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Supercurrents and Tunneling in Massive Many-Vortex
Necklaces and Star-Lattices

Alice Bellettini* and Vittorio Penna

Recently, cold atoms mixtures have attracted broad interest due to their novel
and exotic quantum effects with respect to single-component systems. In this
study, the focus is on massive many-vortex states and their dynamics. Vortex
configurations characterized by the same discrete rotational symmetry are
investigated when confined within topologically nonequivalent geometries,
and the relative stability properties at varying number of vortices and infilling
mass are highlighted. It is numerically shown how massive many-vortex
systems, in a mixture of Bose-Einstein condensates, can host the bosonic
tunneling of the infilling component both in a disordered way, with tunneling
events involving two or more close vortices, or in an almost-periodic way
when the vortices are organized in persisting necklaces or star-lattices. The
purpose is to explore a variety of situations involving the interplay between
the highly-nonlinear vortex dynamics and the inter-vortex atomic transfer, and
so to better understand the conditions for the onset of Josephson

locally harmonic potentials. If the barrier
between two wells is weak enough, e.g.
if the vortices are close enough, b under-
goes a quantum tunneling process and
the vortex masses become dependent on
time. Each vortex well has a width that
is of the order of the healing length and
that depends on the entity of the accom-
modated mass. Interestingly, in Ref. [10],
the authors presented a heuristic system
of equations to estimate the dependence
of the vortex-core size on the number of
infilling particles.

In a recent work, we showed that
massive-vortex systems can support
the solitonic tunneling of the infilling
component®’ among different vortex

supercurrents in rotating systems, or to reveal phenomena that can be of
interest for a future application, e.g., in the context of atomtronics.

1. Introduction

Binary mixtures of atomic gases(!?] offer intriguing opportuni-
ties for the study of macroscopic quantum phenomena due to
the interplay of different boson-boson interactions>*!. In such
systems, the dynamics of massive vortices,”1% i.e., quantum
vortices!!''"°] endowed with an inertial effect or an effective “vor-
tex mass”, was shown to present exotic features in comparison
to that of standard massless vortices.[*16-1°] Massive vortices are
excited states of an (repulsive) immiscible binary mixture,!202!]
where a majority component (hereafter “a”) hosts the quantum
vortices while a minority component (“b”) accumulates at the vor-
tex cores. In this case, the a-density profile at the vortex wells
constitute an effective external potential for the component b,
which obeys then the physics of many particles trapped within
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wells, where the latter act as effective
trapping potentials for the tunneling
component. In this context, the physics
of Bose-Hubbard (BH) models naturally
arises, so that a fascinating relation
between Josephson atomic supercurrents and the quantum-
vortex dynamics emerges. While in Ref. [6] we examined the piv-
otal case of two massive vortices, whose internal dynamics makes
up a single Bosonic Josephson Junction (BJJ), we here address,
as a follow-up, the phenomenology of many-vortex systems.

In general, this paper tries to shed some light on a dramati-
cally complex dynamics, where the behavior of the system is con-
trolled by the interplay of the highly-nonlinear dynamics of quan-
tum vortices with a simultaneous boson transfer caused by the
tunneling effect. While the dynamics of vortices with constant
vortex masses was shown to be well captured, e.g., in Ref. [19], by
applying point-like (PL) vortex models,['*??] when the constant-
mass condition breaks down, additional modelling approaches
are required. As a matter of fact, the tunneling of the infilling
component actively triggers a parallel dynamics affecting the dis-
tribution of the vortex masses, and in turn the dynamics of the
interacting vortices. In this paper, we analyze bosonic tunnel-
ing effects in many-vortex configurations within different geome-
tries. Specifically, we consider the relatively simple case of vortex
necklaces and star-lattices, which, depending on the choice of the
model parameters and of the initial conditions, can develop both
stable and unstable behaviors. The simple structure of such states
proves convenient to explore and analyze the interplay between
the parallel dynamics of the boson transfer and that of the vor-
tices.

Among many aspects, we try to highlight the situations where
tunneling phenomena, within many-vortex systems, take place
in the field dynamics. These include the fast swapping of the
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vortex-cores population, and the emergence of metastable
bosonic Josephson currents. In some cases, we also show how
the vortex dynamics supports the absorption of the vortices at a
boundary, accompanied by the formation of a background super-
current. We here leave aside the characterization of three- and
four-vortex systems, deserving a dedicated analysis, to instead in-
vestigate more general phenomena involving many-vortex inter-
actions.

Experimentally, vortex necklaces were recently observed for ex-
ample in Ref. [23], for the case of fermionic superfluids, where
a connection with a shear-flow instability mechanism was es-
tablished. On the other hand, vortex lattices were produced by
Abo-Shaeer et al.,[**] and Schweikhard et al.’! in early stud-
ies. In 2024, atomic Josephson currents!?*?’! in optical necklace-
shaped lattices were observed and studied by the group of
Roati, as reported in Ref. [28], where their stability, allowing for
the realization of atomtronic circuits, was proven. Earlier on,
atomic supercurrents were observed in 1D arrays of Josephson
junctions,[?30] while the realization of a single Bosonic Joseph-
son Junction was due to Albiez et al. in 2005.3!!

Our work prompts the modeling of various interesting phe-
nomena in terms of rotating Bose—-Hubbard models!*2-*7] and
future applications e.g in the context of atomtroncs.?®38] The
study of matter waves in vortex star-lattices, whose stability prop-
erties among other things were studied by Campbell et al.*!
and by Kim et al. in Ref. [22], offers an interesting parallelism
with the study of the discretized nonlinear Schrédinger equa-
tion performed by Jason et al. in Ref. [40]. Moreover, within
the literature, the case of tunneling bosons within a lattice
was investigated by Caracanhas et al.l*!] and Chaviguri et al.[?
in the context of impurity physics. Finally, as already men-
tioned, the rise of atomic b-supercurrents sustained by the vor-
tex lattices, and the combination with the a-superflow gener-
ated by the vortices, suggests some connections with the field of
atomtronics.[3®]

