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Article

High-Order Vibroacoustic Modal Analysis Framework for
Fluid-Structure Coupling
Dario Magliacano

Department of Mechanical and Aerospace Engineering, Politecnico di Torino, Corso Duca degli Abruzzi 24,
10129 Turin, Italy; dario.magliacano@polito.it; Tel.: +39-380-814-7713

Abstract

This work develops and validates a high-order, three-dimensional Carrera Unified Formu-
lation (CUF) framework for coupled structural–acoustic eigenanalysis, aiming at accurate
low-frequency modal characterization of interior cavity-structure systems with significantly
reduced degrees of freedom. The proposed approach employs high-order polynomial ex-
pansions to discretize both the structural and fluid domains. The methodology integrates
fully coupled fluid-structure analyses into a unified variational formulation, enabling the
systematic assembly of global stiffness and mass matrices via sophisticated numerical
integration techniques. Validation against a Comsol Multiphysics benchmark model con-
firms that the CUF-based high-order frameworks converge with significantly fewer degrees
of freedom and reliably capture the intricate interactions at the fluid–structure interface.
In addition, the approach is versatile, accommodating a range of boundary conditions
and material models, underscoring its broad applicability in modern engineering design.
Overall, this work advances the state of the art in vibroacoustic analysis by offering a robust
tool for predicting natural frequencies and mode shapes, and it lays the groundwork for
future extensions to nonlinear, transient, and data-driven applications.

Keywords: Carrera Unified Formulation; vibroacoustic modal analysis; fluid-structure
interaction; high-order finite element method; eigenvalue analysis; computational efficiency

1. Introduction
This paper introduces a coupled displacement–pressure formulation based on the

Carrera Unified Formulation (CUF) for high-order vibroacoustic modal analysis. Unlike
conventional finite-element (FE) approaches that rely on full three-dimensional discretiza-
tions, the present formulation uses high-order polynomial expansions along each local
coordinate. The reduction in unknowns lowers computational cost while preserving the
accuracy of natural frequencies and mode shapes. The framework integrates the fully
coupled analysis and applies to aerospace, automotive, and civil structures [1].

The proposed approach leverages the inherent advantages of CUF by decoupling cross-
sectional and thickness behavior within three-dimensional elements. By employing tailored
polynomial bases for structural displacement and acoustic pressure fields, the formulation
systematically reduces the problem dimension without sacrificing essential physical details.
In particular, the frequency-domain analysis focuses on generalized eigenvalue problems
that characterize the system’s dynamic response under various boundary conditions. Fluid–
structure coupling is enforced through standard interface conditions and verified against
established benchmarks and a commercial solver [2,3].
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The contribution is a robust numerical implementation that clarifies the vibroacoustic
mechanisms relevant at low frequency. Combining high-order finite elements with a unified
formulation provides an efficient tool for the design and optimization of structures with
coupled behavior.

1.1. Background and Motivation

Vibroacoustic phenomena influence performance across aerospace, automotive, civil,
and architectural applications. The interplay between structural vibrations and the sur-
rounding acoustic field affects noise, energy transmission, and comfort. In aircraft, interac-
tions between the skin and the internal acoustic field can modify cabin noise and influence
integrity; analogous considerations arise in vehicles and buildings.

Traditional finite-element models often require full three-dimensional meshes to cap-
ture fluid–structure interaction, which can be costly at high frequency or large scale.
Reduced-order strategies address this by retaining the essential physics while limiting
the number of unknowns. CUF decouples cross-sectional and through-thickness behav-
ior within three-dimensional elements and, by using high-order polynomial expansions,
decreases the degrees of freedom (DoFs) needed to represent structural displacements
and acoustic pressure fields [4]. Refined FE methods and unified formulations have been
rigorously validated against experimental and commercial solver benchmarks, enhancing
confidence in their predictive capabilities for high-frequency vibroacoustic phenomena
[5,6]. Such innovations not only improve the accuracy of modal analyses but also enable
engineers to explore a broader design space, facilitating the development of next-generation
structures that are both lightweight and acoustically optimized.

Moreover, recent progress in the field has integrated novel methodologies, such as
machine learning techniques, to further optimize acoustic properties and tailor meta-
material performance [7,8]. Recent work on acoustic black holes (ABHs) in plates has
shown effective vibration attenuation and increased transmission loss, including in plate-
cavity configurations [9–11].

The goal is to reconcile computational efficiency with high-fidelity modeling. The
CUF-based approach provides an alternative to traditional methods for exploring the
interactions in coupled fluid–structure systems while meeting performance criteria such as
noise reduction, structural integrity, and energy efficiency.

1.2. State of the Art

Over the past decades, variants of the traditional finite element method (FEM) for
acoustic–structural coupling have been widely employed to model complex interactions
between structures and the surrounding fluid. However, these conventional approaches
generally rely on full three-dimensional discretizations that result in large systems and high
computational costs, particularly when addressing high-frequency dynamics or large-scale
configurations [12]. In contrast, CUF has emerged as a compelling alternative, exploiting
cross-sectional polynomial expansions to significantly reduce the problem’s dimensionality
while maintaining high accuracy in predicting natural frequencies and mode shapes.

Recent developments in CUF and related high-order FE techniques have advanced
the state of the art by integrating refined kinematics and nonlinearity into the formulation.
Notable contributions include the unified approach for multilayered plates and shells
developed by Carrera et al., which has been extended to account for geometrically nonlinear
behavior and complex material anisotropy [13]. The application of refined shell elements
has been extended to functionally graded structures, indicating a pathway for future
research in this area [14]. The development of variable-kinematic shell elements has also
shown promise for analyzing electromechanical problems, suggesting potential extensions



Aerospace 2025, 12, 994 3 of 28

of the current framework [15]. Furthermore, developing MITC9 finite elements based
on the Reissner-Mindlin Variational Theorem has improved the analysis of laminated
shells [16]. These studies not only validate the robustness of the CUF-based approach
but also highlight its versatility in handling various boundary conditions and coupling
scenarios. Several recent works have also explored vibroacoustic models for composite or
multilayered structures relying on CUF. Specifically, Dozio et al. [17] presented a novel
finite element strategy that can be used to analyze thick multilayer plates with embedded
cavities, demonstrating improved predictive accuracy of fluid–structure interaction using
higher-order modeling; compared to that study, this research aims to create a more general
three-dimensional fluid–structure framework that incorporates higher-order expansions
and covers a broader range of validations.

In addition, emerging methodologies that combine CUF with data-driven tech-
niques—such as machine learning—are beginning to influence the field [18]. For example,
recent research has employed genetic algorithms and artificial neural networks to optimize
the acoustic properties of metamaterials, thereby offering new avenues for tuning band
gaps and resonance characteristics in coupled systems. Incremental moduli and band-gap
tuning in pre-stressed viscoelastic composites have been effectively demonstrated [19].
The effect of preload on wave-propagation characteristics in hexagonal lattices has been de-
tailed in previous studies [20]. Antiplane elastic wave propagation studies have shown that
band gaps can be tuned by prestress [21]. Similar effects of pre-stress on band-gap distribu-
tions have been observed in quasiperiodic structures [22]. Furthermore, the defect-induced
annihilation mechanisms in pre-stressed elastic structures [23] highlight the sensitivity of
wave propagation to initial stress conditions. Further work on tunable elastodynamic band
gaps has provided insights into the switching phenomena in pre-stressed structures [24].
Optimal design strategies employing genetic algorithms for phononic media have been pro-
posed [25]. Moreover, operational modal analysis (OMA) can be employed when extensive
in-flight or in-operation data are available for large-scale systems, such as helicopter cabins,
to identify key vibro-acoustic modes without interrupting normal operations [26]. In paral-
lel to domain-based FE strategies, boundary integral approaches have matured for both
interior and exterior Helmholtz problems, including coupled vibroacoustic settings [27].
The current state of the art reflects a vibrant interplay between advanced theoretical devel-
opments and practical computational techniques, paving the way for increasingly efficient
and accurate vibroacoustic analyses.

