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Abstract
From around 2010 onward, Elsner et al. developed and applied a method in which the algebraic

ndependence of n quantities x1, . . . , xn over a field is transferred to further n quantities y1, . . . , yn
y means of a system of polynomials in 2n variables X1, . . . , Xn, Y1, . . . , Yn . In this paper, we
ystematically study and explain this criterion and its variants. Moreover, we present new results
oncerning its application to periodic non-regular continued fractions, namely continued fractions
ith real numbers as partial quotients. We show that given a continued fraction of this type, this

riterion can be applied to prove that not only are the convergents algebraically independent from
ach other, but they are also algebraically independent from the continued fraction.
2025 The Authors. Published by Elsevier GmbH. This is an open access article under the CC BY

icense (http://creativecommons.org/licenses/by/4.0/).

SC: primary 11J85; secondary 11A55

eywords: Algebraic independence; Continued fractions; Transcendence theory; Jacobian;
esultants

1. Introduction

The transcendence of the circular number π and of the number e = exp(1) has been
known since the late 19th century, but the question of the algebraic independence of
these two numbers over Q has still not been answered. It concerns the exclusion of the
existence of a non-identical vanishing polynomial P(X, Y ) with rational coefficients such
that P(π, e) = 0.

∗ Corresponding author.
E-mail addresses: gessica.alecci@polito.it (G. Alecci), carsten.elsner@fhdw.de (C. Elsner).
https://doi.org/10.1016/j.exmath.2025.125689
0723-0869/© 2025 The Authors. Published by Elsevier GmbH. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).
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The Lindemann–Weierstrass theorem (1885) [1,11], from which the transcendence of
and of e can be derived, is the beginning of a general theory on algebraic independence

f complex numbers over Q. In one of its equivalent formulations this theorem states
hat in the case of the linear independence of algebraic numbers α1, . . . , αn over Q, the
umbers eα1 , . . . , eαn are algebraically independent over Q [14].

An additional significant achievement is the theorem of Gelfond–Schneider that states
he transcendence of αβ when α and β are algebraic over Q, assuming that α ̸= 0, 1
nd β ̸∈ Q [14]. Another important result is Baker’s Theorem on linear forms of
ogarithms that states that given α1, . . . , αn algebraic numbers different from zero such
hat log α1, . . . , log αn are linearly independent over the rational numbers, then the
umbers 1, log α1, . . . , log αn are linearly independent over the field of all algebraic
umbers [1].

In 1916, S. Ramanujan [12] defined the series

S j+1(x) :=
ζ (−2 j − 1)

2
+

∞∑
n=1

n2 j+1xn

1 − xn
,

where ζ (s) is the Riemann zeta function. Let

P(x) := −24S1(x) , Q(x) := 240S3(x) , R(x) := −504S5(x) . (1)

In 1996, Y. Nesterenko [17] proved that for every complex number x with 0 < |x | < 1,
he set{

x, P(x), Q(x), R(x)
}

ontains at least three numbers that are algebraically independent over Q.
In terms of algebraic independence of continued fractions, Tanaka [16] gave a neces-

ary and sufficient condition for the values of Θ(x, a, q) to be algebraically independent,
here Θ(x, a, q) is a sort of q-hypergeometric series. In particular, he showed under
hich conditions the values of the continued fractions obtained when x = a, namely
(a, q), are algebraically dependent.
In the years since 2010, the second named author, in collaboration with the Japanese

athematicians I. Shiokawa and Sh. Shimomura, obtained numerous results on algebraic
ndependence or dependence of number sets. They started from a set of known alge-
raically independent numbers and they obtained a second set of numbers, where the
umbers in both sets satisfy a system of polynomial equations. Then they applied a new
riterion, which allows to decide on the algebraic independence of the numbers in the
econd set. Different variants of this criterion with applications to certain sets of numbers
ave so far appeared in various publications as essential tools. To give a few examples, we
efer the reader to the results in [7,8]. For more applications, see [9], Appendix A of this
anuscript, or arXiv:2311.18536. However, the variants of the criterion have not yet been

ystematically summarized and explained in a journal (without being limited to special
pplications), taking into account their interrelationships. One of the goals of this paper
s to fill this gap and to systematically explain this criterion and its variants. Another
oal is a new application to continued fractions. Section 2 contains the statements of
oth the theorems regarding this criterion and the ones about applications to continued
ractions. The statement of the basic criterion is in Theorem 1, whereas Theorems 2
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o 4 provide variants of the criterion from Theorem 1. The applications to continued
ractions can be found in Theorems 5 and 6. The first four theorems are proven in
ection 3, the latter ones in Section 4.3. Before proving them, in Section 4.1 we present
method for a practical (algebraic) handling of the criterion when applied to continued

ractions. In Section 4.2 we introduce an algorithm that enables us to decide on the
lgebraic independence of an irregular continued fraction and its convergents by applying
he algebraic independence criterion. We demonstrate the application of this algorithm
y an example. Finally, in the Appendix A, we present some past results obtained by
pplications of the algebraic independence criterion, whereas the Appendix B contains a
hort description of the algorithm from Section 4.2.

. Main results

In the first part of this section, we summarize the different variants of the criterion
aking into account their interrelationships. In the second part, we apply the criterion to
ontinued fractions.

heorem 1. Let K be a field with Q ⊆ K ⊆ C. Furthermore, it is assumed that the
numbers x1, . . . , xn ∈ C and y1, . . . , yn ∈ C satisfy a system of equations,

f j (x1, . . . , xn, y1, . . . , yn) = 0 ( j = 1, . . . , n) , (2)

here f j (X1, . . . , Xn, Y1, . . . , Yn) ∈ K[X1, . . . , Xn , Y1, . . . , Yn] are polynomials for
j = 1, . . . , n. If the numbers x1, . . . , xn are algebraically independent over K and

detn
( ∂ f j

∂ X i
(x1, . . . , xn, y1, . . . , yn)

)
̸= 0 (3)

olds, then the numbers y1, . . . , yn are algebraically independent over K.

emark 1. We interpret j as the row number and i as the column number. From now on,
e denote by capital letters the variables and by lowercase letters the numerical values

hey assume. Moreover, by detk we mean the determinant of a k × k matrix.

heorem 2. Let K be a field with Q ⊆ K ⊆ C. Furthermore, it is assumed that the
umbers x1, . . . , xn ∈ C and y1, . . . , yn ∈ C satisfy a system of equations,

y j = T j (x1, . . . , xn) ( j = 1, . . . , n) , (4)

here T j (X1, . . . , Xn) ∈ K[X1, . . . , Xn] are polynomials for j = 1, . . . , n. If the
umbers x1, . . . , xn are algebraically independent over K and

detn
( ∂T j

∂ X i
(x1, . . . , xn)

)
̸= 0 (5)

olds, then the numbers y1, . . . , yn are algebraically independent over K.

emark 2. Under the conditions of Theorem 2, the non-vanishing of the determinant in
5) is not only sufficient but also necessary for the algebraic independence of y1, . . . , yn

ver K, but there are no interesting application of it.
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In several applications, each of the numbers y1, . . . , yn can be represented as the value
f a rational function at the point (x1, . . . , xn):

y j =
T j (x1, . . . , xn)
U j (x1, . . . , xn)

( j = 1, . . . , n) . (6)

Here T j and U j are non-identical vanishing polynomials from the ring K[X1, . . . , Xn].
he polynomials

f j (X1, . . . , Xn, Y j ) := Y jU j (X1, . . . , Xn) − T j (X1, . . . , Xn), (7)

or j = 1, . . . , n thus vanish at the point (x1, . . . , xn, y j ).

heorem 3. Let K be a field with Q ⊆ K ⊆ C. Furthermore, assume that the numbers
x1, . . . , xn ∈ C and y1, . . . , yn ∈ C satisfy a system of equations,

y j = R j (x1, . . . , xn) ( j = 1, . . . , n) ,

here R j (X1, . . . , Xn) are rational functions from the field extension K(X1, . . . , Xn) for
j = 1, . . . , n. If the numbers x1, . . . , xn are algebraically independent over K and

detn
( ∂ R j

∂ X i
(x1, . . . , xn)

)
̸= 0 (8)

olds, then the numbers y1, . . . , yn are algebraically independent over K.

heorem 4. Let K be a field with Q ⊆ K ⊆ C. Let m and n be positive integers with
≤ m < n. Furthermore, assume that the numbers x1, . . . , xn ∈ C and y1, . . . , ym ∈ C

atisfy a system of equations,

f j (x1, . . . , xn, y1, . . . , ym) = 0 ( j = 1, . . . , m) , (9)

here f j (X1, . . . , Xn, Y1, . . . , Ym) ∈ K[X1, . . . , Xn , Y1, . . . , Ym] are polynomials for
j = 1, . . . , m. If the numbers x1, . . . , xn are algebraically independent over K and if

detm
( ∂ f j

∂ X i
(x1, . . . , xn, y1, . . . , ym)

)
̸= 0 (10)

olds with 1 ⩽ i, j ⩽ m, then y1, . . . , ym are algebraically independent over the field
(xm+1, . . . , xn).

