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ARTICLE INFO ABSTRACT

Keywords: Design, control, and optimisation of offshore floating structures have undergone significant evolution in recent
Offshore floating structures years, driven by cutting-edge technology, including novel marine renewable energy sources and autonomous
Parametric hydrodynamic models underwater vehicles. A key cornerstone is the availability of mathematical models capable of providing

Time-domain modelling
Reduced-order models
Loewner framework

an accurate (yet computationally tractable) prediction of their behaviour, under different ocean conditions.
The most widely adopted approach for capturing fluid-structure interactions is based on linear potential
flow theory, where the system’s hydrodynamic behaviour is described through a finite set of frequency-
dependent linear coefficients. A well-known limitation of this frequency-domain approach is its inherently
non-parametric nature: if not parameterised accordingly, effective time-domain simulation necessitates the
numerical solution of a convolution operator, which describes memory effects due to the surrounding fluid, an
approach inconvenient for both simulation (computational) and control design (representational compatibility).
Not only is a closed-form expression fundamental, but any candidate parametric model also needs to comply
with the physical properties characterising a floating structure, including input/output stability, minimum-
phase behaviour, and passivity. This paper presents a novel approach to producing physically consistent
parametric structures for time-domain modelling of floating systems, utilising a Loewner-based method. The
models, capable of providing approximate interpolation of raw frequency-domain data computed with off-the-
shelf hydrodynamic solvers, accurately capture the complex behaviour of multi-mode and multi-body offshore
structures, while respecting the dynamical properties associated with the system’s physics. The technique
is illustrated in detail, using four different offshore structures from various fields of ocean engineering,
highlighting the benefits of the proposed time-domain modelling framework.

1. Introduction Regardless of the specific offshore application, the most widely adopted
approach for capturing fluid—structure interactions (i.e. dynamical re-

Offshore floating structures have been historically central to a sponse due to the action of ocean waves) is based on the so-called
vast range of traditional maritime industries and related applications, linear potential flow theory (Kundu et al., 2024; Falnes and Kurniawan,
serving critical roles in transportation, resource extraction, and even 2020; White, 2011), where the hydrodynamic behaviour of the overall
national defence (Fossen, 2011; Wilson, 2003; Lee and Roh, 2018). system is described through a set of frequency-dependent linear co-

Though widely recognised as a well-established field, this is, to date,
a rapidly evolving landscape, with the past decade seeing a significant
evolution in floating offshore technology, due to e.g the massive boost
in interest for marine renewable energies (Otter et al., 2022; Falnes
and Kurniawan, 2020; IRENA, 2020) in the path towards global de-
carbonisation, and the development of novel autonomous underwater
vehicles (Sahoo et al., 2019; Zereik et al., 2018), among others.

A key cornerstone in the design, optimisation, operation, and con-

efficients. These hydrodynamic coefficients are commonly computed
numerically in the frequency domain, for a finite set of frequency
components, a choice that offers significant computational advantages.
By exploiting linearity and, hence, superposition, the response of the
structure can be numerically estimated separately at each frequency,
yielding a frequency-response representation in terms of a finite set
of points (Faltinsen, 1993; Falnes and Kurniawan, 2020). These co-
trol of offshore structures is the availability of mathematical mod- efficients are obtained through so-called boundary element methods