2. Methodological Framework
The methodological framework presented herein integrates advanced FE techniques

with CUF to computationally efficiently address complex vibroacoustic phenomena. At its
core, the formulation exploits high-order polynomial expansions in both the cross-sectional
and through-thickness directions, significantly reducing the overall number of degrees of
freedom compared with conventional full three-dimensional discretizations. This reduction
is critical for accurately capturing the dynamic behavior of coupled fluid–structure systems
while keeping computational costs within practical limits.

A distinctive feature of the framework is its explicit treatment of the fluid–structure
interface. Coupling matrices are derived from consistent interface conditions that ensure
the continuity of the displacement and pressure fields. Such a rigorous approach to inter-
face modeling is validated against experimental data and benchmarked with commercial
solvers, reinforcing the framework’s robustness in capturing the intricacies of vibroacoustic
interactions [2,3].

The generalized symmetric eigenproblems were solved by a sparse shift-invert Lanczos
method targeting the lowest part of the spectrum; the factorization of the shifted stiffness
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pencil is Cholesky. Convergence is assessed on relative residual norms of the computed Ritz
pairs. Results are reproducible from the element orders, quadrature, boundary conditions,
and mesh partitions explicitly stated in the tables and captions; absolute timings are
implementation- and hardware-dependent and are therefore not reported here.

2.1. Kinematic Assumptions

In the proposed formulation, the kinematic assumptions form the cornerstone for de-
coupling the complex spatial behavior of the system into more manageable one-dimensional
and two-dimensional components. Central to this approach are high-order polynomial
expansions that separately approximate the in-plane (i.e., cross-sectional) and through-
thickness variations of both the structural displacement and acoustic pressure fields.
By leveraging such tailored expansions, CUF enables a significant reduction in the overall
degrees of freedom without compromising the fidelity of the dynamic response prediction.
High-order and complex-curvature mode shapes, especially in rotating or multi-component
assemblies such as wind turbine blades, demand a formulation capable of accurately cap-
turing both local deformation and mode coupling [28]. Such phenomena underscore the
necessity of high-fidelity modeling approaches, such as the CUF-based method proposed
here, to resolve coupled multi-physics interactions across a wide frequency range.

The high-order shape functions are computed using one-dimensional Lagrange in-
terpolation formulas, which are then combined in a tensor-product fashion to build three-
dimensional shape functions. The resulting formulation naturally enforces compatibility
between the structural displacement and acoustic pressure fields at the fluid–structure
interface. By systematically decoupling the spatial variables, the formulation facilitates a
robust modal analysis and provides a unified framework that can be extended to encom-
pass nonlinearities and transient phenomena. This kinematic strategy has its foundations
in seminal work by Carrera and colleagues [1] and is validated by numerous studies on
structural vibrations and wave propagation in complex media.

2.1.1. Structural Displacement Field

In this formulation, the structural displacement field is rigorously discretized by
decoupling the cross-sectional and through-thickness behaviors. Under the assumption of
linear elasticity, the displacement vector

u(x, y, z, ω) =

u(x, y, z, ω)

v(x, y, z, ω)

w(x, y, z, ω)

 (1)

is expressed as a separated expansion. In the framework of the Carrera Unified Formula-
tion, the 3D displacement field u(x, y, z) is written as a general expansion of the primary
unknowns that, in the case of a beam, is reported in Equation (2):

u(x, y, z) = Fτ(x, z)uτ(y), τ = 0, 1, ..., N, (2)

in which Fτ represents a set of cross-section expansion functions, uτ indicates the gener-
alized displacement vector depending on the y coordinate, N is the order of expansion
in the thickness direction and the repeated index τ denotes summation. The expansion
functions can be chosen based on the specific requirements of the problem. In the present
work, Lagrange polynomials [29], from now on indicated by “LE”, are assumed for the
expansion functions Fτ ; in this case, the unknown variables are pure displacements. Ac-
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cording to FEM, the generalized displacement vector uτ is approximated based on the FE
nodal parameters qτi and shape functions Ni as reported in Equation (3):

uτ(y) = Ni(y)qτi, i = 1, 2, ..., nel , (3)

in which Ni are the ith shape functions, qτi represents the unknown nodal variables, nel is
the number of nodes per element and i indicates summation. For a given number of nodes
np, the one-dimensional Lagrange basis functions are defined as

Li(x) =
np

∏
j=1
j ̸=i

x − xj

xi − xj
, i = 1, . . . , np, (4)

where xj denotes the jth nodal coordinate in the reference domain [−1, 1]. Their derivatives
are given by

dLi
dx

(x) =
np

∑
k=1
k ̸=i

 np

∏
j=1

j ̸=i,k

x − xj

xi − xj

 1
xi − xk

. (5)

These one-dimensional basis functions serve as the building blocks for the tensor-
product construction of the three-dimensional shape functions used in the CUF framework.
Cross-section (x, z) interpolation employs quadrilateral Lagrange elements: LE4 (bilinear,
degree 1), LE9 (biquadratic, degree 2), and LE16 (bicubic, degree 3). Through-thickness (y)
interpolation uses a 1D Lagrange polynomial of order B3 (quadratic, degree 2). Numerical
integration uses Gauss-Legendre quadrature with exactness for the polynomial degree
of the integrands: 2 × 2 points for LE4, 3 × 3 for LE9, 4 × 4 for LE16 in the cross-section,
and 3-point Gauss in the thickness (B3). This choice exactly integrates products of shape
functions and their derivatives up to the corresponding degrees.

The separated expansion strategy significantly reduces the computational burden by
limiting the degrees of freedom without sacrificing the resolution of local deformation
modes. Moreover, this method facilitates the integration of complex boundary and interface
conditions, particularly at the fluid–structure interface, where the displacement field must
seamlessly interact with the acoustic pressure field.

2.1.2. Acoustic Pressure Field

The acoustic pressure field is modeled with the same high-order precision as the
structural displacement field, albeit with modifications that account for the inherently
different physics of fluids. In this formulation, the pressure p(x, z, y) is approximated
by a separated expansion that decouples the cross-sectional behavior from the through-
thickness variation:

p(x, z, y) = Gτ(x, z)pτ(y), τ = 0, 1, ..., N, (6)

where Gτ(x, z) are the high-order cross-sectional shape functions and pτ(y) are the general-
ized pressure functions along the y-axis. This approach leverages polynomial expansions to
capture the pressure field’s spatial variability with high accuracy while keeping the number
of degrees of freedom to a minimum.