Our work is structured in the following way. In Section 2,
we present the point-like models’ solutions describing rotating
massive-vortex star lattices and necklaces in a 2D disk or a 2D
annulus. Here, we also illustrate the small-oscillation analysis
giving information on the stability character of fixed-point so-
lutions. In Section 3, we proceed with introducing the Gross—
Pitaevskii equations describing the mixture at a mean-field level
(see Section 3.1), we individuate different stability properties of
vortex necklaces at varying physical parameters, and we exam-
ine some tunneling phenomena occurring in the massive vor-
tex necklaces. These include tunneling events occurring after the
necklace’s disruption and accompanying the subsequent chaotic
vortex dynamics (see Section 3.2), and Josephson supercurrents
of the infilling component within the vortex necklaces. Again, we
focus on massive vortex necklaces that are confined within two
different geometries, i.e., the disk and the annulus, and we in-
dividuate some metastable behaviors associated to their dynam-
ics. In Section 3.3, we then study the initial transient dynamics
of a single peak of the infilling component. We proceed with
the study of metastable bosonic supercurrents in vortex neck-
laces. In this case, presented in Section 3.4, we find instances
of Bosonic—Josephson—Junction-like dynamical regimes. In Sec-
tion 3.5, we illustrate the vortex absorption, in an annular geom-
etry, at the inner boundary. In our examples, the resulting back-
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ground superflow are accompanied by the rearrangement of the
massive vortices into (ordered) fewer-vortex necklaces. Through-
out the whole Section 3, we present some qualitative compar-
isons with the point-like model predictions on the necklaces sta-
bility properties. Such results turn out to be promising for fu-
ture more detailed comparisons. In Section 4, we move on to
the study of massive-vortex star-lattices, and observe the onset
of radial atomic currents at varying physical parameters. Here,
we also observe different stability properties of the lattices at
varying number of vortices and infilling atoms. Finally, in Sec-
tion 5, we conclude presenting our final considerations and out-
looks.

2. Point-Like Models for Massive Vortices

The point-like Lagrangian describing N, massive vortices in a
2D disk or annulus (see Ref. [43]), in polar coordinates (r; §)) :=

(r(H) 0,(). ik =1,...,N,, is
C= Z (R =)o+ 5 3 (204

2 - PR
SDNIEDIPN7E 1)
j k

J#k

where m, and m, are the atomic masses of the components a
and b, k; = Njh/m, is the circulation quantum related to the
Jjth vortex charge N; = +1, the parameter R stands for the disk
radius or for the annulus’ external radius respectively for the
two cases, and M, = m,N,/N, is the single vortex-core mass,
common to all the vortices. This Lagrangian is obtained via a
time-dependent variational formalism taking as an Ansatz for
v, a field with uniform density and phase singularities in cor-
respondence of the vortices’ centres, and as an Ansatz for y;
a superposition of Gaussians centered at the vortices’ centres
(see Refs. [22] and [43]). The boundaries are modeled via the
method of the virtual charges, consisting in the introduction of
imaginary vortices outside of the physical system, so to guar-
antee that the boundary is the locus of points with zero net
perpendicular flow. In light of this, the Ansatz for y, contains
phase singularities in correspondence of any real or virtual vor-
tices.

In the special case of a 2D disk, the potential energy that in-
cludes the boundary contribution is

sz m, n, ,}z
(p} = T h’l 1- ﬁ , (2)

while the vortices’ interaction energy is

G)

2 2.2 2
KiK}, M, 1, R® =211, cos ij+rjrk/R
ik = ln
J 8n

2 2
r 2rir cos by + 1,

with 8, = 0; — 0,. The Euler-Lagrangian equations relative to La-
grangian (1) are
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" I a1/
Mcrjz—;cjmanal’jGj+Mer9j —E— F, (4)
j ko 9
and
o , e
M, 170, = im,n, 1 F; = 2M 1, 0, 1, — 5)

JJ - aej

and feature an electromagnetic analogy!**! with the Lorentz equa-
tions for a massive charge.

On the other hand, for an annular geometry, the point-like
Lagrangian and the equations of motion are respectively La-
grangian (1) and Equation (4) and (5), with the potential energy
terms changing, according to Ref. [44], as follows

¢, = KJZTE“”” In _2"'91<;:(1;§)§>’q> _,_ln(%) , (6)

=) )

In the above, 9,(z, ), z € C, are Jacobi elliptic theta functions
and g = R, /R, with R, the radius of the inner boundary of the an-
nulus.

The Lagrangian (1) is rotation invariant, so that the system fea-
tures two conserved quantities: the energy (see the Hamiltonian
(11)) and the angular momentum. The latter features only one
non-zero component, that is the z-coordinate L,. We have that,
for both geometries,

Kim,n,

oL
L: _ =
TR

(R =)+ 2 M5 j=1..N,
J

®)

In such PL models, the vortex masses are typically constant pa-
rameters, condition which breaks down if y, features quantum
tunneling between different vortex wells in a non-uniform way.
Hence, the possibility of a time-dependent vortex mass is legiti-
mate, and we studied it in Ref. [6] for the simple system of two vor-
tices, finding out the realization of a Bosonic Josephson Junction.
In Section 3.2 and 4, we investigate such intriguing tunneling ef-
fects in more-vortex systems, representing the fields’ dynamics
via the simulation of Gross—Pitaevskii equations.

2.1. Rotationally Symmetric Orbits

Both the disk and the annular geometry admit solutions for the
equations of motion (4)-(5) that feature a discrete rotational sym-
metry at any time ¢, and are fixed points in a frame of reference
rotating at angular frequency Q (see also Ref. [39] for studies on
massless vortices). Such solutions can describe vortex necklaces
in both geometries, and are of the type

2r .
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with N; = +1, i.e. k; = k (equal vorticities), and where the index
j=1,., N, labels the vortex, and N, > 2. Also, the rotationally
symmetric solutions can, in the case of the 2D disk, represent
a vortex lattice, where one vortex is centered in the origin and the
other N, — 1, with N, > 3, vortices organize in a necklace or “vor-
tex crown” around it. We will refer to this type of lattice as to a

star-lattice. In this case, we have

x(t) =0,

2r.
nM =0 rnH)=r, 0)=7j+ Qt, (10)

v

with j=2,.,N,, and where x,(t) =r(t)cosf,(t) and y,(t) =
r,(t) sin 6, (), namely we represent the first vortex in Cartesian
coordinates,??! due to the indeterminate character of the angular
coordinate in the origin. Also in this case we consider vortices
with identical vorticities, meaning that all the configurations of
the necklace- and star-lattice-type that we will consider in this pa-
per will, at least in the case of the disk, always feature a global
anti-clockwise precession.

Note that the value of Q for the given geometry and number
of vortices is found by plugging the Ansitze (9) and (10) in the
equations of motion (4) and (5). Due to the presence of a non-
zero vortex mass, Q features two branches, as a function of r,
where the greater one is most often unstable. Also, the annular
geometry admits the rotation inversion, i.e. Q can be both positive
or negative, whereas in the case of the disk Q is always positive
(anti-clockwise precession) if the vortices’ charges are positive. In
other words, in a disk the direction precession only depends on
the vortex charges, whereas in an annulus Q also depends on the
radial coordinate of the vortices.

