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1. Introduction
1.1. Description of the problem and main results

An almost para-complex manifold is a 2n-dimensional manifold M provided with a field of endomorphisms 7 such that
T2 =1, having eigenvalues 1 and —1, whose associated eigendistributions are n-dimensional. An almost para-complex
manifold whose the aforementioned distributions are integrable, is called a para-complex manifold. A para-Kdhler manifold is
a para-complex manifold endowed with a symplectic form @ such that g =w (7 (), -) is a pseudo-Riemannian metric. A
para-Kdhler manifold having constant para-holomorphic sectional curvature is said para-Kéhler space form: if the curvature
is zero then it is called flat otherwise non-flat.

The formal analogy with the Kdhler geometry makes it possible to state problems, originally formulated in the Kahler
context, also in the para-Kdhler case. For instance, a classical problem in Kédhler geometry is the characterization of holo-
morphic and isometric immersions into Kdhler space forms, i.e., into Kdhler manifolds of constant holomorphic sectional

* The first author gratefully acknowledges support by the project “Finanziamento alla Ricerca” under the contract numbers 53_RBA21MANGIO, and by
the PRIN project 2022 “Real and Complex Manifolds: Geometry and Holomorphic Dynamics” (code 2022AP8HZ9). The second author is supported by the
“Starting Grant” under the contact number 53_RSG22SALFIL. Both authors are members of the GNSAGA of the INdAM.

* Corresponding author.

E-mail addresses: giovanni.manno@polito.it (G. Manno), filippo.salis@polito.it (F. Salis).

https://doi.org/10.1016/j.geomphys.2025.105688
0393-0440/© 2025 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.geomphys.2025.105688
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2025.105688&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:giovanni.manno@polito.it
mailto:filippo.salis@polito.it
https://doi.org/10.1016/j.geomphys.2025.105688
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

G. Manno and E Salis Journal of Geometry and Physics 218 (2025) 105688

curvature (see [4] and for a modern introduction to this subject [9]). This problem can be stated in a unified way, including
also the para-Kdhler case, as follows:

General problem:
To classify (para-)Kdhler manifolds that can be (para- )Kdhler immersed into (para-)Kdhler space forms.

In the Kdhler case, despite E. Calabi found in [4] some criteria that allow, at least from a theoretical viewpoint, to treat
the above problem, a satisfactory classification is far to be obtained as the problem remains too underdetermined. In fact,
even in special cases of great interest, such as Kdhler-Einstein manifolds (see e.g. [7-9,12,13] for more details), a complete
classification is still unknown. More precisely, one can ask to find Kahler-Einstein manifolds that can be Kdhler immersed
into Kdhler space forms. This problem is indeed still open only when the ambient space has positive holomorphic sectional
curvature: in this case, the Kdhler-Einstein manifolds are called projectively induced. Even if one restricts to the class of
toric projectively induced Kahler-Einstein manifolds, the problem of their characterization is only partially solved, see e.g.
[2,11,12].

In the para-Kdhler case, as in the Kahler setting, the above general problem is actually very challenging. The recent
paper [10], where necessary and sufficient conditions for the existence of para-Kdhler immersions in para-Kihler space
forms have been found, is a first step in addressing the issue. In fact, one of the main difficulties one meets in facing the
aforementioned problem, is that in the para-complex context, unlike the complex one, para-holomorphic functions are not,
in general, analytic but only C*°-smooth.

Therefore, we are going to focus our attention to the case in which the para-Kdhler immersions are analytic and the
para-Kdhler metrics admit symmetries similar to the toric ones. More precisely, in this paper, we will study the following
problem:

Problem 1. Classify toric para-Kdhler-Einstein manifolds admitting an analytic para-Kdhler immersion into a para-Kdhler
space form.

Another disadvantage in the para-Kdhler context, unlike the Kdhler one, is the absence of a notion of Bochner’s coordi-
nates, which makes the study of Problem 1 more involved. We overcome such problem by a case by case analysis.

Our main results are contained in the following theorems. Theorem 1.1 concerns Ricci-flat para-Kihler manifolds, that
turn out to be the only para-Kdhler-Einstein manifold embeddable into a flat para-Kahler space form, whereas Theorem 1.2
concerns the embeddability of toric non-flat para-Kdhler manifolds into non-flat para-Kdhler space forms.

Theorem 1.1. Flat para-Kdhler space forms are the only toric Ricci-flat para-Kdhler manifolds that can be analytically para-Kdhler
immersed into a para-Kdhler space form. In particular, they can be para-Kdhler immersed only into another flat para-Kdhler space

form. Moreover, toric Ricci-flat para-Kdhler manifolds are the only para-Kdhler-Einstein manifolds that can be analytically para-Kéhler
immersed into a flat para-Kdhler space form.

