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Assessing Reactive Responses and Gathering
Restrictions for Eradicating Epidemic Diseases
on Networks with Higher-Order Interactions

Lorenzo Zino, Senior Member, IEEE and Alessandro Rizzo, Senior Member, IEEE

Abstract—We characterize the dynamics of epidemic
disease propagation on realistic temporal networks, where
individuals participate in both pairwise and higher-order
interactions. The latter captures large gatherings that may
lead to superspreading events. We introduce an analyti-
cally tractable mathematical model for these temporal net-
works, based on continuous-time activity-driven networks,
and study a susceptible-infected—susceptible (SIS) model
spreading on its fabric. Utilizing a mean-field approach, we
derive a system of ordinary differential equations (ODEs)
that dictate the mean dynamics of the SIS process. By
analyzing these ODEs, we identify the epidemic thresh-
old of the model—revealing a phase transition between a
regime where trajectories converge to a disease-free equi-
librium and one where they stabilize at an endemic equilib-
rium (EE)—and delineate the unique EE for homogeneous
networks. Subsequently, we integrate two distinct control
measures into the model: i) restricting gatherings and ii)
promoting a reactive behavioral response. We evaluate the
efficacy of these control measures by computing the epi-
demic threshold of the controlled SIS model and employing
various tools, including sensitivity analysis, mathematical
optimization, and numerical simulations, to quantitatively
assess how the control measures elevate the threshold,
thus aiding in disease eradication, and how to amalgamate
them for designing an optimal control policy.

Index Terms— Complex networks, differential equations,
epidemics, higher-order, Markov process, optimization

[. INTRODUCTION

Mathematical models of epidemic propagation on temporal
networks have garnered significant interest across various sci-
entific domains due to their capability to represent the contin-
uously changing contact patterns between individuals, which
often facilitate the transmission of infectious diseases [1]-[6].
During the COVID-19 pandemic, it became evident within
the scientific community that large gatherings substantially
contribute to the spread of contagion, resulting in super-
spreading events [7]-[10], where infection spreads much more
than usual. However, traditional epidemic models on tempo-
ral networks, which primarily focus on pairwise interactions
between individuals, are inadequate to represent events that
involve multiple participants, highlighting the necessity for the
advancement of novel mathematical frameworks.

The authors are with the Department of Electronics and Telecom-
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Higher-order networks have recently emerged as an effective
approach to represent group interactions [11]-[14]. However,
their mathematical complexity often hinders the analytical
tractability of epidemic models spreading on top of them.
In fact, existing results are mainly based on Monte Carlo
numerical simulations [14]-[17], while rigorous analytical
results are often limited to static higher-order networks [18]—
[20]. This work builds on our previous effort [21] proposing a
novel analytically-tractable paradigm for real-world temporal
networks that advances the existing literature by incorporating
both pairwise and higher-order interactions in a realistic and
parsimonious model, which is then used to develop a new
framework to assess and optimize intervention policies.

The formulation of accurate mathematical models for the
propagation of epidemics provides potent instruments for
assisting public health authorities in times of health crisis.
Specifically, the integration of these models with method-
ologies derived from control theory and optimization has
facilitated the derivation of model-informed tools to man-
age various aspects of an epidemic outbreak using control-
theoretic approaches (see, e.g. [22], [23]), such as optimal
drug distribution [24]-[28], strategic planning of vaccination
campaigns [29]-[31], and the guidance of collective behavioral
responses [32]-[34]. Certain approaches have proven to be ef-
fective during the COVID-19 health crisis [35]-[39]. However,
the performance of these tools depends on the presence of
precise and analytically tractable models. Consequently, the
absence of such models for temporal networks with higher-
order interactions has constrained the capacity to develop
mathematically principled methodologies for examining the
impact of gatherings during an epidemic outbreak and evaluat-
ing the effectiveness of policies predicated on their restriction.

In this paper, we fill in this gap by introducing an innovative
framework for temporal networks encompassing both pairwise
and higher-order interactions. This framework is grounded in
the continuous-time formulation of activity-driven networks
(ADNSs) [40], wherein each individual forms temporal in-
teractions—either pairwise or involving multiple individuals)
in a stochastic fashion, individuals—stochastically, based on
their (often heterogeneous) social activity levels. Subsequently,
we examine a susceptible-infected-susceptible (SIS) epidemic
model propagating atop the temporal network [5], which is an
established proxy for many diseases that provides negligible
natural immunity, such as common cold or many sexually



transmitted diseases [41].

After deriving the exact dynamics of the Markov process
that governs the SIS epidemic spreading, we use a mean-
field approach to obtain a system of coupled nonlinear or-
dinary differential equations (ODEs) that approximates the
emergent behavior of the epidemics in the limit of large net-
works [42]. By examining this system of ODEs, we delineate
a phase transition between two distinct regimes: when the
infection rate falls below a certain threshold epidemic thresh-
old, which is derived explicitly, the disease-free equilibrium
(DFE) demonstrates global asymptotic stability, signifying
prompt eradication of the epidemic outbreak. Conversely, if
the infection rate exceeds this threshold, the DFE becomes
unstable, resulting in trajectories that converge to one or more
endemic equilibria (EE). Interestingly, our results show that
higher-order interactions can critically favor the spread of
a disease, supporting the ban of large gatherings during an
epidemic outbreak, which has been implemented, e.g., during
the COVID-19 health crisis [43].

Two strategies for taming the spread of the epidemic are
devised and implemented through two different control ac-
tions encapsulated in the model: i) implementing gathering
restrictions and ii) eliciting a reactive behavioral response,
inspired by [44]. By employing the mean-field approach once
more [42], we derive a system of ordinary differential equa-
tions (ODEs) whose analysis enables a quantitative assessment
of the effectiveness of the two control actions in eradicating
the epidemic disease. Notably, our analysis reveals that, within
homogeneous networks, imposing restrictions on gatherings is
consistently more effective. Conversely, in scenarios character-
ized by heterogeneity within the population, determining the
most effective control action becomes inherently complex due
to the presence of highly active individuals who may function
as superspreaders. To address this complexity, we formulate an
optimization problem that serves as the basis for developing
optimal control policies through the two control strategies.

