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STABILITY OF SWITCHED AFFINE SYSTEMS: ARBITRARY AND
DWELL-TIME SWITCHING

MATTEO DELLA ROSSA* , LUCAS N. EGIDIO* , AND RAPHAEL M. JUNGERS *

Abstract. The dynamical behavior of switched affine systems is known to be more intricate
than that of the well-studied switched linear systems, essentially due to the existence of distinct
equilibrium points for each subsystem. First, under arbitrary switching rules, the stability analysis
must be generally carried out with respect to a compact set with non-empty interior rather than to
a singleton. We provide a novel proof technique for existence and outer approximation of attractive
invariant sets of a switched affine system, under the hypothesis of global uniform stability of its
linearization. On the other hand, considering dwell-time switching signals, forward invariant sets
need not exist for this class of switched systems, even for stable ones. Hence, more general notions of
stability /boundedness are introduced and studied, highlighting the relations of these concepts to the
uniform stability of the linear part of the system under the same class of dwell-time switching signals.
These results reveal the main differences and specificities of switched affine systems with respect to
linear ones, providing a first step for the analysis of switched systems composed by subsystems not
sharing the same equilibrium. Numerical methods based on linear matrix inequalities and sum-of-
squares programming are presented and illustrate the developed theory.

1. Introduction. Switched dynamical systems provide a mathematical model
for a large class of phenomena and have been the subject of intense analysis in the
past decades; for an overview, see the monographs [1, 2]. In this framework, given M

vector fields f1,..., far : R™ — R™, we consider the differential equation

(L.1) ©(t) = fo()(2(1)),

where o : Ry — {1,..., M} is a so-called switching signal, which selects, at each
instant of time, one subsystem among fi,..., fas to be active, i.e., to define how

the state z(t) evolves. One of the first but yet challenging problems studied in the
literature is the stability analysis of (1.1), specifically for some particular classes of
subsystems f1, ..., fis and/or some particular classes of switching signals o : Ry —
{1,...,M}.

Regardless the specific framework (linear or non-linear subsystems, arbitrary or
restricted switching signals, discrete or continuous-time evolution), a classical assump-
tion in switched systems literature consists in considering subsystems that share the
same equilibrium at the origin, i.e., f1(0) = -+ = f(0) = 0; the stability analysis is
then carried out with respect to this common equilibrium (this is for instance the case
when the subsystems f; are linear functions). This assumption, which is reasonable
in several practical contexts, simplifies the analysis, and leads to elegant and handy
Lyapunov characterizations of (several kinds of) stability notions, for an overview we
refer to [1, 2, 3, 4, 5] and references therein. On the other hand it is often fruitful or
even necessary to consider subsystems which do not share the same equilibrium, lead-
ing to a greater modeling capacity but paying the price of a more convoluted stability
analysis. A natural and interesting case is provided by switched affine systems, thus
considering maps fi,..., far : R — R™ in (1.1) which are affine, i.e., f;(z) = A;x+b;,
for alli e {1,..., M}, for some given matrices and vectors A; € R**" and b; € R™.
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2 M. DELLA ROSSA, L.N. EGIDIO, AND R.M. JUNGERS

Switched affine models are often adopted in dynamical system analysis and con-
trol, mostly in the form of piecewise affine systems, to characterize or approximate
complex non-linear behaviors, see [6, 7]. In this case, the switching events are state-
dependent and subsystems are selected according to which operating region the state
trajectory lies in. Beyond that, the use of affine models is also recurrent in power elec-
tronics [8, 9], as several power converters can be conveniently represented by them. In
this setting, the switching signal is generally a control variable that must be designed
to guide the state vector toward a user-defined goal.

In our work, instead, we focus on the continuous-time switched affine systems with
switching signals that are considered to be unknown exogenous disturbances/inputs.
In practice, this encompasses many situations of interest such as switching linear
systems undergoing additive disturbances, and/or faulty switching controllers (i.e.,
when a switched controller malfunctions and the switching becomes arbitrary). The
stability analysis is then carried out in two distinct cases:

e the arbitrary switching case, in which no further assumption is made on the switch-
ing signals;

e the dwell-time switching case, where it is assumed the existence of a dwell-time T >
0, which represents the minimal time interval between two consecutive switching
instants.

In both of these cases, in analyzing the stability of a given switched affine system,
our approach requires to consider, as a first step, the corresponding linearized switched
system. More precisely, supposing that subsystems f; : R — R™ in (1.1) are affine
and defined by matrices and vectors (4;,b;) € R™*"™ x R™ with ¢ € {1,..., M}, we
consider the corresponding switched linear system

&(t) = Acr(t) x(t)

as a surrogate in some of our analyses. This is motivated by the fact that stability
(with respect to the origin) of switched linear systems is a fundamental and mature
topic in switched systems literature, see for example [1, 10, 11] and references therein.
Thus, considering the linearization of system (1.1), we rely on well-known converse
Lyapunov results for switched linear systems, see [12, 13] for the arbitrary switching
case, and [4, 14] for the dwell-time case. Assuming that the corresponding linearized
system is stable, the aforementioned converse Lyapunov theorems provide us with the
existence of (multiple) Lyapunov functions for the linearized system. Therefore, we
generalize these results to cope with stability /boundedness properties for the original
switched affine system. As said, since the affine subsystems do not, in general, share
the same equilibrium, we need to consider tailored concepts of stability.

In the arbitrary switching case, under the hypothesis that the corresponding lin-
earized system is stable, we prove the existence of a compact forward invariant attrac-
tor and that all the trajectories exponentially converge to it. The proposed analysis
is inspired by the results presented in [15] for the discrete-time setting. The existence
of minimal forward invariant set was already proven, via a different proof technique,
in [16]; our approach allows us to prove that the minimal forward invariant set is ex-
ponentially attractive (which was only conjectured in [16]), and enables the proposal
of algorithmic schemes to approximate this set. Indeed, some numerical techniques
based on semidefinite and sum-of-squares optimization are proposed in order to pro-
vide outer approximations of the compact attractor. We further show that, if the
linearized system admits diverging solutions, no forward invariant set exits.

When considering switching signals with minimum dwell-time, we prove that the
solutions of switched affine systems are ultimately bounded, i.e., all the solutions
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STABILITY OF SWITCHED AFFINE SYSTEMS 3

eventually enter a compact set without leaving it afterwards, under the assumption
that the linearized system is stable for the corresponding class of dwell-time signals.
On the other hand, we also prove that, due to the presence of multiple equilibria, a
compact forward invariant set does not exist, in general, unlike the arbitrary switch-
ing case previously studied. We thus provide tailored definitions characterizing the
asymptotic behavior of switched affine systems under dwell-time assumption, allow-
ing us to underline the peculiarity of this setting with respect to the case of arbitrary
switching signals. It is noteworthy that the stability of switched affine systems un-
dergoing dwell-time switching has not been addressed in the literature to date, to the
best of our knowledge. Numerical outer approximations of the attracting/bounding
regions are provided, by means of semidefinite programming.

This manuscript is organized as follows: In Section 2 we present the consid-

ered framework along with the necessary definitions and we recall the foundational
Lyapunov results concerning switched linear systems. In Section 3 we study the
arbitrary switching case, proving the existence of a forward invariant compact attrac-
tor, together with a numerical scheme to approximate it; the analysis for dwell-time
switching signals is then developed in Section 4, underlining the subtleties and the
differences with respect to the general arbitrary switching case. Section 5 closes the
manuscript providing some concluding remarks together with possible future direc-
tions of research.
Notation: Given M € N, we define (M) = {1,...,M}. The symbols Rso and
R>o denote the sets positive and nonegative real numbers, respectively. With the
notation G : A = B we denote a set-valued map between A and B. Given a set
S C R”, the symbols S, S and Int(S) denote the closure, boundary and interior of
S, respectively; co(S) denotes its conver hull.

2. Preliminaries. Given M € N, consider F = {(A;, b;)ic(my |Ai € R™*™,b; €
R™} and the continuous-time switched system
(2.1) x(t) = Ag(t)x(t) + o (1)
where the switching signals o are selected, in general, among the set S defined by
(2.2) S:={o:Rsg — (M) | o piecewise constant} .

We recall that a function v : R>o — (M) is said to be piecewise constant if it has a
finite number of discontinuity points in any bounded subinterval of R>y. Moreover,
without loss of generality, we suppose that signals ¢ € S are right-continuous.

Stability analysis of (2.1) under arbitrary switching signals, can be equivalently
tackled studying the differential inclusion

(2.3) i € F(z) = co{ Az +b;, i € (M)}

Indeed, it can be proven that the set of solutions to (2.1) is dense in the set of solutions
of (2.3), see for example [17], [2, Section 2] and [18, Theorem 2, pag. 124] .

It turns out that the stability /asymptotic properties of (2.1) are closely related
to the properties of the corresponding linearized switched system given by

(2.4) B(t) = Agnya(t).

From now on, we call (2.4) the linearization of system (2.1). Given any o € S, let us
call ¥, : R>g x R® — R” the flow map of (2.1), i.e.,

U, (t,z) := solution to (2.1), starting at x(0) = x, evaluated at time ¢t € R>¢.

This manuscript is for review purposes only.
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We have that solutions of (2.1), by variation of constants formula, are given by

t
(2) Vo (t,0) = By (.0 + | @alt, b ds,
0

where @, : R>¢ xR>o — R"*™ is the state-transition matrix of the linearization (2.4),
see, for example, [19].

