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Abstract
Lucas atoms are irreducible factors of Lucas polynomials and they were introduced
in Sagan and Tirrell (Adv Math 374:107387, 2020). The main aim of the authors was
to investigate, from an innovatory point of view, when some combinatorial rational
functions are actually polynomials. In this paper, we see that the Lucas atoms can be
introduced in a more natural and powerful way than the original definition, providing
straightforward proofs for their main properties. Moreover, we fully characterize the
p-adic valuations of Lucas atoms for any prime p, answering to a problem left open
in Sagan and Tirrell (2020), where the authors treated only some specific cases for
p ∈ {2, 3}. Finally, we prove that the sequence of Lucas atoms is not holonomic,
contrarily to the Lucas sequence that is a linear recurrent sequence of order two.
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176 G. Alecci et al.

1 Introduction

Lucas sequences of the first kind (Un)n≥0 are linear recurrent sequences having char-
acteristic polynomial X2 − sX − t with initial conditions 0 and 1, i.e., they are defined
by the recurrence

{
U0 = 0, U1 = 1

Un = sUn−1 + tUn−2, ∀n ≥ 2,

where s and t are usually integer numbers. If we consider s and t as two variables, then
we talk about Lucas polynomialsUn(s, t) ∈ N[s, t]. In [9], the authors studied a very
interesting factorization for Lucas polynomials connected to cyclotomic polynomials.
In particular, they introduced the Lucas atoms as the polynomials

P1(s, t) := 1, Pn(s, t) := �(�n(q)),

for all n ≥ 2, where �n(q) is the n–th cyclotomic polynomial and � a map that
exploits the gamma expansion of palindromic polynomials. Given this definition, the
authors proved that the following factorization of the Lucas polynomials holds:

Un(s, t) =
∏
d|n

Pd(s, t),

and moreover Pn(s, t) ∈ N[s, t], for all n ≥ 1.
This studywasfirstlymotivated by the problemof findingwhen the rational function

∏
i Uni (s, t)∏
j Uk j (s, t)

(1)

is actually a polynomial, where ni ’s and k j ’s are (not related) integers. For instance,
it has been studied by some authors the case of the so called Lucanomial, which is the
generalization of the binomial coefficient to Lucas polynomials:

(
Un(s, t)

Uk(s, t)

)
:=

∏n
i=1Ui (s, t)∏k

i=1Ui (s, t)
∏n−k

i=1 Ui (s, t)
,

see, e.g., [3, 4]. In fact, thanks to Lucas atoms, the study of when (1) is a polynomial
can be approached in a straightforward way exploiting the factorization of Lucas
polynomials.

The definition of Lucas atoms can be simplified, avoiding the use of the� map. The
idea of factorizing the Lucas polynomials dates back to 1969, when Webb and Par-
berry [17] employed it to discuss the irreducibility of the Lucas polynomial Un(s, 1).
Subsequently, Levy [7] gave the definition of fibotomic polynomials, which turn out
to be the Lucas atoms for t = ±1 and he proved that they are irreducible. Moreover,
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On alternative definition of Lucas atoms and their p-adic… 177

he made some remarks on their connection with the two-variable homogeneous cyclo-
tomic polynomials, which was already highlighted in a work of Brillhart et al. [5]. It
is also remarkable that this approach has been already used by Stewart et al. [11–15]
in order to obtain estimations on the greatest prime factor of the terms of the Lucas
sequence and other recurrent sequences.

Let us consider

�n(α, β) :=
n∏
j=1

( j,n)=1

(α − ω jβ),

for all n ≥ 1, where ω is an n–th primitive root of unity. For basic properties of these
polynomials we refer to [13]. From this definition, we immediately get that

αn − βn =
∏
d|n

�d(α, β),

and

βϕ(n)�n(α/β) = �n(α, β),

where ϕ(·) is the Euler’s totient function. Then, we can define the Lucas atoms as the
polynomials

P1(s, t) := 1, Pn(s, t) := �n(α, β) = βϕ(n)�n(α/β), (2)

for all n ≥ 2, where s = α + β and t = −αβ. In this way, we obtain the factorization
of the Lucas polynomials by means of the Lucas atoms (as well as with the definition
given in [9]). Indeed, observing that �1(α, β) = α − β, we have

αn − βn = (α − β)
∏
d|n
d �=1

�d(α, β) = (α − β)
∏
d|n

Pd(s, t),

remembering that P1(s, t) = 1. Thus, we have

Un(s, t) = αn − βn

α − β
=

∏
d|n

Pd(s, t) (3)

where (Un(s, t))n≥0 has characteristic polynomial X2 − sX − t = (X − α)(X − β).
In this paper, we first highlight that the definition of Lucas atoms given in (2)

is more convenient and straightforward than the original definition proposed in [9].
Specifically, in Sect. 2we revisit some of themain properties of Lucas atoms, obtaining
them with elementary proofs. Section3 is devoted to the p-adic valuations of Lucas
atoms. In general, the p-adic valuations for integer sequences is a well studied topic.
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178 G. Alecci et al.

In particular, the case of Lucas sequences has been deepened by several authors (see,
e.g., [1, 6, 10, 16]). In [9], the authors dealt with Lucas atoms and some divisibility
properties by p = 2, 3. They left open, addressing it as a hard problem, the extension
of these results to arbitrary primes. In Sect. 3, we solve this problem and provide a
complete characterization of the p-adic valuations of Lucas atoms. Finally, in Sect. 4,
we exploit the results on the p-adic valuations ofLucas atoms toprove that the sequence
of Lucas atoms is not holonomic, i.e., it does not satisfy any recurrence relation, also
considering coefficients being polynomials, contrarily to the Lucas sequence which is
a binary linear recurrent sequence.

