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Abstract. Concept-based eXplainable AI (C-XAI) is a rapidly grow-
ing research field that enhances AI model interpretability by leverag-
ing intermediate, human-understandable concepts. This approach not 
only enhances model transparency but also enables human intervention, 
allowing users to interact with these concepts to refine and improve 
the model’s performance. Concept Bottleneck Models (CBMs) explic-
itly predict concepts before making final decisions, enabling interven-
tions to correct misclassified concepts. While CBMs remain effective in 
Out-Of-Distribution (OOD) settings with intervention, they struggle to 
match the performance of black-box models. Concept Embedding Models 
(CEMs) address this by learning concept embeddings from both concept 
predictions and input data, enhancing In-Distribution (ID) accuracy but 
reducing the effectiveness of interventions, especially in OOD scenar-
ios. In this work, we propose the Variational Concept Embedding Model 
(V-CEM), which leverages variational inference to improve intervention 
responsiveness in CEMs. We evaluated our model on various textual and 
visual datasets in terms of ID performance, intervention responsiveness 
in both ID and OOD settings, and Concept Representation Cohesiveness 
(CRC), a metric we propose to assess the quality of the concept embed-
ding representations. The results demonstrate that V-CEM retains CEM-
level ID performance while achieving intervention effectiveness similar 
to CBM in OOD settings, effectively reducing the gap between inter-
pretability (intervention) and generalization (performance). 

Keywords: XAI · C-XAI · Interpretable-AI 

1 Introduction 

Concept-Bottleneck Models (CBMs) [ 13] have emerged as a promising approach 
to interpretable machine learning by making task predictions through interme-
diate, human-understandable concepts. This architecture enhances model trans-
parency by providing insight into the decision-making process through an inter-
pretable mapping between concepts and outputs. Additionally, CBMs offer a 
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distinctive advantage: the ability for human users to intervene on the intermedi-
ate concept predictions. This allows users both to rectify misclassified concepts, 
improving model performance, and to gain a deeper understanding of the rela-
tionships between concepts and task labels. 

However, CBMs struggle with generalization, exhibiting limited performance. 
Their performance is constrained by the intermediate bottleneck, which restricts 
their ability to match the predictive accuracy of black-box models that directly 
map inputs to outputs. To address this issue, Concept Embedding Models [ 11,25] 
(CEMs) have been introduced. CEMs generate dedicated embedding representa-
tions for each concept, thus alleviating the constrained representational capacity 
of the concept bottleneck. This approach improves model performance achieving 
black-box accuracy, while preserving a degree of intervenability (i.e., the level 
of efficacy of intervention) and interpretability. Besides testing model interven-
ability in In-Distribution (ID) settings, in this paper we propose testing model 
intervenability in Out-of Distribution scenarios (OOD). Our experiments show 
that the CBM architecture remains responsive to interventions on concept repre-
sentations in both ID and OOD settings. In contrast, CEM exhibits very limited 
intervenability in OOD scenarios. Theoretically, this is due to CBM relying exclu-
sively on predicted concepts for final decisions, whereas CEMs predictions are 
based on concept embeddings, which integrate both concept predictions and raw 
input data. This entanglement negatively impacts CEM’s intervenability in OOD 
settings. To address this challenge, we propose the Variational Concept Embed-
ding Model (V-CEM), which utilizes variational inference to achieve black-box-
level accuracy on ID tasks, while maintaining high intervention responsiveness 
in both ID and OOD scenarios. 

In summary, this work makes the following key contributions: i) We demon-
strate that while CEMs can achieve higher ID accuracy compared to CBMs, 
their ability to support interventions in OOD scenarios is significantly limited; 
ii) We introduce V-CEM, a model that achieves black-box generalization per-
formance under ID conditions, comparable to CEMs; iii) We show that V-CEM 
retains responsiveness to interventions in both ID and OOD scenarios, similar 
to CBMs. 

The manuscript is structured as follows. In Sect. 2, we provide the founda-
tional concepts necessary to understand this work. Section 3 introduces V-CEM, 
while Sect. 4 outlines the metrics used to evaluate concept representations. In 
Sect. 5, we present the results of our experimental campaign. Finally, in Sect. 6, 
we review related works, and Sect. 7 offers concluding remarks. Code is publicly 
available 1. 

2 Background 

Concept Bottleneck Models (CBMs). Let x ∈ X ⊂ Rd be an input realiza-
tion, c ∈ C ⊂ [0, 1]k represent interpretable concepts, and y ∈ Y ⊂ {0, . . . , N} 
denote the task label. CBMs assume a generative process where x determines c,
1 GitHub Repo. 

https://github.com/francescoTheSantis/Variational-Concept-Embedding-Model
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Fig. 1. Probabilistic Graphical Models of a) CBMs, b) the CEMs, and c) the proposed 
V-CEM architecture. Solid lines represent the data generation process, while dotted 
lines represent inference. 

which in turn influences y. A CBM consists of a concept encoder p(c | x) and  
a task classifier p(y | c), trained end-to-end to approximate p(y, c | x) =  p(y | 
c)p(c | x). The corresponding Probabilistic Graphical Model (PGM) is shown in 
Fig. 1a. Modifying a concept cj removes its reliance on x. This characteristic is 
especially crucial in OOD scenarios, as it enables to completely replace the con-
cept representation generated by the concept encoder for a given concept. How-
ever, the bottleneck on c, while enhancing interpretability, limits performance in 
ID settings, resulting in a trade-off between interpretability and accuracy. 