Some of the results presented in this paper have appeared, in
a preliminary form, in [21]. Here, we fundamentally generalize
and strengthen our effort in several directions. While the model
proposed in [21] only included higher-order interactions, here
we extend the model to capture the coexistence of both
pairwise and higher-order interactions, which are typical of
real-world networks. The analysis of the SIS epidemic model
performed in this extended setting leads to a new formulation
for the epidemic threshold (Theorem 1). Additionally, new
results on homogeneous networks, including the characteri-
zation of the EE are established (Corollary 1), offering new
analytical insights into epidemic processes. Finally, building
on this generalization, we are able to use gathering restrictions
as a control lever for disease eradication. In particular, after
exploring its effectiveness (as rigorously established in Theo-
rem 2), we use our results to design optimal control policies.

The remainder of the paper is organized as follows. In Sec-
tion II, we introduce the uncontrolled model, whose dynamics
is derived in Section III, and studied in Section IV. In Sec-
tion V, we incorporate the control actions, whose effectiveness
is then studied in Section VI. Section VII concludes the paper.

(a) Higher-order network

(b) SIS model

Fig. 1: (a) a network with simplicial complexes of order m = 1 (pairwise
interactions) in blue, of order m = 2 in cyan, and of order m = 3 in violet.
(b) schematic of the transitions of an SIS model.

[I. MODEL
A. Notation and mathematical preliminaries

The real, real nonnegative, strictly positive real, and strictly
positive integer numbers are denoted by R, R>q, R-, and
Z~, respectively. Given a function x(t), we denote z(t~) :=
limg » x(s) and (1) := limy\ 4 2(s). Given an event E, we
denote by P[E] the probability that £ occurs. Given a random
variable X, we denote its expected value by E[X]. Finally, we
summarize the following definitions and properties related to
stochastic processes.

Definition 1 (Poisson clock). A (homogeneous) Poisson clock
with rate p € Rxq is a continuous-time stochastic process,
represented by its counting process N(t) € Zso, which
satisfies

P[N(t+ At) — N(t) = 1] = pAt +o(At), (1)

for any At € Rs(, where the Landau little-o notation o(At)
is associated with the limit At \, 0. If N(t) has an increment
at time t € R>q, we say that the clock ticks at time t.

Proposition 1 ( [45]). The following properties hold true:

1) Let E be an event triggered by the first tick of any clock of
a set of independent Poisson clocks with rates p1, ..., py.
Then, E can be equivalently described as tri/ggered by a
Poisson clock with rate equal to the sum ), _, pp;

ii) Let E be an event that occurs with probability q € [0, 1]
if a Poisson clock with rate of p ticks. Then, E can be
equivalently described as triggered by a Poisson clock
with a rate equal to the product q p.

Definition 2 (Markov process). A (homogeneous) Markov pro-
cess is a continuous-time stochastic process X (t) whose tran-
sitions are triggered by independent Poisson clocks. Specifi-
cally, for any pair of states a,b belonging to a state space X,
X (t) has a transition from a to b if a Poisson clock with rate

q“b ticks, i.e.
P[X(t 4+ At) = b| X (t) = a] = ¢"° At +o(At).  (2)

The matrix @ that gathers all the Poisson clocks’ rates is
termed transition rate matrix.

B. Continuous-time higher-order ADNs

Higher-order networks can be described using simplicial
complexes, which are defined as follows.

Definition 3 (Simplicial Complex). Given a network with node
set V, a simplicial complex of order m € Z~¢ is a set of
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Fig. 2: Schematic of the temporal network formation process.

m+ 1 nodes k = {vy,...,
i,je{l,...,m+1}

Um+1} C V, with v; # vj, for all

In other words, a simplicial complex of order m represents
an interaction that involves m + 1 distinct nodes, as illustrated
in Fig. la. For m = 1, the corresponding simplicial complex
is formed by a pair of nodes, that is, a link.

We consider a population of n € Zs( individuals, V =
{1,...,n}, each associated with a node in an undirected
higher-order temporal network (V,K(t)), € Rxq, with the
set KC(t) containing all simplicial complexes connecting nodes
at time ¢. Individuals can engage in pairwise or higher-order
interactions. Specifically, we introduce a parameter 6 € [0, 1]
that represents the tendency of the population to engage in
higher-order interactions, favoring the occurrence of super-
spreading events.

To generate such a temporal network, we build on the
theory of continuous-time ADNs [40], extending the paradigm
developed in [21] to higher-order interactions. Specifically,
each individual is characterized by an activity rate a; € R+,
which captures the individual’s tendency to initiate social
interactions and by a common constant parameter m € Z,
which captures the order of the interaction in case of a higher-
order interaction. The network formation process (illustrated
in Fig. 2), is detailed in the following:

1) At time ¢ = 0, we initialize K(¢) = ). Each node i € V

is associated with a Poisson clock with rate equal to a;,
each independent of the others;

2) Time progresses until any of the Poisson clocks ticks;

3) When the clock associated with 7 € V ticks at time ¢,
individual ¢ is said to be active;

4) The active individual ¢ selects a m-uple of fellow
individuals ji,...Jm, uniformly at random among all
possible m-uples of individuals. Then:

a) With probability 8 € [0,1], i engages in a higher-
order interaction with these individuals: The order-
m simplicial complex x = {i, j1,. .., jm} is added
to KC(t);

b) Otherwise, with probability 1 — 6, 7 engages in a
pairwise interaction with these individuals: The m
order-1 simplicial complexes (i.e., standard links)
K1y .., Km are added to K(¢), with x; = {7, j¢};

5) The simplicial complexes generated at time ¢ are im-
mediately removed from the set, the Poisson process
associated with node ¢ is reinitialized, and the process
is resumed from item 2).