The following results deal with the application of the criterion to continued fractions.
e assume that the reader is familiar with the theory of ordinary (regular) continued

ractions. Given a real quadratic irrational number η, its continued fraction is of the
eriodic form

η =
[

a0, a1, . . . , ak−1, ak, . . . , ak+ℓ−1
]

=
[

a0, a1, . . . , ak−1, ak, . . . , ak+ℓ−1, ak, . . . , ak+ℓ−1, ak, . . . , ak+ℓ−1, . . .
]
,

here a0 ∈ Z, and a1, . . . , ak+ℓ with k ⩾ 0 and ℓ ⩾ 0 are positive integers. In this paper,
e are treating continued fractions, where the partial quotients ai are real numbers, but
ot all integers. In particular, we consider continued fractions of the form

η =
[

a0, a1, . . . , ak−1, ak, . . . , ak+ℓ−1
][ ]
= a0, a1, . . . , ak−1, ak, . . . , ak+ℓ−1, ak, . . . , ak+ℓ−1, ak, . . . , ak+ℓ−1, . . . ,
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here a0 ∈ Z, and a1, . . . , ak+ℓ with k ⩾ 0 and ℓ ⩾ 0 are positive integers. In this paper,
e call a continued fraction non-regular if the partial quotients ai are real numbers, but

not all integers.
In particular, we consider non-regular continued fractions of the form

ξ :=
[

a0, a1, . . . , an−1
]

ith positive partial quotients a0, . . . , an−1, which are all or partly algebraically inde-
pendent over the rational numbers Q. For any continued fraction [a0, a1, a2, . . . ] with

ositive partial quotients a0, a1, a2, . . . , where the series (aν)ν⩾0 at some point becomes
eriodic, the sum

∑
∞

ν=0 aν diverges towards infinity. Therefore, such a continued fraction
a0, a1, a2, . . . ] is convergent [3, Proposition 2.3].

Let pm/qm denote the convergents of ξ . They are given by the recurrence formulas

p−1 := 1 , p0 := a0 , pm := am pm−1 + pm−2 (m ≥ 1) , (11)

q−1 := 0 , q0 := 1 , qm := amqm−1 + qm−2 (m ≥ 1) . (12)

ne has

pm−1qm − pmqm−1 = (−1)m (m ≥ 0) , (13)

ven if the partial quotients of ξ (and therefore the pm and qm , too) are not integers.
In Section 4.2 we present an algorithm and an example that allows us to decide the

lgebraic independence of ξ and pn/qn by applying the algebraic independence criterion.

heorem 5. Let L be a real finite field extension of Q, and let α and β be two real
lgebraic independent numbers over L greater than 0. Moreover, let pm/qm be the
onvergents of ξ := [ α, β ]. Then, for every integer n ⩾ 0, the two numbers ξ and

pn/qn are algebraically independent over the field L.

Remark 3. Theorem 5 no longer holds in the case of period 1, for example, when

y1 = [ α ] =
α

2
+

1
2

√
4 + α2 .

In this case we may have

y2 =
p0

q0
=

α

1
= α

o that y1 and y2 are algebraically dependent over Q by the equation

y2
1 − y1 y2 − 1 = 0 .

Remark 4. Theorem 5 can be proved with the algorithm shown in Section 4.2, but we
give a simpler elementary proof in Section 4.3.

Theorem 5 shows that the two numbers ξ = [ α, β ] and pn/qn are algebraically
independent over the field L, provided that α and β are algebraically independent. If

σ (x) :=
Ax + B

Cx + D
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is a so-called linear fractional transformation with integers A, B, C, D and determinant
AD − BC ̸= 0, we apply Theorem 3 with

R j (X1, X2) :=
AX j + B
C X j + D

( j = 1, 2)

in order to prove the algebraic independence of the two numbers σ (ξ ) and σ
(

pn/qn
)

over L using formula (8):

det2
( ∂ R j

∂ X i
(x1, x2)

)
=

(AD − BC)2

(Cξ + D)(Cpn/qn + D)
̸= 0 , where x1 = ξ , x2 = pn/qn .

y Theorem 3.2 in the paper [2] of Havens et al. it is shown that for AD − BC =

2 and some additional restrictions on the regular continued fractions of a number
x , the transformed convergents σ (ut/vt ) of x are also convergents of the transformed
umber σ (x). One may pose the same problem for our irregular continued fractions from
heorem 5: what are the conditions on ξ and the linear transformation function so that

he numbers σ (pn/qn) are also convergents of σ (ξ )?
In the following we introduce some preliminary notations useful for the next theorem,

here we derive further results regarding algebraic independence using the results
btained in Theorem 5.

Let n ≥ 2, and let a0, . . . , an−1 be positive real numbers, where a0 ⩾ 1. Assume that,
mong a0, . . . , an−1 there are at least two numbers, aµ and aν with 0 ⩽ µ < ν ⩽ n − 1,
ay, which are algebraically independent over Q. In terms of the transcendence degree,
his means that

tr.deg (Q(a0, . . . , an−1) : Q) ⩾ 2 . (14)

ext, we introduce the field L by the field extension

L := Q
(
a0, . . . , aµ−1, aµ+1, . . . , aν−1, aν+1, . . . , an−1

)
.

et p∗
m/q∗

m be the mth convergent of the number

ξ :=
[

a0, . . . , an−1
]
. (15)

Since a0 ⩾ 1 and ak > 0 for k = 1, . . . , n − 1, we have

p∗
m

q∗
m

> 1 (m ⩾ 1) . (16)

oth, the terms p∗
m and q∗

m , depend on a0, . . . , am for all m ⩾ 0. We write

p∗

m = p∗

m(x0, . . . , xm) for xk = ak (0 ⩽ k ⩽ m) ,

q∗

m = q∗

m(x0, . . . , xm) for xk = ak (0 ⩽ k ⩽ m) .

inally, we assume that

det2

⎛⎜⎜⎝
∂

∂xµ

(
p∗

n−1−q∗
n−2

q∗
n−1

)
∂

∂xν

(
p∗

n−1−q∗
n−2

q∗
n−1

)
∂

∂xµ

(
p∗

n−1−q∗
n−2

p∗
n−2

)
∂

∂xν

(
p∗

n−1−q∗
n−2

p∗
n−2

)
⎞⎟⎟⎠(

xν = aν
) ̸= 0 , (17)
0 ⩽ ν ⩽ n − 1
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here
p∗

n−1

q∗

n−1
= [ a0, a1, . . . , an−1 ] and

p∗

n−2

q∗

n−2
= [ a0, a1, . . . , an−2 ] . (18)

ow, we are ready to formulate the extension of Theorem 5.

heorem 6. Let all the quantities defined above satisfy the conditions in (14) to (18).
hen there exist two positive real numbers α and β with the following properties. α and
are algebraically independent over L, it is ξ = [ α, β ], and for every integer n ⩾ 0,

he two numbers ξ and pn/qn are algebraically independent over L.

emark 5. The convergents p∗
m/q∗

m of ξ depend on a0, . . . , an−1, while the convergents
pm/qm of ξ depend only on α and β. The convergents p∗

m/q∗
m are in general completely

ifferent from the convergents pm/qm , although they approximate the same number ξ .
his effect occurs because we are not dealing with continued fractions whose partial
uotients are natural numbers. If one tries to generalize Theorem 5 to a continued fraction
ith period length greater than two, our method of proof will become very complicated,
ut with the help of Theorem 6 we reduce such a continued fraction to one with period
ength two and we obtain such a result for the convergents pm/qm instead of p∗

m/q∗
m .

. Proofs of the algebraic criterion and its variants

There exist many different proofs of Theorem 1 that make use of different tools. A
rst proof, that will be shown in this chapter, applies a result on separable algebraic field
xtensions from commutative algebra. This is the shortest proof, based on Lemma 1
elow, and therefore we prefer to present it in this paper. Other proofs make use,
espectively, of the projection theorem of Tarski–Seidenberg and the concept of semi-
lgebraic sets in the case of a real field K [15], differential forms [4] or isomorphism
f fields [6, Example 1]. Finally, one last proof is an elementary one due to Kumiko
ishioka, based on the essential idea to embed a given zero of a polynomial with at least

wo variables into a path on which the polynomial vanishes identically [4]. In particular,
he differential forms allow us to prove the inverse statement of Theorem 2. We omit
he proof of the inverse statement in this paper, because the result is only of theoretical
nterest and has no interesting applications. The proof is given in [4].