Concept Embedding Models (CEMs). CEM alleviates the usual conflict 
between interpretability and performance by introducing a rich concept repre-
sentation, the concept embedding c ∈ C ⊂ Rk×m, as shown in CEM PGM in 
Fig. 1b. Unlike the CBM architecture, CEM defines a new conditional distribu-
tion p(c | c, x) that integrates both the input x and the concept c, enabling 
the generation of concept embeddings that capture concept-specific information 
enriched by the input instance x. These embeddings are then used to model 
the distribution p(y | c), which predicts task labels. Similarly to CBMs, CEM is 
trained to approximate p(y, c | x). Despite utilizing embeddings, CEM maintains 
the ability to support concept interventions: modifying a concept influences the 
conditional distribution p(c | x, c), thereby altering the generated embeddings. 
The dependence on x, which contributes to high ID performance, still remains 
after human intervention. The reliance on x, which contributes to strong ID 
performance, persists even after human intervention. As a result, CEM becomes 
less responsive to interventions in OOD scenarios, as the concept embedding 
generated in these cases may contain poor-quality information that cannot be 
overridden by human input. 

Intervention. Interventions in Concept based Models enable humans to cor-
rect model errors and gain insights into the relationship between concepts and 
tasks. This capability is crucial for developing interpretable models by improving 
transparency, trust, and control over decision-making. For instance, in a classifi-
cation task where the objective is to categorize birds based on a set of concepts 
representing their features, if the concept Red Breast of an image depicting a
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Red Breasted Parrot is misclassified, the model might assign an incorrect bird 
label to the image. A human can adjust the concept prediction, which in turn 
may alter the final task prediction of the model. Different approaches enable 
various types of interventions: concept intervention [ 13,25], where the predicted 
concept is directly replaced, and concept embedding intervention [ 11], where the 
concept’s embedding is adjusted. Formally, in concept intervention, the concept 
cj ∼ p(cj | x) is replaced with cj := cj , where cj is the concept assigned by the 
human. In a similar manner, in concept embedding intervention, cj ∼ p(cj | x) 
is substituted with cj := cj , where cj is the embedding representing concept j 
that the human uses to correct the misclassified concept. 

3 Variational CEM 

We propose Variational CEM, a methodology to maintain CEM performance 
in ID settings by leveraging the rich, sample-specific information of the concept 
embeddings while ensuring their dependence primarily on the underlying con-
cepts. At the same time, V-CEM enables targeted interventions on the concept 
embeddings that completely override their dependency on the input, ensuring 
high intervenability also in OOD scenarios. In Sect. 3.1 we describe V-CEM 
architecture, while in Sect. 3.2 we describe its training. 

3.1 V-CEM Architecture 

As  shown in Fig.  2, V-CEM is composed first of a concept encoder p(c|x), map-
ping the input data x to an intermediate, interpretable concept layer c. Concept 
embeddings, c, are generated from q(c | x, c) using both concept predictions and 
input features. The classification head p(y|c) works on the concept embeddings 
to produce the final class prediction y. 

However, from a probabilistic point of view, we assume a generative process 
where the concept embeddings c are only influenced by the interpretable concepts 
c and not by the input x, which is only used to derive the concept c. Similarly 
to CEM, the task label y is generated from a distribution conditioned on the 
concept embeddings. The PGM corresponding to this formulation is depicted 
by the solid lines in Fig. 1c. This generative framework leads to the following 
factorization: 

p(x, c, c, y) =  p(x)p(c|x)p(c|c)p(y|c) (1) 
With respect to the CEM architecture, we introduce a prior p(c | c), which we 

will discuss in detail later. Also, notice how the concept embedding probability 
is only conditioned by the concept predictions p(c|c). Similarly to CBM and 
CEM, our objective is to approximate the joint distribution p(y, c | x). Since C 
is unobservable, we account for its effect on the relationships between X, C, and  
Y by marginalizing over all possible values of C: 

p(c, y|x) =  
C 

p(x, c, c, y) 
p(x) dc (2)
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Fig. 2. Illustration of the V-CEM architecture. Given an image of a parrot with a red 
breast, V-CEM concept encoder p(c|x) assigns a high probability to the “Red Breast” 
concept and a low probability to “Blue Feathers”, which is absent. The approximate 
posterior q(c|x, c) maps concept prediction to concept embeddings clustered around 
μ+ 
Red Breast and μ− 

Blue Feathers, respectively. These embeddings are then employed to 
condition p(y | c) and enable a correct label prediction (“Red Breasted Parrot”). 
(Color figure online) 