Analogous techniques for the structural field are employed, including evaluating
one-dimensional Lagrange polynomials and their tensor-product combinations to construct
three-dimensional shape functions. These functions are integrated over the fluid domain
using Gauss-Legendre quadrature, ensuring that the fluid’s stiffness and mass matrices
are assembled with high numerical precision. The fluid matrices are constructed using a
Helmholtz-like formulation, in which the inverse of the fluid density and the square of the
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wave speed play critical roles in the pressure-field scaling. This formulation aligns well
with the weak form of the Helmholtz equation, ensuring that the pressure field satisfies
the necessary acoustic boundary conditions, such as pressure-release boundaries (Dirichlet
pressure). In interior-cavity problems, pressure-release boundaries represent soft walls:
they reflect outgoing waves with a phase inversion and therefore do not absorb energy.
They are used to define finite acoustic subdomains (e.g., closed cavity faces) [30]. When
an open, effectively unbounded acoustic region is modeled, non-reflecting conditions
such as perfectly matched layers (PMLs) or impedance boundaries must be employed
instead. Those techniques are outside the present scope, which targets interior cavity-panel
eigenpairs [30].

Moreover, by decoupling the spatial dimensions, the CUF-based framework efficiently
bridges the gap between the fluid and structural domains. At the fluid–structure interface,
the continuity conditions between the pressure field and the normal component of the
structural displacement are rigorously enforced through dedicated coupling matrices. This
not only enhances the predictive accuracy of the coupled system but also ensures that the
fluid dynamics are robustly captured even in the presence of complex geometrical and
material discontinuities [31].

2.2. Governing Equations in the Frequency Domain

In the frequency domain, the dynamic behavior of the coupled fluid–structure sys-
tem is described by reformulating the governing equations into generalized eigenvalue
problems. Eigenmode relationships between shell vibration and acoustic modes can be
exploited to predict sound fields in structure–acoustic systems [32]. For the structural
domain, the equilibrium equations and corresponding constitutive laws are transformed
into a weak form through the principle of virtual work. This process results in a discretized
system characterized by the global stiffness matrix Kss and the mass matrix Mss. Con-
currently, the fluid domain is modeled using a Helmholtz-type formulation, in which the
pressure field is governed by an analogous weak form that yields a distinct set of global
matrices. These weak formulations are integrated using high-order numerical integration
techniques, such as Gauss-Legendre quadrature. This ensures that the high-order polyno-
mial expansions—employed in structural and acoustic discretizations—are integrated with
high accuracy. For the structural domain, the element stiffness matrix is computed as

Ke =
∫ 1

−1

∫ 1

−1

∫ 1

−1
BT(ξ, η, ζ)C B(ξ, η, ζ) |J(ξ, η, ζ)|w(ξ)w(η)w(ζ) dξ dη dζ, (7)

and the corresponding element mass matrix is given by

Me =
∫ 1

−1

∫ 1

−1

∫ 1

−1
NT(ξ, η, ζ)N(ξ, η, ζ) ρ |J(ξ, η, ζ)|w(ξ)w(η)w(ζ) dξ dη dζ. (8)

Here, B is the strain–displacement matrix, C is the constitutive matrix (with Lamé
constants for isotropic materials or the appropriate stiffness coefficients for orthotropic
ones), N is the shape function matrix, ρ is the material density, J is the Jacobian matrix of
the transformation from the reference element, and w(·) denotes the Gauss quadrature
weights. Similarly, for the fluid domain, the elemental acoustic matrices are defined as

Ke
f f =

∫ 1

−1

∫ 1

−1

∫ 1

−1
∇NT(ξ, η, ζ)∇N(ξ, η, ζ)

1
ρ f luid

|J(ξ, η, ζ)|w(ξ)w(η)w(ζ) dξ dη dζ, (9)

Me
f f =

∫ 1

−1

∫ 1

−1

∫ 1

−1
NT(ξ, η, ζ)N(ξ, η, ζ)

1
ρ f luidc2

f luid
|J(ξ, η, ζ)|w(ξ)w(η)w(ζ) dξ dη dζ, (10)



Aerospace 2025, 12, 994 7 of 28

where ρ f luid is the fluid density and c f luid is the speed of sound in the fluid. A key aspect
of this formulation is the rigorous treatment of the fluid–structure interface. Continuity
conditions, which enforce the compatibility of the structural displacement field with the
acoustic pressure gradient, introduce additional off-diagonal coupling matrices. These
matrices seamlessly integrate the fluid and structural responses into a unified global
system, yielding a block-structured eigenvalue problem that directly provides the natural
frequencies and mode shapes of the coupled system.

2.2.1. Structural Domain

In the structural domain, the dynamic behavior is governed by the balance of linear
momentum under the assumption of small deformations and linear elasticity. Starting
from the strong form of the equilibrium equations, the displacement field u(x, y, z, ω) is
cast into a weak form using the principle of virtual work. This procedure yields a set of
coupled equations in the frequency domain, which the generalized eigenvalue problem
can succinctly represent as

Kss û − ω2 Mss û = 0, (11)

where Kss and Mss denote the global stiffness and mass matrices, respectively, and û
is the vector of generalized nodal displacements. The high-order shape functions and
their derivatives, which are then used to formulate the strain–displacement matrix, are
integrated using Gauss-Legendre quadrature. The resultant global matrices incorporate
the contributions of all elements after appropriate assembly, thereby providing a robust
basis for solving the eigenvalue problem that reveals the system’s natural frequencies and
mode shapes.

2.2.2. Acoustic Domain

In the acoustic domain, the governing equations are derived from the linearized
acoustic wave equation under the assumption of harmonic time dependence. By assuming
the form p(x, y, z, t) = p̃(x, y, z)ejωt, the governing partial differential equation reduces to
the Helmholtz equation:

∇2 p̃ + k2 p̃ = 0, (12)

where k = ω/c represents the acoustic wavenumber and c denotes the fluid’s sound speed.
The corresponding weak formulation is obtained by multiplying the Helmholtz equation
by an appropriate test function w and integrating over the fluid domain Ω f :

∫
Ω f

∇w · ∇ p̃ dΩ f − k2
∫

Ω f

w p̃ dΩ f =
∫

Γq
w q̄ dΓq. (13)

where q̄ represents a prescribed acoustic flux (or normal derivative of the acoustic pressure)
applied on a boundary segment Γq. This weak formulation is then discretized using high-
order polynomial expansions that mirror the strategy adopted in the structural domain.
The acoustic shape functions and their gradients, assembled via tensor-product formula-
tions, facilitate the construction of the elemental acoustic stiffness matrix K f f and mass
matrix M f f with high numerical precision through Gauss-Legendre quadrature.

The resulting discrete system for the acoustic domain is expressed as a generalized
eigenvalue problem:

K f f p̂ − ω2 M f f p̂ = 0, (14)

where p̂ encapsulates the nodal pressure degrees of freedom. Accurate assembly of these
matrices is critical for capturing the fluid’s dynamic behavior, particularly when modeling
phenomena such as wave dispersion and resonant pressure modes.
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Appropriate boundary conditions are applied to the acoustic domain to mimic re-
alistic scenarios. For instance, pressure-release boundaries, which enforce p = 0 on the
outer boundaries, are typically implemented to damp outgoing waves and simulate an
unbounded fluid region. In other cases, Neumann-type (rigid) boundary conditions are
imposed, requiring that the normal derivative of the pressure vanish. The flexibility in
imposing these conditions enables the framework to simulate a range of practical applica-
tions accurately.