Remark 1. If § = 0, this algorithm reduces to the one of
a standard continuous-time ADN [40]; on the other hand, if
0 = 1, it reduces to the higher-order ADNs proposed in [21].

TABLE I: Model variables and parameters.

population of the network

health state of individual ¢ at time ¢

activity rate of individual ¢

number of interactions established by active individuals
tendency to engage in higher-order interactions
infection rate

recovery rate

=3

T>a38

The parsimoniousness of this network formation model,
where the tendency to engage in higher-order interactions
is captured by a single parameter 6, is advantageous for
several reasons. From the theoretical point of view, this yields
analytically tractability, whereby the impact of 6 can be
evaluated without other confounding factors, as we shall see
in the following. From the practical point of view, a single
parameter 6 can be reliably estimated from real-world data on
social contacts, e.g., large-scale surveys [46].

C. Susceptible—infected—susceptible model

We study an SIS epidemic process that spreads on top of the
temporal network defined in the previous section. According
this model, the health state of each individual ¢ € V is
characterized by a binary variable

_J 0 if 7 is susceptible at time ¢,
zilt) = { 1 if 7 is infected at time ¢. ®)
States are gathered into the vector z(t) = [z1(t)...2,(2)]T,

which is the state variable of the network.

Two contrasting mechanisms determine the evolution of the
health state. First, if a susceptible individual ¢ (z;(¢t~) = 0)
interacts with an infected individual at time ¢ (i.e., if Ik €
K(t) with ¢,j € k and z;(¢) = 1), then, with probability A €
[0, 1], contagion occurs and i becomes infected (z;(¢tT) = 1).
Second, an infected individual j (x;(¢t~) = 1) spontaneously
recovers according to a Poisson clock with rate 1 € Rsg.
In the SIS model, it is assumed that recovered individuals are
immediately susceptible again to the disease (i.e., z; (t7) = 0).
All probabilistic mechanisms are independent of the others.
The SIS process is illustrated in Fig. 1b, and all its variables
and parameters are summarized in Table I.

Il. UNCONTROLLED SIS DYNAMICS
A. Markov process

Both the network formation process and the SIS epi-
demic process are governed by independent Poisson processes.
Hence, the state variable z(t) evolves according to a set of
independent Poisson clocks, ultimately yielding a Markov pro-
cess (see Definition 2). Specifically, x(t) is an n-dimensional
continuous-time Markov process. To simplify the notation, we
can use a block-level notation for matrix (), and for each
individual ¢+ € V we write the probability that 7 switches their
state in a time-interval of duration At € R+ as

Plz;(t + At) = b|z4(t) = a] = ¢2°(z(t)) At + o(At), (4)

with a,b € {0,1} and b # a. The entries of the transition
rate matrix ¢Y!(-) and ¢/°(-) are associated with the two



mechanisms of contagion and recovery, respectively, and their
values, which may depend on time through the state of the
system x(t), are explicitly derived in the following.

Proposition 2. The transition rates in (4) for the SIS model
when x(t) = x are equal to

;' (x) _)‘az Zx +/\ Zajx]
JGV JGV
(5a)
+>\0(n—1 n—2 ij Z ayg,
7€V LeV\{i,j}
and
4, (x) = p. (5b)
Proof. The proof is reported in Appendix A O

B. Mean-field equations

The complexity of the transition rates computed in Proposi-
tion 2, which are coupled and nonlinear, and the dimension of
the state space {0, 1}", which grows exponentially as n — oo,
hinder the direct analytical tractability of the Markov process
z(t). We tackle this issue through a mean-field relaxation
along the lines of [42], focusing on the mean dynamics of
the health state of each individual ¢ € V, i.e.,

yi(t) == Elzi(1)]

which coincides with the probability for individual ¢ to be
infected. These variables are then gathered in the mean-field
state variable y(t) = [y1(¢), ... yn(t)].

Following [42], the dynamics of the mean-field state vari-
able is described by a system of n ordinary differential equa-
tions (ODEs), obtained by approximating the expected value
of the transition rates with the transition rates for the mean
dynamics, i.e., Elg)' (2(t))] = ¢" (E[z(t)]) = ¢)" (y(t))-

Proposition 3. The mean-field dynamics of the SIS model is
the solution of the following system of ODEs, for ¢ € V:

Z Yy + Z a;jY;

JGV gev

m—1
2) Zjev Yi Z£GV\{i,j} ag]

= P[xi<t) = 1]’ (6)

=1 —-y;)m az
+0 - K-
@)

Proof. The result is obtained by starting from the general
mean-filed dynamics: ; = (1—4:)¢?" () —ys0/° () (see [21]
for its derivation), and substituting the rates from (5). O

(n—1)(n—

For large networks, in the limit n — oo, the epidemic
prevalence! for the stochastic model I(t) := L[{i € V :
x;(t) = 1}| can be approximated for any finite time-horizon
within an arbitrary precision [42] as I(t) ~ £ 3. |, yi(t) (see,
e.g., [33] for a numerical comparison). Hence, for sufficiently
large networks, we can study the behavior of the epidemics at
the population level using the mean-field equations derived in
(7). To facilitate such a study, we define a macroscopic variable

!In epidemiology, the epidemic prevalence is the proportion of a population
that has a specific disease or condition at a specific time.

representing the average probability for a generic node to be
infected as

1
alt)==3% . uilt) ®)

which coincides with the approximation of the mean-field
epidemic prevalence. Similarly, we define the first and second
moment of the activity distribution as

1 1 >
o= =y i (9)

where o captures the mean social activity of the population
and ao the heterogeneity of its distribution. To have a clearer
parametrization of the level of heterogeneity of a population,
we define the coefficient of variation
N

Cy = ;
aq

(10)

which attains its minimum when the population is homoge-
neous (i.e., ¢, = 1), and increases with the heterogeneity.