The following lemma is essential in the proof of Theorem 1.

emma 1. Let L denote a field, F a field extension of L. We assume that x1, . . . , xn ∈ F
atisfy a system of equations,

Pj (x1, . . . , xn) = 0 ( j = 1, . . . , n) ,

here Pj (X1, . . . , Xn) ∈ L[X1, . . . , Xn] are polynomials. If

detn
( ∂ Pj

∂ X i
(x1, . . . , xn)

)
̸= 0

olds, then L(x , . . . , x ) is a separable algebraic field extension of L.
1 n
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Proof. This lemma is the Corollary of Theorem 40 in [13, p. 126]. It also results from
Proposition 5.3 in [10, p. 371]. □

Proof of Theorem 1. Using the polynomials f1, . . . , fn from Theorem 1, we define some
uxiliary polynomials Pj for j = 1, . . . , n by

Pj (X1, . . . , Xn) := f j (X1, . . . , Xn, y1, . . . , yn) ∈ K(y1, . . . , yn)[X1, . . . , Xn] .

(19)

hey are constructed using the variables X1, . . . , Xn , and they all vanish at the point
x1, . . . , xn) because of (2). The determinant condition (3) takes the form

detn
( ∂ Pj

∂ X i
(x1, . . . , xn)

)
̸= 0 . (20)

ith F = C, L = K(y1, . . . , yn) and the setting of polynomials Pj (X1, . . . , Xn)
j = 1, . . . , n) as in (19), all the conditions of Lemma 1 including (20) are fulfilled.
o, by Lemma 1, L(x1, . . . , xn) is an algebraic field extension over L.

We denote by tr.deg
(
K2 : K1

)
the transcendence degree of the field extension K2

ver K1. Then, we have

tr.deg
(
L(x1, . . . , xn) : L

)
= 0 and tr.deg

(
K(x1, . . . , xn) : K

)
= n ,

here the latter due to the condition on the algebraic independence of x1, . . . , xn over K
n Theorem 1. Trivially, K ⊆ L implies that tr.deg(L(x1, . . . , xn) : K) ≥ n. If the fields

1, K2 and K3 form a field tower K1 ⊆ K2 ⊆ K3, we know according to the chain
heorem for degrees of transcendence, that

tr.deg
(
K3 : K1

)
= tr.deg

(
K3 : K2

)
+ tr.deg

(
K2 : K1

)
. (21)

pplying this relation to the field tower K ⊆ L = K(y1, . . . , yn) ⊆ L(x1, . . . , xn), we
btain

n ≤ tr.deg
(
L(x1, . . . , xn) : K

)
= tr.deg

(
L(x1, . . . , xn) : L

)
+ tr.deg

(
L : K

)
= tr.deg

(
L : K

)
= tr.deg

(
K(y1, . . . , yn) : K

)
≤ n .

ince tr.deg
(
K(y1, . . . , yn) : K

)
= n, the theorem is proved. □

roof of Theorem 2. Setting

f j
(
X1, . . . , Xn, Y j

)
:= T j

(
X1, . . . , Xn

)
− Y j (1 ⩽ j ⩽ n) ,

heorem 2 follows immediately from Theorem 1. □

roof of Theorem 3. We denote the determinant in (8) by ∆1 and assume first that
1 ̸= 0. Furthermore, we express the rational functions R j by

R j (X1, . . . , Xn) =
T j (X1, . . . , Xn)
U j (X1, . . . , Xn)

( j = 1, . . . , n) ,

sing the polynomials T j and U j already introduced in (6). The algebraic independence
f y , . . . , y over K can be proven with Theorem 1, where the non-vanishing of the
1 n
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J
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(

acobi determinant must be shown for the functions f j from (7):

∆2 := detn
( ∂ f j

∂ X i

)
(x1, . . . , xn, y1, . . . , yn)

= detn
(

y j
∂U j

∂ X i
−

∂T j

∂ X i

)
(x1, . . . , xn)

= detn
( T j

U j

∂U j

∂ X i
−

∂T j

∂ X i

)
(x1, . . . , xn)

= (−1)nU1 · · · Undetn

(
1

U 2
j

( ∂T j

∂ X i
U j − T j

∂U j

∂ X i

))
(x1, . . . , xn)

= (−1)nU1 · · · Undetn
( ∂ R j

∂ X i

)
(x1, . . . , xn)

= (−1)nU1 · · · Un(x1, . . . , xn)∆1 .

Since ∆1 ̸= 0, we have ∆2 ̸= 0. The x1, . . . , xn are considered as algebraically
independent over K so that the polynomial Q1 · · · Qn does not vanish identically.
Then, U1 · · · Un(x1, . . . , xn) ̸= 0 is guaranteed. Theorem 1 thus proves the algebraic
independence of y1, . . . , yn over K. □

Proof of Theorem 4. In addition to the equations in (9), we introduce the polynomials

f j (X j , Y j ) := X j − Y j ∈ K[X j , Y j ] ( j = m + 1, . . . , n)

so that for y j := x j ( j = m + 1, . . . , n) the polynomial f j vanishes at the point (x j , y j ).
heorem 1 can now be applied for the proof of the algebraic independence of y1, . . . , yn

ver K. We compute the Jacobi determinant of the functions f1, . . . , fn at the position
x1, . . . , xn, y1, . . . , yn) and apply the condition from (10):

detn
( ∂ f j

∂ X i
(x1, . . . , xn, y1, . . . , yn)

)

= detn

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂ f1

∂ X1
· · ·

∂ f1

∂ Xm

∂ f1

∂ Xm+1
· · ·

∂ f1

∂ Xn
... · · ·

...
... · · ·

...
∂ fm

∂ X1
· · ·

∂ fm

∂ Xm

∂ fm

∂ Xm+1
· · ·

∂ fm

∂ Xn
0 · · · 0 1 · · · 0
... · · ·

... · · · · · ·
...

0 · · · 0 0 · · · 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(x1, . . . , xn, y1, . . . , ym)

= detn

⎛⎜⎜⎜⎜⎝
∂ f1

∂ X1
· · ·

∂ f1

∂ Xm
... · · ·

...
∂ fm

· · ·
∂ fm

⎞⎟⎟⎟⎟⎠ (x1, . . . , xn, y1, . . . , ym) ̸= 0 .
∂ X1 ∂ Xm
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Thus, according to Theorem 1 and to y j = x j for j = m + 1, . . . , n, the algebraic
independence of the numbers y1, . . . , ym, xm+1, . . . , xn over K is proven. This implies

tr.deg
(
K(y1, . . . , ym, xm+1, . . . , xn) : K

)
= n .

Taking into account the presupposed algebraic independence of x1, . . . , xn over K, we
now that the equation tr.deg

(
K(xm+1, . . . , xn) : K

)
= n − m holds. Again we

ake use of the chain rule from (21), applied to the fields K ⊆ K(xm+1, . . . , xn) ⊆

(y1, . . . , ym, xm+1, . . . , xn). Thus we obtain

tr.deg
(
K(y1, . . . , ym, xm+1, . . . , xn) : K(xm+1, . . . , xn)

)
= m ,

hich is the statement of Theorem 4. □

. Proofs and discussion of the application of the criterion to
ontinued fractions

.1. A lemma for the practical handling of the determinant condition in the theorems
n algebraic independence

The aim of this short section is to show the logical structure when applying a criterion
f independence. The proofs of the algebraic independence of a set of numbers are
y contradiction and require some additional calculations when eliminating parameters,
hich are accomplished with the help of resultants. This method will be presented here.

n particular, we want to show the method used later to get a contradiction in the proof
f Theorem 5.

Let X1, X2, Y1, Y2 be variables and x1, x2, y1, y2 be real numbers, where x1 and x2
re algebraically independent over a finite field extension L of Q. Let us consider three
olynomials, such that

P1
(
X1, X2, Y1

)
∈ L

[
X1, X2, Y1

]
,

P2
(
X1, X2, Y2

)
∈ L

[
X1, X2, Y2

]
,

D
(
X1, X2, Y1, Y2

)
∈ L

[
X1, X2, Y1, Y2

]
.

e require that

P1(x1, x2, y1) = 0 ,

P2(x1, x2, y2) = 0 .
(22)

t this point, assume that

D(x1, x2, y1, y2) = 0 . (23)

ater, in our application, we require that D is not zero. As a first step, we consider
D(Y1, Y2) := D(x1, x2, Y1, Y2) and P1(Y1) := P1(x1, x2, Y1) as polynomials from the
olynomial ring Q∗(x1, x2)[Y1, Y2]. By (22) and (23), the two polynomials D(Y1, Y2) and

P1(Y1) have a common root at (Y1, Y2) = (y1, y2), and thus their resultant with respect to
Y1 vanishes for Y2 = y2. Therefore, on the one side, we have for the polynomial P3(Y2)
efined by

P (Y ) := Res
(
D(Y , Y ), P (Y )

)
= Res

(
D(x , x , Y , Y ) , P (x , x , Y )

)

3 2 Y1 1 2 1 1 Y1 1 2 1 2 1 1 2 1
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Q

he property

P3(y2) = 0 , (24)

on the other side, it is

P3(Y2) ∈ L(x1, x2, Y2) . (25)

As a second step, we consider P2(Y2) := P2(x1, x2, Y2) as a polynomial from the
olynomial ring Q∗(x1, x2)[Y2] over the field L(x1, x2). Together with (24) and (25), we
btain for the polynomial P4(X1, X2) defined by

P4(X1, X2) := ResY2

(
P3(Y2), P2(Y2)

)
∈ L

[
X1, X2

]
he property

P4(x1, x2) = 0 .

n order to obtain a contradiction to the algebraic independence of x1 and x2, we need
an argument that P4(X1, X2) does not vanish identically. For this we have the following
lemma. If it can be applied, the contradiction shows that (23) does not hold.

