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Para-Kähler Immersions in Para-Kähler
Space Forms

Gianni Manno and Filippo Salis

Abstract. A classical problem addressed, among others, by Calabi, is
that to characterize non-isometric Kähler manifolds immersed in a finite-
dimensional Kähler space form. In this paper we address the same prob-
lem in the para-Kähler context and provide necessary and sufficient con-
ditions for the existence of para-Kähler immersions in para-Kähler space
forms. As a consequence, we prove that, in general, a local para-Kähler
immersion cannot be globally extended, even if it is defined on a simply
connected para-Kähler manifold. Finally, we classify para-Kähler immer-
sions between para-Kähler space forms.

Mathematics Subject Classification. 53C15, 53C42.

Keywords. para-Kähler immersion, para-Kähler space forms, Calabi’s di-
astasis, rigidity, global extendability.

1. Introduction

1.1. The Context and Description of the Problem

An almost para-complex manifold is a 2n-dimensional manifold M provided
with a field of endomorphisms T such that T 2 = 1, having eigenvalues 1 and
−1, whose associated eigendistributions are n-dimensional. If, furthermore,
such distributions are integrable, which is equivalent to requiring the vanishing
of the Nijenhuis tensor of T , an almost para-complex manifold is called a para-
complex manifold. A para-Kähler manifold is a para-complex manifold with a
pseudo-Riemannian metric g against which the field of endomorphism T is
parallel, or, equivalently, the 2-form ω = g (T (·), · ) is symplectic: in this case,
the aforementioned distributions give a couple of Lagrangian foliations. These
are important aspects for which para-Kähler geometry and, more in general,
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para-complex geometry is an area of research rather active, as evidenced by
lots of papers in this field. In this regard, the survey [5] shows a large spectrum
of applications of this geometry, mainly focused on actions of Lie groups on
the aforementioned manifolds, together with a historical introduction. One can
also consult [1–3] for further study and their bibliography for further readings.
For different applications, one can see [7] and references therein, where, among
other things, it was shown a direct relation between Lagrangian submanifolds
of para-Kähler manifolds and the Monge-Kantorovich mass transport problem.

The formal analogy with the Kähler geometry makes it possible to formu-
late problems also in the para-Kähler context by translating the original ones.
For instance, a classical problem in Kähler geometry is the characterization
of holomorphic and isometric immersion into complex space forms, i.e. into
Kähler manifolds of constant holomorphic sectional curvature (see [4] and for
a modern introduction to this subject [8]). In particular, Calabi provided in [4]
a distinguished function, called diastasis, whose Taylor’s expansion facilitated
the study of the aforementioned immersions, allowing the author to achieve
some remarkable results. The same problem can be formulated in the para-
Kähler case, i.e., to characterize para-holomorphic and isometric immersions,
called para-Kähler immersions, into para-Kähler space forms, i.e., para-Kähler
manifolds having constant para-holomorphic sectional curvature (namely the
para-complex counterpart of the holomorphic sectional curvature).

Since analyticity of holomorphic functions plays a key role in the afore-
mentioned Calabi’s work, his techniques cannot be applied in the considered
context. Indeed, even though its formal similarity with complex geometry,
para-complex geometry is quite different, since para-holomorphic functions
are not, in general, analytic but only C∞-smooth. Therefore, even if inspired
by the Calabi’s work, in order to achieve necessary and sufficient conditions for
the existence of local para-Kähler immersions into para-Kähler space forms,
we need to develop some different ideas, which we will explain more in details
in the next section.

1.2. Description of the Paper and Main Results

In Sect. 2, after recalling some fundamental aspects of para-complex geometry,
we introduce the diastasis function for para-Kähler manifolds inspired by a
Calabi’s idea. We end the section with the description of para-Kähler manifolds
of constant para-holomorphic curvature.

Section 3 is mainly devoted to find necessary and sufficient conditions
for the existence of para-Kähler immersions into para-Kähler space forms. In
particular, the main achievement of the Sect. 3.1 is Theorem 14 where, essen-
tially, we prove that, if it exists, a para-Kähler immersion is locally unique up
to an isometry of the ambient space. The example of para-Kähler manifold de-
scribed in Sect. 3.3 helps to better illustrate such local character of para-Kähler
immersions. Moreover, differently from the Kähler case, this example shows
that, in general, local para-Kähler immersions into para-Kähler space forms
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and defined on a simply connected manifold, cannot be globally extended. In
Sect. 3.2, taking into account the results obtained so far, we arrive to the main
achievements of the paper, i.e. Theorem 17. More precisely, we found algebraic
necessary and sufficient conditions for the existence of para-Kähler immersions
in para-Kähler space forms. Such conditions are expressed in terms of a suit-
able constructed function and its derivatives and, being algebraic, they can be
straightforwardly computed.

Finally, in Sect. 4, by means of the results obtained in the previous sec-
tions, we get a complete classification of para-Kähler immersions between para-
Kähler space forms.

Notation

A multi-index I = (i1, . . . , in) is an element of Nn and its length |I| is defined
as the number |I|:=

∑n
k=1 ik. If (x1, . . . , xn) are local coordinates, we define

the derivative operators ∂|I|
∂xI as follows:

∂|I|

∂xI
:=

∂|I|

∂xi1
1 · · · ∂xin

n

.

We fix a total order on Nn such that I0 = 0 ∈ Nn and |Ii| ≤ |Ii+1| for
any i ∈ N. This obviously induces a total order on the set of the aforemen-
tioned derivative operators ∂|I|

∂xI . Once a total order on Nn is fixed, one can
construct a bijection ι between any subset I ⊂ Nn with finite cardinality and
{1, . . . ,#I} ⊂ N preserving the total orders:

ι : I ∈ I −→ ι(I) ∈ {1, . . . ,#I}. (1)

2. Basics of Para-Complex Geometry

2.1. Para-Holomorphic Functions

The 2-dimensional algebra over R of para-complex numbers D is generated by
1 and τ , where

τ2 = 1 .

In analogy with the complex numbers, we are going to adopt the notation used
in [7]: each z ∈ D can be written as

z = x + τy ,

and we are going to refer to x and y as the real and imaginary part of z,
respectively. In analogy with the complex numbers, we define the conjugate of
z

z̄ = x − τy

and
|z|2 = zz̄ = x2 − y2.
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For later purposes, it is useful to introduce also another coordinate system on
D, described as follows. We switch the basis (1, τ) with (e, ē), where

e =
1
2

(1 − τ) , ē =
1
2

(1 + τ) ,

and we are going to say that (u, v) are null-coordinates of z if z = ue + vē.
Now we can translate on Dn what we said about D. In particular, for any

z, w ∈ Dn, we define

〈z, w〉 =
n∑

i=1

ziw̄i

and

‖z‖2:=
n∑

i=1

|zi|2.

