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Abstract
Populations are heterogeneous, deviating in numerous ways. Phenotypic diversity
refers to the range of traits or characteristics across a population, where for cells this
could be the levels of signalling, movement and growth activity, etc. Clearly, the phe-
notypic distribution – and how this changes over time and space – could be a major
determinant of population-level dynamics. For instance, across a cancerous popula-
tion, variations in movement, growth, and ability to evade death may determine its
growth trajectory and response to therapy. In this review, we discuss how classical
partial differential equation (PDE) approaches for modelling cellular systems and col-
lective cell migration can be extended to include phenotypic structuring. The resulting
non-local models –whichwe refer to as phenotype-structured partial differential equa-
tions (PS-PDEs) – form a sophisticated class of models with rich dynamics. We set the
scene through a brief history of structured population modelling, and then review the
extension of several classic movement models – including the Fisher-KPP and Keller-
Segel equations – into a PS-PDE form. We proceed with a tutorial-style section on
derivation, analysis, and simulation techniques. First, we show a method to formally
derive these models from underlying agent-based models. Second, we recount travel-
ling waves in PDE models of spatial spread dynamics and concentration phenomena
in non-local PDE models of evolutionary dynamics, and combine the two to deduce
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phenotypic structuring across travelling waves in PS-PDE models. Third, we discuss
numerical methods to simulate PS-PDEs, illustrating with a simple scheme based on
the method of lines and noting the finer points of consideration. We conclude with a
discussion of future modelling and mathematical challenges.

Keywords Phenotype-structured populations · Collective cell dynamics · Cell
movement · Non-local PDEs · Travelling waves · Concentration phenomena

Mathematics Subject Classification 35C07 · 35R09 · 92B05 · 92C17 · 92D25

1 Introduction

‘Although everybody seems to have a good intuitive idea of what is meant by a pop-
ulation, one has to sharpen this concept considerably if one attempts to formulate
statements about populations in mathematical language.’ The above quote, of Heinz
von Foerster (von Foerster 1959), conveys a reality commonly swept under the carpet
within simple definitions for a ‘population’ in some model. Often, we airily define a
population – whether of cells or animals – but tacitly exclude the variation within that
arises due to different ages, sizes, chemistry, genetics, phenotypes, etc. Simplifying a
population into a group of more or less identical individuals is convenient.

Suppose we wish to model the evolving distribution of some population – which
we will take to be of cells – where the individuals can proliferate, die, and move: these
could be bacteria within a petri-dish, embryonic cells organising to form a tissue,
immune cells during an inflammation response, and so forth. A natural and classical
approach is to assume the individuals are (more or less) identical and postulate a
reaction-advection-diffusion equation for the density ρ(t, x), at time t ≥ 0 and spatial
position x ∈ X ⊆ R

d , where d ≥ 1 is the dimensionality of the physical space,

∂tρ + ∇x · [ Ax(t, x) ρ − Dx(t, x)∇xρ] = F(t, x) . (1)

Here the dependency on (t, x) of Ax, Dx , and F may also be mediated by ρ itself,
introducing non-linearities in the equation. The kinetics function F describes pro-
liferation and death, while cell migration is split into two components: an advective
term with advective velocity Ax , to describe directed movements, e.g. from guidance
cues in the environment; a diffusive term with diffusion coefficient Dx , to describe
undirected (random) movements. The above can of course be extended to systems
of coupled equations to define key additional dependent variables. A vast range of
models have been built with equations that conform to this structure, including many
classical systems found within standard textbooks, e.g. Murray (2003).

However, it has long been recognised that populations are rarely (if ever) homoge-
neous – somemembersmaymove faster, somemay proliferatemore quickly, etc –with
potentially important consequences. Further, our technological capacity to finely dis-
criminate the various forms of cellular heterogeneity is ever increasing: a repertoire of
markers that highlight progression through the cell cycle, allowing an ‘age distribution’
to be tracked (Eastman and Guo 2020); super resolution microscopy (Jacquemet et al.
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2020), that allows cell shape, size, and structure to be recorded with unprecedented
detail; protein and mRNA staining techniques (flow cytometry, immunocytochem-
istry, mass spectronomy, and so forth, see Figure 1(c)) provide information on the
distribution of traits at a molecular level (Specht et al. 2017; Hu et al. 2018). In numer-
ous systems, the sharpened picture afforded by these techniques has heightened our
understanding into how population distributions are shaped by heterogeneity. To pro-
vide a couple of apposite examples: much recent attention has focused on the form
of invading cancers, and their structuring from more migratory ‘leader’ cells at the
front to more proliferative ‘follower’ cells at the rear (Vilchez Mercedes et al. 2021),
see Figure 1(a); microfabricated mazes reveal the phenotypic structure within E. coli
bacteria populations, via sorting them according to their ability to respond to chemical
gradients by chemotaxis (Salek et al. 2019), see Figure 1(b).

The onus, therefore, is placed on theoreticians to further develop the mathematical
theory that can accommodate this more refined level of information: following the
above advice of von Foerster, when formulating a model we need precise definitions
that fully capture a population’s most critical variables. Adopting a standard nomen-
clature, we will refer to a population’s distribution across some variable - whether age,
size, shape, etc - as a structuring. Frameworks that permit structure to be incorporated
intomodels date back to the early days ofmodernmathematical biology. Initially these
methods were formulated in order to understand population demographics, leading to
age-structured models, but subsequently expanded to account for size structuring and
many other variables as deemed relevant.

We will review briefly this literature, but then turn our attention to mathematical
methods and tools that can be used to model and analyse the evolving spatiotemporal
distribution of a (cell) population, where the population members also span a (poten-
tially broad) spectrumof phenotypes or traits: distinct traits could refer to differences in
proliferative potential, capacity tomigrate, ability to evade death, and so on. Phenotype
variation within such models may range from a (relatively) simplistic binary descrip-
tion, to phenotypes extending across some high-dimensional continuum of states, see
Fig. 1(c). Models of this nature have become increasingly influential in recent years,
a natural response to the large number of experimental studies that have revealed the
role of different phenotypes when driving large scale population dynamics.

Retaining the notation ρ(t, x) to describe the density at time t and position x, the
models we focus on assume a further structuring of the population according to the
phenotypic state of the population members, denoted y ∈ Y ⊆ R

p, where p ≥ 1 is
the dimensionality of the phenotypic space.We then define n(t, x, y) as the phenotype
density at time t , position x, and phenotypic state y, and note that the (total) density
is then

ρ(t, x) :=
∫
Y
n(t, x, y) d y .

The models we review here represent the extension of the basic reaction-advection-
diffusion framework (1) to accommodate any impacts from phenotypic structuring.
First, this involves including dependencies on the phenotypic state y in the various
terms introduced above, so that the characteristic of a particular phenotype (e.g. higher
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Fig. 1 Examples of phenotype heterogeneity and its experimental exposition. (a) Heterogeneity has been
intensively studied for its role during cancer invasion, one convenient concept being a division into ‘follow-
ers’ and ‘leaders’. Leader cells have proteolytic and migratory capabilities that allow them to modify and
infiltrate the surrounding extracellular matrix; follower cells expand into the space behind the migrating
leaders. For further information, e.g. see (VilchezMercedes et al. 2021). (b) An example of how experiments
can reveal phenotypic structuring in a population. A T-maze sorts E. coli cells according to their chemo-
tactic sensitivity: those with stronger responses penetrate deeper into the maze. Figure adapted from the
study of Salek et al. (2019). (c) A range of proteomic methods can provide quantitative data on phenotypic
states, including: (i) population-wide average levels of protein expression (e.g. western blot); (ii) protein
expression distributions across the population, also from bulk measurements (e.g. flow cytometry); (iii)
spatial distributions of protein expression levels, at single-cell and tissue levels (e.g. immunofluorescence).
Figures adapted from Celià-Terrassa et al. (2018): (i) Western blot extracted from Figure 2d; (ii) Flow
cytometry from Figure 1g; (iii) Immunofluorescence from Figure 1f. from Celià-Terrassa et al. (2018) and
licensed under CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/), see the original manuscript for
precise information on the depicted data. (d) Potential ways of classifying phenotypic variation: (Top) Sim-
ple binary variation, where a population is divided into two principal types (e.g. the ‘follower’ or ‘leader’
types in (a)); (Middle) Phenotypes spanning a 1D continuum (e.g. chemotactic sensitivities revealed in T-
maze experiments); (Bottom) Phenotypes spanning a higher dimension continuum, e.g. migratory capacity,
proliferative capacity, and resistance (i.e. ability to evade death)

proliferation, lower migration) can be incorporated. Second, it requires the incorpo-
ration of additional terms to describe potential transitions through phenotypic space.
Specifically, we will review models built on the following structure:

⎧⎪⎪⎨
⎪⎪⎩

∂t n + ∇x · [ Ax(t, x, y) n − Dx(t, x, y)∇xn]
+∇ y · [ Ay(t, x, y) n − D y(t, x, y)∇ yn ] = F(t, x, y) ,

ρ(t, x) :=
∫
Y
n(t, x, y) d y ,

(2)
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where the dependency on (t, x, y) of Ax , Dx , Ay, D y, and F may be mediated by
ρ and n, introducing non-linearities and non-localities into the equation. Analogous
to movements through space, phenotypic transitions can potentially occur in either a
directed (e.g. factors in the environment that direct cells to switch from one phenotypic
state to another) or undirected (e.g. a spontaneousmutation) fashion. Consequently, we
introduce the two additional functions Ay and D y to describe directed and undirected
transitions, respectively. Noting that the above equation extends the partial differential
equation (PDE) (1) through both additional phenotype structuring and a potential
dependence on the (total) density ρ, we refer to this as a phenotype-structured partial
differential equation (PS-PDE).

Reading guide

This article covers both review and tutorial elements and different components may
be of varying interest to different readers. We provide the following signpost.

• Section 2 offers an overview of structured population models. This serves to place
the model (2) in a broader and historical context, but readers not interested in this
aspect can skip this section.

• Section 3 covers three case studies, aimed to show how well-known PDE models
for cell movement can be extended into a PS-PDE form. Specifically, we show this
for a Fisher-KPP equation, a pressure-based movement model, and a taxis-based
model.

• Section 4 forms a tutorial, showing how standard tools and methods used to derive
and analyse PDE models can be extended to their phenotype-structured counter-
parts. Specifically, we show a derivation of these continuum models from an on
lattice agent-based model, illustrate how classical analyses of concentration phe-
nomena and travelling waves can be extended to phenotype-structured models,
and provide a straightforward scheme for solving such models. We note that such
a scheme has been made publicly available on a repository.

• Section 5 provides our perspectives on future challenges and directions for this
field, covering elements that include applications, modelling, analysis, numerical
simulation, and connecting to data.

2 Structured populationmodelling

Models that incorporate population structuring have been around for more than a
century and a broad range of approaches have been developed. Here we offer a
short summary, concentrating on works most directly related to the PS-PDE mod-
els described above (for a wider discussion, we refer to Hoppenstaedt 1975; Perthame
2006; Webb 1985; Metz and Diekmann 1986; Charlesworth 1994; Cushing 1998;
Caswell 2001; Kot 2001; Auger et al. 2008).
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2.1 Structured populations and early modelling

Population counts date almost 6,000 years ago to early Mesopotamian civilisations
and, subsequently, cultures from Egypt to China (Halacy 1980). Surveys served pur-
poses from economic (how much tax can we collect?) to militaristic (how many can
fight?), but lacked information on population structure: usually, only the numbers of
(able) men were recorded with women, children, or the infirm unstated1. Censuses
that include information on population structure form a (comparatively) recent under-
taking, sometimes part-triggered by population growth concerns: the first (modern)
UK census of 1801 took place in the aftermath of the controversy that surrounded
Malthus’ 1798 essay on population growth (Malthus 1798). Over time, censuses were
expanded to collect2 more information on population structure.

Descriptions of cellular populations have also undergone increased refinement,
with scientific advances as the primary driver. Earliest observations were limited by
microscopic power, but by the early 1900s variations in size could be accurately
recorded (Jennings 1908). Recent developments – such as live cell imagingwith highly
specific fluorescence markers (Specht et al. 2017) and a plethora of ‘multi-omics’
methodologies (Hu et al. 2018) – have unlocked our capacity to analyse the inherent
heterogeneity present across cells and tissues.

Faced with these data, the question of how to describe a population is key to mod-
elling. Early models – such as exponential growth ideas expounded by the likes of
Malthus (1798), or the logistic growth model of Verhulst (1838) – describe only total
population over time, yet these models remain popular when structured information is
missing, considered negligible, or dismissed. Models that include structuring date to
the work of Alfred Lotka3 on demography in the early 1900s (Lotka 1907b, a; Sharpe
and Lotka 1911). Lotka’s model took the form of a renewal equation and described
a population’s evolving age distribution; analysis was used to determine whether a
population would evolve to a stable age distribution.

The compartmental approach of McKendrick (1926)4 supposed a population in
whichmembers transition between compartments, each representing a population state
(e.g. age, class, infectivity). As a simple example, suppose Nc

t denotes the number of
individuals in compartment c at time t . To write down an equation for Nc

t+τ , where τ

1 Some records from China dating to the 5th century AD did indicate ages, sexes, and relationships of
household members, see (Durand 1960).
2 UK Censuses in the latter half of the 19th century even requested numbers of ‘lunatics’, ‘imbeciles’, or
‘idiots’ living in a household, leading the Registrar General in 1881 to question the value of this information
(ONS 2016): “It is against human nature to expect a mother to admit her young child to be an idiot, however
much she may fear this to be true. To acknowledge the fact is to abandon all hope.”.
3 Well-known for the Lotka-Volterra equations, but demographics formed his main research area and later
worked for the Metropolitan Life Insurance Company. The Lotka-Volterra model can also be regarded as a
structured population model, structured into predators and prey.
4 Anderson McKendrick, celebrated for his work with William Kermack that laid out a theory of math-
ematical epidemiology, was a physician of remarkable mathematical intuition: “McKendrick stands in a
class by himself. That a man who spent most of his early life in the Indian Medical Service and who
was curator of the College of Physicians at Edinburgh afterwards should have anticipated, by so long, so
much of the work done later on stochastic processes in this field, is a most remarkable circumstance (Irwin
1963).” Compartmentalisation into susceptibles, infected, and recovered leads to SIR-type equations and
these classic models were introduced in subsequent work with (Kermack and McKendrick 1927).
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is some time increment, we set Fc→c′
t to denote the transition function such that an

individual has moved from state c at time t into state c′ by time t+τ . If we simplify the
state space to a single dimension, position compartments at regular intervals on a one-
dimensional lattice of spacing l, and restrict transitions to neighbouring compartments,
then the equation for Nc

t+τ derives from simple balancing:

Nc
t+τ = Nc

t F
c→c
t + Nc−l

t Fc−l→c
t + Nc+l

t Fc+l→c
t . (3)

Naturally, the above can be generalised to higher dimensions, transitions between
non-adjacent compartments, etc. This represents a discrete approach to population
structure: the element of heterogeneity is discretised into boxes or intervals that span
some state space, with individuals entering or exiting as they change their state.
Discrete approaches have proven enormously popular when it comes to modelling
population structure, a powerful method being the matrix population methods con-
ceived in the 1940s (Bernardelli 1941; Leslie 1945). We do not address such methods
here, noting that others have covered these ideas in depth, e.g. Caswell (2001). Rather,
we shift our attention to continuous approaches, and in particular to structured PDE
models related to (2).

