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A B S T R A C T

In this paper, we derive a kinetic description of swarming particle dynamics in an interacting
multi-agent system featuring emerging leaders and followers. Agents are classically character-
ized by their position and velocity plus a continuous parameter quantifying their degree of
leadership. The microscopic processes ruling the change of velocity and degree of leadership
are independent, non-conservative and non-local in the physical space, so as to account for long-
range interactions. Out of the kinetic description, we obtain then a macroscopic model under a
hydrodynamic limit reminiscent of that used to tackle the hydrodynamics of weakly dissipative
granular gases, thus relying in particular on a regime of small non-conservative and short-
range interactions. Numerical simulations in one- and two-dimensional domains show that the
limiting macroscopic model is consistent with the original particle dynamics and furthermore
can reproduce classical emerging patterns typically observed in swarms.

1. Introduction

In this paper, we are concerned with kinetic and hydrodynamic modeling of swarming dynamics in self-organizing multi-agent
systems with group behavior and transient leadership, biologically inspired by flocks of birds.

A first introduction to the collective motion of groups of animals can be found in [1,2]. Concerning flocking birds, many of
the underlying mechanisms have been unveiled by several experimental studies, mostly from a physical perspective, based on
tracking and analyzing the trajectories of flying birds [3–11] and by other experiments made within similar goals [12–15]. These
investigations have put in evidence that birds interact within a certain perception range, tend to align with the flight direction of
neighbors and rely on a variable-in-time interaction network, as each bird changes its neighbors continuously while moving [9].
In particular, the two already cited papers [4,12] focus on coherent changes in the direction of motion of the group as a whole.
They find that collective turns have a localized spatial origin: they are triggered by few members of the flock, that act locally
as leaders, and happen spontaneously, i.e. without external stimuli (such as e.g., a predator attack). Another important biological
mechanism observed in several animal groups, including flocks of birds, is the switch of leaders [16–18]: since all group members
may be leaders temporarily, leaders change continuously, with former leaders becoming followers and then again leaders after a
while. The leader–follower transition is often difficult to understand, because in some flocks of birds, such as e.g., pigeons, it is
associated with a continuous degree of leadership, which determines a hierarchy of leaders based e.g., on the ability of birds to act
as turning initiators [19,20].
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As far as the mathematical modeling and numerical simulation of swarming dynamics are concerned, we mention first the three
eminal papers [21–23], which have shown how simple algorithms based on elementary interaction rules can generate apparently
omplex self-organized collective movements. Following these works, many other microscopic models including leaders have been
roposed, see e.g., [24–27], sometimes inspired by analogies with fundamental physical principles such as e.g., the inertial spin
odels [28–30]. Microscopic models allow for exhaustive simulations when the total number of agents, say 𝑁 , is large enough, for

then statistical average quantities may be regarded as consistent descriptors of the aggregate behavior. Nevertheless, one experiences
the well-known drawback that the computational cost of a microscopic simulation scales typically as (𝑁) or (𝑁2), depending on
he specific microscopic model, whereas the cost of a macroscopic simulation would be independent of 𝑁 . Moreover, microscopic
odels are hardly amenable to analytical investigations of the emerging aggregate behavior of the particle system.

For these reasons, several mesoscopic and macroscopic models have also been proposed and studied [31–41]. Among them, we
ocus in particular on kinetic models, i.e. mesoscopic models which can be formally derived from interacting particle dynamics
s evolution equations of the time-dependent probability distribution of the microscopic state of the interacting particles. Particle
ynamics may be stated in terms of either ordinary or stochastic differential equations. Kinetic equations are then derived either
s mean-field limits of the particle dynamics for 𝑁 → ∞, see e.g., [42], or as statistical descriptions of the stochastic microscopic
nteraction processes [43].

In this paper, we adopt the point of view of the classical kinetic theory, having its roots in gas dynamics and nowadays fruitfully
evisited and applied to the mathematical description of a great variety of interaction phenomena, cf. [43] and references therein.
he leading idea is that agents are identified to a microscopic state, which changes in consequence of interactions and is described
tatistically by means of a probability distribution defined on an appropriate continuous phase space. Typically, interactions are
ssumed to be binary processes, i.e. each of them involves two agents at a time. Interactions involving simultaneously more than
wo agents are neglected as higher order effects. Kinetic models for collective dynamics incorporating leaders and followers have
een introduced in [24,44–47]. In this case, agents are described by their position, velocity and a discrete label denoting either
eadership or followership, which may change in time. Kinetic equations with label switching have been formally analyzed in [48]
nd applied to the modeling of collective dynamics in the presence of switching leaders in [49]. Kinetic models also allow one to
erive macroscopic models, which inherit naturally the details of the microscopic particle dynamics. This is typically carried out by
ntroducing the statistical moments of the probability distribution of the microscopic state as average macroscopic quantities. Their
volution equations are then obtained either from a hydrodynamic limit or through asymptotic expansions (Hilbert, Chapman–
nskog), possibly relying on innovative concepts, such as that of generalized collisional invariants, when the classical collisional
nvariants of the kinetic equations are not as many as required to parametrize the local equilibrium distribution, cf. [50,51]. These
rocedures typically lead to closed systems of evolution equations for the average macroscopic quantities in specific regimes of the
icroscopic parameters [38,41,42].

In the present work, our starting point is the microscopic model proposed in [52], which describes the dynamics of turning and
locking birds, like starlings or jackdaws. The model is based on the well-established attraction-alignment-repulsion paradigm [1,2,
0,53] and is specifically conceived to reproduce spontaneous (i.e., not caused by external stimuli) sudden self-organized changes
f direction of motion. Moreover, the model assumes that each bird is a potential turn initiator, meaning that a sort of temporary
eadership emerges in a group of indistinguishable birds. Retaining the fundamental ingredients of this model, we focus on an
nalytical description based on kinetic equations and their macroscopic limits. More specifically, we define a multi-agent system
hose agents are characterized by space position and velocity plus a continuous parameter quantifying their degree of leadership. We

ormulate discrete-in-time stochastic particle dynamics inspired by a simplified version of the microscopic model introduced in [52]
nd featuring non-local binary interactions, so as to take into account that agents may affect each other possibly within an interaction
ange. The microscopic processes ruling the change of velocity and degree of leadership are independent and both non-conservative,
xcept for the mass. Therefore, to derive formally kinetic and macroscopic descriptions implementing such microscopic dynamics
e resort to a Povzner–Boltzmann-type equation [54] with corrections to the collisional operator suitable to take into account the
on-conservativeness of the microscopic interactions when passing to the hydrodynamic limit. For this, we adapt the technique
roposed in [41], where the authors perform the hydrodynamic limit of the Povzner–Boltzmann equation for a system of agents
aving the velocity as a unique microscopic state. There, the binary interaction rules are non-local and non-conservative as well
nd, in particular, they are given by the classical conservative hard-spheres collisions plus a dissipative contribution. The key idea
s to consider the regime in which the non-conservative contribution is small, in such a way that the leading part of the interaction
ules is given by the classical velocity- and energy-preserving hard-spheres mechanism, while the dissipative part is of higher order.
his allows the authors to approximate the non-local Maxwellian relative to the leading order terms of the interaction rules with
he classical local Maxwellian. In our case, the main difficulty is that this idea has to be evolved to treat multiple microscopic states
ith different non-mechanical non-conservativeness.

The plan of the paper, after this Introduction, is the following. In Section 2 we revise and summarize the main aspects of the
icroscopic models presented in [52]. Then in Section 3 we introduce our discrete-in-time stochastic particle model implementing

he interaction dynamics discussed above and derive formally the corresponding Povzner–Boltzmann kinetic equation. In Section 4
e derive our macroscopic model of swarming dynamics with transient leadership and continuous leader–follower transitions as
hydrodynamic limit of the Povzner–Boltzmann equation. Next, in Section 5 we discuss some numerical tests, which we use to

lucidate the correspondence between the original stochastic particle model and the resulting macroscopic description (in one space
imension) as well as to show that the macroscopic model reproduces successfully (in two space dimensions) some classical swarming
atterns, such as splitting and merging of the flock and rings/mills. Finally, in Section 6 we draw some conclusions and briefly sketch

ossible research perspectives.
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2. Microscopic outlook

We consider a group of 𝑁 > 1 agents represented as point masses in R𝑑 , 𝑑 ≥ 1. We assume that they are labeled univocally by
an index 𝑘 = 1, … , 𝑁 and we denote by 𝑋𝑘(𝑡), 𝑉𝑘(𝑡) ∈ R𝑑 the position and velocity of the 𝑘th agent at time 𝑡, respectively. We also
distinguish agents in terms of leaders and followers. This distinction is not permanent, since agents can change status in time. Leaders
do not have any particular knowledge or experience compared to other agents, their role is just to initiate turns. To this aim, they
try to get far from the group – the flock from now on – at least until they get back to the status of followers. Roughly speaking, the
idea is that any agent can attempt to steer the flock by initiating a turn, but the attempt has a limited duration and if turning is
not triggered within a reasonable time the attempt is aborted. Here we consider the leader/follower status as a spectrum, meaning
that agents exhibit a possibly non-binary behavior between the statuses of leader and follower. We denote by 𝛬𝑘 = 𝛬𝑘(𝑡) ∈ [0, 1]
the degree of leadership of agent 𝑘 at time 𝑡, being 𝛬𝑘 = 0 the pure follower behavior and 𝛬𝑘 = 1 the pure leader behavior.

Concerning interactions, we assume that agents are influenced by flock mates within a certain fixed distance 𝑅 > 0 only (metric
nteraction). It is worth noting that in the microscopic model introduced in [52], unlike the one studied here, interactions are
opological [6] and the distinction between leaders and followers is sharp, in the sense that at any given time an agent is either a
eader or a follower. We refer to [49] for a kinetic model which retains these features.

In the same spirit as in [52], we consider the following second order dynamics:

𝑋̈𝑘 = 𝜇𝑘(𝐗,𝐕, 𝛬𝑘), 𝑘 = 1, … , 𝑁, (1)

here 𝐗 ∶= (𝑋1, … , 𝑋𝑁 ), 𝐕 ∶= (𝑉1, … , 𝑉𝑁 ), 𝜇 > 0 is a parameter fixing the time scale and the acceleration 𝑘 is given by the sum
f three terms accounting respectively for repulsion, alignment, and attraction among the agents:

𝑘(𝐗,𝐕, 𝛬𝑘) ∶=
∑

𝑋ℎ∈𝐵𝑅(𝑋𝑘)

[

𝛼
𝑋𝑘 −𝑋ℎ

|

|

𝑋𝑘 −𝑋ℎ
|

|

2
+ (1 − 𝛬𝑘)

(

𝛽(𝑉ℎ − 𝑉𝑘) + 𝛾(𝑋ℎ −𝑋𝑘)
)

]

. (2)

Here, 𝐵𝑅(𝑋𝑘) ⊂ R𝑑 is the ball of radius 𝑅 > 0 centered in 𝑋𝑘 (metric neighborhood) and 𝛼, 𝛽, 𝛾 > 0 are parameters calibrating the
mutual strength of the three types of interaction. We notice that, unlike other approaches in the reference literature, here we choose
for simplicity to consider all types of interaction simultaneously active within the interaction neighborhood 𝐵𝑅(𝑋𝑘). We will see
in the numerical tests that this simplification does not preclude the possibility to reproduce well-known self-organized patterns of
the flock. We also point out that, while repulsion is common to both leaders and followers, alignment and attraction characterize
preferentially the interaction dynamics of the followers, cf. the coefficient 1 − 𝛬𝑘 in front of the last two terms in (2).

While the repulsion-alignment-attraction paradigm is nowadays standard and well accepted in the modeling of flock dynamics,
the evolution of 𝛬𝑘, driving the leader–follower transition, is much less investigated. In particular, we do not have any biological clue
for this term. Therefore, we appeal to the general idea that the 𝛬𝑘’s are independent and identically distributed random variables
supported in [0, 1] and sampled at random instants. This way, agents continuously switch their (non-binary) status between leader,
follower and intermediate nuances.

3. Kinetic approach

As anticipated in the Introduction, the goal of this paper is to derive a hydrodynamic model of flock dynamics inspired by
the ideas outlined in Section 2 and incorporating, in particular, the leader–follower transitions. The novelty with respect to the
mainstream in the literature is that we do not rely on separate descriptions of leaders and followers with possible mass transfers
between the two populations. Instead, we give a unique fluid dynamical representation of the flock, which embeds consistently the
gross evolution of the degree of leadership of the agents.

To pursue this goal, we take advantage of the methods of statistical mechanics in general and of the kinetic theory in particular,
which provide powerful mathematical tools to upscale consistently simple particle dynamics to complex aggregate macroscopic
trends.

3.1. Stochastic particle model

We assume that the flock can be regarded as a large ensemble of indistinguishable agents. A generic representative agent is
described at time 𝑡 > 0 by the position in space 𝑋𝑡 ∈ R𝑑 , the velocity 𝑉𝑡 ∈ R𝑑 and degree of leadership 𝛬𝑡 ∈ [0, 1]. To adopt a
statistical point of view, we regard 𝑋𝑡, 𝑉𝑡, 𝛬𝑡 as random variables with joint distribution

𝑓 = 𝑓 (𝑥, 𝑣, 𝜆, 𝑡) ∶ R𝑑 × R𝑑 × [0, 1] × [0, +∞) → R+ (3)

such that 𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑥 𝑑𝑣 𝑑𝜆 is the probability that at time 𝑡 a generic agent of the flock has a position in the infinitesimal volume
element 𝑑𝑥 centered in 𝑥, a velocity in the infinitesimal volume element 𝑑𝑣 centered in 𝑣 and a degree of leadership comprised
between 𝜆 and 𝜆 + 𝑑𝜆.