Furthermore, integrating the acoustic formulation within the CUF framework enables
seamless coupling with the structural domain. The resulting off-diagonal coupling matrices
are computed to ensure continuity of the pressure field and the normal component of
structural displacements at the fluid–structure interface. This unified approach is vali-
dated against benchmark studies and commercial solvers, underscoring its robustness in
modeling complex fluid–structure interactions.

2.3. Fluid–Structure Coupling

The fluid–structure coupling represents a pivotal aspect of the overall formulation,
capturing the intricate interplay between the acoustic and structural fields. In the frequency
domain, this coupling is achieved by rigorously enforcing interface conditions that ensure
the continuity of the normal displacement and its corresponding stress components across
the fluid–structure interface. These conditions effectively link the structural displacement
field with the acoustic pressure gradient, unifying the two subdomains into a single, coher-
ent model. The fluid–structure coupling is enforced via the standard interface conditions:
continuity of normal acceleration and equilibrium of normal tractions. In the frequency
domain, these read

∂p
∂n

= −ρ f ω2n · u on Γs f , σn = −pn on Γs f , (15)

where u is the structural displacement, p the acoustic pressure, n the unit normal
(fluid→structure), ρ f the fluid density, and Γs f the interface. Their weak imposition leads
to the consistent, symmetric coupling blocks used herein. The above expressions are classi-
cal in displacement–pressure fluid–structure interaction (FSI) formulations for structural
acoustics [33]. In the assembled pencil K + ω2M, the coupling matrices arise from the
interface integrals. With standard finite-element shape functions Nu (structure) and Np

(fluid), and normal n, one obtains schematically

Ks f =
∫

Γs f

B⊤
σ nNpdΓ, K f s = K⊤

s f , M f s =
∫

Γs f

Npρ f nn⊤NudΓ. (16)

Here Ks f (and K f s) map pressure to structural tractions and have units of N/Pa, while
M f s maps structural normal acceleration to pressure and carries units of kg/m2 (entering
the ω2 block as in K + ω2M). Thus M f s is the inertial (acceleration-pressure) coupling

associated with ∂p
∂n = −ρ f ω2n · u.

These integrals ensure the continuity of the normal displacement and stress across
Γ f s. In the present approach, coupling is implemented by assembling off-diagonal matrices
that encapsulate the interaction terms. The routine computes the coupling contributions
with high numerical accuracy by integrating the product of the acoustic and structural
shape functions over the common interfaces using high-order Gauss-Legendre quadrature.
This meticulous assembly process ensures that the dynamic interactions at the interface are
faithfully represented in the global stiffness matrix.

The resultant block-structured eigenvalue problem, which couples the fluid and
structural subdomains, inherently accounts for the influence of the surrounding fluid on the
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structural vibrations and vice versa. Consequently, the coupled system exhibits modified
natural frequencies and mode shapes more representative of real-world vibroacoustic
phenomena. This enhanced predictive capability is critical for applications where subtle
fluid–structure interactions can significantly impact performance, such as in aerospace,
automotive, and civil engineering systems.

2.4. Assembly of the Final System

The culmination of the proposed formulation lies in the meticulous assembly of the
final global system, which integrates the discrete contributions from the structural and
acoustic domains and their mutual coupling. This stage systematically consolidates the
high-order stiffness and mass matrices—constructed via Gauss-Legendre quadrature and
high-order shape functions—into a block-structured eigenvalue problem that faithfully
represents the coupled vibroacoustic behavior.

In the structural domain, the global stiffness matrix Kss and mass matrix Mss are
assembled from elemental contributions. Similarly, for the fluid domain, the Helmholtz-
like formulation yields the acoustic matrices K f f and M f f , whose assembly mirrors that of
the structural matrices but accounts for the unique properties of the fluid medium. These
individual matrices are coupled via dedicated off-diagonal matrices that integrate the
interaction terms across the shared interfaces using high-order quadrature rules.

Once these subdomain matrices are established, the final global system is expressed in
a partitioned form as follows:[

Kss − ω2Mss Ks f

K f s K f f − ω2M f f

][
û
p̂

]
= 0, (17)

where û and p̂ represent the vectors of generalized nodal displacements and pressures,
respectively. In practice, this block-structured system encapsulates the intrinsic dynamic
behavior of each subdomain and the critical fluid–structure interactions that alter both the
natural frequencies and the corresponding mode shapes.

The implementation enforces boundary conditions by identifying and eliminating
constrained degrees of freedom before solving the eigenvalue problem. For instance,
clamped structural boundaries are rigorously enforced by constraining the relevant nodal
displacements, whereas acoustic boundaries are enforced via Dirichlet or Neumann con-
ditions. Under pure Neumann conditions, the continuous Helmholtz operator admits
a constant-pressure null mode at ω = 0. An initial σ estimation procedure is also em-
ployed—particularly in scenarios where rigid body modes may obscure the actual dynamic
response—to guide the eigenvalue solver toward the correct spectral region. Eigenpairs
are computed by shift-invert extraction about σ; the factorization of K − σ2M is per-
formed once per shift with a direct sparse solver, and the resulting subspace iteration
returns the requested portion of the spectrum. Furthermore, the assembly process includes
post-processing steps, such as Cholesky factorization of the mass matrix and subsequent
orthonormalization of the eigenvectors. This ensures that the computed modes are numeri-
cally robust and physically meaningful.

3. Model Description
This section delineates the model’s geometric configuration, material properties,

and boundary conditions employed to validate the proposed coupled vibroacoustic for-
mulation. The structural domain consists of an aluminum rectangular plate with a cross-
sectional layout in the x-z plane and a thickness development along the y axis. Specifically,
the plate has dimensions of Lx = 15 cm, Ly = 1 cm, and Lz = 10 cm. The structural model
is configured for validation purposes with clamped boundary conditions along all edges
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in the x and z directions—namely, at x = 0, x = Lx, z = 0, and z = Lz. These constraints
effectively fix all three translational degrees of freedom at the boundaries, ensuring that the
modal analysis captures the plate’s inherent stiffness characteristics.

Complementing the structural domain, the fluid domain consists of two air volumes
that interface directly with the plate at its top and bottom surfaces (i.e., at y = 0 and y = Ly).
These air volumes share the same cross-sectional dimensions as the aluminum plate,
ensuring geometric consistency between the domains. The extension of the fluid domain
in the y direction is determined according to established guidelines for pressure-release
boundaries in acoustic and seismic simulations [3]. In practice, a fluid layer thickness of
about one wavelength is sufficient to attenuate outgoing waves effectively. Given that
the lowest eigenfrequency of the coupled system is approximately 2200 Hz, an air layer
thickness of 15 cm is selected to ensure realistic behavior of the pressure field before it
reaches the outer boundary, where Dirichlet-type conditions (i.e., p = 0) are enforced.
The observed smoother convergence when the fluid is included is attributed to the added-
mass effect and the spectral separation it induces in the coupled pencil. Accounting for
compressibility avoids non-negligible errors in pressure prediction for vibrating shells
interacting with air [34].

Material properties for the aluminum structure and the air are comprehensively
detailed in Table 1. Integrating these properties into the CUF framework provides a
robust representation of the coupled dynamics, as structural stiffness and mass, along with
acoustic parameters (e.g., speed of sound and density), are directly incorporated into the
global eigenvalue problem. Figure 1 offers a schematic illustration of the model domains,
providing a visual context for the geometric and boundary condition setup.