Let DIPN be projective space constructed on the algebra of para-complex number D (cf. Section 3), endowed with the
para-Kdhler counterpart of the Fubini-Study metric, namely the para-Kdhler metric gl’;’F ¢ admitting

10g<|Zo|2 S |ZN|2)
as para-Kihler potential, where (Zo, ..., Zy) are homogeneous coordinates and | - |2 denotes the para-complex modulus.

Theorem 1.2. The toric para-Kdhler-Einstein manifolds DIP™ x ... x DIP™ with the para-Kdhler metric

K k
n;
7 D i+ D g,
i=1

where h denotes the greater common divisor between {n1 + 1, ..., ny + 1}, can be analytically para-Kihler immersed for any K € Z™*
into (]D]PN, gg”) with N large enough.

If the dimension Z?:] n; is less or equal to 2, they are the only ones.

1.2. Description of the paper

In Section 2, we recall basic notions concerning para-complex geometry by introducing the algebra of para-complex
numbers D and its cartesian product D".
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In Section 3, we focus our attention to para-Kihler manifolds, in particular, those of Einstein type. We indeed characterize
them in terms of suitable Monge-Ampére equations and consider more closely the distinguished class of toric ones. Then,
after introducing the diastasis function (a distinguished para-Kdhler potential) in the para-Kdhler context in a way similar to
that performed in [4], we characterize para-Kdhler space forms, i.e., para-Kdhler manifolds with constant para-holomorphic
sectional curvature, in terms of such function.

Section 4 is dedicated to the proof of Theorems 1.1 and 1.2. More precisely, in the beginning of the section, we prove a
preliminary result telling that, if a toric para-Kdhler manifold can be para-Kdhler and analytically immersed into a para-
Kéhler space form, then it admits a polynomial (or a logarithm of a polynomial) potential (that turns out to be a diastasis’
function). This allows to reformulate Problem 1 in terms of existence of particular solutions of a distinct Monge-Ampére
equation.

In Section 4.1, based on the aforementioned reformulation, we prove Theorem 1.1.

In Section 4.2 we focus our attention to the proof of Theorem 1.2. As a first step, we refine Problem 1 as we are interested in
a particular class of para-Kdhler immersions, i.e., those into non-flat para-Kdhler space forms. As a second step, we prove the
technical Lemma 4.4, that is crucial for proving the second part of Theorem 1.2, which is addressed by separately analyzing
the case of one-dimensional manifolds (Section 4.2.1) and the case of two-dimensional ones (Section 4.2.2). The validity of
the first part of the theorem is shown by means of explicit computations presented in Section 4.2.3.

Notation. A multi-index I = (i1, ..., i,) is an element of IN" and its length |I| is defined as the number |I| := Z,’jzl ig. If
(x1,...,xp) are local coordinates, we define the derivative operators % as follows:
gl gl

ox! o 8?(21 e aX’i,l” '
2. Basics of para-complex geometry
2.1. Para-holomorphic functions

The 2-dimensional algebra over R of para-complex numbers DD is generated by 1 and t, where
2=1.
In analogy with the complex numbers, we are going to adopt the notation used in [6]: each z € ID can be written as

zZ=x+71Yy,
and we are going to refer to x and y as the real and imaginary part of z, respectively. In analogy with the complex numbers,
we define the conjugate of z

Z=X—TYy
and

2 2

|z|*=zz=x"—y-.

It will be useful to introduce also another coordinate system on D, described as follows. We switch the basis (1, 7) with
(e, e), where

e—l(l T) é—1(1+r)
) ’ ) ’

and we are going to say that (u, v) are the null-coordinates of z if z=ue + ve. Note that null-coordinates are uniquely
determined once we fix a coordinate system z=x+ Ty.
Now we can translate on D" what we said about D. In particular, for any z, w € D", we define

(z,wy=Y ziw;
i=1

and

n

2. 2
lzI? =Y lzil*.

i=1
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Definition 2.1. A function
F: uch' — D
(Z1,.y2n) > (X1, Y1, » X0, Yn) + T h(X1, Y1, ..., Xn, Yn)»

where z; = x; + Ty, is called para-holomorphic if and only if g and h are smooth and

OF 1 (dg oh LT oh  dg o
9z; ~ 2 \0x;  9yi 2 \ax;  dyi)
forany 1 <i<n.

The number n stands for the “para-complex” dimension of D". In analogy to the complex setting, the differential operator
L is defined b
57 is defined by

OF _ (9OF
azi ~ \oz )

Remark 2.2. Let F: U C D" — D be a para-holomorphic function. By considering the null-coordinates

(55n):($11"'75ﬂ1n15'~~5’7n)

on D", that, as for n = 1, are uniquely determined once a coordinate system z; = x; + ty; is fixed, F can be written as
follows:

F(sle_’_n]é’ ~~~a5ne+nné):u(§1» 7717~-’$n7 nn)e‘f'v(fl, ’719~”s$n9 nﬂ)éa
where u and v are real functions on an open subset of R?", We then straightforwardly get

aoF au av _

— =—e+ —¢€.

