

∂H(s, u*, J*)

∂u* = 0 (41) 

So we have: 

u* = −
1
2
R− 1g⊤(x)r

dJ*(s)
ds

(42) 

We rewrite u* in the following form: 

u* = − μG1s − G1J0(s) = − G2
dJ*(s)

ds
(43) 

Where 

G1 = (rg(x))− 1 (44) 

G2 =
1
2
R− 1g⊤(x)r⊤

and 

J0(s) = − μs + G− 1
1 G2

dJ*(s)
ds

(45) 

To attain dJ*(s)
ds we should substitute (43) into (40) and solve this 

highly nonlinear and complicated equation. Hence, we use the RL to 
overcome this difficulty and approximate J0(s) through Neural Network 
(NN). 

J0(s) = W*⊤Φ(s) + ε(s) (46) 

Where W* ∈ Rl×n is the optimal weight of NN, Φ(s)Rl×1 is the NN 
activation function and ε(s) is the NN approximation error. Therefore 
dJ*(s)

ds can be written as: 

dJ*(s)
ds

= μG− 1
2 G1s + G− 1

2 G1 W*⊤Φ(s) + G− 1
2 G1ε(s) (47) 

Therefore the optimal control law can be rewritten as: 

u* = − μG1s − G1W*TΦ(s) − G1ε(s) (48) 

Moreover, the cost function can be estimated by the critic NN as: 

dĴ
*
(s)

ds
= μG− 1

2 G1s + G− 1
2 G1Ŵ

⊤

c Φ(s) (49) 

Since W* is unknown we use its estimation in the control law. In the 

control law, we use the actor NN and Ŵa is the estimation of the ideal 
weights of actor NN. Ŵc is the estimation ideal weights of critic NN. 

û*
= − μG1s − G1Ŵ

⊤

a Φ(s) (50) 

Our approach employs online reinforcement learning, where the 
agent interacts with the surgical robot’s environment in real-time, 
continuously updating the actor and critic neural network weights 
through adaptive laws (Equations 61 and 68). Unlike offline RL, which 
relies on a static dataset and typically evaluates convergence after a 
fixed number of training iterations, our method dynamically adapts 
without requiring a predefined number of iterations. Instead, conver
gence is evaluated through the stable evolution of weights, as demon
strated in Fig. 7. This aligns with the online RL paradigm, where 
performance continuously improves during direct interaction with the 
environment.

We construct the control input composed of two terms, where û* is 
the estimation of the optimal control and uc which is a compensation 
term. 

u = û*
+ uc (51) 

Define the actor and critic weights estimation errors as: 

W̃a = Ŵa − W*, W̃c = Ŵc − W* (52) 

The actor-critic (AC) framework in this study fully embodies the 
fundamental RL property of the action-state-reward relationship. The 
state space is defined by the sliding surface s = ż + μz (Equation 34), 
reflecting tracking error dynamics. The action space comprises admis
sible control inputs u = û*

+ uc (Equation 51), where the actor network 

û*
= − μG1s − G1Ŵ

⊤

a Φ(s) (Equation 50) learns an optimal policy. The 
reward signal is embedded in the cost function

J(s) =
∫ +∞

t
(s⊤(τ)Ps(τ)+u⊤(τ)Ru(τ))dτ (Equation 37), which penal

izes tracking errors s⊤(τ) and control effort u⊤(τ)Ru(τ), guiding the agent 

to minimize both. The critic estimates d̂J
*
(s)

ds (Equation 49) to evaluate 
state-cost relationships, while the actor adjusts actions based on this 
feedback, with weights updated online via Equations 61 and 68. This 
process mirrors RL’s iterative learning of an optimal policy through 
state-action-reward interactions, distinguishing it from mere adaptive 
updating by optimizing long-term performance in dynamic surgical 
environments.

To design uc and adaptation laws we consider the following Lyapu
nov function. 