We introduce the following classical definitions of stability for the linearized sys-
tem (2.4), which will be used in subsequent sections to characterize the behavior
of (2.1).

Definition 2.1. Given any subset of switching signals S C S we say that the
linearized system (2.4) is uniformly globally asymptotically stable (UGAS) on S if
there exists a class KL function' B such that

|®,(t,0)z| < B(|x|,t) Vz € R", Vi€ Rsy, VoeS.

We recall here a classical Lyapunov converse result for linear switching systems under
arbitrary switching rules.

LEMMA 2.2 (Theorem 1 in [13]). The linearized switching system (2.4) is UGAS
on S if and only if there exist a norm v : R™ — R>q and a scalar k > 0 such that

(2.6) v(®,(t,0)2) < e "u(z), Vo € R™, Vt € Rsg, Vo € S.

This in particular implies that UGAS of (2.4) on S is equivalent to exponential
stability, i.e., the function 8 € KL in Definition 2.1 can be chosen of the form
Bla,t) = Me "ta for some M > 0.

The proof of this Lemma is provided in [13, Theorem 1], see also [12, Theorem III.1].

It is usual in the switched systems setting to refine the analysis only focusing on
subclasses of S. One of the most common subclass is given by the set of dwell-time
switching signals, introduced in the seminal paper [10]. Formally, given a 7 > 0,
Saw(T) denotes the class of dwell-time switching signals defined by

(2.7) Saw(r) ={oeS|t] -ty >7, V] >0},

where {t7} denotes the set of time instants at which ¢ is discontinuous, and by
convention, t§ = 0 for all ¢ € §. This class can be intuitively seen as the set of “slow”
switching signals, i.e., signals for which two distinct switching events cannot occur on
time intervals smaller than the given threshold 7 > 0.

As for the arbitrary switching signals case (Lemma 2.2), the stability of (2.4)
under any dwell time class Sqw(7) can also be characterized via a converse Lyapunov
result, this time involving multiple Lyapunov norms, as recalled in the following state-
ment.

LeMMA 2.3 ([14, 4]). Given 7 > 0, the linearized system in (2.4) is UGAS on
Saw(T) if and only if there exist norms vy ...vp : R™ — Rxg and k > 0 such that

(2.8) vi(editz) < e "u(z), Vo €R™, Vi€ Rsg, Vi€ (M).
(2.9) vi(edTx) < e ui(z), Vo e R, V(i,j) € (M)%

In particular, for any T > 0, UGAS of (2.4) on Saw(T) is equivalent to exponential
stability.

LA continuous function S : R>o X R>g — Ry is of class KL if 3(0,s) = 0 for all s, 3(-,s) is
strictly increasing for all s, and B(r, ) is decreasing and B(r,s) — 0 as s — oo, for all r.

This manuscript is for review purposes only.
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STABILITY OF SWITCHED AFFINE SYSTEMS 5

The proof of this Lemma can be found in [14] and [4, Corollary 6.5].

The supremum over k € Ry for which the norm(s) as in Lemma 2.2 and
Lemma 2.3 can be found represents the best exponential decay rate for system (2.4)
on § and Sgy(7), respectively; its opposite —x is also called the (mazimal) Lya-
punov exponent of (2.4) on S and Sqw(7), respectively. We decided to keep this sign
convention (considering the best decay rate instead of the Lyapunov exponent) for
notational simplicity. The interested reader can find further discussion concerning the
computation of the Lyapunov exponent for example in [2], [14] and references therein.

3. Arbitrary Switching. In this section we first study the behavior of the
switched affine system (2.1) under arbitrary switching rules, i.e., considering switching
signals in the class S given in (2.2). Since, in general, the subsystems of (2.1) do not
share a common equilibrium, we analyze asymptotic properties with respect to sets.
More specifically, under the hypothesis that the linearized system (2.4) is UGAS on
S we provide a proof of existence (and numerical approximations) of the minimal
forward invariant set. We first recall some definitions, characterizing properties of
sets with respect to solutions of (2.1).

Definition 3.1. Given any subset of switching signals SCSanda compact set
C C R™, we say that: B N
1. Cis forward invariant for (2.1) on S if, for all z € C, all 0 € S, and all ¢t € Rxy,
it holds that

U, (t,z) € C.

2. A forward invariant set C' is minimal if, for every forward invariant set D, it
holds that C C D. _ _
3. C'is attractive for (2.1) on S if for every € R™ and every o € S, we have

|, (t,x)|c = 0, as t = +oo,

where |z|¢ = minyec{|z — y|} denotes the distance between a point z € R™ and
the compact set C, with respect to the Euclidean norm.
4. C is exponentially stable for (2.1) on S if there exist a M > 0 and a x > 0 such

that, for all z € R", all 0 € S and all ¢t € R, it holds that

U, (t,2)|c < Me "|z|c.

If a minimal forward invariant set C exists, minimality ensures its uniqueness. More-
over, it is easy to see that exponential stability implies forward invariance and at-
tractiveness. For further discussions on stability notions with respect to sets, we refer
o [20]. In the following statement we prove a crucial property of forward invariant
sets.

LEMMA 3.2. For any t € R>q, any z,y € R", any o € S, and any A € [0,1] we
have

U, (A + (1= N)y) = AWy (£ 2) + (1 — N Wy (t,y).

In particular given any set of signals ScC S, if C C R™ is forward invariant for (2.1)
on S, so is co{C}.

This manuscript is for review purposes only.
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6 M. DELLA ROSSA, L.N. EGIDIO, AND R.M. JUNGERS

Proof. For the first part of the statement, using (2.5), we compute:

Uyt Az + (1= Ny) = o (t,0)( Az + (1 — Ny) + /t Dy (t,5)by(s) ds
0
= ((b(,(t, 0)x —|—/0 O, (,8)bo(s) ds) +

+(1-N) (@U(t,O)y—i-/O By (£, 5)bo(s) ds)
= )\\I/(,(t,l’) + (1 - )‘)\I,U(t’y)-

For the second part, consider any S C S and suppose that C' is a forward invariant
set for (2.1) on S. Consider any x,y € C, any o € S, any A € [0,1] and any ¢ € R>o,
then

U, (t, Az + (1= Ny) = A, (¢, 2) + (1 = N)¥,(¢,y) € co{C},

since by forward invariance of C, we have ¥, (t,x), ¥, (t,y) € C. 0

3.1. Minimal Forward Invariant and Exponentially Attractive Set. In
this subsection, we prove the existence of minimal forward invariant and attractive
sets for (2.1) on S, i.e., under arbitrary switching sequences. We also show that
the minimal forward invariant set is exponentially stable, with the same exponential
decay rate of the linearized system. For that, we first need a “theoretic outer bound”,
ensuring that, under some hypotheses, forward invariant sets do exist.

PROPOSITION 3.3. Consider system (2.1), and suppose that the linearized system
in (2.4) is UGAS on S. Consider a norm v : R™ — Rxsg and a scalar & > 0 as in
Lemma 2.2. Then there exists R > 0 such that the compact set

(3.1) Kor={zeR"|v(z) <R},
is forward invariant for (2.1) on S.

Proof. Define B4, = max;ean{v(b;)}. For any 2 € R", any o € S and any
t € R>g, compute

¢
v(¥e(t,x)) =v (@U(LO)x —|—/ D, (t, )by (s) ds)
0
t
< v(P,(t,0)z) +v </ D, (t,5)bs(5) ds)
0
t
<o) + [ @t 5)ba(5) ds
0
¢
< e "y(z) —l—/ e "=y (by(s)) ds
0
t
< efntv(x)Jerax/ e F(t=5) gg
0
1— —kt
= e—ntv(x) + Biaz ( ‘ ) ’
K
where we used (2.6) and the fact that, for any ¢ € S and any ¢, s € R>¢ it holds that
D, (t,s) = Pz(t — 5,0) with & € S defined by (') = o(t' + s). It thus holds that

if x € R™ is such that v(z) > % =: R, then v(¥,(t,z)) < v(z), for all t € Rxg,
concluding the proof. 0

This manuscript is for review purposes only.
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STABILITY OF SWITCHED AFFINE SYSTEMS 7

This statement provides a first outer bound for the minimal forward invariant set
(if it exists). In the following, we show that such a set does exist. To this aim, we
introduce the set-valued map K : R>¢g = R" defined by

(3.2) uw:[J{A%%@@m@m}.

ceS

Equivalently, for every ¢ € R>¢, the set K(t) represents the reachable set of (2.1) at
time ¢ starting at 0, i.e.

K(t) = {T,(t,0) | o€ S).

In what follows, studying the properties of the set-valued map K : R>g = R", we
prove the existence of the minimal forward invariant set.

THEOREM 3.4. Let us consider F := {(Ai, bi)ic(ary |As € R"*™, by € R™} defining
a switched affine system as in (2.1). If the linearized system (2.4) is UGAS on S, the
limit
(3.3) Koo = lim K(t)

(in the Hausdorff metric on compact sets) of the sequence in (3.2) is well-defined and
equal to the minimal forward invariant set of (2.1) on S.