Loss Derivation. Using a variational inference approach, we define an approx-
imate posterior distribution, q(c | x, c), which, like CEM, generates concept 
embeddings by conditioning on both the input and the concept (as illustrated 
by the dotted lines in Fig. 1c). This allows for amortized inference, as the true 
posterior p(c | x, c) is intractable. This approach leads to the derivation of the 
following Evidence Lower Bound (ELBO) for the log-likelihood of the conditional 
distribution p(c, y | x): 

log p(c, y|x) ≥ −  Eq log q(c|x, c) 
p(c|c) 

Pior Matching 

+ log p(c|x) 
Concept Loss 

+ Eq [log p(y|c)] 
Task Loss 

(3) 

A comprehensive derivation of the loss function is provided in Appendix A. 
The first term in the ELBO is the Kullback-Leibler (KL) divergence between the 
approximate posterior q(c | x, c) and the prior p(c | c), ensuring their alignment. 
We refer to this term as Prior Matching. This alignment is crucial, as it encour-
ages the approximate posterior q(c | x, c)—which depends on both the input x 
and concept predictions c—to resemble the prior p(c | c), which is independent 
of x. Maximizing the second and third terms of the ELBO (Concept and Task 
loss) optimizes both concept and task accuracy. Since the third term involves 
averaging over concept embeddings sampled from the approximate posterior q, 
we approximate this by using the Monte Carlo method. Specifically, as described 
in [ 12,17], we employ a large batch size and draw a single sample of c per data 
point using the reparameterization trick. All the distributions in the ELBO, 
besides the prior distribution p(c | c), are parameterized by neural networks.



V-CEM: Bridging Performance and Intervenability 53

Concept Embedding Encoder. We assume that each concept cj is inde-
pendent of the others. Consequently, we define each concept embedding cj as 
independent of the other concept embeddings and model it as a mixture of two 
multivariate normal distributions: 

p(cj |cj) =  δ(cj)N (cj ; μ+ 
j , I) + (1  − δ(cj))N (cj ; μ− 

j , I), 

where μ+ 
j , μ

− 
j ∈ Rm are learnable embeddings, I is the identity matrix, and 

δ(·) represents the Dirac delta function, which evaluates to 1 if cj = 1 and 0  
otherwise. Here, μ+ 

j corresponds to the expected embedding when the concept is 
active (cj = 1), while μ− 

j represents the expected embedding when the concept is 
inactive (cj = 0). For the sake of simplicity, we define the approximate posterior 
as a multivariate normal distribution: 

q(cj |x, cj) =  N (cj ; μ̂j(x, cj), diag(σj(x, cj))) 

where μ̂j(x, cj), σj(x, cj) ∈ Rm. 
Given this definition for the prior and the approximate posterior, the Prior 

Matching term can be expressed in a closed-form solution. A detailed deriva-
tion of this formulation is presented in Appendix B. During training, the Prior 
Matching term encourages the approximate posterior q to position the multi-
variate normal distribution near μ+ 

j when cj = 1 and near μ− 
j otherwise. This 

regularization promotes the formation of dense clusters for each concept state, 
ensuring that each state is represented by a distinct concept embedding: μ+ 

j 

for cj = 1  and  μ− 
j for cj = 0. By exploiting this property of V-CEM, we can 

perform concept embedding intervention, thereby decoupling the concept embed-
ding from the raw input data. 

3.2 V-CEM Training 

The model is trained to optimize the ELBO by minimizing its negative coun-
terpart. Assuming each concept cj follows a Bernoulli distribution, the second 
term in the ELBO reduces to a sum of binary cross-entropy losses, denoted as 
Lc. Similarly, if the task variable y follows a categorical distribution, the third 
term in ELBO corresponds to the expected cross-entropy loss over y, referred to 
as Lt. 

Following standard practices in concept bottleneck models [ 25], we intro-
duce a weighting parameter λt ∈ [0, 1] to balance the task loss Lt, allowing for 
trade-offs between concept learning and task performance. Additionally, a scal-
ing factor λp ∈ [0, ∞) is applied to the Prior Matching term Lp, influencing the 
model’s regularization. Increasing λp progressively aligns V-CEM with a CBM, 
while setting λp = 0 removes constraints on concept embeddings, making the 
model function like CEM. 

V-CEM is trained by minimizing the following objective function: 

L = 1 
k 

Lc + λtLt + λpLp (4)
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where Lc is normalized by the number of concepts k. In this work, we set λt = 0.1 
and λp = 0.05. An ablation study exploring the effect of varying λp on V-CEM’s 
performance is provided in Appendix D. 

To enhance the responsiveness of V-CEM to ID interventions, the RandInt 
regularization strategy [ 11,25] is employed during the training phase, performing 
random concept embedding interventions with a predefined probability. Addi-
tional details about the specific settings of the proposed methodology and the 
baseline methods are provided in Appendix E.2. 

4 Evaluating Concept Representations 

In order to properly evaluate the model’s intervenability in OOD settings, par-
ticularly when dealing with concept embeddings, concept accuracy might not be 
sufficient. In this section, we describe two further metrics that we use for this 
scope: OOD intervenability and Concept Representation Cohesiveness (CRC). 