The evolution of the stochastic processes {𝑋𝑡, 𝑡 ≥ 0}, {𝑉𝑡, 𝑡 ≥ 0}, {𝛬𝑡, 𝑡 ≥ 0} is motivated by the considerations expressed in
Section 2. In particular, referring to a discrete time setting for simplicity but with the idea to pass subsequently to the continuous
time limit, we invoke the usual kinematic relationship between 𝑋𝑡 and 𝑉𝑡 to state that at the new time 𝑡 + 𝛥𝑡, with 𝛥𝑡 > 0 small, a
generic agent of the flock changes position because of a free drift:

𝑋 = 𝑋 + 𝑉 𝛥𝑡. (4)
𝑡+𝛥𝑡 𝑡 𝑡
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On the other hand, the new velocity of the agent is determined by an interaction process inspired by (1)–(2) with another agent
sampled randomly in the flock, as prescribed by the scheme of binary interactions of the classical kinetic theory. If (𝑋∗

𝑡 , 𝑉
∗
𝑡 , 𝛬

∗
𝑡 ) is

he microscopic state of the other agent then we set

𝑉𝑡+𝛥𝑡 = 𝑉𝑡 + 𝛩(𝑋𝑡, 𝑋
∗
𝑡 , 𝑉𝑡, 𝑉

∗
𝑡 , 𝛬𝑡, 𝛬

∗
𝑡 ), (5)

here

(𝑋𝑡, 𝑋
∗
𝑡 , 𝑉𝑡, 𝑉

∗
𝑡 , 𝛬𝑡, 𝛬

∗
𝑡 ) = 𝛼

𝑋𝑡 −𝑋∗
𝑡

|

|

𝑋𝑡 −𝑋∗
𝑡
|

|

2
+ (1 − 𝛬𝑡)

(

𝛽(𝑉 ∗
𝑡 − 𝑉𝑡) + 𝛾(𝑋∗

𝑡 −𝑋𝑡)
)

, (6)

while 𝛩 ∈ {0, 1} is a random variable discriminating whether, in the time step 𝛥𝑡, an interaction between the two sampled agents
may actually take place. Specifically, we set

𝛩 ∼ Bernoulli(𝜇𝐵(|
|

𝑋∗
𝑡 −𝑋𝑡

|

|

)𝛥𝑡), (7)

i.e. 𝜇𝐵(|
|

𝑋∗
𝑡 −𝑋𝑡

|

|

)𝛥𝑡 is the probability that an interaction between the two sampled agents takes place in the time interval [𝑡, 𝑡+𝛥𝑡].
In more detail, 𝜇 > 0 is the rate of velocity change while 𝐵(|

|

𝑋∗
𝑡 −𝑋𝑡

|

|

) ≥ 0 is the collision1 kernel, which fixes the rate at which
gents at a given distance |

|

𝑋∗
𝑡 −𝑋𝑡

|

|

may interact. We assume that 𝐵 = 𝐵(𝑟), 𝑟 ∈ R+, is a non-negative bounded function supported
n the interval [0, 𝑅] ⊂ R+ for a given radius 𝑅 ∈ (0, +∞). This reproduces the idea of metric interactions within the interaction
ange 𝑅. Consequently, the mapping R𝑑 ∋ 𝑥 ↦ 𝐵(|𝑥|) is radially symmetric and supported in the ball B𝑅(0) ⊂ R𝑑 of radius 𝑅 and
entered at the origin.

Finally, we postulate the following update process of the degree of leadership:

𝛬𝑡+𝛥𝑡 = 𝛬𝑡 + 𝛴(1 − 2𝛬𝑡), (8)

here 𝛴 ∈ {0, 1} is a new random variable, independent of 𝛩, distributed as

𝛴 ∼ Bernoulli(𝜂𝐵(|
|

𝑋∗
𝑡 −𝑋𝑡

|

|

)𝛥𝑡) (9)

ith 𝜂 > 0 the rate of degree change. Notice that (9) implies that a change in the degree of leadership of one agent is stimulated
y the presence of the other agent in the interaction neighborhood. Nevertheless, according to (8) the new degree of leadership of
ither agent does not depend on the current degree of leadership of the other agent. In other words, we assume that agents become
eaders or followers spontaneously and not e.g., by imitation or contrast. We also remark that (8) is such that

𝛬𝑡+𝛥𝑡 =

{

𝛬𝑡 if 𝛴 = 0
1 − 𝛬𝑡 if 𝛴 = 1,

eaning that any agent undergoes continuously a switch of its degree of leadership between the initial value 𝛬0 and the symmetric
one 1 − 𝛬0 with respect to the mid-value 1

2 .
For the sake of completeness, we point out that (7), (9) require

𝛥𝑡 ≤ 1
max {𝜇, 𝜂} sup𝑥∈B𝑅(0) 𝐵(|𝑥|)

as a sufficient consistency condition. However, such a constraint is not a limitation in the continuous time limit 𝛥𝑡 → 0+.

emark 3.1. The microscopic model in [52], here recalled in Section 2, is conceived in terms of mean-field-like dynamics among
the agents within their interaction neighborhoods. Therefore, in that setting a single agent is affected simultaneously by all other
agents in its neighborhood, as (2) implies. Conversely, in this paper we adopt a binary interaction scheme, in order to recast
the modeled swarm dynamics in the frame of the collisional kinetic theory. The latter is indeed based on pairwise interactions
among the agents, whence collective dynamics emerge over time. Such binary interactions are obtained from the mean-field-like
interactions (2) by assuming that each agent interacts, from time to time, with just one other agent randomly selected within its
interaction neighborhood. Therefore, a binary interaction coincides structurally with the generic single term of the mean-field-
like interactions, cf. (2) and (6). This approach is reminiscent of the one proposed e.g., in [55] and is known to be consistent
with mean-field-like dynamics on a properly large time scale (precisely, the time scale where the collective behavior of the swarm
emerges).

3.2. Boltzmann-type description

A Boltzmann-type description of the flocking particle dynamics discussed in Section 3.1 consists in a collisional kinetic equation
for the distribution function (3), which, being regarded as a probability distribution, is assumed to be non-negative and such that

∫

1

0 ∫R𝑑 ∫R𝑑
𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑥 𝑑𝑣 𝑑𝜆 = 1, ∀ 𝑡 > 0.

1 Here and henceforth, borrowing the jargon of the classical kinetic theory, by ‘collision’ we mean the same as ‘interaction’.
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Averaging the discrete time stochastic processes (4), (5), (8) and passing to the limit 𝛥𝑡 → 0+, by standard arguments (cf.
.g., [43]) we obtain the following Boltzmann-type kinetic equation for 𝑓 :

𝜕𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 = 𝜇𝑄𝑣(𝑓, 𝑓 ) + 𝜂𝑄𝜆(𝑓, 𝑓 ), (10)

where 𝑄𝑣 and 𝑄𝜆 are the collisional operators implementing, at the kinetic level, the independent particle processes (5), (8),
espectively. More specifically, these two operators are univocally defined by the following weak formulations:

⟨𝑄𝑣(𝑓, 𝑓 ), 𝜑⟩ ∶= ∫

1

0 ∫R𝑑
𝑄𝑣(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡)𝜑(𝑣, 𝜆) 𝑑𝑣 𝑑𝜆

= ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝜑(𝑣′, 𝜆) − 𝜑(𝑣, 𝜆)
)

𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗,
(11)

where, here and henceforth, 𝑓 and 𝑓∗ are shorthand for 𝑓 (𝑥, 𝑣, 𝜆, 𝑡) and 𝑓 (𝑥∗, 𝑣∗, 𝜆∗, 𝑡), respectively, and

⟨

𝑄𝜆(𝑓, 𝑓 ), 𝜑
⟩

∶= ∫

1

0 ∫R𝑑
𝑄𝜆(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡)𝜑(𝑣, 𝜆) 𝑑𝑣 𝑑𝜆

= ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝜑(𝑣, 𝜆′) − 𝜑(𝑣, 𝜆)
)

𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗, (12)

where 𝜑 ∶ R𝑑 × [0, 1] → R, 𝜑 = 𝜑(𝑣, 𝜆), is an arbitrary test function representing any observable quantity whereas

𝑣′ = 𝑣 + 𝛼
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ (1 − 𝜆)

(

𝛽(𝑣∗ − 𝑣) + 𝛾(𝑥∗ − 𝑥)
)

(13)

is the post-collisional velocity determined by an interaction of the form (5)–(6) and

𝜆′ = 1 − 𝜆 (14)

is the post-collisional degree of leadership produced by the microscopic rule (8). The other agent participating in the binary
interaction modifies symmetrically its velocity and degree of leadership according to the rules

𝑣′∗ = 𝑣∗ + 𝛼
𝑥∗ − 𝑥

|

|

𝑥∗ − 𝑥||
2
+ (1 − 𝜆∗)

(

𝛽(𝑣 − 𝑣∗) + 𝛾(𝑥 − 𝑥∗)
)

, (15)

𝜆′∗ = 1 − 𝜆∗. (16)

In (11)–(12) the kernel 𝐵 – classically called the Povzner kernel – takes into account the fact that the particle processes are not
localized in the physical space. Hence, the Boltzmann-type kinetic Eq. (10) may be also called Boltzmann–Povzner equation.

Remark 3.2. In each binary interaction neither the mean velocity nor the mean degree of leadership is conserved in general.
Indeed,

𝑣′ + 𝑣′∗ − (𝑣 + 𝑣∗) = (𝜆∗ − 𝜆)
(

𝛽(𝑣∗ − 𝑣) + 𝛾(𝑥∗ − 𝑥)
)

𝜆′ + 𝜆′∗ − (𝜆 + 𝜆∗) = 2
(

1 − (𝜆 + 𝜆∗)
)

.

Multiplying (10) by 𝜑 and integrating w.r.t. 𝑣, 𝜆 we obtain the weak form of the Boltzmann-type kinetic equation, which reads

𝜕𝑡 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆 + div𝑥 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑣𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

= 𝜇 ⟨𝑄𝑣(𝑓, 𝑓 ), 𝜑⟩ + 𝜂
⟨

𝑄𝜆(𝑓, 𝑓 ), 𝜑
⟩

. (17)

For completeness, we point out that the collisional operators 𝑄𝑣(𝑓, 𝑓 ), 𝑄𝜆(𝑓, 𝑓 ) may be written explicitly also in strong form.
However, since for the sequel the latter is less useful than (11), (12), we confine it to Appendix A, cf. (54), (55).

3.3. Approximation in the regime of small non-conservative interactions

In classical kinetic theory, the derivation of macroscopic equations via the hydrodynamic limit relies heavily on the concept of
collisional invariants, which are observable quantities conserved, on average, by the particle interactions. Collisional invariants are
usually sought in the form of powers of the variables characterizing the microscopic state of the particles, which are at the basis of
the computation of the statistical moments of the kinetic distribution function.

As pointed out in Remark 3.2, the interaction rules (13)–(15) and (14)–(16) are pointwise non-conservative, and they are so also
on average. Consequently, one cannot extract directly from them conservation properties leading to the identification of collisional
invariants. To obtain suitable collisional invariants we adopt therefore the approach, borrowed from the kinetic theory of nearly
elastic granular flows [56] (see also [41]), which consists in decomposing the microscopic rules in conservative and non-conservative
parts.
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In more detail, concerning (13)–(15) we consider the decomposition

𝑣′ = 𝑣̄′ +
𝜆∗ − 𝜆

2
𝛽(𝑣∗ − 𝑣) + 𝛼

𝑥 − 𝑥∗
|

|

𝑥 − 𝑥∗||
2
+ (1 − 𝜆)𝛾(𝑥∗ − 𝑥)

𝑣′∗ = 𝑣̄′∗ +
𝜆 − 𝜆∗

2
𝛽(𝑣 − 𝑣∗) + 𝛼

𝑥∗ − 𝑥
|

|

𝑥 − 𝑥∗||
2
+ (1 − 𝜆∗)𝛾(𝑥 − 𝑥∗)

(18)

where

𝑣̄′ = 𝑣 +
(

1 −
𝜆 + 𝜆∗

2

)

𝛽(𝑣∗ − 𝑣), 𝑣̄′∗ = 𝑣∗ +
(

1 −
𝜆 + 𝜆∗

2

)

𝛽(𝑣 − 𝑣∗) (19)

s pointwise conservative for the mean velocity, indeed

𝑣̄′ + 𝑣̄′∗ − (𝑣 + 𝑣∗) = 0.

emark 3.3. In (13)–(15), also the repulsion term preserves the mean velocity pointwise. Nevertheless, here we choose not to
nclude it in (19) so as to focus on a conservative part of the binary interaction rule involving a pure exchange of momentum
etween the interacting agents. Notwithstanding the partial arbitrariness of this choice, we will see later that it has the merit of
solating a single interaction mechanism (the alignment) in the conservative part, that will determine the local equilibrium, while
ielding, in the hydrodynamic limit, a macroscopic model in which all the three interaction mechanisms (repulsion, alignment,
ttraction) play simultaneously a role.

Next, we consider the regime in which the non-conservative contribution (18) to the microscopic dynamics is small, i.e.