Proof. Without loss of generality, we suppose b; = 0; indeed, the general case
is reduced to this framework by applying the translation T : R™ — R™ defined as
T(x) =2+ A;lbl, where Afl exists since, by hypothesis, A; is a Hurwitz matrix.
Well-defineteness: Firstly, we prove that, for all ¢ > ¢ > 0, we have K(t) C K(7).
Considering any x € K(t), by definition, there exists a o € S, such that z = ¥, (¢,0).
Now define o € S by

~ 1, if s<t—t,
o(s) = _ . -
o(s—t+t), ifs>t—t.

Since by = 0, it is clear that Uz (¢ —¢,0) = 0, and thus x = ¥z(¢,0) € K(t), proving
that K(t) C K(¢). By Proposition 3.3, for every ¢ > 0, the reachable sets K(t) are
uniformly bounded since they are included in the compact set K, g defined in (3.1),
recalling that 0 € K, g and K, g is forward invariant. Thus, the set

Koo = [JK()

£>0

is a well-defined compact set, being the limit of an increasing sequence of compact
sets, see [21, Chapter 4.B].

Forward invariance: Consider first x € (J,~,/C(t) and consider any o € S, we prove
that, for any o > 0, ¥, (to, ) € U, K(t). Since z € ;o K(t) there exists a T > 0
and a o1 € S such that x = ¥,, (T,0). Defining o € S by

5(s) = o1(s) ifs<T,
o= o(s=T) ifs>T,

we have W, (to, ) = V5 (T +t9,0) € K(T +to) € U0 K(t). Now, for the limit case
where € Koo = ;> K(t), for any o € S and any to > 0, we want to prove that

This manuscript is for review purposes only.
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U, (tg,x) € Koo. Consider a sequence (zj)ren such that zp — x as k& — oo and
x € U K(t) for all k € N. We have already proven that W, (to,zx) € U,~o K(%),
for all k& € N. Now by continuity from initial conditions (see [19, Theorem 3.4]) we
have

U, (tg, ) = kli_g)lo U, (to, xg),

and thus ¥, (to, ) € |J;5o K(t) = Koo, concluding the proof.

Minimality: Consider a compact forward invariant set C C R™, any initial condition
z € C, and the constant switching signal o(s) = 1, for all s € R>y. Consider any
strictly increasing sequence (tx)ken such that t; > 0 for all £k € N and t;, — +o0 as
k — oo. Then z; = U, (tx, ) € C for all k € N by forward invariance of C, and since
limy,_s o0 T = limp 00 ¥(tg, ©) = limy oo e 2 = 0, by compactness we have 0 € C.
Now by definition of forward invariance and since Ko, is defined as the reachable set
from 0, we conclude that K, C C. O

An existence result similar to Theorem 3.4 was proven in [16], in a slightly different
setting and with a different methodology. We presented here our proof based on
Lemma 2.2 since it allows us to not only prove the existence of the minimal forward
invariant set Koo, but also to verify that it is exponentially stable (and thus, in
particular, attractive), as proven in the following proposition.

PRrROPOSITION 3.5. Under the hypothesis of Theorem 3.4, the compact set Koo is
exponentially stable for (2.1) on §. More specifically, there exists a M > 0 such that

(3.4) Uy (t, 7)o, < Me " |z|c.,, Vo €R", Vo €S, VteRs,
where k is the exponential decay rate of the linearized system (2.4) given in Lemma 2.2.
Proof. Consider a scalar £ > 0 and a norm v : R” — R satisfying the properties

in Lemma 2.2, and define B, := {z € R | v(z) < 1}, i.e., the unit ball of the norm v.
We consider W : R™ — Ry, the distance from Ko with respect to v, defined by

(3.5) W(x) = Iél’lcn {v(r —y)} =min{r € Ryo | z € Koo + B, }.

yEK o0
First, for any € Ko, forward invariance of K, implies that W (¥, (¢,z)) = 0, for
all 0 € S and all ¢ € R>g. Now consider any « ¢ Ko, any 0 € S and any t € R>.

By equation (3.5), we can decompose z as x = & + y with & € Ko, and y € W (z)B,,.
Computing

t
WP, (t,z) =W (q)g(t, 0)(z+y)+ / D, (t, S)bg(s) ds)
0
t
=W <<I>J(t, 0)& —|—/ D@, (L, 5)bg(s) ds + <I>c,(t,0)y> .
0
Recalling again the forward invariance of K., we have ®, (¢, O)§:+f0t O, (,8)bg(s) ds €
Koo and, by Lemma 2.2, we have ®,(t,0)y € e "W (z)B,, proving that
W (¥, (t,z)) < e "W(x).

Now by equivalence of norms in R™, it can be seen that there exist My, Ms € R+
such that

M|z, < W(x) < Ms|z|c,,, Ve eR”

oo !
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STABILITY OF SWITCHED AFFINE SYSTEMS 9

where, we recall, | - |, denotes the distance from Ko, with respect to the Euclidean
distance. Thus we have

M
(3.6) W, (t, @) |k, < M?e*mxm, Ve e R", Vo eS8, VteRs,
1

proving (3.4) and concluding the proof. d

We note that in Proposition 3.5 we have proven that the decay rate x > 0 of the
linearized system (2.4) with respect to the origin is conserved by the switched affine
system (2.1), in the sense that x > 0 is also the exponential decay rate of (2.1) with
respect to the minimal forward invariant set Koo, as shown in (3.4).

Remark 3.6 (Properties of K ). Since K, is formally defined as an infinite union
of sets in (3.3), it can be hard to construct it explicitly, as we will discuss in the next
subsection. However, despite this non-constructive definition of K, we are able to
provide some remarkable properties. First of all, given F = {(Asbi)icnry |Ai €
R™*™ b, € R™}, let us consider the set of Filippov equilibria defined by
(3.7)

1
Filg(F) == qy=—[ > N4 > Nibs ’ XAy p={ycR"|0¢c F(y)},
1€(M) i€(M)

where the set-valued map F is defined in (2.3) and Ay := {\ € RY | Zf\il Ai=1}is
the standard simplex of dimension M —1. As discussed in Section 2, solutions to (2.1)
under arbitrary switching rules are dense in the set of solutions to the differential in-
clusion (2.3), and this in particular implies Fily(F) C K. Moreover, we can ensure
that the set K is (path) connected: consider x1, 2 € K, and consider the constant
signal defined by o(t) = 1. By forward invariance of K, it is clear that the corre-
sponding trajectories are contained in K, more precisely {¥5(t,z;) | t > 0} C K
for all j € {1,2}. Since Ko is closed and lim; ;400 W5 (¢, 21) = limys 400 5 (t,22) =
fAl_lbl, there is a path in K., connecting 1 and x5 (intuitively, the union of the
two trajectories). We have thus proven that I is path-connected. However, in the
subsequent numerical example, we show that I is not convex, in general. A

Ezample 3.7. Consider a switched affine system as in (2.1) defined by

-1 -1 -1 0 —1
A = [0 1}7 Ay = [1 1], by =0by = [J

The set Filg(F) of the Filippov equilibria, defined in (3.7), is depicted in black in
Figure 1 and, as previously discussed, we know that Filg(F) C K. Considering the
convex set Z depicted in Figure 1, it is possible to show that, for any x € 02 and for
any i € {1,2} we have A;z+b; ¢ Tz(x), where Tz (z) denotes the tangent cone” to Z
at . Applying the Nagumo Theorem [18, Chapter 4, pag. 175], by forward invariance
of Koo, this implies Int(Z) N Ko, = (). Consider the points z,1, ze2 € Filg(F), defined
by @i = —A; 'b; with i € {1,2}, i.e., the equilibria of each affine subsystem. It holds
that 2* = xc1 + 22,2 is both in Int(Z) and in co(Fily(F)) C co(Ks ), which implies
that K is non-convex.

2Given a closed convex set C C R™ and x € R™ the tangent cone to C at x is the set To(z) =

cd({z€R” |Jag >0 st. z+azeC, Vae (0,a0)}), see [22, Appendix A] for further discussions.
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0.5 r

— i ()

FIGURE 1. Representation of the state-space for Example 3.7 with the set of Filippov
equilibria Filo(F), the set Z for which the vector fields Aix + b;, i € {1,2} do not point
inwards, and the point t* = 1ze1 + 1xer = [-0.5 —0.5]" € co{Filo(F)}. This demonstrates
that Koo is non-convex since z* € Z implies that ©* ¢ Koo
This example will be later recalled when we present numerical procedures to over-
approximate Ko, providing further insights in its geometric characterization.

Before concluding this subsection, we provide a “negative” result, stating that
(non-trivial) forward invariant sets do not exist if the linearized system (2.4) is un-
stable.

PROPOSITION 3.8. Consider F = {(Ai,bi)ic(my|Ai € R**™, by € R"}. If the
linearized system (2.4) is unstable on S (i.e., there exist x € R™ and o € S such that
limsup,_, . |Ps(t,0)z] = +00) then there does not exist a compact forward invariant
set with non-empty interior for the switched affine system (2.1) on S. Moreover, if
the set of matrices A = {Ay,..., Ay} C R™ ™ s also irreducible® then there exists
no compact non-singleton forward invariant set for (2.1) on S.