Lemma 2. Let α1 and α2 be two real numbers, which are not necessarily algebraically
independent over L. Set X1 = α1 and X2 = α2 so that we have for the above polynomials

P1(α, β, Y1) = P1(Y1) ,

P2(α, β, Y2) = P2(Y2) ,

D(α, β, Y1, Y2) = D(Y1, Y2) ,

nd all these polynomials are considered as polynomials over the field L(α1, α2). If

γ := ResY2

(
ResY1

(
D(Y1, Y2), P1(Y1)

)
, P2(Y2)

)
s a non-vanishing number from the field L(α1, α2), then the polynomial P4(X1, X2) does
ot vanish identically.

roof. Since there is no difference whether the resultants is computed with respect to
Y1 and Y2 with unspecified parameters X1 and X2, and then assigning special values to
hese parameters, or whether assigning these values in the involved polynomials already
t the beginning before the resultant calculations, then the proof follows. □

.2. An algorithm for the algebraic independence of ξ and pn/qn

Let P0, . . . , Pρ ∈ Q[X1, X2] and T1, . . . , Tw ∈ Q[X1, X2] be polynomials, where
⩾ 0 and w ⩾ 2. Let α, β ∈ R be two algebraically independent numbers over the field
of rationals. We consider the number ξ defined by the continued fraction expansion

ξ :=
[

P0(α, β), . . . , Pρ(α, β), T1(α, β), . . . , Tw(α, β)
]
. (26)

We denote the convergents of ξ by pn/qn . What follows is the description of an algorithm
which allows to prove the algebraic independence over Q of any pair ξ and p /q with
n n
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c

f

n ⩾ 0. In Appendix B, we summarize the algorithm in a short step-by-step for the
convenience of the reader.

The convergents of the number

η :=
[

T1(α, β), . . . , Tw(α, β)
]

(27)

are denoted by p∗
n/q∗

n . By the recurrence formulas for numerators and denominators of
onvergents it is clear that

pn, p∗

n, qn, q∗

n ∈ Q[α, β] (28)

or all n ⩾ −1. From (27), we have the identity

η =
p∗

w−1η + p∗

w−2

q∗

w−1η + q∗

w−2
,

which is equivalent with

q∗

w−1η
2
+
(
q∗

w−2 − p∗

w−1

)
η − p∗

w−2 = 0 . (29)

From (26) and (27), we obtain

ξ =
[

P0(α, β), . . . , Pρ(α, β), η
]

=
pρη + pρ−1

qρη + qρ−1
,

or (
qρξ − pρ

)
η +

(
qρ−1ξ − pρ−1

)
= 0 . (30)

Solving (30) for η, substituting into (29) and clearing denominators, we finally have the
equation

q∗

w−1
(
qρ−1ξ − pρ−1

)2
−
(
q∗

w−2 − p∗

w−1
)(

qρξ − pρ

)(
qρ−1ξ − pρ−1

)
− p∗

w−2
(
qρξ − pρ

)2
= 0 . (31)

By (28), it is clear that the left-hand side of (31) is a polynomial in x1 := α, x2 := β

and y1 := ξ .
Next, we apply Corollary 1 in [5] and set1

r := w , i ∈ {ρ + 1, ρ + 2, . . . , ρ + w} ,

zn ∈ {pwn+i , qwn+i } ,

T (a) := T
w{

a−ρ−1
w }+1

(⌈a − ρ

w

⌉)
= T

w{
a−ρ−1

w }+1

= T1+(a−ρ−1 mod w) (a ∈ N) ,

M :=
(

(n − 1)w + i + 2
)

mod w = (i + 2) mod w .

1 There is a small error in Corollary 1 and Theorem 1: the condition on i should be read as 0 ⩽ ρ < i <

ρ + r + 1. Then we have ρ + 1 ⩽ i ⩽ ρ + r .
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L

a

a

S

T

a

et a and l be positive integers. Define D0(a) := 1, and

Dl (a) :=

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

−T (a) −1 0
1 −T (a + 1) −1
0 1 −T (a + 2)

. . .

−T (a + l − 3) −1 0
1 −T (a + l − 2) −1
0 1 −T (a + l − 1)

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
.

It follows for the determinants Dw−1 in Corollary 1 that Dw−1(M −w) = Dw−1(M) ̸= 0.
The linear recursion formula in Corollary 1 therefore simplifies to

(−1)w−1zn +
(
Dw(M − w) + Dw−2(M + 1)

)
zn−1 − zn−2 = 0 ,

or, for zn = pwn+ρ+t with t = 1, 2, . . . , w and n ⩾ 2,

pwn+ρ+t = (−1)w
(
Dw(M −w)+Dw−2(M +1)

)
pw(n−1)+ρ+t +(−1)w−1 pw(n−2)+ρ+t .

(32)

The denominators zn = qwn+ρ+t of the leaping convergents satisfy exactly the same linear
recursion formula. Hence, there is a polynomial P(X1, X2) depending at most on w, ρ

nd t (but not on n) such that

P(α, β) = (−1)w
(
Dw(M − w) + Dw−2(M + 1)

)
nd, by (32),

pwn+ρ+t = P(α, β)pw(n−1)+ρ+t + (−1)w−1 pw(n−2)+ρ+t ,

qwn+ρ+t = P(α, β)qw(n−1)+ρ+t + (−1)w−1qw(n−2)+ρ+t .

}
(33)

et

U1 = U1(α, β) :=
1
2 P(α, β) ,

U2 = U2(α, β) :=
1
4 P2(α, β) + (−1)w−1

;

V1,p = V1,p(α, β) :=
pw+ρ+t −U1 pρ+t +

√
U2 pρ+t

2
√

U2
,

V2,p = V2,p(α, β) :=
−pw+ρ+t +U1 pρ+t +

√
U2 pρ+t

2
√

U2
;

V1,q = V1,q (α, β) :=
qw+ρ+t −U1qρ+t +

√
U2qρ+t

2
√

U2
,

V2,q = V2,q (α, β) :=
−qw+ρ+t +U1qρ+t +

√
U2qρ+t

2
√

U2
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(34)

hen, we have for every integer n ⩾ 0 the two formulas

pwn+ρ+t = V1,p
(
U1 +

√
U2
)n

+ V2,p
(
U1 −

√
U2
)n

,

qwn+ρ+t = V1,q
(
U1 +

√
U2
)n

+ V2,q
(
U1 −

√
U2
)n

.

}
(35)

Note that for n = 0 and n = 1 we have the identities

pρ+t = V1,p + V2,p and pw+ρ+t = V1,p
(
U1 +

√
U2
)
+ V2,p

(
U1 −

√
U2
)
,

nd two similar formulas for the leaping denominators.



14 G. Alecci and C. Elsner / Expo. Math. 43 (2025) 125689

b

i

In the first formula of (35), we now expand the two bracketed expressions using the
inomial formula:

pwn+ρ+t = V1,p

n∑
k=0

(
n
k

)
U n−k

1 U k/2
2 + V2,p

n∑
k=0

(
n
k

)
U n−k

1 (−1)kU k/2
2

=
(
V1,p + V2,p

) ∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2

+
(
V1,p − V2,p

) ∑
0 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U 1/2
2 U (k−1)/2

2

= pρ+t

∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2

+
(

pw+ρ+t − U1 pρ+t
) ∑

0 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2

∈ Q
[
α, β

]
. (36)

Similarly, we have

qwn+ρ+t = qρ+t

∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2

+
(
qw+ρ+t − U1qρ+t

) ∑
0 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2

∈ Q
[
α, β

]
. (37)

The parameter

y2 :=
pwn+ρ+t

qwn+ρ+t

s now added to the previous parameters x1 := α, x2 := β and y1 := ξ already introduced
above. We now insert the formulas from (36) and (37) into the equation

y2qwn+ρ+t − pwn+ρ+t = 0
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a

T

t
i
t

q

a
a
v

b

n

nd obtain(
qρ+t

∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2 +

(
qw+ρ+t − U1qρ+t

) ∑
1 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2

)
y2

−

(
pρ+t

∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2 +

(
pw+ρ+t − U1 pρ+t

) ∑
1 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2

)
.