IV. RESULTS FOR THE UNCONTROLLED SIS MODEL

We start our analysis of the uncontrolled mean-field dy-
namics by proving that all its trajectories converge to an
equilibrium.

Proposition 4. Any trajectory of (7) converges to an equilib-
rium.

Proof. First, we observe that the domain D = [0,1]" is com-
pact and convex and (7) is Lipschitz-continuous. Moreover,
at the boundary y; = 0, it holds y; > 0, since the last
term of (7) is zero and the others are all nonnegative; at the
boundary y; = 1, it holds ¢; = —pu < 0. Hence, Nagumo’s
Theorem [47] yields positive invariance. Then, we consider
the Jacobian matrix of (7), whose generic off-diagonal entry
is equal to

m—1
ai+aj+9r2ag ZO

2 &
01,5

(11)

Consequently, (7) is a monotone dynamical system over the

compact invariant domain D, and all its trajectories necessarily

converge to an equilibrium [48]. O

m
Jij = (1— yz‘)m

Proposition 4 guarantees that the mean-field dynamics al-
ways converges to an equilibrium. By further analyzing (7),
we can provide a characterization of its possible equilibria.

Proposition 5. The system in (7) always has the disease-free
equilibrium (DFE) § = 0. Moreover, any other equilibrium is
an endemic equilibrium (EE), with y; > 0 for all v € V.

Proof. After verifying that the DFE is an equilibrium, we
prove the second statement by contradiction. Assume there
exists an equilibrium ¢ # 0 and a node ¢ € V such that g; = 0.
Then, being § # 0, there exists j € V with g; > 0. From (7),
we bound ; > (a; +a; + 07— L Zf#u ag)y; > 0.
Hence, ¢ is not an equilibrium, which leads to a contradiction,
yielding the claim. O

Propositions 4 and 5 guarantee that the mean-field dynamics
always converges either to the DFE or to an EE. In these



regards, a key concept in mathematical epidemic models is
the epidemic threshold. Namely, the epidemic threshold o
is a function of the model parameters that characterizes a
phase transition in the emergent behavior of the system. If
the ratio between infection rate and recovery rate \/p < o,
then the DFE is globally exponentially stable, implying that
all trajectories will converge to it. Otherwise, the DFE is
unstable and (almost) all trajectories converge to an EE. In
other words, the epidemic threshold determines a critical value
for the contagion rate such that, if the disease is sufficiently
contagious, then it produces a long-lasting outbreak; other-
wise, it is quickly eradicated. The analytical computation of
such a threshold is thus a problem of paramount importance
in mathematical epidemiology. Here, we compute such a
threshold in the limit of large-scale networks n — oo, i.e.,
when the approximation I(t) &~ z;(¢) holds true, and the
mean-field equation is a good proxy for the Markov chain.

Theorem 1. For large networks (n — o0), the epidemic
threshold for the SIS dynamics in (7) is

2
may[@m +2 — 0+ +/0(m —1)(@m + 4 — 0) + 4c2]
12)
If % < 0, then all trajectories converge to the DFE. If % > 0,
then all trajectories with initial conditions different from the
DFE converge to an EE.

g =

Proof. We start by studying the (local) stability of the DFE.
We observe that z; = 0 <= vy = 0. Hence, we can study
the local stability of the DFE by studying the local stability
of z; = 0. Following [33], we introduce an auxiliary variable

1
29 = — a;Yy;
2 n E eV iYi,

and we consider a planar system made by the two variables z;

and z5. Clearly, it still holds that the origins of (7) and of the

planar system coincide, i.e., (z1,22) = (0,0) < y =0.
In the limit n — oo, we observe the following identities:

(13)

. 1 o1
21 = nlggo — Zyz = nlgr;o - Zyi, (14a)
i€V i€V
— 1 1 s = 1 l g (14b)
22 = nl—>néo n—1 Zazyz = n1—>H;o n Zazyu
i€V i€V
— lim — — lim - 14
o=t o dar=lim o) e (49
LeV\{i,j} ey

where the latter holds for any 4,5 € V. Using (14), we write
(7) as

gi=(1 —yi)Am {%‘21 + 20 +0(m — 1)01121} — pyi, (15)

which we use to compute the dynamics for the planar system
of interest (21, 22), as

. 1 .
zZ1 = ﬁ Ziev Y; = —uz1 + m |:04121 — Z1%2

(16a)
+29(1 —2z1) +0(m — Dagz (1 — 21)},

and

1 1
Zo=— ) a;Yi=—pz2 +Am [azzl —zn— Y aly;
+zo(a; — 22) + 0(m — 1)y z1 (g — 22)]
(16b)
Then, we linearize (16) about the origin to study its local
stability, obtaining

Z1=—pz1 + dm(@m+ 1 —0)arz1 + Amzy

29 = —pzg + Am(0(m — 1)a? + ag)z1 + dma 22, a7

we compute the Jacobian matrix of (17) and we evaluate it at
the origin, obtaining

Am
Amay —

am(@m+1—0)a; —

Joo = Am(0(m — 1)a? + as)

(18)

To compute its eigenvalues &; o, we define (12 = &1 2 + 1,
and from (18), we obtain the characteristic polynomial
= dm(Om +2 —0)ar ¢ — N2m?(ay — aF), (19)

from which we compute the two solutions for (j o, as

Am

—|(m+2—-0)a; + \/H(m— 1)(0m+4 — 0)a? + das|,
from which we obtain the two eigenvalues £ 2 = (12 — .
The condition for local stability of the DFE is obtained by
imposing negativity of the largest eigenvalue, which yields
(12). Finally, local stability is extended to global stability along
the lines of [21], by observing that the nonlinear terms in (15)
are nonpositive and the system is monotonic (Proposition 4),
which guarantees that the trajectory of the linearized system
(which converges to the DFE) acts as an upper-bound on the
trajectory of the nonlinear system, which necessarily converges
to the DFE. In contrast, if the DFE is (locally) unstable,
then the global convergence result in Proposition 5 guarantees
convergence to an EE. O

Remark 2. For m = 1, the threshold in (12) reduces to o =
(a1 + \/@)’1, as for the standard SIS model on ADNs [40],
[49]. For 0 = 1, the threshold reduces to that of an SIS model
on hADNs [21].