OOD Intervenability. Concept interventions are generally used to assess the 
intervenability of a model [ 13], i.e., whether a model’s predictions change when 
concept predictions are modified while keeping other factors constant. Model 
intervenability is normally evaluated ID by replacing concept predictions with 
concept labels. However, ID concept predictions are often already correct, thus 
the possibility to obtain a counterfactual prediction is low. Furthermore, for 
models relying on concept embeddings, this phenomenon is even more evident 
as part of the task prediction depends on x rather than c. Thus, in this paper 
we evaluate model intervenability OOD. More specifically, we propose to analyze 
responsiveness to interventions under varying conditions by progressively adding 
random noise ∼ N(0, I) to the input x. The perturbed input is thus defined 
as: 

x̃ = (1  − θ) · x + θ · ∈ [0, 1] 

where θ controls the noise intensity. Interventions are applied randomly on mis-
classified concepts, with an increasing probability pint ∈ [0, 1]. 

Concept Representation Cohesiveness. Concept embeddings allow 
concept-based models to avoid the performance trade-off due to the CBM 
concept-bottleneck layer, as they enrich concept representation with sample-
based information. Still, it is fundamental that this information represents the 
concept and not other input features; otherwise we may incur in the so-called 
“concept leakage” issue [ 19,20], where the concepts encode spurious information 
related to other concepts. In other words, we would like each point in the concept 
embedding space C to represent a different instantiation of an active or inactive 
concept. As training a decoder for each concept is non-trivial, in this paper we 
propose to assess this characteristic through an evaluation of the cohesiveness 
of the clusters associated with active and inactive concepts. More precisely, we 
compute CRC by splitting all concept embeddings into two clusters according



V-CEM: Bridging Performance and Intervenability 55

to their concept predictions, and we compute the corresponding silhouette score 
as follows: 

CRC = 1 
|C| 

|C| 

i=0 

si(ci, ci) (5) 

where |C| represents the number of concepts and si(ci, ci) represents the sil-
houette coefficient computed for the ith concept over concept embedding repre-
sentation ci and considering as clustering labels the concept prediction ci. For  
further detail on the computation of si we refer the reader to Appendix C. A  
higher silhouette score indicates a denser and tighter concept embedding space. 
This, in turn, indicates a model more responsive to OOD concept embedding 
intervention, as it samples from a denser representation. 

5 Experimental Evaluation 

To evaluate V-CEM, we seek to address several key research questions that guide 
our investigation. Specifically, we aim to answer the following: 
(1) Does V-CEM exhibit comparable task performance to Black-box and CEM 

in ID settings? 
(2) Is V-CEM more responsive than concept embedding-based approaches 

(CEM and Prob-CBM) in OOD scenarios? 
(3) How does V-CEM concept representation compare to CBM representation, 

despite its reliance on concept embeddings? 

5.1 Experimental Setting 

In this section, we outline the experimental setup used to evaluate the perfor-
mance of V-CEM. Specifically, we present the datasets, the baseline models and 
the training details. 

Datasets. We conduct experiments on a diverse set of vision and NLP datasets. 
For vision, we use MNIST Even/Odd and MNIST Addition, which are derived 
from the MNIST dataset [ 14] and involve binary classification and digit-sum pre-
diction tasks, respectively. For these two datasets digits are used as concepts. We 
conduct experiments also on CelebA [ 16], a large-scale facial attribute dataset, 
where selected attributes serve as concepts and others as prediction targets. For 
NLP, we experiment with CEBaB [ 1], a dataset designed to study causal effects 
of concepts in sentiment analysis, and IMDB [ 18], where movie reviews are clas-
sified as positive or negative using interpretable aspects. More details on dataset 
preprocessing and structure are provided in Appendix E. 

Baselines. To assess the effectiveness of the proposed methodology, we compare 
it against several baseline models. For vision tasks, we extract embeddings using 
a frozen ResNet-34 [ 8], while for NLP tasks, we use all-distilroberta-v1 2. Both
2 We use the pretrained model available at https://huggingface.co/sentence-

transformers. 

https://huggingface.co/sentence-transformers
https://huggingface.co/sentence-transformers
https://huggingface.co/sentence-transformers
https://huggingface.co/sentence-transformers
https://huggingface.co/sentence-transformers
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Table 1. The average task accuracy and corresponding standard deviation in ID set-
tings obtained by the various methodologies across different datasets. V-CEM perfor-
mance are the highest on average when considering concept-based models, surpassing 
also Black-box performance on three datasets. 

MNIST E/O MNIST+ CelebA CEBaB IMDB 
Black-box 98.56 ±0.01 67.59 ±0.57 64.66 ±0.07 80.20 ±0.25 86.98 ±0.48 

CBM+Linear 98.82 ±0.04 44.19 ±1.86 49.75 ±0.18 63.66 ±3.48 87.30 ±0.58 

CBM+MLP 98.82 ±0.13 68.63 ±0.72 51.01 ±0.51 72.51 ±5.88 86.48 ±1.88 

CEM 98.75 ±0.07 69.84 ±0.91 64.49 ±0.08 80.12 ±0.14 86.79 ±0.77 

Prob-CBM 97.38 ±0.61 27.31 ±3.92 51.64 ±7.12 77.86 ±0.95 85.90 ±0.38 

V-CEM 98.91 ±0.05 73.12 ±0.35 64.49 ±0.15 79.62 ±1.29 87.94 ±0.86 

backbones are used without fine-tuning to extract embeddings from the input 
data. All baselines operate on these precomputed embeddings. The compared 
models include: (1) a standard Black-box model, implemented using two consec-
utive linear layers, (2) two variations of CBMs [ 13]: the first employing a single 
linear layer to map concepts to the task (CBM+Linear), and the second utilizing 
two consecutive linear layers (CBM+MLP), (3) Prob-CBM [ 11], (4) CEM [ 25]. 
Training details for all models are reported in Appendix E. 