2.1.1. Small Oscillations Around a Fixed Point

To describe the stability properties of the fixed point solutions
discussed in Section 2.1 with respect to small perturbations, it is
convenient to switch to the Hamiltonian formalism. The Hamil-
tonian corresponding to Lagrangian (1) reads

C r. 1
j j
K2m?n? R? :
J a a
= @—7>+2@+22m7 ay
j j k 7k
where the indices run along the same interval of vortex labels,
J-k=1,...,N,, and the canonical moments are defined by
=M, i Mg+ e (e 12
pvl_ crj: Pa/.— c’f]' ]+ 2 ( _’f]> ( )

The Hamilton equations corresponding to the Hamiltonian
(11) are found from the standard Poisson brackets

©p=y {ao P

00 0P 0P 0O 0P 00O
— _—— - —— (13)
J 6rjapr)

96, 6pe/_ or; 0p,j

When switching to a rotating frame of reference, with rotation
frequency Q, the solutions described in Section 2.1 become fixed
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points of the dynamical system. The Hamiltonian of the rotating,
primed system and the relevant primed coordinates are

H =H-QL, r=r, 0=0-Q (14)
respectively, with r; and ¢, the coordinates in the reference frame
at rest.

To find the small oscillations properties of our fixed-point solu-
tions we linearize the equations of motion, in the primed system,
around the fixed points (see, for example, Ref. [19]). Let us call
the fixed point in the rotating frame Z’, and consider perturbed
points

Z =7z +¢

/

_ ’ ’ ’ ’ ’ ’ ’ T
=(r, s ™ P Pr 0, ..., QNV, Do+ peNv) ,

(15)

where, for brevity, we removed the prime index from the rotating-
frame canonical variables. We then get the linear dynamical sys-
tem

E=J¢& (16)
with

Oy, Iy, Oy, Oy

g v v i

(17)

In the above, E is the standard symplectic matrix, and H
the symmetric Hessian matrix associated with Hamiltonian H’
whose elements h; are computed in the fixed point 2’. The pa-
rameter 2/ is the ith component of vector (15). The fixed point is
stable if all the eigenvalues of | are pure imaginary, whereas, if at
least one eigenvalue has a nonzero real part, the fixed point is un-
stable. These situations are illustrated in Figure 1 and Figure 2,
respectively for a disk and an annular geometry. In the former, the
trajectories are obtained by perturbing a stable fixed point, corre-
sponding to a necklace of five massive vortices, whereas the lat-
ter exhibits vortex trajectories relevant to an unstable fixed point.
The small-amplitude oscillations that are visible in the insets are
a signature of the vortex mass.[*]

In Figure 3, we plot the maximum among the real parts of the
eigenvalues of the system (16), which is a measure for the maxi-
mum instability growth rate of the configuration, at varying num-
ber of vortices in the necklace (we follow the example of Figure 11
of Ref. [46]). We call such maximal real part 6. We compare neck-
laces in a disk with necklaces in a planar annulus, with an exter-
nal radius equal to the disk size, and where both systems have
equal average density. Also, we consider vortices with the same
number of infilling atoms for both geometries, and examine four
different values of the core mass M, . Interestingly, we see that ac-
cordingly to the PL model, for our annular geometry at g4 = 0.5,
at large vortex masses the necklace in the disk is “less unstable”
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Figure 1. Example of a stable fixed-point trajectory of a five-vortex necklace
in a disk. Upon a small perturbation of the massive vortices’ velocities, the
system stays close to the fixed point during its evolution. The inset shows
a zoom of a vortex’ trajectory, while the arrow indicates the sense of the
vortices’ average precession. We have: N, = 10°, N, = 10> and Q ~ 2.36
rad /s, while the evolution time for the plotted dynamics is 0.45 s.

(the omitted points correspond to the non-existence of necklace
solutions). The difference in the values of ¢* for the two geome-
tries grows smaller at smaller core masses. We remark that in
our case there are neither background flows in the annulus, nor
central vortices in the disk. Interestingly, combining the curves of
Figure 3 one observes that, for the chosen parameters, the mass
mostly has a destabilizing effect. Note that a study on the insta-
bility suppression, in vortex necklaces, due to massive cores was
already performed in Ref. [46]. Here, the role of a background su-
perflow in the annular geometry proved to have a major effect in
the role of the stabilization effects of the mass. Due to this previ-
ous examination in the literature, we did not focus on the effect
of the mass on vortex necklaces (and so on the comparison with
the single-component case), and favored instead a comparison
between geometries. The example of Figure 3 shows an instance
of the possible predictions that the PL model can offer.

----- Inner boundary

Outer boundary

10 =05 00705 10

IK/RQ

Figure 2. Example of an unstable fixed-point solution: upon a small per-
turbation, the system evolves further from the fixed-point. In this case the
system is made up of ten massive vortices, in an annular geometry (with
q = 0.5). The arrow indicates the direction of the vortex-necklace’s preces-
sion in the fixed-point and the inset is a zoom in of some vortex trajec-
tories, as in Figure 1, and the microscopic parameters also the same of
Figure 1. The plot’s evolution time is of 2's, and Q =~ 2.64.
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& & A
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50} /« : Disk 50} // 1 Disk
0 = : 0 ~ : ‘
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L aaet ‘ ‘ 0 et ‘
0 5 10 15 20 0 5 10 15 20
N, N,

Figure 3. Comparison of the maximum instability growth rate ¢*, normalized to dimensionless units, as a function of the number N, of massive vortices
in a necklace for two different trap geometries: a disk and an annulus with g = 0.5. The four panels are relevant to different values of the vortices core
mass M, which is taken, for each panel, to be the same (in absolute value) for the annulus and the disk. We take also equal mean-value a-density for

the two traps, and the disk radius is identical to the external radius of the annulus.

3. Vortex Necklaces in Planar Disk and Annulus

After analyzing the standard PL models for representing, at
a simplified level, the motion of massive quantum vortices,
let us now move on to the actual field dynamics as predicted
by the solution of the time-dependent Gross-Pitaevskii equa-
tions (GPEs).”*®! Their solution well describes the properties
of the mixture of the two ultracold quantum gases. In the cur-
rent section, we group a collection of phenomena involving vortex
necklaces, and show how the dynamics predicted by the GPEs can
feature tunneling phenomena that lead to vortex-mass exchanges
and atomic Josephson supercurrents.

In the following, when referring to a vortex “necklace” in the
GPEs solution, we mean a closed sequence of vortices that does
not develop any changes in the order of the vortices over time.
Such a configuration can be the same as in the context of the PL
model (see Equation (9)), or its deformation. We run here our
numerical simulations up to the final time of 10 s, so that when
we talk about a “stable” configuration in the context of the GPEs
study, we mean that within our simulation time of 10 s this is
not destroyed.