Table 1. Material properties of the structure (aluminum) and the fluid (air).

Property Aluminum Air

Young’s Modulus, E 70 GPa –
Poisson’s ratio, ν 0.33 –
Density, ρ 2700 kg/m3 1.2 kg/m3

Speed of sound, c – 343 m/s
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Figure 1. Schematic of the model domains; the aluminum plate is green, while the air volumes
are gray.

The model description encapsulates a carefully calibrated representation of a coupled
fluid–structure system. By combining refined high-order FE techniques with judicious
choices in domain geometry and material parameters, the framework establishes a solid
foundation for validating the vibroacoustic formulation. Integrating theory, numerical
implementation, and physical modeling is critical for advancing the predictive capabilities
and computational efficiency of modern coupled analyses.

4. Formulation Validation
The validity of the proposed CUF-based formulation for coupled vibroacoustic modal

analysis is rigorously demonstrated through a series of numerical experiments bench-
marked against a reference FE model in Comsol Multiphysics 6.2. The Comsol model,
employing classical HEX8 elements, serves as a trusted baseline for assessing the high-order
formulation’s accuracy and computational efficiency.

A comprehensive cross-section mesh-refinement study is conducted to assess the
convergence characteristics of the proposed method. To this aim, the node spacing along
the thickness direction is fixed to 5 mm: in Comsol, such seeding results in 2 and 30
first-order elements in the structure and fluid thicknesses, respectively; in CUF, it leads to
1 and 15 B3 elements in the structure and fluid thicknesses, respectively. Tables 2 and 3
summarize the evolution of the degrees of freedom and the corresponding eigenfrequencies
for the in vacuo and fully coupled fluid–structure Comsol models, respectively. As the
mesh is refined, the eigenfrequencies converge steadily, and the frequency shifts between
successive refinements diminish to negligible levels. Subsequently, three CUF models
are built, each with Lagrangian-type elements and different kinematic orders in the cross-
section (2D elements with 4, 9, or 16 nodes). For each of these models, a cross-section
mesh-convergence analysis is performed, with the results shown in Tables 4–9.



Aerospace 2025, 12, 994 12 of 28

Table 2. Mesh convergence analysis for the Comsol in vacuo structural model. Aluminum material,
clamped structural and pressure-release fluid boundary conditions. The average frequency shifts
between subsequent mesh refinements are equal to −14.34%, −3.32%, and −0.67%, respectively.

Cross-section elements (number) 12 40 150 600

Cross-section elements (max. dim. [mm]) 40 20 10 5

Aspect ratio (cross-section/thickness) 4 2 1 0.5

Degrees of Freedom 579 1647 5565 21,015

Eigenfrequencies [Hz]

7081 6436 6285 6239
11,128 9632 9432 9373
18,496 14,858 14,310 14,188
19,121 14,930 14,472 14,381
21,448 17,513 16,902 16,777
23,623 21,759 20,940 20,791
27,775 21,909 21,173 21,033
27,990 23,423 23,365 23,347
28,761 26,919 25,002 24,741
30,893 28,039 26,898 26,717

Table 3. Mesh convergence analysis for the Comsol coupled fluid–structure model. Aluminum
material, clamped structural and pressure-release fluid boundary conditions. The average frequency
shifts between subsequent mesh refinements are equal to −0.10%, −0.01%, and 0.00%, respectively.

Cross-section elements (number) 12 40 150 600

Cross-section elements (max. dim. [mm]) 40 20 10 5

Aspect ratio (cross-section/thickness) 4 2 1 0.5

Degrees of Freedom 8265 24,461 84,987 326,137

Eigenfrequencies [Hz]

2141 2140 2140 2140
2142 2140 2140 2140
2684 2683 2683 2683
2684 2683 2683 2683
2924 2917 2917 2917
2924 2917 2917 2917
3342 3336 3335 3335
3342 3336 3335 3335
3527 3526 3526 3526
3527 3526 3526 3526
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Table 4. Mesh convergence analysis for the CUF LE4B3 in vacuo structural model (LE4/LE9/LE16
denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes quadratic 1D
thickness interpolation). Aluminum material, clamped structural and pressure-release fluid boundary
conditions. The average frequency shifts between subsequent mesh refinements are equal to −18.85%,
−8.78%, and −2.89%, respectively.

Cross-section elements (number) 40 150 600 2400

Cross-section elements (max. dim. [mm]) 20 10 5 2.5

Aspect ratio (cross-section/thickness) 2 1 0.5 0.25

Degrees of Freedom 486 1584 5859 22,509

Eigenfrequencies [Hz]

9425 7220 6533 6337
13,688 10,741 9794 9530
22,235 16,861 15,059 14,519
23,845 17,028 15,143 14,679
24,017 19,556 17,661 17,144
26,179 23,563 22,095 21,324
29,711 24,285 22,124 21,507
31,829 25,176 23,407 23,360
32,485 28,649 26,645 25,498
34,865 30,949 28,203 27,391

Table 5. Mesh convergence analysis for the CUF LE4B3 coupled fluid–structure model
(LE4/LE9/LE16 denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes
quadratic 1D thickness interpolation). Aluminum material, clamped structural and pressure-release
fluid boundary conditions. The average frequency shifts between subsequent mesh refinements are
equal to −0.92%, −0.25%, and −0.07%, respectively.

Cross-section elements (number) 40 150 600 2400

Cross-section elements (max. dim. [mm]) 20 10 5 2.5

Aspect ratio (cross-section/thickness) 2 1 0.5 0.25

Degrees of Freedom 3834 12,496 46,221 177,571

Eigenfrequencies [Hz]

2166 2146 2141 2139
2703 2687 2683 2682
2703 2687 2683 2682
2978 2932 2919 2916
2978 2932 2919 2916
3389 3348 3337 3334
3389 3349 3337 3334
3540 3528 3525 3524
3540 3528 3525 3524
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Table 6. Mesh convergence analysis for the CUF LE9B3 in vacuo structural model (LE4/LE9/LE16
denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes quadratic 1D
thickness interpolation). Aluminum material, clamped structural and pressure-release fluid boundary
conditions. The average frequency shifts between subsequent mesh refinements are equal to −11.97%
and −2.65%, respectively.

Cross-section elements (number) 12 40 150

Cross-section elements (max. dim. [mm]) 40 20 10

Aspect ratio (cross-section/thickness) 4 2 1

Degrees of Freedom 567 1683 5859

Eigenfrequencies [Hz]

6915 6425 6306
10,615 9638 9485
18,355 14,901 14,430
18,674 14,959 14,592
20,692 17,547 17,063
23,582 21,865 21,173
26,248 21,925 21,409
26,255 23,417 23,362
28,705 27,011 25,318
30,789 28,003 27,249

Table 7. Mesh convergence analysis for the CUF LE9B3 coupled fluid–structure model (LE4/
LE9/LE16 denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes
quadratic 1D thickness interpolation). Aluminum material, clamped structural and pressure-release
fluid boundary conditions. The average frequency shifts between subsequent mesh refinements are
equal to −0.10% and −0.01%, respectively.