2 Revisiting some properties of Lucas atoms via cyclotomic
polynomials

In this section, we obtain some properties of Lucas atoms exploiting the definition (2).
Here, we will always consider s, t, α and β as variables related by

s = α + β, t = −αβ.

First of all, we prove that the Lucas atoms are actually polynomials with natural
coefficients.

Lemma 1 For all n ≥ 0, we have αn + βn ∈ N[s, t].
Proof We prove the lemma by induction on n. The first steps are straightforward:

α + β = s, α2 + β2 = (α + β)2 − 2αβ = s2 + 2t .

Now, consider an integer n > 2 and suppose αi + β i ∈ N[s, t] for all i ≤ n − 1. If n
is odd, then

αn + βn = (α + β)

n−1∑
i=0

(−1)iαn−1−iβ i

= (α + β)
(
αn−1 + βn−1 + (−αβ)(n−1)/2 +

(n−3)/2∑
i=1

(−αβ)i (αn−1−2i + βn−1−2i )
)

= s
(
αn−1 + βn−1 + t (n−1)/2 +

(n−3)/2∑
i=1

t i (αn−1−2i + βn−1−2i )
)
,

and by the inductive hypothesis we have αn + βn ∈ N[s, t]. If n = 2kh, with k > 0
and h > 1 odd, then we can write

αn + βn = (α2k + β2k )

h−1∑
i=0

(−1)i (α2k )h−1−i (β2k )i ,
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On alternative definition of Lucas atoms and their p-adic… 179

and the thesis follows as above. Finally, if n = 2k , by induction we can prove that we
always have the term 2t2

k−1
in α2k + β2k , indeed we can write

α2k + β2k = (α2k−1 + β2k−1
)2 − 2α2k−1

β2k−1
,

and consequently we also have α2k + β2k ∈ N[s, t]. ��
Proposition 2 For all n ≥ 1, we have Pn(s, t) ∈ N[s, t].
Proof FromLemma1,wehave that Pn(s, t) ∈ Z[s, t], for alln ≥ 1. Indeed, Pn(s, t) =
βϕ(n)�n(α/β) and by the palindromicity of the cyclotomic polynomials, we have

Pn(s, t) = αϕ(n) + βϕ(n) +
(ϕ(n)−2)/2∑

j=1

c j (αβ)i j (αk j + βk j ),

where c j ∈ Z and i j , k j ∈ N. Moreover, we can observe that

Pn(s, t) = �n(α, β) =
ϕ(n)/2∏
j=1

(α2 + β2 − (ω j + ω̄ j )αβ)

where ω j is a primitive n-th root of unity and ω̄ j is its complex conjugate. Each factor
in the above formula can be also written as

(α + β)2 − (ω j + ω̄ j + 2)αβ = s2 + (ω j + ω̄ j + 2)t,

where ω j + ω̄ j + 2 > 0 for all j . This ensures that the coefficients of Pn(s, t) must
be non-negative integers. ��

In [7] Levy proved the irreducibility of the univariate Lucas atoms Pn(s,±1).
Exploiting the connection with cyclotomic polynomials �n(α, β), we are able to
provide the same result for general t , i.e. for the Lucas atoms Pn(s, t) in two variables.

Proposition 3 The Lucas atoms Pn(s, t) are irreducible polynomials over Q, for all
n ∈ N.

Proof Note that Pn(s, t) = Pn(α + β,−αβ) = �n(α, β). The polynomial �n is irre-
ducible overQ as the homogenization of�n , which is irreducible overQ as well. Then
any factorization of Pn(s, t) into a product of two polynomials An(s, t), Bn(s, t) ∈
Q[s, t] can be rewritten as

�n(α, β) = Pn(α + β,−αβ) = An(α + β,−αβ)Bn(α + β,−αβ).

Because of the irreducibility of �n(α, β) over Q we conclude that either An(s, t) =
An(α+β,−αβ) or Bn(s, t) = Bn(α+β,−αβ) is a constant polynomial. This proves
the irreducibility of Pn(s, t) over Q. ��
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180 G. Alecci et al.

From Proposition 3, using the irreducibility of the Lucas atoms Pn(s, t), we obtain
a simple proof of the following theorem, which is one of the main results of [9].

Theorem 4 Let us suppose f (s, t) = ∏
d≥2

Uni (s, t) and g(s, t) = ∏
d≥2

Uk j (s, t), for

ni , k j ∈ N, and write their atomic decompositions as

f (s, t) =
∏
d≥2

Pd(s, t)
ad , g(s, t) =

∏
d≥2

Pd(s, t)
bd ,

for ad , bd ∈ N. Then f (s, t)/g(s, t) is a polynomial if and only if ad ≥ bd for all
d ≥ 2. Furthermore, in this case f (s, t)/g(s, t) has non-negative integer coefficients.