V =
1
2
s⊤s +

1
2

trace
(
W̃

⊤

c Γ− 1
c W̃c

)
+

1
2

trace
(
W̃

⊤

a Γ− 1
a W̃a

)
(53) 

Γc and Γa are two positive definte matrices. Taking the time- 

J*(s) =
∫+∞

t

(s⊤(τ)Ps(τ) + u*⊤(τ)Ru*(τ))dτ = min
u∈ψ(Λu)

⎛

⎝
∫+∞

t

(s⊤(τ)Ps(τ) + u⊤(τ)Ru(τ))dτ

⎞

⎠ (38) 
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derivative of (53) yields: 

V̇ = s⊤ ṡ + trace
(
W̃

⊤

c Γ− 1
c

˙

Ŵc
)
+ trace

(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)

(54) 

Substituting (34) into (52) yields: 

V̇ = s⊤
(

rg(x)u+ r
(

f(x) − ÿr

)

+ ṙ ė + ω̇
)

+ trace
(
W̃

⊤

c Γ− 1
c

˙

Ŵc
)

+trace
(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)
= s⊤

(

− μs − Ŵ
⊤

a Φ(s)+ rg(x)uc + r
(

f(x) − ÿr

)

+ ṙ ė + ω̇ + μ̇z+ μż) + trace
(
W̃

⊤

c Γ− 1
c

˙

Ŵc
)
+ trace

(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)

(55) 

For the term − s⊤Ŵ
⊤

a Φ(s) we have: 

− s⊤Ŵ
⊤

a Φ(s) = − s⊤W̃
⊤

a Φ(s) − s⊤Ŵ
⊤

c Φ(s) + s⊤W̃
⊤

c Φ(s) (56) 

From the properties of the trace operator, we have: 

s⊤W̃
⊤

c Φ(s) = trace
(
W̃

⊤

c Φ(s)s⊤
)

(57) 

Using Young’s inequality in Lemma 3 term − s⊤W̃
⊤

a Φ(s) stands in the 
following inequality: 

− s⊤W̃
⊤

a Φ(s)⩽
γa

2
s⊤s +

1
2γa

Φ⊤(s)W̃aW̃
⊤

a Φ(s)

=
γa

2
s⊤s +

1
2γa

trace
(
W̃

⊤

a Φ(s)Φ⊤(s)W̃a
)
⩽

γa

2
s⊤s +

ϱ
2γa

trace
(
W̃

⊤

a W̃a
)

(58) 

Where ϱ is the maximum Eigenvalue of Φ(s)Φ⊤(s). Similarly we have: 

− s⊤Ŵ
⊤

c Φ(s)⩽
γc

2
s⊤s +

ϱ
2γc

trace
(
Ŵ

⊤

c Ŵc
)

(59) 

γa and γc are two positive constants. Therefore V̇ stands in the 
following inequality: 

V̇⩽s⊤
(

− μs + rg(x)uc + r
(

f(x) − ÿr

)

+ ṙė + ω̇ + μ̇z + μż
)

+trace
(
W̃

⊤

C
(
Γ− 1

c
˙̂Wc + Φ(s)s⊤

))
+ trace

(
W̃

⊤

a Γ− 1
a

˙̂Wa
)

(60) 

Let propose the critic NN weights updating law as follows: 

˙

Ŵc = − Γc(Φ(s)s⊤ + μŴc) (61) 

Substituting (59) into (58) yields: 

˙V⩽s⊤
(

− μs+ rg(x)uc + r
(

f(x) − ÿr

)

+ ṙ ė + ω̇ + μ̇z+ μż
)

+trace
(
− μW̃

⊤

c Ŵc
)
+ trace

(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)

(62) 

The term − μW̃
⊤

c Ŵc can be written as: 

− μW̃
⊤

c Ŵc = −
μ
2
W̃

⊤

c Ŵc −
μ
2

Ŵ
⊤

c Ŵc +
μ
2
W*T Ŵc

= −
μ
2

Ŵ
⊤

c Ŵc −
μ
2
W̃

⊤

c W̃c −
μ
2
W̃

⊤

c W* +
μ
2
W*⊤ Ŵc (63) 