Proof. Let us consider x € R™ and ¢ € § which provide an unbounded trajectory
for the linearized system (2.4). Suppose by contradiction that C' C R™ is a compact
forward invariant set for (2.1), and Int(C) # (). Consider any y € Int(C), and a A > 0
small enough such that z := y + Az € C. Recalling the solution (2.5), we obtain

|\Ila(t» Z) - \Ila'(tyy)| = |¢0(t30)z - (I)a'(t70)y| = |(I)a(t)0)(z - y)| =A |(I)g(t,0)93|,

and thus
limsup [¥,(t,2) — Vs (t,y)| = +o0,

t—o0
in contradiction to the fact that y,z € C and C is a compact forward invariant set.
For the second part of the statement, recalling the results contained in [23, Theo-
rem 3] or [24], since A is irreducible and generates an unstable switched system, there
exist p > 0 and a norm v : R® — R>( such that

(3.8) V2 €R", Jo, €8 such that v(®,, (t,0)x) = ev(z), VteE Rxo.

3A set of matrices A C R"*X™ is said to be irreducible if {0} and R™ are the only vector subspaces
which are invariant under all matrices in A.
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STABILITY OF SWITCHED AFFINE SYSTEMS 11

Suppose, by contradiction, that C' C R™ is a compact forward invariant set and is not
a singleton. Consider y, z € C with y # 2z and define z := z — y. For o, € S defined
in (3.8), we have

Vo, (t,22) = Vo, (t,21)] = | Do, (£,0)2 — @0, (£, 0)y | =[5, (¢, 0)].

By equivalence of norms, this implies that limsup,_, . |V,, (¢, 2) — Vs, (¢, y)| = 00
and we have again a contradiction, since by hypothesis C' is compact and forward
invariant. O

It is easy to see that the singleton-forward invariant case occurs if and only if all the
subsystems share the same equilibrium, or, in other words, the switched affine system
is simply a translation of a linear switched system. We have thus proved that, if
the linearized system (2.4) is unstable and under the mild irreducibily assumption,
non-trivial affine switched systems (2.1) have no compact forward invariant sets.

3.2. Outer Approximation of the Minimal Forward Invariant Set. In
this subsection we propose two numerical methods for computing an outer approx-
imation of K, i.e., forward invariant sets K DO K as close as possible to K (in
a sense that we will clarify). The first method is a direct consequence of Propo-
sition 3.3 when considering quadratic norms, providing forward invariant ellipsoids,
and it is presented in the following statement.

PROPOSITION 3.9. If there exists a symmetric matriz S € R"*", a vector ¢ € R™
and a scalar k > 0 satisfying the inequalities

(3.9a) SA + A;S < —2kS,  Vie (M),
Iiz (Alc + bZ)T

(3.9b) Aic+b; S

= 0, Vi e (M),

then the ellipsoidal set
(3.10) Kog={z€R" | (z—¢c)' S (z—¢) <1} D Ku

is a forward invariant set for system (2.1) on S.

Proof. Consider system (2.1) translated to ¢ € R™, which is equivalent to replace
b; < A;c+b; in (2.1). From the term (2,2) in (3.9b), one has that S~ = 0. Inequal-
ity (3.9a), in turn, implies that the norm v(z) = V2 TS~z satisfies the condition (2.6)
in Lemma 2.2. Moreover, the second inequality, by the Schur Complement Lemma
(see [25, Section A.5.5]), is equivalent to

(3.11) K> m(z}&()(Aic +0;) T ST HAic + b)) = B,
1€

which ensures that R = (£maz)2 < 1. Therefore, z ¢ K¢ implies v(z) > 1 > R and

therefore, by Proposition 3.§, Kq is a forward invariant set. ]
An optimization problem to minimize the volume of the ellipsoidal set Kg can be
stated considering the objective function ming . . Indet(S) subject to (3.9). The vol-
ume of K¢ is proportional to det(S) and the In function makes the objective function
concave in S. However, for a given x > 0, this problem is a concave-minimization
problem, which is generally hard to solve, [26]. Some strategies (see [27]) to handle
this problem are convex-optimization methods for local minimization and branch-
and-bound algorithms for global minimization. A good alternative objective function,
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12 M. DELLA ROSSA, L.N. EGIDIO, AND R.M. JUNGERS

leading to a convex optimization problem is Tr(.S), which, instead of minimizing the
volume of the ellipsoid K¢q, minimizes the sum of the square lengths of the semi-axes,
see [25, Section 2.2.2]. Notice that the point ¢ € R™ to which the system is translated
is also a variable of the optimization problem, which allows us not only to estimate
the size of o, but also to optimize a suitable center in the state space for the ellipsoid
containing it.

Nevertheless, it is well known that the existence of a common quadratic Lyapunov
function for the linearized part (i.e., a matrix S > 0 satisfying (3.9a)) is a restrictive
condition for stability. Moreover, Example 3.7 shows how the set K, is in general
non-convex; it thus seems natural, in order to improve our estimation of the minimal
forward invariant set Ko, to consider sub-level sets of more general functions. In
what follows, we propose a construction based on sub-level set of non-homogeneous
sum-of-squares (SOS) polynomials, see [28] for details.

PROPOSITION 3.10 (Outer Approximaton via SOS polynomials). If there exist
a non-trivial polynomial V(x) € R[z] of degree d € N and scalars r > 0, 8 > 0 such
that the following SOS constraints are satisfied

(3.12a) V(z) — e||lz]|4 is SOS

-
(3.12b) — <g‘;(x)) (A + b)) — B(V(x) —r) is SOS Vi e (M)

for some € > 0, then the set
(3.13) Ksos ={x € R" | V(z) <1} 2 Ko

is a forward invariant set for system (2.1) on S.

Proof. The SOS constraint (3.12a) ensures that the polynomial V(z) € R[z] is
positive definite whereas (3.12b) implies

v, N\
(3.14) (ax(l‘)) (A;z+b;) <0, Vie (M), Ve ¢ Ksos,
recalling the definition of Kgog in (3.13). This condition implies that V' (x) decreases
along solutions of (2.1) that lie outside of Kgps. Therefore, this set is attractive and
forward invariant for system (2.1) undergoing arbitrary switching. 0

Remark 3.11. Minimizing, or even computing, the volume of the set Kgog defined
in (3.13) is, in general, a very intricate task, see [29] for some discussions. Therefore,
a simple way to optimize the over estimation of K., is to minimize r > 0 subject
to (3.12), where € > 0 is chosen to avoid the trivial solution V(z) = 0. Also, this
optimization problem can be efficiently solved by a bisection procedure over the scalar
B > 0, as the problem becomes convex whenever /3 is given.

Another important remark is that any polynomial V(z) satisfying (3.12b) and
V(z) — €||z]|4 is SOS can be decomposed as V(z) = Vi (z) + Vr(x) where Vi (z) is a
homogeneous polynomial of the same degree d € N as V(x) and Vg(x) are the remain-
ing terms. Also, w(z) = (Vg (z))4 can be shown to be a Lyapunov function for the
linearized system (2.4), satisfying the conditions (2.8) and (2.9) for some £ > 0. In-

deed, the SOS constraint (3.12b) implies that — (%—‘;(a:))T (Ajx+b;)—Br > BV (x) for

all ¢ € (M) which, in turn, implies that — (%Lf(x))T Az > Vg (z) for all i € (M).
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FIGURE 2. [lllustration of Example 3.12. On the left, a representation of the state space with
the forward invariant sets Kq and Ksos, the equilibria of each subsystem (black dots), and 10
trajectories undergoing random switching. On the right, the evaluation of the polynomial V(z)
associated to Ksog along each of these trajectories and the horizontal line represents the level set
used to define Kgos-

1. . . .

Therefore, w(z) = (Vg (x))d is a common Lyapunov function for the linearized sys-
tem (2.4) homogeneous of degree 1. This in particular implies the existence of a norm
v : R™ — Ry satisfying the conditions in Lemma 2.2 for k = §/d. Thus, recalling
Proposition 3.5, the approximating technique given by Proposition 3.10 provides also
an upper bound on the decay rate of system (2.1). A

The following example illustrates both methods presented in this section.

Example 3.12. Consider the switched affine system introduced in Example 3.7.
We constructed two forward invariant sets that serve as outer approximations of the
minimal one o,. These sets are respectively based on Proposition 3.9 and Proposi-
tion 3.10, and all related optimization problems were solved using vyALMIP [30] and
MOSEK. The first one is the ellipsoidal region g, which is defined in (3.10) and
relies on the existence of a common quadratic Lyapunov Function for the linearized
system (2.4). For the first outer bound, the obtained matrix S = 0 and center ¢ € R"
were

S

| 0.7120  —-0.2021 _1—-0.6291
~|=0.2021 0.7120 | T |[—0.6291|"

which solve the problem ming . , trace(S) subject to (3.9) for x = 0.4785. The second
set is Ksos, which was obtained by solving the SOS optimization problem miny (), r
subject to (3.12), where ¢ = 1072 is chosen to avoid a trivial solution V(z) = 0.
Restricting the search for the polynomial V(z) to those with maximum total degree
d = 12 and choosing 8 = 1, the convex optimization problem yielded the forward
invariant set Kgos as defined in (3.13). The average elapsed-times for the solution
of these optimization problems were 0.1096 and 0.2128 seconds, respectively, which
were executed on an Intel® Core™ i7-10610U CPU @ 1.80 GHzx8 with 16 GB of
memory running Matlab R2020a on Ubuntu 20.04. Both Kq and Ksog are represented
in Figure 2 (left) along with the equilibria of each subsystem (black dots) and 10
trajectories starting on the boundary of Kq that undergo random switching. The
value of V(x) evaluated along each of these trajectories is also depicted in Figure 2
(right) as a function of time, where the horizontal line represents the level set defining
Ksos with » = 0.0110. In detail, we can notice that the trajectories were all attracted
to Ksos 2 Koo and never left it once in its interior, as expected.
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The numerical experiments carried out in the previous example indicate that, al-
though the SOS-based method given in Proposition 3.10 may yield more precise outer
approximations for o, (possibly non-convex), the LMI-based approach from Proposi-
tion 3.9 can be computationally more attractive since it scales better with the system
dimension. This concludes the stability study of arbitrarily switching signals and we
now move on to present the dwell-time switching results.

