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ABSTRACT We investigate a networked energy harvester designed to capture ambient dispersed mechanical
vibrations modeled as white Gaussian noise. The system consists of coupled mechanical resonators and a
piezoelectric transduction mechanism, forming a structure conceptually analogous to a mechanical filter,
which can be optimized for broadband energy harvesting. By leveraging mechanical-to-electrical analogies,
we develop an equivalent circuit model of the harvester and employ a transmission matrix method to derive
analytical formulas for the transfer function, output voltage, average harvested power, and power efficiency
in the frequency domain. The optimization of the harvester’s performance is also addressed. Due to the lack
of closed-form expressions for the objective function and its derivatives, we utilize gradient-free, swarm
intelligence methods–specifically, Particle Swarm Optimization and Flock of Starling Optimization–to
determine the optimal network parameters that maximize the output power over a wide frequency spectrum.
Our results show that, with proper optimization, the networked energy harvester can deliver an output power
increased by more than 100% with respect to a conventional single-degree-of-freedom harvester. We also
find that increasing the number of mass-spring pairs yields diminishing advantages. Notably, the optimized
harvester behaves as a broadband mechanical filter, trading peak resonance power for enhanced performance
over a wider frequency range. Finally, we demonstrate that broadband optimization using Particle Swarm
Optimization outperforms analytical strategies based on traditional impedance matching at resonance.

INDEX TERMS Energy harvesting, equivalent circuits, particle swarm optimization, stochastic processes.

I. INTRODUCTION
Energy harvesting (EH) refers to a set of technologies to
realize micro-electro-mechanical systems capable of self-
powering, or at least self-recharging their internal battery,
by scavenging energy dispersed in the surrounding envi-
ronment that would otherwise be wasted. EH is crucial
in sustainable development and climate change mitigation,
by promoting energy efficiency and enabling cleaner, more
sustainable technologies. Reducing reliance on nonrenew-
able energy sources, EH contributes to lower the carbon
footprint, and thus to create a more sustainable energy

The associate editor coordinating the review of this manuscript and
approving it for publication was Jenny Mahoney.

mix. EH also contributes to the sustainable development
goals eliminating, or at least extending, the lifespan
of batteries, thus reducing hazardous electronic waste
[1], [2].

EH is predicted to play a significant role in areas
like sensor and actuator networks, wearable devices, and
smart city infrastructure, where remote and difficult to
access positioning make battery replacement costly and
problematic. EH may also be beneficial for the Internet of
Things, which demands low-power, long-lived, miniaturized
electronic devices, where batteries may not be the ideal
solution as long as they remain bulky and heavy [3], [4], [5].

The available sources for energy scavenging are diverse
and abundant, including solar and wind power, thermal
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gradients [6], [7], dispersed electromagnetic radiation [8],
[9], and ambient mechanical vibrations [10].

An energy harvester for ambient mechanical vibrations
must include an oscillating structure to capture vibration
kinetic energy, and a transducer, to convert the kinetic energy
into electrical power [11]. The oscillating structure can
be modeled as a mass-spring system, possibly including a
dampener accounting for dissipation effects. Themass-spring
system represents a mechanical resonator characterized by
its resonant frequency, where the oscillating amplitude, and
consequently the scavenged power, is maximum. Around
resonance, power collection performance rapidly degrades as
frequency changes, implying that, if the energy of ambient
vibrations is distributed over a wide frequency interval, only
a limited portion of the available energy is actually harvested.

Several experimental implementations based on the
aforementioned structure have been developed, leveraging
diverse designs of mechanical oscillators. Notable recent
advancements include energy harvesters for mechanical
vibrations that utilize cantilever beam oscillators with
piezoelectric transduction, incorporating features such as
multi-stability [12], nonlinear stiffness [13], and hybrid
piezoelectric-electromagnetic transduction [14]. Alterna-
tive oscillator designs include spherical pendulums [15],
diaphragms [16], and arrays of piezoelectric harvesters
optimized for wind-induced vibrations [17].

To maximize the scavenged power, the bandwidth around
the resonant frequency should be as wide as possible,
while at the same time maintaining the maximum amplitude
sufficiently high [18], [19]. This is a classic problem in
electronic engineering, strictly related to the design of
broadband filters. In order to avoid power consumption,
passive filters are the better solution. They are constructed
using only passive components such as resistors, capacitors,
and inductors, arranged in specific configurations to achieve
the desired frequency response. A typical broadband passive
filter can be realized using a ladder topology, consisting of
cascade-connected L-sections.