So 

Fig. 3. Proposed method block diagram.
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trace
(
− μW̃

⊤

c Ŵc
)
= −

μ
2

trace
(
Ŵ

⊤

c Ŵc
)
−

μ
2

trace
(
W̃

⊤

c W̃c
)

−
μ
2

trace
(
W̃

⊤

c W*)+
μ
2

trace
(
W*T Ŵc

)
(64) 

Using Young’s inequality again leads: 

−
μ
2

trace
(
W̃

⊤

c W*) = −
μ
2
(Vec(W̃c))

⊤Vec(W*)⩽
μδc

4
(Vec(W̃c))

⊤Vec(W̃c)

+
μ

4δc
(Vec(W*))

⊤Vec(W*)

=
μδc

4
trace

(
W̃

⊤

c W̃c
)
+

μ
4δc

trace(W*⊤W*)

(65) 

μ
2

trace(W*⊤ Ŵc)⩽
μσc

4
trace

(
Ŵ

⊤

c Ŵc
)
+

μ
4σc

trace(W*⊤W*) (66) 

Thus we have: 

trace
(
− μW̃

⊤

c Ŵc
)
⩽
(
−

μ
2
+

μδc

4

)
trace

(
W̃

⊤

c W̃c
)
+
(

−
μ
2
+

μσc

4

)
trace

(
Ŵ

⊤

c Ŵc
)
+

(
μ

4δc
+

μ
4σc

)

trace(W*⊤W*) (67) 

We introduce the actor NN adaptation law as follows: 

˙

Ŵa = − Γaμ(Ŵa − Ŵc) (68) 

Substituting (68) into trace
(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)

yields: 

trace
(
W̃

⊤

a Γ− 1
a

˙

Ŵa
)
= trace

(
− μW̃

⊤

a (Ŵa − Ŵc)
)

(69) 

Where 

Fig. 4. Comparison of continuum robot bending angles tracking under case 1.
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− μW̃
⊤

a (Ŵa − Ŵc) = − μW̃
⊤

a (W̃a − W̃c) = − μW̃
⊤

a W̃a + μW̃
⊤

a W̃c (70) 

Therefore from Lemma 3 we have, 

trace
(
− μW̃

⊤

a (Ŵa − Ŵc)
)
= − μtrace

(
W̃

⊤

a W̃a
)
+ μtrace(W̃aW̃c)⩽

(

− μ+
μ

2δa

)

trace
(
W̃

⊤

a W̃a
)

+
μδa

2
trace

(
W̃

⊤

c W̃c
)

(71) 

At this time we can rewrite (62) in the following form: 

V̇⩽s⊤
(

− μs+
(γc

2
+

γa

2

)
s+ r

(

f(x) − ÿr

)

+ ṙ ė + ω̇ + μ̇z+ μż+ r g(x)uc

)

+
(− μ

2
+

μδc

4
+

μδa

2

)
trace

(
W̃

⊤

c W̃c
)
+

(

− μ+
ϱ

2δa
+

μ
2δa

)

trace
(
W̃

⊤

a W̃a
)
+

(

−
μ
2
+

μσc

4
+

ϱ
2δc

)

trace
(
Ŵ

⊤

c Ŵc
)
+

(
μ

4δc
+

μ
4σc

)

trace(W*⊤W*)

(72) 

Now we propose uc as follows: 

uc = − (r g(x))− 1
((γc

2
+

γa

2

)
s+ r(f(x) − ÿr)+ ṙ ė + ω̇ + μ̇z+ μż

)
(73) 

Where γc and γa are two positive constants. The proposed control 
scheme is demonstrated in Fig. 3. The stability analysis results of the 
proposed controller are encapsulated in the following theorem.