2.2 Age-structuredmodels

PDE representations of structured populations hold a prominent position within
mathematical biology, admitting complex population heterogeneity within a compact
framework that can be amenable to analysis. The most well-known model in the field
– the McKendrick-von Foerster equation5—describes the evolving density of a pop-
ulation, n(t, a), structured across age a ∈ [0,∞) at time t ∈ [0,∞). In a generalised
form:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∂t n + ∂an = −μ(t, a, n, ρ)n , a ∈ (0,∞) ,

ρ(t) :=
∫ ∞

0
n(t, a) da ,

n(0, a) = n0(a) ≥ 0 ,

n(t, 0) =
∫ ∞

0
β(t, a, n, ρ)n(t, a) da .

(4)

In6 (4)1, age and time progress in tandem and the right-hand side describes loss or
death, with rate μ, where ρ(t) is the (total) population size at time t . The condition at
t = 0 is the initial age distribution of the population, i.e. some non-negative function
on [0,∞). The condition at a = 0 represents births, with β the birth rate due to
individuals of age a. For cell proliferation β and μ may be linked: for example,
β = 2μ if a proliferation leads to two identical daughter cells – we refer to Perthame
(2006) for more discussion on applications of similar models to cell populations. The

5 According to the field, sometimes just the McKendrick or von Foerster equation.
6 In this manuscript we use the notation (m)i to refer to the equation on line i for the group with number
reference (m).
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Fig. 2 Illustrative output of the McKendrick-von Foerster equation. Top panels show the evolving
rescaled age distribution,n(t, a)/ρ(t); bottompanels plot the age distributionn(t, a) at select times.Herewe
assume in (4) that: (i) the population is initially concentrated towards newborns – i.e.n0(a) := ρ0e−a , where
ρ0 is proportional to the initial size of the population (for convenience, we set ρ0 = 1); (ii) the death rate
increases linearly with age (i.e.μ(t, a, n, ρ) ≡ μ(a) := 0.001a); and (iii) births result from aGaussian-like

distribution centred about age a = 25 (i.e. β(t, a, n, ρ) ≡ β(a) := (4 exp−(a−25)2/(2σ2))/(
√
2πσ 2)), for

(a) dispersed births (σ = 4), and (b) concentrated births (σ = 0.25). In the initial phase, we see a generation
that ages with time and new birth “spikes” yielding a new generation as the previous generation reaches
a = 25. However, over longer times, the rescaled age distribution reaches a steady-state profile (though
this takes longer when births are more concentrated). Note that a steady-state rescaled age distribution does
not imply the population size itself is stabilising – e.g. for these simulations ρ(t) increases exponentially
in time

model (4) is of form (2), but with no space dependency and linear advection describing
state transitioning. Dynamics predict the evolving age structure; for example, in Figure
2 a formulation is shown whereby early waves of distinct generations eventually give
way to a stable distribution (but not necessarily stable population size).

The different names given to (4) highlight its repeated discovery: beyond those of
McKendrick (1926) and von Foerster (1959)7 it was derived by Kendall (1949) and
Scherbaum and Rasch (1957). Different derivations were slightly different in form –
for example, a range fromμ ≡ 0 in Scherbaum andRasch (1957) to a non-local depen-
dency μ(ρ) in Gurtin and MacCamy (1974). The derivation in McKendrick (1926) is
the first documented, where age-structuring was used to illustrate8 the compartmen-
tal approach when both time and the population state variable could be regarded as
continuous. The state space then represents age (we change c to a in (3)), age and
time are absolutely correlated, and ageing is (unfortunately) a one-way process: we
can therefore set l ≡ τ and Fa→a

t = Fa+τ→a
t = 0. Not all individuals progress to

the next age class (as some will die), leading to Fa−τ→a
a = 1 − μτ where μτ is the

fraction of the population with age a − τ at time t that die before they reach age a at

7 Heinz von Foerster was a biophysicist with wide-ranging interests, including population growth; his
“Doomsday equation” predicted that human population growth rate would become infinite (on November
13th, 2026) (von Foerster et al. 1960). Tongue was firmly in cheek here, as the exact day coincided with
what would have been his birthday.
8 Remarkably, the study of McKendrick (1926) used more than ten case applications, often based on data,
in examples that included: house to house cancer incidence rates in Luckau, Germany; cholera epidemics
in India; bacteria ingestion by leukocytes; infection and relapse in malaria; and, bacteria-antibody conflict,
amongst several others.
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time t + τ . Substituting these into (3), expanding about (t, a), and taking the limit as
τ → 0, one formally arrives at (4)1 under continuity assumptions.

As noted, a derivation of (4) is also found in Kendall (1949), for a stochastic
birth-death process that accounted for age structuring of a population. These earlier
derivations went somewhat under the radar (at least in the context of growth kinetics),
with wider awareness not emerging until the 1960s – primarily to describe cellular
growth – following the derivations of Scherbaum and Rasch (1957) and von Foerster
(1959). The naming after vonFoerster appears to originate inTrucco (1965a, b), and the
1960s witnessed its wider application to problems in cellular kinetics (e.g. Fredrickson
and Tsuchiya 1963; Trucco 1965a, b; Rubinow 1968) and population demographics
(e.g. Hoppenstaedt 1975; Keyfitz 1972).

2.3 Age- and space-structuredmodels

Age is one way a population can be structured, but model (4) can be straightforwardly
extended to include other forms of heterogeneity. One approach would be to add
a discrete structuring, such as coupling two equations of type (4)1 to account for
female and male members of a population (Fredrickson 1971; Keyfitz 1972). Further
continuous structure can be added, with early extensions to size and age structures
proposed by Fredrickson and Tsuchiya (1963); Bell and Anderson (1967), and Sinko
and Streifer (1967). Generalisations to a p-dimensional “physiological state vector”
were first made in Fredrickson et al. (1967), and we refer to Gyllenberg (1983); Webb
(1985); Tucker and Zimmerman (1988); Webb (2008) for further discussion of high-
dimensional structured population models. Other structuring variables may not obey
the strict correlation of age with time, for example size may increase or decrease over
time; as such, different transport terms may be needed to describe movements through
the structuring variable state space.

Physical space is frequently one of themost crucial population structuring variables.
Of course, mathematical models that account for spatiotemporal evolution have a long
and illustrious history, frequently using the reaction-advection-diffusion form (1); we
rarely refer to these as structured population models, though. Particularly pertinent
here, however, are extensions of age-structured models to include spatial movement.
These were first introduced by Gurtin and others (Gurtin 1973; Gurtin and MacCamy
1977, 1981), who added a diffusive-type spatial movement to an age-structured pop-
ulation. Starting with model (4), but extending to a population n(t, x, a) for time t ,
position x ∈ X ⊂ R

d and age a ∈ [0,∞), yields

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂t n + ∂an − ∇x · [D(a)∇n] = −μ(t, x, a, n, ρ)n , x ∈ X , a ∈ (0,∞) ,

ρ(t, x) :=
∫ ∞

0
n(t, x, a) da ,

n(0, x, a) = n0(x, a) ,

n(t, x, 0) =
∫ ∞

0
β(t, x, a, n, ρ)n(t, x, a) da , x ∈ X ,

ν · D(a)∇n = q(t, x, a), x ∈ ∂X , a ∈ (0,∞),

123



61 Page 10 of 60 T. Lorenzi et al.

where ν is the outer unit normal on the domain boundary ∂X . The above is of PS-
PDE form, adapted and furnished with boundary and initial conditions relevant for
a population structured in age and space. Structured models that include variation in
space have subsequently received a huge amount of attention: a rather indiscriminate
list includes (Garroni and Langlais 1982;Webb 1982; Langlais 1985; Fitzgibbon et al.
1996; Ainseba and Langlais 2000; Al-Omari and Gourley 2002; Ayati 2006; Ayati
et al. 2006; Delgado et al. 2006; Dyson et al. 2007; Gandolfi et al. 2011; Domschke
et al. 2017; Fitzgibbon et al. 2018; Deng et al. 2020; Kang andRuan 2021), and involve
applications fromecology to cancer growth. Indeed, the primary focus of the rest of this
review will be on population models where the structuring is in space and phenotype.
In this regard, we also note that variants of (4) for age- and phenotype-structured
populations have recently been considered (Nordmann et al. 2018).