Interestingly, ladder networks have a mechanical equiva-
lent: i.e. a chain of masses connected pairwise through elastic
springs. This suggests the idea of designing a multi degree-
of-freedom, or networked, energy harvester, based on coupled
mass-spring pairs, that can be designed as a mechanical filter
and optimized to scavenge maximum power available in the
surrounding environment. The use of additional mechanical
degrees of freedom allows to improve the power conversion
efficiency without involving electrical matching networks,
which in some cases may require the use of large inductances
that, in turn, easily become unpractical both for their possible
value, and for their physical size.

In this work, we consider a networked energy harvester
based on coupled resonators. Although our analysis is
purely mathematical, we remark that the model is suitable
for describing architectures that have been proposed and
experimentally realized in recent years. In [20], the authors
considered two harvesters coupled by a metallic rod,

exploiting rotational and translational displacements. In [21],
a two degrees-of-freedom structure was proposed using two
cantilevers, one with length l1 and a second with length l2 cut
inside the first one. In [22] a magnetic coupling between
two cantilevers was introduced by tip magnets, showing that
magnetic interaction is equivalent to a coupling through a
spring. Similar arrangements were considered in [23], [24],
and [25].

Analogously to electrical filters, the networked harvester
can be designed to pass a wide frequency interval, without
hindering the maximum amplitude too much. The chain
operates as a matching network [26], [27], [28], acting
on the mechanical domain instead of the electrical one.
The main advantage of using a mechanical filter is that
the network with optimal parameters (masses and spring
elastic constants) is easier to realize in practice. By contrast,
previously proposed solutions based on the application of
impedance matching require rather large inductance values,
difficult to realize, to match the large impedance mismatch
between the mechanical and the electrical part [29], [30].
The optimization of circuits and structures for broadband

filtering and electromagnetic wave absorption is a complex
and increasingly significant challenge. In recent years, swarm
intelligence algorithms and metaheuristic approaches based
on swarm intelligence have gained prominence in the field of
electromagnetics, owing to their versatility and effectiveness
in navigating complex, multimodal search spaces [31], [32].
In this work, we apply a swarm intelligence algorithm to
optimize the mechanical resonating structure subject to the
mechanical vibrations modeled as a white Gaussian noise.

As the main contribution, we demonstrate that after proper
optimization the networked energy harvester scavenges more
than 100% additional power compared to a simple, single
mechanical degree-of-freedom energy harvester. We show
that increasing the number of mass-spring pairs beyond three
offers negligible returns in terms of increased scavenged
power. Finally, we demonstrate that broadband optimiza-
tion using swarm intelligence algorithms achieve superior
performance compared to analytical methods based on
broadband impedance matching calculated at a specific
frequency.

This paper is organized as follows: In section II we
describe the model of the energy harvester based on
coupled mechanical resonators, and we derive the governing
equations. In section III we use mechanical-to-electrical
analogies to derive the equivalent circuit for the harvester.
Section IV is dedicated to the analysis of the equivalent
circuit. Using the transmission matrix formalism, we derive
analytical formulas for the average harvested power and the
power efficiency. In section V we describe the optimization
of the harvester, based on Particle Swarm Optimization and
Flock of Starling Optimization. Numerical results referring to
a practical application are discussed in section VI. A compar-
ison with conventional broadband filter design at a specific
frequency is also made. Finally, section VII is devoted to
conclusions.
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FIGURE 1. Schematic representation of a single mechanical degrees of
freedom energy harvester for ambient vibrations.

FIGURE 2. Schematic representation of a multi DoF energy harvester for
ambient vibrations.

II. ENERGY HARVESTER MODELING
A. MECHANICAL DOMAIN MODELING
The mechanical part of the harvester is designed to resonate
with the external force, and thus it can schematically be
represented as a mechanical resonator (Fig. 1). The resonator
is composed by a mass m connected to a transducer through
an elastic spring with elastic constant k . Internal dissipation
is accounted for by a dampener, with damping constant γ .
The mechanical system is subject to two forces, the external
(input) force fin(t), modeling ambient vibrations, and the
force ftr(v) (where v is the voltage across the load), describing
the action of the transducer on the resonator.

The equation of motion for themass is readily derived from
Fig. 1 as the balance of the applied forces, obtaining [33],
[34]:

m
d2x
dt2

+ γ
dx
dt

+ k x = fin(t) − ftr(v) (1)

where x is the mass displacement from the resting position.
Single degree-of-freedom (DoF) dynamical systems of this
type have been extensively studied and applied, both theo-
retically and experimentally, to model piezoelectric energy
harvesters in linear [1], [18], [35] and nonlinear [9], [11],
[15], [19] regimes.
In this work we consider a generalization of the afore-

mentioned model, in the form of a broadband mechanical
resonator composed by a chain of masses connected pairwise
by elastic springs (Fig. 2). Without too much loss of
generality, we assume that dissipation effects are negligible,
except for the first mass of the chain.