Theorem 1. The controllers defined in Eq. (50) and (73), in conjunc
tion with the adaptation laws (61) and (68), ensure prescribed-time 
stability for the continuum robot described in Eq. (9), provided that 
the parameters δc, δa, γa, γc and σc satisfy the following conditions: 

Fig. 5. Comparison of continuum robot bending angles tracking error under case 1.
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−
μ
2
+

δc
4

μ +
δa

2
μ < 0

− μ +
ϱ

2γa
+

μ
2δa

< 0

−
μ
2
+

μσc

4
+

ρ
2γc

< 0 

The sliding surface converges to the compact set Ω =

{

s ∈ Rn :

‖ s ‖ ≤

̅̅̅̅
2d
k

√
}

with k = min
{

2, 2kc
λmax(Γ− 1

c )
, 2ka

λmax(Γ− 1
a )

}

, d = k2trace
(
W*TW*)

at the prescribed-time Tp. Furthermore, the tracking error remains 
within a predefined monotone tube boundary for all time i.e. 
E := {x1 ∈ Rn|b< y − yr < b, t ≥ 0}. kc, ka and k2 are two positive 
constants and will be defined later.

Proof. Suppose there are positive constants kc, ka, k1 and k2 such that: 

−
μ
2
+

δc
4

μ +
δa

2
μ ≤ − kcμ

− μ +
ϱ

2γa
+

μ
2δa

≤ − kaμ

−
μ
2
+

μσc

4
+

ρ
2γc

≤ − k1

μ
4δc

+
μ

4σc
≤ k2μ

(74) 

Based on (72) we have: 

(

−
μ
2
+

μσc

4
+

ϱ
2δc

)

trace
(
Ŵ

⊤

c Ŵc
)
≤ − k1trace

(
Ŵ

⊤

c Ŵc
)
≤ 0 (75) 

Substituting (71) into (70) and then applying (73) yields: 

V̇⩽ − μs⊤s − kcμtrace
(
W̃

⊤

c W̃c
)
− kaμtrace

(
W̃

⊤

a W̃a
)
+ k2μ trace

(
W*TW*)

(76) 

Fig. 6. Comparison of control inputs under case 1.
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From the definition of k and d we have: 

V̇⩽ − kμV + μd (77) 

So based on Lemma 2, V(t)⩽ d
k for t ≥ Tp so ‖ s ‖≤

̅̅̅̅
2d
k

√

and conse
quently can infer that z is bounded. Hence, based on Lemma 1 it be 
concluded that the tracking error remains in the predefined region 
E := {x1 ∈ Rn|b< y − yr < b, t ≥ 0}. The proof is completed.

4. Simulation and Results

In this section, the performance of the proposed method through 
numerical simulations is evaluated, highlighting its unique features. The 
simulations utilize the mathematical model of a two-segment continuum 
robot as described in [33], with system parameters sourced from [34]. 
For a comprehensive analysis, the proposed method is compared with an 
alternative approach presented in [33], examining three cases with 
varying conditions and optimal trajectories.

Case 1: Sinusoidal Trajectory

Fig. 7. Evolution of Actor and Critic NN weights in case 1.
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In this case, the continuum surgical robot is required to track a 
winding trajectory to perform its tasks. This trajectory is defined as the 
desired trajectory for the controller, represented by yr = [0.2 + sin(2t),
0.3 + sin (2t)]. The parameters of the controller, adaptation rules and 

Prescribed-time are selected as γa = γc = 1000, Γa = Γc = 1 and σ = 1,
TP = 0.25 respectively. Also, the monotone tube parameters are q1 =

q2 = 2,q∞1 = q∞2 = 0.01,α1 = α2 = 1,Tc1 = Tc2 = 0.25 and λ = λ =
0.5. For both actor and critic networks 5 neurons are chosen, the width 
of the Gaussian function ϱi are set to 1and the centers of the receptive 
fields mi are evenly spaced in [-1,1]. First, we compare the tracking 
speed of the proposed method with that of the method presented in [33]. 
As illustrated in Fig. 4, the convergence speed of the proposed method is 
approximately 3.5 times faster than that of the method in [33]. Addi
tionally, the zoomed-in section of Fig. 4 shows that both methods track 

the sinusoidal trajectory without any overshoot or undershoot.
Fig. 5 illustrates the tracking error for the bending angles of the 

continuum two-segment robot. As shown, the proposed method signif
icantly outperforms the method in [33] in terms of both speed and 
safety. Specifically, the proposed method achieves a convergence speed 
nearly four times faster than the method in [33], with a settling time of 
approximately 0.2 seconds compared to 0.75 seconds for the method in 
[33]. From a safety perspective, the proposed method consistently 
operates within predefined safety bands (b, b), whereas the method in 
[33] fails to meet these constraints, potentially risking damage to body 
tissues.