Definition 1. A function

F : U ⊆ Dn −→ D

(z1, . . . , zn) 
−→ g(x1, y1, . . . , xn, yn) + τ h(x1, y1, . . . , xn, yn),

where zi = xi + τyi, is called para-holomorphic if and only if g and h are
smooth and

∂F

∂z̄i
:=

1
2

(
∂g

∂xi
− ∂h

∂yi

)

+
τ

2

(
∂h

∂xi
− ∂g

∂yi

)

= 0 (2)

for any 1 ≤ i ≤ n.

The number n stands for the “para-complex” dimension of Dn.
In analogy to the complex setting, the differential operator ∂

∂zi
is defined

by

∂F

∂zi
:=

(
∂F̄

∂z̄i

)

.

Remark 2. Let F : U ⊆ Dn → D be a para-holomorphic function. By consid-
ering the null-coordinates (ξ, η) = (ξ1, . . . , ξn, η1, . . . , ηn) on Dn and by writing
F as

F (ξ1e + η1ē, . . . , ξne + ηnē) = u(ξ1, η1, . . . , ξn, ηn) e + v(ξ1, η1, . . . , ξn, ηn) ē ,

where u and v are real functions on an open subset of R2n, we straightforwardly
get

∂F

∂z̄i
=

∂u

∂ηi
e +

∂v

∂ξi
ē .

Therefore, F is para-holomorphic if and only if u is independent of (η1, . . . , ηn)
and v is independent of (ξ1, . . . , ξn).
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Definition 3. A function
F : U ⊆ Dn −→ Dm

z = (z1, . . . , zn) 
−→
(
f1(z), . . . , fm(z)

)

is para-holomorphic if and only if each component fi is para-holomorphic.

2.2. Para-Kähler Manifolds, Diastasis and Para-Kähler Space Forms

The condition of integrability of almost para-complex structures, that we wrote
in the Introduction, is equivalent to the existence of a para-holomorphic atlas.
More precisely, we give the following definition.

Definition 4. A smooth manifold Mn of para-complex dimension n is called
para-complex if it admits an atlas of para-holomorphic coordinates (z1, . . . , zn),
such that the transition functions are para-holomorphic.

Differently from what we did in the Introduction, for our purposes, below
we define para-Kähler manifolds by introducing local potentials.

Definition 5. A para-Kähler manifold of para-complex dimension n is a para-
complex manifold M endowed with a symplectic form ω (called para-Kähler
form) such that, for any point p ∈ M , there exists an open neighborhood U � p
and a smooth function Φ : U → R (called para-Kähler potential) satisfying

ω|U =
τ

2
∂∂̄Φ:=

τ

2

n∑

i,j=1

∂2Φ
∂zi∂z̄j

dzi ∧ dz̄j .

Remark 6. To a given para-Kähler manifold (M,ω) of para-complex dimension
n it is associated a pseudo-Riemannian metric g on M . Indeed, if ω admits a
para-Kähler potential Φ in an open set U ⊂ M , the restriction of g to U can
be defined as the real part of

n∑

i,j=1

∂2Φ
∂zi∂z̄j

dzi ⊗ dz̄j .

Let U be an open subset of a para-Kähler manifold (M,ω), where it is
defined a local potential Φ. We assume that U can be covered by a system of
null-coordinates

(ξ, η) = (ξ1, . . . , ξn, η1, . . . , ηn).

Moreover, up to shrinking U , we can also assume that it splits as a product

U = Ω × Ω.

We define the diastasis function

D : U × U = Ω × Ω × Ω × Ω → R

as
D (ξ, η, ζ, λ) = Φ(ξ, η) − Φ(ζ, η) − Φ(ξ, λ) + Φ(ζ, λ). (3)
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Nevertheless, even if the previous definition is given in local coordinates, it
gives rise to a well defined function on a neighborhood of the diagonal of
M × M . More precisely, we have the following proposition.

Proposition 7. The diastasis function is a function defined in a neighborhood
of the diagonal of the product manifold M × M . In particular, it does not
depend on the choice of the para-Kähler potential.

Proof. Let (p, p) ∈ M ×M . Let Φ and Φ̃ be two local potentials defined on the
same open subset U � p of a para-Kähler manifold. By definition of potential
(see Definition 5) we have

∂∂̄(Φ − Φ̃) = 0,

namely, if we fix some null-coordinates (ξ, η) on U ,

∂2(Φ − Φ̃)
∂ξi∂ηj

= 0, ∀1 ≤ i, j ≤ n.

Hence, there exist two functions F, G ∈ C∞(Ω) such that

Φ̃(ξ, η) = Φ(ξ, η) + F (ξ) + G(η).

Our statement follows by the definition of diastasis function, see (3). �
Remark 8. Let (M,ω) be a para-Kähler manifold with local potential Φ, de-
fined on an open subset U ⊆ M . Then the function

Dp : U −→ R

q 
−→ D(p, q)

is also a local potential for (M,ω).

In complete analogy with the case of Kähler manifolds, one can define
the para-holomorphic sectional curvature (see for instance [6]) and, so, the
para-Kähler space forms.

Definition 9. A para-Kähler space form is a para-Kähler manifold with con-
stant para-holomorphic sectional curvature. We denote with SN

c an N -
dimensional simply connected para-complex manifold that can be endowed
with a para-Kähler form ωc whose associated pseudo-Riemannian metric gc is
complete and has constant para-holomorphic sectional curvature equal to c.

Proposition 10 ([6] Prop. 3.11). Two complete and simply connected para-
Kähler space forms with the same para-holomorphic sectional curvature are
para-holomorphically isometric.

By [6], we have that an open subset of a para-Kähler space form is para-
holomorphically isometric to an open subset of one of the subsequent models,
according to their (constant) para-holomorphic sectional curvature. Therefore,
since we mainly interested in local para-Kähler immersions into open subsets
of para-Káhler space forms, we are going to assume that

(
SN

c , ωc

)
is one of

the following models.
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Flat case: The model of the flat para-Kähler space

(
SN

0 , ω0

)
=

(
DN , τ∂∂̄‖z‖2

)
,

whose potential Φ reads in null-coordinates (ξ1, . . . , ξN , η1, . . . , ηN ) as

Φ = 4
N∑

i=1

ξiηi = D0(ξ, η), (4)

where D0 is defined in Remark 8, is an example of homogeneous space with
respect to its para-holomorphic isometry group. Such group consists of trans-
lations and D-unitary transformations z ∈ DN → Az ∈ DN , where A belongs
to the D-unitary group

UN (D) = {A ∈ DN,N | ‖Aw‖2 = ‖w‖2 ∀w ∈ DN}.