=
(
y2qρ+t − pρ+t

) ∑
0 ⩽ k ⩽ n

k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2

+
(
(y2qw+ρ+t − pw+ρ+t ) − U1(y2qρ+t − pρ+t )

) ∑
1 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2 = 0 . (38)

Finally, we perform the following substitutions in the two Eqs. (31) and (38):

α → X1 , β → X2 , ξ → Y1 , y2 → Y2 .

hen, the left-hand sides of the formulas (31) and (38) represent two polynomials
P1(X1, X2, Y1) ∈ L[X1, X2, Y1] and P2(X1, X2, Y2) ∈ L[X1, X2, Y2], respectively,
o which the method described in Chapter 4 can be applied to prove the algebraic
ndependence of y1 = ξ and y2 = pwn+ρ+t/qwn+ρ+t for n ⩾ 0 and 1 ⩽ t ⩽ w. For
his purpose, we have to compute the determinant

D(X1, X2, Y1, Y2) :=

⏐⏐⏐⏐⏐
∂ P1
∂ X1

∂ P1
∂ X2

∂ P2
∂ X1

∂ P2
∂ X2

⏐⏐⏐⏐⏐ , (39)

and then we proceed as described in Section 4.1.
It remains to prove the algebraic independence of ξ and pn/qn for n = 0, 1, . . . , ρ. For

any such n, we express pn and qn in terms of α and β using the recurrence formulas pm =

Pm(α, β)pm−1 + pm−2 with p−1 = 1, p0 = P0(α, β) and qm = Pm(α, β)qm−1 +qm−2 with
−1 = 0, q0 = 1, respectively. Then, again by setting y2 = pn/qn , we have y2qn− pn = 0,

so that we have the polynomial P2(X1, X2, Y2) = U (X1, X2)Y2 − V (X1, X2) with
certain polynomials U (X1, X2), V (X1, X2) ∈ Q[X1, X2] instead of (38). The polynomial
P1(X1, X2, Y1) is the same as already used above. Then, we proceed again as described
by the method introduced in Section 4.1.

We demonstrate the application of the algorithm using the following example. Let α

nd β be two algebraically independent real numbers, and let T1(X1, X2), T2(X1, X2)
nd T3(X1, X2) be three polynomials from Q[X1, X2] specified later and taking positive
alues for X1 = α and X2 = β. We consider the continued fraction expansion

ξ =
[

0, T1(α, β), T2(α, β), T3(α, β)
]
, (40)

y choosing P0(α, β) = 0 with ρ = 0 and w = 3 in (26). We want to show that ξ and
pn/qn are algebraically independent for all convergents pn/qn with n ≡ 0 (mod 3) and
⩾ 3; the cases with n ≡ 1, 2 (mod 3) can be treated similarly. For simplicity, we write

T instead of T (α, β) for j = 1, 2, 3.
j j
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In (29), we have

p∗

1 = T1T2 + 1 , p∗

2 = T1T2T3 + T1 + T3 , q∗

1 = T2 , q∗

2 = T2T3 + 1 ,

so that (31) becomes the formula(
1 + T1T2

)
ξ 2

+
(
T1T2T3 + T1 − T2 + T3

)
ξ − T2T3 − 1 = 0 . (41)

Because of this identity, we introduce the polynomial

P1
(
X1, X2, Y1

)
:=

(
1 + T1T2

)
Y 2

1 +
(
T1T2T3 + T1 − T2 + T3

)
Y1 −

(
1 + T2T3

)
, (42)

where T j = T j (X1, X2) for j = 1, 2, 3. The recurrence relations (33) are the same for
t = 1, 2, 3; for z3n+t = p3n+t and z3n+t = q3n+t we have the common formula

z3n+t −
(
T1T2T3 + T1 + T2 + T3

)
z3(n−1)+t − z3(n−2)+t = 0 (t ∈ {1, 2, 3}, n ⩾ 2) .

For t = 3 we have

z3(n+1) −
(
T1T2T3 + T1 + T2 + T3

)
z3n − z3(n−1) = 0 . (43)

This equation is also valid for n = 1 since all the subscripts are nonnegative. Set

P(α, β) := T1T2T3 + T1 + T2 + T3 .

Then, the quantities in (34) are given by

U1 =
T1T2T3 + T1 + T2 + T3

2
,

U2 =
(T1T2T3 + T1 + T2 + T3)2

4
+ 1 ,

V1,p =
T2T3 + 1

2
√

1 + P2/4
,

V2,p = −
T2T3 + 1

2
√

1 + P2/4
,

V1,q =
1
2

+
T1T2T3 + T1 − T2 + T3

4
√

1 + P2/4
,

V2,q =
1
2

−
T1T2T3 + T1 − T2 + T3

4
√

1 + P2/4
.

Next, (35) gives the two formulas

p3n = V1,p

(
P
2 +

√
P2

4 + 1
)n

+ V2,p

(
P
2 −

√
P2

4 + 1
)n

,

q3n = V1,q

(
P
2 +

√
P2

4 + 1
)n

+ V2,q

(
P
2 −

√
P2

4 + 1
)n

.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (44)

In formula (38) we may choose t = 0 so that pρ+t = 0. We obtain

y2 ·

∑
0 ⩽ k ⩽ n

(
n
k

)
U n−k

1 U k/2
2 +

(
y2q3 − p3 −U1 y2

)
·

∑
0 ⩽ k ⩽ n

(
n
k

)
U n−k

1 U (k−1)/2
2 = 0 ,
2|k 2 ̸ |k
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w

T

T

w

hich motivates the definition of the polynomial P2(X1, X2, Y2) given by

P2(X1, X2, Y2) := Y2 ·

∑
0 ⩽ k ⩽ n

2|k

(
n
k

)
U1(X1, X2)n−kU2(X1, X2)k/2

+

+

( Y2(T1T2T3 + T1 − T2 + T3)
2

− T2T3 − 1
)

·

∑
0 ⩽ k ⩽ n

2 ̸ |k

(
n
k

)
U1(X1, X2)n−kU2(X1, X2)(k−1)/2 . (45)

Later, we replace Y2 by y2 = p3n/q3n . In order to proceed with the algorithm, the
polynomials T1, T2 and T3 must be specified. We choose

T1(X1, X2) := X1 ,

T2(X1, X2) := X2 ,

T3(X1, X2) := X1 X2 .

Then, we have in (40), ξ =
[

0, α, β, αβ
]

=
1

α+
1

β+
1

αβ+ξ

, which yields

ξ = −
α2β2

+ αβ + α − β

2(αβ + 1)
+

√
(α2β2 + αβ + α − β)2

4(αβ + 1)2 +
αβ2 + 1
αβ + 1

. (46)

his formula can also be obtained from (41). Moreover, we have

P(X1, X2) = X2
1 X2

2 + X1 + X2 + X1 X2 ,

U1(X1, X2) =
1
2

(
X2

1 X2
2 + X1 + X2 + X1 X2

)
,

U2(X1, X2) = 1 +
1
4

(
X2

1 X2
2 + X1 + X2 + X1 X2

)2
.

he determinant in (39) simplifies to

P3(X1, X2, Y1, Y2) =
∂ P1

∂ X1

∂ P2

∂ X2
−

∂ P1

∂ X2

∂ P2

∂ X1
(47)

=
(

X2Y 2
1 + (2X1 X2

2 + X2 + 1)Y1 − X2
2

) ∂ P2

∂ X2
−
(

X1Y 2
1 + (2X2

1 X2 + X1 − 1)Y1 − 2X1 X2
) ∂ P2

∂ X1
,

here
∂ P2

∂ X1
=

Y2 ·

∑
0 ⩽ k ⩽ n

2|k

(
n
k

)
(n − k)U n−k−1

1
∂U1

∂ X1
U k/2

2 +
k
2

U n−k
1 U k/2−1

2
∂U2

∂ X1

+

((
2X1 X2

2 + X2 + 1
)
Y2

2
− X2

2

)
·

∑
0 ⩽ k ⩽ n

(
n
k

)
U n−k

1 U (k−1)/2
2

2 ̸ |k
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+

((
X2

1 X2
2 + X1 − X2 + X1 X2

)
Y2

2
− X1 X2

2 − 1

)
·

∑
0 ⩽ k ⩽ n

2 ̸ |k

(
n
k

) (
(n − k)U n−k−1

1
∂U1

∂ X1
U (k−1)/2

2

+
(k − 1)

2
U n−k

1 U (k−3)/2
2

∂U2

∂ X1

)
(48)

and
∂ P2

∂ X2
=

Y2 ·

∑
0 ⩽ k ⩽ n

2|k

(
n
k

)
(n − k)U n−k−1

1
∂U1

∂ X2
U k/2

2 +
k
2

U n−k
1 U k/2−1

2
∂U2

∂ X2

+

((
2X2

1 X2 + X1 − 1
)
Y2

2
− 2X1 X2

)
·

∑
0 ⩽ k ⩽ n

2 ̸ |k

(
n
k

)
U n−k

1 U (k−1)/2
2

+

((
X2

1 X2
2 + X1 − X2 + X1 X2

)
Y2

2
− X1 X2

2 − 1

)
·

∑
0 ⩽ k ⩽ n

2 ̸ |k

(
n
k

) (
(n − k)U n−k−1

1
∂U1

∂ X2
U (k−1)/2

2

+
(k − 1)

2
U n−k

1 U (k−3)/2
2

∂U2

∂ X2

)
. (49)

As described in Section 4.1, we may choose special values for X1 and X2, namely,

X1 = 1 and X2 = −1 .

