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ARTICLE INFO ABSTRACT

Keywords: We present the Neural Approximated Virtual Element Method to numerically solve elasticity
NAVEM problems. This hybrid technique combines classical concepts from the Finite Element Method
Elasticity and the Virtual Element Method with recent advances in deep neural networks. Specifically, it

Virtual element method
Neural network

Basis functions
Polygonal meshes

is a polygonal method where the virtual basis functions are element-wise approximated by a
neural network, eliminating the need for stabilization or projection operators typically required
in the standard Virtual Element Method. We present the discrete formulation of the problem
together with theoretical results, and we provide numerical tests on both linear and non-linear
elasticity problems, demonstrating the advantages of a simple discretization, particularly in
handling non-linearities.

1. Introduction

Discretization methods relying on meshes comprising general polygons are receiving a great deal of attention from the scientific
community. Indeed, polytopal methods can be very useful for a large variety of reasons, including the automatic handling of hanging
nodes, the use of moving meshes, the ease of meshing complex geometries, and adaptivity [1,2]. Moreover, these methods have been
successfully applied to several fields of computational mechanics, revealing several advantages over methods employing classical
triangular/tetrahedral and quadrilateral elements. For instance, polygonal methods have shown great advantages in handling crack
propagation and branching [3], contact problems [4], and topology optimization [5].

In this framework, an important polygonal method is the Virtual Element Method (VEM), introduced in [6,7] for elliptic problems
and then extended to elasticity problems in [8,9]. VEM can be seen as a generalization of the standard Finite Element Method
(FEM) [10,11] on more general meshes. One of the main features of the VEM, is that the local basis functions are not known in
closed form. Indeed, even if they can be defined as the solution of local differential problems, they are never explicitly computed or
approximated in the virtual element framework. It is therefore necessary to introduce suitable projection and stabilization operators
to derive computable discrete bilinear forms associated with the Partial Differential Equation (PDE) of interest. In particular, the
usage of a stabilization term is an undesirable aspect of the VEM method, as it lacks a theoretical foundation, remains problem-
dependent, and an improper choice can significantly affect the method accuracy [12]. Moreover, when dealing with non-linearities,
the presence of the stabilization term makes the construction of the method more involved and increases the computational effort
needed to solve the problem. Finally, the need for a projector to access the point-wise evaluation of virtual functions makes the
computation of post-process quantities more difficult [13].

* Corresponding author.
E-mail addresses: stefano.berrone@polito.it (S. Berrone), moreno.pintore@sorbonne-universite.fr (M. Pintore), gioana.teora@polito.it (G. Teora).
1 The authors are members of the INAAM-GNCS.

https://doi.org/10.1016/j.finel.2025.104467

Received 8 July 2025; Received in revised form 10 September 2025; Accepted 26 September 2025

Available online 9 October 2025

0168-874X/© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://www.elsevier.com/locate/finel
https://www.elsevier.com/locate/finel
https://orcid.org/0000-0002-8540-3639
mailto:stefano.berrone@polito.it
mailto:moreno.pintore@sorbonne-universite.fr
mailto:gioana.teora@polito.it
https://doi.org/10.1016/j.finel.2025.104467
https://doi.org/10.1016/j.finel.2025.104467
http://crossmark.crossref.org/dialog/?doi=10.1016/j.finel.2025.104467&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/

S. Berrone et al. Finite Elements in Analysis & Design 252 (2025) 104467

Because of these reasons, in the last few years, several numerical methods have emerged to address these issues while preserving
the main advantages of the method. A non-exhaustive list of such methods is the following. In [14,15], a stabilization-free
formulation of the method, derived by enlarging the local projection polynomial order and enhancing the function spaces according
to the polygon geometry, is presented. In [16,17], two approaches are proposed to locally approximate the local virtual basis
functions and to get rid of any stabilization or projection operators: one based on the reduced basis method [18] and the other
on the Laplace solver introduced in [19]. We observe that, in these last two methods, the basis functions are explicitly computed on
each element, meaning that the “virtual” attribute only refers to the underlying discrete space.

Within the same context, the Neural Approximated Virtual Element Method (NAVEM) is introduced in [20,21] for general elliptic
problems. The main idea of this novel method is to use neural networks [22] to accurately predict on the fly the local virtual basis
functions, which are then used like in a standard FEM framework, to compute a discrete solution. For this reason, the NAVEM
method falls within the general recent framework of Scientific Machine Learning (SciML) [23], by combining the advantages of
the non-linear approximation capabilities of neural networks with those of more classical numerical methods. This framework is
exponentially increasing in popularity because it represents the intersection between two active communities that rarely interacted
before. We highlight that several libraries are available to easily implement and adapt complex neural networks. The most used are
TensorFlow [24], PyTorch [25], and JAX [26].

In this paper, we present the NAVEM for linear and non-linear elasticity problems. Moreover, we further highlight some new key
aspects of the neural network that allow us to improve the NAVEM accuracy. It is very important to notice that the neural networks
used in the NAVEM framework are trained using only the geometric information of the elements. Therefore, after a potentially
expensive training phase, the same neural networks can be used multiple times to solve problems characterized by different material
coefficients, constitutive laws, body forces, initial configurations, but also, and most importantly, on various meshes. In this sense,
it can be regarded as a method based on the so-called offline-online splitting.

The manuscript is organized as follows. In Section 2, we present the model problem and its VEM discretization, describing its main
properties, which are essential to devise a proper neural network training strategy, and highlighting its main issues. In Section 3, we
introduce the NAVEM for elasticity problems. In particular, in Section 3.1, we construct the function space from where the neural
networks select the local basis functions in the NAVEM discretization, in Sections 3.2 and 3.3, we describe the neural networks
architecture and training, respectively, in Section 3.4 we discuss the general structure of the NAVEM as a hybrid method mixing
ideas from the machine learning and scientific computing communities and, in Section 3.5, we discuss the theoretical properties of
the method. Later, in Section 4, we prove through numerical experiments the effectiveness of the method for elasticity problems, and
the advantages of its simple formulation. The conclusion of the present work and the future perspectives are discussed in Section 5.

2. The model problem and the virtual element method

In the present section, we describe the problem considered in this paper and its virtual discretization. The virtual numerical
scheme presented in this paper closely follows the formulation in [9] and is designed to automatically incorporate general non-linear
constitutive laws, offering a flexible setting to deal with elastic problems.

2.1. The model problem

Let us consider a homogeneous isotropic elastic body 2 c R? with boundary I = Q2. We assume that this body is clamped on
I'p C T, |Ipl#0, and subjected to a body load f € [LZ(Q)]Z.
In the case of static problems, the governing equation of the solid in the initial configuration is
-V .o(x,Vu) = f(x) in £,
u=0 on Iy, (€8}
o(x,Vu)n =0 onI'y :=I\TIp,
where u : © — R? represents the body displacement, whereas the second-order tensor ¢ = o(x, Vu) represents a potentially

non-linear constitutive law for the material at a point x € £2. Moreover, n denotes the unit outward normal to the boundary I'y.
Let us consider the space

2 2
V= [HIO,,—D(Q)] =we [H'@)] : v=00on Iy}
and the bilinear form
au,v) = / o(x, Vu(x)) : Vo, (2)
Q

2

where, given two arbitrary second-order tensors T', T*> € R>?, we define T' : T?> = ¥ _|

Problem (1) reads as: Find u € V such that

Tl.'jT,.z/.. The variational formulation of

a(u,v)=/f-v, YvevV. 3)
Q

We remark that here we are not considering internal constraints, such as incompressibility, which usually require suitable treatments.
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2.2. The virtual element space

Let us consider a tessellation 7, of the domain 2 made up of polygonal elements E. We denote by hp, N, xp, and &, p the
diameter, the number of vertices/edges, the centroid and the set of edges of E, respectively. Moreover, we define &, = Uger, €, -
We further set, as usual, h = maxgey, hg. Given a generic domain » C RY, with d = 1,2, P, (w) denotes the space of polynomials of
order less or equal to 1 defined on w.