9zi  dn; 0§

Therefore, F is para-holomorphic if and only if u is independent of (11, ...,1,) and v is independent of (&1, ..., &y).

Definition 2.3. A function
F: Uucbh" — D™
z2=(z1,....20) — (1@),.... fm(@)

is para-holomorphic if and only if each component f; is para-holomorphic.
3. Para-Kdhler and para-Kdhler-Einstein manifolds

As we said in the introduction, a para-complex manifold is an almost para-complex manifold such that eigendistributions
of the almost para-complex structure 7 are integrable: this is the same to require the vanishing of the Nijenhuis tensor
associated to 7. An equivalent definition is the following.

Definition 3.1. A smooth manifold M" of para-complex dimension n is called para-complex if it admits an atlas of para-
holomorphic coordinates (z1, ..., z;), such that the transition functions are para-holomorphic.

Below we shall give a slightly different definition of para-Kdhler manifold (respect to that given in the introduction)
which takes into consideration the concept of para-Kihler potential, that will be crucial for our purposes. We then clarify,
in the Remark 3.3, the relationship between para-Kdhler potential and para-Kdhler metric.

Definition 3.2. A para-Kdhler manifold of para-complex dimension n is a para-complex manifold M endowed with a sym-
plectic form w (called para-Kdhler form) such that, for any point p € M, there exists an open neighborhood U > p and a
smooth function ¢ : U — R (called para-Kdhler potential) satisfying

T -
w|y = 533¢
where
n 2
- 1“9 _
000 := —dzi ANdzZ;.
’ in::1 oz0z;
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Remark 3.3. To a given para-Kdhler manifold (M, w) of para-complex dimension n and para-complex structure 7, it is
associated the pseudo-Riemannian metric g = w (7(-), -) on M. If ¢ : U C M — R is a para-Kdhler potential of w, the
restriction of g to U can be obtained as the real part of

n 2
Bl _
E —(b_dzi ®dz;,
= 0z;0Z]
i,j=1

i.e,, in null coordinates (&, n), the above pseudo-Riemannian metric reads as

n

3%
d&; ®dn;. (1)

Definition 3.4. A para-Kdhler manifold (M, w) is called para-Kdhler-Einstein if the associated pseudo-Riemannian metric g is
Einstein, namely, if the Ricci tensor of g is proportional to g via a constant A € R:

Ric(g) = Ag. (2)

Let (U, 185(1)) be a para-Kahler-Einstein manifold with Einstein constant equal to A. Then, after a straightforward com-
putation (see Section 5 of [1] for detailed computations of the Ricci tensor’s components), we have that condition (2) is

expressed by
3%¢ A
det — ¢ |=0, 1<i,j<n. 3
@mmﬂ+2@ =hI= )

39 <log

Hence, by taking into account the system of null coordinates (&, ), equation (3) translates into

2 N
det ¢ & n|= e~ 39 EMFFE+Cm) , 1<i,j<n, (4)
9&i0n; o

where F and G are smooth functions.
3.1. Toric para-Kdihler manifolds

Let U C D" be an open neighborhood of 0, where it is defined a para-Kdhler potential reading as

(212, 1z,
Hence, if &€ = (&1,...,&,) and n = (n1, ..., ) are the null-coordinates, we have that
(a1l ... |zl = Emr .. Eamn). (5)

A potential of the above form is called toric. A para-Kidhler manifold with a toric-invariant potential ¢ is called a toric
para-Kdhler manifold. In this case, up to rescaling the coordinates (&, n7), we can assume, w.l.o.g., that

82¢ . 32¢ B o
det(%‘ia’?]’)(g’o)‘_ dEt<8§i877j)(0’n)'_l’ 1<i j=n. 6)

On account of (6), by evaluating (4) at n =0 and recalling (5), we get that F in (4) is constant and, in particular, it is equal
to %d)(O) — G(0). With a similar reasoning, we can also prove that G in (4) is constant. Therefore, by replacing ¢ with

DE.n) =@ E1m, ..., 100 —¢(0), (7)
so that ®(0, 0) =0, equation (4) can be put in the following form:
92 A
det( )':e‘fq’, 1<i,j<n; (8)
d&idn;

Remark 3.5. We notice that, by introducing the new set of variables

yi = log|&ini|

and the unknown function
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2 n
¢=¢—X;yi,
1=

the Monge-Ampére equation (8) reads as

2P ;
det :e’%q’, 1<i,j<n.
ayidy;

Such extensively studied equation could provide inputs for new strategies to tackle Problem 1, as in the past for the Kihler
counterpart (see e.g. [3]).

3.2. Diastasis

Let U be an open subset of a para-Kdhler manifold (M, w) of para-Kdhler dimension n, where it is defined a local
potential ®. We assume that U can be covered by a system of null-coordinates

(é;'a’?)=($la---,5na771a-~~577n)-

Up to shrinking U, we can also assume that it splits as a product

U=Q x Q.