Non-Flat Cases: Similarly to the real and complex setting, the para-complex
projective space DPN can be defined as the quotient of

{Z ∈ DN+1 | ‖Z‖2 > 0}
under the equivalence relation given by Z ∼ W if and only if there exists
α ∈ D such that Z = αW with |α|2 > 0.

Our model of non-flat para-Kähler space form will be

(SN
c , ωc) =

(

DPN ,
4τ

c
∂∂̄ log ‖Z‖2

)

.

In null-coordinates (ξ1, . . . , ξN , η1, . . . , ηN ) of the affine chart Uα:={[Z0, . . . ,
ZN ] ∈ DPN | |Zα|2 �= 0}, where α = 1, . . . , n, i.e., ξie + ηiē = Zi

Zα
for any

i �= α, the potential Φ is equal to

Φ =
8
c

log

(

1 + 2
N∑

i=1

ξiηi

)

= D0(ξ, η). (5)

Since the action of UN+1(D) passes to the quotient, we can easily see that
these para-Kähler space forms are homogeneous with respect to the action of
their para-holomorphic isometry groups.

3. Para-Kähler Immersions and Full Para-Kähler Immersions in
Space Forms

Definition 11. Let (S, θ) and (M,ω) be two para-Kähler manifolds. A para-
Kähler immersion of (S, θ) into (M,ω) is a para-holomorphic immersion f :
S → M such that f∗(ω) = θ.

If h and g are, respectively, the pseudo-Riemannian metric associated to
θ and ω, then we also have that f∗(g) = h.
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Proposition 12 (Hereditary Property). Let (S, θ) and (M,ω) be two para-
Kähler manifolds and let

f : (S, θ) → (M,ω)

be a para-Kähler immersion. Let DS and DM be the diastasis functions of S
and M , respectively. If p ∈ S and if DS

p (cfr. Remark 8) is defined on an open
subset U � p of S, then

DS
p (q) = DM

f(p) (f(q)) , ∀q ∈ U.

Proof. If ΦS is a potential for (S, θ) around p and ΦM is a potential for (M,ω)
around f(p), then, by taking into account that f∗(ω) = θ, we have that

∂∂̄
(
ΦM ◦ f − ΦS

)
= 0.

Therefore, the statement of the proposition follows from the diastasis’ defini-
tion, see (3). �

Diastasis function, together with its properties, in particular the heredi-
tary one, will be used to characterize para-Kähler Einstein manifolds admitting
a para-Kähler immersion into a para-Kähler space form, following the ideas
present in [9–11].

3.1. Rigidity of Full Para-Kähler Immersions

In the Kähler case, a Kähler immersion of a Kähler manifold into a complex
space form is full if such space form has the smallest dimension. An important
property of such immersions is that their restriction to any open subset of the
Kähler manifold is still full. On the contrary, this property does not hold true
in the para-Kähler context. For this reason, we need to distinguish two kinds
of full para-Kähler immersions: weakly and strongly ones.

Definition 13. A para-Kähler immersion f : (Mn, ω) → (SN
c , ωc) is said to be

• weakly full if and only if (M,ω) does not admit a para-Kähler immersion
into any (SN∗

c , ωc) with N∗ < N ;
• strongly full if and only if the restriction of f to any open subset of M is

weakly full.

Indeed, the restriction of a weakly full immersion to an open subset might
be not weakly full (see the example described in Section 3.3).

Theorem 14 (Rigidity). Let f and g be two weakly full para-Kähler immersions
from an open subset U of a para-Káhler manifold (Mn, ω) into (SN1

c , ωc) and
(SN2

c , ωc), respectively. Let also assume that the diastasis function is defined on
U × U . Then, N1 = N2 and f differs from g for a para-holomorphic isometry
of the ambient space.
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Proof. We fix a para-holomorphic coordinate system

z = (z1, . . . , zn)

centred at an arbitrary chosen point p ∈ U . Let firstly consider the case c = 0.
Being SN

0 a homogeneous space with respect to the action of its para-
holomorphic isometry group, we can assume without loss generality that
f(p) = g(p) = 0. Since f and g are para-holomorphic, f(U), as well as g(U),
cannot be a real subspace of DN . Indeed, if f(z) = f(z) for any z, then f
would be a constant by (2).

We now choose s points p1, . . . , ps ∈ U different from p and we consider
s real constants αi such that

s∑

i=1

αif(pi) = 0,

from which
s∑

i,j=1

αiαjf(pi)f(pj) = 0.

In view of Proposition 12, by considering the definition of diastasis (3) and
by taking into account (4), we obtain that DU (pi, p) = ‖f(pi)‖2. Hence, the
previous equality can be written as

s∑

i=1

α2
i D

U (pi, p) +
∑

i<j

αiαj

(
DU (pi, p) + DU (pj , p) − DU (pi, pj)

)
= 0.

Then, it follows that the maximal number of linearly independent vectors f(pi)
depends only on the diastasis function, not on the immersion. Therefore, since
both immersions f and g are weakly full, the dimensions of the ambient spaces
need to be equal. Furthermore, in view again of Proposition 12, we have that

D
SN
0

f(p)(f(q)) = D
SN
0

g(p)(g(q)),

namely
‖f(q)‖2 = ‖g(q)‖2, ∀q ∈ U .

By considering that f(U) and g(U) span respectively two D-linear spaces hav-
ing the same dimension, then such immersions differ from each other for a
D-unitary transformation.

Now, let us consider the case c �= 0.
Being SN

c a homogeneous space with respect to the action of its para-
holomorphic isometry group, we can assume without loss generality that
f(p) = g(p) = [1 : 0 : . . . : 0] and that their images are contained in the
affine chart {[Z0, . . . , ZN ] ∈ DPN | Z0 �= 0}. Hence, our immersions can be
computed from

f̃ , g̃ : (Mn, ω) →
(

DN+1,
4τ

c
∂∂̄ log ‖Z‖2

)
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by considering the canonical projection. More precisely, in view of Proposition
12, by taking into account the definition of diastasis (3) and (5), we have that

DU (p, q) =
4
c

log

(
‖f̃(p)‖2 ‖f̃(q)‖2

∣
∣〈f̃(p), f̃(q)〉

∣
∣2

)

.

Our statement follows by considering very similar arguments we adopted
(above) in the proof for the flat case. �

In Sect. 3.3, it is described an example of para-Kähler manifold that
better illustrates the local character of para-Kähler immersions. To understand
this example, one needs only Proposition 15 below.