2.4 Phenotype-structuredmodels

The word phenotype refers to the observable features or characteristics of a cell or
organism, a term first proposed by Johannsen (1911) to distinguish an individual’s
genetic material (the genotype) from its result (the phenotype). Used for cell popula-
tions it can refer to physical characteristics (such as shape, size), molecular (such as
gene/mRNA/protein expression), and behaviours (such as migration, proliferation).
With respect to the historical models above, variations in age (progression through
cell cycle), size, and physiological state could all relate to phenotypic structuring.

The drivers of phenotypic heterogeneity are diverse. The environment is one impor-
tant factor – e.g. as demonstrated by the distinct patterns of metabolic activity that
emerge in a microbial population subject to diverse nutrient levels (Schreiber and
Ackermann 2020). Interactions between individuals can also drive heterogeneity: a
‘salt-and-pepper’ expression pattern forms across certain embryonic cell populations
in development, driven by Delta/Notch-mediated interactions between adjacent cells
(Shaya and Sprinzak 2011). Even in the absence of other drivers, phenotypic diver-
sity can arise in clonal cell populations solely through stochastic variation in gene
expression (Elowitz et al. 2002).

Growing appreciation for phenotypic variation has resulted in numerous mathe-
matical models that can be used to understand the impact it has on the spatiotemporal
evolution of cellular systems. At a broad level, these attempts can be grouped into two
main classes, each with two subclasses:

• Discrete population models, with discrete or continuous phenotypic states;
• Continuous populations models, with discrete or continuous phenotypic states.

Discrete population approaches are (usually) predicated on agent-based models
(ABMs), where each agent is an individual cell with an assigned phenotypic state;
this state is then a determinant of the rules that govern the agent’s behaviour. The
flexibility of ABMs, coupled to increased computational power, has led to their rapid
expansion in biological modelling (e.g. see Grimm and Railsback 2005; Drasdo et al.
2018;Metzcar et al. 2019; Van Liedekerke et al. 2018;Wang et al. 2015 and references
therein); it is far beyond the scope of this review to cover these in depth, so we just
confine to broad remarks. Within each agent the phenotypic state could be discrete
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or continuous and fixed or variable. Under discrete states, an agent is restricted to
occupying one of a finite set of states, whereas under continuous states the phenotype
spans a continuum. For varying states, an agent’s phenotypic state can change over
time, e.g. as a result of interactions with other cells or the environment. For example,
this could be enacted through equipping each cell with a dynamical system to describe
intracellular signalling; various open source toolkits are available for implementing
such ABMs – e.g. see the review by Metzcar et al. (2019).

Continuous approaches assume that the population can be represented by a contin-
uum, i.e. as a density distribution. As above, these can be further divided into those
with discrete or continuous phenotype states. Under the former, the overall dynamics
are represented by a system of (typically coupled) evolution equations, each ODE or
PDE describing the evolution of the density of individuals with a certain phenotype.
Models of this type have become popular in recent years, in particular to describe
how cellular heterogeneity can have an impact on cancer progression, invasion, and
treatment (e.g. Gatenby and Gawlinski 2003; Fedotov and Iomin 2007; Gerlee and
Nelander 2012; Pham et al. 2012; Stepien et al. 2018; Strobl et al. 2020; Crossley
et al. 2024). Relying on just a few phenotype states – such as a binary description,
see Figure 1(d) – these models fall into the general class of low(ish) order ODE/PDE
systems and can be approached analytically with standard techniques (linear stabil-
ity, bifurcation analyses etc). Continuous models in which the phenotype enters as a
continuous structuring variable represent a further step up in model complexity, but
also benefit from a capacity to capture the complex heterogeneity often present in a
population. Many models of this type fall into the PS-PDE structure (2), and we will
be using the rest of this review to describe these in more detail.

3 PDEs to PS-PDEs for biological movement

The PDE (1) underpins many models and has been tailored to describe various types
of movement.We use this section to discuss the extension of some classic PDEmodels
of form (1) into the PS-PDE form (2). In cell systems, dynamics are regulated by the
interactions between cells and other components of the extracellular environment. For
this reason, the dependency on (t, x) of the terms Ax , Dx , Ay, D y, and F in (2)may be
mediated bymacroscopic quantities, in addition to the densityρ,modelling other biotic
(e.g. densities of cells of other populations) and abiotic (e.g. concentrations of soluble
molecules and densities of insoluble polymers) factors in themicroenvironment. These
in turn may satisfy their own evolution equations, but for the sake of conciseness we
will not discuss them here. The definitions of Ax and Dx will depend on the type of
movement one seeks to represent, and in the following we will consider some standard
forms corresponding to different cell migration models. Note also that while in this
section we retain the notation introduced in Section 1, considering a p-dimensional
phenotypic structure (p ≥ 1), the majority of the modelling works in the extant
literature cited below consider a one-dimensional phenotypic structure (p = 1). As a
further note, the PDEs andPS-PDEs presented in this section –when posed on bounded
domains – are subject to zero-flux boundary conditions, unless stated otherwise.
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Fig. 3 Illustration of travelling wave like solutions from the Fisher-KPP model. Illustrative outputs
of the Fisher-KPP model (5)-(6). In particular, evolution towards a travelling wave form is shown for the
rescaled PDE (28), complemented with an initial condition of form (29), with (a) ε = 1, (b) ε = 0.1, (c)
ε = 0.01. In each case the density ρ(t, x) is plotted at times t = 5 (blue lines), t = 10 (green lines), t = 15
(red lines), and t = 20 (red lines). We see an evolution of the solutions towards a travelling wave profile
with wave speed c = 2 (numerically calculated wave speeds v reported for each simulation at times t = 5
and t = 20). As ε → 0, this occurs on a fast timescale and the profile becomes increasingly step-like,
from ρ ≡ 1 across the wave to ρ ≡ 0 ahead of the wave, in agreement with analytical predictions. While
travelling waves are usually considered on an unbounded domain, the numerical method requires a bounded
domain. For these simulations we have set x ≡ x ∈ [0, 50], subject to zero-flux boundary conditions

3.1 Diffusion-basedmovement models

Linear (or Fickian) diffusion describes the effect of Brownian motion at the macro-
scopic scale (i.e. the undirected motion of particles randomly moving in space), and
follows from Fick’s first law (Fick 1855). The relative simplicity of this form has led to
its adoption inmanymodels of biologicalmotion and is a component of amathematical
biology mainstay: the Fisher-KPP equation, which we adopt as an exemplar.

Proposed by Fisher (1937) and Kolmogorov et al. (1937), the Fisher-KPP equation
forms travelling waves for a population that expands about its focal point (see Fig. 3),
and lies at the basis of models for processes that range from ecological invasions to
tumour growth. In its textbook statement, linear diffusion is combined with logistic
growth so that one defines Dx ≡ D, Ax ≡ 0, F := ρR(ρ) in (1) and obtains

∂tρ = D∇2
xρ + ρR(ρ) , x ∈ X . (5)

Here the parameter D ∈ R
+ is the (constant) diffusivity and the function R is the

growth rate of the population, which is of the logistic form

R(ρ) := r
(
1 − ρ

k

)
, (6)

where r ∈ R
+∗ 9 is the intrinsic growth rate (i.e. the growth rate when ρ = 0) and

k ∈ R
+∗ is the local carrying capacity.