The virtual element space for the displacement is given by [8]:

ViaE) ={ve [H'®)] () a0 =0
(ii) v, € [P,(e)], Ve € &, and v € [CO(aE)]Z},

A . . . . . .
where Av = [ AZI] is the component-wise Laplacian operator, and C°(0E) is the space of continuous functions on the boundary oE

2
of E. The degrees of freedom for a vector-valued function v € ¥ ;(E) are the values of v at the vertices of the element E. Thus,
the number of degrees of freedom for V, |(E) is

dof _
N =2N;. 4)
N dof
Let us define the set of local Lagrange basis functions {¢; ;},_| related to the aforementioned degrees of freedom. It is easy to
check that
[(”SE] ifi=1,..,N,
PiE= 0 (5)
[ ] ifi=NY+1,.., N,
Pi-NY.E
NY
where {¢ j,E}j:b] corresponds to the set of Lagrange basis functions related to degrees of freedom for the scalar virtual element
space [6]:

Vi1 (E) ={ ve HY(E) () dv =0 ©
(ii) v, €P,(e), Ve € &, 5 and v € C°(IE) } .

Indeed, it holds V', | (E) = [V}, (E)]*.

By gluing together these local spaces, we obtain the global virtual discrete space V, ; for the displacement. Its dimension, denoted
by N9 = dimV, |, corresponds to twice the number of non-Dirichlet vertices of 7;. Finally, we denote by {(pi}ﬁ ‘i"f the global
Lagrange basis functions spanning vV ;.

2.3. The virtual element discretization
For each polygon E, we introduce the computable local polynomial projector IT IV £ [H 1(E)]2 - [IP’I(E)]Z, which is defined as

Je (Vo-vIyFe) i vp=0 vpe [PB),
/dEﬂlv’Ev=/0Ev Vve[Hl(E)]z.
Moreover, we denote by HS’E both the vector-valued and the tensor-valued L2-projectors onto constants. In particular, Vv €
[H!(E)]’, it holds [27]
ﬂg’EVv = VH]V’EV,
and
1y dive = 10 tr(Vo) = (11 Vo).

Here, divv = V - v denotes the divergence of a vector-valued function v, whereas tr(T) = Zle T;; represents the trace of the
second-order tensor T € R>*2,

Specifically, by computable we mean that the projection of virtual functions can be computed only through the information
provided by the degrees of freedom of such a function. Now, let us split the continuous bilinear form (2) according to 7,,, i.e.

au,v) = Z afu,v), with afu,v)= / o(x,Vu) : Vo. )
E

EeT),
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Given w, € V|, for all E € 7;, and for all u,, v, € V,;, we define the discrete virtual bilinear form as [9]:

E . 0,E . 0,E

a, (u,,v,,w,) := o(x,I1""Vu,) : I1."" Vv
o (navpiwy) /E 0 h 0 h 8)
+agw,)SE( - Iy, (1 - 117 F)wy).

where [ is the identity operator, the first term in (8) is usually called consistency term, and the stability term S (., ) is chosen in such
a way it scales like af(-,-) for a unitary material constants on the kernel of IT lv ‘E [6]. On the other hand, the stabilizing parameter
ap(w,) takes into account different material constants as well as non-linear materials for a given configuration w, € V. The
discrete virtual element problem reads as: Given w;, € V, |, find u, € V| such that

Z ay (wy, v wy) = Z /Ef'Hg'EVh Vv, €V 9)

E€ET, E€ET,

Finally, to solve Problem (9), we adopt the Newton-Raphson method to address the issue of non-linearity. Given w;,u, €V,
let us introduce the following local bilinear form, for all 6,, v, €V,

BE (8, 0wy wy) = /E (A(x, m0Evu,) : vng~55,,) : 10V,

(10)
+ag,)SEU - 158, (I - 11 F)p,,),
where the elastic modulus A(x, Vu) is defined as the fourth-order tensor [9]:
_ 0do(x,Vu)
A(x, Vu) = ~a 1)

Given u;,, w;, € V|, whose associated degrees of freedom are gathered in the vectors uy,, wy € RN “foralli,j=1,..., N, we
define the following virtual vectors and matrices:

dof
Ay (uy;wy) € RN™ [Ay(uy;wy)); = Z ahE(uh,(pi;wh) s

E€eT,),
dof
freRY o fy)= ) /f~l78’E¢,-,
E€T, E
dof dof
KV(uV;wV)GJRN XNE [Kv(uv;w[/)]ji = Z bf((Pia(Pj;uh’wh)-
EeT),

The discrete virtual problem in matrix form reads as: Find u, € RV “ such that
ry(uy;wy)=A,uy;wy) - f, =0. 12)

Given w, € RN o by starting from an initial guess u?, e RN for the displacement, as in [28], the update rule for the
Newton-Raphson method related to the virtual element problem (12) reads as:
KV("f’;u;")‘sI‘(’ =rsen (13)
ult =l + 8,
Among the commonly used numerical methods for solving systems of non-linear equations, the Newton-Raphson method is the
fastest, offering a quadratic convergence provided that the initial estimate is sufficiently close to the solution. Therefore, selecting an
initial estimate u?, close to the solution is crucial for accelerating the convergence. In solid mechanics, the initial estimate is usually
set to the undeformed shape of the structure, i.e. the initial displacement is set to the all-zeros vector. Since the initial estimate usually
starts from the zero displacement, the Newton—-Raphson method converges quickly for small deformations. However, convergence
becomes challenging when large displacements are considered or geometric instabilities arise. In such cases, it is advisable to
consider the external load f, as applied in a series of N increments 4,f,, with n = 1,..., N such that 1y = 1. Clearly, the
more increments taken, the easier it becomes to find a converged solution for each load step [29]. This approach requires solving
the following problems iteratively

ry(uy, Ay wy) = Ay wy) — Ay fy =0 Vn=1,...,N. a

Different methods are available in the literature to choose the value for the scalar load parameter Aj,. Examples include, but are
not limited to, the incremental force method [30] and the arc-length method [31]. The incremental force method, for instance,
applies the load in constant increments, i.e. 4], = <. Within each increment, the Newton-Raphson procedure to determine the
corresponding displacement u}, remains unchanged. A new load increment is applied after the solution corresponding to the previous
load increment has successfully converged [30]. The obtained solution becomes the initial guess for the Newton-Raphson algorithm
at the next loading step. However, this method may fail in the presence of limit points in the load—displacement response [29].
These issues may be bypassed using the arc-length method. In the arc-length method, the load parameter 1), is treated as the
(N9%f 4+ )th unknown, and an additional equation is added to the system. In this approach, both the displacement and the load
parameter are expressed as functions of the curvilinear coordinate system along the load-displacement response of the structure. At
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each loading step, a variation of the increment of the curvilinear coordinate is performed, and the corresponding non-linear system
in the unknown (u},, 4},) is solved using the Newton-Raphson algorithm.

Usually, the function w), in Eq. (8) is set equal to the solution found at the last loading increment step, i.e. "Z_l' This choice is
taken to simplify the Newton-Raphson application by avoiding the computation of derivatives of ay in the related tangent matrix
(10). Indeed, although w;, = u} is a more intuitive choice, it is also more computationally demanding [9,13]. Other possible choices
include setting w;, = 0, i.e. evaluating aj in the undeformed configuration. However, this might lead to unsatisfactory results, also

in the small deformations regime [13]. Moreover, different choices for « have been introduced:

» norm-based stabilization [9]:
]

which is chosen to produce a strictly positive stabilization term. The operator ||-|| could be chosen as any fourth-order tensor
norm, whereas x represents the centroid of E.
- trace-based stabilization [13]:

1
ap(wy) = Ztr (A(xE,Hg’Eth)) .

We observe that, with this choice, the stabilization may assume negative values.
« stiffness-based stabilization [32]:
1

N dof 2 N dof

1 2 1
ap@n) = ~or Z:, (D)) or ap(wy) = =5 Z:,(Kf/)us
= i=

C : .
where K, is the consistency part of the global tangent system matrix.
3. The neural approximated virtual element method

In the NAVEM method, we propose to approximate local virtual scalar basis functions ¢; p € V,(E) by means of a neural
network-based approach and to assemble the final linear system as in the more classical Finite Element Method [21].

For this purpose, we approximate ¢; y by a function (pﬁf EN in a suitable functional space Hj’NEN . A similar procedure is repeated
to approximate the gradient of ¢; p (or, more generally, all the required derivatives). Finally, since the approximation (pj\/ EN of g, g
is known in closed form as well as its derivatives, it can be evaluated point-wise inside each element E € 7, to numerically compute

the integrals in (3), without introducing any projection or stability operator.

3.1. The local approximation space

In this section, we describe the local function space H?‘if‘/ in which the approximation (prf\/ of ¢; ¢ is sought. Such space
coincides with the one adopted in [21]. Here, for the sake of clarity, we briefly recall the main concepts and refer to [21] for a
more detailed description.