Proof The condition ad ≥ bd is clearly sufficient for f (s, t)/g(s, t) being a polyno-
mial. Conversely, since the polynomials Pd(s, t) are irreducible, by Proposition 3, the
Lucas atoms at the denominator cancel out only if they are present at the numerator
with a greater or equal exponent. Moreover, the ratio f (s, t)/g(s, t) has nonnegative
integer coefficients because it is the product of the remaining Lucas atoms. ��

Lucas formula andGauss formula for cyclotomic polynomials can be easily adapted
to Lucas atoms. For instance, from the Lucas formula we have that, if n ≥ 5 odd
and squarefree, then there exist two palindromic polynomials Cn(α/β), Dn(α/β) ∈
Z[α/β], with degrees ϕ(n)/2 and ϕ(n)/2 − 1, respectively, such that

�n((−1)(n−1)/2α/β) = C2
n (α/β) − n

α

β
D2
n(α/β).

Thus, if n ≡ 1 (mod 4), we obtain

βϕ(n)�n(α/β) = βϕ(n)C2
n (α/β) − nαβϕ(n)−1D2

n(α/β) = C̃2
n (α, β) − nαβ D̃2

n(α, β),

where C̃n(α, β), D̃n(α, β) ∈ Z[α, β] are palindromic with degrees ϕ(n)/2 and
ϕ(n)/2−1, respectively. Then, by palindromicity of these polynomials and by Lemma
1 we get

Pn(s, t) = F2
n (s, t) + ntG2

n(s, t)

with Fn(s, t),Gn(s, t) ∈ Z[s, t]. Similar results can be obtained for the case n even
and for the Gauss formula. The same results were obtained in a simple way in [9],
but with the definition (2) of the Lucas atoms, it becomes more clear the fact that the
Lucas formula, for n odd, can not be adapted when n ≡ 3 (mod 4). Indeed, in this
case we would have

βϕ(n)�n(−α/β) = βϕ(n)C2
n (α/β) − nαβϕ(n)D2

n(α/β)

where on the left side we have the Lucas atoms Pn(s, t) but where s = −α + β and
t = αβ making not possible to obtain on the right hand some polynomials with these
variables s and t and integer coefficients.
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On alternative definition of Lucas atoms and their p-adic… 181

In [9], the authors proved also an analogue of a reduction formula for cyclotomic
polynomials. In order to provide a proof of this result, the authors proved several
combinatorial lemmas, claiming that a proof could not be found easily and directly
from the connection with cyclotomic polynomials provided by the function �. Here
we show that, exploiting (2), the proof becomes straightforward.

Theorem 5 If n ≥ 2 is a positive integer and p is a prime not dividing n, then

Ppn(s, t) =

⎧⎪⎪⎨
⎪⎪⎩
Pn(s2 + 2t,−t2)

Pn(s, t)
if p = 2

Pn(sP2p, t p)

Pn(s, t)
if p ≥ 3,

where writing Pm we mean Pm(s, t).

Proof By (2) and the reduction formulas for cyclotomic polynomials,

Ppn(s, t) = �pn(α, β) = �n(α
p, β p)

�n(α, β)
= �n(α

p, β p)

Pn(s, t)
. (4)

Now let us notice that α p and β p are the roots of the polynomial

(X − α p)(X − β p) = X2 − (α p + β p)X + (αβ)p,

hence the Lucas atom correspondent to �n(α
p, β p) is

Pn(α
p + β p,−(αβ)p) = Pn(α

p + β p,−(−t)p).

If p = 2,

�n(α
2, β2) = Pn(α

2 + β2,−t2) = Pn(s
2 + 2t,−t2),

and this concludes the proof for this case. For p ≥ 3, let us notice that

U2p(s, t) = α2p − β2p

α − β
= α p − β p

α − β
(α p + β p) = Pp(s, t)(α

p + β p).

By the definition of Lucas atoms, this means that

α p + β p = P2P2p = (α + β)P2p = sP2p.

Therefore,

�n(α
p, β p) = Pn(α

p + β p,−(−t)p) = Pn(sP2p, t
p),

and also the case of odd p is complete. ��
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182 G. Alecci et al.

Using a similar argument, it is easily obtained also the following theorem, which
is the other main result of Section 5 in [9].

Theorem 6 If n ≥ 2 is a positive integer and p is a prime not dividing n, then,

Ppmn(s, t) =
{
Ppm−1n(s

2 + 2t,−t2) if p = 2

Ppm−1n(sP2p, t
p) if p ≥ 3,

for all m ≥ 2.

If �n(a, b) = p for some index n, p prime and a, b integers, then

Pn(a + b,−ab) = �n(a, b) = p,

where a+b and−ab are still integers. For b = 1, a famous conjecture of Bunyakovsky
implies that, for a fixed n, �n(a, 1) = �n(a) is prime for infinitely many positive
integers a. In light of this, we can state the following conjecture which is weaker than
the Bunyakovsky one.

Conjecture 7 For each integer n ≥ 2 there exist infinitely many pairs of integers (s, t)
such that Pn(s, t) is prime.

It is easy to see that the polynomials P2(s, t) = s, P3(s, t) = s2 + t and P4(s, t) =
s2 + 2t represent all the integers, in particular all the prime numbers. The polynomial
P6(s, t) = s2+3t , meanwhile, represents all the integers not congruent to 2 modulo 3,
in particular all the prime numbers of this form. For remaining polynomials Pn(s, t),
whose degrees are at least equal to 4, we do not know any tool for proving that they
represent infinitely many prime numbers.

3 p-adic valuations of Lucas atoms

In this section, we fully characterize the p-adic valuation of Lucas atoms. In this way
we solve a problem left open in [9], which the authors addressed as hard. In particular,
they treated only some cases for p ∈ {2, 3} (see [9, Theorems 6.3, 6.5]), leaving open
the general problem of extending their results to arbitrary primes.