5.2 Results 

The results highlight three key findings: (1) V-CEM outperforms CBMs and 
Prob-CBM while remaining comparable to CEM and Black-box models in ID 
settings, (2) it exhibits high responsiveness to interventions in OOD scenarios 
compared to CEMs and Prob-CBM, and (3) its concept embedding space C is 
more cohesive than that of concept embedding-based models. 

In-Distribution Performance. In Table 1, we present the task accuracy 
results for the various models evaluated across different datasets in ID settings. 
The results clearly demonstrate that V-CEM consistently outperforms tra-
ditional CBMs and Prob-CBM in average ID performance. This trend is 
consistent across all datasets and this is particularly evident in MNIST Addi-
tion, where V-CEM achieves over 40% higher task accuracy compared to Prob-
CBM and outperforms CBM+Linear by nearly 30%. Overall, V-CEM achieves 
ID performance comparable to CEM and the Black-box model while also attain-
ing the highest average accuracy for MNIST E/O, MNIST+, and IMDB. This 
is achieved while maintaining similar concept accuracy across all models, as 
reported in Appendix F. 

Intervention Responsiveness. Figure 3 illustrates the task accuracy of var-
ious models when human intervention is used to correct misclassified concept
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Fig. 3. The solid lines represent the mean task accuracy under random interventions at 
probability pint, while the shaded areas indicate the standard deviation of each method. 
Results are reported across different models and datasets, under varying levels of input 
noise θ ∈ [0, 1]. The Black-box model is not shown since it does not allow human 
interventions. 

predictions under varying levels of input noise θ ∈ [0, 1], revealing several key 
insights. As anticipated, CEM shows minimal responsiveness to interventions, 
underscoring a key limitation: its strong dependence on input, which makes it 
less effective in the presence of distributional shifts. In contrast, V-CEM consis-
tently shows greater responsiveness to interventions in OOD settings, 
outperforming Prob-CBM, which only surpasses V-CEM in responsiveness for 
the IMDB dataset. This suggests that V-CEM retains intervention efficacy by 
more effectively utilizing concept embeddings. Overall, V-CEM demonstrates 
responsiveness similar to CBMs while achieving superior performance in the ID 
scenario. 

Concept Embedding Space Evaluation. As outlined in Sect. 5, to further 
investigate why V-CEM outperforms CEMs in terms of intervention responsive-
ness while maintaining performance comparable to CBMs in OOD settings, we 
propose to analyze the cohesiveness of the concept embedding space. 

Ideally, each point in the concept embedding space should correspond to a dis-
tinct instance of an active or inactive concept. Specifically, for each concept, we 
here identify two clusters and compute the CRC score across all concepts for each
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Table 2. The average CRC values and their respective standard deviations in ID 
settings evaluated for all methodologies and datasets. The higher the better. V-CEM 
values are close to CBMs and always higher than both CEM and Prob-CBM. 

MNIST E/O MNIST+ CelebA CEBaB IMDB 
CBM+Linear 0.99 ± ≤  0.01 0.92 ±0.01 0.73 ±0.01 0.70 ±0.01 0.73 ±0.01 

CBM+MLP 0.99 ± ≤  0.01 0.91 ±0.01 0.72 ±0.01 0.71 ±0.01 0.74 ±0.01 

CEM 0.65 ±0.01 0.65 ±0.02 0.32 ±0.02 0.33 ±0.03 0.45 ±0.04 

Prob-CBM 0.73 ±0.01 0.59 ±0.02 0.31 ±0.03 0.41 ±0.05 0.50 ±0.02 

V-CEM 0.98 ±0.01 0.85 ±0.02 0.41 ±0.03 0.59 ±0.02 0.67 ±0.02 

Fig. 4. 2D t-SNE visualization of the concept embedding space c for the CEBaB 
dataset, comparing V-CEM, Prob-CBM and CEM. V-CEM concept representation 
is much denser than the ones of CEM and Prob-CEM. 

model and dataset. Table 2 presents the results, showing that V-CEM’s con-
cept embedding space is more cohesive than that of concept embed-
ding based models (CEM and PRob-CBM) while remaining comparable to 
CBMs. Additionally, Fig. 4 provides a 2D t-SNE visualization comparing the con-
cept embedding spaces of CEM, Prob-CBM and V-CEM for different concepts 
in the CEBaB dataset, further illustrating this effect. 

6 Related Works 

C-XAI [ 21] has gained prominence as a solution to the growing demand for 
machine learning models that provide explanations in human-understandable 
terms [ 22]. Unlike traditional feature-based approaches, C-XAI emphasizes asso-
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ciating a model’s behavior with human-interpretable concepts, offering a more 
intuitive and accessible way to understand model decisions. 