According to [10], we define the diastasis function

D:UxU=Qx2x2x2—>R

as
DE. 1.8 =&, n) =P, n) —PE, L) + P, A).

Proposition 3.6 ([10]). The diastasis is a function defined in a neighborhood of the diagonal of the product manifold M x M. In
particular, it is independent of the choice of the para-Kdhler potential.

We define

Dp(q) :=D(q, p).

In particular, taking into account (7), we get

Do(§,1m) =D(.1n,0,0) =¢(&,n) —¢(0,0) =D&, n). 9
3.3. Para-Kdbhler space forms

In complete analogy with the case of Kidhler manifolds, one can define the para-holomorphic sectional curvature (see for
instance [5]).

Definition 3.7. A para-Kdhler space form is a para-Kdhler manifold with constant para-holomorphic sectional curvature. We
denote by SCN an N-dimensional simply connected para-complex manifold that can be endowed with a para-Kéhler form w,
whose associated pseudo-Riemannian metric g. is complete and has constant para-holomorphic sectional curvature equal
to c.

Proposition 3.8 ([5] Prop. 3.11). Two complete and simply connected para-Kdhler space forms with the same para-holomorphic sec-
tional curvature are para-holomorphically isometric.

By [5], we have that an open subset of a para-Kdhler space form is para-holomorphically isometric to an open subset of
one of the subsequent models, according to their (constant) para-holomorphic sectional curvature. Therefore, since we are
mainly interested in local para-Kdhler immersions into open subsets of para-Kdhler space forms, we are going to assume
that (SN, wc) is one of the following models.
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Model for the flat case: The model of the flat para-Kdhler space form is
(S @0) = (D, 703121)

whose potential reads in null-coordinates (¢1,...,&N,71,...,N) aS

N
4 &ni=Do(&. ),

i=1

where Dy is defined by (9), leading, via formula (1), to the metric

N
4y d&@dn;.
ij=1

Models for the non-flat cases: Similarly to the real and complex setting, the para-complex projective space DIPY can be
defined as the quotient of
{ZeD"'[]Z)* > 0

under the equivalence relation given by Z ~ W if and only if there exists & € D such that Z = oW with |«|? > 0.
Then, our model of non-flat para-Kahler space form will be

4T -
SN wo) = (JDIP”, ~—dilog ||Z||2> :

In null-coordinates (&1, ...,&N, 01, ..., nN) of the affine chart Uy :={[Zy, ..., Zny] € DPPN | |Z4|? # 0}, where o =
1,...,n,ie, &e+nie = ZZ—; for any i # «, the potential is equal to

8 N
~log (1 +22&-m> =Do (&, 1), (10)

i=1

where Dy is defined by (9), leading, via formula (1), to the metric %gg”, with gng the para-Fubini-Study metric
defined after Theorem 1.1.

4. Para-Kdhler immersions of toric para-Kdhler-Einstein manifolds in para-Kaihler space forms

According to Section 3.2, let U = Q x Q be an open subset of a para-Kédhler manifold of para-complex dimension equal
to n. As shown in the Section 3 of [10], when (U, £99¢) admits a para-Kihler immersion into the para-Kihler space form
Sc, the diastasis function Dy reads as

N
4 uiE)vi(n) ifc=0; (a)
-
Do(6.m=1 N (11)
8 .
_ log (1 +22ui(5>vi<n)> ifc#£0, (b)
i=1
where u; : 2 — R and v; : 2 — R are suitable smooth functions.
As we said in the introduction, one of the main differences one meets in the para-complex context, unlike the complex
one, is that para-holomorphic functions are not, in general, analytic, but only C°°-smooth. This makes the para-complex
geometry much less rigid with respect to the complex one. Taking this into account, we restrict our attention to the case of

analytic immersion and toric-invariant para-Kahler potential, hence the study of Problem 1. In fact, as we shall see below,
in this case the analyticity condition implies polynomiality. More precisely we have the following lemma.

Lemma 4.1. Let ¢ be a toric-invariant para-Kdhler potential. If u; and v; are some analytic functions such that

N
D wi@Evit) =¢Em, ..., &), (12)

i=1
where N € IN is the smallest possible, then they are polynomials. Hence, ¢ is a polynomial in the variables

Xi =&in;. (13)
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Proof. By differentiating (12) and evaluating at £ = 0, we obtain the following (compatible) linear system

11
i,;,ﬁ“ 0)

alINI
dg,;l )

where I; € IN" are arbitrary chosen multi-indices. As a first step, we notice that there exist some I, ...,

1171
da;,ﬁ“ (0)

rank

3l
dé,,z“ )

Indeed, if, on the contrary, the previous matrix had rank equal to O for any Iq,...,

alllyy (0) 11 all1lg

ag’l vi(m) 2 0)

= , (14)
3lINI Au |
dg,:N © ) \vvm /Ay i,—¢ 0

Iy € IN" such that

alll
aéff” 0)

> 0.