3.2. Characterization of Full Para-Kähler Immersions

To start with, below we give another application of Proposition 12, which will
be useful for characterizing weakly full para-Kähler immersions into a para-
Kähler space form of para-holomorphic curvature c ∈ R, through a suitable
function Hc of the diastasis.

If
f : (Mn, ω) → (SN

c , ωc), n ≤ N,

is a para-Kähler immersion reading locally as (cfr. Remark 2 and Definition 3)

f(ξ1e + η1ē, . . . , ξne + ηnē) = (u1(ξ)e + v1(η)ē, . . . , uN (ξ)e + vN (η)ē) , (6)

where (ξ, η) = (ξ1, . . . , ξn, η1, . . . , ηn) and (u, v) = (u1, . . . , uN , v1, . . . , vN ) are
null-coordinates on an open subset U = Ω × Ω ⊆ Mn and SN

c , respectively,
then we have

DMn

0 (ξe + ηē) = D
SN

c

f(0)(ue + vē).

Since, up to change of coordinates, we can assume that f(0) = 0, i.e., in
coordinates,

u(0) = 0, v(0) = 0, (7)
then we get, in view of (4) and (5), that

DMn

0 (ξe + ηē) =

{
4
∑N

i=1 ui(ξ)vi(η) if c = 0;
8
c log

(
1 + 2

∑N
i=1 ui(ξ)vi(η)

)
if c �= 0.

(8)

Therefore, the function Hc : U = Ω × Ω ⊆ Mn → R defined by

Hc(ξ, η):=

{
1
4DMn

0 (ξe + ηē) if c = 0;
1
2 exp

(
c
8DMn

0 (ξe + ηē)
)

− 1
2 if c �= 0,

(9)

reads as

Hc(ξ, η) =
N∑

α=1

uα(ξ)vα(η). (10)

Vice versa, given a para-Kähler manifold (Mn, ω), an arbitrary point p ∈
M and a system of null-coordinates (ξ, η) centered at p, whenever the condition
(10) holds true, with Hc defined by (9), there exists a neighborhood of p
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that can be para-Kähler immersed into (SN
c , ωc) via a para-Káhler immersion

reading as (6). In fact, being the diastasis function D0 a para-Kähler potential
(see Remark 8), we notice that

det
(

∂2Hc

∂ξi∂ηj
(0, 0)

)

1≤i,j≤n

�= 0.

Therefore, by taking into account (9), we get that the Jacobians of both
(u1, . . . , uN ) and (v1, . . . , vN ) need to have maximal rank in a neighborhood
of p. To sum up we have the following proposition.

Proposition 15. Let U be an open subset of para-Kähler manifold (Mn, ω)
where it is defined a system of null-coordinates (ξ, η). Then, there exists a
weakly full para-Kähler immersion f : (U, ω|U ) → (SN

c , ωc) if and only if the
function Hc defined by (9) reads as (10) with the smallest possible N .

Below, in Theorem 17, we provide some more practical criteria to verify
if the conditions of the previous proposition hold true. To this aim, we need
to introduce the following definition.

Definition 16. A generalized Wronskian of u1(ξ), . . . , uN (ξ) is any determinant
of the type

det

⎛

⎜
⎝

D0(u1) . . . D0(uN )
...

...
DN−1(u1) . . . DN−1(uN )

⎞

⎟
⎠ ,

where Dj denotes a partial derivative ∂|I|
∂ξI where |I| ≤ j. In particular, D0 = id.

A generalized r × r sub-Wronskian of u1, . . . , uN is a Wronskian of a sub-
set of u1, . . . , uN containing r elements. A point p where all the functions
{u1, . . . , uN} are defined, is said to be of order ord(p) ∈ N, if any r × r sub-
Wronskian vanishes at p for r > ord(p).

Theorem 17. Let p be a point of a para-Kähler manifold (Mn, ω). Let U =
Ω × Ω be a neighborhood of p where it is defined a system of null-coordinates
(ξ, η) centered at p. Let the diastasis function be defined on U × U . Then
necessary conditions for the existence of a weakly full para-Kähler immersion

f : (U, ω|U ) → (SN
c , ωc)

are the following:
There exist two sets I,J ⊂ Nn of multi-indices, containing 0 and having finite
cardinality, for which ∀K ∈ Nn there exist smooth functions aI

K , bJ
K : Ω → R,

where I ∈ I, J ∈ J , K ∈ Nn and two smooth functions a, b not identically
zero in a neighborhood of 0 with a(0) = b(0) = 0, such that

a(ξ)
∂|K|Hc

∂ξK
(ξ, η) +

∑

I∈I
aI

K(ξ)
∂|I|Hc

∂ξI
(ξ, η) ≡ 0 (11)
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and

b(η)
∂|K|Hc

∂ηK
(ξ, η) +

∑

J∈J
bJ
K(η)

∂|J|Hc

∂ηJ
(ξ, η) ≡ 0 (12)

where the function Hc is defined by (9). The above conditions are sufficient by
assuming that either

Ω′ =
{
ξ ∈ Ω | a(ξ) �= 0

}
, (13)

or
{
η ∈ Ω | b(η) �= 0

}
, is a connected open dense subset of Ω. This leads

actually to a strongly full para-Kähler immersion.

Proof. By differentiating (10), we get
⎛

⎜
⎜
⎜
⎝

D0(u1) . . . D0(uN )
...

...
DN−1(u1) . . . DN−1(uN )

Dj(u1) . . . Dj(uN )

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎝

v1

...
vN

⎞

⎟
⎠ =

⎛

⎜
⎜
⎜
⎝

D0(Hc)
...

DN−1(Hc)
Dj(Hc)

⎞

⎟
⎟
⎟
⎠

(14)

where the subscript j is arbitrary chosen in N. Since (14) can be seen as a
linear system in (v1, . . . , vN ), it follows, from its compatibility condition, that

det

⎛

⎜
⎜
⎜
⎝

D0(u1) . . . D0(uN ) D0(Hc)
...

...
...

DN−1(u1) . . . DN−1(uN ) DN−1(Hc)
Dj(u1) . . . Dj(uN ) Dj(Hc)

⎞

⎟
⎟
⎟
⎠

= 0 ∀(ξ, η) ∈ Ω × Ω.

(15)
We notice that the first row of (15) is equal to 0 at ξ = 0 by (7) and by
definition of Hc.