All the functions in Hﬁ/EN are defined on a reference squared region SNN = [=RNN RNN7J2 c R? independent of E, where
RV is a user-defined positive scalar constant that scales like O(1). Therefore, we assume that a suitable affine map is available to
map each element E € 7}, to a reference element E c SNV A convenient map is the one described in [33], but other choices are
admissible.

Let Hf A
polynomials

{1,9{<<R;N>f),8<<R;N>K>,f:l,...,fj‘“‘/}. (15)

Here z is the complex number z = x; + ix, associated with the point x = [x,x,]7 € R?, and R and S denote the real and
imaginary part of a complex quantity. Note that all the polynomials in (15) can be recursively retrieved as in [34].

As discussed in [21], harmonic polynomials are not enough to accurately approximate the VEM basis functions, we thus introduce
additional functions mimicking the target virtual functions. Let us introduce the Laplace problem

(SMV) be the space of harmonic polynomials up to order ¢£NN > 0. A basis of such a space is the set of scaled

Ad =0 in Q4 =(-1,1)%,
d=1+x, only;={x;=land —1<x, <0},
d=1-x, only,={x =1and0<x, <1},
®=0 on 024\ {I'p; U Ty,

and approximate its solution with a function @ of the form

N1 d N2 s
a z
vo-Zan(z25) Zam(()) ae

a=1
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p
In this formula, R <(§) ), p=0,...,N?, are known harmonic polynomials and R (:’; ) are known harmonic rational functions

associated with known poles z, = 1 + 2exp (—4(\/_ - )), for a = 1,..., N'. The sought coefficients ¢!, « = 1,..., N, and c1
p=1,...,N?, are computed by solving a linear least square problem to minimize the dlfference between @ and @ on a given set
of pomts on an, The function @ is then used to compute three auxiliary functions @'~ B cb/ and cbj 1 through three different
affine maps. Such maps map the point (1,0) to the (j — 1), j, or (j + 1)th vertex of E, and ensure that E is included in the image of
Q4. We note that, since @ does not depend on E or E, it is computed only once.

Finally, for any element E € 7, and each vertex v; of E, with =1,..., N g, we can define the space Hj"fEN , as:
NN = 2NN il i Jj+1
HAN = span{ (5, 20741, @)L @) a7)
where { ﬁﬂ}?yi jlvw“ are the harmonic polynomials in (15). Therefore, the dimension of Hﬁ!‘/ is
dim HMN =20V 44, (18)

We observe that this dimension does not depend on the number of functions N! + N? used to approximate @.
3.2. The neural network architecture

For ease of notation, let us define

dlmH’vN
N
Hj’EN—spdn{hk}k ) s (19)
dim HAEA/ . . . . . . . . . .
where {he e *%  coincides with the set of basis functions in (17). Therefore, given a pair (v;, E), our goal is to find a set of
dimHNN
coefficients {cl‘f(v By »£ such that the NAVEM function (p/’f EN , expressed as
dim HVN
J.E
ot = Y lw. By, (20)
k=1

minimizes the distance from the local virtual element function ¢ . E 0N the boundary of E where ¢; J, E is well-known. In this context,
NN

the involved neural network is a parametric function mapping the pair (v;, E) to the vector [c,‘f(v E)] 7E We remark that, since
a neural network accepts only vectors of a given dimension as inputs, the pair (v;, E) has to be su1tab1y encoded into a vector x,.
Multiple input encoding strategies are admissible. In this work, we adopt the approach described in [21], where an input encoding
strategy is detailed, along with variability and input reduction strategies for generic polygons. To perform such an encoding, we
first map the polygon E to a polygon E centered in the origin, with approximately unitary diameter, and such that the vertex v ; is

mapped to (1,0). Let (E"l,};) be the mappings of the generic vertex v;, the corresponding encoding vector is

1 —j+l —j+2 —j+2 —j+NV=1 —j+N?-1
xo =L A, L LR, 1)
where the superscripts are intended up to modulo Nj. We note that since this encoding strategy produces input with dimension
2(N — 1) that depends on the number of vertices N}, a neural network must be trained for each class of polygons characterized
by a different number of vertices to fix the input dimension.
dim HNVN
Given the encoding x, of the pair (v;, E), the set of coefficients ¢?(x() := {cZ’(uj,E)} re £ is expressed as the output of the
following fully-connected feed-forward neural network:

x((f = X,
x§ = p(AZxY_| +b%), ¢£=1,....,L—-1, (22)
c?(xg) = ATxY_ +b7.

Eq. (22) describes the architecture of the employed neural network [35], that can be easily extended to admit multiple inputs at once.
Note that more complex architectures exist and can be easily implemented thanks to libraries like TensorFlow [24], PyTorch [25],
or JAX [26]. In this context, however, the input and output vectors have a fixed and known size and do not present a grid structure
that may be exploited. For this reason, a simple fully-connected feed-forward neural network, also named Multi-Layer Perceptron
(or MLP) is the optimal choice. Its main elements and hyperparameters are:

» the number of layers L: L is a strictly positive integer representing the number of affine transformations performed in (22). In
the NAVEM framework, we suggest considering values of L between 2 and 10, in order to have good approximation capabilities
and a small computational cost for each evaluation of the neural network.

+ The non-linear activation function p : R — R: p is a generic non-linear function that is applied element-wise to its input vector,
i.e. given a vector y € R™, we define p(y) € R™ as the vector such that [p(y)]; = p(y;), for all i = 1, ..., m. Several alternatives
exist, some of the most commonly used ones are the Rectified Linear Unit (ReLU) p(x) = max(0, x), the logistic sigmoid function
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p(x) =1/(1+e7¥), and the hyperbolic tangent p(x) = tanh(x). In this work we only use the hyperbolic tangent, but we highlight
that any activation function can be used because this choice does not affect the regularity of the NAVEM basis functions. In
fact, the spatial coordinates in (20) appear only in the functions 4,, and the regularity of the activation function influences
only the regularity of the coefficients cZ’ with respect to the coordinates of the vertices (which are fixed when one considers
a single element to construct the corresponding basis functions).

The matrices and vectors A? € RNeXNe-1 and b? € RN¢ for # = 1,..., L: these are the matrices and vectors containing the
trainable coefficients of the neural network, which are optimized by minimizing a suitable loss function, discussed in the
following. As for the number of layers L, each value N,, £ = 1,..., L — 1, is a hyperparameter that has to be chosen by the
user, whereas the input dimension must be N, = 2(Nj - 1) to accept inputs of size 2Ny = 1), and the output dimension
must be N; = dim HJ‘/ N to provide output of size compatible with (20). Once more, to reach a good compromise between
approximation capablhtles and computational efficiency, we suggest considering integer values between 10 and 200 for each
N, related to intermediate layers. The initialization of all these matrices and vectors is performed randomly, with several
strategies available in the literature. In this work, we consider the Glorot Normal initialization [36], which draws samples
from a normal distribution with zero-mean and a standard deviation determined by the size of the matrices and vectors.

Let us now focus on the training of the introduced neural network. To optimize the trainable coefficients, we propose to minimize
the distance between the traces of the functions (pN N and ¢ ;£ On 0E, i.e. we want to minimize the following quantity

GZE = ||(ij-th” - (Pj,E”Hl/Z(aEy (23)

for each pair (v}, E) in a given training dataset. We remark that this quantity is computable because it involves only the evaluations
of ¢; g on the boundary of E, where this function is known in closed form.
Let q; g := Vg, p be the gradient of ¢; ;. We observe that this gradient can be approximated by the gradient of the function
N N defined in (20) [20], which can be exactly computed as:

dim HNN
J>
V<pj§”;/ = Y W, E)Vh. (24
k=1
However, such a strategy is observed to be suboptimal. For this reason, it is more convenient to introduce a second fully-connected
feed-forward neural network to approximate q;  with vector-functions contained in VH;\;N . This neural network, similarly to (22),
can be expressed as:

xg =X,
x4 =p(adx?_ +b), £=1,...,L—1, (25)
cl(xg) = ATx]  +b].

In this manuscript, we consider the same architecture and hyperparameters for the neural networks in (22) and in (25). However,
we remark that this is not a restrictive constraint and can be relaxed without any implication on the nature or on the analysis of
the method. N

The output ¢9(x) := [CZ] el 7E of (25) represents the set of coefficients that allows us to approximate g ;. through the following
vector
dim HAN
o= Y lw,E)Vh (26)
k=1
The trainable coefficients A; and b; are optimized by minimizing a computable loss function. This cost term is defined through the
following quantity

e =1 (0 ~a6)  thizory @27)

where t denotes the tangential vector to the boundary oE.