Through the balance of the forces applied to each mass,
we obtain the governing equations of motion:

m1
d2x1
dt2

+ γ
dx1
dt

+ k1 (x1 − x2) = fin(t) (2a)

m2
d2x2
dt2

+ k1 (x2 − x1) + k2(x2 − x3) = 0 (2b)

...

mn
d2xn
dt2

+ kn−1(xn − xn−1) + knxn = −ftr(v) (2c)

where xj is the displacement of the j-th mass from the resting
position, and kj is the stiffness of the j-th spring. System (2)
can be conveniently rewritten in the compact form

mj
d2xj
dt2

+ kj−1(xj − xj−1) + kj(xj − xj+1) + γ
dxj
dt

δj1

= fin(t)δj1 − ftr(v)δjn (3)

where k0 = 0, x0 = xn+1 = 0, and δij is the Kronecker delta
function.

Alternatively, the governing equations (2) can be rewritten
as the system of first order differential equations:

dxj
dt

= yj (4a)

dyj
dt

= −
kj−1

mj
(xj − xj−1) −

kj
mj

(xj − xj+1)

+
1
mj

(
fin(t) − γ yj

)
δj1 −

ftr(v)
mj

δjn (4b)

for j = 1, . . . , n.

B. PIEZOELECTRIC TRANSDUCER
Different transduction mechanisms can be exploited to
convert mechanical energy into electrical power, including
electromagnetic induction [36], [37], [38], [39], [40], [41],
[42], magnetostrictive phenomena [43], [44], [45] and
electrostatic conversion [46]. Piezoelectric transducers are
particularly interesting, because they are relatively low cost,
easy to manufacture and to miniaturize [2], [47], [48], [49],
[50], [51]. Typically, the coupling between the mechanical
and the electrical domains is weak enough, that the coupling
force can be assumed linear. As an example, we consider the
constitutive equations for a linear piezoelectric material [52]:[

S
D

]
=

[
sE d

dT εT

] [
T
E

]
(5)

where S and T are the mechanical strain and stress tensors,
D and E are the dielectric displacement and electric field
vectors, sE and d are the compliance (evaluated at constant
electric field) and the piezoelectric charge constants tensors,
while εT is the absolute permittivity evaluated at constant
stress [53].
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FIGURE 3. Two-port representation of the piezoelectric transducer.

Through spatial integration of the microscopic descrip-
tion (5), a lumped parameter model describing the macro-
scopic behavior in terms of the force ftr, displacement x of the
mass connected to the transducer, charge q and voltage v, can
be derived. In the quasi-static regime, neglecting the stiffness
of the piezoelectric material, the governing equations are:

ftr(t) = −α v(t) (6a)

q(t) = α x(t) − Cpz v(t) (6b)

where α is the electro-mechanical coupling (in N/V or As/m),
and Cpz is the capacitance of the transducer.

System (6) describes the electro-mechanical two port
shown in Fig. 3. At the left port the effort variable is the force
ftr(t), and the flux variable is the velocity dx(t)/dt . At the right
port, the effort is the voltage v(t) and the flux is the current
i(t) = dq(t)/dt .
Taking the derivatives in (6b) and assuming that the load

can be modeled as a resistor with conductance GL we obtain:

dv
dt

=
α

Cpz

dx
dt

−
GL

Cpz
v (7)

III. EQUIVALENT CIRCUIT
Mechanical-electrical analogies are powerful methods to
translate electrical systems into mechanical systems and
vice versa, making easier to transfer concepts and solutions
from one domain to the other. Historically, mechanical-
electrical analogies were introduced in the XIX century,
to translate the relatively new electromagnetic phenomena
into the more familiar mechanical ones. Today, they remain
useful because they allow to use lumped circuit models
to represent electro-mechanical systems, making frequency
domain analysis easier, and simplifying the design of systems
with prescribed transfer functions.

In the impedance analogy, masses are replaced by induc-
tors, springs by capacitors, dampeners by resistors and forces
by voltage sources. Using the substitutions summarized in
table 1, the state equations (4) and (7) become:

dqj
dt

= ij (8a)

dij
dt

= −
1

LjCj−1
(qj − qj−1) −

1
LjCj

(qj − qj+1)

+
1
Lj

(
vin(t)−R ij

)
δj1 −

1
nt Lj

vδjn (8b)

TABLE 1. Mechanical-electrical analogy.

FIGURE 4. Equivalent circuit for a single mass-spring pair energy
harvester for ambient mechanical vibrations.

FIGURE 5. Equivalent circuit for a multiple mass-spring pairs energy
harvester for ambient mechanical vibrations.

dv
dt

=
1

nt Cpz
in −

GL

Cpz
v (8c)

where nt = α−1 is the turns ratio of the ideal transformer.
From the system of differential equations (8), it is

easy to derive the equivalent circuit for the energy har-
vester. Figures 4 and 5, show the equivalent circuits for
the energy harvester with one and n mass-spring pairs,
respectively.