Fig. 6 presents the control signals of the two methods for tracking the 
sinusoidal trajectory. As depicted, for both angles 1 and 2, the control 
effort required by the method in [33] is nearly double that of the 

Fig. 8. Comparison of continuum robot bending angles tracking under case 2.
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proposed method, indicating higher energy consumption. Additionally, 
it is evident that at the initial moment, the method in [33] demands 
significantly more control effort compared to the proposed method. This 
excessive control effort at startup could potentially lead to irreparable 
damage during highly sensitive surgical procedures. The weights of the 
Actor and Critic Neural Network are depicted in Fig. 7, illustrating their 
evolution over time. As shown, the weights exhibit a stable adaptation 
process, confirming the convergence of the reinforcement learning 
framework. Unlike traditional offline learning approaches that rely on a 
predefined number of iterations, our method employs an online learning 
strategy, where the neural network weights are continuously updated 
using Lyapunov-based adaptive laws. This ensures real-time adaptation 
to dynamic environments without requiring a fixed dataset for training. 
The smooth convergence behavior in Fig. 7 validates the effectiveness of 
the proposed learning mechanism in achieving stable and optimal con
trol performance.

Case 2: Step-ramp Trajectory
In the second case, the objective is to evaluate the performance of the 

proposed method under conditions where the desired trajectory exhibits 
abrupt changes. This trajectory serves as a rigorous test of the control
ler’s capability to maintain the surgeon robot on the desired path, 
thereby preventing any deviation that could potentially damage body 
tissues. In this simulation, the controller parameters, adaptive rules, 
prescribed-time, and monotone tube parameters are consistent with 
previous settings to effectively demonstrate the controller’s robustness. 
Despite the increased complexity of the reference trajectory, the 
controller maintains consistent performance without the need for 
retuning, demonstrating low sensitivity to parameter changes and 
ensuring reliable tracking across different conditions. Fig. 8 illustrates 
the tracking performance of the surgical robot using the proposed 
method compared to the method in [33]. As clearly shown, at the onset 
of the trajectory, the proposed method achieves tracking at approxi
mately twice the speed of the method in [33]. Throughout the trajectory, 
particularly during abrupt changes at seconds 2, 4, 6, and 8, the pro
posed method, enhanced with reinforcement learning capabilities, 
maintains adherence to the desired path without any deviation. In 

Fig. 9. Comparison of continuum robot bending angles tracking error under case 2.
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contrast, the method in [33] exhibits momentary deviations from the 
desired trajectory.

Given the paramount importance of safety in surgical procedures, a 
detailed comparison of the two methods is essential. A closer examina
tion reveals that the proposed method, utilizing the monotone tube 
feature, consistently remains within the target range. Conversely, the 
method described in [33] often exceeds the safe range, which could 
potentially harm body tissues and jeopardize patient safety (Fig. 9). 
Furthermore, the proposed method, with its prescribed-time feature, 
reduces the tracking error to near zero at a rate approximately three 
times faster than the method in [33].

Energy consumption of continuum robots is a critical area of 
research, with many efforts focused on its optimization. The proposed 
method effectively addresses this issue. As illustrated in Fig. 10, the 
control signal magnitude of the proposed method is approximately half 
that of the method in [33]. Consequently, the energy consumption of the 

robot under the proposed method is significantly reduced compared to 
the method in [33]. Additionally, during instances of trajectory changes, 
the control effort required by the method in [33] is substantially higher, 
which can increase the risk of undesirable outcomes, such as potential 
damage to the robot’s actuators or harm to delicate tissues in surgical 
applications. While it is challenging to define a precise energy con
sumption threshold that would directly lead to damage, the increased 
control effort, particularly in response to trajectory changes, can elevate 
the risk of these negative effects. This comparison highlights the relative 
efficiency and safety of our proposed method, which requires less con
trol effort and is therefore less likely to cause undue stress on the system 
or harm in sensitive applications. The intention of this statement is to 
emphasize the potential risks associated with higher control demands, 
rather than to imply a specific energy threshold.