A foundational approach in this domain is Testing with Concept Activa-
tion Vectors (T-CAVs), introduced in [ 10], which leverages directions in the 
latent space to measure, post-hoc, a model’s sensitivity to predefined human-
understandable concepts. In contrast, explainable-by-design models incorpo-
rate interpretability directly into their architecture. A prominent example is 
CBM [ 2, 4,13], which integrates supervised concepts as intermediate representa-
tions within the prediction pipeline, enabling more transparent and controllable 
decision-making. This integration facilitates direct intervention and correction 
of errors, thus enabling a more interactive approach to model understanding. 

Additionally, Concept Embedding Models (CEMs) [ 25] push the boundaries 
of the interpretability-performance trade-off by incorporating concept embed-
dings into the learning process, enabling richer representations while main-
taining concept-based explanations. Building on this approach, Prob-CBM [ 11] 
employs concept embeddings to capture uncertainty in concept predictions, offer-
ing explanations that incorporate both the concept and its associated uncer-
tainty. 

However, a critical challenge remains: ensuring robustness in OOD scenarios. 
OOD generalization is essential in machine learning, as it determines a model’s 
ability to maintain reliable performance when encountering data that deviates 
from the training distribution. 

Methodologies such as Outlier Exposure [ 9] and ODIN [ 15] aim to enhance 
the detection and management of OOD samples during inference. Addition-
ally, studies like [ 7] underscore the necessity of benchmarking OOD perfor-
mance through meticulously designed experimental protocols. More recently, 
other works [ 3,24] have demonstrated that the decline in the performance of 
deep learning models following deployment in real-world applications can be 
mitigated by incorporating human assistance to support OOD generalization. 
Motivated by this approach, we seek to investigate the potential of leverag-
ing the interveneability characteristic of concept-based models to enable human 
interventions under OOD conditions. The interplay between OOD generalization 
and concept-based explainability remains a relatively unexplored yet promis-
ing research direction. Integrating these domains could pave the way for more 
resilient and interpretable models that provide actionable explanations, even in 
challenging and unforeseen scenarios. 

7 Conclusion 

We introduced V-CEM, a model that achieves ID performance comparable to 
Black-box and CEM while maintaining strong responsiveness to interventions in 
both ID and OOD settings. We have shown that its improved performance com-
pared to other concept embedding based models originates from the cohesiveness 
of its concept embedding space which is ensured by the generative process that 
is conditioned on the concept prediction only.
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Although V-CEM demonstrates strong responsiveness in OOD scenarios, it 
lacks an inherent mechanism for identifying OOD samples. Implementing such 
a mechanism would be beneficial, as it could assist human intervention by high-
lighting concepts associated with samples that deviate from those the model 
encountered during training. This could improve the model’s ability to flag and 
address potential OOD instances, enhancing its overall reliability and reduc-
ing the risk of misclassification. Moreover, V-CEM was evaluated exclusively on 
OOD scenarios generated by introducing random noise into the input. Additional 
experiments are required to assess its performance on other types of distribu-
tional shifts. 

Future Works. Future research directions include extending V-CEM to handle 
multimodal inputs, allowing the model to integrate and process information from 
multiple data sources effectively, thereby creating shared and aligned concept 
embeddings across modalities. Another promising avenue is the incorporation of 
generative models as decoders for concepts, leveraging their capabilities to create 
concept visualizations from V-CEM cohesive concept embedding space. Finally, 
V-CEM models concepts independently from each other. In scenarios where the 
presence of a concept significantly affects other concepts, it may be opportune to 
explicitly model this dependency. Merging V-CEM with the strategy suggested 
in [ 5, 6] might offer a method for accomplishing this. 

Acknowledgement. The research leading to these results has been funded by the 
Italian Ministry of University as part of the 2022 PRIN Project ACRE (AI-Based 
Causality and Reasoning for Deceptive Assets - 2022EP2L7H). 

Appendix 

A Loss Derivation 

This appendix provides the complete derivation of the loss function that V-CEM 
is trained to approximate: 

log p(c, y|x) =  log  
C 

p(x, c, c, y) 
p(x) dc (6) 

= log  
C 

p(c|x)p(c|c)p(y|c)dc (7) 

= log  
C 

q(c|x, c) 
q(c|x, c) p(c|x)p(c|c)p(y|c)dc (8) 

= log  Eq 
p(c|x)p(c|c)p(y|c) 

q(c|x, c) (9) 

≥Eq log p(c|x)p(c|c)p(y|c) 
q(c|x, c) (10) 

= − Eq log q(c|x, c) 
p(c|c) + log  p(c|x) +  Eq [log p(y|c)] (11)
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We begin by re-expressing the target conditional probability p(x, y | c) 
through marginalization over C and factorizing the joint distribution p(x, c, c, y) 
according to the generative process illustrated in Fig. 1c. Next, to amortize infer-
ence we introduce an approximate posterior distribution q(c|x, c) (Eq.  8). By 
applying Jensen’s inequality, we obtain a lower bound on the log-likelihood, 
known as the ELBO, as shown in Eq. 10. Finally, Eq. 11 expands the ELBO into 
three terms: the first term is the negative KL divergence between q(c|x, c) and  
p(c|c), which measures the difference between the approximate posterior and the 
true prior; the second term is the log-likelihood of c, and the third term is the 
expected log-likelihood of y. 