Then we have U1(X1, X2) = 0 and U2(X1, X2) = 1 and, additionally,

∂U1

∂ X1
= 1 ,

∂U1

∂ X2
=

∂U2

∂ X1
=

∂U2

∂ X2
= 0 .

Case 1. n ≡ 0 mod 2 and n ⩾ 2.
With the special values for X1 and X2, we obtain from (48) and (49),

∂ P2

∂ X1
= n(Y2 − 2) ,

∂ P2

∂ X2
= 0 ;

D(Y1, Y2) = n(Y 2
1 − 2Y1 + 2)

(
2 − Y2

)
. (50)

Moreover, for an even n, the polynomials P1 and P2 take the special forms

P1(Y1) = 2(Y1 − 1) ,

P2(Y2) = Y2 .

We compute the number γ in Lemma 2:

γ = ResY2

(
ResY1

(
n(Y 2

1 − 2Y1 + 2)
(
2 − Y2

)
, 2(Y1 − 1)

)
, Y2

)
= −8n ̸= 0 . (51)

Case 2. n ≡ 1 mod 2 and n ⩾ 1.



G. Alecci and C. Elsner / Expo. Math. 43 (2025) 125689 19

B

T

T

F
o

a

Substituting the special values for X1 and X2 into (48) and (49), we now have

∂ P2

∂ X1
= (n + 1)Y2 − 1 ,

∂ P2

∂ X2
= 2 − Y2 ;

D(Y1, Y2) = (Y2 − 2)(Y1 − 1)2
−
(
(n + 1)Y2 − 1

)
(Y 2

1 − 2Y1 + 2) . (52)

y the assumption of Case 2, it is

P1(Y1) = 2(Y1 − 1) ,

P2(Y2) = Y2 − 2 .

Using these polynomials and (52), the number γ in Lemma 2 becomes

γ = 8n + 4 ̸= 0 . (53)

Theorem 1 and Lemma 2 together with (51) and (53) prove the algebraic independence
of y1 = ξ and y2 = p3n/q3n over Q for all n ≥ 1.

Case 3. n = 0.
Since p0/q0 = 0 is a rational number, y1 = ξ and y2 = p0/q0, are obviously

algebraically dependent over the rationals Q. This completes our example for the
algorithm. ♢

4.3. Proofs of Theorems 5 and 6 by application of the algebraic independence criterion

Proof of Theorem 5. Let

y1 := [ α, β ] = α +
1

β +
1
y1

=
(αβ + 1)y1 + α

βy1 + 1
.

hen we have

βy2
1 − αβy1 − α = 0 . (54)

his implies

y1 =
α

2
+

√
α2

4
+

α

β
, (55)

rom [5, Corollary 1], we obtain three-term recurrence formulas for leaping convergents
f y0 = ξ with indices modulo 2. For n ⩾ 2 we have

p2n = (αβ + 2)p2n−2 − p2n−4 ,

q2n = (αβ + 2)q2n−2 − q2n−4 ;

}
(56)

nd for n ⩾ 1,

p2n+1 = (αβ + 2)p2n−1 − p2n−3 ,
}

(57)

q2n+1 = (αβ + 2)q2n−1 − q2n−3 .
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The characteristic polynomial P(x) of all four recursion formulas in (56) and (57) is

P(x) = x2
− (αβ + 2)x + 1 .

ts roots t1, t2 can be easily calculated:

t1 =
αβ + 2

2
+

√
(αβ + 2)2

4
− 1 =

αβ + 2
2

+
1
2

√
αβ(αβ + 4) , (58)

and, similarly,

t2 =
αβ + 2

2
−

1
2

√
αβ(αβ + 4) . (59)

e have the initial values

p−1 = 1 ,

p0 = α ,

p1 = αβ + 1 ,

p2 = α2β + 2α ,

p3 = α2β2
+ 3αβ + 1 .

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(60)

pplying formula (55) we get

ξ

α
=

1
2

+

√
1
4

+
1

αβ
.

rom formulas (56) and (60), it follows p2n/q2n = αR2n(αβ), where R2n(x) is a rational
function. Then(

ξ

p2n/q2n
−

1
2R2n(αβ)

)2

=

(
1
4

+
1

αβ

)
1

R2n(αβ)2 ,

p2n/q2n

α
= R2n(αβ) = R2n(R(2ξα−1

− 1)),

ith R(x) = 4/(x2
− 1), and hence

tr.deg(Q∗(α, β, ξ, p2n/q2n) : Q∗(ξ, p2n/q2n)) = 0.

y tr.deg(Q∗(α, β, ξ, p2n/q2n) : Q∗) ≥ tr.deg(Q∗(α, β) : Q∗) = 2, where

tr.deg(Q∗(α, β, ξ, p2n/q2n) : Q∗)
= tr.deg(Q∗(α, β, ξ, p2n/q2n) : Q∗(ξ, p2n/q2n)) + tr.deg(Q∗(ξ, p2n/q2n) : Q∗)
tr.deg(Q∗(ξ, p2n/q2n) : Q∗),

it follows that tr.deg(Q∗(ξ, p2n/q2n) : Q∗) = 2. Similarly tr.deg(Q∗(ξ, p2n+1/q2n+1) :
∗) = 2. This completes the proof of Theorem 5. □
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roof of Theorem 6. From (15), we have the identity

ξ =
p∗

n−1ξ + p∗

n−2

q∗

n−1ξ + q∗

n−2
,

which can be rearranged to the quadratic equation

q∗

n−1ξ
2
− (p∗

n−1 − q∗

n−2)ξ − p∗

n−2 = 0 .

Solving this equation for the positive number ξ yields

ξ =
p∗

n−1 − q∗

n−2

2q∗

n−1
+

√
(p∗

n−1 − q∗

n−2)2

4q∗2
n−1

+
p∗

n−2

q∗

n−1
= R1 +

√
R2 , (61)

here

R1 :=
p∗

n−1 − q∗

n−2

2q∗

n−1
and R2 := R2

1 +
p∗

n−2

q∗

n−1
.

Set

α :=
p∗

n−1 − q∗

n−2

q∗

n−1
and β :=

p∗

n−1 − q∗

n−2

p∗

n−2
. (62)

e obtain from (16) for m = n−1 ⩾ 1 that p∗

n−1 > q∗

n−1 ⩾ q∗

n−2. Therefore, α and β are
ositive real numbers. From the combination of Theorems 3 and 4, due to the assumed
onvanishing of the determinant in (17), we have the algebraic independence of the two
umbers α and β over L.

Since

R1 =
α

2
and R2 =

α2

4
+

α

β
,

we obtain from the Eqs. (55) and (61) that

ξ = R1 +

√
R2 =

α

2
+

√
α2

4
+

α

β
= y1 = [ α, β ] . (63)

he remaining statement in Theorem 6 on the algebraic independence of ξ and pn/qn

ver Q∗ for n ⩾ 0 follows from Theorem 5. □

.4. Some supplementary results and their proofs

From the formulas (15), (18), (62) and (63) we obtain an explicit formula to transform
he regular continued fraction ξ = [b0, b1, . . . , bn] of a quadratic irrational number ξ into

a non-regular continued fraction with a small preperiod and a period of length one. Here,
b0 and bν ⩾ 1 for 1 ⩽ ν ⩽ n are integers.

For this result, we additionally need an identity between a periodic regular continued
fraction with rational partial quotients and a non-regular continued fraction with integer
denominators and numerators.
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t
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Let a/b and c/d be rationals with a, c ∈ Z \ {0} and b, d ∈ N. Then, we have[
a
b
,

c
d

]
=

a
b

+
1

c
d +

1
a
b +

1

c
d +

...

=
a
b

+
d

c +
bd

a+
bd

c+ bd

...

=
a
b

+
d

c +

[
bd
a +

bd
c

] =
a
b

+

[
d
c +

bd
a +

bd
c

]
.