Before incorporating control actions into the epidemic
model, we would like to briefly discuss the analytical insights
that Theorem 1 offers on the nontrivial impact of higher-order
interactions on shaping the spread of epidemic diseases. The
threshold o should be interpreted as the maximal value of
the ratio \/p that the network can handle without leading
to an epidemic outbreak. In other words, larger values of
the threshold are associated with networks in which diseases
are easier to be eradicated. From (12), we observe that o is
monotonically decreasing in 6, which implies that higher-order
interactions are always detrimental to the network resistance
to epidemic spreading.

Some further insights can be gained by performing a com-
parison between the epidemic threshold in (12) and the one
of a standard ADN, which is

Gm = [May(1+¢,)] " (20)



From a direct comparison between the two thresholds, we
obtain

o 2+ 2¢,

G (m+2-0)+/0(m—1)Om+4-0)+ 4cg(’21)
which is equal to 1 iff m = 1 or € = 0, or it is smaller
than 1 otherwise —to make this claim, it is sufficient to check
that (21) is monotonically decreasing in both m and 6. This
implies that the epidemic threshold o < &,,, which means
that it is always easier for a disease to spread in the presence
of higher-order interactions, as illustrated in Fig. 3. This
confirms empirical studies that indicate superspreading events
as key drivers of an epidemic outbreak [7], [8]. Intuitively,
such an effect increases with the tendency to engage in
higher-order interactions # and the order of the interaction m.
Interestingly, the effect appears to be stronger for moderately
heterogeneous networks. We believe that this is due to the
fact that heterogeneity is another key driver of contagion [40],
[49]. Hence, especially for moderate orders of interactions,
heterogeneity might have a dominant role.

An interesting observation that emerges from Theorem 1
and (21) is that the presence of higher-order interactions is
critical in the emergence of epidemic outbreak for diseases that
would instead be below the threshold in a classical network
of pairwise interactions only. A paradigmatic example comes
from the 2022-23 mpox outbreak, which affected almost
100,000 individuals [50], despite its basic reproduction number
is estimated to be smaller than 1, and thus no classical models
would predict a global epidemic outbreak [51]. The presence
of higher-order interactions, which has been empirically ob-
served in correspondence of many mpox outbreaks [10], could
instead decrease the threshold (as demonstrated by our ana-
Iytical results), explaining the emergence of such outbreaks.

Finally, for homogeneous networks (formally stated in the
following), we can provide a complete characterization of
the emergent behavior of the system, by refining Theorem 1,
proving the uniqueness of the EE, and providing a closed-form
expression for it, as discussed in the following.

Assumption 1. Assume that a; = oy, for all i € V.
Corollary 1. Under Assumption 1, the epidemic threshold for
the SIS dynamics in (7) reduces to

1
mai(0m+2—0)

o= (22)
If 2 > G, then any trajectories with initial conditions different
from the DFE converges to the unique EE with

i

1-— ; .
Amag (0m +2 —0)’ viev

Yi = 21 = 23)
Proof. The threshold in (22) is immediately derived by posing
¢, = 1 in (12). Then, being a; = «; for all ¢ € V), it clearly
holds that 2o = = 3. |, a;5; = a121, which reduces (15) to

Ui = (1 = ys) Am2a1 21 (0m + 2 — 0) — pys, (24)
for all 7 € V, from which we derive

Z21=(1 = z1)z1 Amay (Om + 2 — 0) — pzy, (25)
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Fig. 3: Comparison between the epidemic threshold of an SIS model on
a network with higher-order interactions and a standard ADN. The color
intensity represents the ratio between the two thresholds o /G for different
levels of heterogeneity in the network, captured by the parameter c,. The
darker is the shade of red, the easier is for the disease to spread in the presence
of higher-order interactions.

which has only two equilibria: the DFE z; = 0 and the EE in
(23). Finally, from (24), we observe that y; = 0 iff y; = 2; at
the EE, yielding the claim. O

Finally, it is worth noticing that the epidemic threshold in (1)
has a continuous dependence on c,. Hence results obtained in
the homogeneous case can serve as reasonable approximations
for mildly heterogeneous scenarios.

V. CONTROLLED SIS MODEL
A. Model

We incorporate two control actions to help eradicate the
epidemic disease, which are delineated in the following.

Gathering restrictions. We introduce a control parameter
u; € [0,1], and we assume that the tendency to engage in
higher-order interactions is function of w1, i.e., § = 6(uy). In
the simplest scenario, we can assume a linear relation 6§ =
1 —wuy, where u; captures the effort placed in restricting large
gatherings, which reduces the individuals’ tendency to engage
in higher-order interactions.

Behavioral response. We assume that infected individuals
reduce their tendency to initiate social interactions by tem-
porarily reducing their activity. To capture this phenomenon,
we introduce a second control parameter us € [0, 1], which
captures the stimulation of such a collective response. Inspired
by [44], we assume that the activity of infected individuals is
reduced by a fraction uy. Hence, the effective activity of an
individual becomes state-dependent, as

A‘( ‘)_ a; ifﬂ?i:O,
ailTi) = (1 — u2)a7;

if x; = 1. (26)

In summary, the two control parameters u; € [0,1] and
us € [0,1] capture the extent of effort exerted by public
authorities in executing the respective control measures. It
is important to mention that, before applying this model in
real-world scenarios, one has first to understand how real-life
actions (e.g., fines for attending large gatherings or enforcing
quarantine to infected individuals) map into values of wuy
and wuy. In these regards, data on the COVID-19 crisis can



be extremely beneficial. In fact, different countries enacted
different actions [52]. From these documented actions and
using the corresponding infection time series and human
mobility data (which are public available), one can evaluate
the adherence to restrictions (estimating w1 ), and calibrate the
model to infer us.