Remark 1. In [21], the authors proved that small values of ¢? E and e  are enough to ensure a good approximation of ¢; ; and
of g;  on the entire element E, even if they are minimized only on JE. We observe that such an approach introduces a consistency
error because (26) does not exactly coincide with the derivative of (20), but it significantly reduces the oscillations in the gradients
of the NAVEM basis functions, leading to a more stable method. For further details, see Section 3.5.

3.3. The training phase
We highlight that employing the input encoding strategy presented in [21] requires defining a different network for each class

of polygons characterized by a different number of vertices NV > 4. For NV = 3, the virtual element basis functions, as well as the
NAVEM basis functions, coincide with the ones of the standard FEM.
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Table 1

Final training loss functions computed using the neural networks in [21] and the ones in the current

manuscript.
NY c, [21] c, £, [21] z,
4 4.62e—03 5.13e—-04 1.00e—-02 2.94e-03
5 1.97e-03 2.81e-04 4.97e-03 1.84e-03
6 1.02e-03 1.12e-04 2.96e-03 1.07e-03
7 2.15e-03 3.40e—-04 5.22e-03 2.07e-03
8 1.21e-03 3.26e—04 4.88e—03 2.47e-03

For each class of polygons, let 74" be a training dataset of size #7"%" containing polygons E with NV vertices. Then, to train the
neural networks (22) and (25), i.e. to approximate the basis functions and their gradients, we minimize the following loss functions

1 o 2

Ew ) \ W Ee;lminjgl (SZE) ’
(28)

1 & q 2

£q ) \ W E€;Ut\inj§ <€jYE> ’

respectively. In this expression, for computational purposes, the loss function (23) is approximated by ||(pﬁ/ EN —@; ell129E)- Finally, a
standard regularization term penalizing the L2-norm of the trainable weights, with regularization coefficients 10~8, is added to both
losses. We observe that these formulas differ from the ones defined in [21]. Indeed, in [21], the used loss functions coincide with
the squared losses Ei and Ll(zl. Note that the global minima of these two pairs of losses are the same, but we empirically observed
better performance minimizing (28). Moreover, we here decide to employ a new optimizer: after performing 5000 epochs with the
first-order ADAM optimizer [37] as in [21], we carry out 5000 updates with the self-scaled BFGS optimizer described in [38,39].
This last advanced optimization technique enhances convergence by adaptively scaling the weights updates provided by the BFGS
optimizer.

To appreciate the effectiveness of these new techniques, we compare the final values of the training losses by training the neural
networks as described here and in [21]. More precisely, we here build new neural networks characterized by the same architecture
used in [21], i.e. they all have 5 layers, with 50 neurons in each layer, and the tanh activation function in each hidden layer. For
the network associated with the class of polygons with NV vertices, the input dimension is N, = 2(N" — 1), while the output is
always N; = 2¢~~ 44, as discussed in Section 3.1. We fix #VV = 20, independently of the associated class of polygons, and set
RNN =3 A fine-tuning strategy of all these values should be advisable, but it is beyond the scope of the current paper. Moreover,
in order to train such networks, we use the same datasets RDQM, for NV = 4, and VM, for NV > 5, presented in [21]: the former
contains randomly generated quadrilaterals, and the latter contains polygons sampled from Voronoi meshes generated through [40].
The entire code is written in Python, and the implementation of the definition, optimization, and evaluation of the neural networks
heavily relies on the TensorFlow library [24].

The differences between the accuracy of the two approaches can be appreciated in Table 1. In particular, we report the value of
L, and L, for the networks used in [21] and for the networks used in the current manuscript. It is evident that the change of the
loss and of the optimizer allows one to more accurately approximate both the basis functions and their gradients. We remark that
these changes do not influence the overall computational cost of the training phase because the cost of the additional operations is
negligible.

We would like to remark that the comparison is meaningful because we are aiming to approximate the same scalar virtual
element space V), | (E).

3.4. The online phase and the NAVEM discretization

In this section, assuming that suitable trained neural networks are available to approximate the basis functions related to 7;,, we
present the NAVEM discretization of the elastic problem (1). The overall NAVEM procedure can be divided into two main parts.
The first part (steps S.1-S.3) is specific to the NAVEM approach. We observe that steps S.1-S.3 are described for the case of a
single input x,, at a time, but, for computational efficiency, multiple inputs can also be processed simultaneously. This latter case
is illustrated in Fig. 1. The second part of the NAVEM algorithm (steps S.4-S.5) depends only on the problem and can be handled
as in the standard Finite Element Method.

Let us describe the first part. For each element E in the tessellation 7, of the domain £, and for each vertex v; of E, with
j=1,... ,N;, we

S.1 classify the pair (v;, E) based on the number of vertices of E, as discussed in Section 3.3, to select the neural networks that

have to be used to produce {<p£/ EN s qﬁf EN } to approximate the corresponding virtual basis function ¢; ; and its gradient.
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Fig. 1. A sketch of the NAVEM online phase for handling multiple inputs (steps S.1-S.3). Each elements of 7, is classified according to its
number of vertices. In the figure, pentagons are colored in green and belong to the “green” class C#, whereas hexagons are shown in pink and
belong to the “pink” class C?. Inputs from the same class are collected into input matrices of size #C¢ x8 for pentagons and #C” x 10 for hexagons.
Finally, these inputs are used to predict the associated basis functions.

S.2 encode the information (v;, E) into the vector x, that represents the input vector for the neural networks using (21) or
alternative encoding strategies;

S.3 predict the coefficients ¢?(x;) and ¢?(x;) to compute (pj‘/E"/ and qj’.t/ EN according to (20) and (26), respectively, by evaluating
the neural network into the input x,,.

Now, we define the local scalar NAVEM space Vﬁflf‘f (E) as:

VNN = span { X, =1, NL L

which represent the approximation spaces for the scalar VEM space V,, ;(E), defined in (6).
The local NAVEM space for the displacement can be defined following a standard strategy, i.e.
v =N e x N, 29)

for each element E € 7,. By gluing together these local spaces, we obtain the global NAVEM discrete space V’,‘: lN for the
displacement. Finally, we observe that, even if the NAVEM functions are not exactly continuous across elements, we have one
degree of freedom for each vertex of 7, that does not belong to the Dirichlet boundary, independently of the number of elements
sharing that vertex, and

dim V3N = dimv,,, = N, 30)
i.e. the dimension of VJ;L/ 1/\/ is twice the number of these vertices.

Thus, let us denote by vy € RV “" the vector that collects the degrees of freedom related to the NAVEM function vﬁf Ne Vf}:/ IN .
Specifically, each NAVEM function vhN Ne Vj;l/ IN and its gradient can be written as:

Ndof Ndof
vy = Y onliel™ . v = Y Ve, 31
i=1 i=1
where
oy
i ifi=1,...,Nof /2,
NN _ 0
e = 0 . .
[ WA ] ifi=N©T/241,..., N
PNt
~ ~ dof ~
Moreover, we introduce the approximated gradient V for NAVEM functions in V”h‘f IN as VvhN N = Zl]i , v N],.V(pif‘/ N where
NN NN
[qlv" . ] ifi=1,..., N /2,
Govn )L 0 0
i
0 0 )
NN NN if i = N%f/241,..., Nof,
ql,i—Ndof /2 qz,i—Ndof /2

We observe that to evaluate such functions and their gradients in a generic point x.,, € E, it is sufficient to evaluate functions
h, € Hﬁ,"/ and their gradients at x.,,, and then use the coefficients ¢?(v;, E) and ¢4(v;, E) (available after step S.3) to evaluate all
the basis functions (pﬁ/ EN and their gradients qj.\’[EN according to (20) and (26).

Thus, given the output of the online phase S.1-S.3, the NAVEM implementation follows the exact steps performed to solved the

elastic problem (3) with a standard Finite Element Method. In particular, the NAVEM discretization for the elastic problem (3) reads
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as: Find uhN N e Vj;lf 1"/ such that
> /:;(xﬁuﬁ”):%ﬁ”: Y /f.v{;“f v N e vy, (32)
EeT;, EeT, ' E

This problem is a non-linear problem that can be solved using a Newton-Raphson solver, eventually paired with an incremental
force strategy or arc-length method. Given an initial guess ”(z)v’ the update rule for the Newton-Raphson method related to the

NAVEM problem (32) reads as:

Kok sk = — k
N(l:Nl) N k rNk(uN) Vk >0, (33)
uNJr =uy + 8y

where, for all i, j = 1,..., N9f

dof ~ ~
Ayuy) €RV 0 [Ay@y)) = Y /a(x,VuhNN) : VNV,
E

EeT),
dof
fyeRN  fyl = Z/f'fl’,-wf’
EET, E
dof dof o v v
Ky(uy) € RNV Ky, = Z/(A(x,Vu;:fN):V(p[f\fN):quf‘fN,
EeT, ' E

A is the elastic modulus defined in (11), and
ryuy)=Ayn@uy) = fy- (34)
In conclusion, the second part of the NAVEM discretization can be summarized as: Given ”?v e RN dOf, for each k > 0,

S.4 assemble the tangent stiffness matrix K N(u’l‘v) and the right-hand side r N(u‘]‘\]).
S.5 solve the system (33) to obtain u’,‘\;r L
The process is repeated until a certain stopping criterion is reached.