In the following, we consider s, t as integers and α, β as the roots of the polynomial
X2 − sX − t and we will denote by 	 its discriminant.

Given an integer n �= 0, let ρ(n,U ) be the rank of appearance of n in the sequence
(Um)m≥0, i.e., the minimum positive integer k such that n | Uk . The next results are
useful known properties of the rank of appearance (see, e.g., [8]). We give the proofs
for completeness.

Lemma 8 Given an integer n �= 0, if gcd(n, t) = 1, we have that ρ(n,U ) | m if and
only if n | Um.
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On alternative definition of Lucas atoms and their p-adic… 183

Proof Let f (X) = X2 − sX − t be the characteristic polynomial of (Uk)k≥0 and we
also define the linear recurrent sequence (Tk)k≥0 with characteristic polynomial f (X)

and initial conditions (1, 0). Furthermore, define the ring R := Zn[X ]�( f (X)) and

the group G := R∗
�

Z
∗
n
. We denote by [a + bX ] the elements of G.

In R, we can prove by induction on m that

Xm = Tm +UmX

for all m ≥ 0. The base cases hold:

X0 = T0 +U0X , X1 = T1 +U1X .

Then,

Xm = Xm−1X = Tm−1X +Um−1X
2 = Tm−1X +Um−1(sX + t).

Considering that Tm = tUm−1, for all m ≥ 2, we obtain

Xm = tUm−1 + (sUm−1 + Tm−1)X = Tm + (sUm−1 + tUm−2)X = Tm +UmX .

Since gcd(n, t) = 1, we can observe that X ∈ R∗ and we prove now that the order of
[X ] in G is ρ(n,U ). Indeed,

ordG [X ] = min{k ∈ N+ : [X ]k = 1} = min{k ∈ N+ : Xk ∈ Z
∗
n}

= min{k ∈ N+ : Tk +Uk X ∈ Z
∗
n} = min{k ∈ N+ : Uk ≡ 0 (mod n)}

= min{k ∈ N+ : n | Uk} = ρ(n,U ).

where the equality in the second line holds because the element Tk +Uk X is in Z
∗
n if

and only if Uk ≡ 0 mod n (and in this case Tk must be invertible modulo n since X
is invertible in R). By the same reasoning we see that n | Um if and only if [X ]m = 1.
By the property of the order of an element in a group we know that [X ]m = 1 exactly
when ordG [X ] = ρ(n,U ) | m. The equality ordG[X ] = ρ(n,U ) also proves that
ρ(n,U ) exists for all n under the hypothesis of the lemma. ��

Lemma 9 Given a prime number p such that p � t , the rank of appearance ρ(p,U )

divides p −
(

	
p

)
, where

(
	
p

)
is the Legendre symbol.

Proof If p | 	, then α ≡ β (mod p) and Up = ∑p−1
j=0 α p−1− jβ j ≡ pα p−1 ≡ 0

(mod p), i.e., ρ(p,U ) = p. Considering

L =
(
s t
1 0

)
,
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we have that

Ln
(
1
0

)
=

(
Un+1
Un

)

for all n ≥ 0. For p � 	, the matrix L is similar to the diagonal matrix

(
α 0
0 β

)
.

If
(

	
p

)
= −1, then by the Frobenius morphism, we have

(
Up+2
Up+1

)
= L p · L

(
1
0

)
≡

(
αβ 0
0 αβ

)(
1
0

)
= −t

(
1
0

)
(mod p)

as α, β ∈ Fp2\Fp and L p is similar to the matrix

(
α p 0
0 β p

)
≡

(
β 0
0 α

)

via the same similarity matrix as L and

(
α 0
0 β

)
.

If
(

	
p

)
= 1, then by the Fermat’s little theorem, we have

(
Up

Up−1

)
= L p−1

(
1
0

)
≡

(
1
0

)
(mod p)

as α, β ∈ Fp. ��
Similarly to the rank of appearance of a non-zero integer in the Lucas sequence, we

will denote by ρ(n, P) the rank of appearance of the integer n �= 0 in the sequence of
Lucas atoms (Pm)m≥1. In the following lemmawe prove that the rank of appearance of
a given prime number in a Lucas sequence is the same for the corresponding sequence
of Lucas atoms.

Lemma 10 Given a prime p, we have

ρ(p, P) = ρ(p,U ) = k

and

vp(Uk) = vp(Pk),

where vp(·) denotes the p-adic valuation.

123



On alternative definition of Lucas atoms and their p-adic… 185

Proof Consider k = ρ(n,U ). By the definition of rank of appearance we have that
p | Uk and p � Ud for any d < k. If p divides Pd for some d < k, then it divides Ud

and this is a contradiction. Therefore, the rank of appearance of p in the sequence of
Lucas atoms must be greater than or equal to k. Moreover,

vp(Uk) =
∑
d|k

vp(Pd) = vp(Pk),

so that ρ(p, P) = k and vp(Uk) = vp(Pk). ��

For studying the p-adic valuations of Lucas atoms, we use the following results of
Ballot [1, 2] and Sanna [10] on the p–adic valuations of Lucas sequences.