Cross-section elements (number) 12 40 150

Cross-section elements (max. dim. [mm]) 40 20 10

Aspect ratio (cross-section/thickness) 4 2 1

Degrees of Freedom 4473 13,277 46,221

Eigenfrequencies [Hz]

2140 2139 2139
2140 2139 2139
2682 2681 2681
2682 2681 2681
2922 2915 2915
2922 2916 2915
3340 3334 3333
3340 3334 3333
3525 3524 3524
3525 3524 3524
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Table 8. Mesh convergence analysis for the CUF LE16B3 in vacuo structural model (LE4/LE9/LE16
denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes quadratic 1D
thickness interpolation). Aluminum material, clamped structural and pressure-release fluid boundary
conditions. The average frequency shifts between subsequent mesh refinements are equal to −1.74%
and −0.37%, respectively.

Cross-section elements (number) 12 40 150

Cross-section elements (max. dim. [mm]) 40 20 10

Aspect ratio (cross-section/thickness) 4 2 1

Degrees of Freedom 1170 3600 12,834

Eigenfrequencies [Hz]

6361 6306 6276
9564 9482 9447

14,582 14,418 14,348
14,747 14,578 14,531
17,222 17,052 16,982
21,618 21,133 21,066
22,026 21,394 21,321
23,414 23,361 23,346
26,407 25,273 25,131
27,983 27,216 27,132

Table 9. Mesh convergence analysis for the CUF LE16B3 coupled fluid–structure model
(LE4/LE9/LE16 denote bilinear/biquadratic/bicubic quadrilateral cross-section elements; B3 denotes
quadratic 1D thickness interpolation). Aluminum material, clamped structural and pressure-release
fluid boundary conditions. The average frequency shift between subsequent mesh refinements is
0.00%.

Cross-section elements (number) 12 40 150

Cross-section elements (max. dim. [mm]) 40 20 10

Aspect ratio (cross-section/thickness) 4 2 1

Degrees of Freedom 9230 28,400 101,246

Eigenfrequencies [Hz]

2139 2139 2139
2139 2139 2139
2681 2681 2681
2681 2681 2681
2915 2915 2915
2915 2915 2915
3333 3333 3333
3333 3333 3333
3524 3524 3524
3524 3524 3524

It is clear that the mesh converge is reached in a smoother manner for the coupled
fluid–structure analyses rather than for the in vacuo structural ones, probably due to the
surrounding fluid damping effect. Therefore, to identify the convergent discretizations for
each FE theory, in vacuo results are considered. In this analysis, convergence results are
obtained as percentage error, computed as:

error [%] =
mi+1 − mi

mi
(18)
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where:

• mi+1 is the target performance (i.e., an eigenfrequency) obtained with a finer mesh;
• mi is the target performance (i.e., an eigenfrequency) obtained with a coarser mesh.

Convergence is claimed when successive refinements produce relative changes below
±5% on the target eigenfrequencies [35,36]; this is consistent with industry practice in
frequency-domain FE analyses (see, e.g., ANSYS guidance for modal accuracy [37]) and
aligns with verification principles whereby mesh-induced numerical uncertainty is reduced
to within acceptable engineering tolerance. The values reported in Tables 2–9 satisfy this
criterion, with frequency drifts decreasing monotonically across refinements. On this
basis, the Comsol model converges with 5565 structural DoFs, 84,987 total DoFs, and
150 cross-section elements; the CUF LE4B3 model converges with 22,509 structural DoFs,
177,571 total DoFs, and 2400 cross-section elements; the CUF LE9B3 model converges with
5859 structural DoFs, 46,221 total DoFs, and 150 cross-section elements; the CUF LE16B3
model converges with 3600 structural DoFs, 28,400 total DoFs, and 40 cross-section elements.
This convergence behavior not only validates the accuracy of the CUF approach but, when
adopting high-order kinematics, also highlights its ability to achieve high precision with
a substantially reduced number of degrees of freedom compared to traditional full three-
dimensional discretizations [1,2].

The comparison results of each analyzed convergent model, with clamped structural
and pressure-release fluid boundary conditions, numerically validating the proposed CUF
implementation for coupled vibroacoustic modal analysis, are shown in Table 10. After-
wards, to demonstrate a generalized applicability of the formulation proposed herein, some
configurations with different properties are considered: results related to the same coupled
model, but with only the plane at x = 0 cm structurally clamped, thus leading to a classical
cantilever configuration, are reported in Table 11. Furthermore, Table 12 presents results re-
lated to clamped structural and rigid fluid boundary conditions. Finally, considering again
the initial clamped structural and pressure-release fluid boundary conditions, Table 13
presents a comparison of results obtained, rather than for an aluminum isotropic structure,
for an unidirectional carbon fiber plate, numerically modeled as an equivalent orthotropic
layer, with density equal to 1600 kg/m3, fiber principal direction along x-axis, and whose
elastic properties are reported in Table 14.

Table 10. Comparison of eigenfrequencies between Comsol and CUF, concerning the coupled
(displacement–pressure) model. Aluminum material, clamped structural and pressure-release fluid
boundary conditions. The average frequency shifts compared to Comsol Multiphysics 6.2 are equal
to −0.04%, −0.06%, and −0.06%, respectively.

Approach Comsol LE4B3 LE9B3 LE16B3

Degrees of Freedom 84,987 177,571 46,221 28,400

Eigenfrequencies [Hz]

2140 2139 2139 2139
2140 2139 2139 2139
2683 2682 2681 2681
2683 2682 2681 2681
2917 2916 2915 2915
2917 2916 2915 2915
3335 3334 3333 3333
3335 3334 3333 3333
3526 3524 3524 3524
3526 3524 3524 3524
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Table 11. Comparison of eigenfrequencies between Comsol and CUF, concerning the coupled
(displacement–pressure) model. Aluminum material, cantilever structural and pressure-release fluid
boundary conditions. The average frequency shifts compared to Comsol Multiphysics 6.2 are equal
to 0.22%, −0.01%, and −0.01%, respectively.

Approach Comsol LE4B3 LE9B3 LE16B3

Degrees of Freedom 84,987 177,571 46,221 28,400

Eigenfrequencies [Hz]

378 382 378 378
1211 1215 1214 1214
2139 2138 2137 2137
2140 2139 2139 2139
2302 2327 2303 2303
2683 2682 2681 2681
2684 2683 2683 2683
2865 2862 2863 2863
2917 2916 2915 2915
2917 2916 2915 2915

Table 12. Comparison of eigenfrequencies between Comsol and CUF, concerning the coupled
(displacement–pressure) model. Aluminum material, clamped structural and rigid fluid bound-
ary conditions. The average frequency shifts compared to Comsol Multiphysics 6.2 are all equal
to −0.07%.

Approach Comsol LE4B3 LE9B3 LE16B3

Degrees of Freedom 84,987 177,571 46,221 28,400

Eigenfrequencies [Hz]

0 0 0 0
0 0 0 0

1144 1143 1143 1143
1144 1143 1143 1143
1144 1143 1143 1143
1144 1144 1143 1143
1618 1617 1617 1617
1618 1617 1617 1617
1716 1715 1715 1715
1716 1716 1715 1715

Table 13. Comparison of eigenfrequencies between Comsol and CUF, concerning the coupled
(displacement–pressure) model. Unidirectional carbon fiber material, clamped structural and
pressure-release fluid boundary conditions. The average frequency shifts compared to Comsol
Multiphysics 6.2 are equal to −0.04%, −0.06%, and −0.06%, respectively.