We observe that Steps S.4-S.5 correspond to the respective steps of a generic finite element solver, since there is no need to add
stabilizing terms. Nonetheless, in the NAVEM approach, polygons of arbitrary shapes can be taken into account. We remark that
different strategies are available to compute integrals over polygons. The more straightforward one is to sub-triangulate polygons
and use triangle quadrature points and weights. A more sophisticated strategy is to use quadrature rules built ad-hoc for general
polygons, such as Vianello formulas [41], or compression rules [42]. In this work, we sub-triangulate polygons based on internal
point and then we adopt triangle quadrature rules that are exact for polynomials of degree up to 2 as in a generic lowest-order
virtual solver [43,44].

Remark 2 (High-order Extension). Given k > 1, let us define the scalar VEM space V,, ,(E) of order k as
Vr(E) ={ ve H'(E) :(i) v € P,_(E)
(i1) v, €Py(e), Ve € &, and v € CO(IE) }

which is the natural extension to the high-order of the space ¥, ;(E) introduced in (6). See [6] for further details. The degrees of
freedom associated with a function v € ¥, ,(E) are the union of:

1. boundary degrees of freedom:

- the N v values of v at the vertices of E;
+ the k — 1 values of v at the k — 1 Gauss-Lobatto quadrature points internal to each edge e € & g;

2. internal degrees of freedom: the @ internal scaled moments: Il?\ /, g Up, Vp €P,_,(E).

The local virtual element space of order k for the displacement is given by V, ,(E) = [V}, (E )]2.
It is thus clear that each component of a virtual function in ¥, ,(E) is a virtual function v € ¥, ;(E) that can be expressed as the
sum v := v, + v; of two functions satisfying

Avy=0 in E, Avp = Av in E,
vy=v onodk, vy, =0 on JE.
In particular, we note that if v is a Lagrange virtual basis function associated with boundary degrees of freedom of type, then v = v,
and v; = 0. On the other hand, if v is a Lagrange virtual basis function associated with internal degrees of freedom, it holds that
v=uv; and v, = 0.
Since the strategy discussed in this manuscript aims to approximate harmonic functions known in dE, it can be used directly
to approximate VEM basis functions of order k > 1 related to the boundary degrees of freedom. An additional neural network may

10
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be used to approximate the basis functions associated with internal degrees of freedom. There exist different possibilities to devise
a training strategy for this additional neural network. For example, it may be trained by minimizing the difference between the
Laplacian of the approximate basis function and the Laplacian of v;, which is computable from the internal degrees of freedom, in
a PINN-like framework. Alternatively, it may be trained by minimizing the distance among the scaled internal moments of v; and
the known scaled moment of virtual basis functions, asking that v; € HLA/EN UP, (E).

3.5. Theoretical analysis

In the following, we denote by C an arbitrary constant independent of the mesh size h, with different meanings in different
occurrences. Moreover, given two positive constants a and b, we also adopt the short-hand notation a < b if a < Cb.

In this section, we discuss the theoretical properties of the method in the case of the linear version of the problem (1), in the
small deformations regime, with homogeneous Dirichlet boundary conditions:

{—(2;N - e(w) + AVdive) = f in Q, 35
u=90 onlp=T",
where 4 and u are the positive Lamé coefficients and e(u) = %(Vu + (Vu)T).
The variational formulation of Problem (35) reads as: Find u € V such that

a(u,v)= f(v), Yvev, (36)
where a : V XV — R is the continuous and coercive bilinear form

a(u,v) = /Q [2ue(u) : e(v) + Adivu divy], 37)
and

rw=[ s 38)

We first observe that NAVEM basis functions {(pN N } fi ‘ig are not continuous across adjacent elements, since the scalar basis functions

{(pif‘f N }i’il "2 are computed element-wise. These jumps become smaller and smaller as the accuracy of the employed neural networks
increases.
Let us introduce the function ¢ ~N NeH 1(E) such that

a = v (39)
Remark 3. Given the expression for qj\[EN in (26), the function 5f/EN can be expressed as
dim HVN
J.E
5;\%”/ = 2 CZ(Uj,E)hk + constant. (40)

k=1

SNN

We observe that there exist infinite functions @y as the constant in (40) varies. In the following, we fix this constant in such a

way (p 5 M has the same mean value as ¢, i E- Thus, the following inequality follows from the second Poincaré inequality [45]:

1525 = 0,.£ll e < ChelVENE = Vo, gl (41)
We note that such functions define the new spaces
~ Ndot 2 ~NN ~ NN Ndof

= span{g; , na =span{@; "}l .

~ dof . . .
Now, we define vhN V= Z,N | [vn1@ (p whose exact gradient is given by
VENN = §vhN N,
Let us introduce the broken counterparts of (37) and (38):

a,(u,v) = z / [2ue() : e(v) + Adivu divr],
EeT),

OERY /f~v.
EeT, ' E

The NAVEM discrete version of problem (36) reads as: Find uy € RN such that
a @V TNy = f,0N ) oy e RV, (42)

. . . NN .
where v/‘/ A and v"/ N share the same set of coefficients v ~ with respect to the basis of and V', ,  and V“;I/ f‘f , respectively, and uy
~ NN
is the set of coefficients of u N Ve Vh 1 -

11
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. . . s . . ~N
Remark 4. We observe that using arguments provided in [17], the bilinear form a,(- ,-) is coercive on V I

In [21], the following local estimates are proved for the basis functions {(pN N }jv lo 2 of V). and for {NN N N "2 To highlight
the dependence on the mesh size h, we report the proofs of these proposmons

Proposition 1. Given a polygon E, and for all j = 1,..., N, it holds

NN NN
o 6= @5 llwor) < Cef . Ieje =75 lixe < Chgelp.

Proof. The first inequality follows from [17,21]. Concerning the second inequality, in [21, Proposition 1] we observe that

_ NN
oy~ 02 I = /E @) — o)
S IElle; e = N s
S Elle; £ = o2 s

o \? ¢\ ,2
s(eij) |E|§C(€j’E) M2,

where we use the harmonicity of ¢, ; and (p M to bound lo; e (p} » || ey bY @) £ (pj i || rE)- This concludes the proof. []

Proposition 2. Given a polygon E, and forall j=1,..., Ny,

1/2
IV, z = Vo ll 2 < Ch2el (43)
and

~ ~ g 3/2 1/2
N0 =7 ey = 10y = ) iz + 10,2 = Vo la < € (0 + 0, ) el (44)

Proof. Let us define ‘PL E=®F— (p N . Due to Remark 3, lF has zero mean value. Thus, from the trace theorem [46], we have

1%, £l 208 < CHIVE, Ll - (45)

Furthermore, since ‘f’j, £ is harmonic, we obtain

IV 17, ) = /W'E vy, /Mlifj’EVli/j,E
< £l 20 IV £ -l 2o
1/2
< ChYP IV, Ll o IV, £ - nll oy

Thus,

o 1/2 ~
IV, el gy < CRYIVE, £ -l o)
Now, we recall that the L2(dE)-norm of the tangential derivatives is equivalent to the L?(d E)-norm of the normal derivative for

harmonic functions, as a consequence of Rellich’s Identity [47, Corollary 2.7]. Thus, we can conclude that

g - Vo, Enm) = IV, £l 1)
1/2

IV¥) £ - nll 20k

P2

/ IV, g - tll r20m)
1 2 1/2
LNyt =Y, gt = Chi L, O

Let us introduce the following constants
€? = max max  ¢” B and €9 = max max €7 o (46)
E€T), j=1,. Ndof/z J EET), j=1,. Ndnf/z J

that express the maximum values of test losses. Let us adopt the following notation, for all e € &,

lwl, = Wwgl, onee€é o,
(w‘Eel - le‘g), on e € £\, 50

Here &, o denotes the set of edges on 02, E! and E? are the two elements whose borders contain the edge e, and w| denotes the
function w defined over the element E. The vectors = and n are the tangent and normal unit vectors of e from the perspective of
E!, the corresponding vectors from the perspective of EZ are —t and —n.