Theorem 11 [10, Corollary 1.6] Let p ≥ 3 be a prime number such that p � t and
k = ρ(p,U ). Then,

vp(Un) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

vp(n) + vp(Up) − 1 if p | 	, p | n
0 if p | 	, p � n

vp(n) + vp(Uk) if p � 	, k | n
0 if p � 	, k � n,

for each positive integer n, where νp(Up) = 1 for p ≥ 5 if p | 	.

Theorem 12 [10, Theorem 1.5 for p = 2] If 2 � t and 2 | s (i.e., 2 | 	 and ρ(2,U ) =
2), then

v2(Un) =
{

v2(n) + v2(U2) − 1 if 2 | n
0 if 2 � n.

If 2 � t and 2 � s (i.e., 2 � 	 and ρ(2,U ) = 3), then

v2(Un) =

⎧⎪⎨
⎪⎩

v2(n) + v2(U6) − 1 if 3 | n, 2 | n
v2(U3) if 3 | n, 2 � n

0 if 3 � n.

Theorem 13 [1, Theorem 1.2] Let p be a prime such that s = pas′ and t = pbt ′,
where p � s′t ′ and a, b ∈ N+ ∪ {∞} with a, b necessarily finite in the case of b = 2a.
Then for all n ≥ 1, we have

vp(Un) =
{

(n − 1)a if b > 2a

(n − 1)a + vp(U ′
n) if b = 2a,
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where (U ′
n)n≥0 is the Lucas sequence with characteristic polynomial X2 − s′X − t ′.

For b < 2a, we have that{
vp(U2n) = bn + (a − b) + vp(n) + λn

vp(U2n+1) = bn,

where

λn =
{

vp(s′2 − t ′) if 2 ≤ p ≤ 3, 2a = b + 1, p | n
0 otherwise.

In the following theorems we characterize the p-adic valuations of Lucas atoms,
dealing with the cases p � t and p divides both s and t (note that when p � s and p | t ,
the p-adic valuation of Lucas polynomials is always zero).

Theorem 14 Let p ≥ 3 be a prime number such that and k = ρ(p,U ). Let us suppose
that p � t . Then

vp(Pn) =

⎧⎪⎨
⎪⎩

vp(Uk) if n = k

1 if n = kph, h ≥ 1

0 otherwise.

Proof First, consider p � 	 and we prove by induction on n that

{
vp(Pn) ≥ 1, if n = kph, h ≥ 0

vp(Pn) = 0, otherwise.
(5)

By Lemmas 8 and 10 we know that vp(Pk) = vp(Uk) ≥ 1 and vp(Pn) = 0 for all
n < k. Now, fixed a certain positive integer n, we suppose that (5) holds for all i < n
and we prove that it holds also for n. By (3), we have

vp(Pn) = vp(Un) −
∑
d|n
d �=n

vp(Pd).

If k � n, then vp(Pn) = 0, since vp(Un) = 0 by Lemma 8.
If k | n and vp(n) = 0, then

vp(Pn) = vp(Uk) + vp(n) −
∑
d|n
d �=n

vp(Pd),

by Theorem 11. Thus,

vp(Pn) = −
∑
d|n

d /∈{k,n}

vp(Pd) = 0,
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since vp(Pk) = vp(Uk) by Lemma 10 and all divisors d of n can not be of the form
kph for some h ≥ 0.
If k | n and n = kmph , for some positive integer h and m �= 1 with gcd(m, p) = 1,
then

vp(Pn) = vp(n) −
∑
d|n

d /∈{k,n}

vp(Pd) = h −
h∑

i=1

vp(Pkpi ),

since, by Lemma 9, p � k. Moreover, by inductive hypothesis, vp(Pkpi ) ≥ 1, for all
1 ≤ i ≤ h, and vp(Pd) = 0 otherwise. Since the p-adic valuations of Lucas atoms
can not be negative, we must have that vp(Pkpi ) = 1, for all 1 ≤ i ≤ h, and thus
vp(Pn) = 0.
Finally, if k | n and n = kph for a positive integer h, then

vp(Pn) = vp(n) −
∑
d|n

d /∈{k,n}

vp(Pd) = h −
h−1∑
i=1

vp(Pkpi ) = 1.

Nowwe consider the case p | 	 and we prove by induction that (5) still holds. Consid-
ering that in this case k = p by Lemma 9 and vp(Un) = 0 for all n < p by Theorem
11, then from Lemmas 8 and 10, the base step is true. Now, consider (5) true for all
i < n, for a fixed positive integer n, and we prove that it holds also for n.
If p � n, then vp(Pn) = vp(Un) − ∑

d|n
d �=n

vp(Pd) = 0.

If p | n and n = mph , for an integer m > 1 such that gcd(m, p) = 1, then, using
the inductive hypothesis and Theorem 11, we obtain

vp(Pn) = vp(Un) −
∑
d|n
d �=n

vp(Pd) = vp(n) + vp(Up) − 1 − vp(Pp) −
∑
d|n

d /∈{p,n}

vp(Pd)

= h − 1 −
h∑

i=2

vp(Ppi ).

Since vp(Ppi ) ≥ 1 and the p-adic valuation of Lucas atom is nonnegative, we must
have vp(Ppi ) = 1, for all i ≥ 2 and thus vp(Pn) = 0.
If p | n and n = ph , then

vp(Pn) = vp(Un) −
∑
d|n
d �=n

vp(Pd) = vp(n) + vp(Up) − 1 − vp(Pp) −
∑
d|n

d /∈{p,n}

vp(Pd)

= h − 1 −
h−1∑
i=2

vp(P
i ) = 1.
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��
Theorem 15 If 2 � t and 2 | s (i.e., 2 | 	 and ρ(2,U ) = 2), then

v2(Pn) =

⎧⎪⎨
⎪⎩

v2(U2) if n = 2

1 if n = 2h, h ≥ 2

0, otherwise.