The force generated by ambient mechanical vibrations is
represented by the voltage source. For random vibrations, the
voltage vs(t) is a white Gaussian noise, and equations (8)
becomes a system of stochastic differential equations. Notice
that because the noise is additive (or un-modulated), the
stochastic equation can be interpreted indifferently as Itô
or Stratonovich. We will interpret all stochastic differential
equations as Itô. The chain of mass-spring pairs is rep-
resented by the ladder of electrical resonators, composed
by L-connected inductor and capacitor pairs. Note that
the last inductor and capacitor pair are series connected,
to represents the fact that the last mechanical resonator
is directly connected to the transducer. The ladder is
a filter with Cauer topology, that can be optimized to
allow maximum energy transfer. Finally, the piezoelectric
transducer is represented by an ideal transformer, responsible
for transferring energy from the mechanical domain to the
electrical load, modeled by the resistor RL. The capacitive
behavior of piezoelectric material is taken into account by
the capacitor Cpz connected in parallel with the electrical
load.
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IV. ANALYSIS
A linear time invariant (LTI) system is characterized by its
input-output relationship:

y(t) =

∫
+∞

−∞

h(r) x(t − r) dr = h(t) ∗ x(t) (9)

where h(t) is the impulse response, x(t), y(t) are the input and
the output signals, respectively, and ∗ denotes convolution.
The autocorrelation functionRyy(τ ) of the output variable y(t)
is given by [54]:

Ryy(τ ) = E[y(t)y(t − τ )]

=

∫
+∞

−∞

∫
+∞

−∞

h(r) h(s)Rxx(τ + r − s) ds dr (10)

where E[·] denotes the expectation. Taking the Fourier
transform yields the relationship between the input and the
output power spectral densities (PSDs):

SY (ω) = |H (ω)|2 SX (ω) (11)

where H (ω) = Ŷ (ω)/X̂ (ω) is the transfer function, and
Ŷ (ω), X̂ (ω) are the Fourier transforms of the output and the
input signals, respectively. The total power is calculated by
integrating the correspondent power spectral densities over
the whole frequency spectrum.

We assume that the mechanical vibrations can be modeled
as a white Gaussian noise, i.e. the formal derivative of a
Wiener process:

vin(t) = D
dWt

dt
(12)

The Wiener process Wt is characterized by zero expectation
E[Wt ] = 0, covariance E[WtWs] = min(t, s) and a
centered normal distribution Wt ∼ N (0, t). Using the
Wiener–Khinchin theorem [54], the PSD for the white
Gaussian noise can be calculated as the Fourier transform of
the correlation function, thereby obtaining:

SVin (ω) = D2 (13)

The constant PSD described by (13), clearly shows that
white Gaussian noise is an idealization, because it would
imply that vibrations carry an infinite amount of energy.
Nevertheless, white Gaussian noise remains a useful model
for those processes characterized by relatively wide energy
spectrum.

Using (11) and (13), the average harvested power becomes:

PGL = GLE[v2(t)] =
D2

2π
GL

∫
+∞

−∞

|H (ω)|2 dω (14)

where H (ω) = V̂ (ω)/V̂in(ω) is the transfer function.
Similarly, the average power injected by the noise in the

harvester is

Pin = E[vin(t) iin(t)] =
D2

2π

∫
+∞

−∞

Re[Y (ω)] dω (15)

where Y (ω) = Îin/V̂in is the input admittance, and Re[·]
denotes the real part.

FIGURE 6. LTI two-port network closed on a resistor with conductance
GL = R−1

L .

The efficiency of the harvester is

η =
PGL

Pin
= GL

∫
+∞

−∞
|H (ω)|2dω∫

+∞

−∞
Re[Y (ω)]dω

(16)

The transfer functions can be easily calculated using the
transmission matrix. For the LTI, two-port network shown
in Fig. 6, the transmission or ABCD matrix T(ω) defines the
relationships between the input and output quantities:[

V̂in(ω)
Îin(s)

]
= T(ω)

[
V̂out(ω)
−Îout(ω)

]
=

[
A(ω) B(ω)
C(ω) D(ω)

] [
V̂out(ω)
−Îout(ω)

]
(17)

For the resistive load of Fig. 6, Îout = −GLV̂out, that
substituted in (17) yields

H (ω) =
V̂out
V̂in

= (A(ω) + B(ω)GL)−1 (18a)

Y (ω) =
Îin
V̂in

=
C(ω) + D(ω)GL

A(ω) + B(ω)GL
(18b)

The transmission matrix can be efficiently calculated using
the peculiar structure of the equivalent circuit shown in Fig. 5.
Given a network composed by n+ 1 cascade connected two-
ports, each one described by a transmission matrix Tk (ω), the
total transmission matrix is:

T(ω) =

n+1∏
k=1

Tk (ω) (19)

The stage transmission matrices Tk are calculated as
follows. Fig. 7 shows the equivalent circuit for the first stage
of the energy harvester, i.e. the first mass-spring pair and the
dampener. Using Kirchhoff current and voltage laws (KCL
and KVL), the transmission matrix for the first stage is easily
found as:

T1 =

[
1 + jωRC1 + (jω)2L1C1 R+ jωL1

jωC1 1

]
(20)

where j =
√

−1.
Similarly, Fig. 8 shows the equivalent circuit for the k-th

mass-spring pair, with k = 2, . . . , n − 1. Using KVL and
KCL the transmission matrix is:

Tk =

[
1 + (jω)2LkCk jωLk

jωCk 1

]
(21)
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FIGURE 7. Equivalent circuit for the first stage of the energy harvester,
corresponding to the dampener and the first mass-spring pair.

FIGURE 8. Equivalent circuit for the intermediate mass-spring stages.

FIGURE 9. Equivalent circuit for the last mass-spring pair.

FIGURE 10. Equivalent circuit for the piezoelectric transducer.

The equivalent circuit for the last stage of the mass-spring
chain is shown in Fig. 9, with the corresponding transmission
matrix

Tn =

 1 jωLn +
1

jωCn
0 1

 (22)

Finally, Fig. 10 shows the equivalent circuit for the
piezoelectric transducer. Using KVL/KCL and the consti-
tutive relationships of the ideal transformer leads to the
transmission matrix

Tn+1 =

[
1/nt 0

jω nt Cpz nt

]
(23)

Using (18)-(23), the transfer function for a networked
energy harvester composed by an arbitrary number of
mass-spring pairs is easy to derive. The transfer function is
then introduced into (14) to calculate the average scavenged
power.

V. PARTICLE SWARM OPTIMIZATION OF THE
NETWORKED HARVESTER
In this section we consider the problem of the optimization of
the networked structure. We assume that the values of some
parameters, summarized in table 2, are fixed, and using the
equivalent circuit and the results of section IV, we design
the mechanical filter that maximizes the harvested energy.
We use the single DoF energy harvester shown in Fig. 1, with

TABLE 2. Values of the equivalent circuit’s parameters used in the
analysis.

the equivalent circuit of Fig. 4, as a benchmark, to assess the
advantages offered by the networked architecture.

We denote with µ = [L1, . . . ,Ln−1,C1, . . . ,Cn−1]T the
vector of the energy harvester’s parameters, and with S ⊂

R2n−2 the parameter space. To make the comparison fair,
we use fixed values for the last inductance Ln and the last
capacitanceCn, equal to the values of L andC used for the one
DoF harvester. The optimization problem is the following:
Find

µ∗
= argmax

µ∈S
PGL (24)

Since PGL is obtained by solving the integral equation (14),
closed-form analytical expressions for the harvested power
and its derivatives are not available. Consequently, gradient-
based optimization methods – whether first- or higher-order
– are ill-suited for this problem.

Swarm intelligence refers to a class of meta-heuristic
algorithms widely used for solving complex optimization
tasks efficiently. Over 500 meta-heuristic algorithms have
been proposed to date, with more than 350 introduced in
the past decade alone [55]. This rapid growth has raised
questions about overlapping concepts among algorithms
presented under different names. Well-known examples of
meta-heuristics include Particle Swarm Optimization (PSO),
inspired by the collective behavior of bird flocks or fish
schools; Genetic Algorithms, inspired by natural selection;
Simulated Annealing, based on the annealing process in
metallurgy; and Ant Colony Optimization, which mimics
how ants find shortest paths.

Although many gradient-free methods could in principle
address our optimization problem, PSO is particularly
well suited due to its demonstrated effectiveness and
reliability when the objective function must be evaluated
numerically.

PSO offers several advantages for our problem. As a
gradient-free algorithm, it does not require derivative
information. It is simple to implement, requires minimal
parameter tuning, and is inherently parallelizable – a
rather beneficial feature when function evaluations involve
costly numerical integration. Its population-based structure
enables broad exploration of the search space while also
effectively converging toward promising solutions through
social learning mechanisms.
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The original PSO algorithm was introduced in [56].
In its standard version, a swarm of N particles explores the
parameter space seeking for the global minimum/maximum
of the fitness function [57]. Each particle position µi and the
corresponding velocity vi are initialized at random, and for
each iteration the best position that has been found for particle
i is denoted as pi,best, while the best position that has been
found for the whole swarm is denoted as gbest. Each particle’s
velocity and position are updated according to:

vi(t + 1) = w vi(t) + c1 r1 (pi,best(t) − µi(t))

+ c2 r2 (gbest(t) − µi(t)) (25a)

µi(t + 1) = µi(t) + vi(t + 1) (25b)

for all i = 1 . . . ,N . Here w is the inertial weight, the hyper-
parameters c1 and c2 are the cognitive and social acceleration
coefficients, and r1, r2 ∈ [0, 1] are two uniformly distributed
random variables.