In the special case of a = c, this identity becomes the simple form[
a
b
,

a
d

]
=

a
b

+

[
d
a +

bd
a

]
. (64)

Shifting the index in (18), we have with

p∗
n

q∗
n

=
[

b1, . . . , bn
]

and
p∗

n−1

q∗

n−1
=
[

b1, . . . , bn−1
]

he equation

[
b1, . . . , bn

]
=

[
p∗

n − q∗

n−1

q∗
n

,
p∗

n − q∗

n−1

p∗

n−1

]
, (65)

hich results from (15), (62) and (63). Combining (64) and (65), we obtain

ξ =
[

b0, b1, . . . , bn
]

= b0 +
[

0, b1, . . . , bn
]

= b0 +
1[

b1, . . . , bn
]

(65)
= b0 +

1[
p∗

n−q∗
n−1

q∗
n

,
p∗

n−q∗
n−1

p∗
n−1

] (64)
= b0 +

1
p∗

n−q∗
n−1

q∗
n

+

[
p∗

n−1
p∗

n−q∗
n−1 +

p∗
n−1q∗

n
p∗

n−q∗
n−1

]
= b0 +

q∗
n

p∗
n − q∗

n−1 +

[
p∗

n−1q∗
n

p∗
n−q∗

n−1 +

p∗
n−1q∗

n
p∗

n−q∗
n−1

]
= b0 +

[
q∗

n

p∗
n − q∗

n−1 +

p∗

n−1q∗
n

p∗
n − q∗

n−1

]
= b0 +

q∗
n

p∗
n − q∗

n−1 +
p∗

n−1q∗
n

p∗
n−q∗

n−1+
p∗

n−1q∗
n

p∗
n−q∗

n−1+

...

.

For example,

√
19 =

[
4, 2, 1, 3, 1, 2, 8

]
= 4 +

117
312 +

4563
312+

4563

.

= 4 +

[
117
312 +

4563
312

]
,

312+
..
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p6

q6
=
[

2, 1, 3, 1, 2, 8
]

=
326
117

and
p5

q5
=
[

2, 1, 3, 1, 2
]

=
39
14

.

xample 1. An interesting special case of Theorem 6 is given when the period of ξ is
composed of only two algebraically independent numbers α∗ and β∗ over Q. For this,
we consider the following two examples.

(i) Let ξ := [ α∗, β∗, β∗, α∗ ].
With n = 4 we have by a0 = a3 = α and a1 = a2 = β. Then, we obtain with (62),

α :=
p∗

3 − q∗

2

q∗

3
=

α∗2β∗2
+ α∗2

− β∗2
+ 2α∗β∗

α∗β∗2 + α∗ + β∗
=

p∗

3 − q∗

2

p∗

2
=: β .

Due to α = β, the algebraic independence of these two quantities is not given; the
determinant in (17) vanishes. Theorem 6 is not applicable to this situation.

(ii) Next, let ξ := [ α∗, β∗, β∗ ].
With n = 3 we obtain

α :=
p∗

2 − q∗

1

q∗

2
=

α∗β∗2
+ α∗

β∗2 + 1
= α∗ ,

β :=
p∗

2 − q∗

1

p∗

1
=

α∗β∗2
+ α∗

α∗β∗ + 1
.

The determinant in (17) takes the value

det

⎛⎜⎜⎜⎝
∂

∂x0
(x0)

∂
∂x1

(x0)

∂
∂x0

(
x0x2

1+x0
x0x1+1

)
∂

∂x1

(
x0x2

1+x0
x0x1+1

)
⎞⎟⎟⎟⎠(

x0 = α∗

x1 = β∗

) =
α∗
(
α∗β∗2

− α∗
+ 2β∗

)(
α∗β∗ + 1

)2 ,

which does not vanish by the algebraic independence of α∗ and β∗ over L. Thus,
Theorem 6 is applicable with

ξ =
[
α∗, β∗, β∗

]
=

[
α∗,

α∗(β∗2 + 1)
α∗β∗ + 1

]
.

We complete the application of the algebraic independence criterion to non regular
continued fractions by the following proposition, for which we provide two different
proofs.

Proposition 1. Let n ≥ 1 and let a0, . . . , an−1 be real algebraic independent numbers
greater than 1. Then the convergents

pm

qm
= [a0, a1, . . . , am] (0 ≤ m ≤ n − 1) (66)
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F

of the continued fraction [a0, a1, . . . , an−1] are algebraically independent over the field
of rational numbers.

roof with Theorem 3. We may consider pm/qm as a rational function formed by
integer polynomials at the places a0, . . . , am . We compute these rational functions using
the recurrence formulas (11) and (12). We have for m = 0 and m = 1

p0

q0
= a0 ,

p1

q1
=

a0a1 + 1
a1

, (67)

for m ≥ 2

pm

qm
=

am pm−1 + pm−2

amqm−1 + qm−2
. (68)

Note that by (66) the four numbers pm−1, qm−1, pm−2 and qm−2 do not depend on aµ

for µ = m + 1, . . . , n. Since pm/qm is a rational function Rm(X0, . . . , Xm) at the places
0, . . . , am , we have2

y j :=
p j

q j
= R j

(
a0, a1, . . . , a j

)
( j = 0, . . . , n − 1) .

n order to prove the algebraic independence of y0, . . . , yn−1 over Q we apply Theorem 3

detn
( ∂ R j

∂ X i
(a0, . . . , an−1)

)
=

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

∂ R0

∂ X0
. . .

∂ R0

∂ Xn−1
.
.
.

.

.

.
.
.
.

∂ Rn−1

∂ X0
. . .

∂ Rn−1

∂ Xn−1

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐
(a0, . . . , an−1)

=

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

∂ R0

∂ X0
0 0 . . . 0

∂ R1

∂ X0

∂ R1

∂ X1
0 . . . 0

∂ R2

∂ X0

∂ R2

∂ X1

∂ R2

∂ X2
. . . 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

∂ Rn−1

∂ X0

∂ Rn−1

∂ X1

∂ Rn−1

∂ X2
. . .

∂ Rn−1

∂ Xn−1

⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐⏐

(a0, . . . , an) =

n−1∏
j=0

∂ R j

∂ X j
(a0, . . . , a j ) . (69)

rom (67) we obtain

∂ R0(a0)
∂ X0

= 1 =
1
q2

0
,

∂ R1(a0, a1)
∂ X1

=
a0a1 − (a0a1 + 1)

a2
1

= −
1
a2

1
= −

1
q2

1
.

(70)

2 We change the index from m to j to adjust to the notation in Theorem 3.
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imilarly, using the quotient rule for the derivative in (68), we get for j ≥ 2, respecting
he remark made about (68)

∂ R j (a0, . . . , a j )
∂ X j

=
p j−1(a j q j−1 + q j−2) − (a j p j−1 + p j−2)q j−1

(a j q j−1 + q j−2)2

=
p j−1q j−2 − p j−2q j−1

q2
j

(13)
=

(−1) j

q2
j

. (71)

With (70) and (71) the formula (69) changes into

detn
( ∂ R j

∂ X i
(a0, . . . , an−1)

)
=

n−1∏
j=0

(−1) j

q2
j

= (−1)(n−1)n/2
n−1∏
j=0

q−2
j . (72)

t this point, we insert a brief consideration of the nonvanishing of the q j for j =

, . . . , n − 1. It is clear that q0 = 1 and q1 = a1 > 1 do not vanish. By induction on the
ndex m, it then follows from the recurrence formula (12) that all denominators qm are
ositive and thus nonzero.

The determinant in (72) does not vanish either, and with Theorem 3 the proof of our
roposition 1 is completed.

roof without Theorem 3. We would like to underline that there is another way to
rove Proposition 1 with the use of algebra notions. In particular, since the degree of
ranscendence of the field Q(a0, . . . , an−1) over Q is n, we have a chain of transcendental
eld extensions

Q ⊂ Q(a0) ⊂ Q(a0, a1) ⊂ · · · ⊂ Q(a0, . . . , an−2) ⊂ Q(a0, . . . , an−1).

rom the recurrence formulas of pm and qm we know for the generic convergents pm/qm

hat

cm :=
pm

qm
∈ Q(a0, . . . , am) \ Q(a0, . . . , am−1) (0 ≤ m ≤ n).

y induction, we will show that

tr.deg
(
Q(c0, . . . , cν) : Q

)
= ν + 1 (0 ≤ ν ≤ n). (73)

or ν = 0 it follows that tr.deg
(
Q(c0) : Q

)
= tr.deg

(
Q(a0) : Q

)
= 1. Let us suppose

hat Eq. (73) is true for 0 ≤ ν ≤ n − 2 and we want to prove that

tr.deg
(
Q(c0, . . . , cν+1) : Q

)
= ν + 2.

et us assume the contrary, so there exists a polynomial P(X0, . . . , Xν+1) ∈ Q[X0, . . . ,

Xν+1]\{0} such that P(c0, . . . , cν+1) = 0. From the algebraic independence of c0, . . . , cν ,
t follows that the degree of the polynomial P with respect to the variable Xν+1 is greater
han 0, otherwise we would have P(c0, . . . , cν, 0) = 0, which is impossible. Now, let us
ose the polynomial P̄(Xν+1) := P(c0, . . . , cν, Xν+1) ∈ Q(c0, . . . , cν)[Xν+1]. From the
onsideration above, the leading coefficient of P̄ is a non-vanishing polynomial from
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Q[X0, . . . , Xν], and when computed for c0, . . . , cν , it does not vanish. In other words,

P̄[Xν+1] = P(c0, . . . , cν, Xν+1) ∈ Q(a0, . . . , aν)[Xν+1] \ {0}. (74)

rom P(c0, . . . , cν+1) = 0 it should follow that P̄(cν+1) = P(c0, . . . , cν, cν+1) = 0, but
his is not possible by (74) and the fact that cν+1 = pν+1/qν+1 is transcendental over
(a0, . . . , aν). □
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ppendix A. Past results obtained with the algebraic independence
riterion and its variants

We summarize some results that have been obtained with the algebraic independence
riterion and its variants. It is only a small selection of scattered published results, but
t is intended to demonstrate the spectrum of applications of the method. An extended
ersion of this Appendix with more references can be found on arXiv:2311.18536.