If 2 � t and 2 � s (i.e., 2 � 	 and ρ(2,U ) = 3), then

v2(Pn) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

v2(U3) if n = 3

v2(U6) − v2(U3) if n = 6

1 if n = 3 · 2h, h ≥ 2

0 otherwise.

Proof The proof for the case 2 � t and 2 | s follows as in the proof of Theorem 14.
If 2 � st , we have v2(P3) = v2(U3) �= 0 and v2(P6) = v2(U6) − v2(U3), since

v2(P2) = 0. Then, the other cases follow by induction as in the proof of Theorem 14.
��

Theorem 16 Let p be a prime such that s = pas′ and t = pbt ′, where p � s′t ′ and
a, b > 0 with b ≥ 2a possibly infinite and a finite. Then for all n ≥ 2, we have

vp(Pn) =
{

ϕ(n)a if b > 2a

ϕ(n)a + vp(P ′
n) if b = 2a,

where (P ′
n)n≥1 is the sequence of Lucas atoms associated to the Lucas sequence

(U ′
n)n≥0 with characteristic polynomial X2 − s′X − t ′.

Proof We prove the statement by induction on n. If b > 2a, the base step is straight-
forward. Now suppose vp(Pi ) = ϕ(i)a, for all i < n and then

vp(Pn) = vp(Un) −
∑
d|n
d �=n

vp(Pd) = (n − 1)a −
∑
d|n

d /∈{1,n}

ϕ(d)a = aϕ(n),

where we exploited Theorem 13 and vp(P1) = 0.
Also for b = 2a the base step is straightforward and supposing that the thesis is true
for all the nonnegative integers less than n, we have

vp(Pn) = (n − 1)a + vp(U
′
n) −

∑
d|n
d �=n

(aϕ(d) + vp(P
′
d)) = aϕ(n) + vp(P

′
n)

since vp(P ′
n) = vp(U ′

n) − ∑
d|n
d �=n

vp(P ′
d). ��
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Theorem 17 Let p be a prime such that s = pas′ and t = pbt ′, where a, b > 0,
p � s′t ′ and b < 2a with a possibly infinite. If p /∈ {2, 3} or b < 2a + 1, then for each
n ≥ 2, we have

vp(Pn) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a if n = 2

b
ϕ(n)

2
+ 1 if n = 2ph, h ≥ 1

b
ϕ(n)

2
otherwise.

Proof We proceed by induction on n. The basis is straightforward. Now, consider
n = 2ph for some h ≥ 1 and that the thesis is true for all i < n. Then,

vp(Pn) = vp(Un) −
∑
d|n
d �=n

vp(Pd).

By Theorem 13, we have

vp(Pn) = bph + (a − b) + h −
∑
d|n
d �=n

vp(Pd)

and using the inductive hypothesis we get

vp(Pn) = bph + (a − b) + h − vp(P2) − b

2

h∑
i=1

ϕ(pi ) −
h−1∑
i=1

(
b
ϕ(2pi )

2
+ 1

)

= bph − b + 1 − b

2

(
h∑

i=1

ϕ(pi ) +
h−1∑
i=1

ϕ(2pi )

)

= bph − b + 1 − b

2
(2ph − 1 − ϕ(2ph) − ϕ(2)) = b

ϕ(n)

2
+ 1.

Now, we deal with the other cases.
If 2 � n, then

vp(Pn) = b · n − 1

2
− b

2

∑
d|n

d /∈{1,n}

ϕ(d) = b · n − 1

2
− b

2
(n − 1 − ϕ(n)) = b

ϕ(n)

2
,

where we exploited Theorem 13, the inductive hypothesis, and vp(P1) = 0.
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Similarly, if 2 | n and p � n, then

vp(Pn) = bn

2
+ a − b − vp(P2) − b

2

∑
d|n

d /∈{1,2,n}

ϕ(d)

= b(n − 2)

2
− b

2
(n − 2 − ϕ(n)) = b

ϕ(n)

2
.

Finally, if n = 2phK , with h ≥ 1 and p � K , we have

vp(Pn) = bphK + a − b + h − vp(P2)

−
∑

d∈{2p,...,2ph}

(
b
ϕ(d)

2
+ 1

)
− b

2

∑
d|n

d /∈{1,2,2p,...,2ph ,n}

ϕ(d)

= b(phK − 1) − b

2

∑
d|n

d /∈{1,2,n}

ϕ(d) = b
ϕ(n)

2
.

��

Finally, the next two theorems fully complete our analysis. The techniques of the
proofs are similar to the previous ones and they exploit the results by Ballot.

Theorem 18 If s = 3as′ and t = 3bt ′, with a, b ∈ N+, 3 � s′t ′ and b = 2a − 1, then
for each n ≥ 2, we have

v3(Pn) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a if n = 2

b + 1 + v3(s′2 + t ′) if n = 6

3h−1b + 1 if n = 2 · 3h, h ≥ 2

b
ϕ(n)

2
otherwise.