To avoid divergence, the velocity is bounded to amaximum
vmax. In components:

v(k)i (t + 1) = min(v(k)i (t + 1), v(k)max) (26)

Analogously, the position can be constrained, introducing
boundaries to the parameter space P. Let µmin and µmax be
the vectors of the lower and upper bounds, respectively, then

µ
(k)
i (t + 1) = max

(
min(µ(k)

i (t + 1), µ(k)
max), µ

(k)
min

)
(27)

PSO terminates either after reaching a predefined maxi-
mum number of iterations or function evaluations, preventing
the search from running indefinitely, or based on convergence
criteria. One common convergence condition occurs when the
improvement in the global best solution falls below a small
threshold over a certain number of consecutive iterations,
suggesting that the swarm has likely found an optimal
or near-optimal solution and further search may not yield
meaningful gains. This is detected by monitoring stagnation
over Tstagnant consecutive steps. Specifically, stagnation is
identified by observing the change in the global best
fitness value f (gbest); if the improvement between successive
iterations is less than a threshold ϵ, a stagnation counter s
increments. When an improvement greater than ϵ occurs,
the counter resets to zero. Consequently, the algorithm can
terminate early if no significant progress is made for a
specified number of iterations, ensuring efficient convergence
while avoiding unnecessary computations once progress
stalls [58].
The main computational advantage of PSO is that it can

easily be parallelized. Large swarms of particles can be
used to explore the parameter space, and the position and
the velocity of each particle can be updated independently
from, and in parallel with, all the others. The personal
best and the global best can be updated only once per
iteration. Another positive aspect of PSO is that it offers an
excellent balance between exploration, which is the tendency
to explore regions of the parameter space not visited before,

Algorithm 1 PSO Algorithm With
Convergence-Based Termination condition for
the Optimization of the Networked Energy Harvester
Input : µi(1), vi(1), initial guess for position

(parameters) and velocity.
Output: gbest = µ∗

= argmax σ ∗(µ).
1 Initialize the swarm size ns and the number of

dimensions
2 Set values for hyper-parameters: c1, c2, w (inertia

weight)
3 Set maximum number of iterations and initialize

iteration counter t = 1
4 Set convergence threshold ϵ and maximum stagnation

steps Tstagnant
5 Initialize stagnation counter s = 0 and previous best
value fprev = ∞

6 for each particle i ∈ [1, ns] do
7 Randomly generate µi(1) and vi(1)
8 Evaluate: f (µi(1)) = −PGL (µi(1))
9 Set pbest,i = µi(1) and f (pbest,i) = f (µi(1))

10 end
11 Set gbest = pbest,1 and f (gbest) = f (pbest,1)
12 for each particle i ∈ [1, ns] do
13 if f (pbest,i) < f (gbest) then
14 gbest = pbest,i
15 f (gbest) = f (pbest,i)
16 end
17 end
18 while t < maximum number of iterations and

s < Tstagnant do
19 for each particle i ∈ [1, ns] do
20 Update velocity: vi(t + 1) = w vi(t) +

c1 r1 (pbest,i − µi(t)) + c2 r2 (gbest − µi(t))
21 Update position: µi(t + 1) = µi(t)+ vi(t + 1)
22 Apply boundaries to µ

(k)
i and v(k)i

23 Evaluate: f (µi(t + 1)) = −PGL (µi(t + 1))
24 if f (µi(t + 1)) < f (pbest,i) then
25 pbest,i = µi(t + 1)
26 f (pbest,i) = f (µi(t + 1))
27 end
28 if f (pbest,i) < f (gbest) then
29 gbest = pbest,i
30 f (gbest) = f (pbest,i)
31 end
32 end
33 if |f (gbest) − fprev| < ϵ then
34 s = s+ 1
35 end
36 else
37 s = 0
38 end
39 fprev = f (gbest)
40 t = t + 1
41 end
42 return gbest
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and exploitation, which is the contrary tendency to focus on
promising regions [57]. For an overview about the pros and
cons of PSO and a detailed comparison to other optimization
technique, the reader is referred to [59].