𝛼 = 𝛼0𝛿, 𝛽 = 𝛽0𝛿, 𝛾 = 𝛾0𝛿 (20)

with 0 < 𝛿 ≪ 1. Because of (20), we can approximate the test function 𝜑(𝑣′, 𝜆) appearing in (11) in a neighborhood of 𝑣̄′ as

𝜑(𝑣′, 𝜆) ≈ 𝜑(𝑣̄′, 𝜆) + 𝛿

(

𝛽0
𝜆∗ − 𝜆

2
(𝑣∗ − 𝑣) + 𝛼0

𝑥 − 𝑥∗
|

|

𝑥 − 𝑥∗||
2
+ (1 − 𝜆)𝛾0(𝑥∗ − 𝑥)

)

⋅ ∇𝑣𝜑(𝑣̄′, 𝜆), (21)

here we have assumed that 𝜑 is sufficiently smooth and we have neglected higher order terms in the Taylor expansion.
lugging (21) into (11) we obtain

⟨𝑄𝑣(𝑓, 𝑓 ), 𝜑⟩ =
⟨

𝑄̄𝑣(𝑓, 𝑓 ), 𝜑
⟩

+ 𝛿 ⟨𝑣(𝑓, 𝑓 ), 𝜑⟩

where
⟨

𝑄̄𝑣(𝑓, 𝑓 ), 𝜑
⟩

= ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝜑(𝑣̄′, 𝜆) − 𝜑(𝑣, 𝜆)
)

𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗ (22)

nd

⟨𝑣(𝑓, 𝑓 ), 𝜑⟩ = ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)

(

𝛽0
𝜆∗ − 𝜆

2
(𝑣∗ − 𝑣) + 𝛼0

𝑥 − 𝑥∗
|

|

𝑥 − 𝑥∗||
2

+(1 − 𝜆)𝛾0(𝑥∗ − 𝑥)

)

⋅ ∇𝑣𝜑(𝑣̄′, 𝜆)𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗. (23)

As far as rule (14)–(16) is concerned, in order to put in evidence a conservative contribution we generalize it by reformulating
t as

𝜆′ = 𝜆̄′ + 𝛿
(

1 − 2𝜆 + 𝜈(𝜆 − 𝜆∗)
)

, 𝜆′∗ = 𝜆̄′∗ + 𝛿
(

1 − 2𝜆∗ + 𝜈(𝜆∗ − 𝜆)
)

(24)

here

𝜆̄′ = 𝜆 + 𝜈(𝜆∗ − 𝜆), 𝜆̄′∗ = 𝜆∗ + 𝜈(𝜆 − 𝜆∗) (25)

atisfy

𝜆̄′ + 𝜆̄′∗ − (𝜆 + 𝜆∗) = 0.

n (24), (25), 𝜈 ∈ (0, 1) is a new parameter that we will discuss briefly in a moment. Moreover, we notice that for 𝛿 = 1 (24) reduces
o (14).

emark 3.4. For 𝛿 < 1, rule (24) features a conservative and non-conservative part. The former, i.e. (25), corresponds to imitation
ynamics leading an agent to relax its degree of leadership towards that of the other agent at rate proportional to 𝜈. Conversely, the
atter is built as an interplay between opposition dynamics, expressed by 𝛿𝜈(𝜆−𝜆∗) and 𝛿𝜈(𝜆∗−𝜆), which lead an agent to differentiate
ts degree of leadership from that of the other agent at rate proportional to 𝛿𝜈, and neutral dynamics, expressed by 𝛿(1 − 2𝜆) and

1 at rate 𝛿.
(1 − 2𝜆∗), which induce an agent to relax spontaneously its degree of leadership towards the mid-value 2
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Again, 𝛿 being small, we can approximate the test function 𝜑(𝑣, 𝜆′) appearing in (12) in a neighborhood of 𝜆̄′ as

𝜑(𝑣, 𝜆′) ≈ 𝜑(𝑣, 𝜆̄′) + 𝛿
(

1 − 2𝜆 + 𝜈(𝜆 − 𝜆∗)
)

𝜕𝜆𝜑(𝑣, 𝜆̄′), (26)

where we neglect higher order terms of the Taylor expansion. Plugging (26) into (12) we obtain
⟨

𝑄𝜆(𝑓, 𝑓 ), 𝜑
⟩

=
⟨

𝑄̄𝜆(𝑓, 𝑓 ), 𝜑
⟩

+ 𝛿
⟨

𝜆(𝑓, 𝑓 ), 𝜑
⟩

where
⟨

𝑄̄𝜆(𝑓, 𝑓 ), 𝜑
⟩

= ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝜑(𝑣, 𝜆̄′) − 𝜑(𝑣, 𝜆)
)

𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗ (27)

and
⟨

𝜆(𝑓, 𝑓 ), 𝜑
⟩

= ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

1 − 2𝜆 + 𝜈(𝜆 − 𝜆∗)
)

𝜕𝜆𝜑(𝑣, 𝜆̄′)𝑓𝑓∗ 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗. (28)

On the whole, in the regime of small non-conservative interactions the Boltzmann-type equation (17) is approximated as

𝜕𝑡 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆 + div𝑥 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑣𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

= 𝜇
⟨

𝑄̄𝑣(𝑓, 𝑓 ), 𝜑
⟩

+ 𝜇𝛿 ⟨𝑣(𝑓, 𝑓 ), 𝜑⟩ + 𝜂
⟨

𝑄̄𝜆(𝑓, 𝑓 ), 𝜑
⟩

+ 𝜂𝛿
⟨

𝜆(𝑓, 𝑓 ), 𝜑
⟩

. (29)

In Appendix A we report, for completeness, the strong forms of the operators 𝑄̄𝑣(𝑓, 𝑓 ), 𝑣(𝑓, 𝑓 ), 𝑄̄𝜆(𝑓, 𝑓 ) and 𝜆(𝑓, 𝑓 ),
cf. (56)–(57).

4. Macroscopic limit

In order to recover a macroscopic description of particle dynamics, the statistical moments of the kinetic distribution function
𝑓 with respect to the microscopic states of the particles are typically introduced. In the present case, the microscopic state of the
agents is defined by the variables 𝑣 ∈ R𝑑 and 𝜆 ∈ [0, 1], therefore we introduce:

(i) the density of the agents in the position 𝑥 ∈ R𝑑 at time 𝑡 > 0:

𝜌(𝑥, 𝑡) ∶= ∫

1

0 ∫R𝑑
𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆;

(ii) the mean velocity of the agents in the position 𝑥 ∈ R𝑑 at time 𝑡 > 0:

𝑢(𝑥, 𝑡) ∶= 1
𝜌(𝑥, 𝑡) ∫

1

0 ∫R𝑑
𝑣𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆;

(iii) the mean degree of leadership of the swarm in the position 𝑥 ∈ R𝑑 at time 𝑡 > 0:

𝑙(𝑥, 𝑡) ∶= 1
𝜌(𝑥, 𝑡) ∫

1

0 ∫R𝑑
𝜆𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆.

Choosing 𝜑(𝑣, 𝜆) = 1 in (17) we obtain the continuity equation

𝜕𝑡𝜌 + div𝑥(𝜌𝑢) = 0, (30)

which links the evolution of the density 𝜌 to the transport operated by the mean velocity 𝑢. Next, choosing 𝜑(𝑣, 𝜆) = 𝑣 we get the
balance of linear momentum

𝜕𝑡(𝜌𝑢) + div𝑥
(

𝜌(𝑢 ⊗ 𝑢 + D)
)

= 𝜇 ⟨𝑄𝑣(𝑓, 𝑓 ), 𝑣⟩

upon observing from (12) that
⟨

𝑄𝜆(𝑓, 𝑓 ), 𝑣
⟩

= 0. Here,

D(𝑥, 𝑡) ∶= 1
𝜌(𝑥, 𝑡) ∫

1

0 ∫R𝑑
(𝑣 − 𝑢(𝑥, 𝑡))⊗ (𝑣 − 𝑢(𝑥, 𝑡))𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

is the variance–covariance matrix of the velocity. Finally, choosing 𝜑(𝑣, 𝜆) = 𝜆 we discover

𝜕𝑡(𝜌𝑙) + div𝑥 ∫

1

0 ∫R𝑑
𝜆𝑣𝑓 (𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆 = 𝜂

⟨

𝑄𝜆(𝑓, 𝑓 ), 𝜆
⟩

(31)

upon observing from (11) that ⟨𝑄𝑣(𝑓, 𝑓 ), 𝜆⟩ = 0. Here, the second term on the left-hand side is the product moment of 𝑓 with respect
to 𝑣 and 𝜆.

Clearly, Eqs. (30)–(31) are not closed at the macroscopic scale because they still require the knowledge of the kinetic distribution
function 𝑓 . Therefore, they do not constitute a self-consistent macroscopic model in the hydrodynamic parameters 𝜌, 𝑢, 𝑙. To
circumvent this difficulty of the theory, we take advantage of the regime of small non-conservativeness of the interactions discussed
in Section 3.3 and formalized by the approximated Boltzmann-type equation (29).
368 



E. Cristiani et al.

i
i
H

q

i

Mathematics and Computers in Simulation 228 (2025) 362–385 
4.1. The hydrodynamic limit

More precisely, we introduce a small parameter

0 < 𝜀 ≪ 1,

conceptually analogous to the Knudsen number of the classical kinetic theory, and we consider the scaling

𝛿 = 𝜀, 𝜇 = 𝜂 = 1
𝜀
, (32)

n such a way that the smallness of the non-conservative content of the microscopic interactions is balanced by the increased
nteraction rates. Notice that 𝛿, and therefore 𝜀 within the above scaling, scales the interaction coefficients 𝛼, 𝛽, 𝛾 via (20).
ence, (29) becomes

𝜕𝑡 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆 + div𝑥 ∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆)𝑣𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

= 1
𝜀
⟨

𝑄̄𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀) + 𝑄̄𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜑
⟩

+
⟨

𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀) +𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜑
⟩

, (33)

where we use the notation 𝑓 𝜀 because the solution to (29) depends now on the scaling parameter 𝜀. We also use the notations 𝑄̄𝑣,𝜀,
𝑣,𝜀 to stress that these two operators are parameterized by 𝜀 also independently of 𝑓 𝜀, as it is clear from (22), (23). Notice indeed
that 𝑣̄′ depends on 𝜀 through the scaled coefficient 𝛽, cf. (19). Conversely, from (27), (28) we see that 𝑄̄𝜆, 𝜆 are not parameterized
by 𝜀, essentially because 𝜆̄′ does not depend on 𝜀, cf. (25).

Let

𝑛𝜀(𝑥, 𝜆, 𝑡) ∶= 1
𝜌𝜀(𝑥, 𝑡) ∫R𝑑

𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣

be the marginal distribution of the degree of leadership 𝜆 in the point 𝑥 at time 𝑡. Choosing 𝜑(𝑣, 𝜆) = 𝜓(𝜆) in (33), i.e. an observable
uantity independent of 𝑣, we get

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫

1

0
𝜓(𝜆)𝑛𝜀(𝑥, 𝜆, 𝑡) 𝑑𝜆

)

+ div𝑥 ∫

1

0 ∫R𝑑
𝜓(𝜆)𝑣𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

= 1
𝜀
⟨

𝑄̄𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

+
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

, (34)

after observing that
⟨

𝑄̄𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

= ⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜓⟩ = 0, ∀𝜓 = 𝜓(𝜆),

cf. (22), (23). A direct computation using (27), (28) shows that the terms on the right-hand side of (34) can be written explicitly
using 𝑛𝜀 as

⟨

𝑄̄𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

= 𝜌𝜀(𝑥, 𝑡)∫[0, 1]2 ∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌
𝜀(𝑥∗, 𝑡)

(

𝜓(𝜆̄′) − 𝜓(𝜆)
)

𝑛𝜀𝑛𝜀∗ 𝑑𝑥∗ 𝑑𝜆 𝑑𝜆∗

and
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

= 𝜌𝜀(𝑥, 𝑡)∫[0, 1]2 ∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌
𝜀(𝑥∗, 𝑡)(1 − 2𝜆 + 𝜈(𝜆 − 𝜆∗))

×𝜓 ′(𝜆̄′)𝑛𝜀𝑛𝜀∗ 𝑑𝑥∗ 𝑑𝜆 𝑑𝜆∗.

Let now

𝑝𝜀(𝑥, 𝑣, 𝑡) ∶= 1
𝜌𝜀(𝑥, 𝑡) ∫

1

0
𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝜆

be the marginal distribution of the velocity 𝑣 in the point 𝑥 at time 𝑡. Setting 𝜑(𝑣, 𝜆) = 𝜙(𝑣) in (33), i.e. an observable quantity
ndependent of 𝜆, we obtain

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝜙(𝑣)𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

+ div𝑥

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝜙(𝑣)𝑣𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

= 1
𝜀
⟨

𝑄̄𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜙
⟩

+ ⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜙⟩ , (35)

upon noticing from (27), (28) that
⟨

𝑄̄𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜙
⟩

=
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜙
⟩

= 0, ∀𝜙 = 𝜙(𝑣).

Next, we give the following

Definition 4.1. We call collisional invariant of the kinetic equation (34) any observable quantity 𝜓 = 𝜓(𝜆) such that
⟨

𝑄̄𝜆(𝑔, 𝑔), 𝜓
⟩

= 0

for every distribution function 𝑔.
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Likewise, we call collisional invariant of the kinetic equation (35) any observable quantity 𝜙 = 𝜙(𝑣) such that
⟨

𝑄̄𝑣,𝜀(𝑔, 𝑔), 𝜙
⟩

= 0

or every distribution function 𝑔 and every 𝜀 > 0.