IIN1
‘{,Qﬁ” ©

Iy, then, in view of the analyticity of

uq,...,uyn, we would have

uy=...

=UNEO

and ¢ = 0 would not be a potential of a symplectic form.

Now, if
alll
as,ﬁ“ 0)
rank
3l
8515’ 0

for some I, ...,

Iy € IN", then, being (vq,...,

alhl
L (0)

alIN|
ag,;w ©)

vy) a solution of the linear system (14), vq,..., vy are polynomials.

To conclude, we take into account the case in which

I Iy
f’d;,ﬁ“ 0 dd;fl’” (0)
rank <N
umu \Imu
C,g,N‘ 0 et ()
for any I1,..., Iy € IN". In view of what we said above, we can assume that
PIY alll
9;&“ 0) ()
rank . =p>0 (15)
a\lp\u Pl ﬂ‘up
s () ()
for some suitable Iy, ..., I, € IN* and
gl alhl
() (0
rank : = 16
():;)I‘/l;ll (O) (’l ;7;::)7-%—1 (0) ( )
gl 8lu, 44
35’]“ (V) 355” (V)
for any J € IN". It follows from the Laplace’s expansion w.r.t. the last row of the matrix in (16), and by considering also
(15), that
allu K1 aYlu K, 3l
o gy = — ! L) - P ——2©), VJeN"
98] Kpi1 9  Kpy1 098]
where K; denotes the algebraic complement of i-th element of the last row of the matrix in (16). Since
8”|up+1 gl K1 P
Upt1(§) = —7—0) == ur(€)—...— up§).
]%\I:“ oEJ J! K Kp+1
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by taking suitable linear combinations V1, ..., V, of vq,..., vy, we have

P
Zuivi :(]5.
i=1

Hence, N in (12) would not be the smallest integer, as assumed.
The same reasoning can be applied to the functions u;. O

In view of Lemma 4.1 and by taking into account (11a)-(11b), we straightforwardly get the following proposition.
Proposition 4.2. Let ¢ be a toric-invariant para-Kéhler potential defined on a open neighborhood U C D" of the origin. Let (U, Z99¢)

be a para-Kdhler manifold admitting an analytic para-Kdhler immersion into the para-Kdhler space form Sc. Recalling that x; = &n);
(cf. (13)), the diastasis function Dy : U — IR reads as

Z ax! ifc=0; (a)
0<|f]<d
Do(X1,...,Xn) = g (17)
Z1 I i
_log | 1+ Y x| ifc#£0, (b)
0<|1]<d

wherede Z+,a; e Rand I e N".

To sum up, by taking into account (8) and (9), we have that Problem 1 can be reformulated as follows:

Reformulation of Problem 1. Find all the solutions of type (17a)-(17b) of the following Monge-Ampére equation:

32Dy dDo Ap
det Xi+—13i)|l=e" 270, 1<i,j<n. 18
<3Xi3Xj i+ 8Xj U> =hl= (18)

4.1. Proof of Theorem 1.1

In view of the above Reformulation of Problem 1, in order to get Theorem 1.1, it will be enough to prove the following
properties:

o there are no solutions of type (17a) of the Monge-Ampére equation (18) with A #0;

e there are no solutions of type (17b) of the Monge-Ampére equation (18) with A =0;

e P is a solution of type (17a) of the Monge-Ampére equation (18) with A =0, if and only if degP =1 and the product
of the coefficients of the linear terms is +1.

Let x = (x1,...,X;) and let P(x) be a polynomial.

Concerning the first point, let us assume by contradiction that P is a solution of the Monge-Ampére equation (18). We
immediately notice that the left hand side of the equation is a polynomial, while the right hand side is a polynomial only
when P is constant. Nevertheless, when P is constant, the left hand side is identically zero, leading to a contradiction.

Concerning the second point, if we assume by contradiction that klog P is a solution of the Monge-Ampére equation (18)
with A =0, then we straightforwardly get that

2
det [ (Poihe — 3030 ) Xy + P20 Sap

0Xqg0Xg ~ OXg OXg

1<o,B=<n <1>n —n+1
=x|-) P .

pn—1 k

We notice that both sides of the previous equality are polynomials. In particular, the degree of left hand side cannot be
greater that (n + 1)d — n. Hence, by comparing the degrees of both sides, we get a contradiction. Indeed,

m+1)d—-—n>nm+ 1)d.