A conventional reading of (5) suggests a single (i.e. homogeneous) population
model, but the original works of Fisher (1937) and Kolmogorov et al. (1937) were, in
fact, for structured (i.e. heterogeneous) populations. For example, Fisher was inves-
tigating10 the spread of advantage-gaining mutations. Under this motivation, the

9 In the remainder of the paper, wewill use the notationR
+∗ := R

+\{0}, whereR
+ is the set of non-negative

real numbers.
10 In commenting on this background to (5), we should mention the roots to eugenics: Fisher (1937)
appeared in the (discontinued) Annals of Eugenics and Fisher was an editor of the journal. This field
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function ρ in (5) describes the density of the ‘daughter’ population of an allelomorph
pair, with the density of the ‘parent’ population set by k − ρ under an assumption
that the combined daughter and parent density is constant. The travelling waves that
can arise (see Figure 3) then describe how the daughter population expands to replace
the parent. As such, the well-known Fisher-KPP equation – as originally intended –
described the evolving heterogeneous structure in a population, albeit under a highly
simplified scenario.

How can we generalise this to incorporate even greater structuring, i.e. a population
continuously structured across some phenotypic space? Let us consider the phenotype
density n(t, x, y) and allow transitions to take place between the phenotypic states
y ∈ Y . Taking the PS-PDE form (2), it is common to assume that phenotypic changes
can be described by a linear diffusion process, so that Ay ≡ 0 and D y ≡ D̄. In
cell populations, such a modelling approach is natural, say, if changes are driven by
stochastic fluctuations of signalling pathways (Chisholm et al. 2016a). If the phenotype
of population members affects both their motility and proliferation rate, a natural
extension of (5) is then to the following PS-PDE formulation:

⎧⎨
⎩

∂t n = D( y)∇2
xn + D̄∇2

yn + nR( y, ρ) , x ∈ X , y ∈ Y ,

ρ(t, x) :=
∫
Y
n(t, x, y) d y .

(7)

In the framework of PS-PDE models of form (7), the parameter D̄ ∈ R
+ can be

regarded as the rate of phenotypic changes. Furthermore, the function R( y, ρ)models
the net proliferation rate (i.e. the difference between the rate of proliferation and
the rate of death) of population members in the phenotypic state y under the local
environmental conditions corresponding to the density ρ. Hence, it can be regarded
as the fitness function or the fitness landscape of the population (Bürger 2000).

Depending on the assumptions that are made on the functions and parameters of
the model, PS-PDEs of form (7) can produce phenotype-structured travelling waves,
wherein the locally prevailing phenotype, ȳ, at different positions –whichwe define as
the point ȳ(t, x) such that n(t, x, ȳ(t, x)) = max

y∈Y
n(t, x, y) – varies across the wave

(see Figure 4). These can be seen as phenotypically heterogeneous waves of invasion,
whereby population members in different phenotypic states dominate different parts
of the wave.

Variants of PS-PDE models of form (7) for situations in which the phenotype
structure is not linked to themotility of the populationmembers (i.e. when D( y) ≡ D)
have received attention from the mathematical community for the richness of the
properties of their solutions (Arnold et al. 2012; Li et al. 2024). On the other hand,
variants of (7) for scenarios where the phenotype structure is linked to the motility of
the population members but not to the rates at which they proliferate/die, i.e. PS-PDE

Footnote 10 continued
became increasingly politicised and notorious across the first decades of the 20th century, so our discussion
here is just to highlight that the common interpretation of (5) as a single population model had, in its origin,
a structured population in mind.
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Fig. 4 Illustration of travelling wave like solutions from a PS-PDE model of diffusion-based move-
ment. Illustrative output of the PS-PDE model of diffusion-based movement (7). Here, we consider one
dimension in each of physical and phenotype space, such that x ≡ x ∈ [0, L] with L ∈ R

+∗ and
y ≡ y ∈ [0, 1]. Zero-flux conditions are imposed at the boundaries and the population is initially set such
that n(0, x, y) = 0.1e−100x . We take D(y) := y and define R(y, ρ) := r(y)− κρ, with r(y) := 10(1− y)
and κ = 10. These definitions describe a trade-off in which the most motile population members (y ≈ 1)
have the lowest proliferation rate, while the least motile members (y ≈ 0) have the highest proliferation
rate. Simulations are for (a) D̄ = 10−1, (b) D̄ = 10−3, and (c) D̄ = 10−5. Note that L = 100 in (a-b) and
L = 200 in (c), due to the longer time it takes to evolve to the travelling wave profile in (c). Top row displays
the phenotype density function n(t, x, y) with the different colour-themes corresponding to different times
(colour bars in (c)). Central row displays the density ρ(t, x) at the same times, showing the evolution to
travelling wave solutions. Bottom row displays the density ρ at (a-b) t = 25 and (c) t = 50, where the
colour code indicates the locally prevailing phenotype, ȳ(t, x) ≡ ȳ(t, x), across the wave for (a-b) t = 25
and (c) t = 50. Broadly speaking, lowering the diffusivity in phenotype space (i.e. reducing the value of
the rate of phenotypic changes D̄) leads to an increasingly structured profile, where more mobile members
dominate the front of the wave and more proliferative members dominate the rear

models of form
⎧⎨
⎩

∂t n = D( y)∇2
xn + D̄∇2

yn + nR(ρ) , x ∈ X , y ∈ Y ,

ρ(t, x) :=
∫
Y
n(t, x, y) d y ,

(8)

have been particularly popular in the study of cane toad invasion in Australia. For
instance, considering Y ⊆ R

+ and thus y ≡ y, a model of this type with11

D(y) := y , R(ρ) := r (1 − ρ) (9)

was proposed by Bénichou et al. (2012). More recently, related models that take
into account the effect of spatial heterogeneity in the surrounding environment on
the proliferation rate (Lam and Lou 2017) and motility (Zamberletti et al. 2022) of
the population members have also been considered. Over the last decade, the PS-

11 Note that the growth rate R(ρ) defined via (9) is of the logistic form (6) with k = 1. Note also that,
under the assumption Y ⊆ R

+, defining D via (9) translates into mathematical terms the idea that there is
a proportional relationship between the phenotype structuring variable and the motility of the individuals.
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PDE model (8)-(9) has received considerable attention, both from a modelling and an
analytical point of view. In particular, from the modelling perspective, it has provided
a robust mechanistic explanation for spatial sorting observed in cane toad invasion:
highlymotile individuals are found to reside at the edge of the invasion front (Bénichou
et al. 2012; Berestycki et al. 2015; Bouin et al. 2012; Bouin andCalvez 2014; Turanova
2015). From the analytical standpoint, it has become a prototypical example of PS-
PDEmodels that admit accelerating-front solutions (i.e. travelling-front solutions that
accelerate over time) (Berestycki et al. 2015; Bouin et al. 2012, 2017).

Moreover, when spatial dynamics are ignored, i.e. n(t, x, y) ≡ n(t, y), PS-PDE
models of form (7) reduce to the following well-investigated class of non-local PDE
models of evolutionary dynamics 12

⎧⎨
⎩

∂t n = D̄∇2
yn + nR( y, ρ) , y ∈ Y ,

ρ(t) :=
∫
Y
n(t, y) d y ,

(10)

where now ρ(t) is the (total) population size at time t . Models of this type have
been widely used in theoretical studies into the evolutionary dynamics of phenotype-
structured populations, for different biological contexts (Perthame 2006). Focusing
on cell populations, a possible form of the fitness function R( y, ρ) that has been
employed, e.g. by Almeida et al. (2019); Lorenzi et al. (2016), to investigate the
evolutionary dynamics of cancer cells in spatially homogeneous scenarios is

R( y, ρ) := r( y) − κρ . (11)

The term r( y) in (11) can be regarded as the net per capita growth rate (i.e. the
differencebetween the rate of proliferation and the rate of death under natural selection)
of population members in the phenotypic state y. Hence the maximum points of this
function, which coincide with the maximum points of the fitness function R( y, ρ),
correspond to the fitness peaks (i.e. the peaks of the phenotypic fitness landscape of
the population) (Diekmann et al. 2005; Lorenzi and Pouchol 2020). For example, in
scenarios where there is one single fitness peak, a possible simple definition of the
function r is

r( y) := γ − | y − ϕ|2 . (12)