4. Dwell-Time Switching Signals. In many practical situations, stability un-
der arbitrary switching signals is a restrictive requirement, and system (2.1) is known
to follow prescribed switching rules o € S that satisfy constraints bounding the fre-
quency of the switching events. For that reason, in this section, given any threshold
7 > 0 representing a dwell-time, we restrict our analysis to the switching signals
belonging to the dwell-time signal class Sqvw(7) defined in (2.7).

4.1. Stability Analysis and Ultimate Boundedness. Stability of switched
linear systems as in (2.4) under dwell-time assumption is a well-studied problem and it
is known that, if all the matrices Ay, ..., Ay € R™*™ are Hurwitz, there exists a (large
enough) dwell-time for which the switched system (2.4) is UGAS [10, Lemma 2], [1,
Chapter 3]. In this subsection, given 7 > 0, we analyze the stability/convergence
properties of the switched affine system (2.1) on Sqw (7). First of all we observe in
the next result that, if the linearized system is unstable under arbitrary switching
signals, there is no hope to find non-trivial forward invariant sets on Sgy(7), for any
dwell time 7 > 0.

LeEMMA 4.1. Consider F = {(Ai, b;)ienry |Ai € R™™, b; € R"}, and suppose that
the linearized system (2.4) is unstable on S. Then, for any 7 > 0 there does not exist
a compact forward invariant set with non-empty interior on Saw (7). If moreover the
set A = {A1,...,Ap} is irreducible, there exists no compact non-singleton forward
invariant set on Saw (7).

Sketch of Proof. The proof follows by Proposition 3.8 and is briefly sketched here.
Given any 7 > 0, suppose by contradiction that C' C R™ is a compact forward
invariant set with non-empty interior for (2.1) on Sqw (7). Without loss of generality,
by Lemma 3.2, we can suppose that C' is convex. By Proposition 3.8, C' is not forward
invariant on S, i.e., there existsanz € C,ac € Sand aT > 0such that ¥,(T,z) ¢ C.
Consider t == sup,c(o 11{ Vs (t,2) € C} and denote y = ¥, (¢,2). It can be seen that
y € 0C and, by convexity of C' and recalling the Nagumo Theorem for differential
inclusions [18, Chapter 4, pag. 175], there exists i € (M) such that A;y +b; ¢ Te(y),
where 7o (y) denotes the tangent cone to C' at y. It is thus clear that considering
the constant signal ¢ € Sgw(7) defined by o(s) = ¢ for all s € R, we have that
there exists to > 0 such that ¥, (to,y) ¢ C, contradicting the forward invariance of C
for (2.1) on Saw(7). The second part, assuming the irreducibility of A, follows from
the reasoning already presented in the proof of Proposition 3.8. ]

Despite this limiting result, UGAS of the linearized system (2.4) on Sgw (7) does imply
some remarkable asymptotic properties of the switched affine system (2.1) on Sgw(7),
and thus we need to recall the following (weak) stability /boundedness notion.

Definition 4.2. Given any class of switching signals Scs , the switched affine
system (2.1) is said to be uniformly globally ultimately bounded (UGUB) on S if there
exists a compact set ¥V C R" such that

vz €R™, Vo €S, 3T (o,x) > 0 such that Vt > T'(0,z), P,(t,x) € V.
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In this case the compact set V C R™ is said to be a uniform bounding region. A

Note that the set V in Definition 4.2, in general, is not forward invariant and thus,
not an attractor. In the following we prove that, if for some 7 > 0 the linearized
system (2.4) is UGAS on Sqw(7) then the switched affine system (2.1) is UGUB.

THEOREM 4.3. For any given 7 € R>o and F = {(As, bi)ic(ary [Ai € R™*™,b; €
R™}, suppose that the linearized system (2.4) is UGAS on Saw (7). Then the switched
affine system (2.1) is uniformly globally ultimately bounded on Sqw (7).

For any i-th affine subsystem ¢ = A;x+b;, i € (M), we denote by ¥;(-,z) : R>g = R”
the solution starting at (0) = x and by z; = —A;lbi the corresponding equilibrium.
The proof of Theorem 4.3 requires the following preliminary result.

LEMMA 4.4. Consider the switched affine system given in (2.1). For some T >

0, suppose that the linearized system (2.4) is UGAS on Saw(7). Then, there exist

translated norms* v; : R® — R, a scalar & > 0 and a collection of compact sets

X; CR™ i€ (M), such that

(4.1a) Zei € Int(X;), Vie (M),
(4.1b) 0;(V;(t, @) <vi(z), VoeR"\Int(X;), Vt € Rxo,Vi € (M),

(4.1c) 5 (;(r,2)) < e (x), Vo e R™\Int(X;), V(i,j) € (M)2.

Proof. Since the linearized system (2.4) is UGAS on Sqw(7), we consider the
scalar £ > 0 and norms vy,...,vy : R®™ — R verifying the conditions (2.8) and
(2.9) defined in Lemma 2.3. Define v;(z) := v;(z — ¢;) with arbitrary ¢; € R and take
any positive scalar K < k. First, to demonstrate that (2.8) implies (4.1b), consider
any ¢ € (M), any x € R”, and any t € R>o. Thus, computing

t
etity + / A ds — ¢ + Uy(t, ¢;) — Wilt, ci)>
0

¢ t
=v; (eA"tx + / A=), ds — eAite; —/ A=) bds + Wy(t, ¢;) — ci>
0

0
< Al — ;) + v (Tt ;) — ;)
<e "ui(z —¢) + v (Uit ) — )
(4.2) = e "0 (x) +vi(Wi(t, ) — ).

4A function w : R™ — R is said to be a translated norm if there exist a norm v : R® — R and a

vector ¢ € R™ (called the center of w) such that w(z) = v(z — ¢), for all z € R™.
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Also, notice that
t
\I/i(t, Ci) — C; = eAitCi + / €Ai(t78)bi ds — C;
0

t
= (et — I)e; + / e =9)p, ds
0

t t
:/ A=) Ay ds—|—/ eAit=9)p, ds
0 0

t
(43) = / 6Ai(t_s) (AZCZ + bz) dS7
0
which, combined with (4.2) yields
t
0y (Wi(t, @) < e "0(x) 4 v; (/ M) (Aze; + by) dS)
0
t
< eimfﬁi((ﬂ) +/ v (eAi(tfs)(Aici _|_bz)) ds
0

t
< e "(x) —I—/ e~ t=5)y, (Aic; + b;) ds
0

—kt

(4.4) < e " (x) + lTeUi (Aici +b;) ,
which ensures (4.1b) for all z € R™ such that ;(x) > k= 1v;(A;c; + b;). Moreover we
note that (4.4) holds globally if one chooses ¢; = x.; but, for the sake of generality
(and for numerical reasons illustrated in what follows), this demonstration is carried
out for arbitrary centers ¢;, i € (M).

To prove (4.1c), consider any € R™ and any (i, j) € (M)?2. Reasoning similarly
to (4.2), we have

5 (W1, 2)) < v (M7 (@ — ) + 0i(Wi(r,¢) — ;)

1 — e K7
S eiﬁ‘r’l}j (IE — Ci) + ;UZ’ (Azcz + bl)
K
— KT 1—e "7
<e " (vj(z —¢;) +vi(e; — ) + i (Asci + b;)

(45) =e "7 (5] (l‘) + 5j (Cl)) + %% (AiCi + bz) .

Notice that, for any 0 < k < k, we have that
ﬁi(\lli(T, 1:)) < 67E75j(:c),
if z € R™ is such that

—KT3 (. -1 _ ,—KT)\g. . X
(4.6) vj(x) > T (e) b r (= em v (Aici +bi) =: R;;.

e—ET — e KT

Hence, conditions in (4.1c) are verified considering

(4.7) X; = {x e R"|v;(z) < Rx},
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V

Vs

FIGURE 3. For the case of 2-mode switched affine system, a qualitative representation of the
sets X = X1 U Xa (solid lines) and V = V1 U Vs (filled area).

with Ry = max(; j)e(am)2 Ri;j. Notice that (4.1b) also holds for the same &; because

e Ui (c;) + k11 — e T )v; (Ajc; + b;)
e—ET — e KT
H71(1 — 67'{7—)1)1‘ (A101 + bl)
e—RT _ g—KT
/<V_1(1 — B_KT)’Ui (Alcl + bz)
1 — KT

(48) = Iiil”Ui (AZCZ + bl) .

Rij =

Finally, considering x = x.; in (4.4) and any t > 0, we note that v; (z¢;) < £~ v;(Aici+

b;). This, by (4.8) implies that v;(ze;) < Ry; for every (i,j) € (M)?, and thus

condition (4.1a) holds, concluding the proof. a
We can now prove Theorem 4.3.