Approach Comsol LE4B3 LE9B3 LE16B3

Degrees of Freedom 84,987 177,571 46,221 28,400

Eigenfrequencies [Hz]

2140 2139 2139 2139
2140 2139 2139 2139
2682 2681 2681 2681
2683 2682 2681 2681
2917 2916 2915 2915
2917 2916 2915 2915
3335 3334 3333 3333
3335 3334 3333 3333
3524 3523 3523 3523
3526 3524 3524 3524
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Table 14. Material properties of the unidirectional carbon fiber structure, modeled as an equivalent
orthotropic layer.

Young Modulus [Pa]

E11 E22 E33

1.35 × 1011 1.00 × 1010 1.00 × 1010

Shear Modulus [Pa]

G12 G13 G23

5.00 × 1009 5.00 × 1009 3.60 × 1009

Poisson Ratio

ν12 ν13 ν23

0.3 0.3 0.39

Subsequently, a more convoluted multi-layered model is introduced, representing a
sandwich-like package that, in its in vacuo configuration, is constituted by two clamped
aluminum structural plates (whose material and geometrical properties are the same of the
single one analyzed so far) encapsulating a water fluid volume (ρ f luid = 997 kg/m3 and
c f luid = 1481 m/s) with a thickness equal to Ly = 5 cm subdivided into five B3 elements,
and having rigid lateral boundary conditions, represented in Figure 2. It should be noted
that, since the correspondent in vacuo model involves two identical aluminum plates that
are not in contact, the modal behavior of such a configuration is exactly the same of one
of these two structures, taken independently. The comparison results of the convergent
models with different structural theories are shown in Table 15.

Figure 2. Schematic of the sandwich-like model domains; the aluminum plates are green, while the
water volume is represented with a realistic texture.
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Table 15. Comparison of eigenfrequencies between Comsol and CUF, concerning the coupled
(displacement–pressure) multi-layered model. Aluminum structures with clamped boundary condi-
tions, internal water with rigid fluid boundary conditions. The average frequency shifts compared to
Comsol Multiphysics 6.2 are equal to −1.01%, 0.00%, and 0.33%, respectively.

Approach Comsol LE4B3 LE9B3 LE16B3

Degrees of Freedom 24,801 72,529 18,879 11,600

Eigenfrequencies [Hz]

0 0 0 0
3973 3996 3982 3982
4687 4741 4704 4704
6507 6418 6561 6521
6581 7092 6595 6593
7179 8085 7206 7217
8217 8085 8241 8234
9138 8605 9001 9171
9899 9130 9685 9928

10,699 9130 10,846 10,766

Overall, the extensive validation of the formulation against both commercial solvers
and a variety of boundary and material conditions substantiates the efficacy of the CUF-
based approach. The high-order discretization, coupled with efficient numerical integration
and a rigorous treatment of interface conditions, ensures that the method is not only
computationally efficient but also capable of accurately predicting the dynamic behavior of
complex coupled systems.

5. Results and Discussion
In this section, the performance of the proposed CUF-based formulation is scrutinized

through a detailed analysis of coupled vibroacoustic behavior using the CUF LE9B3 ap-
proach. These numerical analyses focus on comparing the in vacuo (displacement-only) and
coupled (displacement–pressure) models under various boundary and material conditions,
thereby providing comprehensive insight into the complex fluid–structure interactions.

Firstly, Table 16 reports a comparison of the first ten eigenfrequencies between in vacuo
(displacement) and coupled (displacement–pressure) models, considering an aluminum
plate with clamped structural and pressure-release fluid boundary conditions, whose modal
shapes are shown side-by-side in Figure 3. Moreover, Tables 17–20 and Figures 4–7 present
the first ten eigenfrequencies between in vacuo (displacement) and coupled (displacement–
pressure) models with their modal shapes, respectively, for the same other configurations
described in Section 4.
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Table 16. Comparison of eigenfrequencies between in vacuo (displacement) and coupled
(displacement–pressure) CUF LE9B3 models. Aluminum material, clamped structural and pressure-
release fluid boundary conditions. Multiple (nearly) coincident frequencies stem from geometric
symmetries yielding mode multiplicities.

In vacuo Coupled

Degrees of Freedom 5859 46,221

Eigenfrequencies [Hz]

6306 2139
9485 2139

14,430 2681
14,592 2681
17,063 2915
21,173 2915
21,409 3333
23,362 3333
25,318 3524
27,249 3524

(a) (b) (c)

(d) (e) (f)

Figure 3. Comparison of the first three non-rigid modal shapes between in vacuo (displacement) and
coupled (displacement–pressure) models. Deformation of the structure is scaled to enhance visual
comparison across all subfigures. Aluminum material, clamped structural and pressure-release fluid
boundary conditions. (a) 1st modal shape of the in vacuo model, 6306 Hz. (b) 2nd modal shape of the
in vacuo model, 9485 Hz. (c) 3rd modal shape of the in vacuo model, 14,430 Hz. (d) 1st modal shape
of the coupled model, 2139 Hz. (e) 2nd modal shape of the coupled model, 2139 Hz. (f) 3rd modal
shape of the coupled model, 2681 Hz.
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Table 17. Comparison of eigenfrequencies between in vacuo (displacement) and coupled
(displacement–pressure) CUF LE9B3 models. Aluminum material, cantilever structural and pressure-
release fluid boundary conditions. Multiple (nearly) coincident frequencies stem from geometric
symmetries yielding mode multiplicities.

In vacuo Coupled

Degrees of Freedom 5859 46,221

Eigenfrequencies [Hz]

378 378
1214 1214
2303 2137
2863 2139
4047 2303
5589 2681
6451 2683
8088 2863
8560 2915
8564 2915

(a) (b) (c)

(d) (e) (f)

Figure 4. Comparison of the first three non-rigid modal shapes between in vacuo (displacement) and
coupled (displacement–pressure) models. Deformation of the structure is scaled to enhance visual
comparison across all subfigures. Aluminum material, cantilever structural and pressure-release
fluid boundary conditions. (a) 1st modal shape of the in vacuo model, 378 Hz. (b) 2nd modal shape of
the in vacuo model, 1214 Hz. (c) 3rd modal shape of the in vacuo model, 2303 Hz. (d) 1st modal shape
of the coupled model, 378 Hz. (e) 2nd modal shape of the coupled model, 1214 Hz. (f) 3rd modal
shape of the coupled model, 2137 Hz.



Aerospace 2025, 12, 994 22 of 28

Table 18. Comparison of eigenfrequencies between in vacuo (displacement) and coupled
(displacement–pressure) CUF LE9B3 models. Aluminum material, clamped structural and rigid fluid
boundary conditions. Multiple (nearly) coincident frequencies stem from geometric symmetries
yielding mode multiplicities.