An application of Theorem 1 can be found in [8]. Let j ⩾ 0 be an integer. There are
6 families of q-series like the three families

A2 j+1(q) =

∞∑
n=1

n2 j+1q2n

1 − q2n
, (75)

B2 j+1(q) = =

∞∑
n=1

(−1)n+1n2 j+1q2n

1 − q2n
,

C2 j+1(q) =

∞∑
n=1

n2 j+1qn

1 − q2n
,

which are generated from the Fourier expansion of the Jacobian elliptic functions. In
[8, Theorem 2] sets of three such algebraically independent q-series for an algebraic
number q with 0 < |q| < 1 are characterized. For example, A2 j+1(q), B2 j+1(q) and

2 j+1(q) are algebraically independent over Q.
Here there are some applications of Theorem 2.

• Let q be an algebraic number with 0 < |q| < 1. Then the three numbers A1(q),
A2i+1(q) and A2 j+1(q) from the series in (75) with 1 ⩽ i < j and (i, j) ̸= (1, 3) are
algebraically independent over Q. For A1(q), A3(q) and A7(q) there is the algebraic
relation A (q) = A (q) + 120A2(q) [6, Theorem 2].
7 3 3



G. Alecci and C. Elsner / Expo. Math. 43 (2025) 125689 27

M

I
t

a

A

• Let Fn denote the Fibonacci numbers with F0 = 0, F1 = 1 and Fn = Fn−1+Fn−2 for
all n ≥ 2. Let s1, s2, s3 be distinct positive integers. It follows from [7, Theorem 1.1]
that the three numbers

ζFib(2si ) :=

∞∑
n=1

1

F2si
n

(i = 1, 2, 3) (76)

are algebraically independent over Q if and only if at least one of s1, s2, s3 is even.
• In the PhD thesis [15] the previous result on the series given in (76) is generalized

to reciprocal sums of sequences of integers satisfying a linear three-term recurrence
formula, see [15, Theorem 5.3].

The following example is an application of Theorem 4. We investigate the values of
the two series

y1 := ζFib(4) =

∞∑
n=1

1
F4

n
= 2.076730850 . . . ,

y2 := ζFib(8) =

∞∑
n=1

1
F8

n
= 2.004061286 . . . .

One can express y1 and y2 each by three parameters which are associated with the
complete elliptic integrals of the first and second kind,

K (k) :=

∫ 1

0

dt√
(1 − t2)(1 − k2t2)

, E(k) :=

∫ 1

0

√
1 − k2t2

1 − t2 dt ,

and with the underlying modulus k. This modulus is given by the uniquely determined
real number k in the interval [0, 1] such that

−
2
π

log
( √

5 − 1
2

)
=

K
(√

1 − k2
)

K (k)
.

oreover, we introduce three parameters x1, x2, x3 by

x1 :=
2K (k)

π
= 3, 264710703 . . . ,

x2 :=
2E(k)

π
= 0, 637448893 . . . ,

x3 := k = 0, 999718575 . . . .

t is known that the three parameters x1, x2, x3 are algebraically independent over Q. Fur-
hermore, there are two explicitly given polynomials fi (X1, X2, X3, Yi ) ∈ Q[X1, X2, X3,

Yi ] such that fi (x1, x2, x3, yi ) = 0 for i = 1, 2. We apply Theorem 4 with n = 3, m = 2
nd we obtain that ζFib(4) and ζFib(8) are algebraically independent over the field Q(k).

ppendix B. An overview on the algorithm from Section 4.2

Input:
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1. integers ρ ⩾ 0, w ⩾ 2, and t with 1 ⩽ t ⩽ w

2. polynomials P0(X1, X2), . . . , Pρ(X1, X2) and T1(X1, X2), . . . , Tω(X1, X2)
from Q[X1, X2], taking positive values for positive numbers X1, X2

3. parameters α, β.

uestion:
Let n ⩾ 0 be an arbitrary integer and let α, β > 0 be any pair of algebraically

ndependent numbers. Are the two numbers y1 = ξ given by (26) and the convergent
f ξ given by

y2 =
pwn+ρ+t

qwn+ρ+t
,

algebraically independent?

Step 1. Compute the convergents pρ−1/qρ−1, pρ/qρ , pρ+t/qρ+t and pw+ρ+t/qw+ρ+t of
ξ (given by (26)) and the convergents p∗

w−2/q∗

w−2 and p∗

w−1/q∗

w−1 of η (given by
(27)).
Comment: All the numerators and denominators appear as polynomials in α and
β.

tep 2. Substitute numerators and denominators from Step 1 into (31).
Replace α by X1, β by X2, and ξ by Y1. This gives the polynomial P1(X1, X2, Y1).

tep 3. Compute the determinants Dw(M − w) and Dw−2(M + 1) using the formula for
Dℓ(a) with

T (a) := T1+(a−ρ−1 mod w)(α, β) and M := (ρ + t + 2) mod w .

Comment: Dw(M − w) and Dw−2(M + 1) are polynomials in α, β.
tep 4. Set

P(α, β) := (−1)w
(
Dw(M − w) + Dw−2(M + 1)

)
.

tep 5. Use the expression P(α, β) from Step 4 to compute U1 and U2 given by the first
two formulas in (34).

tep 6. Substitute the expressions for U1 and U2 obtained in Step 5 as well as numerators
and denominators obtained in Step 1 into the two formulas in (36) and (37):

pwn+ρ+t = pρ+t
∑

0 ⩽ k ⩽ n
k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2 +

(
pw+ρ+t − U1 pρ+t

) ∑
0 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2 ,

qwn+ρ+t = qρ+t
∑

0 ⩽ k ⩽ n
k ≡ 0 (mod 2)

(
n
k

)
U n−k

1 U k/2
2 +

(
qw+ρ+t − U1qρ+t

) ∑
0 ⩽ k ⩽ n

k ≡ 1 (mod 2)

(
n
k

)
U n−k

1 U (k−1)/2
2 .

Comment: After the substitution process, the formulas for pwn+ρ+t and qwn+ρ+t are
again polynomials in α, β, depending on an integer n ⩾ 0.

tep 7. Substitute the expressions for pwn+ρ+t and qwn+ρ+t , respectively, obtained in
Step 6 into the formula

y2qwn+ρ+t − pwn+ρ+t .

Replace α by X , β by X , and y by Y . This gives the polynomial P (X , X , Y ).
1 2 2 2 2 1 2 2
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tep 8. Compute the polynomial D(X1, X2, Y1, Y2) defined by the determinant in (39)
and by partial derivatives of the polynomials P1(X1, X2, Y1) and P2(X1, X2, Y2)
with respect to X1 and X2.

tep 9. Find real numbers α1, α2 such that the number given by

ResY2

(
ResY1

(
D(α1, α2, Y1, Y2), P1(α1, α2, Y1)

)
, P2(α1, α2, Y2)

)
does not vanish.
Comment: It may happen that one needs different pairs (α1, α2) ∈ R2 depending on
residue classes to which n belongs (we distinguished in the above example whether
n is even or odd).

tep 10. If such numbers α1, α2 exist satisfying the condition in Step 9, the algorithm
terminates and gives a positive answer to the question from the beginning of the
algorithm.
If such numbers α1, α2 cannot be found, the question remains open. ♢

or the proof of the algebraic independence of ξ and any number from the set
{

pk/qk :

= 0, 1 . . . , ρ
}
, it suffices to apply Theorem 1 on the polynomial P1(X1, X2, Y1)

btained in Step 2 and on the polynomial P2(X1, X2, Y2) obtained from the term y2qk −

pk , when pk and qk are expressed explicitly as polynomials in α and β. Again, α, β and
y2 must be replaced as in Step 7.
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