Proof of Theorem 4.3. Consider translated norms vi,...,vy : R® — Rxp, a
scalar K > 0 and sets X defined in (4.7) satisfying the conditions of Lemma 4.4.
Define the compact set X' == Uie(M) X; and take

V=] Vi, with
(4.9) i€(M)
Vi = U U \I/j(t,.)(i)
JjE(M) te[0,7]

where, for every j € (M) and t € Rxg, the set-valued map ¥,(¢,-) : R* == R”

is defined by W;(t,S) = U,cg {¥;(t,2)} for any set S C R". An illustration of

the sets ¥V and X is shown in Figure 3. Then, we establish uniform global ultimate

boundedness proving the following two claims:

Claim 1. For any = ¢ X and any o € Sqw(7) there exists a finite switching instant
t7 > 0 such that U, (t7,z) € X.

Claim 2. For any « € X and any o € Sqw(7), Y, (t,z) € V, for all t € R>.

Claims 1 and 2 ensure the UGUB property in Definition 4.2, with the compact set V

defined in (4.9). Indeed, we note that we can suppose, without loss of generality, that

o has infinitely many discontinuities: if ¢ is eventually constant then, considering any

2 € R™, it holds that U, (¢,x) — z¢; as t — oo for some i € (M), and x; € Int(X;) C

X CV by Lemma 4.4, and thus there exists a T'(o, ) > 0 as in Definition 4.2.
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To prove Claim 1, consider any x ¢ X and any o € Sgw(7). Define the instant
t7 = min{tJ |V, (t7,z) € X}, i.e., the first switching instant for which ¥, (¢, z) is
inside X, and let us show that 7 is always finite. Consider any switching instant
iy < 7, and suppose, without loss of generality that o(t7) = i. Let us denote, by
simplicity z(k) == W, (t7,x) and T}, := t7,, — t{ > 7. From the definition of {7 we
have z(k) ¢ X D X; for any j € (M). Therefore, using (4.1b) and (4.1c) we obtain

Oy(2(k + 1)) = (Vs (Ty, x(k)))
(4.10) <0 (Wi (7, 2(k)))
< e i (a(k)),
for any j € (M). Tterating this property backward yields
iz (k+ 1)) < e ™775(2),

for any j € (M). Since this holds for an arbitrary ¢7 < t7 and e "7 — 0 as k — oo,
we can conclude that £, is finite as, otherwise, a contradiction would take place.

To prove Claim 2, consider € X', which implies that there exists j € (M) such
that vj(z) < Ry, from the definition in (4.7). Notice that, given the definition of V,
we have X; C V; for all i € (M). Suppose 0 € Sgw(7) is such that (0) =14 € (M)
and take any ¢ € [0, 7], which ensures o(t) =i given the dwell-time constraint. From
the definition of V;, it is straightforward to verify that ¥,(¢, X;) C V; for all ¢t € [0, 7].
Then, we can analyse the worst case with respect to x € & as

U; (\1114(7'7 x)) < mz}g; v; (\I/i(r, x))

= ;233(( Ui (Wi(r, 7))

(4.11) < Ry,

where the equality holds because the maximum of the convex function v; (¥;(7, -)) :
R™ — R inside the convex set X; occurs on its boundary 0X; (see [26, Corol-
lary 32.3.2]) and the subsequent inequality follows from (4.1c). This implies that
Wi (7,X;) C X, for all (4, ) € (M)? and thus, by (4.1b), ¥,(t,z) € X; for all t € [r,t7].
We can iterate this argument for every k € N such that U, (t7,z) € X, and the proof
is concluded. ]

As proven in Lemma 4.1, in general, for any 7 > 0, non-trivial forward invariant
sets for (2.1) on the class Sqw(7) do not exist, even if the linearized system (2.4) is
UGAS on S4yw (7). For that reason, in Theorem 4.3 we focused on the weaker uniform
global ultimate boundedness property, constructing a bounding region V), starting from
a family of “safety” sets Xj,..., Xp. On the other hand, we can focus on a more re-
laxed notion of forward invariance, which is only concerned by the solutions evaluated
along the discrete sequence of switching points, as formally defined below.

Definition 4.5. Given S cC S, we say that a compact set C' C R" is forward
invariant for (2.1) on S with respect to the switching points if, for allz € C, all o € S,
we have that _

U, (t7,x2) € C, Yz e C, Yo €8, Vt7 >0,
where, we recall, {t7} denotes the (finite or countable) set of discontinuities of the
signal o € S.
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PROPOSITION 4.6 (X is forward invariant w.r.t. switching instants). Under the
hypothesis of Theorem 4.3, the set X = Uie(M} X; (where the sublevel sets X; are

defined in (4.7)) is forward invariant for (2.1) on Saw(T) w.r.t. the switching points.

Proof. First of all, we note that, by (4.1b), for any i € (M), the set X; is forward
invariant for the subsystem & = A;x + b;. Let us now consider any x € X and
any o € Saw(7). By definition of X there exists a j € (M) such that z € X; =
{x € R" | 9;(z) < Rx}. Suppose 0(0) = ip € (M) and consider t{ > 7 as the
first switching instant of ¢. By forward invariance of X}, with respect to the io-
subdynamics, if U, (7,z) € X;, then U, (t],x) € X;,. By (4.11) we have

Uio (Vo (7, @) = Ui (W4, (7, @) < 0j(7) < Rx

proving that ¥;, (t7,x) € &;, C X. Summarizing, we have proven that, for any z € X
and any o € Sqw(7) we have ¥, (t{,z) € X; iterating the argument we conclude that
X is forward invariant with respect to the switching instants. 0

We also note that if the set {¢7} is finite (corresponding to an eventually constant
switching signal o), we have that lim; o Us(t,2) = 2 € Int(A;) C Int(X), for
some i € (M). This proves that, for any eventually constant signal o € Sqw(7), there
exists a finite T(0,z) > 0 such that U, (t,x) € X for all t € [T(o,x),+00). On the
other hand, the solutions of (2.1) can possibly escape X between switching times, and
for that reason we introduced the “security” set V', which characterizes the UGUB
property. For a graphical illustration, see Figure 3.

Concluding this subsection, we discuss the relations between the dwell-time pa-
rameter 7 > 0, the corresponding decay rate and the sets &; and V.

Remark 4.7 (Dependence of X; and V with respect to 7). Consider the system
F = {(Ai,bi)icmy |Ai € R"™™ b; € R"}, and denote A = {A1,..., Ay} the set of
the matrices describing the linear part of the subdynamics. We denote the minimum
dwell-time by Tmin(A), formally defined as

Tmin(A) == inf {7 > 0] (2.4) is GUAS on Saw(7)} .
By Lemma 2.3, an equivalent definition is

Tmin (A) :Th;% T, s.t.

3k > 0 and norms v1,...,vn : R™ — R>¢ such that (2.8) and (2.9) hold.

We recall, once again, that if A;,..., Ay are Hurwitz, then 7, (A) is finite, see [10].
Now, given 7 > Timin(A) we define the decay rate with respect to 7 > 0, i.e.,

(4.12)

ka(T)=sup{k > 0| Inorms v1,...,vr : R" = R>¢ such that (2.8) and (2.9) hold}.

The computation/approximation of the minimum dwell-time is a well-studied prob-
lem in the literature, see for example [5, 31, 32, 33, 34, 35] and references therein.
As showed in [4] the function K4 : (Tmin(A),0) — R>¢ is continuous and non-
decreasing, and it can be seen that lim . . () £(7) = 0, and thus we extent 4
by continuity defining k4(7min(A)) = 0. Moreover, the function k4 is bounded
from above, by the number & := min;c () x(4;), where, given a matrix A € R"*",
k(A) = max;eq1,.. ny{Re(Ai(A))}. As discussed in [4], if the set A is irreducible, then
the sup in (4.12) can be replaced by a max, i.e., for any 7 > 7nin(A) we can find
norms satisfying (2.8) and (2.9) for k4(7). In what follows we will assume that A is
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irreducible, without loss of generality. Moreover, we assume that 7,i,(A) > 0 since
the case Tmin(A) = 0 correspond to the case of stability under arbitrary switching,
already studied in Section 3.

We want now to use these notions to analyze how the sets X; and V are affected
while varying the dwell-time parameter 7. We organize our analysis in two cases,
described in what follows:

e The case of slow switching signals, i.e., when the dwell-time 7 becomes arbitrarily
large.

e The case of fast switching signals, i.e., the case T\ Tmin(A) in which the dwell-time
threshold approaches the minimum dwell-time 7y, (A).

Slow Switching: Consider any T > Tmin(A) and consider any £ > 0 and vy,...,vp ¢

R™ — R satisfying the condition in Lemma 2.3. It can be verified that the same s

and norms vy, ..., vy satisfy the conditions in Lemma 2.3 for any 7 > 7. For such

v1,...,00p : R™ = R, we apply the construction in the proof of Lemma 4.4 and we

choose ¢; = x,; for any i € (M). Given any 0 < k < &, from (4.6) it can be seen that,

for all (i,j) € (M)?

_KTA'. . ~< .
lim Ry(r) = lim @) gy UTe)
T— 400 T—4o00 KT — = KT ro+oo elk—R)T — 1

=0.