Consequently, the main inquiry from the perspective of
public health authorities is related to the formulation of an
intervention strategy, defined by w; and o, with the objective
of optimally mitigating an epidemic outbreak. To effectively
address this inquiry, it is necessary to first derive and subse-
quently analyze the dynamics of the controlled SIS model.

B. Dynamics

The dynamics of the controlled SIS model can be derived
following the same procedure used in Section III. In fact,
despite being time-varying, the activity rate in (26) depends
on t only through the state z;(¢). Hence, all the dynamics
involved in the epidemic process (contagion, recovery, and
network formation) are independent Poisson processes, whose
rate is constant given the state @, yielding a homogeneous
Markov chain, whose rates are computed in the following.

Proposition 6. The transition rates in (4) for the controlled
SIS model when z(t) = x are

01 () — Ny , _ m -
a; (x)—/\azn 1 Zj 133]"‘)‘( ) 1 Zjevajxﬂ
m(m —
P S
J€V LeV\{i,j}
—)\UQ(].—Ul)( ij Z gy,
JGV LeV\{i,j}
27)
and q!°(z) = p.
Proof. The proof is reported in Appendix B O

Also for the controlled SIS model, the mean-field approach
based on the study of the mean dynamics y;(¢t) can be fol-
lowed, for which we can approximate the epidemic prevalence
as I(t) ~ z, using (8). The ODEs that govern the evolution of
the mean dynamics are derived in a similar fashion, obtaining
the following result.

Proposition 7. The mean-field dynamics of the controlled SIS
model is the solution of the system of ODEs, for i € V:

Z Y+ Z a;y;

g = (1 —yi)Am

( ) JEV ]EV

m —

+—(n_1)n_2 Zya >, (28)

JEV LeV\{i,j}
UQ(l — ul)(
D SXVID DRI B
JEV  LeV\{i,j}

Proof. The proof is similar to the one of Proposition 3, using
(27) instead of (5a), and details are thus omitted. O]

It is worth noticing that the mean-field equations for the
controlled SIS model reduces to the one of the uncontrolled

SIS model computed in Proposition 3, when u; = 1 — 8 and
ug = 0. The presence of the two control actions, introduces
two multiplicative terms that linearly reduce the second and
third contribution to the contagion mechanism. Interestingly,
besides these two linear terms, the presence of the control
action further introduces a fourth and negative contribution
to contagion, which depends on the two control inputs in
a bilinear fashion, making the impact of the two control
actions nontrivial to be assessed. In the following, we will
use again the mean-field theory employed for the uncontrolled
SIS model to investigate the effectiveness of the two control
actions and designing an optimal control policy to eradicate
the disease.

VI. RESULTS FOR THE CONTROLLED SIS MODEL
A. Epidemic threshold
It is straightforward to prove that Propositions 4 and 5
hold true also for the controlled SIS dynamics. Hence, it is

appropriate to investigate how the two control actions impact
the epidemic threshold in (12).

Theorem 2. For large networks (n — 00), the epidemic
threshold for the controlled SIS dynamics in (28) is
2

maq[m+1—wui(m

oc(ur,ug) = , (29)

—1) —us + VA]
with

A=(m+1—(m—1Du; —u)* +4(1 —uz)(c2 —1). (30)
If % < 0., then all trajectories converge to the DFE. If % >

o, then all trajectories with initial conditions different from
the DFE converge to an EE.

Proof. We follow the same arguments used in the proof of
Theorem 1. However, the presence of a fourth term in (28)
complicates the computations. First, similar to (15), in the limit
n — 00, we compute

gi=(1—y;)Am [aizl—&—(l —ug)zo+(m —1)(1 —uy)a1z1

—uz(1 —uy)(m — 1)Z122} — [Yi;
(€29
from which we derive the dynamics of the macroscopic
variables z; and z5 in (8) and (13), as

Z1=Am {alzl — 2129 + 22(1 — 21)(1 — u2)

+(1 —up)(m—1)arz1(1 — z) (32a)
—ug(1 —uy)(m —1)z129(1 — zl)} — pz1,
and
1
2.:2:)\m {04221—2515 Z a,?yi+(1 — Ug)ZQ(Oél—ZQ)
+(1 —uy)(m —1)arz1(ag — 22) (32b)

—ug(1 —up)(m

By linearizing these two equations about the DFE (i.e., the
origin), we obtain the following autonomous system:

— Dzizo(a; — 29)| — p2a.

21 =—pz1+Am(m—muqtur)arz1+Am(1l — ug) 2z
29 =—pzo + Adm((1 —up)(m — 1)a? + az)z;
+Am(1 — ug)ay 29,
(33)
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Fig. 4: Threshold from (29) as a function of the two control inputs, w1 and uz, for different orders of higher-order interactions m and coefficients of variation
¢y (specified in the corresponding subcaption). The darker is the shade of green, the easier is to eradicate the disease.

whose Jacobian evaluated at the DFE is equal to

Am(1 — ug)
Am(l —ug)ag — p

Am(m — muy + uy)ag — i
Am((1 —uy)(m —1)a? + az)

with eigenvalues &; o that satisfy (after posing ¢ = & + ) the
equation

C=dm(m+1—ui(m—1)—uz)o C = N*m?(1—uy) (az—a?),

(35
from which we conclude that the largest eigenvalue is negative
iff A\/p < o, from (29), yielding the claim. O

Remark 3. In the absence of behavioral response, the thresh-
old reduces to the one in Theorem 1. In the absence of gath-
ering restrictions, the threshold reduces to the one of an SIS
model with behavioral response on higher-order ADNs [21].