In vacuo Coupled

Degrees of Freedom 5859 46,221

Eigenfrequencies [Hz]

6306 0
9485 0

14,430 1143
14,592 1143
17,063 1143
21,173 1143
21,409 1617
23,362 1617
25,318 1715
27,249 1715

(a) (b) (c)

(d) (e) (f)

Figure 5. Comparison of the first three non-rigid modal shapes between in vacuo (displacement) and
coupled (displacement–pressure) models. Deformation of the structure is scaled to enhance visual
comparison across all subfigures. Aluminum material, clamped structural and rigid fluid boundary
conditions. (a) 1st modal shape of the in vacuo model, 6306 Hz. (b) 2nd modal shape of the in vacuo
model, 9485 Hz. (c) 3rd modal shape of the in vacuo model, 14,430 Hz. (d) 3rd modal shape of the
coupled model, 1143 Hz. (e) 4th modal shape of the coupled model, 1143 Hz. (f) 5th modal shape of
the coupled model, 1143 Hz.
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Table 19. Comparison of eigenfrequencies between in vacuo (displacement) and coupled
(displacement–pressure) CUF LE9B3 models. Unidirectional carbon fiber material, clamped structural
and pressure-release fluid boundary conditions. Multiple (nearly) coincident frequencies stem from
geometric symmetries yielding mode multiplicities.

In vacuo Coupled

Degrees of Freedom 5859 46,221

Eigenfrequencies [Hz]

4349 2139
7437 2139
8540 2681

10,681 2681
12,259 2915
13,837 2915
13,875 3333
14,648 3333
15,396 3523
17,077 3524

(a) (b) (c)

(d) (e) (f)

Figure 6. Comparison of the first three non-rigid modal shapes between in vacuo (displacement)
and coupled (displacement–pressure) models. Deformation of the structure is scaled to enhance
visual comparison across all subfigures. Unidirectional carbon fiber material, clamped structural
and pressure-release fluid boundary conditions. (a) 1st modal shape of the in vacuo model, 4349 Hz.
(b) 2nd modal shape of the in vacuo model, 7437 Hz. (c) 3rd modal shape of the in vacuo model,
8540 Hz. (d) 1st modal shape of the coupled model, 2139 Hz. (e) 2nd modal shape of the coupled
model, 2139 Hz. (f) 3rd modal shape of the coupled model, 2681 Hz.
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Table 20. Comparison of eigenfrequencies between in vacuo (displacement) and coupled
(displacement–pressure) CUF LE9B3 models. Aluminum structures with clamped boundary condi-
tions, internal water with rigid fluid boundary conditions. Multiple (nearly) coincident frequencies
stem from geometric symmetries yielding mode multiplicities.

In vacuo Coupled

Degrees of Freedom 5859 18,879

Eigenfrequencies [Hz]

6306 0
9485 3982

14,430 4704
14,592 6561
17,063 6595
21,173 7206
21,409 8241
23,362 9001
25,318 9685
27,249 10,846

(a) (b) (c)

(d) (e) (f)

Figure 7. Comparison of the first three non-rigid modal shapes between in vacuo (displacement) and
coupled (displacement–pressure) models. Deformation of the structure is scaled to enhance visual
comparison across all subfigures. Aluminum structures with clamped boundary conditions, internal
water with rigid fluid boundary conditions. (a) 1st modal shape of the in vacuo model, 6306 Hz.
(b) 2nd modal shape of the in vacuo model, 9485 Hz. (c) 3rd modal shape of the in vacuo model,
14,430 Hz. (d) 2nd modal shape of the coupled model, 3982 Hz. (e) 3rd modal shape of the coupled
model, 4704 Hz. (f) 4th modal shape of the coupled model, 6561 Hz.

As expected, the surrounding fluid lowers the structural eigenfrequencies relative to
the in vacuo case and introduces additional resonance families characteristic of coupled
vibroacoustics. The lowest coupled modes reflect a balance between plate bending stiffness
and cavity compressibility. Predominantly structural modes show small pressure gradients;
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cavity-dominated modes show nearly uniform wall motion with strong pressure antinodes.
Mixed modes appear when the panel wavelength becomes comparable to the cavity acoustic
wavelength. The zero frequency reported for rigid-wall fluids is the expected Neumann-
Laplacian null mode with constant pressure. The results confirm the accuracy and efficiency
of the CUF-based formulation. High-order expansions reduce the degrees of freedom
needed for convergence relative to full three-dimensional meshes. Comparable evaluation
protocols appear in reinforced laminated shells and automotive composite panels [38,39].
This methods-oriented study is focused on interior cavity-panel eigenpairs and code-to-
code comparisons of eigenfrequencies and qualitative shapes; broader correlations based
on Modal Assurance Criterion (MAC) and additional boundary combinations are natural
extensions and will be addressed in follow-up work [40].

6. Conclusions and Future Perspectives
This work presents a robust, computationally efficient formulation for coupled vibroa-

coustic modal analysis based on the CUF method. The proposed approach successfully
decouples the complex three-dimensional behavior into manageable subproblems by lever-
aging high-order polynomial expansions in both the cross-sectional and thickness directions.
The resulting formulation yields accurate predictions of natural frequencies and mode
shapes for both the structural and acoustic fields and provides a unified framework for
capturing the intricate fluid–structure interactions observed in real-world applications.

The extensive validation against benchmark models, including comparisons with Com-
sol Multiphysics results, demonstrates that the CUF-based high-order FEM consistently con-
verges with substantially fewer degrees of freedom than traditional full three-dimensional
discretizations. Moreover, the implementation accommodates a variety of boundary con-
ditions and material models, from isotropic aluminum to equivalent orthotropic carbon
fiber configurations.

In addition to establishing the method’s accuracy and efficiency, the work highlights
several promising avenues for future research. First, nonlinear models of in-plane shear
damage in composites [41] can be integrated with the CUF framework to predict damage
evolution under operational conditions. Second, further investigation into the optimal
mapping and coupling degrees of freedom at the fluid–structure interface may lead to
improved computational performance and enhanced predictive capabilities, even through
the implementation of a fluid–structure coupling for layers having cross-section shape
functions based on Taylor polynomial expansions, which would greatly reduce the overall
DoFs. Integrating structural reliability software and advanced monitoring tools [42] may
further enhance the predictive capabilities of the CUF-based formulation. Furthermore,
integrating thermo-based fatigue life prediction methods, as reviewed by [43], may provide
additional insights into the durability of coupled systems under cyclic loading. Future
enhancements could integrate structural health monitoring procedures using artificial neu-
ral networks [44]. Future research could also benefit from integrating advanced machine
learning techniques for damage assessment in composite structures [45]. Moreover, incor-
porating data-driven approaches, such as machine learning techniques, with the high-order
CUF framework could enable real-time optimization and adaptive control of vibroacoustic
systems, opening new pathways for innovative materials and advanced structural health
monitoring [7,13]. Finally, the adoption of explainable artificial intelligence techniques for
creep life prediction, as discussed by [46], could be synergistically combined with the CUF
framework for real-time optimization. Recent efforts also highlight the promise of machine
learning and deep-learning-based methods for handling large-scale vibroacoustic data
sets, even in cases with low signal sparsity or high compression requirements [47]. These
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data-driven approaches could be integrated into the CUF-based formulation to enable
real-time reconstruction of responses and adaptive control in future implementations.

Overall, the proposed CUF-based formulation represents a significant advancement in
vibroacoustic analysis. Its ability to accurately and efficiently model coupled systems while
maintaining a high degree of flexibility regarding material and boundary condition speci-
fications lays a strong foundation for future developments. As computational demands
grow increasingly complex, this work presents a promising approach to addressing the
challenges of modern engineering design and analysis.
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