3.1. Gross—Pitaevskii Equations’ Simulation

In the following sections, we employ numerical simulations to
solve the following coupled 2D Gross—Pitaevskii equations for the
mixture of BECs,

. 0y, (1 t) n? 8ab

ih—=— = —mvzw("’ B+ | Veul(r) + LLZW/Z;("’ Hl?

a

valr.) + 2l ) Pw (),

'z
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oy, (r, t) n o, 8ab 2
h————=--—V t = t
S = oy V) (Vo) + ()
gb 2
vl D)+ 2l (0w, ), (18)

4

where y; := y;(r, ), j = a, b is the order parameter of the compo-
nent j and r = (x y), m, is its atomic mass, V,(r) is the exter-
nal potential, and g = 4zh’a;/m;, with a; the s-wave scattering
length of the component j, while g,, = 2zh%a,,/m, and 1/m, =
1/m, + 1/my, with a , the s-wave scattering length describing the
interaction between an atom of a and an atom of b. Finally, L, is
the thickness of the mixture in the z-direction, where the dynam-
ics is frozen. The rescaling of the interaction parameters g and
g, is due to the dimensional reduction of the GPEs to two di-
mensions. The GPE for y, highlights how g,, /L, |w,(r, t)|* is an
effective potential for the component b.

In the present work, we always consider a mixture of ¥ Rb, as
the “a” majority component and ' K as the “b” minority com-
ponent, with a number of a -atoms in the trap N, = 10°, and a
varying number N, of b -atoms in the trap. An example of such
a binary mixture was realized by Burchianti et al.[*°! The external
potential V., (r), common to the two components, is here a hard-
wall potential with either the shape of a 2D disk or of a planar an-
nulus. We take here a disk of radius R = 50 um and an annulus of
external radius R, and variable internal radius R;. The thickness
L, is 2 um, and the intra- and inter-species scattering lengths are,
if not explicitly indicated, a, = 994, a, = 654,, and a,, = 1634,
with a, the Bohr radius. We have that g,/ \/% ~ 2.2, in agree-
ment with the immiscibility condition required for the massive
vortices. Note that the system of Equation (18) only features
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|2 and |w,|?, where the former hosts 16 quantum-vortex wells

initially arranged in a necklace, while the latter is the vortices’ infilling-component undergoing quantum tunneling. In this system, the condensates are

trapped in disk, and N, = 10%.

contact interactions, and that the number of atoms in the two
components is conserved and given by

/dzr ly;|* =N, j=ab. (19)

Observe, in the upper relation, the atom-number-density mean-
ing of |y;|*.

Our code for simulating the GPEs is based on an imaginary
time algorithm, in a rotating reference frame, to produce the in-
put configuration, and on the Runge—Kutta method of the fourth
order for solving our nonlinear time-dependent equations. Our
spacial grid is of 256 x 256 points. The trial state used in the
imaginary-time algorithm for producing the desired initial con-
figuration of the real-time evolution contains Gaussian b-peaks
at the vortex sites, to model the infilling masses, and phase sin-
gularities in the phase field 6,, with y, = |, | €%, to model the
quantum vortices.
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3.2. Metastable Behaviors in Unstable Massive Vortex Necklaces

As a first example of massive vortex necklaces we examine some
cases of unstable configurations, to characterize their destruction
mechanisms and the role of the mass exchanges between the vor-
tices, identifying some metastable dynamical features.

In Figures 4 and 5 we see the dynamics of a system of 16 vor-
tices initially arranged in a necklace with a uniform infilling-mass
distribution, respectively in a 2D disk and a 2D annulus. For both
the trap geometries, this configuration shows a transient with
an initial metastable behavior followed by the disruption of the
necklace, disclosing the predominant unstable character of the
system. Note that this result is in agreement with the prediction
given by the PL model illustrated in Figure 3, showing that a 16-
vortex necklace is always unstable for both the geometries. In the
case of the disk, the metastable transient consists of repeated ra-
dial contractions and expansions of the massive vortex necklace,
whereas in the case of the annulus this transient is much shorter.
Such necklace-breathing dynamics is found in several instance of
vortex necklaces at varying N,.
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Figure 5. Dynamical evolution of the two BECs in a trap with an annular geometry. Many qualitative features for the evolution of 16 identical massive
vortices initially arranged in a necklace are the same for the disk geometry represented in Figure 4. The last panel shows the phase field 6, at the time
t = 3.40 s and corresponds to the last density snapshot in the second row. The inital precession direction of the necklace is anti-clockwise. We have

N, = 10% and g = 0.5.

During this breathing effect, the vortex necklace rotates,
as expected, due to the effect of the global vortex-generated
current.>0>1]

The breathing of necklace is followed by its rupture, occurring,
in the example in Figure 4 of a 2D-disk geometry, att ~ 0.45 s, and
in the example in Figure 5 of a 2D-annulus geometry, at t ~ 0.43
s. In both the geometries, after the necklace rupture, the vortices
arrange themselves in a ring of pairs, each one exhibiting bosonic
tunneling. This self-organization is characteristic of necklaces at
even N, values, and is probably due to the nature of the vortex
pair-interactions modeled by the term Vj, in Equations (3) and
(7). The pairs make up a set of BJJs at any instant of time, where
the vortices in the BJJs swap partners as the dynamics goes on.
The clear pairwise bosonic exchange lasts, in the case of the disk,
up to t =~ 1.30 s, whereas in the annulus t ~ 0.7 s. Subsequently,
the systems evolve in more complex configurations. These are as
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well characterized by the tunneling of the vortices’ infilling popu-
lation, and the tunneling rate between two vortices is the higher
the lower the distance between the vortices is, so that the tun-
neling events predominantly occur between nearest neighbors.
Over time, the vortex dynamics becomes disordered, suggesting
the onset of a fully chaotic regime. In passing, note that in both
Figures 4 and 5 it is visible how the vortices’ cores expand or con-
tract depending on the amount of mass they host.

It is worth observing how the annulus geometry, exhibiting a
double boundary, adds complexity to the vortex dynamics. For ex-
ample, it makes it possible for a single vortex to have two dif-
ferent precession directions, depending on its position with re-
spect to the boundaries, an effect previously observed in Ref. [46].
Also, the vortex absorption at the inner boundary can take place,
triggering a superfluid background current. Figure 5 shows this
effect. In the figure, the last panel of the lower row shows a
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Figure 6. Time evolution of the density field |, |? for a six-vortex necklace starting with a single b-peak located at a single vortex-well. Here N, = 102,

and g,/ /848 = 1.26.

snapshot of the phase field 6, of the order parameter y,. Here one
can identify the vortex positions as the phase singularities around
which 6, has a winding of 2. As visible in the figure, some of the
vortices initially present in the trap have been absorbed by the
central hole of the annulus, giving rise to a background-current
contribution. This background superfluid current, is caused by
its non trivial topology, and allows for a phase winding around
the inner hole, an effect not visible in simpler disk geometry.