We have now to consider two cases: the first is when there exists a gener-
alized Wronskian which does not vanish identically on Ω and the second when
all generalized Wronskians vanish identically on Ω.
The case when there exists a generalized Wronskian which does not van-
ish identically on Ω. In this case, the condition (11) follows straightforwardly
from the Laplace’s expansion of (15) w.r.t. the last column, by suitably
choosing the operators D0, . . . ,DN−1 so that the corresponding Wronskian
of u1(ξ), . . . , uN (ξ) does not vanish identically on Ω.
The case when all generalized Wronskians vanish identically on Ω. Firstly,
we notice that we cannot have open subsets of Ω consisting only of zero-
order points. Indeed, if we assume the existence of a subset Ω̃ ⊆ Ω of such
type, all the restrictions of the function u1, . . . , uN to Ω̃ would be identically
zero. Being these functions the components of an immersion, we would get a
contradiction. Now, we pick a point p ∈ Ω of maximal order. Hence, up to
renaming the functions ui, we have

det

⎛

⎜
⎝

D0(u1) . . . D0(uord(p))
...

...
Dord(p)−1(u1) . . . Dord(p)−1(uord(p))

⎞

⎟
⎠ (p) �= 0.
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By taking into account the system
⎛

⎜
⎜
⎜
⎝

D0(u1) . . . D0(uN )
...

...
Dord(p)−1(u1) . . . Dord(p)−1(uN )

Dj(u1) . . . Dj(uN )

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎝

v1

...
vN

⎞

⎟
⎠ =

⎛

⎜
⎜
⎜
⎝

D0(Hc)
...

Dord(p)−1(Hc)
Dj(Hc)

⎞

⎟
⎟
⎟
⎠

,

where the subscript j is arbitrary chosen in N, we have, up to renaming ui,
that

det

⎛

⎜
⎜
⎜
⎜
⎝

D0(u1) . . . D0(uord(p)) D0(Hc)

.

..
.
..

.

..
Dord(p)−1(u1) . . . Dord(p)−1(uord(p)) Dord(p)−1(Hc)

Dj(u1) . . . Dj(uord(p)) Dj(Hc)

⎞

⎟
⎟
⎟
⎟
⎠

= 0 ∀(ξ, η) ∈ Ω × Ω.

The condition (11) follows from the Laplace’s expansion w.r.t. the last column
of the previous determinant.

With a similar reasoning, we get (12).
Now we prove that condition stated in the Theorem are also sufficient

under the hypothesis that Ω′, given by (13), be a connected open dense subset
of Ω. This will be done in several steps.

Step 1. To start with, in this step, we define a distinguished set of multi-indices
(that we are going to call I with slight abuse of notation), whose cardinality
is strictly related to the dimension of the ambient space form.

Let I =
⋃

i∈N Ii ⊆ Nn, where
• I0 = {I0},
• Ii+1 = Ii ∪ {Ii+1} if

∑

I∈Ii∪{Ii+1}
cI(ξ)

∂|I|Hc

∂ξI
(ξ, η) ≡ 0

holds true if and only if all the cI ∈ C∞(Ω) vanish identically on Ω.
Otherwise Ii+1 = Ii.

Therefore, in view of the conditions (11) and by construction, #I ∈ N. Let

N = #I.

Below we are going to show the existence of a strongly full para-Kähler im-
mersion

f : (Mn, ω) → (SN
c , ωc).

Step 2. In this step, we will study a particular system of first order PDEs whose
compatibility is strictly related to the existence of a para-Kähler immersion
(6).

We define ek ∈ Nn as follows:

ek = (0, . . . , 0, 1, 0 . . . , 0), where 1 is at the k-th position.
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The condition (11) reads in particular as

a(ξ)
∂|I|+1Hc

∂ξI+ek
(ξ, η) +

∑

J∈I
aJ

I+ek
(ξ)

∂|J|Hc

∂ξJ
(ξ, η) ≡ 0, (16)

for any I ∈ I and for 1 ≤ k ≤ n. The functions

Ak
J
I :=

aJ
I+ek

a

are defined on the open non-empty subset Ω′, see (13). Now we are going to
study the following system of first order PDEs,

∂UIJ

∂ξk
−

∑

L∈I
Ak

L
J UIL = 0 , k = 1, . . . , n , (17)

where UIJ are N2 unknown functions defined on Ω′, whose solutions will allow
us to prove that Hc reads as (10). This will be done in Step 3.

By recalling the definition (1) of ι, we can define the N × N matrices U
and Ak, for any k ∈ {1, . . . , n}, as the matrices whose entries are, respectively,
Uι(I)ι(J) and Ak

ι(I)
ι(J), where (I, J) ∈ I × I:

U =
(
Uι(I)ι(J)

)
, Ak =

(
Ak

ι(I)
ι(J)

)
. (18)

Keeping in mind this notation, system (17) assumes the more concise form:

∂U

∂ξk
− U · Ak = 0 , k = 1, . . . , n . (19)

We can successfully study the above system thanks to the following lemma,
that is a classical result coming from the Frobenius Theorem on the complete
integrability of vector distributions [12].

Lemma 18. Let ξ = (ξ1, . . . , ξn) be coordinates on a connected open subset W
and V = (V1, . . . , Vm), where Vi ∈ C∞(W), be a row vector. The following
Cauchy problem

⎧
⎨

⎩

∂V
∂ξk

+ V · Bk = 0

V (ξ0) = V0

(20)

where Bk =
(
Bk

i
j

)
with Bk

i
j ∈ C∞(W) and ξ0 ∈ W, such that the compatibility

conditions
∂Bh

∂ξk
+ Bh · Bk − ∂Bk

∂ξh
− Bk · Bh = 0 , ∀ k, h , (21)

are satisfied, admits a unique solution defined on W.
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Proof. We only notice that (20) is a Pfaffian system of m unknown functions
Vi and n independent variables ξk, i.e., any solution V = V (ξ) annihilates the
m differential 1-forms

ρi = dVi +
m∑

a=1

n∑

k=1

Bk
a
i Va dξk , i = 1, . . . , m .