Concerning the third point, let P be a polynomial such that

9%P P
det (—xi + —5i,-> _ 4,
0X;0X;j 0X;j 1<i.j<n

By evaluating the previous equality on the line x, = ... =x, =0, we easily get

9
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32P Loop

i) l_[ Tx

X *x1,0) ] - 5 Oxi

By taking into account that each term of the previous product is a polynomial, we get that each term needs to be constant.
Therefore, we have in particular that

opP

— +1. 19
(x1,0) * 0x1 (19)

x,0)

9’P B
0x10X; 1(x1,0)
and
3%P aP
19 o w0 =l

with k1 € R\ {0}. By solving the previous equations and keeping in mind that P(x1,0) is a polynomial, we obtain

n
PX) =ko+kixi+ Y X Qi(x2,..., %),
i=2

where Q; are polynomials. Moreover, by means of a similar reasoning, namely by restricting the Monge-Ampére equation
(19) to the other coordinate axes, we finally get that

n
P(x) =ko + Zk,-x,-,

i=1
with

n
[[ri==+1.
i=1

4.2. Proof of Theorem 1.2

In order to prove Theorem 1.2, we have to study the case that has remained out the discussion of Section 4.1, i.e., to
study solutions of type (17b) of the Monge-Ampére equation (18) when A # 0. Before doing it, below we give a remark
that will be important to give a further reformulation of Problem 1 in the case under consideration. Then, after proving the
technical Lemma 4.4, the second part of Theorem 1.2 will be essentially proved in Sections 4.2.1 and 4.2.2, according to the
dimension of the toric para-Kdhler manifolds. Section 4.2.3 will complete the proof.

Remark 4.3. If Dy = %log Q is a solution of type (17b) of the Monge-Ampére equation (18), then the polynomial

Q=1+ > ax, (20)

0<|I|<d

is a solution of the PDE
92Q 9Q 3Q 2Q
det [(Q X 0Xp — mw) Xo + Qmaaﬁ]
anl

After the change of coordinates (x1,...,X;) — %(xl, ...,Xn), the previous equation reads as

lswfpsn _ (%)" Qnti-%

22Q 9Q 3Q 2Q
det [(Q xa0Xp — mm) Xo + Q W(Saﬁ]
anl

Taking into account that the left hand side of (21) is a polynomial, it straightforwardly follows that % € Q. Moreover, by
comparing the degrees of both sides of (21), we get

1<a.B<n =:th+1—% 1)

40
m+1)d—n> (n—i—l —?)d.
Hence,

45
—eQ".
c

10
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Let us assume that 4% = 3 where gcd(g, s) = 1. Being the left hand side of (21) a polynomial, Q is forced to be the g-th
power of another polynomial R, namely

q
Q(x1,...,xn):R(X—1,...,x—"> .

q q
Since the constant term of Q is equal to 1, we notice, instead, that the constant term of R can be equal either to 1 or —1.
Moreover, one can easily check that R(xq, ..., X,) is a solution to the equation
3%R dR 3R aR
dEt[(Raxﬂaxﬂ T X W)x"‘ +R8X‘1 8aﬁ]1<a B<n 1
=2P=1 — 4 RIS, (22)
Rn—1
Furthermore, if a polynomial R(xq,...,X,) is a solution of (22) for some s € IN, then
X Xn\S
P@r, o) =R (L. —")
S S
is a polynomial solution to the equation
3%p aP aP P
det [(P X dxg WM) X+ Pmsaﬂ]qu B<n
=—P= =4P", (23)

pn—1
We notice that the constant term of P is equal to 1 or —1.

In view of the above remark, the Reformulation of Problem 1 can be refined, in the case considered in the present
section, as follows.

Refinement of Problem 1. Find all polynomials P¥ with constant term equal to 1, with k € Q* and such that P is a polynomial
solution, having constant term equal to &1, to the Monge-Ampeére equation (23).

Indeed, by considering (13) and (17b), we can associate to such P¥ the diastasis’ function of a para-Kihler metric admit-
ting a para-Kihler immersion into (DPV, gng), where N need to be at least equal to the number of monomials forming

Pk (see [10]):

log P(£111, - - ., Enti)*. (24)

Being P a solution of the Monge-Ampére equation (23), it necessarily follows that, for any aforementioned admissible k, any
diastasis’ function (24) gives rise to a para-Kihler-Einstein metric which is para-Kahler immersed into (DPN, ggFS).

This can be achieved, in the case when the dimension n is equal either to 1 (see Section 4.2.1) or 2 (see Section 4.2.2), by
using the following lemma, that holds in any dimension. A discussion of the cases with dimension n > 3 is contained in
Section 4.2.3.

Lemma 4.4. The restriction p(t) on a coordinate axis of a polynomial solution, having constant term equal to &1, to the Monge-Ampére
equation (23), reads as:

N
P(f)=i<1+;> ,
wherek e Z+ andr € R.