B. Optimizing the control policy

A first, intuitive observation from the expression of the
threshold in (29) is that control is always beneficial in increas-
ing the threshold. In fact, in the denominator of o, both u; and
ug always appear with negative sign. Hence, increasing any of
the control action would lead to an increase of the epidemic
threshold, making the disease easier to be eradicated. However,
how to assess the effectiveness of the different control actions
is nontrivial, due to the intricate expression of the threshold.

For homogeneous networks, we can provide a clearer char-
acterization of the effect of the control actions on the epidemic
process, by simplifying the epidemic threshold as detailed in
the following.

Corollary 2. For large networks (n — ©0), the epidemic
threshold for the controlled SIS dynamics in (28) under
Assumption 1 is

. 1
ac_mal(m—l—l—ul(m—l)—uz)' (36)

Remark 4. From the expression in (36), we can perform a
sensitivity analysis. Specifically, we can compute the derivative
of the denominator of (36), observing that

i[771&1(7714-1—ul(m—l)—uQ)] = —m(m—1)ay, (37a)
6%1

and

—[mai(m+1—ui(m—1) —uz)] = —may. (37b)

8'&2

From a comparison between the two expressions, we conclude
that for any m > 2, aiul&c(uhug) > 8%266(u1,u2). Hence,
it is always more effective, in homogeneous networks, to
restrict gatherings (i.e., to exert control action 1), rather
than to enforce infected individuals to reduce their social
activity. This could be due to the fact that, in homogeneous
networks, the absence of highly socially active individuals
may naturally reduce the impact of superspreader individuals,
without the need of enforcing their isolation, thereby making
more effective those policies that reduce superspreading events
where multiple individuals may interact.

In the presence of heterogeneity, however, a further negative
term that depends on wy emerges at the denominator of
(29), rendering the determination of the preferred action less
apparent. Although an approach similar to the one used in
Remark 4 can be adopted, the complexity of the expression
makes the analytical comparison of the two derivatives non-
trivial. However, the closed-form expression for the threshold
allows us to assess the effectiveness of the combination of
the two control policies by evaluating (29) numerically as a
function of the two control inputs.

Our results, reported in Fig. 4, depict a nontrivial scenario.
On the one hand, for low levels of heterogeneity, the analytical
predictions for homogeneous networks in Remark 4 are still
valid, suggesting that the the results obtained for homogeneous
networks are good approximations for mildly heterogeneous
networks (compare,.e.g., Figs. 4a and 4b). Briefly, for moder-
ate levels of heterogeneity it is more advantageous to invest
in restricting gatherings (i.e., in action u1). This difference is
marginal for small values of m: when m = 3, setting u; = 0.5
would increase the threshold by 20% with respect to the
uncontrolled scenario, compared to a 18% improvement when
controlling with us = 0.5 (Fig. 4b), but it becomes apparent as
m increases. This can be seen, for example, in Fig. 4e, where
the first control action leads to an improvement of 167%,
outperforming the poor 8% achieved with the second action.
On the other hand, a different scenario emerges when dealing
with highly heterogeneous networks. In fact, from Fig. 4c, we
observe that promoting a reactive response is more effective
than the restriction of gatherings.: Controlling with uy = 0.5
yields a 26% improvement in the threshold, outperforming the
14% improvement achieved with u; = 0.5.

In summary, in real-world systems, which are often het-



erogeneous, the effectiveness of the two control actions is
nontrivial and highly dependent on the characteristics of the
population. This underscores the significance of deriving an
analytical expression for the epidemic threshold, which serves
as a tool to quantitatively evaluate the efficacy of the two
control strategies. It also facilitates their optimal combina-
tion to enhance the epidemic threshold, potentially subject
to budgetary limitations, thereby formulating an optimization
problem in the following manner:

minimize  f(uy,u2)
s.t. c(u,uz) < B
u; € [0, 1], U € [0, 1},

(38)

where
flug,ug) =m—+1—(m—1Du; —us

—I—\/(m +1—(m—1u — u2)2 +4(1 —ug)(c2 — 1)

(39)
is the denominator of the epidemic threshold in (29),
c(ur,u2) : [0,1] x [0,1] — Rx¢ is a monotonically increasing
cost function associated with the implementation of the control
actions, and B € R>¢ is the total budget available. At first
sights, the nonconvexity of the objective function may hinder
its treatment. However, we can observe the following.

Proposition 8. The solution of (38) coincides with the solution
of a one-dimensional minimization problem with objective
Sunction f(u1,d(uy1)), with ¢(u1) = min{max{us € [0,1] :
c(ur,uz) < B}, 1}, ug € [0,41), and 41 = min{max{u; €
[0,1] : e(uq,0) < B}, 1}

Proof. The statement is equivalent to saying that the solution
of (38) lies on the boundary of the domain. We prove this by
contradiction. Assume that (u}, u3) is the solution of (38) and
it is not on the boundary. Hence, there exists € > 0 such that
c(uf,us+¢e) < Band ui+e < 1. Since the objective function
f is monotonically decreasing in both w; and wy, we get
fuy,ub+¢€) < f(uj,us+¢), which leads to a contradiction,
yielding the claim. O

For instance, if the cost function is quadratic, i.e.,
c(uy, uz) = cyu?+cou3, which captures the diminishing return
often present in real-world intervention policies, Proposition 8
guarantees that the solution of (38) can be computed by solv-
ing the one-dimensional minimization problem with objective

function f(uy, min{ chc;ui ,1}). The numerical solution of
this problem, when ¢; = c; = 1 is reported in Fig. 5,
suggesting that the optimal control policy entails a nontrivial
combination of gathering restrictions and behavioral response,
with the parameters ¢, and m shaping the optimal mixing in
a way consistent with our observations from Fig. 4 —u; is
dominant for m large, us is dominant for ¢, large— but with

both elementary control actions (almost) always present.