Theorem 19 If s = 2as′ and t = 2bt ′, with a, b ∈ N+, 2 � s′t ′ and b = 2a − 1, then
for each n ≥ 2, we have

v2(Pn) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

a if n = 2

b + 1 + v2(s′2 + t ′) if n = 4

2h−2b + 1 if n = 2h, h ≥ 3

b
ϕ(n)

2
otherwise.
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3.1 Another approach for the study of the p-adic valuations of Lucas atoms

Given two arithmetic functions f and g such that

f (n) =
∑
d|n

g(d),

for all n ≥ 1, by the Möbius inversion formula, we also have

g(n) =
∑
d|n

μ
(n
d

)
f (d) =

∑
d|n

μ(d) f
(n
d

)
,

where μ denotes the Möbius function.
From (3) we derive

νp(Un) =
∑
d|n

νp(Pd)

for each prime number p and positive integer n. Hence, by Möbius inversion formula
we obtain

νp(Pn) =
∑
d|n

μ(d)νp(Un
d
), n ≥ 1.

From Theorems 11, 12, 13 we know that the sequence (νp(Un))n≥1 is a linear com-
bination of identity function, characteristic functions of some arithmetic progressions
and products of functions of this form with the sequence of p-adic valuations of con-
secutive positive integers. By the bilinearity of Dirichlet convolution we can express
p-adic valuations of Lucas atoms as linear combinations of the transformations of the
mentioned functions via Dirichlet convolution with Möbius function.

For each integer r ≥ 1 we denote by 1r the characteristic function of the multiplic-
ities of r , i.e. the function given by the formula

1r (n) =
{
1 if r | n
0 if r | n.

Now we are ready to state the crucial lemma.

Lemma 20 Let p be a prime number and q, r ≥ 1 be integers, where gcd(q, p) = 1.
Then, for each integer n ≥ 1 we have:

(1)
∑

d|n μ(d) · n
d = ϕ(n);

(2)
∑

d|n μ(d) · 1r
( n
d

) =
{
1 if n = r

0 if n �= r;

(3)
∑

d|n μ(d) · 1q
( n
d

)
νp

( n
d

) =
{
1 if n = phq for some h ∈ N+
0 otherwise.
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Proof The first identity follows from application of Möbius transformation formula
to classical identity

∑
d|n

ϕ(d) = n.

We start the proof of remaining identities with the note that their left hand sides
vanish when n is not divisible by r (q, respectively) as all the divisors of n are not
divisible by r (q, respectively). From this moment on, we consider the case of n
divisible by r (q, respectively).

Write n = rn′ for some n′ ∈ N+. Then,

∑
d|n

μ(d) · 1r
(n
d

)
=

∑
d|n

μ
(n
d

)
· 1r (d)=

∑
r |d|n

μ
(n
d

)
=

∑
d ′|n′

μ

(
n′

d ′

)
=

{
1 if n′ = 1

0 if n′ �=1,

where we write d = rd ′ for d divisible by r and the last equality is a well known fact.
The second identity is proved.

Similarly we start the proof of the last identity when n = qn′, n′ ∈ N+. Write

∑
d|n

μ(d) · 1q
(n
d

)
νp

(n
d

)
=

∑
d|n

μ
(n
d

)
· 1q(d)νp(d) =

∑
q|d|n

μ
(n
d

)
νp(d)

=
∑
d ′|n′

μ

(
n′

d ′

)
νp(d

′) =
∑
d ′|n′

μ(d ′)νp

(
n′

d ′

)
,

(6)

where we write d = qd ′ for d divisible by q and use the coprimality of q and p in
the penultimate equality. If n′ = ph , h ∈ N+, then the last expression in (6) takes the
form

νp(p
h) − νp(p

h−1) = 1.

Otherwise, n′ = phuw, where h, w ∈ N+, u is a prime number, and p � uw. Then we
may write the last expression in (6) as follows.

∑
d ′|pw

(
μ(d ′)νp

(
n′

d ′

)
+ μ(ud ′)νp

(
n′

ud ′

))

=
∑
d ′|pw

(
μ(d ′)νp

(
n′

d ′

)
− μ(d ′)νp

(
n′

d ′

))
= 0

The proof of the last identity is finished. ��

Now, we can reformulate Theorems 11, 12, 13.
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Theorem 21 (Reformulation of Theorem 11) Let p ≥ 3 be a prime number such that
p � t and k = ρ(p,U ). Then,

vp(Un) =
{

vp(n) + (vp(Up) − 1)1p(n) if p | 	

1k(n)vp(n) + vp(Uk)1k(n) if p � 	,

for each positive integer n, where νp(Up) = 1 for p ≥ 5 if p | 	.

Theorem 22 (Reformulation of Theorem 12) If 2 � t and 2 | s (i.e., 2 | 	 and
ρ(2,U ) = 2), then

v2(Un) = v2(n) + (v2(U2) − 1)12(n).

If 2 � t and 2 � s (i.e., 2 � 	 and ρ(2,U ) = 3), then

v2(Un) = v2(n)13(n) + v2(U3)13(n) + (v2(U6) − v2(U3) − 1)16(n).

Theorem 23 (Reformulation of Theorem 13) Let p be a prime such that s = pas′ and
t = pbt ′, where p � s′t ′ and a, b ∈ N+ ∪ {∞} with a, b necessarily finite in the case
of b = 2a. Then for all n ≥ 1, we have

vp(Un) =
{
an − a if b > 2a

an − a + vp(U ′
n) if b = 2a,

where (U ′
n)n≥0 is the Lucas sequence with characteristic polynomial X2 − s′X − t ′.