In conclusion, we note that in both Figure 4 and 5, preced-
ing the transition to a disordered configuration, a series of “or-
dered” configurations, displaying some discrete symmetries, are
well visible.

3.3. Component-b Diffusion in Initial States With a Strong
Population Imbalance

In this section we examine the diffusion process for some sig-
nificant initial filling distribution of the necklace. We study how
a necklace configuration with a single peak in the b-component
evolves within the disk geometry, observing how the peak dif-
fuses and modifies the filling of the adjacent vortex wells.

The first example concerns six vortices with 102 infilling parti-
cles, in a stable vortex-necklace, i.e., a configuration which per-
sists for the total observation time (here: 10 s). Here, the vor-
tices are close enough to observe a tunneling between nearest
neighbors, and g, is a bit lower than the standard value (we have
v/ /8.8, = 1.26) to allow for such a configuration. This system
is reported in Figure 6, where we see how the effect of the rotation
(anti-clockwise) induces a non-symmetric peak diffusion, namely
the nearest well on the right of the b-peak is populated first, fol-
lowed by the nearest well on the left. Subsequently, the bosonic
current within the necklace acquires a more complex character
(see Section 3.4). Interestingly, the peak diffusion takes placein a
similar way in the annular geometry, as represented in Figure A1l
in Appendix A.

Necklaces with more vortices and a smaller distance between
nearest neighbors, or at larger values of N,, feature the same
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type of peak-diffusion dynamics shown in Figures 6 and Al. In
both geometries when the vortex number is increased, however,
the necklace is not stable and gets destroyed after some time.
Here, due to the presence of more vortices, the initial transient
of the peak-diffusion is, after the population of the two near-
est neighbors, followed by the population of the second-nearest
well against the precession direction, and then by the second-
nearest well in the precession direction. On the other hand, with
N, = 5x 10 or N, = 10 atoms concentrated in the initial peak,
we see stable necklaces only in the case of the disk, but not for
the annulus.

On the other hand, for fewer-vortex necklaces (N, = 3,4,5)
that feature a larger distance between nearest-neighbor vortices,
we observe in both geometries the trapping of the peak within
the initial vortex’ site, with no filling of the other vortex wells for
N, = 3,4 and with a negligible filling for N, = 5. In these exam-
ples, the vortex necklaces are also stable throughout the observa-
tion time of 10 s. Interestingly, the PL model predicts in fact stable
necklace solutions for N, = 3,4, 5, 6in the disk and in an annulus
atq = 0.1, with N, = 10%. These are at an appropriate Q given r,,
with r, as approximately in the initial configurations of the GPEs
simulations. Namely, the survival of some necklaces throughout
the whole simulation time could be explained by a similarity, up
to the vortex-mass distribution, to stable fixed-point solutions in
the PL framework.

3.4. Supercurrents in a Few-Vortex Necklaces

In Section 3.3, we found an example, in the disk trap, of a vortex
necklace supporting bosonic currents between the vortex wells
for a very long observation time, i.e., 10 s. In this section, we ex-
amine in more detail the tunneling phenomena occurring in the
six-vortex necklace, within the disk-shaped trap, at varying N,. We
always consider an initial configuration where one vortex is filled
and the others are approximately empty, i.e., |y;|? has a single
peak. Furthermore, as in Section 3.3, we have g,/ /2.8, = 1.26,
i.e., a higher miscibility with respect to the standard case. Thanks
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Figure 7. Bosonictunnelingin a necklace of 6 vortices. Within the complex nonlinear dynamics we recognize some major population’s exchange between
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s, occurring respectively in anti-clockwise, clockwise and anti-clockwise direction) are shown together with the configurations preceding the exchange.
The red arrows highlight the direction of the peak transfer. Here, N, = 102, gab/\/ga_g = 1.26.

to this condition we can create an enough small-sized neck-
lace and observe appreciable variations of the vortex-well popula-
tions.

The first example is the same of Figure 6 (see the initial con-
figuration in the first panel of Figure 6) involving N, = 10? tun-
neling atoms. After the initial transient shown in the figure,
we observe other interesting phenomena occurring during the
complex tunneling dynamics which takes place at longer times.
Specifically, we see a transfer of the b-peak, over longer time
scales, between the same two nearest-neighbor vortices. This dy-
namics is reminiscent of an open-BJJ behavior where the two
wells are co-rotating. As a matter of fact, it involves an oscil-
lating population imbalance between two adjacent vortices, but
the number of infilling particles in two-vortex sub-system is not
fixed. In point of fact, the other four vortices get also significantly
populated throughout the system’s dynamics. Figure 7 illustrates
the tunneling events between the two nearest neighbors (labeled
as “1” and “2”), and the configurations preceding the tunneling,
where the tunneling events in the BJJ-like subsystem are high-
lighted by the arrows. We have that the first population inversion
occurs att ~ 3.80 sin the anti-clockwise direction, i.e. in the same
direction of the necklace’s rotation, whereas the second tunneling
process leading to the peak’s transfer occurs at t ~ 5.50 s against
the rotation direction, and the third peak’s displacement occurs
at t ~ 7.80 s again in the direction of the necklace rotation. In
general, the wells not belonging to the subsystem feature appre-
ciable population’s variations during the dynamics, however for a
time lapse before the peak’s transfer they get very lowly populated
or empty.

Examining a similar system but at N, = 5 X 10?, we observe
an analogous regime, where the peak swaps occur earlier, but
only for an initial transient of time (up to t ~ 5 s); subsequently,
the peak is transferred to other vortices than the two that hosted
the largest peak’s exchanges before. As a consequence, the neck-
lace undergoes severe deformation, e.g., resembling a triangle at
some instants of time. Nonetheless, within the 10 s of our total
observation it is not destroyed. Moreover, we studied the analo-
gous system at N, = 10°, shown in Appendix A in Figure A3. We
see here that several major peaks are created in the necklace, and
several nearest-neighbors population’s exchanges take place be-
tween varying pairs of vortices. Again, the presence of larger vor-
tex masses with respect to the case at N, = 10? leads to strong
deformations in the necklace, which however is not destroyed
within our simulation time of 10 s.

Ann. Phys. (Berlin) 2025, €00268 €00268 (9 of 17)

Jk =

The emergence of stable Josephson supercurrents in the neck-
lace of Figure 7 suggests that stable supercurrents could be sup-
ported also in presence of different initial conditions. We find
that at uniform vortex fillings and N, = 10, the necklace persists
stable over time, featuring periodic contractions and expansions,
and the vortex fillings stay uniform during the dynamics.