els capable of providing an accurate (yet computationally tractable) (BEMS), rea(.iily implemen.ted in both open-source and commercial
prediction of their behaviour, under a variety of ocean conditions. hydrodynamic solvers (Papillon et al., 2020).
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A well-known limitation of this frequency-domain approach is its
inherently non-parametric nature, which complicates its use in a time-
domain simulation setup, design optimisation routines, and modern
control design and synthesis. In other words, with this methodology,
the frequency-domain response of the floating structure is represented
in terms of a finite set of complex numbers, each corresponding to
a particular frequency, and hence no closed-form expression of the
dynamical behaviour of the structure is (initially) available. If not
parameterised accordingly in terms of a suitable structure, the effective
time-domain simulation of a floating body, formulated leveraging the
so-called Cummins’ equation (Cummins, 1962), necessitates the numer-
ical solution of a convolution operator when included in the overall
input/output dynamics to describe the so-called radiation effects, which
describe the memory effects due to the action of the surrounding
fluid, an approach known to be inconvenient both from simulation
(computational) and control design (representational compatibility)
perspectives. As a matter of fact, efficient simulation for design and
optimisation, and development of control technology for offshore struc-
tures, virtually always require compact parametric models, typically in
state-space form, to enable system analysis, synthesis, and real-time
control implementation (Taghipour et al., 2008; Faedo et al., 2021a,
2023).

Not only does having a closed-form expression become fundamen-
tal, but any candidate parametric model needs to comply with the phys-
ical properties characterising a floating structure, which translates to
compliance with specific dynamical properties, including input/output
stability, minimum-phase behaviour, and passivity. The latter, which
relates to the dissipative nature of radiation effects, can have a signif-
icant impact both for simulation and control purposes, and is known
to be notoriously difficult to enforce (Perez and Fossen, 2011). As has
been previously shown in the literature, see e.g. (Faedo et al., 2021a;
Taghipour et al., 2008; Unneland and Egeland, 2006), even ‘small’
violations of passivity can lead to undesired instabilities in the overall
input-output model, compromising the role of the parametric repre-
sentation for numerical simulation purposes. Furthermore, passivity is
intrinsically connected with energy-based control, which is the golden
standard objective in the ocean renewable energy field (Ringwood
et al., 2023): a non-passive model can lead to ill-posed optimal control
problems, losing guarantees of existence and uniqueness of control
solutions, hence compromising real-time implementation and overall
system performance.

Due to its significance and relevance in the ocean engineering field,
parametric modelling of offshore floating structures for time-domain
simulation and control/estimation purposes has been addressed in the
literature using a variety of methods (see e.g. (Armesto et al., 2015)) ac-
cording to the specific application scope, directly exploiting BEM data.
Earlier studies (see the comparison paper provided in Pefna-Sanchez
et al. (2019)) focus on methods based on identifying the impulse
response directly, predominantly based on the so-called Prony’s method
(which essentially decomposes the radiation kernel into a weighted
sum of complex exponentials). More contemporary approaches moved
away from these formulations, focusing either on input/output rep-
resentations, ie. transfer functions, or state-space formulations. For
instance, a well-established method is that proposed in Taghipour
et al. (2008) and implemented in the open-source toolbox (Perez and
Fossen, 2009), in which the coefficients of a proposed structure in
transfer function form are computed via least squares procedures. This
technique, though simple to implement, does not inherently guaran-
tee any of the physical properties discussed within this section. An
alternative route is that proposed in Faedo et al. (2020, 2018a), in
which so-called model reduction by moment-matching (Astolfi et al.,
2020) is exploited to produce parametric forms for radiation forces in
terms of a state-space representation. The technique leverages the time-
domain definition of moments, initially proposed in Astolfi (2010),
and provides an approximating parametric form based on non-convex
optimisation, with guarantees of internal stability. Minimum-phase
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behaviour and/or passivity are not guaranteed, though the authors
have proposed a variant for single-input single-output systems in Faedo
et al. (2018b), adding a nonlinear constraint within the numerical
optimisation stage. Other methods explored include studies based on
Hankel singular value decompositions (Kristiansen et al., 2005), though
this inherently requires mapping the original frequency domain data
into the time domain. In particular, Kristiansen et al. (2005) proposes
a two-stage parameterisation, in which a high-order model is obtained
for each mode of motion based on Hankel decompositions, and then
a model reduction procedure is applied to reduce the overall model
complexity. Note that neither minimum-phase nor passive behaviour is
guaranteed within Kristiansen et al. (2005). What we believe is a step in
the right direction has been taken in Husain et al. (2023), where a pas-
sivity index is introduced to ‘measure’ compliance of parametric models
with this paramount physical property. Nonetheless, not only (Husain
et al., 2023) is solely based on ‘correcting’ the output of the methods
described above (via non-convex optimisation), but does not guarantee
passivity per-se.