The system {ρi = 0}i=1,...,m has constant maximal rank equal to m and, since
its (Frobenius) compatibility conditions

dρi =
m∑

j=1

ρij ∧ ρj , i = 1, . . . , m

where ρij are suitable 1-differential forms, are satisfied if and only if (21) holds,
the assertion of the lemma follows. �

Now, going back to system (17), since it is of type (20) (with some obvious
substitutions), in order to apply Lemma 18 to such system, we shall show that
its compatibility conditions are satisfied. To this aim, in view of (16), we have

∂

∂ξh

∂|I|+1H

∂ξI+ek
= −

∑

J∈I

∂Ak
J
I

∂ξh

∂|J|H
∂ξJ

−
∑

J∈I
Ak

J
I

∂|J|+1H

∂ξJ+eh

=
∑

J∈I

(

−∂Ak
J
I

∂ξh
+

∑

L∈I
Ak

L
I Ah

J
L

)
∂|J|H
∂ξJ

(22)

and
∂

∂ξk

∂|I|+1H

∂ξI+eh
=

∑

J∈I

(

−∂Ah
J
I

∂ξk
+

∑

L∈I
Ah

L
I Ak

J
L

)
∂|J|H
∂ξJ

. (23)

By subtracting (23) to (22) and by taking into account the construction of I,
we get

∂Ah
J
I

∂ξk
− ∂Ak

J
I

∂ξh
+

∑

L∈I
Ah

J
LAk

L
I −

∑

L∈I
Ak

J
LAh

L
I = 0 ,

that are exactly the compatibility conditions of system (17).
Let us adopt the notation (18)-(19). We underline that if a solution U =

U(ξ) of system (19) is such that det(U(ξ′)) �= 0 for some ξ′ ∈ Ω′ (see (13)),
then det(U(ξ)) �= 0 for all ξ ∈ Ω′. This follows from the following consideration.
If, by contradiction, there existed ξ0 ∈ Ω′ such that det(U(ξ0)) = 0, then it
would exist a (row) vector v �= 0 such that v·U(ξ0) = 0. Therefore, the function
v · U : ξ 
→ v · U(ξ) would be a solution of the following Cauchy problem

⎧
⎨

⎩

∂
∂ξk

(v · U) − (v · U) · Ak = 0

(v · U)(ξ0) = 0

implying, in view of Lemma 18, (v · U)(ξ) = 0 for all ξ ∈ Ω′, in particular
(v · U)(ξ′) = v · U(ξ′) = 0, leading to det(U(ξ′)) = 0, a contradiction.
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Step 3. In this step, we will show that the equality (10) holds true on Ω′ × Ω.
To this aim, we fix ξ0 ∈ Ω′ and a matrix U0 ∈ RN,N with detU0 �= 0.

Taking into account the last part of Step 2 and Lemma 18, there exists a unique
solution U = U(ξ), defined on Ω′, to system (19) such that U(ξ0) = U0. By
recalling the definition (1) of ι, if

vι(I) =
∑

J∈I
UIJ

∂|J|H
∂ξJ

, (24)

then ∂vι(I)

∂ξk
≡ 0 for any I ∈ I and for any 1 ≤ k ≤ n. In fact, by (16) and (17)

∂vι(I)

∂ξk
=

∑

J∈I

∂UIJ

∂ξk

∂|J|H
∂ξJ

+
∑

J∈I
UIJ

∂|J+1|H
∂ξJ+ek

=
∑

J∈I

∑

L∈I
Ak

L
J UIL

∂|J|H
∂ξJ

−
∑

J∈I

∑

L∈I
Ak

L
J UIL

∂|J|H
∂ξJ

= 0 .

Therefore, vι(I) = vι(I)(η) ∈ C∞(Ω) for any I ∈ I. Furthermore, we notice

that, by definition of Hc, we have ∂|J|Hc

∂ξJ (ξ, 0) = 0 for any J ∈ Nn and for any
ξ ∈ Ω. Hence, in view of (24), we have

vi(0) = 0, ∀i = 1 . . . , N.

Keeping in mind the notation (18) and let

u(ξ) = (1, 0, . . . , 0) · U−1

where (1, 0, . . . , 0) is a 1 × N matrix, we have, by construction,

N∑

i=1

ui(ξ)vi(η) = H(ξ, η), ∀(ξ, η) ∈ Ω′ × Ω. (25)

Step 4. In this step, we are going to extend (25) to Ω × Ω when the linear
closure of (v1, . . . , vN ) (Ω) has dimension N . Under such assumption, there
exist some η1, . . . , ηN ∈ Ω such that

det

⎛

⎜
⎝

v1(η1) . . . v1(ηN )
...

...
vN (η1) . . . vN (ηN )

⎞

⎟
⎠ �= 0.

By considering (25), we have

(u1, . . . , uN ) (ξ) =
(
Hc(ξ, η1), . . . , Hc(ξ, ηN )

)

×

⎛

⎜
⎝

v1(η1) . . . v1(ηN )
...

...
vN (η1) . . . vN (ηN )

⎞

⎟
⎠

−1

, ∀ξ ∈ Ω′.
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Therefore, u1, . . . , uN admit a smooth extension to Ω. Thus, we have that (25)
holds true on the whole Ω × Ω. Moreover, since Hc(0, η) ≡ 0 by construction,
we have that (u1, . . . , uN )(0) = 0.

Step 5. Finally, we show that the linear closure of (v1, . . . , vN ) (Ω) cannot have
dimension less than N . Indeed, if we assume by contradiction the existence of
some η1, . . . , ηρ ∈ Ω such that

rank

⎛

⎜
⎝

v1(η1) . . . v1(ηρ)
...

...
vN (η1) . . . vN (ηρ)

⎞

⎟
⎠ = ρ (26)

and

rank

⎛

⎜
⎝

v1(η1) . . . v1(ηρ) v1(η)
...

...
...

vN (η1) . . . vN (ηρ) vN (η)

⎞

⎟
⎠ = ρ, ∀η ∈ Ω, (27)

then, by considering the construction (24) of the functions v (recall that U is
an invertible matrix) and by taking into account (27), we have that

rank

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, η1) . . . ∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, ηρ) ∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, η)

.

.

.
.
.
.

.

.

.

∂
|IkN

|
Hc

∂ξ
IkN

(ξ, η1) . . . ∂
|IkN

|
Hc

∂ξ
IkN

(ξ, ηρ) ∂
|IkN

|
Hc

∂ξ
IkN

(ξ, η)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

= ρ, ∀η ∈ Ω, ∀ξ ∈ Ω
′
,

where I = {Ik1 , . . . , IkN
}. It follows that

det

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, η1) . . . ∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, ηρ) ∂
|Ik1

|
Hc

∂ξ
Ik1

(ξ, η)

.

.

.
.
.
.

.

.

.

∂
|Ikρ+1

|
Hc

∂ξ
Ikρ+1

(ξ, η1) . . . ∂
|Ikρ+1

|
Hc

∂ξ
Ikρ+1

(ξ, ηρ) ∂
|Ikρ+1

|
Hc

∂ξ
Ikρ+1

(ξ, η)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 0, ∀η ∈ Ω, ∀ξ ∈ Ω
′
.