At last, we consider the case with two specular peaks in the
b-density, i.e. two filled vortices and four virtually empty ones.
Interestingly, in this case we have an ordered evolution of the b-
supercurrents. This is illustrated in Figure 8, showing a central
symmetry of the b-density distribution in the necklace at any in-
stants of time.

We can quantify the Josephson supercurrents of the compo-
nent b within the vortex necklace by means of the average x- and
y-currents j, andj_'y,

T /dxdy W, Viv, — v, Vi), k=x,y. (20)
m,

Remarkably, these average currents feature almost periodic oscil-
lations in the case of the necklace prepared with a single-peak, as
shown in Figure 9. In this case, we recall that the latter was co-
rotating with the necklace up to a few tunneling events. On the
other hand, in the case of a uniformly filled necklace and of the
necklace with an initial (centrally symmetric) double-peak con-
figuration, the net currents j, and j, turn out to be zero.

To sum up, in this section we examined three cases at N, = 6
and N, = 10? (with three different initial conditions on the b-
fillings), 5 x 102, and 10°, and the GPEs’ simulations showed that
for very long times the necklaces did not get destroyed. The ini-
tial configurations we took, in all the three cases, features a ra-
dial position of the vortices r, ~ 0.3 R. Very interestingly, if we
consider these initial configurations, up to the distribution of the
vortex masses which is implicitly uniform, in the framework of
PL model, we get that there exist stable fixed-point solutions (see
Equation (9)) in all the three cases. These first results are promis-
ing for a future more detailed comparison between the mean-
field GPE dynamics and PL models.

3.5. Collapse to Fewer-Vortex Configurations With a Background
Current

As already mentioned, the annular geometry allows for the ab-
sorption of quantum vortices at the inner boundary and the con-
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sequent creation of a background superflow. The closer to the
inner boundary the vortices in the starting necklace configura-
tion are, the quicker the system evolves in a fewer-vortex config-
uration with a higher background flow. In a couple of examples,
shown in Figure 10 and in Appendix A in A2, that present neck-
laces with 6 and 8 vortices initially placed so to touch the inner
boundary, we observe an evolution into particularly ordered fi-
nal configurations. These respectively feature 2 and 4 massive
vortices organized in a necklace of larger radius with respect to
the initial one and a background flow carrying, as expected, four
quanta of circulation in both cases. Such final configurations are
reached at t ~ 1.70 s and ¢t ~ 0.83 s respectively for the two cases
and present, in good approximation, a discrete rotational sym-
metry and uniform, larger vortex masses. The transient dynam-
ics that leads to the final configurations are complex and involve
the redistribution of the mass through tunneling events, and of
the local vorticity. In the last panel of Figure 10 one can see the
phase field 6, of the vortex-hosting component, indicative of the
collapse of four quantum vortices to the centre of the annulus
and the redistribution of their vorticities in a larger, background
supercurrent circulating around the origin.

To explain these phenomena, we attempt at a rough compar-
ison with the PL model for the annulus. Remarkably, the GPEs’

o6 -

i

-4 o «zb#? Rmb/(th) i
Joy Rmy/(Noh)
6 ‘ ‘ ‘ ‘
0 2 4 6 8

t(s)

Figure 9. Normalized average currents in the x and y directions relative to
the component b for the case of a six-vortex necklace prepared with a single
b-peak in a single vortex well. We have N, = 102 and g,/ /2.8, = 1.26.
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simulations are in agreement with the expectations based on the
PL model. As a matter of fact, we find that there exist necklace
configurations such as the initial and the final states of Figure 10
and A2, at a given Q. Second, we find that the final configura-
tions, involving two (four) massive vortices and a background su-
perflow carrying four quanta of circulation, have a maximum in-
stability growth rate that is approximately 0.07 (0.002) that of the
initial configuration. This indicates a much higher relative stabil-
ity of the final configuration with respect to the initial one. The
approximate character of these results is due to the approxima-
tion on the extracted value of r,, then used for the Ansatz (9). As
the values of ¢* for systems similar to the final configurations
in the GPE counterpart turn out to be extremely small, it is not
excluded that a more precise comparison might show that such
final configurations are in fact stable.

4. Supercurrents in Vortex Lattices

In the previous sections, we saw how the distance between two
vortices determined the time scale of any tunneling processes.
This result is expected in the view of the effective vortices’ po-
tential wells, and it is in agreement with our results of Ref.
[6], where we estimated the trend of the tunneling amplitude |
in a single Bosonic Josephson Junction formed by two massive
vortices as | € O(d*), with d the distance between the two vort-
ices.

After exploring the necklace dynamics in the disk and the an-
nulus geometries, it is quite natural to consider a third config-
uration still characterized by the same discrete rotational sym-
metry but with internal structure exhibiting a different topol-
ogy. We analyze what kind of tunneling processes can be sup-
ported by vortex lattices arranged in star structures (i.e., a vor-
tex crown surrounding a central vortex), known to exist in sta-
ble configurations.**3>°2] We focus on cases where the dis-
tance between any pairs of nearest-neighbor vortices is com-
parable, so to ensure a similar tunneling probability. Dur-
ing the dynamics the vortex positions have very small vari-
ations, compared to the vortex size, around an average val-
ues. Hence, we study such systems via the GPEs simulations,
and present a few interesting examples of their phenomenol-
ogy, which open the path for future more detailed characteriza-
tions.

We always consider lattices consisting of a central vortex and
a surrounding necklace of vortices. The PL analogous, up to de-
formations of the necklace, is described by the solution in Equa-
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Figure 10. Evolution of a massive six-vortex necklace placed so to touch the inner boundary of an annulus: the core-masses are redistributed and the
system evolves into a massive two-vortex necklace and a background flow. The last panel is relative to the phase of y, at the time t = 3.00 5. The two-vortex
necklace persists until the final observation time (not shown here) of 10 s. The final precession direction is anti-clockwise. Here, Nj, = 103, g = 0.55.

tion (10). Again, we study the Gross—Pitaevskii dynamics up to
10 s of time, and a “stable” vortex lattice, in the context of the
GPEs simulation, is a lattice that survives until this final simula-
tion time.

These systems make up some complex effective BH models,
thanks to the a-density wells at the vortex sites and to the infill-
ing condensate b. We have that our vortex lattices always feature
at least some small vibrations of the vortices around their aver-
age positions. These could in the future be in the first instance
neglected, to then develop a mapping of the massive many-vortex
system with a rotating BH model, 33343749 proceeding similarly
as we did in Ref. [6] for a single BJJ. An interesting dynamical fea-
ture maintained by the vortex lattices is, similar to what observed
for the necklace in Section 3.2, the contractions and expansions of
the vortex crown over time. These seem to depend on the amount
of mass filling the cores of the crown vortices, and to persist as
long as the lattice structure is present.