Plugged into (34), (35) collisional invariants produce averaged equations free from the singular coefficient 1
𝜀 , hence suitable to

pass to the hydrodynamic limit 𝜀 → 0+ and recover a universal macroscopic description of the system.
It is easy to check that both 𝜓 ≡ 1 and 𝜙 ≡ 1 are collisional invariants in the sense of Definition 4.1. Nevertheless, owing to the

on-locality in space embodied in the collision kernel 𝐵 contained in 𝑄̄𝑣,𝜀 and 𝑄̄𝜆, determining collisional invariants in general is
not trivial. To circumvent this difficulty of the theory, taking inspiration from [57] we resort to a local-in-space approximation of
the collisional operators 𝑄̄𝑣,𝜀, 𝑄̄𝜆 under the assumption that the interaction range 𝑅 is sufficiently small. Specifically, we consider

⟨

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀), 𝜙

⟩

∶= 0 ∫[0, 1]2 ∫R2𝑑

(

𝜙(𝑣̄′) − 𝜙(𝑣)
)

𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡)𝑓 𝜀(𝑥, 𝑣∗, 𝜆∗, 𝑡) 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗,

⟨

𝑄̄𝜆loc(𝑓
𝜀, 𝑓 𝜀), 𝜓

⟩

∶= 0(𝜌𝜀(𝑥, 𝑡))
2
∫[0, 1]2

(

𝜓(𝜆̄′) − 𝜓(𝜆)
)

𝑛𝜀(𝑥, 𝜆, 𝑡)𝑛𝜀(𝑥, 𝜆∗, 𝑡) 𝑑𝜆 𝑑𝜆∗,

where

0 ∶= ∫B𝑅(0)
𝐵(|𝑥|) 𝑑𝑥,

and we reformulate (34), (35) accordingly:

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫

1

0
𝜓(𝜆)𝑛𝜀(𝑥, 𝜆, 𝑡) 𝑑𝜆

)

+ div𝑥 ∫

1

0 ∫R𝑑
𝜓(𝜆)𝑣𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆

= 1
𝜀
⟨

𝑄̄𝜆loc(𝑓
𝜀, 𝑓 𝜀), 𝜓

⟩

+
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜓
⟩

, (36)

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝜙(𝑣)𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

+ div𝑥

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝜙(𝑣)𝑣𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

= 1
𝜀
⟨

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀), 𝜙

⟩

+ ⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜙⟩ . (37)

Correspondingly, we rephrase Definition 4.1 as

Definition 4.2. We call local collisional invariants any observable quantities 𝜓 = 𝜓(𝜆), 𝜙 = 𝜙(𝑣), respectively, such that
⟨

𝑄̄𝜆loc(𝑔, 𝑔), 𝜓
⟩

= 0,
⟨

𝑄̄𝑣,𝜀loc(𝑔, 𝑔), 𝜙
⟩

= 0

or every distribution function 𝑔 and every 𝜀 > 0.

Recalling (19), (25), we see that 𝜓(𝜆) = 𝜆 and 𝜙(𝑣) = 𝑣 are local collisional invariants in the sense of Definition 4.2. Plugging
hem, together with 𝜓 = 𝜙 ≡ 1, into (36), (37) we obtain:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜕𝑡𝜌𝜀(𝑥, 𝑡) + div𝑥

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝑣𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

= 0,

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝑣𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

+ div𝑥

(

𝜌𝜀(𝑥, 𝑡)∫R𝑑
𝑣 ⊗ 𝑣𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣

)

= ⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝑣⟩ ,

𝜕𝑡

(

𝜌𝜀(𝑥, 𝑡)∫

1

0
𝜆𝑛𝜀(𝑥, 𝜆, 𝑡) 𝑑𝜆

)

+ div𝑥 ∫

1

0 ∫R𝑑
𝜆𝑣𝑓 𝜀(𝑥, 𝑣, 𝜆, 𝑡) 𝑑𝑣 𝑑𝜆 =

⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝜆
⟩

(38)

or every 𝜀 > 0. In particular, we have taken into account that

⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 1⟩ =
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 1
⟩

= 0,
⟨

𝜆(𝑓 𝜀, 𝑓 𝜀), 𝑣
⟩

= ⟨𝑣,𝜀(𝑓 𝜀, 𝑓 𝜀), 𝜆⟩ = 0, ∀ 𝜀 > 0.

We consider now (36), (37) in the hydrodynamic limit 𝜀 → 0+, so as to recover the local equilibrium distribution 𝑓 0 which,
ogether with its (normalized) marginals 𝑛0, 𝑝0, allows one to close system (38) within the same limit. Assuming formally that all
erms of (36), (37) remain bounded in the limit, the usual way to look for physically meaningful local equilibrium distributions is
o see them as equilibrium solutions of the pure interaction dynamics:

𝜕𝑡𝑓
𝜀 = 1

𝜀
(

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀) + 𝑄̄𝜆loc(𝑓

𝜀, 𝑓 𝜀)
)

(39)

for 𝜀→ 0+. Testing (39) against an observable quantity 𝜓 = 𝜓(𝜆) yields

𝜕𝑡
(

𝜌𝜀 ⟨𝑛𝜀, 𝜓⟩
)

= 1
𝜀
⟨

𝑄̄𝜆loc(𝑓
𝜀, 𝑓 𝜀), 𝜓

⟩

,

which, in the limit 𝜀→ 0+ and owing to the assumption of boundedness recalled above, produces
⟨

𝑄̄𝜆loc(𝑓
0, 𝑓 0), 𝜓

⟩

= 0, whence
(

𝜓(𝜆̄′) − 𝜓(𝜆)
)

𝑛0(𝑥, 𝜆, 𝑡)𝑛0(𝑥, 𝜆∗, 𝑡) 𝑑𝜆 𝑑𝜆∗ = 0, ∀𝜓 = 𝜓(𝜆).
∫[0, 1]2
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Since 𝜓(𝜆) = 1 and 𝜓(𝜆) = 𝜆 are local collisional invariants, they satisfy trivially this relationship and imply simply that 𝑛0 has unit
ass for all 𝑥, 𝑡 and is parameterized by the local mean degree of leadership 𝑙(𝑥, 𝑡). With 𝜓(𝜆) = (𝜆 − 𝑙(𝑥, 𝑡))2 we discover instead

2𝜈(1 − 𝜈) Var[𝜆] = 0,

here

Var[𝜆](𝑥, 𝑡) ∶= ∫

1

0
𝜆2𝑛0(𝑥, 𝜆, 𝑡) 𝑑𝜆 − 𝑙2(𝑥, 𝑡)

s the local variance of the distribution of 𝜆. Since 0 < 𝜈 < 1 this implies Var[𝜆] = 0, thus the 𝜆-marginal 𝑛0 is a Dirac delta centered
at 𝜆 = 𝑙(𝑥, 𝑡):

𝑛0(𝑥, 𝜆, 𝑡) = 𝛿(𝜆 − 𝑙(𝑥, 𝑡)). (40)

This also implies that 𝑓 0 has the form

𝑓 0(𝑥, 𝑣, 𝜆, 𝑡) = 𝜌(𝑥, 𝑡)𝑝0(𝑥, 𝑣, 𝑡)𝛿(𝜆 − 𝑙(𝑥, 𝑡)). (41)

Testing now (39) against an observable quantity 𝜙 = 𝜙(𝑣) we obtain

𝜕𝑡
(

𝜌𝜀 ⟨𝑝𝜀, 𝜙⟩
)

= 1
𝜀
⟨

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀), 𝜙

⟩

. (42)

In this case the limit 𝜀 → 0+ is more delicate, because the collisional operator 𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀) depends on 𝜀 also besides 𝑓 𝜀, cf. (22).

In particular, by dominated convergence we observe that
⟨

𝑄̄𝑣,𝜀loc(𝑔, 𝑔), 𝜙
⟩

→ 0 when 𝜀 → 0+ for every distribution function 𝑔 and
every (smooth) observable 𝜙. Therefore, 1

𝜀

⟨

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀), 𝜙

⟩

is in principle indefinite in the limit. However, if 𝜙 is smooth, say
e.g., 𝜙 ∈ 𝐶1,1(R𝑑 ), we may expand

𝜙(𝑣̄′) = 𝜙(𝑣) + ∇𝜙(𝑣̃) ⋅ 𝜀𝛽0

(

1 −
𝜆 + 𝜆∗

2

)

(𝑣∗ − 𝑣)

with 𝑣̃ ∶= 𝜃𝑣̄′ + (1 − 𝜃)𝑣 for some 𝜃 ∈ [0, 1]. Consequently
1
𝜀
⟨

𝑄̄𝑣,𝜀loc(𝑓
𝜀, 𝑓 𝜀), 𝜙

⟩

= ⟨(𝑓 𝜀, 𝑓 𝜀), 𝜙⟩ +R𝜀(𝜙, 𝑓 𝜀),

where

⟨(𝑓 𝜀, 𝑓 𝜀), 𝜙⟩ ∶= 𝛽00 ∫[0, 1]2 ∫R2𝑑
∇𝜙(𝑣) ⋅

(

1 −
𝜆 + 𝜆∗

2

)

(𝑣∗ − 𝑣)𝑓 𝜀𝑓 𝜀∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗, (43)

nd here 𝑓 𝜀∗ is shorthand for 𝑓 𝜀∗ (𝑥, 𝑣∗, 𝜆∗, 𝑡) owing to the local-in-space approximation, whereas the remainder is

R𝜀(𝜙, 𝑓 𝜀) ∶= 𝛽00 ∫[0, 1]2 ∫R2𝑑

(

∇𝜙(𝑣̃) − ∇𝜙(𝑣)
)

⋅
(

1 −
𝜆 + 𝜆∗

2

)

(𝑣∗ − 𝑣)𝑓 𝜀𝑓 𝜀∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗.

n particular,

|R𝜀(𝜙, 𝑓 𝜀)| ≤ 𝛽00 Lip(∇𝜙)𝜃 ∫[0, 1]2 ∫R2𝑑
|

|

𝑣̄′ − 𝑣|
|

(

1 −
𝜆 + 𝜆∗

2

)

|

|

𝑣∗ − 𝑣|| 𝑓
𝜀𝑓 𝜀∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗

= 𝜀𝛽200 Lip(∇𝜙)𝜃 ∫[0, 1]2 ∫R2𝑑

(

1 −
𝜆 + 𝜆∗

2

)2
|

|

𝑣∗ − 𝑣||
2𝑓 𝜀𝑓 𝜀∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗

≤ 𝜀𝛽200 Lip(∇𝜙)𝜃(𝜌𝜀)2 ∫R2𝑑
|

|

𝑣∗ − 𝑣||
2𝑝𝜀𝑝𝜀∗ 𝑑𝑣 𝑑𝑣∗

= 2𝜀𝛽200 Lip(∇𝜙)𝜃(𝜌𝜀)2 Var𝜀[𝑣] (44)

with Lip(∇𝜙) > 0 the Lipschitz constant of ∇𝜙 and

Var𝜀[𝑣](𝑥, 𝑡) ∶= ∫R𝑑
|𝑣|2 𝑝𝜀(𝑥, 𝑣, 𝑡) 𝑑𝑣 − |𝑢(𝑥, 𝑡)|2

the local variance of the 𝜀-distribution of 𝑣. To ascertain the trend of R𝜀 in the limit 𝜀 → 0+ we investigate that of Var𝜀[𝑣]. Letting
𝜙(𝑣) = |𝑣 − 𝑢𝜀|2 in (42) and observing that in the pure local interaction dynamics 𝜌𝜀 and 𝑢𝜀 are conserved (put 𝜙(𝑣) = 1, 𝑣 in (42) to
see that the right-hand side vanishes) we get

𝜌𝜀𝜕𝑡
⟨

𝑝𝜀, |𝑣 − 𝑢𝜀|2
⟩

= 1
𝜀
0 ∫[0, 1]2 ∫R2𝑑

(

|

|

𝑣̄′ − 𝑢𝜀|
|

2 − |𝑣 − 𝑢𝜀|2
)

𝑓 𝜀𝑓 𝜀∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗,

whence, after some manipulations, we obtain

𝜕𝑡 Var𝜀[𝑣] ≤ 𝛽00𝜌
𝜀
(

𝜀𝛽0 Var𝜀[𝑣] + 2∫R2𝑑
|

|

𝑣 ⋅ (𝑣∗ − 𝑣)|| 𝑝
𝜀𝑝𝜀∗ 𝑑𝑣 𝑑𝑣∗

)

.

But

|𝑣 ⋅ (𝑣∗ − 𝑣)| 𝑝𝜀𝑝𝜀 𝑑𝑣 𝑑𝑣∗ ≤ |𝑣 ⋅ 𝑣∗| 𝑝
𝜀𝑝𝜀 𝑑𝑣 𝑑𝑣∗ + |𝑣|2 𝑝𝜀 𝑑𝑣
∫R2𝑑

| | ∗ ∫R2𝑑
| | ∗ ∫R𝑑
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≤
(

∫R𝑑
|𝑣| 𝑝𝜀 𝑑𝑣

)2
+ ∫R𝑑

|𝑣|2 𝑝𝜀 𝑑𝑣

≤ 2∫R𝑑
|𝑣|2 𝑝𝜀 𝑑𝑣 = 2

(

Var𝜀[𝑣] + (𝑢𝜀)2
)

nd finally

𝜕𝑡 Var𝜀[𝑣] ≤ 𝛽00𝜌
𝜀
(

(𝜀𝛽0 + 4)Var𝜀[𝑣] + 2(𝑢𝜀)2
)

.

f we take 𝜀 so small that 𝜀𝛽0 ≤ 1 we have

𝜕𝑡 Var𝜀[𝑣] ≤ 𝛽00𝜌
𝜀
(

5Var𝜀[𝑣] + 2(𝑢𝜀)2
)

,

which implies that Var𝜀[𝑣] is bounded for 𝜀 → 0+ at any time under the assumption that so are the hydrodynamic parameters 𝜌𝜀, 𝑢𝜀.
Back to (44), we conclude R(𝜙, 𝑓 𝜀) → 0 when 𝜀→ 0+. Passing to the limit in (42) this yields then

𝜌𝜕𝑡
⟨

𝑝0, 𝜙
⟩

= 𝛽00 ∫[0, 1]2 ∫R2𝑑
∇𝜙(𝑣) ⋅

(

1 −
𝜆 + 𝜆∗

2

)