This implies that Ry (7) = max; jye(a2 Rij(1) — 0 as 7 — 400, and thus, consid-
ering the compact sets X;(7) defined in (4.7) (making explicit the dependence with
respect to 7) we have

Xi(1) = {xei}, as 7 = 400, Vie (M),

where the convergence is in the Hausdorff sense. Similarly, the set V(7) defined in (4.9)
converges to the union of a finite number of trajectories, i.e., to the set

U U itz

(4,5)€(M)? t€R>0

Fast Switching: We study the case 7 \; Tmin(A), showing that the sets X; and V
explode, i.e., are eventually unbounded. This is somewhat expected since we are
approaching the instability limit 7,i, (A) of the linearized system (2.4). To this aim,
consider any decreasing sequence T N\, Tmin(4) and, for any k& € N, consider kj =
k(i) and oF, ... vk, : R* — R any norms satisfying (2.8) and (2.9) for 7 and k.
As discussed, it holds that xk; N\, 0 as kK — oco. In following the construction of proof
of Lemma 4.4 we set Ky = Kx/2 and this is without loss of generality, since ki — 0.
Similarly, we set cf = x.;, for any k € N; the general case follows the same argument.

Computing, recalling (4.6), for any (i,j) € (M)? we have
e RRTR DR (g 0¥ (e
T\(Tmin (A) k—+0c0 ¢~ 2 Tk — g—KkTk k—+00 ¢2 Tk — |

Since, by hypothesis k; N\, 0 and 7% \( Tmin(A) > 0 as k — oo, we have that
lim 7. (4) Rij(7) = +00. This means that, while approaching the stability margin
given by Timin(A), our outer approximations of the safety sets X;, i € (M) are growing
unboundedly, providing no information on the asymptotic behavior of system (2.1).
Of course, the same exploding behavior is inherited by the bounding region V. The
numerical examples in the next section illustrate this phenomenon. A
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4.2. Numerical Construction of Bounding Regions. To devise a numeri-
cal procedure allowing the study of the switched affine system (2.1) under dwell-time
switching we present an LMI-based method relying on sufficient conditions for ob-
taining functions v;, ¢ € (M) satisfying the conditions (4.1b)-(4.1c) in Lemma (4.4).
For this, we consider norms induced by quadratic forms as

(4.13) vi(z) = VaT P

where P;, i € (M), are positive definite matrices. From these norms, we define the
functions v;(x) = v;(x—¢;) for given centers ¢; € R", i € (M). The following corollary
is the core of the numerical procedure to construct the bounding region V.

COROLLARY 4.8. For given 7 € Rx>o and F = {(Ai,b;)ic(mry |Ai € R™",b; €
R™}, the switched affine system (2.1) is uniformly globally ultimately bounded on
Saw(T) if there exist positive definite matrices P;, W;; € R™*™ and vectors ¢;,d;; € R™
satisfying the inequalities

(4.14a) AlPi+PA; < —Ei Vi€ (M)
(4.14b) A TP AT Py < —&; V(i) € (M)%i# j
with
o P —Pic; o A b o Wij _Wijdij
(415) Pz B |:—C;I—Pi C:PZCZ:| ’ Az o |:O 0:| ’ 51] B |:d;gW'LJ d,EW”dlj — 1"

Proof. Let us show that (4.14a)-(4.14b) imply (4.1b)-(4.1c), respectively. First,
notice that, using the augmented state vector ¢ = [z7 1]T one can rewrite the sys-
tem (2.1) as € = A,€ and the functions ¥;(z) = /€T P;¢. Consequentially, the
solution to this system is simply given by W,(t,z) = e*¢. Also, notice that the set
E;j = {x € R" | £7&;;€ < 0} defines a generic ellipsoid in R, see 36, Section 3.7].
For an arbitrary z € R", multiplying (4.14a) to the left by ¢ and to the right by &

implies that

d
%@(‘I’i(tﬂf))z < —€TEu€, Vt € Ry,

which readily implies that (4.1b) holds for some level set X; of ¥;(x) containing the
ellipsoid E;;. Analogously, multiplying (4.14b) to the left by £ and to the right by &
implies that
(Wi, ) = 0j(2)? < =€ &35,

which, in turn, implies that (4.1b) also holds for some level set X; of v;(z) containing
E;; with some positive scalar &, as strict inequalities are considered. Therefore &; can
be defined as a level set of v;(x) containing E;;. The proof that z.; € Int(X;) is done
by multiplying (4.14a) to the left by ¢, = [z, 1] and to the right by &.; and noticing
that A;&.; = 0, which leads to f;é'iifei < 0, concluding the proof. 0

Remark 4.9 (Equivalence with the conditions of [5]). We highlight that the con-
ditions (4.14a)-(4.14b) are equivalent, in terms of conservatism, to the classical dwell-
time stability conditions presented in [5, Theorem 1] for the linearized system (2.4).
In this result, the sufficient condition for stability is given by the existence of matrices
P, e R"*™ P, = (0 such that
(4.16a) AP+ PA; <0  Vie (M)

(4.16b) A TP P <0 V(i j) € (M)2,i # j.
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Indeed, the fact that (4.14a)-(4.14b) imply (4.16a)-(4.16b) follows from the fact
that the latter pair constitutes the matrix blocks (1,1) of the former, taking P, =
eAl TPiei™ i € (M), and performing simple algebraic manipulations. Additionally,
whenever (4.16a)-(4.16b) hold for given P;, i € (M), the inequalities generated by the
matrix blocks (1,1) of (4.14a)-(4.14b) also hold for P; = ce N TPe AT e (M),
with € > 0. Also, for any ¢;, ¢ € (M), these conditions can be fully satisfied for e
small enough, some W;; > 0 close enough to 0, and d;; such that W;;d;; equal the
off-diagonal terms of the left-hand sides. In the literature concerning dwell-time lin-
ear switched systems, several stability conditions equivalent to (4.16a)-(4.16b) have
been proposed, see for example [31, 34, 37, 38] and references therein. Our proposed
LMI-conditions (4.14a)-(4.14b), while tackling a more challenging problem, have the
same region of feasibility of (4.16a)-(4.16b) with respect to the dwell-time parameter
7 > 0 and the matrices A;, i € (M). On the other hand, conditions (4.16a)-(4.16b)
are known to be conservative as they restrict the choice of norms in Lemma 2.3 to
quadratic norms. To asymptotically reach tight conditions for stability analysis of
dwell-time linear switched systems one could consider SOS or polyhedral Lyapunov
functions (see [32] and [33], respectively) increasing the computational complexity.
Of course these approaches can be adapted in our switched affine systems framework,
but for simplicity we do not proceed in this direction. A

In contrast with (4.16a)-(4.16b), the direct verification of (4.14a)-(4.14b) is dif-
ficult to be performed numerically due to the product of many decision variables.
However, selecting the center of the functions v; : R — R at the equilibrium of the
i-th subsystem (i.e., choosing ¢; = x.;) allows us to restate it as an LMI problem
given as:

(4.17a) Pi,IJIw.l:]n;dij Z Tr M;;, s.t.
T (h,5)e(M)?
~Qi;(P,P))+ D T(di-)] - )
417h AR w0, Y,5) e (M
(417b) B T (i.5) € (M)

where T(d;;) " = [I dy;], D = diag(0,---,0,1) and

AIT'PZ+'P1A1, ifi=y
Qij(-Pia‘Pj) - { 6A;FT7)1,6A1'T 77)], if 7 7&] :

By applying the Schur Complement Lemma (see [25, Section A.5.5]) with respect to
M;; in the LMI (4.17b), one can easily verify that these conditions are equivalent
to (4.14a)-(4.14b) by taking W;; = Migl. The objective function (4.17a) seeks to
indirectly reduce the size of V by minimizing the sum of the squared lengths of the
semi-axes of the ellipsoids &;, i € (M), which provides a tight estimation of the mini-
mum bounding region. Indeed, exactly minimizing the volume of V is overwhelmingly
difficult since it is a non-convex set constituted by the union of uncountable many
ellipsoids, recall the definition in (4.9).

Once a solution P;, M;;, d;j, (i,5) € (M)? has been found, the regions X;, i €
(M) can be obtained by solving

(4.18a) Bijglégzo v, s.t.
(4.18b) Bijij —Pi+4D =0,  V(i,j) € (M)?,
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with &;; defined in (4.15) and W;; = MJl According to the discussions presented
in [36, Section 3.7.1], taking Ry = /7 implies that &; D E;; = {2 € R™ | §T5ij§ <
0}, V(i,5) € (M)2. Finally, once the region X; is characterized, for an arbitrary
point z € R™ the test whether x € V can be performed without major difficulties, as
described in the next proposition.

PrOPOSITION 4.10. A point x € R™ is contained in the bounding region V defined
in (4.9) with norms vy, ...,vp given in (4.13), if and only if there exist t € [0, 7] and
a pair (i,j) € (M)? such that
(4.19) (x — eAjt(cl- — Tej) — xej)Te*AJ'TtPie*Ajt(w — eAjt(ci — Tej) — scej) < R%(.