By the Laplace’s expansion of the previous determinant w.r.t the last column,
we get

ρ+1∑

i=1

ci(ξ)
∂|Iki

|Hc

∂ξIki

(ξ, η) = 0, ∀(ξ, η) ∈ Ω′ × Ω,

where

ci : Ω → R

denotes the cofactor correspondent to i-th entry of the last column. By taking
into account (26) and (24), not all ci can be identically zero. Since we are
assuming that all the indices Iki

belong to I, we get a contradiction to the
construction of I, cfr. Step 1.



22 Page 18 of 24 G. Manno and F. Salis Results Math

Step 6.
We notice that the para-Kähler immersion obtained by means the previ-

ous steps is strongly full. In fact, with a reasoning similar the one adopted in
Step 5, we can prove that the dimension of the linear closure (v1, . . . , vN )(Ω̃)
is N for any open subset Ω̃ of Ω. Moreover, also the dimension of the linear
closure (u1, . . . , uN )(Ω̃) is N for any open subset Ω̃ of Ω. Indeed, by differenti-
ating (10) w.r.t. ξIk for any Ik ∈ I, we get a linear system whose compatibility
condition reads as

rank

⎛

⎜
⎜
⎜
⎜
⎝

∂
|Ik1

|
u1

∂ξ
Ik1

. . . ∂
|Ik1

|
uN

∂ξ
Ik1

...
...

∂
|IkN

|
u1

∂ξ
IkN

. . . ∂
|IkN

|
uN

∂ξ
IkN

⎞

⎟
⎟
⎟
⎟
⎠

= rank

⎛

⎜
⎜
⎜
⎜
⎝

∂
|Ik1

|
u1

∂ξ
Ik1

. . . ∂
|Ik1

|
uN

∂ξ
Ik1

∂
|Ik1

|
Hc

∂ξ
Ik1

...
...

...

∂
|IkN

|
u1

∂ξ
IkN

. . . ∂
|IkN

|
uN

∂ξ
IkN

∂
|IkN

|
Hc

∂ξ
IkN

⎞

⎟
⎟
⎟
⎟
⎠

on Ω × Ω.

Hence, if the left side of the previous equality is at most equal to ρ < N
on Ω̃ ⊂ Ω, then we have

det

⎛

⎜
⎜
⎜
⎝

∂
|Ik1

|
u1

∂ξ
Ik1

. . . ∂
|Ik1

|
uN

∂ξ
Ik1

∂
|Ik1

|
Hc

∂ξ
Ik1

...
...

...
∂

|Ikρ+1
|
u1

∂ξ
Ikρ+1

. . . ∂
|Ikρ+1

|
uN

∂ξ
Ikρ+1

∂
|Ikρ+1

|
Hc

∂ξ
Ikρ+1

⎞

⎟
⎟
⎟
⎠

= 0, ∀η ∈ Ω, ∀ξ ∈ Ω̃.

Since we can assume w.l.g. that not all the (ρ × ρ)-minors of the previous
matrix vanish identically on Ω̃, the Laplace’s expansion w.r.t. the last column
leads us to a contradiction to the construction of I, cfr. Step 1. �

To conclude, we provide an example of some para-Kähler metrics satis-
fying the connectedness and density conditions of (13).

Example 19. Let (ξ, η) = (ξ1, . . . , ξn, η1, . . . , ηn) be a system of null-
coordinates on an n-dimensional para-Kähler manifold, such that the restric-
tion D0(ξ, η) of its diastasis function to a neighborhood Ω×Ω of the center of
the coordinate system, is related (cfr. (9)) to the function Hc reading as

Hc(ξ, η) =
n∑

i=1

ξiηi +
(
ξ2
1 + . . . + ξ2

n

)h (
η2
1 + . . . + η2

n

)k
,

where h and k denote two arbitrary positive integer numbers. Via straightfor-
ward computations, we get that

(
η2
1 + . . . + η2

n

)k ∂|I|Hc

∂ηI
+ aI(η)

(
n∑

i=1

ηi
∂Hc

∂ηi
− Hc

)

= 0

holds true for any I ∈ Nn such that |I| ≥ 2 (after suitably choosing the smooth
functions aI : Ω → R). Therefore, the set Ω′, defined by (13), can be obtained
from Ω by removing only the projection on Ω of the center of the coordinates
system.
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3.3. On the Local Character and Global Extendability of Para-Kähler Immer-
sions

As proved by Calabi in [4], if an open subset of a connected Kähler manifold
can be holomorphically and isometrically immersed (i.e. Kähler immersed) into
a complex space form, then any point of such manifold admits a neighborhood
that can be Kähler immersed in the same ambient space. Moreover, any Kähler
immersion into a complex space form defined on an open subset of a simply
connected Kähler manifold can be extended to an immersion defined on the
whole manifold.

As the following example shows, such global aspects of local Kähler im-
mersions are not shared with their para-Kähler counterparts.

Indeed, below we are going to show that there exists a para-Kähler struc-
ture ω on D = D1 for which, for any point z0 ∈ D, there exist neighborhoods
of z0 covering D, such that they are weakly full para-Kähler immersed in flat
para-Kähler space forms of different dimensions. As a consequence, it turns out
that (D, ω) cannot be globally para-Kähler immersed into any flat para-Kähler
space form.

Let i ∈ N and let ui : R → R be the smooth (non-analytic in i) function
defined by

ui(ξ) =

{
exp

(
− 1

(ξ−i)i+1

)
if ξ > i

0 if ξ ≤ i

We consider the one dimensional para-complex manifold D endowed with the
symplectic form associated to the (global) potential

Φ : D −→ R

(ξe + ηē) 
−→ ξη +
∑+∞

i=0 ui(ξ)η2i+3,

namely, the 2-form reading in null-coordinates (ξ, η) as

ω =
1
2

(

1 +
+∞∑

i=0

(2i + 3)u′
i(ξ)η

2i+2

)

dξ ∧ dη,

where

u′
i(ξ) =

⎧
⎨

⎩

exp
(
− 1

(ξ−i)i+1

)

(ξ−i)i+2 if ξ > i

0 if ξ ≤ i

Let

Ui:={ξe + ηē ∈ D | (ξ, η) ∈ (−∞, i + 1) × R}, i ∈ N .

Since

Φ
∣
∣
Ui

(ξ, η) = ξη +
i∑

j=0

uj(ξ)η2j+3,



22 Page 20 of 24 G. Manno and F. Salis Results Math

in view of (9), there exists a weakly full para-Kähler immersion of
(
Ui, ω

∣
∣
Ui

)

into (Di+1, ω0).

Furthermore, by considering that D = ∪i∈N Ui, we conclude that (D, ω)
cannot be globally para-Kähler immersed into any flat para-Kähler space form.