Proof. Being p(t) be the restriction on the i-th coordinate axis (i.e. the line x; =0, for j #1i) of a polynomial solution P to
the Monge-Ampére equation (23), we have that

((r© p"®© =P ©)t+p0O P'©) 4O =pO", (25)
where the q(t) denotes the restriction on the i-th coordinate axis of ]_[#i %
Let {—r1,..., —rg} be all the (possibly complex) distinct roots of p, namely
R
p®)=A] Ja+rh, (26)
i=1
with

11
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i —1j#0, Vi# j. (27)

Via some straightforward computations, the equation (25) reads as

R R R
D ki [ [ +rp* | a@®) = £A 2 ]t 4 rp)li=2+2, (28)
i=1 j=1 i=1
J#
It easily follows that any root of q(t) needs to be also a root of p(t), namely
a2 K "
90 =+ ——[Je+r",

i=1
for some suitable h; € IN and B € R\ {0}. Hence, the equality (28) reads as

R R R
Zkiri l_[(f + T'j)2 =B l_l(t + ri)ki(nfz)fh,-ﬂ.

=1 j=1 i=1

J#i

If we assume the existence of an index i such that k;j(n —2) — h; +2 # 0, then, by evaluating the previous equality at —r;,
we get

R
—kir; 1_[(1‘]' — r,~)2 =0.
j=1
J#
Nevertheless, it would contradict (27). Therefore,
A2 & ki(n—2)+2
— ki (n—
O =+ [Jwe+r (29)
i=1
and
R R
> kiri[ [ +rp)* - B=0. (30)
i=1 j=1
J#
Let now consider (30) as a linear system in the variables k1, ..., kg.
If R =1, such system consists of just one equation, which has a unique solution:
B
ki =—.
m

If R > 2, it cannot be compatible for any t. Indeed, being the left hand side of (30) a polynomial in t of degree 2R — 2, in
particular its first R coefficients of higher order have to vanish. Therefore, k1, ..., kg need to satisfy a homogeneous system,
whose determinant of the matrix of coefficients can be easily computed:

R
R!l_[Ti l_[ (ri —rj).
i=1 1<i<j<R

In view of (27), such determinant is always different from zero. Therefore, the system admits only the trivial solution,
leading to a contradiction, since k;, for any i, represents the multiplicity of a root of a polynomial, so it should be positive.

To conclude, since we are assuming that the constant term & = Ar’1<1 of p, see (26), is equal to %1, by taking into account
(26) and (29), we have that

i ki ki\ ; t\k
) =A(t a4 = tri'=¢(1+—
p(t) = A(t+11) 8,;(1‘)” s<+r1>

and

n—2 r t k1(n—2)+2
qty=xe""— {14+ — . O (31)
k] 5]

12
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4.2.1 Casen=1
In the present section, we shall consider the Refinement of Problem 1 at page 11 when n =1 and solve it. In view of
Lemma 4.4, polynomial solutions to (23), that we have been studying, need to read as
X k
P(x)=8(1+—> ,
r
where ¢ = +1. Moreover, after some straightforward computations on the Monge-Ampére equation (23) when n =1, namely
(PP” - (P/)z)x+ PP’ =P,
we get, in particular, that k=2 and r = £2, i.e,,
X\ 2
P(x)=¢ (1 + —) .
() 3
In view of the Refinement of Problem 1 at page 11 we have to take into account the polynomials

K
P(x):(]:l:g) . withKez*.

By considering (13) and (17b), we can associate to the previous polynomials, the following two families of diastasis func-

tions:
K K
log (1 + %) and log (l - %) .

We immediately see that the para-holomorphic change of coordinates (¢, 7) — (—£&, n) transforms the first diastasis’ func-
tion into the second, therefore the corresponding para-Kdhler metrics, via formula (1), are isometric. In particular, they are
isometric to the metric having the first function as a potential:

2K

Entop

By considering the further change of coordinates (&, n) — (2&, 27n), we see that the previous metric is

2K
Kglre=—"—dedn.
RS T

Theorem 1.2 when n =1 is thus proved.

422. Casen=2

In the present section, we are going to find, when n = 2, all polynomial solutions of type (20) of the Monge-Ampére
equation (23), namely all the polynomials in two variables with constant term equal to 1 solving the following Monge-
Ampére equation:

3%p aP P 3P
det[(P5lh — AL A2 )y + P2 5up |

1<a,B<2 _

+P2. 32
> (32)
More precisely, this section is devoted to prove the following proposition.
Proposition 4.5. The only polynomials in two variables of type (20) solving the Monge-Ampére equation (32) are
1 r 3
(14 —x1 £ =x (33)
r 9
and
1 \? ro\2
e (1 + —xl) (1 + —xz) , (34)
r 4
where r # 0 is an arbitrary real number and € = £1.

The proof follows from the following two lemmas.

13
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Lemma 4.6. An arbitrary polynomial solution, with constant term equal to 1, of the Monge-Ampére equation (32), satisfies one and
only one of the following initial conditions on the coordinate axis x, = 0:

P(x1.0) = (1+ %)%, 2 (x;,0) =% (1+ %)
or (35)
P(x1.0) = (1+ %), 2 (x;,00 =% (1+ %)%,

where € = +1.