(𝑣∗ − 𝑣)𝑓 0𝑓 0
∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗

= 𝛽00(1 − 𝑙)𝜌2 ∫R𝑑
∇𝜙(𝑣) ⋅ (𝑢 − 𝑣)𝑝0 𝑑𝑣,

where we have used the form (41) of 𝑓 0. Restricting 𝜙 to compactly supported functions we see that this is a weak form of

𝜕𝑡𝑝
0 = −𝛽00(1 − 𝑙)𝜌 div𝑣

[

(𝑢 − 𝑣)𝑝0
]

,

whose equilibrium solution satisfies (𝑢 − 𝑣)𝑝0 = 0. In distributional sense we deduce therefore

𝑝0(𝑥, 𝑣, 𝑡) = 𝛿(𝑣 − 𝑢(𝑥, 𝑡)) (45)

and finally from (41)

𝑓 0(𝑥, 𝑣, 𝜆, 𝑡) = 𝜌(𝑥, 𝑡)𝛿(𝑣 − 𝑢(𝑥, 𝑡))⊗ 𝛿(𝜆 − 𝑙(𝑥, 𝑡)). (46)

Plugging (40), (45), (46) into (38), after passing there formally to the limit 𝜀 → 0+, we get the following set of hydrodynamic
equations:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜕𝑡𝜌 + div𝑥 (𝜌𝑢) = 0 (a)

𝜕𝑡(𝜌𝑢) + div𝑥 (𝜌𝑢 ⊗ 𝑢) = 𝜌(𝑥, 𝑡)∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌(𝑥∗, 𝑡)

×
(

𝑙(𝑥∗ ,𝑡)−𝑙(𝑥,𝑡)
2 𝛽0(𝑢(𝑥∗, 𝑡) − 𝑢(𝑥, 𝑡))

+𝛼0
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ 𝛾0

(

1 − 𝑙(𝑥, 𝑡)
)

(𝑥∗ − 𝑥)
)

𝑑𝑥∗ (b)

𝜕𝑡(𝜌𝑙) + div𝑥 (𝜌𝑙𝑢) = 𝜌(𝑥, 𝑡)∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌(𝑥∗, 𝑡)

×
(

1 − 2𝑙(𝑥, 𝑡) + 𝜈
(

𝑙(𝑥, 𝑡) − 𝑙(𝑥∗, 𝑡)
)

)

𝑑𝑥∗, (c)

(47)

which can be rewritten in non-conservative form as
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝜕𝑡𝜌 + div𝑥 (𝜌𝑢) = 0 (a)

𝜕𝑡𝑢 + 𝑢 ⋅ ∇𝑢 = ∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌(𝑥∗, 𝑡)
(

𝑙(𝑥∗, 𝑡) − 𝑙(𝑥, 𝑡)
2

𝛽0(𝑢(𝑥∗, 𝑡) − 𝑢(𝑥, 𝑡))

+𝛼0
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ 𝛾0

(

1 − 𝑙(𝑥, 𝑡)
)

(𝑥∗ − 𝑥)
)

𝑑𝑥∗ (b)

𝜕𝑡𝑙 + 𝑢 ⋅ ∇𝑙 = ∫R𝑑
𝐵(|

|

𝑥∗ − 𝑥||)𝜌(𝑥∗, 𝑡)
(

1 − 2𝑙(𝑥, 𝑡) + 𝜈
(

𝑙(𝑥, 𝑡) − 𝑙(𝑥∗, 𝑡)
)

)

𝑑𝑥∗, (c)

(48)

For consistency with the derivation discussed so far, we require that the non-locality in space on the right-hand side of both (47)
and (48) be sufficiently small.

Remark 4.3. A comment about the simultaneous presence in (47), and likewise in (48), of local approximations and non-local
terms is in order. As it is evident from (36)–(38), system (47) originates from a local approximation of the collisional operators 𝑄̄𝜆,
̄ 𝑣,𝜀 while the operators 𝜆, 𝑣 are left non-local. Such a different treatment of these operators has the following twofold reason.
n one hand, since the original microscopic dynamics are non-local in space, we aimed to derive a hydrodynamic description which
ould keep track consistently of such a non-locality. On the other hand, the non-locality in the kinetic description makes it difficult
o obtain explicit analytical expressions of the equilibrium distributions, which are needed to pass to the hydrodynamic limit. In
rder to balance between these two competing needs, we chose to localize only the collisional operators 𝑄̄𝜆, 𝑄̄𝑣,𝜀, which enter the

determination of the equilibrium distributions, leaving the remainders 𝜆, 𝑣 non-local, since owing to the scaling (32) they do not
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affect the search for equilibrium distributions. Clearly, smallness of such a non-locality has to be required for consistency between
the local closure of the fluxes and the non-local terms in (47).

Model (48) is a closed system of coupled equations for the hydrodynamic parameters 𝜌, 𝑢, 𝑙. The first equation is the continuity
equation expressing the conservation of mass of the agents. The second equation is a Burger-like momentum equation, whose right-
hand side accounts for the non-conservative contribution of alignment dynamics plus repulsion and attraction, cf. (18). The third
equation is an auxiliary transport equation, which describes the aggregate evolution of leader–follower transitions in terms of neutral
and opposition dynamics (cf. (24) and Remark 3.4).

4.2. On the local approximations of 𝑄̄𝑣,𝜀, 𝑄̄𝜆 in the hydrodynamic limit

The hydrodynamic system (47) has been obtained for 𝜀 → 0+ after approximating the collisional operators 𝑄̄𝑣,𝜀, 𝑄̄𝜆 with their
local-in-space versions 𝑄̄𝑣,𝜀loc, 𝑄̄

𝜆
loc, respectively. Furthermore, in the hydrodynamic limit the operator 1

𝜀 𝑄̄
𝑣,𝜀
loc has been formally replaced

by the operator  , cf. (43), for the determination of the local marginal equilibrium distribution 𝑝0.
In this section, we investigate the order of the introduced approximations to ascertain the consistency of the macroscopic

description (47) with respect to the original stochastic particle description (4)–(5).
Our main result is the following:

Theorem 4.4. Let 𝑓 = 𝑓 (𝑥, 𝑣, 𝜆, 𝑡) be a distribution function such that:

• 𝑓 (⋅, 𝑣, 𝜆, 𝑡) ∈ 𝐶1,1(R𝑑 ) for every 𝑣 ∈ R𝑑 , 𝜆 ∈ [0, 1], 𝑡 ≥ 0;
• 𝑓 (𝑥, ⋅, 𝜆, 𝑡) is 𝑥-uniformly compactly supported for every 𝜆 ∈ [0, 1], 𝑡 ≥ 0.

Then:

lim
𝜀→0+

|

|

|

|

⟨ 1
𝜀
𝑄̄𝑣,𝜀(𝑓, 𝑓 ) − (𝑓, 𝑓 ), 𝜙

⟩

|

|

|

|

≤ (𝑅1+𝑑 ), ∀𝜙 = 𝜙(𝑣) ∈ 𝐶0,1(R𝑑 ) ∩ 𝐶1,1(R𝑑 )

nd likewise

|

|

|

⟨

𝑄̄𝜆(𝑓, 𝑓 ) − 𝑄̄𝜆loc(𝑓, 𝑓 ), 𝜓
⟩

|

|

|

≤ (𝑅1+𝑑 ), ∀𝜓 = 𝜓(𝜆) ∈ 𝐿∞(0, 1).

Proof.

1. We begin with the approximation of 1
𝜀 𝑄̄

𝑣,𝜀. We have:

|

|

|

|

⟨ 1
𝜀
𝑄̄𝑣,𝜀(𝑓, 𝑓 ) − (𝑓, 𝑓 ), 𝜙

⟩

|

|

|

|

=
|

|

|

|

|

∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
𝜙(𝑣̄′) − 𝜙(𝑣)

𝜀
𝑓𝑓∗ 𝑑𝑥∗ … 𝑑𝜆∗

−𝛽00 ∫[0, 1]2 ∫R2𝑑
∇𝜙(𝑣)

(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)𝑓𝑓∗ 𝑑𝑣 … 𝑑𝜆∗
|

|

|

|

|

,

(49)

where, here and henceforth, for the sake of simplicity in the non-local terms 𝑓∗ and 𝑑𝑥∗ … 𝑑𝜆∗ are shorthand for 𝑓 (𝑥∗, 𝑣∗, 𝜆∗, 𝑡)
and 𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗, respectively, whereas in the local terms 𝑓∗ and 𝑑𝑣 … 𝑑𝜆∗ are shorthand for 𝑓 (𝑥, 𝑣∗, 𝜆∗, 𝑡) and
𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗, respectively.
Since 𝜙 is smooth, we write

𝜙(𝑣̄′) − 𝜙(𝑣) = ∇𝜙(𝑣̃) ⋅ (𝑣̄′ − 𝑣)

with 𝑣̃ ∶= 𝜃𝑣̄′ + (1 − 𝜃)𝑣 for some 𝜃 ∈ [0, 1] and we continue the previous calculation as

(49) =
|

|

|

|

|

𝛽0 ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)∇𝜙(𝑣)
(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)𝑓𝑓∗ 𝑑𝑥∗ … 𝑑𝜆∗

+ 𝛽0 ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||) (∇𝜙(𝑣̃) − ∇𝜙(𝑣))
(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)𝑓𝑓∗ 𝑑𝑥∗ … 𝑑𝜆∗

−𝛽00 ∫[0, 1]2 ∫R2𝑑
∇𝜙(𝑣)

(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)𝑓𝑓∗ 𝑑𝑣 … 𝑑𝜆∗
|

|

|

|

|

.

(50)

Invoking now the assumed smoothness of 𝑓 we write
𝑓 (𝑥∗, 𝑣∗, 𝜆∗, 𝑡) = 𝑓 (𝑥, 𝑣∗, 𝜆∗, 𝑡) + ∇𝑥𝑓 (𝑥̃, 𝑣∗, 𝜆∗, 𝑡) ⋅ (𝑥∗ − 𝑥), (51)
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where 𝑥̃ ∶= 𝜗𝑥∗ + (1 − 𝜗)𝑥 for some 𝜗 ∈ [0, 1], whence

(50) =
|

|

|

|

|

𝛽0 ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)∇𝜙(𝑣)
(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)(𝑥∗ − 𝑥) ⋅ 𝑓∇𝑥𝑓∗ 𝑑𝑥∗ … 𝑑𝜆∗

+ 𝛽00 ∫[0, 1]2 ∫R2𝑑
(∇𝜙(𝑣̃) − ∇𝜙(𝑣))

(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)𝑓𝑓∗ 𝑑𝑣∗ … , 𝑑𝜆∗

+ 𝛽0 ∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||) (∇𝜙(𝑣̃) − ∇𝜙(𝑣))
(

1 −
𝜆 + 𝜆∗

2

)

⋅ (𝑣∗ − 𝑣)(𝑥∗ − 𝑥) ⋅ 𝑓∇𝑥𝑓∗ 𝑑𝑥∗ … , 𝑑𝜆∗
|

|

|

|

|

.

(52)

Here, ∇𝑥𝑓∗ stands for ∇𝑥𝑓 (𝑥̃, 𝑣∗, 𝜆∗, 𝑡) for brevity. Since 𝜙, ∇𝜙 are Lipschitz continuous, we may estimate |∇𝜙(𝑣)| ≤ Lip(𝜙)
and

|∇𝜙(𝑣̃) − ∇𝜙(𝑣)| ≤ Lip(∇𝜙) |𝑣̃ − 𝑣|

= 𝜃 Lip(∇𝜙) |
|

𝑣̄′ − 𝑣|
|

= 𝜃𝛽0𝜀Lip(∇𝜙)
(

1 −
𝜆 + 𝜆∗

2

)

|

|

𝑣∗ − 𝑣||

≤ 𝛽0𝜀Lip(∇𝜙) ||𝑣∗ − 𝑣|| ,

where we have used (19) and we have taken into account that 0 ≤ 𝜃, 1 − 𝜆+𝜆∗
2 ≤ 1.

Similarly, writing ∇𝑥𝑓 (𝑥̃, 𝑣∗, 𝜆∗, 𝑡) = ∇𝑥𝑓 (𝑥, 𝑣∗, 𝜆∗, 𝑡) +
(

∇𝑥𝑓 (𝑥̃, 𝑣∗, 𝜆∗, 𝑡) − ∇𝑥𝑓 (𝑥, 𝑣∗, 𝜆∗, 𝑡)
)

we estimate

|

|

∇𝑥𝑓 (𝑥̃, 𝑣∗, 𝜆∗, 𝑡) − ∇𝑥𝑓 (𝑥, 𝑣∗, 𝜆∗, 𝑡)|| ≤ Lip𝑥(∇𝑥𝑓∗) |𝑥̃ − 𝑥|

= Lip𝑥(∇𝑥𝑓∗)𝜗 ||𝑥∗ − 𝑥||
≤ Lip𝑥(∇𝑥𝑓∗) ||𝑥∗ − 𝑥|| ,

where Lip𝑥(∇𝑥𝑓∗) denotes the Lipschitz constant of ∇𝑥𝑓 with respect to 𝑥, which depends in general on the other variables
𝑣∗, 𝜆∗, 𝑡.
Employing these estimates in (52) we discover:

(52) ≤ 𝛽01 Lip(𝜙)∫[0, 1]2 ∫R2𝑑
|

|

𝑣∗ − 𝑣|| 𝑓 |

|

∇𝑥𝑓∗|| 𝑑𝑣 … 𝑑𝜆∗

+ 𝛽02 Lip(𝜙)∫[0, 1]2 ∫R2𝑑
|

|

𝑣∗ − 𝑣|| 𝑓 Lip𝑥(∇𝑓∗) 𝑑𝑣 … 𝑑𝜆∗

+ 𝜀𝛽200 Lip(∇𝜙)∫[0, 1]2 ∫R2𝑑
|

|

𝑣∗ − 𝑣||
2 𝑓𝑓∗ 𝑑𝑣 … 𝑑𝜆∗

+ 𝜀𝛽201 Lip(∇𝜙)∫[0, 1]2 ∫R2𝑑
|

|

𝑣∗ − 𝑣|| 𝑓 |

|

∇𝑥𝑓∗|| 𝑑𝑣 … 𝑑𝜆∗

+ 𝜀𝛽202 Lip(∇𝜙)∫[0, 1]2 ∫R2𝑑
|

|

𝑣∗ − 𝑣||
2 𝑓 Lip𝑥(∇𝑥𝑓∗) 𝑑𝑣 … 𝑑𝜆∗,

where

𝑘 ∶= ∫B𝑅(0)
|𝑥|𝑘𝐵(|𝑥|) 𝑑𝑥, 𝑘 ∈ N.