Here the pointϕ ∈ Ymodels the phenotypic state corresponding to thefitness peak (i.e.
the fittest phenotype) and the parameter γ ∈ R

+∗ is linked to the maximum fitness (i.e.
the fitness of the fittest phenotype). Moreover, the saturating term−κρ in (11) models

12 It is common to refer to non-local PDEmodels of form (10) asmutation-selectionmodels, e.g. seeLorenzi
and Pouchol (2020), or replicator-mutator equations, e.g. see Alfaro and Veruete (2019), or Lotka-Volterra
parabolic equations, e.g. see Perthame and Barles (2008). On the other hand, when R( y, ρ) ≡ R(ρ) with
R(ρ) of form (6) or of a related form, non-local PDE models of this type are usually referred to as the
non-local Fisher-KPP equation, e.g. see Berestycki et al. (2009), since they can be regarded as a non-local
version of the Fisher-KPP model (5)-(6). However, note that in the literature the term non-local Fisher-KPP
equation is sometimes used, by extension, to refer to non-local PDE models of form (10) as well.
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Fig. 5 Illustration of Gaussian-like solutions and concentration phenomena from a non-local PDE
model of evolutionary dynamics. Illustrative output of the non-local PDE model of evolutionary dynam-
ics (10)-(12), with y ≡ y ∈ [−5, 5], subject to zero-flux boundary conditions. In particular, Gaussian-like
solutions and concentration phenomena are shown for the rescaled non-local PDE (35), under defini-
tions (11),(12) (with κ = 0.1, γ = 10, and ϕ = 1), subject to initial condition (37) (with ρ0 = 60 and
ȳ0 = −1). Simulations are for (a) ε = 1, (b) ε = 0.1, and (c) ε = 0.01. Top panels display the dynamics of
the rescaled phenotype density n(t, y)/ρ(t); bottom panels display the phenotype density n(t, y) (red solid
line) at select times. We compare the numerical solution with the analytically predicted one (black dashed
lines) – i.e. the Gaussian-like solution (38) with mean ȳε(t) and weight ρε(t) obtained by solving numeri-
cally the Cauchy problem (39). We see the solution to be of a Gaussian form, which becomes concentrated
as a weighted increasingly sharp Gaussian as ε gets smaller, corroborating the emergence of concentration
phenomena of type (40). We see also that the mean or prevailing phenotype ȳ(t) converges to y = ϕ (black
dashed lines, top panels) as t → ∞, corresponding to selection of the fittest trait

the limitations on population growth imposed by carrying capacity constraints, and
the parameter κ ∈ R

+∗ is inversely related to the carrying capacity of the population.
Of course, when modelling the evolutionary dynamics of cell populations, alternatives
to (11) can also be considered for the fitness function, as done, for instance, by Lorz
et al. (2013); Chisholm et al. (2015); Guilberteau et al. (2023).

As illustrated by the plots in Fig. 5, when p = 1, and thus y ≡ y and ϕ ≡ ϕ,
non-local PDE models of form (10) complemented with definitions (11),(12) admit
Gaussian-like solutions with a variance proportional to D̄ and a mean, ȳ(t), which
represents the mean or prevailing phenotype in the population at time t , that converges
to ϕ as t → ∞ (Almeida et al. 2019; Ardaševa et al. 2020; Chisholm et al. 2016b).
This provides a possible mathematical formalisation of two key facts in evolutionary
biology: the rate at which individuals undergo phenotypic changes, D̄, impacts on
the phenotypic variance (i.e. the level of phenotypic heterogeneity) of the population;
and the mean or prevailing phenotype in the population will ultimately be the fittest
phenotype ϕ. Moreover, as discussed in detail in Section 4.2.2 and as illustrated again
by Figure 5, appropriately rescaled versions of these models can exhibit concentration
phenomena – i.e. their solutions can become concentrated as weighted infinitely sharp
Gaussians, that is, weighted Dirac masses – formalising in mathematical terms the
idea that the population shows only one trait, and thus remains monomorphic over
time (Diekmann et al. 2005; Perthame 2006). We note that other forms of explicit and
semi-explicit solutions to variants of the non-local PDE (10) have also been obtained,
e.g. see (Alfaro and Carles 2014, 2017), and cases where there are multiple fitness
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peaks have also been analytically investigated, e.g. see (Alfaro and Veruete 2019;
Lorenzi and Pouchol 2020).

Finally, for a spatially heterogeneous environment – for example a population sur-
rounded by non-uniformly distributed abiotic factors (nutrients, therapeutic agents,
etc) that affect proliferation and death rates – a natural extension of PS-PDE models
of form (7) is

⎧⎨
⎩

∂t n = D( y)∇2
xn + D̄∇2

yn + nR( y, ρ, S) , x ∈ X , y ∈ Y ,

ρ(t, x) :=
∫
Y
n(t, x, y) d y .

(13)

Here the vector S(t, x) = (S1(t, x), . . . , SN (t, x)) represents the concentrations at
position x at time t of N different abiotic factors, the dynamics of which are governed
by appropriate evolution equations coupledwith the PS-PDE (13). In thismore general
context, definition (11) and definition (12) can be modified, respectively, as

R( y, ρ, S) := r( y, S) − κρ (14)

and

r( y, S) := g(S) − | y − f (S)|2 , (15)

where f : R
N → Y models the fittest phenotype under the selective pressure of the

local environmental conditions, which are determined by the concentrations of the
different abiotic factors, and g : R

N → R
+∗ is related to the corresponding maximum

fitness.
Starting fromLorz et al. (2015),where a PS-PDEmodel of form (13)with D( y) ≡ 0

and D̄ = 0 was proposed to study the emergence of cell phenotypic heterogeneity in
avascular tumours, models that can be regarded as variations on the theme of (13) have
found application in a number of theoretical studies on the eco-evolutionary dynamics
of cancer cells in avascular and vascularised tumours – e.g. see (Celora et al. 2023;
Chiari et al. 2023b, a; Fiandaca et al. 2021; Lorenzi et al. 2018; Villa et al. 2021b, a).
Variants of (13) with D( y) ≡ D have also received attention from the mathematical
community as a mean to investigate analytically evolutionary dynamics in phenotype-
structured populations exposed to shifting environments (Alfaro et al. 2013, 2017;
Berestycki and Chapuisat 2013) and spatially periodic environments (Boutillon and
Rossi 2024).

3.2 Pressure-basedmovement models

Diffusion-based models of cell movement implicitly rely on the assumption that cell
motion is undirected. However, cells, especially eukaryotic cells, can have a tendency
to move towards regions in which they are less compressed (Byrne and Preziosi 2003;
Byrne and Chaplain 1997). This aspect of cell movement, which is central to a vari-
ety of physiological and pathological processes – encompassing tissue development,
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wound healing, and avascular tumour growth – can be captured by pressure-based
models (Roose et al. 2007). Building on the ideas presented in the seminal paper by
Greenspan (1976) and subsequent papers (Ambrosi and Preziosi 2002; Bresch et al.
2010; Byrne and Drasdo 2009; Byrne and Preziosi 2003; Byrne and Chaplain 1997;
Ciarletta et al. 2011; Lowengrub et al. 2009; Preziosi and Tosin 2009; Sherratt and
Chaplain 2001), the basic tenet of these models is that cell movement is described via
an advective term with an advective velocity inversely proportional to the gradient of
the cellular pressure, P(t, x). This leads to a PDE of the following form, which can
be obtained from (1) by taking Dx ≡ 0, Ax := −μ∇xP , and F := ρR(P):

{
∂tρ = ∇x · [μ ρ∇xP] + ρR(P) , x ∈ X ,

P(t, x) := �[ρ](t, x) .
(16)

In (16), the function �(ρ) represents a constitutive law (i.e. a barotropic relation) for
the cellular pressure as a function of the cell density (i.e. the cell volume fraction),
which is needed to close the PDE for ρ (Ambrosi and Preziosi 2002). In analogy with
Darcy’s law for fluid flow in porous media (Darcy 1856), the parameter μ ∈ R

+∗ is
usually referred to as the cell mobility coefficient. This is inversely proportional to the
permeability of the medium in which the cells are embedded (e.g. the extracellular
matrix) and depends on the cells’ morphological and mechanical properties (e.g. cell
elongation and nucleus deformability). Here μ is taken to be constant but it may also
be a function of x and t due to the presence of inhomogeneities and anisotropicities, as
well as the occurrence of temporal changes, in the embedding medium that surrounds
the cells.