Proof. Let P be a solution, whose constant term is equal to %1, of (32). By Lemma 4.4, we have that

X'l k] X2 kz
P(x1,00)=¢(1+— ) , PO, x)=¢e(14+—=) , (36)
r L))
for suitable ki, k, € Z* and rq, r, € R. Moreover, by (31),
ap 2 oP MENANECAS
—(x1,0) =% 1+ , —(0 X2) == 1+—= . (37)
X2 k] kz )

From the comparison of the derivative w.r.t. x; of the first equality of (37) and the derivative w.r.t. x, of the second equality
of (37), in particular by considering their evaluation at (0, 0), we obtain

k] = /(2

and

0X1 k]

where o = +1. Moreover, from the comparison of the second equality of (38) and the derivative w.r.t. x; of the first equality
of (36), in particular by considering their evaluation at (0, 0), we get
2
— kl
rp=€0—.
n

AP 2 aP r x\?
— (x1,0)=0 1+ ., —(O,x)=0—=(1+== (38)
0X2 k]

Therefore, the polynomial P can be written as:

K 2
x1\M P) : k1 T1X2 2
el1+— +ell1+4+¢€0 - —&+e— H—so—z x1+o— 1—|— X2
r ks r ke ki

k r 2
—etlyy — —1Xz — 0 —X1% + X3 N(x1,%2),  (39)
r kq kq

where 7 is a polynomial.

By putting (39) in (32), by differentiating both sides of the equation by ﬁ and by evaluating at (0, 0), we straight-
forwardly get the following Diophantine equations:

k¥ —5k; +6=0

and
3k? —k1 +6=0.

By solving the first equation, we obtain
ki=2, or ki=3,

while the second equation does not admit any real solution. Hence, by considering (36) and (38), we get our statement. O

Since each solution (33)-(34) satisfies the correspondent initial condition (35), we conclude the proof of Proposition 4.5
by proving the following lemma.

Lemma 4.7. If there exists a polynomial solution of type (20) to (32) satisfying one of the initial conditions (35), then it is unique.

14
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Proof. Let F be a function whose zero defines the PDE (32), i.e.,

det [(P5h — A0S0 ) Xy + P2 5up |

F:= Pty o 1=ep=2 F P2
P
Then, from a straightforward computation, we get the following formula:
O"F 3%p P \? aP '\ aht1p
— *1,00={th+1) P—2X1—<—) xi+P— ) =5 +T") (0.0, (40)
axh X ax1 9x1 ) axy*

where T"(xq,0) is a polynomial expression in x1, P(x;,0) and derivatives of P up to order h +2 (computed in (x;, 0)), that

does not contain ‘;’;ﬁf (x1,0), %(xl, 0) or a;’h;%(x], 0). If P is a polynomial solution of type (20) to (32) satisfying one
2 2 10%

of the initial conditions (35), i.e., P(x1,0) =¢ (1 + ’%)k for a suitable integer k, hence we have

Pasz P Zx L pdP & 0)_1<(X1+1)2k—2$0
8x%1 ax1) ax ) TR\ :

By considering formula (40) when h =1, we realize that initial conditions (35) uniquely determine 5;275()(1,0), from which
§2+hp §
axax2
we get the statement of the lemma. O

one obtains (x1,0) for every h € IN. By iteration, we get the whole Taylor expansion of P on the line x, = 0. Therefore,

By taking into account suitable para-holomorphic change of coordinates and in view of the Refinement of Problem 1 at
page 11 we have to take into account only the powers of the polynomials of Proposition 4.5 with &€ =1:

11\ < £212\ < am | eEm\~
<1+T> (”T) ’ <1+T+T) ’

for any K € Z*. By considering (13) and (17b), we can associate to the aforementioned polynomials the following two
families of diastasis functions:

K log [(1 + &%) <1 + ?)] and  Klog (1 N 513771 n 523772> .

Note that the metric we obtain via formula (1) from the first family is a metric on DIP! x DIP!, whereas the second family
gives a metric on DIP? (see the end of Section 3).

Theorem 1.2 when n =2 is thus proved.

4.23. Casen>3

In this section we shall show how to prove the first part of Theorem 1.2. We shall discuss only the case n =3 as the
multi-dimensional one is a straightforward generalization of it. It will be enough to consider, taking into account (13), only
the following polynomial solutions to equation (23):

g1\’ &m2\* £n3\° g\’ Em | &0\’
(”T) (”T) (”T) ’ (”T) (1+T+T> ’

am &n &\t
<1+T+T+T) - (41)

In view of (17b) and of the Refinement of Problem 1 at page 11, the above polynomials lead to diastasis functions (in par-
ticular, potentials) that, via formula (1), give the para-Kdhler metrics we are looking for. More precisely, the first polynomial
leads to the metric on DP! x DIP! x DIP!, the second one to metric on DIP! x DIP? and the third one to metric on DP3,
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