Apart from the current limitations described above, very often,
the studies proposing new methods for parameterisation numerically
illustrate techniques based on either single DoF systems, or very simple
geometries (e.g floating cylinders/spheres), which present a relatively
simple dynamical behaviour, typically in terms of single mode re-
sponses that can be approximated with low order models. In these
scenarios, parameterisation techniques based on non-convex optimi-
sation routines can sometimes be effective, since the overall search
space for the system parameters is relatively small, and finding globally
optimal solutions can be performed with a reasonable computational
expense. Nonetheless, the situation can change drastically when con-
sidering either multi-DoF (MIMO) geometrically complex structures
and/or multiple bodies in water, where interacting dynamics can play a
massive role in the overall behaviour of the system (Celesti et al., 2025;
Folley et al., 2012). With the significant boost of interest in cutting-edge
marine technology, including e.g. offshore renewable energies, the geo-
metrical complexity of floating structures has increased significantly in
recent years: novel floating offshore wind platforms, new wave energy
conversion mechanisms, and even hybrid concepts, combining wind
and wave conversion. Design, operation and optimisation of these struc-
tures require a delicate interplay between different modes of motion, in
which interactions between DoFs become fundamental to understand
the overall behaviour of the floating system, both for simulation and
for control/estimation purposes. There is, hence, a substantial need for
accurate parametric models for complex marine structures, able to rep-
resent potentially high-order behaviour due to the inherent interaction
between multiple floating systems in multiple modes of motion, while
respecting the physical properties characterising the system response.

This study aims at closing this gap, by contributing with a pa-
rameterisation technique for generic marine structures, based on the
so-called Loewner interpolation framework (Mayo and Antoulas, 2007;
Antoulas et al., 2017; Karachalios et al., 2021), with the following main
characteristics:

» The technique proposed herein is able to construct parametric
models directly from the frequency response data computed by
BEMs, by organising it into structured left and right interpolation
sets. This is, to the best of our knowledge, the first application of
Loewner-based theory within the marine hydrodynamics domain.
Since Loewner interpolation cannot guarantee internal stability
per-se, a stabilisation routine is proposed to enforce this property,
with guarantees of optimality in the RH, sense, based on simple
coordinate transformations.

Following stabilisation, and given its major role in time-domain
simulation, a passivation routine is proposed, via convex semi-
definite optimisation. In contrast to Faedo et al. (2021a), which
proposes a single output (minimal) perturbation, the technique
proposed here introduces an additional degree of freedom, used
to guarantee passivity while minimising departure from the target
BEM response.
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Overall, the proposed Loewner-based technique is able to deliver para-
metric models compliant with all the required physical properties,
being of practical significance, without requiring complex non-convex
optimisation routines, and implementable with off-the-shelf numerical
tools.

To fully illustrate the capabilities and accuracy of the proposed
framework, four case studies are treated in detail, from different off-
shore application fields, including: a large vessel, an array of wave
energy converters, a semi-submersible offshore wind platform, and a
hybrid wind-wave energy conversion system. These cases, which cover
both multi-DoF and multi-body floating interacting systems, are pre-
sented in the time and frequency domains, offering different measures
of model quality, aiming to provide a comprehensive assessment of the
capabilities offered by the proposed Loewner-based technique.

The remainder of this paper is organised as follows. Section 1.1
introduces the notation used within this study. Section 2 discusses the
fundamentals underpinning time- and frequency-domain modelling of
floating offshore structures, leveraging Cummins’ equation. Section 3
describes the proposed Loewner-based parameterisation strategy, while
Section 4 discusses the enforcement of all corresponding radiation
dynamical properties, guaranteeing a well-posed and representative
parameterisation for the time-domain characterisation of a generic
offshore floating structure. Section 5 provides a thorough evaluation
of the Loewner-based technique, highlighting the performance of the
strategy for different multi-DoF and multi-body offshore structures.
Finally, Section 6 encompasses the main conclusions of this study.