The growth rate of the cell density, R, depends on P to incorporate pressure-
dependent inhibition of growth (i.e. cessation of cell division when cellular pressure
becomes too high) (Drasdo and Hoehme 2012; Ranft et al. 2010). Note that, if the
growth of the cell populationwas not only pressure-regulated but also nutrient-limited,
then the growth rate would also depend on the nutrient concentration, and an additional
PDE for the nutrient concentration would be introduced. Models of form (16) – and
related variants for multiple cell populations – have drawn interest from mathemati-
cians and physicists for their ability to recapitulate key aspects of tumour and tissue
growth, and also for exhibiting travelling waves which display interesting features –
e.g. see Bertsch et al. (2015); Carrillo et al. (2024); Chaplain et al. (2020); Lorenzi
et al. (2017); Tang et al. (2014).

Note also that when one takes �(ρ) := Kρ, where K ∈ R
+∗ is a scale factor

(which for simplicity can be set as 1), the transport term in the PDE (16) models more
specifically the tendency of cells to disperse to avoid crowding (i.e. to move down the
gradient of the cell density ρ) (Chaplain et al. 2006), while the reaction term takes
into account density-dependent inhibition of growth (Lieberman and Glaser 1981).
Moreover, as discussed by Perthame et al. (2014), when �(ρ) := Kγ ργ , where the
parameter γ ∈ R

+∗ with γ > 1 provides a measure of the stiffness of the pressure
law and Kγ ∈ R

+∗ is a scale factor, the PDE (16) takes the form of a porous medium-
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type equation. In this case, considering the asymptotic regime γ → ∞13, from the
PDE (16) one can derive a free-boundary problem of Hele-Shaw type, as demonstrated
by Perthame et al. (2014). This forms a bridge between PDE models of form (16) and
mathematical models formulated as free-boundary problems, which have also been
widely employed (Friedman 2015). This is also an aspect that has received increasing
attention from the mathematical community – see e.g. Bubba et al. (2020); David and
Schmidtchen (2024); Kim et al. (2016); Mellet et al. (2017).

Generalisations of PDE models of the form (16) into PS-PDE models of form

⎧⎨
⎩

∂t n = ∇x · [μ( y)n∇xP
]+ D̄∇2

yn + nR( y, P) , x ∈ X , y ∈ Y ,

P(t, x) := �[ρ](t, x), ρ(t, x) :=
∫
Y
n(t, x, y) d y

(17)

have been proposed for the situation in which both the rate of proliferation and the
mobility coefficient of the cells depend on the phenotypic state y. Specifically, a PS-
PDE model of this form with �(ρ) := ρ has been proposed by Lorenzi et al. (2022),
while different possible definitions of�(ρ) have been considered byMacfarlane et al.
(2022b). PS-PDE models of type (17) can be obtained from (2) by taking Dx ≡ 0
and Ax := −μ( y)∇xP along with F := nR( y, P), Ay ≡ 0, and D y ≡ D̄. Here the
functionμ( y) is themobility coefficient of cells in the phenotypic state y. Furthermore,
the function R( y, P) models the net proliferation rate of cells in the phenotypic state
y under the local environmental conditions corresponding to the cellular pressure P ,
and can thus be regarded again as a fitness function. This can be defined along the
lines of (11) as

R( y, P) := r( y) − κP , (18)

where the parameter κ ∈ R
+∗ is inversely related to the critical value of the cellular

pressure above which cessation of cell division occurs.
Considering ‘go-or-grow’ type scenarios in which fast proliferating cells are less

migratory (i.e. they have a lower mobility coefficient) and vice versa, Lorenzi et al.
(2022); Macfarlane et al. (2022b) have shown that PS-PDEs of form (17) can pro-
duce phenotype-structured travelling waves whereby fast proliferating cells make up
the bulk of the population in the rear of the wave, while highly migratory cells drive
invasion at the edge of the wave front (see Figure 6). Focusing on the case where all
cells in the population have the same mobility coefficient regardless of their pheno-
typic state (i.e. when μ( y) ≡ μ), connections between PS-PDE models of this type
and free boundary problems of Hele-Shaw type have been explored by David (2023),
while related models have been employed to investigate the emergence of resistance
to chemotherapy alongside tumour growth by Cho and Levy (2018). Moreover, exten-
sions of (17) have been considered by Fiandaca et al. (2022) to model the growth of
avascular tumours, taking into account tumour necrosis and tumour-microenvironment
interactions.

13 Since the parameter γ provides a measure of the stiffness of the pressure law �(ρ), the limiting regime
γ → ∞ is usually referred to as an ‘incompressible limit’, because it corresponds to mathematically
approximating cells as an incompressible fluid.
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Fig. 6 Illustration of phenotypic structuring across travelling waves from a PS-PDE model of
pressure-based movement. Illustrative outputs of (b) a PS-PDE model of pressure-based movement of
form (17) and (a) a corresponding ABM of the type presented in Section 4.1.1. In particular, phenotypic
structuring across travelling waves is shown for the rescaled PS-PDE (57) with ε = 0.01 and the corre-
sponding rescaled ABM. Here, we consider one dimension in each of physical and phenotype space, such
that x ≡ x ∈ [0, 25] and y ≡ y ∈ [0, 1]. Zero-flux conditions are imposed at the boundaries. These
results are for a ‘go-or-grow’ type scenario, where the phenotypic state y ∈ [0, 1] is such that y close to 0
corresponds to high proliferation rate and low mobility coefficient, while y close to 1 corresponds to low
proliferation rate and high mobility coefficient. We see an invasion process in which a travelling wave of
cells progresses, and there is a good agreement between the results of numerical simulations of the ABM,
numerical solutions of the PS-PDE model, and analytical predictions (right panels). Cells with a higher
mobility coefficient are concentrated to the front of the wave, and cells with a higher proliferation rate
dominate the rear (left panels). The insets of the right panels display the plots of the points x1(t), x2(t), and
x3(t) such that ρ(t, x1(t)) = 0.2ρM , ρ(t, x2(t)) = 0.5ρM , and ρ(t, x3(t)) = 0.8ρM , where ρM ∈ R

+∗
is the maximum value of the cell density. Notably, we observe the evolution of x1(t), x2(t), and x3(t)
towards straight lines of approximately the same slope, and the slope agrees with analytical predictions on
the wave speed. This indicates that there is evolution towards a travelling wave with a wave speed consistent
with analytical predictions. For full details of the models and parametrisation, we refer to Macfarlane et al.
(2022b): this figure corresponds to Figure 2 of Macfarlane et al. (2022b)

3.3 Taxis-basedmovement models

In processes that include morphogenesis, wound healing, and inflammation, cell pop-
ulations need to be correctly positioned. Taxis-based14 models form a thirdmajor class
of movement models, describing situations in which a cell (or organism) is directed
to move in a particular direction. Chemotaxis, the directed movement of cells up or
down gradients of (usually soluble) molecules, has been the most intensely studied
formof taxis behaviour, but awide variety of others have also been investigated, includ-
ing movement in response to adhesion gradients (haptotaxis, Carter 1965), stiffness

14 The word taxis stems from the ancient Greek ταξισ , meaning ‘to steer’, and was adopted by Wiliam
Pfeffer to describe a hypothetical steering of microorganisms, following observations of their reorganisation
according to chemicals and light (Pfeffer 1884).
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(durotaxis, Lo et al. 2000), and electric fields (galvanotaxis, Erickson and Nuccitelli
1984).