By switching to polar coordinates in R𝑑 and invoking the boundedness of the collision kernel 𝐵 we estimate, in particular,

𝑘 = ∫𝜕B1(0)
∫

𝑅

0
𝑟𝑘𝐵(𝑟) 𝑟𝑑−1𝑑𝑟 𝑑𝑑−1

≤ ‖𝐵‖∞ 𝑑−1(𝜕B1(0))∫

𝑅

0
𝑟𝑘+𝑑−1 𝑑𝑟

= ‖𝐵‖∞ 𝑑−1(𝜕B1(0))
𝑅𝑘+𝑑

𝑘 + 𝑑
≲ 𝑅𝑘+𝑑 ,

𝑑−1 being the (𝑑 − 1)-dimensional Hausdorff measure in R𝑑 .
Due to the assumption of 𝑥-uniform compactness in 𝑣 of the support of 𝑓 , all integral terms in the estimate above are finite
(notice, in particular, that |

|

∇𝑥𝑓∗|| and Lip𝑥(∇𝑥𝑓∗) vanish uniformly in 𝑥 for |𝑣| large enough). Therefore2:

lim
𝜀→0+

|

|

|

|

⟨ 1
𝜀
𝑄̄𝑣,𝜀(𝑓, 𝑓 ) − (𝑓, 𝑓 ), 𝜙

⟩

|

|

|

|

≲ 1 + 2 ≲ 𝑅
1+𝑑 + 𝑅2+𝑑 ∼ (𝑅1+𝑑 )

for 𝑅 small.
2. As far as the approximation of the operator 𝑄̄𝜆 is concerned, by relying again on expansion (51) we have:

|

|

|

⟨

𝑄̄𝜆(𝑓, 𝑓 ) − 𝑄̄𝜆loc(𝑓, 𝑓 ), 𝜓
⟩

|

|

|

2 We use the notation 𝑎 ≲ 𝑏 to mean that, given 𝑎, 𝑏 ≥ 0, there exists a constant 𝐶 > 0, whose specific value is unimportant, such that 𝑎 ≤ 𝐶𝑏.
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=
|

|

|

|

|

∫[0, 1]2 ∫R3𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝜓(𝜆̄′) − 𝜓(𝜆)
)

(𝑥∗ − 𝑥) ⋅ 𝑓∇𝑥𝑓 𝑑𝑥∗ … 𝑑𝜆∗
|

|

|

|

|

≤ 1 ∫[0, 1]2 ∫R2𝑑
|

|

𝜓(𝜆̄′) − 𝜓(𝜆)|
|

𝑓 |

|

∇𝑓∗|| 𝑑𝑣 … 𝑑𝜆∗

+ 2 ∫[0, 1]2 ∫R2𝑑
|

|

𝜓(𝜆̄′) − 𝜓(𝜆)|
|

𝑓 Lip𝑥(∇𝑓∗) 𝑑𝑣 … 𝑑𝜆∗

≤ ‖𝜓‖∞

(

1 ∫[0, 1]2 ∫R2𝑑
𝑓 |

|

∇𝑓∗|| 𝑑𝑣 … 𝑑𝜆∗ + 2 ∫[0, 1]2 ∫R2𝑑
𝑓 Lip(∇𝑓∗) 𝑑𝑣 … 𝑑𝜆∗

)

≲ 1 + 2 ∼ (𝑅1+𝑑 )

for 𝑅 small. □

emark 4.5. Theorem 4.4 ensures that the considered approximations of 𝑄̄𝑣,𝜀 and 𝑄̄𝜆 are consistent with each other, although
hey have been obtained in partly different ways due to the structural dependence of 𝑄̄𝑣,𝜀, unlike 𝑄̄𝜆, on 𝜀. Because of this, and

notwithstanding the same order of approximation in 𝑅 of the operators, we expect different accuracy among the macroscopic
quantities 𝜌, 𝑢, 𝑙 provided by the macroscopic model (47) compared to the same quantities computed as statistical moments of
the kinetic distribution function 𝑓 . The reason is that the macroscopic model is obtained in the hydrodynamic limit by closing
system (38) with 𝑓 0 (46), which is determined approximately in the local regime of small 𝑅. First, we observe that 𝜌 evolves due
to the free particle drift only, hence the approximation in 𝑅 of 𝑓 0 does not affect it. Second, 𝑙 depends mainly on the marginal
distribution 𝑛0, which is found in local regime of small 𝑅. Finally, and differently, the fact that 𝑄̄𝑣,𝜀 → 0 as 𝜀→ 0+ implies primarily
that 𝑝0 is the initial condition 𝑝(𝑥, 𝑣, 0) of the pure interaction dynamics. Next, for 𝑅 small and in the high frequency regime (1∕𝜀
with 𝜀→ 0+), 𝑝0 is approximated by 𝛿(𝑣 − 𝑢). This approximation, determined by the microscopic dynamics, is also consistent with
the classical choice of the monokinetic closure in the derivation of the Euler equations from the non-collisional Vlasov equation. As
a consequence, if one prescribes actually 𝑝(𝑥, 𝑣, 0) = 𝛿(𝑣− 𝑢(𝑥, 0)) then the evolution of 𝑢 yielded by (47b) is not affected by 𝑅 unlike
𝑢 computed as the mean of 𝑓 solving (17).

. Numerical tests

In this section we present some numerical tests in 1D and 2D. Tests in 1D are mainly dedicated to the numerical confirmation of
he expected match between the micro- and the macro-scale. Conversely, tests in 2D are devoted to show the ability of the model
o reproduce some patterns of interest, like merge and split of flocks, cf. [52].

For the reader’s convenience, we start detailing the numerical schemes we used for simulations.

.1. Numerical approximation

In this section we present the numerical schemes used to discretize the three equations for 𝜌, 𝑢 and 𝑙 in (48) in 2D. The 1D
case can be easily derived by the 2D case. We face a system coupling a conservation law, a Burgers’ equation with source term,
and an advection equation with variable velocity and source term. While these equations are standard in the literature, and many
numerical schemes are available for all of them, the combination of the three numerical schemes is not trivial since stability issues
can arise. In addition, the effect of boundary conditions is not at all negligible and must be carefully taken into account.

5.1.1. Numerical grid
Let us denote by (𝑥1, 𝑥2) the two components of the space vector 𝑥. The computational domain 𝛺 × [0, 𝑇 ], for some 𝛺 ⊂ R2 and

final time 𝑇 > 0, is divided in cells of side 𝛥𝑥1 × 𝛥𝑥2 × 𝛥𝑡, where 𝛥𝑥1, 𝛥𝑥2 are the space steps in the two dimensions and 𝛥𝑡 is the
time step, respectively. Let us assume that 𝑇 is a multiple of 𝛥𝑡 to avoid rounding, and define 𝑛𝑇 ∶= 𝑇

𝛥𝑡 ∈ N. Similarly, we choose
𝛺 as a rectangular domain of size 𝑛1𝛥𝑥1 × 𝑛2𝛥𝑥2, with 𝑛1, 𝑛2 ∈ N. The generic space cell and space–time cell are defined as

𝐶𝑖,𝑗 ∶=
[

𝑥1𝑖 −
𝛥𝑥1

2
, 𝑥1𝑖 +

𝛥𝑥1

2

)

×
[

𝑥2𝑗 −
𝛥𝑥2

2
, 𝑥2𝑗 +

𝛥𝑥2

2

)

, 𝐶𝑛𝑖,𝑗 ∶= 𝐶𝑖,𝑗 ×
[

𝑡𝑛, 𝑡𝑛+1
)

where, as usual,
{

𝑥10,… , 𝑥1
𝑛1

}

,
{

𝑥20,… , 𝑥2
𝑛2

}

, {𝑡0,… , 𝑡𝑛𝑇 }

are the grid points.
Finally, we denote by 𝜌𝑛𝑖,𝑗 the approximation of the integral mean over a cell 𝐶𝑖,𝑗 at time 𝑡𝑛,

𝜌𝑛𝑖,𝑗 ≈
1

𝛥𝑥1𝛥𝑥2 ∫𝐶𝑖,𝑗
𝜌(𝑥, 𝑡𝑛)𝑑𝑥,

while we denote by 𝑢𝑛𝑖,𝑗 and 𝑙𝑛𝑖,𝑗 the pointwise approximation of 𝑢 and 𝑙 at grid nodes

𝑛 1 2 𝑛 𝑛 1 2 𝑛
𝑢𝑖,𝑗 ≈ 𝑢(𝑥𝑖 , 𝑥𝑗 , 𝑡 ), 𝑙𝑖,𝑗 ≈ 𝑙(𝑥𝑖 , 𝑥𝑗 , 𝑡 ).
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5.1.2. Equation for 𝝆
For the conservation law we use the push-forward scheme proposed in [58] and then used in, e.g., [59,60]. It is a natural

eneralization of the 1D upwind scheme and, although it exhibits a slightly diffusive behavior, it is stable and conservative even
ith sign-changing velocity fields (under the CFL condition). The push-forward scheme is explicit in time and truly two-dimensional.
lso, it follows the physics of the underlying problem: at each time step, some mass leaves the cell 𝐶𝑖,𝑗 , while other mass coming

from neighboring cells enters 𝐶𝑖,𝑗 . A CFL condition of the form

𝛥𝑡max
𝑖,𝑗,𝑛

|

|

|

𝑢𝑛𝑖,𝑗
|

|

|

≤ min{𝛥𝑥1, 𝛥𝑥2}

is imposed to avoid that mass covers a distance larger than a cell in one time step.
The balance of mass is given by [61, Sect. 5.5.2]

𝜌𝑛+1𝑖,𝑗 = 1
𝛥𝑥1𝛥𝑥2

∑

𝑟,𝑠
𝜌𝑛𝑖,𝑗 

(

𝐶𝑖,𝑗 ∩ 𝛾𝑛(𝐶𝑟,𝑠)
)

, 𝑛 = 0,… , 𝑛𝑇 − 1, (53)

where () denotes the Lebesgue measure of a subset  ⊆ R2, and

𝛾𝑛(𝜁 ) ∶= 𝜁 + 𝑢(𝜁, 𝑛𝛥𝑡)𝛥𝑡, 𝜁 ∈ R2

is the discrete-in-time map which pushes the mass forward in space.
The scheme (53) can be written in a more computer-friendly form as follows: let us denote by 𝛿𝑖,𝑗 the standard Kronecker delta

and by ( )± the positive/negative part. Let us also define 𝑋 ∶= 𝛥𝑡 𝑢 and denote by 𝑋1, 𝑋2 are the two components of the vector 𝑋.
Then, the scheme (53) can be written as

𝜌𝑛+1𝑖,𝑗 = 1
𝛥𝑥1𝛥𝑥2

∑

|𝑟−𝑖|≤1
|𝑠−𝑗|≤1

𝜌𝑛𝑟,𝑠 𝛤
1,𝑛
𝑟,𝑠 𝛤 2,𝑛

𝑟,𝑠 , 𝑛 = 0,… , 𝑛𝑇 − 1,

where

𝛤 1,𝑛
𝑟,𝑠 ∶=

(

𝑋1,𝑛
𝑟,𝑠

)+
𝛿𝑟,𝑖−1 +

(

𝑋1,𝑛
𝑟,𝑠

)−
𝛿𝑟,𝑖+1 +

(

𝛥𝑥1 − |𝑋1,𝑛
𝑟,𝑠 |

)

𝛿𝑟,𝑖,

𝛤 2,𝑛
𝑟,𝑠 ∶=

(

𝑋2,𝑛
𝑟,𝑠

)+
𝛿𝑠,𝑗−1 +

(

𝑋2,𝑛
𝑟,𝑠

)−
𝛿𝑠,𝑗+1 +

(

𝛥𝑥2 − |𝑋2,𝑛
𝑟,𝑠 |

)

𝛿𝑠,𝑗 .

5.1.3. Equation for 𝑢
Let us denote by 𝐺𝑢[𝜌, 𝑢, 𝑙] the right-hand side of (48b). The vector Eq. (48b) is explicitly written as

{

𝜕𝑡𝑢1 + 𝑢1𝜕𝑥1𝑢1 + 𝑢2𝜕𝑥2𝑢1 = 𝐺1
𝑢 [𝜌, 𝑢, 𝑙],

𝜕𝑡𝑢2 + 𝑢1𝜕𝑥1𝑢2 + 𝑢2𝜕𝑥2𝑢2 = 𝐺2
𝑢 [𝜌, 𝑢, 𝑙].