1.1. Notation

Standard notation is used throughout our study, with any exceptions
presented within this section. We define C,, := {s € C|R(s) > 0}
and, analogously, C,,, C_, and C,. The imaginary axis is denoted as
€Y. The symbol 0 stands for any zero element, dimensioned according
to the context, while I, denotes the identity in C"™". The spectrum
of a matrix, ie. the set of its eigenvalues, is denoted as A(4) c C,
while the associated resolvent set is defined as p(4) := C/A(A). The
standard Kronecker product is denoted with ®, while the symbol &
indicates the direct sum operator over a set of matrices {4;};ey,, Le
Dien, Ai 1= diag(A,, ..., A,). Given a continuous function f(r), t € R, its
Laplace transform (provided it exists) is denoted as F(s), s = ¢+jw € C,
{¢,w} c R. With some abuse of notation, its Fourier transform is
denoted as the restriction of F on C, i.e. F(jw). Finally, the convolution
between two functions { f, g} (provided it exists) is defined and denoted

as (f % )0 = [, f(D)gt —v)dr.
2. Hydrodynamic models for floating marine structures

This section outlines the fundamentals of frequency- and time-
domain hydrodynamic modelling for floating offshore structures, based
on the celebrated framework of linear potential flow theory (Falnes and
Kurniawan, 2020; White, 2011). In particular, the equation of motion of
a generic floating body, in a lumped-parameter form about its centre of
mass, can be expressed in terms of the following linear continuous-time
Volterra integro-differential system:

(I +ay)d+kkqg+keqg=fo+ 8ex(q.4:1), (@)

where I € R™" is the generalised inertia-mass matrix of the body
and ¢ € R" denotes the time-dependent displacement vector associated
with the overall structure with respect to the centre of mass, defined
in m € N degrees-of-freedom (DoFs). The constant matrix k, € R™"
is the so-called hydrostatic stiffness, and represents linear restoring
effects (due to the balance between gravitational and buoyancy forces),
while f, represents wave excitation effects, i.e. force/torque induced
on the wetted surface of the device due to the incoming wave field.
The (potentially nonlinear) map g.,; denotes other potential effects to
be considered within (1), often included to improve the quality of the
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hydrodynamic model, most typically viscous forces, mooring effects,
and nonlinear restoring forces (Ringwood et al., 2023).

Finally, the convolution integral, together with the so-called infinite
added-mass asymptote a,, € R™™, defines radiation forces, accounting
for fluid memory effects. This specific representation for radiation is
due to Cummins’ (Cummins, 1962), hence the overall Eq. (1) is virtually
always referred to within the literature as “Cummins’ equation”. Note
that the corresponding convolution operator, with impulse response
function k € L?*(R™™), captures the impact that changes in the
momentum of the fluid at a particular time have on the motion at
subsequent times.

Remark 1. Eq. (1) can be easily extended to account for several (inter-
acting) bodies, using the very same mathematical structure (see Folley,
2016). This includes multi-body devices (such as hybrid energy con-
verters) or even arrays of floating structures, as considered within
Section 5.

The map k, which depends solely on the geometry of the floating
structure when assuming zero forward speed,' defines a corresponding
causal linear time-invariant system k G » kxg = f:;;v with
an associated frequency-response function K, defined in terms of the
so-called hydrodynamic coefficients as:

C™" 5 K(jw) = b(w) +jo (a(w) — ay,) , )]

with b(w) € R™™ the radiation damping, a(w) € R™™ the radiation
added-mass, and where a, = lim,,_,  a(w) € R™"™,