For b < 2a, we have that

vp(Un) =b

2
· n − b

2
+

(
a − b

2

)
12(n) + vp

(n
2

)
12(n) + λ12p(n)

=b

2
· n − b

2
+

(
a − b

2

)
12(n) + vp(n)12(n) − δp,212(n) + λ12p(n),

where

λ =
{

vp(s′2 − t ′) if 2 ≤ p ≤ 3, 2a = b + 1

0 otherwise

and

δp,2 =
{
1 if p = 2

0 if p �= 2.

Applying Lemma 20 to the above theorems and using bilinearity of Dirichlet con-
volution it is possible to obtain the main results of this section, exploiting this different
approach.
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4 Non-holonomicity of the sequence of Lucas atoms

In the striking opposition to the Lucas sequence, which is binary linearly recurrent
from its definition, the sequence of Lucas atoms evaluated at any pair of integer values
of variables s and t �= 0 is not even holonomic, i.e. polynomially recurrent. This
follows from the more general fact stated below.

Theorem 24 For each integers s, t with t �= 0 there do not exist l ∈ N+ and
G0(X),G1(X), . . . ,Gl(X) ∈ Q[X ] such that

Pn(s, t) = G0(n) +
l∑

j=1

G j (n)Pn− j (s, t)

for sufficiently large n ∈ N+.
Proof Fix non-zero values of s and t and assume that

Pn(s, t) = G0(n) +
l∑

j=1

G j (n)Pn− j (s, t)

for some l, n0 ∈ N+ and G1(X), . . . ,Gl(X) ∈ Q[X ] and all n ≥ n0. Choose a prime
number p so large that p divides neither of s, t and the denominators of the coefficients
ofG0(X),G1(X), . . . ,Gl(X)written in the irreducible form. ThenG j (n1) ≡ G j (n2)
(mod p) for each j ∈ {0, 1, . . . , l} and integers n1 ≡ n2 (mod p). Since the set of
l-tuples

{(Pmp−1(s, t), . . . , Pmp−l(s, t)) (mod p) : mp ≥ n0}

is finite, by pigeon hole principle we find integers m2 > m1 ≥ n0
p such that

(Pm1 p−1(s, t), . . . , Pm1 p−l(s, t)) ≡ (Pm2 p−1(s, t), . . . , Pm2 p−l(s, t)) (mod p).

Putting m0 = m2 − m1 we show by easy induction that Pn+m0 p(s, t) ≡ Pn(s, t)
(mod p) for each integer n ≥ m1 p − l. In particular, the set of indices n such that p |
Pn(s, t) is a finite union of infinite arithmetic progressions and a finite set. Howerver,
Theorems 14, 15 and 17 show that is not the case. The contradiction proves non-
holonomicity of the sequence (Pn(s, t))n≥1. ��

As a direct consequence we get the following.

Corollary 25 Theredonot exist l ∈ N+ andG0(s, t, X),G1(s, t, X), . . . ,Gl(s, t, X) ∈
Q[s, t, X ] such that

Pn(s, t) = G0(s, t, n) +
l∑

j=1

G j (s, t, n)Pn− j (s, t)

for sufficiently large n ∈ N+.
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Since a lot of number sequences having combinatorial interpretation are polyno-
mially recurrent, Theorem 24 suggests us that the problem of finding some natural
combinatorial interpretation of Lucas atoms seems to be intractable.

Let us notice that the proof of Theorem 24 is valid only if t �= 0. From the definition
of Lucas atoms we have P1(s, 0) = 1 and Pn(s, 0) = sϕ(n) for n ≥ 2. Then it is quite
interesting to check for which value of s the sequence (Pn(s, 0))n≥1 is (polynomially)
recurrent.

Theorem 26 Let s ∈ Z, the sequence (Pn(s, 0))n≥1 is polynomially recurrent if and
only if s ∈ {−1, 0, 1}.
Proof If s ∈ {−1, 0, 1}, the sequence (Pn(s, 0))n≥1 is obviously recurrent. Now,
suppose |s| > 1 and (Pn(s, 0))n≥1 polynomially recurrent. Thus, there exist k ≥ 1
and some polynomials f0(X), . . . , fk(X) ∈ Q[X ] not all null ones such that

k∑
j=0

f j (n)sϕ(n+ j) = 0,

for all n ≥ 0. Note that we are supposing (Pn(s, 0))n≥1 polynomially recurrent with
k ≥ 1, since the case f0(n)Pn(s, 0) = 0 for all n ≥ 0 cannot occur.

Now, let us notice that there exist infinitely many primes p such that p ≡ 1
(mod (k + 1)!). For all such p, we have that j + 1 divides p + j for all j = 1, . . . , k,
hence

ϕ(p + j) ≤ (p + j)
ϕ( j + 1)

j + 1
≤ (p + j)

j

j + 1
.

Therefore, since ϕ(p) = p − 1, for all j = 1, . . . , k we have

ϕ(p + j) − ϕ(p) ≤ (p + j)
j

j + 1
− (p − 1) = −p

j + 1
+ j2 + j + 1

j + 1
.

It follows that ϕ(p + j) − ϕ(p) → −∞ for p → +∞. Since

f0(p) = −
k∑
j=1

f j (p)s
ϕ(p+ j)−ϕ(p),

we get that f0(X) is the null polynomial and repeating the above reasoning we get
also f1(X) = . . . = fk(X) = 0. ��
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