Case 3: Monotone Tube and Prescribed-time Control Parameter 
Effect

Fig. 10. Comparison of control inputs under case 2.
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The monotone tube and prescribed-time control method incorpo
rated in the proposed controller facilitate both the adjustment of 
convergence speed and the maintenance of safety within the robotic 
system during surgical procedures. In certain surgical scenarios, rapid 
response from the robot is crucial. This section aims to demonstrate the 
capability of the proposed controller to modulate the speed of the sur
geon robot. To achieve this, the monotone tube and prescribed-time 
control parameters are recalibrated to set the settling time to 0.5 sec
onds (Tc1 = Tc2 = Tp = 0.5). The remaining parameters are selected as 
he previous cases. Fig. 11 illustrates the convergence of the reference 
trajectory using the proposed methods and the method in [33]. A 
comparison between Fig. 8 and Fig. 11 reveals that the convergence 
speed has been adjusted, with the settling time modified from approxi
mately 0.2 seconds to 0.4 seconds. The capability to set the settling time 
to a desired value within a specified range is a distinctive feature of the 
proposed method, as clearly demonstrated in Fig. 11. This section aims 
to evaluate whether altering the monotone tube and prescribed-time 
control parameters and reducing the convergence speed impacts the 
system’s performance. Additionally, a comparison between Figs. 8 and 

12 demonstrates that modifying the controller parameters to adjust the 
settling time does not impact the system’s performance in the 
steady-state.

5. Conclusion

This paper has introduced a novel prescribed-time control approach 
for continuum robots, addressing critical aspects such as system safety, 
transient and steady-state tracking, and optimal control through rein
forcement learning. The proposed method effectively transforms system 
state constraints on tracking error into an unconstrained problem using 
a monotone tube boundary, thereby circumventing the complexities and 
limitations associated with traditional techniques like MPC, CBF, and 
BLF. This approach allows for the pre-assignment of transient charac
teristics and settling time, independent of initial conditions, thereby 
enhancing precision and convergence rates essential for surgical appli
cations. The optimized prescribed-time control strategy, leveraging an 
actor-critic neural network, ensures controller optimality by signifi
cantly reducing control effort, power consumption, and heat generation 

Fig. 11. Comparison of continuum robot bending angles tracking error under case 3.
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in the robot’s actuators. This is particularly crucial when the robot is in 
contact with a patient’s body. Furthermore, the method’s adaptability to 
unfamiliar and dynamic environments ensures robust performance 
across various surgical scenarios. Simulation results clearly demonstrate 
the powerful features of the proposed method, including the ability to 
set the settling time to the desired value, eliminate overshoot and un
dershoot, maintain the tracking signal within the desired path, and keep 
the tracking error within a limited bound. The proposed method also 
enables high-speed surgical operations in unknown environments, 
leveraging reinforcement learning to maintain all constraints even in the 
presence of uncertainty and disturbances. This advancement in control 
methodology holds significant promise for enhancing the safety, accu
racy, and efficiency of continuum robots in surgical procedures, ulti
mately contributing to improved patient outcomes. Future work could 
explore several promising directions. Challenges such as actuator or 
sensor fault detection and compensation, output feedback control, 
obstacle avoidance, optimal path generation as a desired trajectory, and 
considering full state constraints are attractive problems that could be 

addressed by modifying the proposed method. Additionally, investi
gating the integration of advanced machine learning techniques for real- 
time adaptation and the development of robust control strategies for 
multi-robot systems could further enhance the capabilities of continuum 
robots in complex surgical environments.
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