The coefficients characterising the radiation subsystem K in (2)
are commonly computed via BEM solvers (Papillon et al., 2020), at
a finite set of frequency components within a user-specified (finite)
bandwidth, and hence a parametric form for k in (1) is not known
a priori. This leads to (at least) two fundamental issues: (a) the user
commonly requires a fine frequency grid to reconstruct numerically the
impulse response k in the time-domain and with sufficient accuracy
and; (b) the convolution needs to be discretised and solved numeri-
cally accordingly to the reconstruction performed in (a), which is far
from being efficient. Since the mere presence of this convolution term
represents an inconvenience both from simulation (computational) and
control design (representational compatibility) point of views, the stan-
dard procedure adopted (see e.g Faedo et al., 2020) is to compute a
parametric form for k in terms of a continuous-time state-space system,
able to approximate the value of f 21" (f) in a computationally efficient
fashion, being simultaneously compatible with modern control design
procedures.

Formally, the core idea is then to find an approximating continuous-
time dynamical system

i . {0 =AxO+ B0,
' y() = Cx(t) + D4(t) ~ f::&'lV(t)

where x(r) € R" denotes the state vector of (3), n € N is the model
order, and {A, B,C, D} is conformable for (3). From now on, we will
denote the space containing all systems of the form (3) as zm and,
hence, k € . Note that the input/output behaviour of (3) can
be computed straightforwardly in terms of the corresponding transfer
function, i.e.

=(A,B,C, D), 3

Ck)=K :C->C™" s K(s)=C(sI— A)~'B+D. (O]

Before going further with the developments within this paper, we
note that any candidate approximating system k for k in (1) (equiv-
alently K for K in (2)) needs to respect the physical properties of
radiation forces:

1 This is a standard modelling assumption also in the case of large vessels,
see Fossen (2011) and Perez and Fossen (2011).
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(P1) K has to be internally stable in the Lyapunov sense, i.e. A(A) C
Cp in (3). This automatically implies bounded-input bounded-
output (BIBO) stability.

(P2) K has to be minimum-phase, i.e. its inverse has to be BIBO stable.

(P3) K has to be passive. This property, together with (P1), is equiv-
alent to positive-realness of its transfer function, i.e. the matrix
K (o) + K(Gw)* has to be positive semi-definite, Yo € R.

Note that Property (P3) = (P1) A (P2). As a matter of fact, (P3)
can have a significant impact?):oth for simulation and control purposes:
passivity of K guarantees local stability of the differential Eq. (1), for
any physically meaningful descriptions of the forces/torques involved.
As has been previously shown in the literature (Faedo et al., 2021a;
Taghipour et al., 2008), even ‘small’ violations of passivity can lead
to instability when included in the overall device Eq. (1), compro-
mising the role of the approximating model for numerical simulation
purposes. Furthermore, passivity is intrinsically connected with energy-
maximising control, which is the standard objective in the wave energy
conversion field (Ringwood et al., 2023): a non-passive model can lead
to ill-posed optimal control problems, losing guarantees of existence
and uniqueness of control solutions, hence compromising real-time
implementation.

Remark 2. Though one is normally interested in providing a para-

metric state-space form to replace the convolution in (1), we note that

recovering the equivalent (approximated) hydrodynamic coefficients

can be performed straightforwardly using (4), i.e.

[

S(K(w)) ta
(]

b(w) = R(K(w)) and d(w) = . (5)

for ® € R/{0}. Note that the value for the added mass at ‘infinity
frequency’ is readily available as an output from BEM codes (see
also Zabala et al., 2024).

3. Approximate parametric interpolants in the Loewner frame-
work

This section introduces the fundamentals underpinning the so-called
Loewner framework (Antoulas et al., 2017; Karachalios et al., 2021),
in which we explicitly derive an (approximate) parametric interpolant
for the radiation subsystem data described in Section 2, computed via
BEM solvers. To achieve such an objective, we begin by specifying the
I/0 response to be parameterised, i.e. K(jw) in (2), by means of two
key groups of data. In particular, we define a set of left interpolation
frequencies ¥, = {i]y,- }i en. C €9, each associated with a corresponding
set of m left tangential directions and m left tangential responses, i.e.