B Prior Matching Formulation 

An important assumption we make, which is a standard assumption for concept 
based methodologies, is that the different concepts, and therefore the differ-
ent concepts embeddings, are independent one another. Therefore, q(c|x, c) =  

k 
j=1 q(cj |x, cj) and  p(c|c) = k 

j=1 p(cj |cj). This allows to rewrite the Prior 
Matching term as the sum of KL divergences between the approximate posterior 
and the true prior of each concept: 

Eq log q(c|x, c) 
p(c|c) = 

C 

q(c|x, c)log q(c|x, c) 
p(c|c) dc (12) 

= 
k 

j=1 C 

k 

i=1 

q(ci|x, ci) log  q(cj | x, cj) 
p(cj | cj) dc (13) 

= 
k 

j=1 C 

q(cj |x, cj) log  q(cj | x, cj) 
p(cj | cj) dc (14) 

= 
k 

j=1 

Eq log q(cj |x, cj) 
p(cj |cj) (15) 

The prior is modeled as a mixture, governed by the function δ(·), which 
selects the appropriate normal distribution based on the value of cj . As a result, 
the KL divergence is computed differently depending on whether cj is active or 
inactive. When cj = 1, it quantifies the divergence between the approximate 
posterior and the corresponding normal distribution in the prior for cj = 1.  
Similarly, when cj = 0, it measures the divergence between the approximate 
posterior and the prior distribution associated with cj = 0. Defining 

μj = 
μ+ 
j if cj = 1, 

μ− 
j if cj = 0  

allows to rewrite the Prior Matching term as:
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Eq log q(c|x, c) 
p(c|c) = 1 

2 

k 

j=1 

||μ̂j(x, c) − μj ||2 + 
m 

z=1 

σ2 
jz(x, c) − m − 

m 

z=1 

log σ2 
jz(x, c) 

where σ2 
jz(x, c) denotes the variance of the concept embedding j for the latent 

dimension z. 

C Concept Representation Cohesiveness 

In our manuscript we introduce a novel metric to compute the Concept Repre-
sentation Cohesiveness, a metric to comprehend how spread the representation 
are in the concept space which is particularly useful to assess how prone a model 
is to concept leakage and in turn how likely we can correctly perform concept 
intervention also OOD. Recalling from Sect. 4, Eq.  5, we defined CRC as: 

CRC = 1 
|C| 

|C| 

i=0 

si(ci, ci) 

More specifically, we now define how to compute si (here and in the following 
we drop the dependency from ci, ci): 

si = 1 
2 

b+ 
i − a+ 

i 

max(b+ 
i , a

+ 
i ) 

+ b− 
i − a− 

i 

max(b− 
i , a

− 
i ) 

, 

a+ 
i = 1 

|C+ 
i | j∈C+ 

i 

1 
|C+ 

i − 1| 
k∈C+ 

i ,k=j 

||cij − cik||1 

b+ 
i = 1 

|C+ − 1| 
j∈C+ 

i 

1 
|C−| 

k∈C− 
i 

||cij − cik||1 

and where C+ 
i C− 

i are the set of sample indexes associated to positive and negative 
concept prediction for concept i and are thus computed as: C+ 

i = 1ci>0.5 and 
C− 
i = 1ci≤0.5. 

D Ablation on λp Variation 

In our manuscript we introduce a scaling factor λp ∈ [0, ∞) to regulate the 
Prior Matching term, allowing fine-grained control over the model’s behavior. 
Increasing λp progressively aligns V-CEM with a standard CBM, whereas setting 
λp = 0 eliminates constraints on concept embedding generation, making the 
model function similarly to a CEM. In this appendix we show how modifying λp 

modifies the model performance. 
In Fig. 5, we report the ID performance of V-CEM on CEBaB and IMDB as 

an example of performance datasets when modifying λp. The observed transi-
tion aligns with expectations: for λp = 0, the model achieves good performance
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Fig. 5. Variation in V-CEM’s ID accuracy across different values of λp on the CEBaB 
and CelebA datasets. 

similar to CEM, while increasing λp leads to performance degradation, making 
it more similar to that of CBMs. 

Similar results can be observed in Fig. 6, where for low values of λp, respon-
siveness to interventions is weaker—a characteristic typical of CEM—while it 
improves as λp increases, approaching the responsiveness of CBMs. To balance 
both in-distribution performance and responsiveness to interventions, we set 
λp = 0.05 in this manuscript. 

Fig. 6. Impact of interventions on V-CEM’s OOD accuracy across different λp values. 

E Dataset Details 

In this appendix, we provide additional details on the datasets used to evaluate 
the performance of the tested models, followed by a description of the training 
procedure.
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E.1 Datasets 

MNIST Even/Odd. MNIST Even/Odd is a binary classification dataset 
derived from MNIST, where digits, used as concept labels, are categorized as 
either even or odd. It consists of 60 000 training images and 10 000 test images, 
each of size 28×28 and in grayscale. All images were converted to a three-channel 
format and rescaled to 224 × 224. 