12



S. Berrone et al. Finite Elements in Analysis & Design 252 (2025) 104467

Lemma 1. For each edge e € &, and for all i = 1,..., N%!, it holds

@Y~ Tl 2y < Ched. (47)

Proof. Let us first observe that
BN N el 2y = ||af|VE Pyp1 + P2 ~ , Nl
< ||ajng — ot lxe + ||¢1|E3 - "’I-‘Eg Nl -
Now, for both k = 1,2, it holds, as a consequence of the trace theorem (54),
1B = @upelize <185 = 0yl o)
< CRPIVG = Vo Vil
< Ch'/2p'/%e8,
This concludes the proof. []
In the following, we denote by || - || ;1) the broken version of the standard Sobolev norm in H 1.

Lemma 2. Given an edge e € &, let us denote by 1¢ the subset of indices i related to virtual basis functions that contain the two elements
E, and E, adjacent to e in their support. For each edge e € &, we have

DN 031, - all 20 < CellTy V) (48)

iel;
Proof. Since we are focusing on a two-dimensional problem, the assumption of quasi-uniform mesh implies N%f ~ 42 and |e| ~ h
Thus, it holds [48, Lemma 4]

oyl < CA TN Y 1oy (49)

where || - ||, denotes the standard euclidean norm. We observe that the set 7¢ contains at most N¢ edges (independently of A, and
N%f because of the mesh regularity assumption). By using Cauchy-Schwartz, we can obtain, for each e € &,

3 e l@ VI, all e < Y oy ITEY 2, - 1l

i€Tg, i€Tg,
~NJ\/
< [ XNt [ 2 g . all,
i€1g i€1g,
~NJ\/
<oyl | X 10 V1, -2,

ic1¢
IEIW

< ChM Vil /NG (Chea)?

~NN
= Ceq”l"h ”HI(Q)’
where we exploit Lemma 1. []

With the same arguments, the following bound can also be proved for each edge e € &;,:

3 Mwn 031, - 7l < CelT) Y i) (50)

i€Tg,

Following arguments provided in [17,49], the following a priori error estimate can be proved.

Theorem 1. Let u € H*(Q2) be the solution of Problem (35) and let u u N be the solution of the discrete NAVEM problem (42). Then, the
following a priori error bound holds:

e =) N Nl 1) < € (h+ h32eT + h722) |1 £ - eD

NNN- SNN

. s . . ~NN
Proof. Since the bilinear form g, is coercive on Vh | (see Remark 4), we have, for all v € Vh L s

”~J\/J\/ ~NN

~N'N ~.A/.A/ ~NN'
Uy , v, )

< ah(ﬂﬁ/ -7,

= TV

+ah(~NN EhN” ¥ g, @V — N

+fh(th\/J\/ NN)—ah(u uNN—'ﬁhNN)

IIHI(Q)

13
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= ayu -V @V gV
+ @Y = 0NN —au N o),
since uﬁf N satisfies Problem (42). By exploiting the continuity of the bilinear form qa;,, we retrieve
NN ) N = o V) — a @iy — 5
alla, o Nl < Clu=5" Nl + @ 5
Vp o llHY Q)
As a consequence, using the triangle inequality,
~NN
[l — uh ||H1(_Q) <llu- '-’h ”Hl(_Q) + ||Vh —uy gy

£ty = o)) — ah<u,iz;f )

Sllu- vh ”HI(Q) +

~NN _ N
|| ”Hl(g)
Thus, following [49], we have
~NN
, VG ”)—ah(uv )l
la =@ Ny s inf | Nu=5 M)+ sup : (52)
vNeRN vy eRrNYf ”Vh ”Hl(.())

Let us initially analyze the numerator of the second term of (52). By exploiting the fact that u € H>(£2) is the solution of Problem
(35) along with the classical integration by parts formula [50], we obtain

a,(u, vh )—fh(vNN)— Z [Zy/e(u) e(NNM)+//ld1vu dlvvhN /f vNN]
EET), E

= / (=2uV - e(w) — AVdivu — f)- Ty Y
EeTy,

/f AR /f vV /A(u)sjl“/»n+ 3 /B(u)ﬁhNN-r]

e€EE |

/f @V - hNN)+Z/A(u)|[v ~n+Z/B(u)[[v
E€eTy,

e€Ey e€Ey

eEEY E

where we have defined the following linear operators
Au) = 2un" e(w)n + Adivu,
B(u) = 2ut" e(u)n.

We observe that it holds

Y MA@ 20 < CA P llull gy Y, 1B 12y < CA™ 2 lull g (53)

= eEEy

Indeed, we have, for instance,

Y Bz s Y e e@nll 2,

e€Ey E€T,

s Z ||€(u)||L2(aE)
EeT),

S D (WP lle@ll 2y + h' P le@)] g ) (54)
EE€T),

< Z (h71/2||Vu||LQ(E)+hl/2|Vu|H1(E))
EeT),

< (h1/2+h—1/2) 2 ”Vu”H](E)

EeTy,
< (W2 + h'2) 1 Vull gy S h P lull g

where the step (54) follows from the trace theorem [46, Lemma 2.1]. The bound related to A can be proved similarly.
By exploiting Lemma 2 and Eq. (50), we can prove that:

ay@, 5 = £@ ) < e IBN Y g lull gy + Y, /f-(EhNN— ARDY (55)
EE€T,

The last term in Eq. (55) can be bounded as:

/f @Y = MY < Y Il
EETh

EeT,,

Ndof

; [on]; (a’,NN - (P,NN->

L2(E)

14
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Ndof
~J\/J\f
<Ufllzolonlly X 218 = oMl
EeT, i=1
Ndof
—1 NN ~NN
<l (Ch 15 Y @) XY (187 = oilliae + 192 = oilley)

EeTy, i=1
where the last inequality follows from (49) and the triangle inequality. By combining results obtained in (41), Propositions 1 and
2, and the assumption N9°f ~ h=2, we obtain

N dof N dof

Y Y (18 = oullze +192Y =0z ) XY, (#IVe, = V& Nl 2, + he?)

EeT,, i=1 EeT), i=I
< Nof (h3/2eq + he“’)
S h72 (R%€9 + he?).
Thus, we conclude that
/ F- @ = NNy < B (26 4 he?) 11 i 12N Lo
EeT),

By assuming that each element in the tessellation is convex, so that we can use the usual elliptic regularity result, i.e. |lull g2 q) S
I £1l 2> We rewrite the last term in (52) as:

lap@, 7)) = £,V
sup b < C (R 4 17268+ h72e%) |1 £l e (56)

UNERNdOf ”Uh ”HI(.Q)

Let LueVy,, I, NNy e Vj;l[ N and T ;{‘/ Nue V be the standard nodal interpolants of u in the three spaces. We now consider
the first term of (52), and derive a bound by using classmal VEM theoretical results in [6] and Propositions 1 and 2, following steps
performed in [17],

: ~NN 7.
inf =B, Vo) < e = LV ull g
vy RN

<l = Lyull gy + 1w = TN ull )

Ndof
< Chllullyygy + 2. Y, 1ulllle, = X ll e
=1 E€T),
< Chllull gy + Ch72lull gy (B + h'/?) €
<C(h+ (R 2+ h732) ) £ 1| - (57)

where [u]; represents the ith nodal value of the exact solution u, and we used the fact that we are summing over N%f ~ h~2 terms.
Bounding (52) by (56) and (57), we get the result (51) and conclude the proof. []

We highlight that, in [21], the error estimate
llu = w¥ Nl o) < Ch+ h~2e?) (58)

was derived without taking into account the inconsistency error due to the usage of two different networks for approximating the
functions and their gradients (see Remark 1). Here, the additional terms appear because we are considering both networks in the
derivation of the new error estimate. We observe that, if ¢? and €9 are of the same magnitude, the limiting factor scales like A=2¢?,
making this additional inconsistency negligible.

As in the elliptic case [21], Eq. (51) implies that, if the neural networks are accurate enough (i.e. trained to reach a sufficiently
low value of the loss function on a representative enough training dataset), the convergence rate for the error in H'(£2)-norm
decreases as O(h), otherwise the accuracy of the neural networks represents the limiting factor.

4. Numerical results

In this section, we test the discussed method on linear and non-linear elasticity problems using different meshes. We highlight
that in all the experiments, the NAVEM basis functions are predicted by exploiting the same neural networks built to perform the
experiment in Section 3.3.