JHi = {(lijyvij)}jeNm’ —JHi = {(lijvr'j)}jeNms (6)

for all i € N,. Analogously, we define a set of right interpolation
frequencies F, = {gii}i en, C C, with a corresponding set of m right
tangential directions and m right tangential responses, i.e.

]/11' - {(rij’wij)}jeva _]/1,‘ - {(rijsw_ij)}jeNm’ 7

for all i € N,;. Some useful remarks are in order, as provided below.

Remark 3. Note that we choose mq and mk left and right tangential
directions in total, respectively, in order to guarantee exploring all the
elements characterising the target response matrix K. The choice of
these directions (and associated responses) is discussed in detail in the
following paragraphs.

Remark 4. We assume, from now on, that the sets of left and
right interpolation frequencies are disjoint, ie. %, N %, = @. This
technical assumption, which does not imply any loss of generality
for our case of interest, is required to guarantee the existence and
uniqueness of the proposed approximating system, as detailed in the
following paragraphs.
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Remark 5. Note that both &%, and %, are closed under complex
conjugation by construction. This is specifically useful to produce real
interpolants from complex data, as detailed within Remark 6.

The objective is then to find a low-order parametric system K(s)
able to fulfil (ideally) the tangential interpolating conditions:
CLRGuy=vl, LR =15,

K(Mij)"ij = Wjj, K(_J;lij)rij = w_lj

Regarding the pairs {(¢;;, v;;), (¢,;,0;;)} and {(r;;, w;;), (r;;, w;;)}, for
each left/right driving frequency in (6)-(7), different choices can be
pursued, as long as the directions can fully characterise the underlying

function (in line with Remark 3). Within this paper, we use orthogonal
canonical directions in C™", i.e.

¢

(€))

)]

ij = e;_n’ Ui = rowj(K(lﬂi))T,
rij=e, w;; = col;(K(4;).

Noting that e are indeed the columns of the identity matrix I,,,
and to streamline the exposition and definition of the proposed approx-
imants, we organise the available data in compact form, in terms of the
following matrices:

;0
n=@ (el )
S.Né 0 —m
LT=(1,®1,) ®[1 1]
vT=Y @, (10)

ieN,
v; = [rowl(K(/yi))T row, (K(u;)"

row,, (K ()" rom(W)T] ’
for the case of left data, and, analogously,
A; 0
=@ (nel )
R=(1,®L,) ®[1 1]
W=7y e, an

ieNy,
W, = [coll(K(IAi)) col, (KGA)
col, (K(G4)) col, (KGi) |,
for the right interpolation data.
Remark 6 (Real Interpolants from Complex Data). To avoid the con-
struction of complex-valued interpolants, since the underlying radiation

physical system is effectively defined over R, we consider the change
of coordinates defined by the unitary matrix

12)

Let J, = I, ® J. Since both %, and &, are closed under complex
conjugation (see Remark 5), the associated change of coordinates:

AR =X ATy,
R _ 7%
M¥ = J* M,

R
R® = RJ,,
R _
LR=yrL,

WR=wJ,,.

13
vE=Jrv, a3

transforms the complex data in (10) and (11) into isomorphic real
forms.

We are now ready to define two key quantities (Antoulas et al.,
2017), which are at the heart of the approximation technique adopted:
The Loewner, L, and shifted Loewner, L, matrices, for the left and
right data in (13). In particular, L can be defined (Mayo and Antoulas,
2007) as the unique solution of the Sylvester equation

MRL —LAR = yRRR _ [RypR, a4



M.L. Celesti and N. Faedo

where uniqueness follows straightforwardly from the fact that #,n%, =
@ by construction (see Remark 4). Analogously, the shifted Loewner
matrix L; satisfies the (shifted) Sylvester equation

MPRL, -~ L AR = MEVERE - [EWEAR, 15)