MNIST Addition. MNIST Addition is constructed by pairing two MNIST 
digits (used as concepts) and assigning a label equal to the sum of their individual 
values. The dataset retains the original MNIST structure, containing 60 000 
training samples and 10 000 test samples. Each input is a grayscale image formed 
by concatenating two MNIST digits side by side. Alslo in this case, images were 
converted to a three-channel format and rescaled to 224 × 224. 

CelebA. CelebA is a large-scale facial attribute dataset containing over 2 00 000 
images of celebrities, each of size 178× 218. The dataset is divided into training, 
validation, and test sets. We use the following attributes as concepts: No Beard, 
Young, Attractive, Mouth Slightly Open, Smiling, Wearing Lipstick, and  
High Cheekbones, as they are the most balanced attributes in the dataset. The 
task is a multi-class classification problem, where the goal is to predict the 
attributes Wavy Hair, Black Hair, and  Male. All images are already in RGB 
format and are rescaled to 224 × 224. 

CEBaB. CEBaB is a dataset designed to study the causal effects of real-world 
concepts on NLP models. It includes short restaurant reviews annotated with 
sentiment ratings at both the overall review level (positive, neutral, and negative 
reviews) and for four dining experience aspects, which are used as concept labels: 
Good Food, Good Ambiance, Good Service, and  Good Noise. 

IMDB. The IMDB dataset consists of 50 000 movie reviews labeled as 
either positive or negative. To predict the overall review sentiment, we use 
four interpretable concepts: Acting, Cinematography, Emotional arousal, and  
Storyline. 

For datasets that do not provide a validation set, we randomly removed 10% 
of the training data to create a validation set. 

E.2 Training Details 

All models were trained up to 500 epochs, employing an early stopping crite-
rion with a patience of 20 epochs. The Adam optimizer was used along with 
a learning rate scheduler that reduced the learning rate by a factor of 0.1 
every 100 epochs. The initial learning rate was dataset-specific: 2e−3 for  MNIST
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Even/Odd and MNIST Addition, 1e−4 for CelebA, 5e−4 for CEBaB, and 1e−2 
for IMDB. All baseline models were trained with default hyperparameters. Both 
Prob-CBM and CEM were trained following the RandInt technique proposed in 
[ 25], setting it to 0.25 for CEM and to 0.5 for Prob-CBM, as suggested in the 
respective papers. To ensure a fair comparison across different methodologies, we 
applied the RandInt technique during the training of CBM+MLP, CBM+Linear, 
and V-CEM. Specifically, we set the intervention probability to 0.25 for these 
approaches. For V-CEM, random interventions were introduced starting from 
the 20th epoch for the CelebA dataset (given the larger size of the training-set), 
while for all other datasets, they were applied from the 3rd epoch onward. 

For the V-CEM model, the Prior Matching term was scaled using a factor of 
λ = 0.05. As for Prob-CBM and CEM, we used a concept embedding dimension 
of 16. Each model was trained using three different random seeds. 

F Concept Accuracy 

In this appendix, we report the concept accuracy values for all models and 
datasets. The results reported in Table 3 confirm that, in terms of concept accu-
racy, the performance of all models is comparable, with V-CEM being on average 
the best (despite overlapping standard deviations). 

Table 3. Concept accuracy comparison across different datasets in ID settings. 

MNIST E/O MNIST+ CelebA CEBaB IMDB 
CBM+Linear 99.44 ±0.01 95.24 ±0.00 83.02 ±0.03 80.33 ±0.74 84.41 ±0.05 

CBM+MLP 99.46 ±0.01 95.08 ±0.04 82.91 ±0.05 80.81 ±0.79 84.49 ±0.12 

CEM 99.35 ±0.03 94.91 ±0.05 82.77 ±0.04 79.51 ±0.17 83.30 ±0.18 

Prob-CBM 99.18 ±0.07 95.08 ±0.09 82.93 ±0.03 80.70 ±0.66 83.48 ±0.41 

V-CEM 99.49 ±0.00 95.22 ±0.09 83.04 ±0.01 80.37 ±0.52 84.16 ±0.19 

G ID Interventions 

In addition to demonstrating strong responsiveness to interventions in OOD 
settings, V-CEM maintains high accuracy even when interventions occur in ID 
settings. As shown in Fig. 7, the performance of the various models remains sta-
ble across different datasets. This stability is primarily attributed to the high 
concept accuracy (Table 3) achieved by these models, which limits the potential 
for further improvement following interventions. Notably, in MNIST+, accuracy 
increases linearly with the intervention probability (pint) for all the methodolo-
gies. Conversely, for CBM+MLP and CBM+Linear on the CEBaB and CelebA 
datasets, performance slightly declines post-intervention, likely due to the lower 
concept accuracy in these datasets (approximately 80%). This observation high-
lights the greater robustness of concept embedding methodologies to interven-
tions in such scenarios.
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Fig. 7. Mean and standard deviation of task accuracy with random interventions at 
probability pint across different models and datasets without noise (ID settings). 
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