A first fundamental aspect characterizing the dynamics of star-
like arrays is the macroscopic tunneling of the infilling compo-
nent between the central vortex well and the vortex “crown”. We
start with N, = 10%, and an approximately uniform distribution
of the b-atoms along the external necklace, with a negative popu-
lation imbalance between the central vortex and the surrounding
crown. In this case, the dynamics is extraordinarily ordered if the
lattice is composed of 5 vortices, as shown in Figure 11. The latter
shows a radial tunneling dynamics of the b-component from the
central well to the vortex crown. This is quantified by the evolu-
tion of population imbalance n,(t) — n,(t), where n, (t) and n, (t)
are respectively the number of b-atoms in the central vortex and
in the surrounding vortex crown. Such populations are extracted
by integrating |y, |?(t), in the case of n,(t), on the circle C cen-
tered in the origin and of radius approximately half the average
distance of the vortices in the necklace from the origin, and in
the case of n,(t) on the disk minus C. In the case of Figure 11
the extracted population imbalance features oscillations of simi-
lar amplitude and period, and this radial tunneling suggests that,
for some specific configurations, the population oscillations be-
tween the central vortex and the crown could be mapped to an
effective (two-site) BJJ in presence of some symmetry conditions
on y; (see e.g., Ref. [37]). The snapshots of Figure 11 seem to
confirm this scenario as the vortex crown always features an ap-
proximately uniform filling.
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Increasing the number of vortices, and going to N, = 6, 7, and
8, as illustrated respectively in Figure 12, 13, and in Appendix A
in Figure A4, the mean-field Gross-Pitaevskii model highlights
a progressively “more disordered” dynamics, where the vortex
crown develops a visibly non-uniform filling over the evolution
time. For N, = 6, we observe relatively regular supercurrents only
restricted to some time windows, while the overall trend fea-
tures a shift of the population imbalance toward the external
vortex crown. For N, = 7, Figure 13, features globally an oppo-
site trend of n,(t) — n,(t), showing an increasing concentration
of the b-atoms within the central well, with respect to the begin-
ning. Interestingly, at increasing N, the radial tunneling seems
to get faster, and in the case of seven vortices (Figure 13) it be-
comes more difficult to capture some periodic behaviors, while
with eight vortices it is almost impossible (Figure A4). It is worth
noticing how at increasing N,, in our examples, a lower global
variation of the imbalance n, () — n,(t) takes place. The cases at
N, = 9 and 10 are very similar to the eight-vortex case, whereas at
larger values of N, the lattice gets destroyed at some critical time.

On the other hand, upon an increase on N, i.e. at N, = 10, the
lattice at 5 vortices, unlike the cases at N, = 6,7, 8, gets destroyed
before the end of the simulation of ten seconds. We have that
the lattice-destruction process takes place via a depinning of the
central vortex, which first oscillates around the origin until its
displacement is too large and the lattice gets destroyed.

The emergence of sound waves within the a-component,
shown in the different snapshots of Figures 12 and 13 is worth
noticing. These are related to the vortices’ accelerations!®>* and to
the repulsive interaction between the two components, governed
by g,,- Possibly, such sound waves could have an effect on the tun-
neling dynamics, a matter which of interest for a future study. On
the other hand, it would be interesting to examine how the vortex
accelerations directly affect the dynamics of the Josephson super-
currents, as done in Ref. [54] for a single BJJ.

4.1. Effect of g,
We now investigate the effect of the coupling parameter g ;, ex-
pected to play a crucial role in the tunneling dynamics, as a fac-

tor appearing in the vortex-wells effective potential (see also Sec-
tions 3.3 and 3.4). Therefore, we set here g, /+/g.g, = 1.26,i.e. a
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Figure 11. Oscillations, in the radial direction, of the b-atoms population in a five-vortex lattice. These represent a very ordered supercurrent with
approximately uniform oscillation’s amplitude and period, and a slightly varying average. As in the snapshots, the external vortex crown approximately
features a uniform filling through the time evolution of the system. We have N, = 102.

lower immiscibility with respect to the standard case. Interestingly,
we see that this condition leads to much stronger oscillations in
the imbalance n, () — n,(t) for lattices of 5, 6 and 7 vortices, as
shown in Figure 14. Here we see that the imbalance varies from
significantly negative to significantly positive values, meaning a
strong filling of the internal vortex with respect to the whole col-
lection of external vortices. These oscillations are approximately
regular in all the three cases, unlike the corresponding systems at
v/ \/8.8, =~ 2.2 (see Figures 11, 12, and 13), while for higher N,
values the shift of the average imbalance toward negative values
reveals a relatively more filled crown with respect to the internal
vortex. At N, = 7 we observe some leakages of the b-atoms out of
the lattice at long times, phenomenon that increases at increas-
ing N,. We also studied the same systems at N, = 10°, and saw
that the lattices at N, > 5 got destroyed before the final simula-
tion time of 10 s.

5. Conclusion

To sum up, we investigated, mainly numerically, some of the
tunneling processes that the vortex-infilling component can un-
dergo in a system of many vortices, and the stability properties
of some ordered configurations at varying physical parameters.
Our work was prompted by our recent finding, in Ref. [6] of
sustained Josephson supercurrents in two-vortex systems, and
aimed at exploring some of the features occurring at the level
of the GPEs simulations when many vortices exchanging mass

Ann. Phys. (Berlin) 2025, €00268 €00268 (12 of 17)

among each other are involved. We started, in Section 2, by out-
lining the PL models present in literature for approximating the
dynamics of massive vortices with a frozen mass, which were
shown to work well with a negligible quantum tunneling of the
minority component. We then explored in Section 3 and 4 the
tunneling phenomenology displayed by the GPEs simulations in
regimes where the tunneling in the infilling component was trig-
gered. Surprisingly, we still found some qualitative agreement
on the stability character of necklace vortex configurations, even
in presence of a varying vortex mass. In essence, we found that
persisting necklaces were in fact configurations very close to sta-
ble configurations at the level of the PL model, whereas neck-
laces that got destroyed according to the mean-field dynamics
were very close to unstable configurations in the PL framework.
This first qualitative considerations foster future more detailed
comparisons, e.g., on the rotation frequency or the instability
rate, and the development of a PL model with varying masses.
Specifically, in Section 3.2 we presented the GPEs dynamics of
many-vortex necklaces in a disk and an annular geometry, illus-
trating an example of their destruction mechanism and the on-
set of a chaotic motion accompanied by the vortices’ exchange
of mass.