4. Para-Kähler Space Forms that Admit a Para-Kähler
Immersion into Another

As an application of Theorem 17, in the present section we classify para-Kähler
immersions between para-Kähler space forms. In particular, we are going to
prove the following theorem.

Theorem 20. A para-Kähler space form (Sn
c , ωc) can be locally para-Kähler

immersed into (SN
b , ωb), where N ≥ n, if and only if either c = b = 0 or b/c ∈

Z+. Such local immersions can be extended to the whole manifold. Moreover,
if N = n (when c = b = 0), or if N =

(
n+ b

c
n

)
− 1 (when b

c ∈ Z+), these
immersions are strongly full.

Proof. Since para-Kähler space forms are homogeneous with respect to the ac-
tion of their para-holomorphic isometry group (see the end of Section 2.2), the
existence (or non-existence) of a para-Kähler immersion defined on a neigh-
borhood of an arbitrary chosen point implies the existence (or non-existence)
of a para-Kähler immersion defined on a neighborhood of any other point.
Therefore, we can study, without loss of generality, only local para-Kähler im-
mersions defined either on a neighborhood of 0 ∈ Sn

0 or on a neighborhood
of [1, 0 . . . , 0] ∈ Sn

c , c �= 0. Let us fix a null coordinate system (ξ, η) around
such point. Keeping in mind the definitions (4), (5) and (9), we compute the
function Hb in order to apply Theorem 17. Notice that a flat complex space
form (Sn

0 , ω0) can be trivially para-Kähler immersed by inclusion into (SN
0 , ω0),

hence only the following cases will be taken into account:

• c �= 0 and b = 0;
• c = 0 and b �= 0;
• c �= 0 and b �= 0.

Below we treat the above cases separately.
• If c �= 0 and b = 0, by taking into account (9) and that the diastasis

D
Sn

c
0 is given by (5), we have that

H0(ξ, η) =
2
c

log

(

1 + 2
n∑

i=1

ξiηi

)

.
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By differentiating the previous equation with respect to ξ1, we get, for any
k ∈ Z+,

∂kH0

∂ξk
1

=
(−2)k+1(k − 1)!

c (1 + 2
∑n

i=1 ξiηi)
k

ηk
1 .

Let now assume that the condition (11) of Theorem 17 holds true for any
I ⊂ Nn such that #I = N + 1. In particular, if

I = {(k, 0, . . . , 0) | k = 1, . . . , N + 1}, (28)

we have that

N+1∑

k=1

ak(ξ)
∂kH0

∂ξk
1

(ξ, η)=

∑N+1
k=1 (−2)k+1(k − 1)!

(
1 + 2

∑n
i=1 ξiηi

)N+1−k
ak(ξ)ηk

1

c
(
1 + 2

∑n
i=1 ξiηi

)N+1 ≡0.

Since the numerator in the above equality is a polynomial in η1, . . . , ηn and
the coefficient of its monomial in η1 of degree 1 is 4a1(ξ), it follows that a1(ξ)
needs to be identically zero. By means of similar considerations, we get also
that ak(ξ) ≡ 0 for any k = 2, . . . , N + 1. In view of Theorem 17, we conclude
that there are no local para-Kähler immersions of a non-flat para-Kähler space
form into a flat one.
• If c = 0 and b �= 0, by taking into account (9) and that the diastasis D

Sn
0

0 is
given by (4), we have that

Hb(ξ, η) =
1
2

exp

(
b

2

n∑

i=1

ξiηi

)

− 1
2
.

By differentiating the previous equation with respect to ξ1, we get, for any
k ∈ Z+,

∂kHb

∂ξk
1

=
bk

2k+1
exp

(
b

2

n∑

i=1

ξiηi

)

ηk
1 .

Now we assume that the condition (11) of Theorem 17 holds true for any
I ⊂ Nn such that #I = N + 1. In particular, if we consider the subset I of
multi-indices (28), we have that

N+1∑

k=1

ak(ξ)
∂kHb

∂ξk
1

(ξ, η) = exp

(
b

2

n∑

i=1

ξiηi

)
N+1∑

k=1

bkak(ξ)
2k+1

ηk
1 ≡ 0,

that implies ak(ξ) ≡ 0 for any k = 1, . . . , N + 1. In view of Theorem 17, we
conclude that there are no local para-Kähler immersions of a flat para-Kähler
space forms into a non-flat one.
• If c �= 0 and b �= 0, by taking into account (9) and that the diastasis D

Sn
c

0 is
given by (5), we have that

Hb(ξ, η) =
1
2

(

1 + 2
n∑

i=1

ξiηi

) b
c

− 1
2
.
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By differentiating the previous equation with respect to ξ1, we get, for any
k ∈ Z+,

∂k

∂ξk
1

Hb = 2k−1
k−1∏

j=0

(
b

c
− j

) (

1 + 2
n∑

i=1

ξiηi

) b
c −k

ηk
1 .

Now we assume that the condition (11) of Theorem 17 holds true for any
I ⊂ Nn such that #I = N + 1. In particular, if we consider the subset I of
multi-indices (28), we have that

N+1∑

k=1

ak(ξ)
∂kHb

∂ξk
1

(ξ, η) =

(

1 + 2
n∑

i=1

ξiηi

) b
c −N−1 N+1∑

k=1

ak(ξ)2k−1
k−1∏

j=0

(
b

c
− j

)

(

1 + 2
n∑

i=1

ξiηi

)N+1−k

ηk
1 ≡ 0.

Since the above equality can be seen as a polynomial in η1, . . . , ηn and the
coefficient of its monomial in η1 of degree 1 is b

ca1(ξ), it follows that a1(ξ)
needs to be identically zero. If b

c �∈ Z+, then we get, by means of similar
considerations, that also ak(ξ) ≡ 0 for any k = 2, . . . , N + 1. Otherwise, if
b
c ∈ Z+, then Hb reads as (10), so, in view of Proposition 15 and Theorem 17,
there exists, for any i = 0, . . . , n, a strongly full local para-Kähler immersion

fi :
(
Ui = {[Z] ∈ DPn | |Zi|2 �= 0}, ωc

)
→

(

S(n+ b
c

n )−1

b , ωb

)

.

Indeed, we need at least
(
n+ b

c
n

)
− 1 monomials to describe the polynomial Hb.

Finally, we notice that it follows from the Rigidity Theorem 14 the ex-
istence of a para-holomorphic isometry F of the ambient space such that
fi|Ui∩Uj

= F ◦ fj |Ui∩Uj
. Hence, we have that any local immersion fi can be

extended to a global immersion. �
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