To diversify exploration-exploitation balance, variants of
PSO have been proposed. One of such variants is the flock of
starlings optimization (FSO). Originally inspired by works
on the collective behavior of birds [60], FSO introduces
couplings between subsets of the particles composing the
swarm [61], [62]. The right hand side of (26) and (27) is
modified, including the additional terms [62]:

ṽi = vi +
rv
ni

∑
n∈Ni

vn (28a)

µ̃i = µi +
rµ
ni

∑
n∈Ni

µn (28b)

The additional terms describe a coupling between the i-
th particle of the swarm and ni other particles, belonging
to the set Ni. The parameters rv and rµ are coupling
weights. The coupling does not need to be topological,
in the sense that, in general, it is not related to a ‘‘distance’’
relationship. Taking inspiration from bird flocks, the coupling
is interpreted as a kinship relationship, creating network
behaviors in the swarm.

VI. RESULTS
We have applied the PSO described in algorithm 1, to the
optimization of a networked energy harvester with two, three
and four mechanical degrees of freedom (DoF), respectively.
The goal function to be maximized is the average harvested
power PGL given by (14), where the transfer function is
given by (18a), and the transmission matrix is found using
(19)-(23).

Figure 11 shows six examples of trajectories of PSO, for
the energy harvester with two mechanical DoF. The two
mechanical DoF was chosen because it allows for a clear
visualization of trajectories in the parameter space S. The
figure shows the average harvested power as a function of the
inductance L1, and of the capacity C1. In the optimization
the second inductance was fixed to L2 = 10.0 mH and
the capacitance to C2 = 1 mF, to make a fair comparison
with the single degree-of-freedom system. For reference,
the average output power has been calculated using a grid
search algorithm, shown in the figure as the background
color. The trajectories of 20 particles, chosen at random
between the 50 composing the swarm, are shown. It can be
seen that the trajectories start from different random initial
locations, and converge after few iterations to the same point
of the parameter space, representing the maximum of the goal
function. The convergence is very quick, requiring only few
iterations. Table 3 summarizes the parameters’ values used
for the PSO.

Figure 12 presents six examples of FSO trajectories.
Each particle in the swarm – interpreted as a ‘‘bird’’ in
the flock – is connected to seven ‘‘relatives’’ (ni = 7).

TABLE 3. Parameters for PSO.

The coupling strengths for both position and velocity are
set to rv = rµ = 0.3 (see (28)). As in PSO, the
trajectories eventually converge to the maximum of the
goal function. However, the inter-bird coupling in FSO
significantly alters the dynamics. While in PSO particles
begin converging immediately, in FSO particles initially
move along nearly parallel paths, mimicking the coordinated
flight of a real flock. Only after this initial phase do they
rapidly converge to the optimum. This coordinatedmovement
allows the flock to explore a broader region of the parameter
space, thereby enhancing the algorithm’s exploration capa-
bility and reducing the risk of becoming trapped in local
maxima.

Table 4 summarizes the parameters found through PSO for
networked energy harvesters with up to four mechanical DoF,
and the corresponding average scavenged power. It can be
seen that increasing the number of mechanical DoF improves
the power performance significantly, but offers diminishing
returns. In particular, the increase in average harvested power
offered by a structure with four stages is negligible with
respect to the three stage structure, suggesting that increasing
the number of mechanical DoF beyond three/four is not
worth the additional complexity.

The results presented in Table 4 demonstrate that, after
proper optimization, the four DoF energy harvester gen-
erates more than 100% additional power compared to the
single mechanical DoF energy harvester. This substantial
increase in harvested power demonstrates the efficacy
of the proposed solution. Swarm intelligence algorithms,
including Multi-Objective Particle Swarm Optimization and
Non-dominated Sorting Genetic Algorithm, have demon-
strated comparable performance for other types of energy
harvesters. For example, in [63], the authors achieved
approximately 77.5% increases in harvested power. However,
it should be noted that these methods pursued dual objectives
– maximizing harvested power while simultaneously mini-
mizing structural weight – which inherently limits the power
optimization potential compared to our focused approach.
It is worth noting that the proposed solution, schematically
represented in Fig. 2, presents certain practical implemen-
tation challenges. The multi-DoF configuration may be
difficult to implement in space-constrained environments or
setups with geometric limitations. The increased mechanical
complexity is expected to lead to higher manufacturing costs
and a potential reduction in reliability, particularly under
harsh operating conditions.
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FIGURE 11. Six examples of trajectories in the parameter space for PSO of a networked energy harvester with two mechanical DoF.
Parameters used for the optimization are summarized in table 3.

TABLE 4. Average harvested power and optimum values of the free
parameters.