Proof. By definition, x € V if for some pair (¢, ) € (M) there exists g € X; and
t € [0, 7] such that = U, (t,z¢). Notice that, for all g € X; we have
R% > (z0 — i)' Pi(wo — ¢;)
(4.20) = (zo — ci)TeAJ'Tte_AJ'TtPie_AjteAft(aco —¢)
and also that
Ajt(

e Ajt(

(4.21) = \I/j(t, xo) — Tej — 6Ajt(0i - a:ej)

xo—¢) = e (To — Tej — ¢ + Xej)

because one can rewrite U; (¢, x9) = e?ti'(xg — x¢;) + x¢;. Replacing this last equality

in (4.20) yields (4.19) for x = W¥;(t,z0), concluding the proof. 0

It is noteworthy to mention that (4.19) can be easily verified through a line search
for t € [0, 7] during which the inequality is evaluated for each pair (i,5) € (M)2. The
next example illustrates the overall procedure presented in this section.

Ezample 4.11. Let us adapt Example 1 in [5] by introducing affine terms and
consider a switched affine system (2.1) defined by

(4.22) A= {_20 _11} » Az = [_8.1 —3.5] b= [:ﬂ e H

Solving the optimization problem (4.17a)-(4.17b) for a minimum dwell-time of 7 =
2.76 yields the matrices

_ [6.4537 0.1019] 5 . [0.4290 0.0320] . 4
b= [0.1019 0.8028} x 1077, P = {0.0320 3.0485} X 10

as solution. This is the least dwell-time value for which we have obtained a feasible
solution and it matches the one found in [5] for the linearized system (2.4), as proved
in Remark 4.9. To obtain the regions X;, i € (M) and subsequently the bounding
region )V, we solved the optimization problem (4.18a)-(4.18b) and obtained Ry =
/7Y = 22.3274 which allows us to draw X, &>, Vi and Vs as given in Figure 4. These
same regions are also represented in Figure 4 for 7 = 5 and 7 = 10. The bounding
region V = V; UV, ensures by Theorem 4.3 that, for any initial condition = € R”, we
have the solution ¥, (¢,2) € V for all ¢ after a finite amount of time and all 0 € Sy (7).
This figure also illustrates that the area of these regions decreases as 7 increases, as
discussed in Remark 4.7.

The above example showed how the methodology developed in this paper allows the
estimation of bounding regions for switched affine systems under dwell-time switching.
In the following section, we present a path-following algorithm based on [39] that is
shown to provide more accurate bounding regions.
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T=2.76 00 T=25 7=10

10

a0 ~ 0

8 8
-10

-20
-20
-1000 0 1000 -10 0 10 -5 0 5
X X1 €Tq

FIGURE 4. For three different values of dwell-time 7, the regions X1 (red line), Xo (black line),
V1 (red area) and Va (black area) are represented. The bounding region V = Vi U Vy is to where all
solutions converge under any dwell-time switching signal o € Sqw (7). The black points represent
the equilibria of each subsystem and the dotted regions represent ®2(7,X1) and ®1(7, X2) keeping
the same color pattern.

4.2.1. Path-following method to enhance the ellipsoid positioning. In-
spired by the methodology presented in [39], we derive a local optimization procedure
for selecting the centers ¢; of the functions ;(z) = \/(z — ;)T Pi(z — ¢;), i € (M).
Particularly, the present problem is well adapted to be solved by this path-following
method given that the choice of ¢; € R™, i € (M) does not interfere in the feasibility
of the optimization problem in (4.17a)-(4.17b). Also, though this method only guar-
antees convergence to local optima, the fact that suitable points ¢; € R™, i € (M),
should lie close to z; (tending to it when 7 — o00) allows us to efficiently warm-
start this method. As described in [39], the idea behind the path-following algorithm
is to linearize the non-linear contraints using a first-order approximation around a
given feasible solution and iteratively compute a direction in the decision space that
slightly improves the objective function. Before presenting the algorithm adapted to
our context, let us use (4.17a) and (4.17b) to define the following objective function

(4.23) M) = Y Tr My
(1,5)€(M)?

and the matrix-valued function

(4.24) hij(Pi, Py, i, ¢, Myj, dij) = [ Q”}](D:j;?) b T]EZ?)
where the dependence on ¢; and ¢; happens through the the matrices P; and P; in
the definition of Q;;.

Algorithm 4.1 performs the optimization with respect to the centers ¢;, i € (M).
With some abuse of notation, we refer to the solution tuple (P, c;, Mij, dij) i jye ()2
simply as (P;,c;, M;;,d;;). In Lines 1 and 2 the algorithm initializes each ¢; with
the associated equilibrium x.; and the variables P;, M;;,d;; with the corresponding
solution to (4.17a)-(4.17b). Then, in Line 4, we solve the first-order approximation
of (4.17a)-(4.17b) taking into account ¢; as variables. The first constraint charac-
terizes the linear approximation of the nonlinear constraint (4.17b) around the point
defined by the current variables (P;,c;, M;j;,d;;) and the second constraint should
be interpreted as an element-wise bound on the difference between (P;,¢;) and the
“perturbed” variables (}Sz,éi) This constraint is not applied to Mij and aAlij as the
original problem is convex with respect to them. The control parameter § = 107!
was chosen in our numerical experiments, which was sufficiently small such that the
first-order approximation is valid and large enough such that convergence is met in
a few iterations. Afterward, another feasible point (P;,¢;, M;;,d;;) is determined by
solving (4.17a)-(4.17b) for new centers ¢; and this procedure is repeated until a con-
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Algorithm 4.1 Path-following method for optimizing the centers ¢;, i € (M)

Require: System matrices (4;,b;), i € (M), a dwell-time 7, a precision € > 0 and a
step-bound § > 0
Ci ¢ Tei, Vi E <M>
: (Pi, Mij,dij) < arg minpi,Mm
repgat . A .

(F)i, G, M;;, dij) < arg minpi,éi;Mij;fzij f(M”) s.t.

dij f(Mzg) s.t. (417b)

oW

ahi'(-PiaP'vcivC'vMi'vdi') S
hij(HanvciacjaMijvdij)+ Z ! ]aX] E ! (XfX)>Oa
Xe{P;,Pj,ci,
cj,Mij,dij}
for (i,7) € (M)?,
<X —X <4, for X € (P, ¢;),

5 ¢ ¢

6 (-PmMijadij) — argminpi,Mij,di]. f(M”) s.t. (417}))
7. until |f(M;;) — f(M;;)| > ef (M;;)

8: return (P, ¢;, M;j,d;;)

vergence criterion is satisfied. The next example illustrates cases where the use of
Algorithm 4.1 allows the determination of tighter bounding regions.

Ezample 4.12. Consider a switched affine system (2.1) defined by

-5 1 -5 -1 -2 8 —50 ~10
A= {*1 *4]’ 2= [1 74}  As = {75 75}’ b= [710}’ bz = [740}’ bs = 0.

The equilibrium points of each subsystem are z.; = [-10 0]T, 2,0 = [0 —10]" and
zes3 = 0. For two different values of dwell-time 7 € {0.1,0.5}, we applied Algorithm 4.1
to determine suitable centers ¢;, i € (M), for the functions v;(x) used to define the
sets X;, i € (M), and the bounding region V, given in (4.9). Considering ¢ = 1073
For 7 = 0.1, after 48 iterations the algorithm converged to the centers

_ [-6.9714  [-0.2497 ~ [-0.9154
T 10481 T | —7.2263| 0 @ T |=1.5790

and for 7 = 0.5, after 8 iterations the algorithm converged to

o [-o.7879)  _[-02018] (03777
1= |-0.5505] 7 T |—9.5003|° “®~ [0.3399

The value of the objective function f(W;;) over each iteration for each case is depicted
in Figure 5. Notice that for the smaller dwell-time value, optimizing the centers
allowed us to reduce more significantly the value of the objective function, which
indicates that, for the larger dwell-time, the equilibria x.; were closer to the locally
best points ¢;, ¢ € (M). The corresponding regions X; and V; are given in Figure 6.

5. Conclusion. Stability properties of continuous-time switched affine systems
under arbitrary and dwell-time switching were discussed in this paper. We demon-
strated that, in both cases, the boundedness of the state trajectories is closely related
to the global asymptotic stability of the associated linearized system, i.e., when the
affine terms are ignored. However, differently from switched linear systems, switched
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FIGURE 5. In the course of several iterations of Algorithm 4.1, the value of the objective function
F(M;;) is depicted for 7 = 0.1 (left) and 7 = 0.5 (right).

Ci = Tei ¢; optimized
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FIGURE 6. Regions X1, X2 and X3 (red, black and green lines, resp.) and regions V1, Va2 and
V3 (red, black and green areas, resp.) for T = 0.1 (top) and T = 0.5 (bottom). The figures on the
left take ¢; = xei for all i € (M) whereas the ones on the right have ¢; obtained from Algorithm 4.1.
affine systems are not stable with respect to a point but rather to sets. In the arbi-
trary switching case, we characterized the existence of forward invariant sets. On the
other hand, when dwell-time switching is considered, forward invariant sets need not
exist and bounding regions are considered. Theoretical results ensuring the existence
and non-existence of such sets were given and numerical methods based on convex
optimization were devised to outer approximate them. These results were illustrated
by numerical examples for each case.

In the future, we plan to study the stability of switched affine systems under
other classes of switching signals such as periodic, path-constrained, and Markov-jump
switching. The case of state-dependent switching systems will also be considered,
since it naturally arises considering affine dynamics as representation of a local first-
order approximation of general smooth vector-fields. Moreover, this shall provide
novel insights into the analysis of symbolic-abstraction based systems, for which local
approximations techniques represent a central tool.
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