Denoting by u the exact displacement, we test the performance of the NAVEM by looking at the behavior of the following errors

err \/Z -

E€eTy,

(59)

X lvu - VuY V2,
LYE)
E€T;,
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Fig. 2. Test 1: Left: Last refinement of the Distorted-Square family of meshes. Right: Behavior of errors (59)—(60) as the mesh parameter h
decreases.

as the mesh parameter h decreases. For comparison purposes, we also solve these problems with the standard virtual element
method. In this case, since we cannot access the point-wise evaluation of virtual functions, we define the VEM errors as usual (see,
for instance, [7]), that is

vV _ 0.E_ V2
erry = z ||u—171 u, ||L2(E),
EeTy,
(60)
vV _ 0.E V2
err| = z ||Vu—H0 Vu, ||L2(E),
EeTy,

where we denote by u;

the virtual element method, an enhanced version of the local space should be taken into account [51].

the continuous virtual element solution. We remark that to evaluate the high-order projection IT ?’E ";lz/ in

4.1. Test 1: The linear case - convergence test

In this test, we consider the square domain 2 = (0, 1)?> and the linear problem (36). Here, we take the material constant values
u=1.5, A =3 and we set the boundary conditions and the body load f in such a way the exact displacement is:

u(x) = [5”;1((’2) . wy(x) = 16x(1 — x)xp(1 — xp) + L1 (61)
In particular, we choose to clamp the displacement at I'y = {x € I' : x, =0} U {x € I' : x; = 0}, whereas the remaining boundary
is free.

We build a family of four distorted quadrilateral meshes obtained by randomly distorting square grids of 4 x 4, 8 x 8, 16 x 16,
and 32 x 32 elements. The last refinement is shown in Fig. 2. In the Virtual Element Method, the stabilizing parameter is set to be
2u.

The behavior of errors (59)-(60) are shown in Fig. 2. We note that the elements in this family of meshes are well represented by
the training set. Thus, the network accuracy do not influence the results. Indeed, we observe that the expected order of convergence
for both methods is achieved, i.e. the errors decrease as O(h?) for the L%-error and as O(h) for the error in the H!-seminorm,
coherently with theoretical results obtained in Section 3.5. Moreover, consistent with the results obtained for the scalar version of
the NAVEM method in [21], we observe lower error constants with respect to VEM for both errors.

Finally, we want to remark that the evaluation of a neural network has an intrinsic cost that tends to be negligible for fine
meshes, where the cardinality of the input of the neural networks grows, as shown in [21]. In a vector setting, as the one offered by
the elasticity problems, this intrinsic cost is even lower because the neural networks are only used to construct the basis functions
of V%M (E). When a function in VhNJN (E) has to be evaluated, the functions in V;{lf‘/ (E) associated with each dimension are reused
multiple times. This is possible because the vector space is just the Cartesian product of a scalar space, approximated with the neural
network, with itself.

16



S. Berrone et al. Finite Elements in Analysis & Design 252 (2025) 104467

0

s

o4
g2

oo,
e,

55
55

=

=
S

=

S

S
S

s
55

SIS
(>
> 555

\\\\\I"
SRR

33
SRR
S
3
3

:
3

"O’O

3
.
S

3
3
2

(a)

Fig. 3. Test 2: Last refinements related to the two families of meshes.

4.2. Test 2: A benchmark non-linear elastic problem with analytical solution

In this section, we propose a test taken from [9] to show some advantages of using an approach that does not require any
stabilization term, such as the NAVEM. Specifically, we consider 2 = (0, 1)> and set I';, = I'. We select the following constitutive
law

o(x, Vu(x)) = u(e))e(u), (62)

where the scalar function y is given by

2
ple@) =31+ [le@]®) =301+ Y @), 1. (63)

n,m=1

We further consider two external body forces, compatible with the following two analytical solutions:
Case 1: u(x) = x;(1 — x)xy(1 — x,) [i],
Case 2: u(x) = 80x,(1 — x)x,(1 = x,) m )

In particular, we notice that in Case 1 the solution is characterized by deformations of moderate magnitude, whereas much larger
deformations occur in Case 2. For the current experiment, we consider two families of meshes. The former comprises four square
meshes of 4 x 4, 8 x 8, 16 x 16, and 32 x 32 square elements each. The second family is made up of 4 regular Voronoi meshes
subjected to sine distortions realized with the MATLAB library mVEM [40]. The last refinement for each family of meshes is shown
in Fig. 3. Preliminarily, we remark that the neural networks used to predict the NAVEM basis functions are the ones used to make
the experiment reported in Section 3.3.

Due to non-linearity and possible large deformations, we here decide to test the NAVEM and VEM performance with and without
the incremental force method described in Section 2.3, along with the Newton-Raphson scheme. Specifically, we set 1" = =,
n=1,...,N, with N =20 for the incremental procedure and, for each n =1,..., N — 1, we stop the Newton-Raphson scheme after
20 non-linear iteration steps. At the incremental step n = N, we allow the Newton-Raphson scheme to perform all the non-linear
iteration steps needed to reach the desired accuracy, i.e. we require that both the relative norm of the residual and the norm of the
increment of solution between two consecutive steps are below 10710,

We observe that, when the incremental method is applied, the VEM stabilization is chosen as the norm-based stabilization
described in Section 2.3, where w;, = uZ". On the other hand, when we apply the plain Newton-Raphson method, without the
incremental force approach (i.e. we set N = 1), we set w;, = u(;l = 0. In particular, we observe that this last choice coincides with
the “fixed scaling” described in [9].

Fig. 4 reports the behavior of the H'-errors in (59) and (60) as the mesh parameter 4 decreases, for the test Case 1. Concerning
this test case, we observe that the expected order of convergence is attained for both methods with and without employing the
incremental strategy. Specifically, we note that the choice of stabilization does not seem to influence the accuracy of the VEM
method for both families of meshes. Moreover, we observe that the NAVEM error curves are downward shifted with respect to the
VEM error curves, as usual. Moreover, we highlight that the L2-error curves follow a very similar behavior. Thus, we decide to not
report this verbose information.

Fig. 5 reports the behavior of the H'-errors (59)-(60) as the mesh parameter i decreases, for the test Case 2, where larger
displacements are recorded. Unlike the previous test case, a good choice of the stabilization term is essential to obtain good quality
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Fig. 5. Test 2, Case 2: Behavior of the H!-errors (59)-(60) as the mesh parameter 4 decreases. N denotes the number of loading steps for the
incremental force method. Left: Cartesian grids family. Right: Distorted-Voronoi grids family.

results when using the VEM method. Coherently with the results shown in [9], we observe that adopting the incremental strategy is
mandatory for VEM to avoid to level-off the stabilization term with respect to the consistency term, losing accuracy, when Voronoi
meshes are employed. On the other hand, we observe that this behavior is less stressed in the presence of quadrilateral elements,
where the stabilization term is generally less pronounced. Concerning the NAVEM method, we observe that it does not need at all
the incremental strategy, even in the presence of the larger displacement related to Case 2. Indeed, it behaves in the right way
independently of the family of meshes and of the magnitude of the displacement for this test, while again showing a lower error
constant with respect to VEM (see Figs. 5 and 9).

Moreover, in Fig. 6, we observe that NAVEM does not suffer of the same unstable spurious oscillating behavior, remarked also
in [9], that characterizes the VEM solution when a fixed scaling is employed for the Case 2. In this figure, we draw a slice of the
first component of the VEM solution, of the NAVEM solution, and of the exact solution, for N = 1. It is evident that the VEM
solution is characterized by oscillations that ruin its accuracy, whereas the other two curves are almost exactly overlapped and are
indistinguishable in the plot.
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0o

Fig. 6. Test 2, Case 2: Slice of the component u, related to Case 2 and the last refinement of the Distorted-Voronoi family. Red: VEM. Blue:
NAVEM. Black: exact displacement. We observe that the blue curve overlaps the black one. Solutions obtained with N = 1 as the number of
loading steps for the incremental force method.

Table 2
Test 2, Case 2: Statistics related to each mesh belonging to the Distorted-Voronoi family
by employing NAVEM with N = 1 and VEM with N = 20.