For numerical purposes, it is useful to add a small diffusion term as follows, this will result in an increased numerical stability.
Doing this we get

{

𝜕𝑡𝑢1 + 𝑢1𝜕𝑥1𝑢1 + 𝑢2𝜕𝑥2𝑢1 = 𝐺1
𝑢 [𝜌, 𝑢, 𝑙] +𝐷 ▵ 𝑢1,

𝜕𝑡𝑢2 + 𝑢1𝜕𝑥1𝑢2 + 𝑢2𝜕𝑥2𝑢2 = 𝐺2
𝑢 [𝜌, 𝑢, 𝑙] +𝐷 ▵ 𝑢2.

for some 𝐷 > 0 small. Denoting by 𝐺𝑢 the discretized right-hand side obtained by a first-order quadrature formula, and using finite
differences to approximate derivatives, we get the following explicit numerical scheme:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑢1,𝑛+1𝑖,𝑗 = 𝑢1,𝑛𝑖,𝑗 − 𝛥𝑡
2𝛥𝑥1 𝑢

1,𝑛
𝑖,𝑗 (𝑢1,𝑛𝑖+1,𝑗 − 𝑢

1,𝑛
𝑖−1,𝑗 ) −

𝛥𝑡
2𝛥𝑥2 𝑢

2,𝑛
𝑖,𝑗 (𝑢1,𝑛𝑖,𝑗+1 − 𝑢

1,𝑛
𝑖,𝑗−1)+

𝛥𝑡 𝐺1
𝑢 [𝜌

𝑛, 𝑢𝑛, 𝑙𝑛](𝑥𝑖, 𝑦𝑗 , 𝑡𝑛) +𝐷
𝛥𝑡

𝛥𝑥1𝛥𝑥2
(𝑢1,𝑛𝑖−1,𝑗 − 2𝑢1,𝑛𝑖,𝑗 + 𝑢1,𝑛𝑖+1,𝑗 )+

𝐷 𝛥𝑡
𝛥𝑥1𝛥𝑥2

(𝑢1,𝑛𝑖,𝑗−1 − 2𝑢1,𝑛𝑖,𝑗 + 𝑢1,𝑛𝑖,𝑗+1),

𝑢2,𝑛+1𝑖,𝑗 = 𝑢2,𝑛𝑖,𝑗 − 𝛥𝑡
2𝛥𝑥1 𝑢

1,𝑛
𝑖,𝑗 (𝑢2,𝑛𝑖+1,𝑗 − 𝑢

2,𝑛
𝑖−1,𝑗 ) −

𝛥𝑡
2𝛥𝑥2 𝑢

2,𝑛
𝑖,𝑗 (𝑢2,𝑛𝑖,𝑗+1 − 𝑢

2,𝑛
𝑖,𝑗−1)+

𝛥𝑡 𝐺2
𝑢 [𝜌

𝑛, 𝑢𝑛, 𝑙𝑛](𝑥𝑖, 𝑦𝑗 , 𝑡𝑛) +𝐷
𝛥𝑡

𝛥𝑥1𝛥𝑥2
(𝑢2,𝑛𝑖−1,𝑗 − 2𝑢2,𝑛𝑖,𝑗 + 𝑢2,𝑛𝑖+1,𝑗 )+

𝐷 𝛥𝑡
𝛥𝑥1𝛥𝑥2

(𝑢2,𝑛𝑖,𝑗−1 − 2𝑢2,𝑛𝑖,𝑗 + 𝑢2,𝑛𝑖,𝑗+1).

In order to further increase stability, we have actually used the implicit version of the previous scheme, obtained considering the
time step 𝑛+1 instead on 𝑛 in the two right-hand sides, thus obtaining two coupled linear systems of size 𝑛1𝑛2×𝑛1𝑛2 with unknowns
𝑢1,𝑛+1}𝑖,𝑗 and {𝑢2,𝑛+1}𝑖,𝑗 , respectively.

.1.4. Equation for 𝑙
For the third equation we employ an explicit first-order semi-Lagrangian scheme [62, Sect. 5.1.3]. Let us denote by 𝐺𝑙[𝜌, 𝑙] the

ight-hand side of (48)(c), and by 𝐺𝑙 its discretization obtained by means of a first-order quadrature formula. Then the scheme reads
s

𝑛+1 𝑛 ( 1 2 𝑛 ) ̃ 𝑛 𝑛 1 2 𝑛
𝑙𝑖,𝑗 = 𝐼[𝑙 ] (𝑥𝑖 , 𝑥𝑗 ) − 𝛥𝑡 𝑢𝑖,𝑗 + 𝛥𝑡 𝐺𝑙[𝜌 , 𝑙 ](𝑥𝑖 , 𝑥𝑗 , 𝑡 )
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Table 1
Choice of parameters.
Test 𝛼 𝛽 𝛾 𝜂 𝜇 𝜈 𝑅

1D 0.01 0.5 1 1 1 0.8 Varied
2Da 0.0225 0.5 0.5 0.05 0.5 0.8 0.3
2Db 0.01 0.1 1.3 0.3 1.5 0.2 0.25
2Dc 0.01 1 0.4 2 3 1 0.4

Table 2
𝐿2-distance of the difference between microscopic and macroscopic 𝜌, 𝜌𝑢 and 𝜌𝑙.

(a) 𝜌 (b) 𝜌𝑢 (c) 𝜌𝑙

𝑅 = 0.02 𝑅 = 0.01 𝑅 = 0.02 𝑅 = 0.01 𝑅 = 0.02 𝑅 = 0.01

𝜀 = 10−3 0.3894 0.2112 0.0084 0.0082 0.0908 0.0680
𝜀 = 10−4 0.1232 0.1167 0.00114 0.00110 0.0742 0.0675

where, for any 𝜁 ∈ R2, 𝐼[𝑙𝑛](𝜁 ) is the approximated value of 𝑙(𝜁, 𝑡𝑛) obtained by interpolation using available values of 𝑙𝑛 at grid
odes. For our purposes, we considered a bilinear interpolation which uses the values of the four closest vertices to the point 𝜁 . More

precisely, assuming that the point 𝜁 is enclosed by the grid nodes (𝑥𝑖, 𝑦𝑗 ), (𝑥𝑖+1, 𝑦𝑗 ), (𝑥𝑖, 𝑦𝑗+1), (𝑥𝑖+1, 𝑦𝑗+1), for any function 𝜔 = 𝜔(𝑥, 𝑦)
nd point 𝜁 ∈ R2, we have

𝐼bil[𝜔](𝜁 ) = 𝜋1(𝜁 ) 𝜔(𝑥1𝑖 , 𝑥
2
𝑗 ) + 𝜋2(𝜁 ) 𝜔(𝑥

1
𝑖+1, 𝑥

2
𝑗 ) + 𝜋3(𝜁 ) 𝜔(𝑥

1
𝑖+1, 𝑥

2
𝑗+1) + 𝜋4(𝜁 ) 𝜔(𝑥

1
𝑖 , 𝑥

2
𝑗+1)

ith

𝜋1(𝜁 ) ∶=
(𝑥1𝑖+1−𝜁

1)(𝑥2𝑗+1−𝜁
2)

𝛥𝑥1𝛥𝑥2
, 𝜋2(𝜁 ) ∶=

(𝜁1−𝑥1𝑖 )(𝑥
2
𝑗+1−𝜁

2)

𝛥𝑥1𝛥𝑥2
,

𝜋3(𝜁 ) ∶=
(𝜁1−𝑥1𝑖 )(𝜁

2−𝑥2𝑗 )

𝛥𝑥1𝛥𝑥2
, 𝜋4(𝜁 ) ∶=

(𝑥1𝑖+1−𝜁
1)(𝜁2−𝑥2𝑗 )

𝛥𝑥1𝛥𝑥2
.

5.2. Comparison of the microscopic and macroscopic model in 1D

In this section we compare the results of the numerical integration of the microscopic stochastic process and of the macroscopic
model in 1D. In particular, we integrate the microscopic model (4)–(9) with a direct Monte Carlo algorithm as done, e.g., in [48],
with 𝑁 = 105 particles. The macroscopic model is integrated according to the scheme illustrated in Section 5.1. Model parameters
are summarized in Table 1.

Simulations at both scales are performed over the non-dimensional spatial domain 𝐼 =
[

0, 1∕𝑅
]

, with final time 𝑇 = 5. We
approximate the solution of (48) starting from the following initial conditions:

𝜌(𝑥, 0) = 1
√

2𝜋𝜎2
exp

(

−
(𝑥 − 𝑥0)2

2𝜎2

)

,

𝑢(𝑥, 0) = 0,

𝑙(𝑥, 0) = 0,

for 𝑥 ∈ 𝐼 . Here 𝑥0 =
1
2𝑅 and 𝜎 = 0.1

𝑅 . Null Dirichlet boundary conditions are considered. We have chosen 𝐵(𝑥∗ − 𝑥) = 𝜒
‖𝑥∗−𝑥‖≤𝑅.

In order to quantify the agreement between the numerical results, we have computed the 𝐿2-distance between microscopic and
macroscopic density 𝜌 and first order moments of 𝑓 in 𝜆 and 𝑣, i.e. 𝜌𝑢 and 𝜌𝑙, at final time, for some values of 𝑅 and 𝜀; see Table 2.
As expected, for fixed 𝑅 the discrepancy decreases as 𝜀 decreases, and, for fixed 𝜀 the discrepancy decreases as 𝑅 decreases.

In Fig. 1 we show the profiles of the solution (𝜌, 𝜌𝑢, 𝜌𝑙) at the final computational time in the cases considered in Table 2. The
numerical results highlight the fact that a small 𝜀 is particularly effective in matching microscopic and macroscopic simulations.

5.3. Numerical tests in 2D

In this section we present the results of numerical simulations of the macroscopic model (48) in a two-dimensional domain. The
values of the model parameters are reported in Table 1.

5.3.1. Test 2Da: Turning and split
In this test we consider a single flock initially in a steady state, which starts moving and elongates. To this end we consider a

square domain 𝛺 = [0, 2] × [0, 2], a final time 𝑇 = 300, and we set initial data as follows:

𝜌(𝑥, 0) = exp

(

−
(𝑥1 − 𝐶1

0 )
2

2𝜎20
−

(𝑥2 − 𝐶2
0 )

2

2𝜎20

)

,

𝑢(𝑥, 0) = 0,

𝑙(𝑥, 0) = 0.9 exp

(

−(𝑥1 − 𝐶1
1 )

2

2
−

(𝑥2 − 𝐶2
1 )

2

2

)

+ 0.8 exp

(

−(𝑥1 − 𝐶1
2 )

2

2
−

(𝑥2 − 𝐶2
2 )

2

2

)

,

2𝜎1 2𝜎1 2𝜎2 2𝜎2
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Fig. 1. Test 1D. Comparison between the numerical results of the macroscopic model (48) with null Dirichlet boundary conditions (continuous lines) and of
the microscopic stochastic process (4)–(9) (‘o’ markers). A small numerical instability can be observed in the approximation of 𝜌 when the velocity changes sign
and this is due to the upwind scheme used for the continuity equation.

Fig. 2. Test 2Da: Initial conditions for (a) 𝜌 and (b) 𝑙.

for any 𝑥 = (𝑥1, 𝑥2) ∈ 𝛺. Here 𝐶0 = (𝐶1
0 , 𝐶

2
0 ) = (1, 1), 𝐶1 = (𝐶1

1 , 𝐶
2
1 ) = (0.8, 0.8), 𝐶2 = (𝐶1

2 , 𝐶
2
2 ) = (1.3, 1.3), 𝜎0 =

√

0.03, 𝜎1 = 𝜎2 =
√

0.02.
Fig. 2 shows the initial conditions for 𝜌 and 𝑙. Note that at initial time the flock has null velocity, this means that the initial condition
for 𝑙 will play a crucial role in the dynamics.

Boundary conditions are of Dirichlet type, with 𝜌 = 𝑢 = 𝑙 = 0. For the numerical approximation we set 𝛥𝑥1 = 𝛥𝑥2 = 0.025 and
𝛥𝑡 = 0.1.
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Fig. 3. Test 2Da: evolution of 𝜌 (first line) and 𝑙 (second line) at time (a), (d) 𝑡 = 10, (b), (e) 𝑡 = 90, (c), (f) 𝑡 = 210. White arrows describe the velocity field.

Fig. 3 shows three snapshots of the evolution. At the beginning, the group starts moving in south-west direction, influenced by
a higher degree of leadership in that region. After a while, we observe a turning behavior, with some agents which start moving in
the opposite direction. As a result, the flock elongates and the interior density decreases.

5.3.2. Test 2Db: Merge
In this test we simulate a scenario where two all-follower groups are initially distinct, then they merge interacting with each

other. To this end, we consider a square domain 𝛺 = [0, 1] × [0, 1], a final time 𝑇 = 350, and we set initial data as follows:

𝜌(𝑥, 0) = exp

(

−
(𝑥1 − 𝐶1

3 )
2

2𝜎23
−

(𝑥2 − 𝐶2
3 )

2

2𝜎23

)

+ exp

(

−
(𝑥1 − 𝐶1

4 )
2

2𝜎24
−

(𝑥2 − 𝐶2
4 )

2

2𝜎24

)

,

𝑢(𝑥, 0) = 0,

𝑙(𝑥, 0) = 0,

for any 𝑥 = (𝑥1, 𝑥2) ∈ 𝛺. Here 𝐶3 = (𝐶1
3 , 𝐶

2
3 ) = (0.4, 0.7), 𝐶4 = (𝐶1

4 , 𝐶
2
4 ) = (0.6, 0.3), 𝜎3 = 𝜎4 =

√

0.004. Initial density configuration is
shown in Fig. 4.

Boundary conditions are of Dirichlet type, with 𝜌 = 𝑢 = 𝑙 = 0. The discretization steps are 𝛥𝑥1 = 𝛥𝑥2 = 0.01 and 𝛥𝑡 = 0.2.
Fig. 5 shows three snapshots of the numerical simulation. At the beginning, the attraction force prevails and let the two groups

merge. Meanwhile, the degree of leadership, initially equal to 0, increases and leaders appear. Once the two flocks merged, newly
formed leaders establish a common direction of motion, heading the flock in the south-west direction.