It is interesting to compare the results obtained from
PSO for the white Gaussian noise source, with the standard
method for broadband impedance matching at a specific
frequency ω. For the sake of simplicity, we consider the
harvester with two and three mechanical DoF. The equivalent
circuits are shown in Fig. 13, where the matching network
corresponding to the additional mechanical DoF is high-
lighted by the square. The equivalent impedance of the
last mass-spring pair, the piezoelectric transducer and the
electrical load is

Zeq =

(
jωLn +

1
jωCn

)
+

1
n2(jωCpz + GL)

(29)

At the resonance frequency, the impedance is real Zeq =

Req ∈ R. Using the parameters’ values summarized in
table 2, we obtain a resonance frequency f0 = 55.66 Hz, and
Req = 0.1656� > R.
For the single stage impedance matching network shown

in Fig. 13(a), the quality factor is

Q =

√
Req
R

− 1 (30)

The elements of the matching network are given by:

L1 =
QR
ω

= 0.23mH C1 =
Q

ωReq
= 11.7mF (31)

and the harvested power is PGL = 34.33µW.
For the two-stage matching network we introduce the

virtual resistor Rv =
√
RReq. The quality factor is

Q =

√
Rv
R

− 1 =

√
Req
R

− 1 (32)

The elements of the matching network are:

L1 =
QR
ω

= 0.158mH L2 =
QRv
ω

= 0.185mH

C1 =
Q

ω Rv
= 9.3mF C2 =

Q
ω RL

= 7.9mF (33)

The corresponding harvested power is PGL = 34.16µW.
Figure 14 shows a comparison of the amplitude response

(the magnitude of the transfer function vs frequency) for
the equivalent circuit with parameters determined by PSO,
as summarized in table 4, and the parameters given by (31)
and (33), respectively. On the left we show the amplitude
response for the harvester with two mechanical DoF, while
on the right for three DoF. The figure makes apparent how
PSO operates, trading maximum amplitude at the resonance
frequency for a larger bandwidth.
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FIGURE 12. Six examples of trajectories in the parameter space for FSO of a networked energy harvester with two mechanical DoF.
Parameters used in the optimization are the same used for PSO. Each ‘‘bird’’ is connected to seven relatives. Coupling strengths are
rv = rµ = 0.3.

FIGURE 13. Equivalent circuits for the energy harvester with a one stage
(part (a)) and two stages (in (b)) matching networks.

FIGURE 14. Amplitude response for the networked energy harvester with
two (left) and three (right) mechanical DoF.

Finally, Fig. 15 shows a comparison of the optimized
amplitude responses for the harvesters with one, two and
three mechanical DoF. Again, the figure illustrates that
the additional DoF permit to achieve a wider frequency
bandwidth. The efficiency of energy collection at the
resonance frequency is reduced but, in exchange,more energy
is collected at neighbor frequencies.

FIGURE 15. Amplitude response for the networked energy harvester with
one, two, and three mechanical DoF.

VII. CONCLUSION
In this paper, we have introduced a networked energy
harvester for ambient dispersed mechanical vibrations, based
on a chain of coupled mechanical resonators. The harvester
is schematically represented as a chain of masses connected
in pairs by elastic springs, functioning as a mechanical
filter. The masses and spring constants can be optimized
to maximize either the scavenged energy or the power
efficiency.

Ambient vibrations are modeled as white Gaussian noise.
This is a reasonable model for vibrations arising from a
large number of independent sources, and which frequency
spectrum is wide enough. The kinetic energy from these
vibrations is collected by the mass-spring system and
converted into electrical power by a piezoelectric transducer.

The equations of motion for the electromechanical system
are derived from equilibrium of forces. Using mechanical-to-
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electrical analogies, an equivalent circuit for the harvester is
presented. The circuit is analyzed in the frequency domain
using transmission matrix formalism, and integral equations
for the average harvested power and power efficiency are
derived.

Finally, we consider the problem of the energy harvester
optimization. Since the harvested power is described by an
integral equation, the objective function and its derivatives
are not directly available. Thus, gradient-free optimiza-
tion methods are better suited for solving this problem.
We employ particle swarm optimization to determine the
optimal parameters of the equivalent circuit that maximize the
average scavenged power. A comparison with conventional
broadband filter design at a specific frequency shows
that particle swarm optimization outperforms the classical
method.

Our analysis demonstrates that adding a few mass-spring
pairs significantly increases the average harvested power,
overcoming limitations of previous approaches based on
electrical impedance matching. In particular, the networked
energy harvester with three mechanical DoF harvests 100%
additional power compared to the single mechanical DoF
harvester. We also show that further increasing the number
of DoF offers negligible increases in scavenged power.

Finally, we reveal themechanism throughwhich increasing
the number of degrees of freedom enhances harvested
power. The networked harvester scavenges less power at
the resonance frequency, but significantly enlarges the
operational bandwidth. Thus, increasing the number of
degrees of freedom enables the realization of a broadband
filter that scavenges substantially more power by collecting
energy across a wider frequency range. We demonstrate that
broadband optimization using Particle Swarm Optimization
achieves superior performance compared to analytical meth-
ods based on broadband impedance matching designed at the
resonance frequency.
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