Id. Mesh r(T) r(k) r(ATD)
0 7.85 3.80 2.06
1 7.37 3.73 1.98
2 3.99 3.67 1.09
3 4.32 3.65 1.19

Finally, we observe that the robustness that characterizes NAVEM translates to a higher computational efficiency with respect to
VEM. To provide insight into the computational time of NAVEM with respect to VEM, Table 2 reports the time (in seconds) required
to solve the non-linear problem Case 2 on the Distorted-Voronoi family by employing NAVEM with N = 1 and VEM with N = 20
(i.e. the best scenario for each method). These times refer to a Python code that exploits TensorFlow for neural network operations,
running on a Ubuntu 24.04 LTS 64-bit, 12th Gen Intel(R) Core(TM) i7-1255U CPU (4.7 GHz) and 16 GB RAM memory. Specifically,
we report

1. r(T): the ratio between the time T required by VEM and by NAVEM to solve problem;

2. r(k): the ratio between the cumulative number of non-linear iteration k over the N loading steps in the VEM and in the
NAVEM approach;

3. r(ATI): the ratio between the average time per iteration (ATI in short) in VEM and NAVEM.

We note that the NAVEM time specifically corresponds to the time required to apply the steps S.1-S.5 for solving the problem.
Additionally, to exploit the TensorFlow vectorization capabilities and reduce the computational burden, we minimize the number
of neural network evaluations by aggregating the inputs associated with multiple basis functions. We observe that the absence of
a stabilization term in the NAVEM approach allows the method to save a lot of computational effort with respect to VEM, making
NAVEM more convenient to solve non-linear problems.

4.3. Test 3: Neo-Hookean hyperelasticity

In this last test case, we consider Problem (1) with o corresponding to the non-symmetric first Piola-Kirchhoff stress tensor P.
More precisely, we focus on a hyperelastic material of Neo-Hookean type by setting

PF)=puF -F 1)+ 170(NO' (NHFT, (64)
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Table 3

Test 3: Input parameters for the arc_length_Crisfield_modified routine.
Parameter description Value
Load increment at the first loading step. 0.04
The maximum number of non-linear iterations per increment. 20
The desired number of non-linear iterations per loading step. 4
Tolerance for the convergence criterion. 1.0e-08

where F is the deformation gradient F = I+ Vu, J € R, is the determinant of F, and © : R, — R is a smooth function such that
OJ)=0 & J=1and ©'(1) #0 [52]. In Egs. (64), 4 and y are given positive constants.

We observe that, to carry out the discretization related to a Neo-Hookean material, a discrete version of the determinant J must
be provided. In the Virtual Element framework, two possible discretization are considered. The simplest choice coincides with taking
on each element E € 7j:

J = det(I+ Vu ) ~ det(L+ 11" Vu)).

Again, since the virtual functions are not known in a closed form in the interior of the element, a projector operator should be
introduced to access the point-wise evaluations of such functions. With this kind of approximation, the determinant J is constant
on each element E € 7,. A more stable version is proposed in [13], where J is approximated with its mean value over E € 7.
More precisely, the authors in [13] approximate J as follows:

JzL/J=/d3=@, (65)
|E| JE £ |E|

where |E| denotes the measure of the element E € 7,, whereas ~ defines a quantity - in the current deformed configuration. In the
NAVEM framework, we evaluate the determinant simply as

J = det(I+ Vu V), (66)

since we are able to evaluate NAVEM functions and their gradients everywhere.
We test the method considering

1

7 B

whose values of Lamé coefficients correspond to a Poisson ratio =~ 0.45. We observe that in this case, the elastic modulus A in (11)

in this specific case depends only on the deformation gradient and it is given by [52]:

A(F) = % =uI @ I+FTQF ") - 1J0(J)0'(J)F " QF "

o) =logJ, O'J)= A=5.1, u=10,

+ AT (0O () + (O () + OO (N F T QF T,

where ®. ® and ® are defined such that {A ® B}, ;; = A;;B;, {A®B},;,, = A;B;, and {A®B)},;;; = A; B, forall i, j. k.l =1,...,2
and for each pair of second-order tensors A and B.
The initial configuration € is set as the unit square [0, 1]? and the displacement is clamped at I', = {0}X[0, 1], while the remaining

part of the boundary is free. The body load is given by

il

F(x1,%5) = [100x3,0]  ¥(x,x,) € Q. (67)

We simulate this test on the mesh shown in Fig. 8(a), generated as in [53], by exploiting the arc-length method. The
employed code strictly follows the MATLAB routine arc_length_Crisfield modified. Specifically, this routine implements Crisfield
algorithm proposed in [31,54], in which the load parameter is introduced as the additional unknown satisfying the following
(N9%f + 1)-hypersphere constraint, that is enforced at each non-linear iteration within every loading step:

@) @, +(1,)* = (4S,)%, V=*€{V,N},

where AS, denotes the prescribed increment of the arc-length parameter along the load—displacement path, which may vary across
different loading steps, and V and N denote the VEM and NAVEM variables, respectively. We observe that this constraint yields two
possible values of 1 at each non-linear step. In the implemented algorithm, the value of A closest to 1 is selected. We further modify
the MATLAB routine by imposing that whenever |1 — 1.0| < 0.1, a further final loading step must be performed by keeping fixed
A = 1. Fig. 7 reports the values for the converged 1., with x€ {V, N}, as the loading step n increases on the left axis, whereas the
cumulative number of non-linear iterations over the loading steps is shown on the right axis. Moreover, Figs. 8(b) and 8(c) show the
x,-component of the final discrete displacement obtained with NAVEM and VEM, respectively, whereas Fig. 9(b) shows the result of
the Finite Element discretization of the problem on the finer triangular mesh 9(a). These results are obtained by choosing as input
parameter of arc_length Crisfield modified routine the values detailed in Table 3.

We first note that the NAVEM and VEM approaches employ approximately the same total number of iterations. Nevertheless,
we can observe in Fig. 8 some spurious oscillations in the x,-component of the virtual element displacement that are not present

20


https://it.mathworks.com/matlabcentral/fileexchange/44352-arc-length-method#version_history_tab
https://it.mathworks.com/matlabcentral/fileexchange/44352-arc-length-method#version_history_tab
https://it.mathworks.com/matlabcentral/fileexchange/44352-arc-length-method#version_history_tab

S. Berrone et al. Finite Elements in Analysis & Design 252 (2025) 104467

—— Ay . Av
8- Ky e Ky

120

100

80

_60 ¥

40

20

Fig. 7. Test 3: Left axis: Converged A values as the loading step n increases. Right axis: Cumulative sum of non-linear iteration steps as the
loading step n increases.

u» uz
-45e-01-02 0 02 5.6e-01 -47e-01 -02 0 0.2 5.6e-01
D — P —

(b) (c)

Fig. 8. Test 3: Left: Mesh used in the simulation. Center: Displacement in the x,-direction obtained with the NAVEM method. Right: Displacement
in the x,-direction obtained with the VEM method.

in the NAVEM and FEM solutions. This further confirms that the NAVEM approach appears to be more robust in the presence of
strong non-linearities.

Finally, we observe that we do not appreciate a significant difference between the two approximation procedures for computing
the determinant in the virtual element procedure in this test case.

To conclude, we observe that the NAVEM has a simpler formulation than the VEM one and, in the provided numerical tests, it
is more stable in the presence of large deformations. On the other hand, despite having a formulation similar to the FEM one, it
ensures greater flexibility by allowing the use of more general meshes.

5. Conclusions

In this paper, we present the Neural Approximated Virtual Element Method to solve linear and non-linear elasticity problems.
The NAVEM is a polygonal method that approximates via neural networks the function spaces used in the Virtual Element Method.
This neural approximation provides closed-form local basis functions, eliminating the need for additional stabilization and projection
operators. An a priori error analysis is also presented to strengthen the theoretical foundations of the method.

The absence of a stabilization term is particularly advantageous in non-linear problems, where designing a suitable and
computable stabilization operator that preserves accuracy can be challenging. Elasticity problems represent a particular domain
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Fig. 9. Test 3: Left: Mesh used to compute the FEM reference solution. Right: Displacement in the x,-direction obtained with the FEM method.

in which numerous different non-linearities may be present, depending on the simulated materials. For this class of problems, we
discuss the NAVEM formulation, emphasizing the simpler form with respect to the standard VEM formulation. Numerical results
are in agreement with what has been observed for elliptic problems in [20,21] and highlight the benefits of bypassing stabilization
operators.

Future perspectives include extending NAVEM to more physically relevant problems, such as handling internal constraints like
incompressibility. Additionally, crack propagation and adaptivity present promising applications for this method. Indeed, as observed
in [21], the method can be easily optimized for a mesh comprising triangles with hanging nodes. This feature opens the possibility
of integrating NAVEM with standard finite element methods by refining only elements where non-linearities are most intense:
introducing hanging nodes instead of globally remeshing neighboring elements.
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