VII. CONCLUSION

We studied the spread of an epidemic disease on realistic
temporal networks, in which both pairwise and higher-order
interactions coexist in variable proportion, the latter capturing
potential superspreading events. Building on the paradigm
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Fig. 5: Optimal control policy computed by solving (38) for a quadratic
control costs c(u1,u2) = uf +u§ with budget B = 1 and different order of
interactions m and heterogeneity c,. In (a), the intensity of blue represents
the optimal value of control action 1. In (b), the color represents the relative
magnitude of w1 with respect to w2 in the optimal control policy. The darker
is the blue, the larger is the relative value of w1 with respect to u2; vice versa
for for the intensity of yellow.

of activity-driven networks and employing a mean-field ap-
proach, we derived a set of ordinary differential equations that
describe the mean dynamics of the epidemic process, whose
analysis allowed us to elucidate the impact of higher-order
interactions on shaping the spread of an epidemic outbreak.

Besides the model formulation, our main contribution was
threefold. First, we derived the epidemic threshold, providing
analytical insights into how the presence of these interactions
shapes the outcome of the epidemic outbreak. Second, we in-
corporated two control actions in the system; namely, restrict-
ing gatherings and promoting a behavioral response and we
have established how the presence of these two control actions
favor the convergence to the disease-free equilibrium. Third,
building on these theoretical results, we derived a quantitative
framework to assess the effectiveness of these control actions
and design control policies by optimally mixing them. Our
results have not only provided evidence that large gatherings
can play a critical role in favoring contagion, supporting their
ban during epidemic outbreaks, but have also offered model-
informed tools to help assist decision-makers in optimally
designing interventions during an epidemic outbreak.

The approach presented in this paper is not exempt from
limitations. First, our results focus on the problem of eradi-
cating a disease by implementing control actions that increase
the epidemic threshold. In some circumstances, however, it
is crucial to assess the effect different control actions, e.g., to
mitigate endemic diseases that cannot be fully eradicated [37],
[38]. To extend our tools to deal with such scenarios, a
theoretical analysis of the behavior of the system above the
epidemic threshold is needed, with a characterization of the



endemic equilibria. Second, this paper is concerned with

the

analysis of the SIS model. Many real-world epidemic

diseases, however, are characterized by (permanent or waning)
immunity after recovery. Our successful analytical treatment of
the SIS model provides good prospects for the analysis of more
complex models that account for such herd immunity (e.g.,
SIR-like models used for COVID-19 [35]). This extension
is key to broaden the model’s relevance to a wider range of
epidemic scenarios. Third, the behavioral responses of infected
individuals are often not instantaneous but exhibit a certain
delay effect. While the current model does not capture this
phenomenon, its impact can be studied by introducing a time
delay (see.,e.g., [53]) or by using more complex and realistic
models for human behavior (e.g., using game-theory [34]).
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APPENDIX
A. Proof of Proposition 2

The proof follows [21, Proposition 1]. For the sake of com-
pleteness, we briefly report it, highlighting the key differences.

The rate ¢! () is associated with contagion, which occurs
if 7 has a contact with an infected individual and the disease is
transmitted. Since the latter occurs each contact independent of
the others, we compute separately the rate at which a generic
individual j transmits the disease to ¢, and then we sum them,
according to Proposition 1.i).

Individual j transmits the disease to 7 if one of the following
chains of events occurs: i) ¢ activates, j is one of the m nodes
selected, j is infected, and the disease is transmitted; ii) j
activates, j is infected, ¢ is one of the m nodes selected, and
the disease is transmitted; iii) an individual ¢ € V \ {i,j}
activates, both 7 and j are among the m nodes selected by ¢, ¢
has a higher-order interaction, j is infected, and the disease is
transmitted. Whether the node has a pairwise or a higher-order
interaction affects only the third chain. In fact, if ¢ decides to
engage in pairwise interactions, then no interaction between
and 7 is established, so no contagion can occur at time t.

For each one of these chains, we use Proposition 1.ii) to
compute the corresponding rate. Chain i) is triggered by the
Poisson clock that regulates the activation of ¢, split by a
sequence of three Bernoulli random variables associated with
three events: a) node j is selected, b) node j is infected,
and c) the disease is transmitted. Since all these events are
independent, according to Proposition 1.ii), we compute the
rate associated with this chain, obtaining Aai%xj, where
x; € {0,1} is an indicator function that annihilates the rate
when j is not infected. Chain ii) is studied similarly (see [21]
for more details), obtaining Aa; %xj.

For chain iii), we observe that the activation of each
individual is independent of the others. Hence, following the
same arguments used above, the rate of chain iii) is equal to
the sum over all £ € V \ {4,;} of the product between the
individual activity rate ay, the probability of selecting both @
and j in a random m-uple (which is equal to %), the
probability of engaging in a higher-order interaction (which is
0) the infection probability ), and the indicator z;, yielding

Z Y m(m —1)
eVigr  (n—1)(n—2)
which differ from the corresponding term in [21] for the
presence of the factor §. The total rate at which j transmits the

apx;, 40)

disease to 7 is computed by summing the three contributions,
and then summing then over all j € V), obtaining (5a). Finally,
recovery is spontaneously triggered by a Poisson process with
rate u, yielding (5b). O

B. Proof of Proposition 6

The rates are obtained following the arguments used in
the proof of Proposition 2, replacing § = 1 — wu;, with a
key difference. In fact, if j is infected, then their activity
rate is reduced to (1 — ug)a;. This should be considered
when deriving the rates associated with the three chains of
events. In particular, in chain i), the interaction is initiated by
a susceptible individual, so a; = a;, yielding no changes to
the rate. For chain ii), instead, the interaction is initiated by
an infected individual j, with a; = (1 — ug)a;, which re-
scales the contribution by a multiplicative constant (1 — ug).
For chain iii), we need to split the contribution in two distinct
terms, depending on the health state of /. Then, re-arranging
the terms, the rate associated with the third chain is equal to

m(m —1)

Z M1 —uy) ———————aw; (1 —uom). (41)
—1)(n—2

B TR

Finally, (29) is obtained by summing the three rates and then

summing over all j € V. O
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