With the left and right data from the target frequency response
K in (2), and the associated Loewner and shifted Loewner matrices
(solution of (14) and (15), respectively), it is now possible to compute
the corresponding approximate parametric interpolants for a generic
marine energy conversion system. Let

rank &L — L, = rank [L L] = rank [ i ] =z, (16)
s

for all ¢ € %, U Z,, be the rank associated with the Loewner pencil
(L,L;), and consider the thin (often referred to also as ‘economic’)
singular value decompositions (SVDs):

L
[L L =v.8x], [ L= Y,8,X], 17)
N

where {S},S,} C R¥Z, ¥; € R and X, € R®“. Let n < z and define
the following projected decompositions:

' =, [HO] . X=X, []10] : 18)
The quadruple (E, A, B, C) given (Antoulas et al., 2017) by
E=-YTLX!, A=-Y"TLX}, 19
B=Y'TVvE — c=wEFx],

defines an (approximate) interpolant of the data, i.e.

K(s): s> CGE - A)7'B ~ K(s). (20

Remark 7. If n =z, (20) is an exact interpolant for the corresponding
left and right data with McMillan degree v = rank L.

Remark 8. Complexity (model order) of the data-driven interpolant
in (19) is essentially controlled by keeping the largest n < z singular
values of the decomposition associated with the Loewner pencil in (16)
only, i.e. the first n columns of ¥; and X,, as per Eq. (19).

It is straightforward to prove that Eq. (20) defines, in fact, the
transfer function of an associated continuous-time system (in the form
of (3)), written, for all r € R, as

- | x() = Ax(®) + B4(),
C Lo = Cxtn & £ @)
with x(f) € R", and where A= E~'A and B= E"'B.

=(4,B,C,0), (21

Remark 9. Given the properties of the radiation system (in particular,
causality), it is reasonable to assume that, for every possible model
order n € N, 0 is not an eigenvalue of E, ie., 0 € A(E), and hence
the matrices A and B are always well-defined. Nonetheless, if, due to
numerical issues, E loses rank, one can simply resort to a generalised
inverse instead (see Karachalios et al., 2021).

Remark 10. BEM solvers are known to present noisy components
at high frequencies, often induced by so-called ’irregular frequencies’.
We note that, to solve this, and before parametrising, post-processing
techniques exist and are widely used (see, for instance, Zabala et al.,
2024). Nonetheless, we note that, though beyond the scope of this
paper, specific choices for the left and right interpolation frequencies %,
and ,, respectively, can enhance the robustness of the Loewner-based
parameterisation (see the arguments in Kergus and Gosea, 2022).

In order to provide an intuitive overview of the workflow presented
in Section 3, Fig. 1 graphically summarises the proposed parametric ap-
proximation procedure described in Egs. (6)—(21). The diagram outlines
the main stages of the method, from the BEM data to the construction
of the Loewner matrices and the parametric model K.
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Fig. 1. Schematic representation of the proposed parametric approximation.

4. Enforcing physical properties

The parametric model computed in (21), which is solely based on an
SVD and a subsequent projection, is not guaranteed to exhibit the three
main properties (P1), (P2) and (P3), as listed within Section 1. This
is an inherent limitation of the Loewner-based approach as described
within Section 3. As such, in the following, a method to enforce all of
these system properties on the parametric Loewner-based model k is
proposed, with mild computational requirements. This task is pursued
in the following order: (P1) is first explicitly addressed, i.e. enforcing
stability, which, having now a stable model, facilitates enforcing (P3)
in terms of convex optimisation, as demonstrated within this sec-
tion. Note that compliance with passivity (P3) immediately guarantees
minimum-phase behaviour (P2) (see the discussion in Section 1).

Regarding (P1), it is first noted that, while the computed model
in (21) is not necessarily internally stable (as discussed immediately
above), this is often the case for reasonable selections of model order n
in the corresponding projection (18). In fact, as demonstrated within
the diverse case studies presented within Section 5, the presence of
a large number of unstable modes, ie. unstable elements in the set
A(4), can be effectively used to infer a reasonable model order for
the corresponding radiation parameterisation. Nonetheless, if unstable
modes are present for a given desired model order n, an optimal stable
approximation kg, for k is proposed within Section 4.1 to enforce (P1),
in a suitable system space.