Subsequently, in Section 3.3 we examined the initial diffusion
dynamics of a single b-peak in a stable few-vortex necklace (N, =
6). The effect of the necklace rotation, in both the disk and the
annular geometry, was retrieved in an asymmetric diffusion of
the initial peak.
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Figure 12. Dynamical evolution of a six-massive-vortex lattice according to the GPEs. The configuration, characterized by a central vortex and a five-vortex
crown, persists throughout the simulation time (10s). We estimate the amount of radial tunneling by the population imbalance n; (t) — n, (t) between the
central well and the surrounding necklace. In the right panels we see some snapshots of the condensates densities |y,|? and |y, |? at different instants.

In this case, N, = 102,

In Section 3.4 we then started from the system of Section 3.3,
for the disk trap, and illustrated the longer-times dynamics of
the b-supercurrent in the six-vortex necklaces, also at varying N,,.
Here we saw how the asymmetry in the vortices’ populations led
to asymmetrical lattice deformations. We found several instances
of Josephson supercurrents supported by the vortex necklace, and
we identified a BJJ-like regime in the case of a necklace initially
prepared with a single b-peak in a single vortex well. Further-
more, we observed that the case of a centrally symmetric vortex-
filling evolves so that |y, |* approximately preserves this symme-
try.

Further on, in Section 3.5 we illustrated two examples where
massive vortex-necklaces in an annulus, with an initially uni-
form vortex-mass distribution, collapsed to fewer-massive-vortex
necklaces with a frozen mass and a background superflow of the
majority component. This behavior, involving mass exchanges,
could be explained at the level of the PL model by comparing the
stability character of the initial and final configurations.

Finally, in Section 4 we studied the radial bosonic Josephson
current between a vortex placed in the origin of a disk trap and
a surrounding necklace of vortices. We selected vortex configura-
tions that are characterize by comparable distances between any
two pairs of nearest neighbors, to favor there the tunneling ef-
fects. We found a substantial current for a lattice of 5 vortices,
with periodic oscillations of the population imbalance. Increas-
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ing the number of vortices, we observed a decrease of this radial
current and a mass imbalance n, () — n,(t) between the central
vortex and the external vortex crown trapped around very low val-
ues. On the other hand, by decreasing the inter-species repulsive
coupling g,,, we observed a relative increase in the radial current,
observing larger oscillations in the imbalance n,(t) — n,(t) with
respect to previous case, and a periodicity in the imbalance oscil-
lations for larger time windows.

In general, in all the sections relevant to the Gross—Pitaevskii
results, e.g., Sections 3 and 4, we individuate some metastable
dynamical behaviors exhibited by the many-vortex systems, and
study our configurations’ stability properties at varying physical
parameters. In many cases we purposely do not let converge the
imaginary time propagation to the ground state, so to observe the
dynamics of weakly excited states. Interestingly, as in most cases
treated in Sections 3.4 and 4, these weakly excited states corre-
spond to persisting configurations of vortex necklaces or star lat-
tices, which do not get destroyed within the (quite long) obser-
vation time, even in presence of sound waves excitations. Also,
as far as our examples are concerned, up to the mass distribu-
tion (uniform in the PL model), if the massive vortex configura-
tion is stable in the PL approximation, we have that the corre-
sponding (weakly excited) GPEs solution persists for the simu-
lation time. Due to the promising results of the comparison be-
tween PL model and GPEs results, we expect that the quantitative
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Figure 13. Population imbalance and density snapshots for a massive-vortex lattice of 7 vortices. The same considerations of Figure 12 hold. We also

have Nj, = 10%.

estimate on the necklaces relative-stability properties given by the
PL model, represented, e.g., in Figure 3, would well capture the
properties of the GPEs solutions.

Our work prompts numerous future outlooks. We found that
vortices can support BJJ arrays in place of optical lattices; how-
ever, they are all but defect free, as they make up vibrating, time
dependent potentials. Given the breadth of the research we have
undertaken, we chose to forgo a quantitative numerical char-

ny (t) — N2 (t)

t(s)
Figure 14. Population imbalance between the central vortex and the sur-
rounding vortex crown for lattices of 5, 6, and 7 vortices. We have N, = 102

and g,,/1/8,8, = 1.26 in all cases.
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acterization of these systems, in order to focus on phenomena
which, to the best of our knowledge, have not been previously
observed, and to suggest new research directions. The present,
in part exploratory work, deserves further investigations, for in-
stance on i) a stability analysis of the vortex-necklace and lattice
configurations, presumably based on the predictions of the PL
model, ii) an analytic approximation of the many vortex-wells po-
tential, with the dependence of the wells widths on the hosted
mass, and iil) a numerical quantitative estimation of the tun-
neling and on-site-interaction parameters (in analogy with BH
models). On these lines, one could proceed as we did in Ref. [6]
to study the Josephson supercurrents within stable vortex struc-
tures. This phenomenology could be extended to vortex configu-
rations with particular symmetry conditions, as the periodic dis-
tribution of the b population among the wells. In this case, the
systems could be reduced to few-mode models within the BH
picture.[3]

As another outlook, it would be intriguing to study the cou-
pling between the vortices’ dynamics and that of the tunneling
component. Here the Tkachenko modes could be involved,!?2%]
as well as the breathing of the vortices, changing their core size
to accommodate more or less b-atoms. It would be interesting
to also investigate how this vortex breathing affects in turn the
sound waves in the component g, and finally how the latter affect
the tunneling dynamics. Finally, our ongoing work is focused on
systems of three and four vortices, which represent the building
blocks to explore chaotic and semi-periodic regimes,*>’] and so
to 2D quantum turbulence.[>®]
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Appendix A: Additional Figures
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Figure A1. Propagation of a single b-peak in a six-vortex necklace in a planar annulus, whose boundaries are represented by the white dotted lines. The
initial population of the empty sites occurs in a similar way to the case of the disk in Figure 6, but slower. The precession direction is anti-clockwise. We

have N, = 102, g = 0.1, and g,,/+/g.8, = 1.26.
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Figure A2. Evolution, likewise to the case of Figure 10, of a massive eight-vortex necklace. After three seconds the system’s configuration turns into an
annular background supercurrent and 4 massive vortices arranged in a necklace that is stable for a long observation time (i.e., until 10s). The last panel
represents 6, after three seconds of time. The final precession direction of the necklace is anti-clockwise. We have: N, = 103, and g = 0.55.
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Figure A3. During the complex tunneling dynamics occurring at relatively large N, values in a six-vortex necklace, we see several appreciable tunneling
events between nearest neighbors, as in the exemplary sequence above. We have N, = 10% and g,,/ /2,8, = 1.26.
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Figure A4. Dynamical evolution and tunneling of a system characterized by 8 massive vortices. We have that the same considerations of Figure 12 apply

and N, = 102.
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