Fig. 6 shows the same evolution with null Dirichlet boundary conditions for 𝜌 and 𝑢, but assuming 𝑙 ≡ 1 at the border. It is
interesting to compare the solutions of Figs. 5 and 6 in order to quantify the impact of boundary conditions. It can be seen that the
flock merge and find a common solution in both case, but the size of the final flock is quite different, proving that a nonnegligible
effect of boundary conditions exists.

5.3.3. Test 2Dc: Ring formation
In this test we consider the same initial and boundary conditions of Test 2Db (Fig. 4), but we increase all the model parameters

but 𝛼 which remains equal, and 𝛾 which is instead decreased. Doing this, we expect an accelerated dynamics of 𝑙 and a less impact
of the attraction force. Result is shown in Fig. 7. We observe that the two flocks still merge but remain less compressed than before.
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Fig. 4. Test 2Db: initial condition for 𝜌.

Fig. 5. Test 2Db: evolution of 𝜌 (first line) and 𝑙 (second line) at time (a), (d) 𝑡 = 20, (b), (e) 𝑡 = 40, (c), (f) 𝑡 = 180. White arrows describe the velocity field.
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Fig. 6. Test 2Db′ (different boundary conditions for 𝑙): evolution of 𝜌 (first line) and 𝑙 (second line) at time (a), (d) 𝑡 = 20, (b), (e) 𝑡 = 40, (c), (f) 𝑡 = 180. White
arrows describe the velocity field.

Moreover 𝑙 evolves faster towards to a mixed follower–leader status, which also spreads on all the domain due to the greater value
of 𝑅.

More interesting, a ring formation appears, characterized by a high density of agents concentrated at the boundary of the flock.
This configuration is well known and typically appears in all-to-all repulsion–attraction models [63,64].

6. Conclusions

In this paper, we have proposed a Povzner–Boltzmann-type kinetic description of swarming dynamics with transient leadership
and continuous leader–follower transitions relying on a simplified version of the microscopic dynamics described in [52]. The
particles of the underlying multi-agent system feature a multi-variate microscopic state consisting of position, velocity and degree
of leadership. The velocity and the degree of leadership change in consequence of binary interactions according to two independent
processes, which are non-local in space. The resulting dynamics are largely non-conservative, the only conserved quantity being
the mass. Non-locality and non-conservativeness pose two major theoretical issues in deriving a macroscopic description of the
system through a hydrodynamic limit of the kinetic equation. To circumvent them, taking inspiration from the kinetic theory of
nearly elastic granular gases [41,56], we consider a regime of high interaction rates and small non-conservative contributions to the
interactions. The combination of these two factors produces an aggregate description which still keeps track of the non-locality of the
interactions, differently from a classical hyperbolic scaling of space and time in the kinetic equation, which would localize inevitably
the mean effect of the interactions. As a consequence, we obtain a non-local macroscopic model in the form of a system of evolution
equations for relevant statistical quantities formulated on the original spatial and temporal scales of the particle interactions. This
means that, in principle, our analytical description is focused on the agents of the swarm also when it comes to aggregate dynamics,
differently from the classical case of gas molecules, which instead disappear conceptually when the gas is described at the fluid
scale in the hydrodynamic regime. This technique can be fruitfully adapted and extended to upscale consistently also different and
possibly richer particle dynamics. As future perspective, we think that the leader/follower transition would be worth of further
investigation in order to find the dynamics which better match the biological mechanisms, currently largely unexplored in both
animal groups and human crowds.
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Fig. 7. Test 2Dc: evolution of 𝜌 (first line) and 𝑙 (second and third lines) at time (a), (d), (g) 𝑡 = 20, (b), (e), (h) 𝑡 = 48, (c), (f), (i) 𝑡 = 100. White arrows
describe the velocity field.

CRediT authorship contribution statement

Emiliano Cristiani: Conceptualization, Funding acquisition, Methodology, Supervision, Writing – original draft, Writing – review
& editing. Nadia Loy: Conceptualization, Formal analysis, Methodology, Writing – original draft, Writing – review & editing. Marta
Menci: Conceptualization, Methodology, Writing – original draft, Writing – review & editing. Andrea Tosin: Conceptualization,
Formal analysis, Methodology, Supervision, Writing – original draft, Writing – review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.
382 



E. Cristiani et al.

A

P
2

f
C
a

p
r

A

w
r

t

w

T

T

Mathematics and Computers in Simulation 228 (2025) 362–385 
Data availability

The few data related to the numerical computations will be made available on reasonable request.

cknowledgments

E.C. would like to thank the Italian Ministry of University and Research (MUR) to support this research with funds coming from
RIN Project 2022 PNRR (No. 2022XJ9SX, entitled ‘‘Heterogeneity on the road - Modeling, analysis, control’’) and from PRIN Project
022 (No. 2022238YY5, entitled ‘‘Optimal control problems: analysis, approximation and applications’’).

This study was carried out within the Spoke 7 of the MOST – Sustainable Mobility National Research Center and received
unding from the European Union Next-Generation EU (PIANO NAZIONALE DI RIPRESA E RESILIENZA (PNRR) – MISSIONE 4
OMPONENTE 2, INVESTIMENTO 1.4 – D.D. 1033 17/06/2022, CN00000023). This manuscript reflects only the authors’ views
nd opinions. Neither the European Union nor the European Commission can be considered responsible for them.

E.C. and M.M. are funded by INdAM - GNCS Project, CUP E53C23001670001, entitled ‘‘Numerical modeling and high-
erformance computing approaches for multiscale models of Complex Systems’’. E.C. and M.M. are members of GNCS-INdAM
esearch group.

N.L. and A.T. are members of GNFM-INdAM research group.

ppendix A. Strong form of the kinetic operators

The strong form of the collisional operator 𝑄𝑣(𝑓, 𝑓 ) may be obtained by means of a change of variables in (11), taking advantage
of the inverse binary collision:

′𝑣 = − 1
1 − (1 − 𝜆)𝛽

[

𝑣 + 𝛼
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ (1 − 𝜆)

(

𝛽′𝑣∗ + 𝛾(𝑥∗ − 𝑥)
)

]

′𝑣∗ = − 1
1 − (1 − 𝜆∗)𝛽

[

𝑣∗ + 𝛼
𝑥∗ − 𝑥

|

|

𝑥∗ − 𝑥||
2
+ (1 − 𝜆∗)

(

𝛽′𝑣 + 𝛾(𝑥 − 𝑥∗)
)

]

,

here ′𝑣, ′𝑣∗ denote the pre-interaction velocities giving rise to the post-interaction velocities 𝑣, 𝑣∗. These are nothing but the inverse
ules of (13)–(15). Then, after some algebraic manipulations, one gets

𝑄𝑣(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) = ∫

1

0 ∫R2𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
⎛

⎜

⎜

⎝

𝑓 (𝑥, ′𝑣, 𝜆, 𝑡)𝑓 (𝑥∗, ′𝑣∗, 𝜆∗, 𝑡)
|

|

|

1 −
(

2 − (𝜆 + 𝜆∗)
)

𝛽||
|

− 𝑓𝑓∗
⎞

⎟

⎟

⎠

𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗. (54)

Analogously, the strong form of the collisional operator 𝑄𝜆(𝑓, 𝑓 ) may be obtained by means of a change of variables in (12),
aking advantage of the inverse rule

′𝜆 = 1 − 𝜆, ′𝜆∗ = 1 − 𝜆∗,

here ′𝜆, ′𝜆∗ are the pre-interaction degrees of leadership giving rise to the post-interaction ones 𝜆, 𝜆∗. Also in this case, these are
the inverse rules of (14)–(16). The result is

𝑄𝜆(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) = ∫

1

0 ∫R2𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝑓 (𝑥, 𝑣, ′𝜆, 𝑡)𝑓 (𝑥∗, 𝑣∗, ′𝜆∗, 𝑡) − 𝑓𝑓∗
)

𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗. (55)

To obtain the strong form of the operators 𝑄̄𝑣(𝑓, 𝑓 ) and 𝑣(𝑓, 𝑓 ), cf. (22), (23), we proceed similarly. The inverse collision to (19)
reads

′𝑣̄ =
1 − 𝑝
1 − 2𝑝

𝑣∗ −
𝑝

1 − 2𝑝
𝑣, ′𝑣̄∗ =

1 − 𝑝
1 − 2𝑝

𝑣 −
𝑝

1 − 2𝑝
𝑣∗

with 𝑝 ∶=
(

1 − 𝜆+𝜆∗
2

)

𝛽0𝛿, where ′𝑣̄, ′𝑣̄∗ denote the pre-interaction velocities giving rise to the post-interaction velocities 𝑣, 𝑣∗.
herefore, changing the variables in (22) produces

𝑄̄𝑣(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) = ∫

1

0 ∫R2𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
⎛

⎜

⎜

⎝

𝑓 (𝑥, ′𝑣̄, 𝜆, 𝑡)𝑓 (𝑥∗, ′𝑣̄∗, 𝜆∗, 𝑡)
|

|

|

1 −
(

2 − (𝜆 + 𝜆∗)
)

𝛽0𝛿
|

|

|

− 𝑓𝑓∗
⎞

⎟

⎟

⎠

𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗. (56)

he same change of variables in (23) yields instead

⟨𝑣(𝑓, 𝑓 ), 𝜑⟩

= ∫[0, 1]2 ∫R3𝑑

[

𝐵(|
|

𝑥∗ − 𝑥||)
|

|

|

1 −
(

2 − (𝜆 + 𝜆∗)
)

𝛽0𝛿
|

|

|

(

𝛽0
𝜆∗ − 𝜆

2
(

1 − (2 − (𝜆 + 𝜆∗))𝛽0𝛿
) (𝑣 − 𝑣∗)

+𝛼0
𝑥 − 𝑥∗

2
+ 𝛾0(1 − 𝜆)(𝑥∗ − 𝑥)

)

⋅ ∇𝑣𝜑(𝑣, 𝜆)𝑓 (𝑥, ′𝑣̄, 𝜆, 𝑡)𝑓 (𝑥∗, ′𝑣̄∗, 𝜆∗, 𝑡)

]

𝑑𝑥∗ 𝑑𝑣 𝑑𝑣∗ 𝑑𝜆 𝑑𝜆∗

|

|

𝑥 − 𝑥∗||
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= −∫

1

0 ∫R𝑑
𝜑(𝑣, 𝜆) div𝑣

⎡

⎢

⎢

⎣

∫

1

0 ∫R2𝑑

𝐵(|
|

𝑥∗ − 𝑥||)
|

|

|

1 −
(

2 − (𝜆 + 𝜆∗)
)

𝛽0𝛿
|

|

|

(

𝛽0
𝜆∗ − 𝜆

2
(

1 − (2 − (𝜆 + 𝜆∗))𝛽0𝛿
) (𝑣 − 𝑣∗)

+𝛼0
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ 𝛾0(1 − 𝜆)(𝑥∗ − 𝑥)

)

𝑓 (𝑥, ′𝑣̄, 𝜆, 𝑡)𝑓 (𝑥∗, ′𝑣̄∗, 𝜆∗, 𝑡) 𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗

]

𝑑𝑣 𝑑𝜆,

where the last passage follows from the divergence theorem, assuming further for convenience that 𝜑 is compactly supported in
𝑑 × [0, 1]. Therefore:

𝑣(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) =

− div𝑣

[

∫

1

0 ∫R2𝑑

𝐵(|
|

𝑥∗ − 𝑥||)
|

|

|

1 −
(

2 − (𝜆 + 𝜆∗)
)

𝛽0𝛿
|

|

|

(

𝛽0
𝜆∗ − 𝜆

2
(

1 − (2 − (𝜆 + 𝜆∗))𝛽0𝛿
) (𝑣 − 𝑣∗)

+𝛼0
𝑥 − 𝑥∗

|

|

𝑥 − 𝑥∗||
2
+ 𝛾0(1 − 𝜆)(𝑥∗ − 𝑥)

)

𝑓 (𝑥, ′𝑣̄, 𝜆, 𝑡)𝑓 (𝑥∗, ′𝑣̄∗, 𝜆∗, 𝑡) 𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗

]

.

The strong forms of the operators 𝑄̄𝜆(𝑓, 𝑓 ) and 𝜆(𝑓, 𝑓 ), cf. (27), (28), can be obtained analogously starting from the inverse
rules to (25). In particular, these are

′𝜆̄ = 1 − 𝜈
1 − 2𝜈

𝜆 − 𝜈
1 − 2𝜈

𝜆∗,
′𝜆̄∗ = 1 − 𝜈

1 − 2𝜈
𝜆∗ −

𝜈
1 − 2𝜈

𝜆,

so that

𝑄̄𝜆(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) = ∫

1

0 ∫R2𝑑
𝐵(|

|

𝑥∗ − 𝑥||)
(

𝑓 (𝑥, 𝑣, ′𝜆̄, 𝑡)𝑓 (𝑥∗, 𝑣∗, ′𝜆̄∗, 𝑡)
|1 − 2𝜈|

− 𝑓𝑓∗

)

𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗

and

𝜆(𝑓, 𝑓 )(𝑥, 𝑣, 𝜆, 𝑡) =

−𝜕𝜆

[

∫

1

0 ∫R2𝑑

𝐵(|
|

𝑥∗ − 𝑥||)
|1 − 2𝜈|

(

1 − 𝜈
1 − 2𝜈

𝜆 + 3𝜈 − 2
1 − 2𝜈

𝜆∗
)

×𝑓 (𝑥, 𝑣, ′𝜆̄, 𝑡)𝑓 (𝑥∗, 𝑣∗, ′𝜆̄∗, 𝑡) 𝑑𝑥∗ 𝑑𝑣∗ 𝑑𝜆∗

]

. (57)
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