Finally, once (P1) is guaranteed, (P3) is addressed directly via
convex semi-definite optimisation within Section 4.2, in terms of the
Kalman-Yakubovich-Popov lemma. In particular, the (now stable) ra-
diation system kg, is perturbed in terms of its output and feedthrough
matrices, in order to guarantee passivity, with minimal intervention.

4.1. Enforcing stability

As outlined above, in the case that k in (21) does not comply with
(P1), the underlying idea is to compute a stable approximation in a
suitably defined space of systems. Given that D = 0 in (21) (ie. k is
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strictly proper), the natural choice is to find the closest stable system
within the Hardy space RH,, formally defined as

RH,:= {G € R(s)™™ | CO'cdom(G), ||G|l,<oo } , 22)

that is, the family of strictly proper rational functions which are ana-
lytic on C,. Before describing the stability enforcement procedure, we
define the following general class of spaces for state-space systems:

Ozm:={(A,B,C,00€ ™| C° C p(A)},
*3m = {(A,B,C,0) € Z>"| Cyy C p(A)}, (23)
~x" :={(A,B,C.0) € ZP"| Cgy C p(A)},

where *X™ and ~X" are the sets of the stable and antistable systems
or order n, respectively. We further introduce the following two useful
operators between two generic systems X, and %,:

(1A o] [B] [cT]"
sus= (5 2 [o] 4] o). o0

T\ %,T, := (T AT,,T|B,CT,,0),

where the matrices T, 7, are conformable. Note that the operator II
essentially describes the parallel interconnection between two state-
space systems. Furthermore, X, ~ %, is used to denote that ¥, and X,
are restricted equivalents, i.e. there exist regular matrices T}, T, such
that £, = T, 5, T.

We are now ready to introduce the definition of the approximation
problem for k in RH,: Suppose k € °=™. Find kg, € Uzen™ =5 such
that

[[6k) = G|, = keuir;gﬂ: loc=) - gdv, - (25)

Remark 11. The definition in (25) essentially aims for the computation
of the closest (in a 2-norm sense) strictly proper stable system to a given
unstable %.

To characterise and compute a solution for the approximation
problem in (25), we exploit, in the following, a fundamental result
from Kohler (2014). Let k € %™, Then, there exists Tk € * =™ and
~k € ~=" such that k ~ *k 11 k. Furthermore, *k solves (25), i.e.

inf 6o - 6o, = [l6k) - 6o,
keUsen* = (26)

=g Bl

where the solution is unique in the following sense: If k is another
solution, then it is also a realisation of G(*k).

This result, which seems somewhat natural, essentially implies that
one can always decompose a given unstable system k as a parallel in-
terconnection between stable *k and antistable ~k ‘parts’. Furthermore,
+% represents the optimal stable approximation of k in R},, and hence
one sets kg, = *k to ensure (P1). In particular, with some abuse of
notation,”

C o [50) = Agyx() + By d(0),
~ b -

0 = Cep(0) @7

= U By Cotor )

The explicit computation of "k, as per Eq. (26), can be performed using
simple matrix operations to decouple stable and unstable modes, see
e.g. Bavely and Stewart (1979).

Remark 12. Note that the feedthrough matrix in (27) is effectively 0
as per in (21), since kg, € RH,.

2 Note that, while we are also using the notation x for the state vector of
(27) (to simplify the exposition), this vector is effectively different from that
defined within (21).
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Remark 13. If k in (21) is already stable, then it is trivial to show
that k = *k = kg, since stability of (21) automatically implies that

ke RH,.
4.2. Enforcing passivity

As discussed within Section 2, one of the main properties of the
radiation subsystem k is passivity, i.e. (P3). This property, which is
related to the dissipative nature of radiation forces, plays a funda-
men