The most well-known PDE model for describing chemotactic movements is the
Keller-Segel system (Keller and Segel 1970, 1971b, a; Patlak 1953). This model has
received significant attention as a model for chemotaxis (Horstmann 2003; Tindall
et al. 2008; Hillen and Painter 2009; Bellomo et al. 2015; Painter 2019; Aru-
mugam and Tyagi 2021): from the modelling community for its ability to recapitulate
macroscopic dynamics of chemotactic populations, including travelling waves and
self-organisation, and from the mathematical community for its intricate analytical
properties. Moreover, it has provided an important base for describing other forms of
taxis behaviour, with its adaption to describe haptotaxis a particularly prominent exam-
ple (Wang 2020; Sfakianakis and Chaplain 2020). In its standard form, (chemo)taxis is
described via an advective termwith an advective velocity proportional to the gradient
of a (chemical) signal, S(t, x). Along with standard choices of an additional linear
diffusion component (i.e. similarly to what done in (5)) and a growth term, one sets
Dx ≡ D, Ax := χ∇xS, and F := ρR(ρ, S) in (1) to obtain

∂tρ = ∇x · [D∇xρ − χρ∇xS] + ρR(ρ, S) , x ∈ X . (19)

The parameter χ ∈ R
+∗ is usually referred to as the chemotactic sensitivity – here it is

taken to be a constant, but it can be chosen to depend on the signal S and/or the density
ρ (Hillen and Painter 2009). Note that the growth rate may depend on the signal, as it is
the case in thePDE (19), for example if this represents a nutrient that fuels proliferation.
In many models, also the dynamics of S(t, x) will be governed by some PDE, leading
to a system of coupled PDEs. Such couplings are crucial in the context of pattern
formation phenomena, where feedback between chemotaxis and signal production
leads to self organisation (Keller and Segel 1970), and travelling wave dynamics,
where signal degradation by cells can generate propagating waves (Keller and Segel
1971b).

An extension of (19) to a PS-PDE model for chemotaxis has been proposed by
Lorenzi and Painter (2022), focusing on the case where phenotype regulates both
proliferation and chemotaxis. One can arrive at this form of model through extending
to a phenotype density n(t, x, y) and – with the same earlier choice of linear diffusion
in phenotype (i.e. taking Ay ≡ 0 and D y ≡ D̄ in (2)) – obtaining the following
PS-PDE formulation of (19):

⎧⎨
⎩

∂t n = ∇x · [D∇xn − χ( y)n∇xS
]+ D̄∇2

yn + nR( y, ρ, S) , x ∈ X , y ∈ Y ,

ρ(t, x) :=
∫
Y
n(t, x, y) d y .

(20)

In the abovemodel, each of the chemotactic sensitivity and growth rate now depend on
the phenotypic state – i.e. the function χ( y)models the chemotactic sensitivity of cells
in the phenotypic state y, while the function R( y, ρ, S) is the net proliferation rate (i.e.
the fitness) of cells in the phenotypic state y under the local environmental conditions
corresponding to the cell density ρ and the signal S, which can for example be defined
via (14) with S ≡ S. Experimental studies with microfluidic T-mazes have revealed
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Fig. 7 Illustration of phenotypic structuring across travelling waves from a PS-PDE model of
chemotaxis-based movement. Illustrative outputs of a PS-PDE model of chemotaxis-based movement
of form (20). In particular, phenotypic structuring across travelling waves is shown for the rescaled PS-PDE
(56) with ε = 0.01 coupled with an appropriate evolution equation for the attractant concentration, S.
Here, we consider one dimension in each of physical and phenotype space, such that x ≡ x ∈ [0, 20] and
y ≡ y ∈ [0, 1]. Zero-flux conditions are imposed at the boundaries. (a) Chemotaxis-proliferation trade-off,
where the phenotypic state y ∈ [0, 1] is such that y close to 0 corresponds to high proliferation rate and low
chemotactic sensitivity, while y close to 1 corresponds to low proliferation rate and high chemotactic sensi-
tivity. All cells equally degrade the attractant. We see an invasion process in which as the wave progresses,
nutrient is degraded (left panel); the most efficient chemotaxers are concentrated to the front of the wave,
and strong proliferators dominate the rear (middle panel); the numerically estimated wavespeed agrees with
analytical predictions (right panel). (b) Chemotaxis-proliferation trade-off for a nutrient-like attractant, i.e.
an attractant that has an impact on the cell proliferation rate. The phenotypic state y ∈ [0, 1] is again such
that y close to 0 corresponds to high proliferation rate but low chemotactic sensitivity, while y close to 1
corresponds to low proliferation rate and high chemotactic sensitivity. We see a pulse waveform for the
population (left panel); as in (a), strongly (weakly) chemotactic cells are concentrated to the front (rear) of
the wave (middle panel); numerically estimated wavespeed agrees with analytical predictions (right panel).
For full details of the model and parametrisation, we refer to Lorenzi et al. (2022): panel (a) corresponds
to Figure 3A and panel (b) corresponds to Figure 5B of Lorenzi et al. (2022)

that bacterial populations can be structured according to their chemotactic sensitivity
(Salek et al. 2019, see Figure 1 (b)), while other studies have suggested that resource
allocation can lead to a trade-off between investment in motility and growth (Ni et al.
2020). Consequently, the case of a ‘proliferation-chemotaxis’ trade-off – that is, faster
proliferators are less chemotactic (i.e. they have a lower chemotactic sensitivity) and
vice versa – was considered by Lorenzi and Painter (2022), who demonstrated that
PS-PDEs of form (20) coupled with an appropriate evolution equation for S can form
travelling waves that exhibit phenotypic structuring (see Figure 7).

Of course, one can consider a number of further variations. For instance, letting
S model the density of the extracellular matrix, PS-PDEs of form (20) have been
employed to describe cancer cell dynamics in phenotype-structured haptotaxis models
of tumour invasion (Fiandaca et al. 2022; Lorenzi et al. 2025). Related PS-PDEmodels
of cellmigration,where S is replaced by a vector S, the components ofwhichmodel the
concentrations of different diffusible molecules, have been considered by Hodgkinson
et al. (2018b). Variants of PS-PDEs of form (20), wherein a phenotypic structure is
included in the growth term but not in the termmodelling cellular taxis, have been used
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in models for cell migration (Domschke et al. 2017) and tumour cell invasion (Engwer
et al. 2017; Hodgkinson et al. 2018a, 2019).

PS-PDE models closely related to (20) have also been elegantly deployed along-
side experiments, to investigate how phenotype structuring drives collective behaviour
within travelling E. coli bands (Fu et al. 2018; Mattingly and Emonet 2022; Phan et al.
2024). In thesemodels, the structuring describes a bacterium’s tumbling bias andman-
ifests in phenotype dependency for both cell diffusion, Dx := D( y), and chemotactic
sensitivity, χ( y). These models assume that bacteria do not alter phenotype within
their lifetime (i.e. Ay ≡ 0 and D y ≡ 0 in (2)), but can as a result of division, an
aspect that is included in the model via a kernel that stipulates how division of a parent
cell with one phenotype leads to progeny cells with other phenotypes. This leads to a
non-local form of the term F in (2) that depends on the phenotype structuring. Direct
comparisons of this model with data have revealed the limitations of ‘traditional’ non-
structured models and gained insights into how an evolving structuring may allow
populations to efficiently colonise heterogeneous environments.

4 Mathematical tools and techniques

In this section, we provide a concise overview of mathematical tools and techniques
that have been developed and deployed to: derive PS-PDE models of form (2) from
agent-based models for the spatial spread and evolutionary dynamics of phenotype-
structured cell populations (Section 4.1); analyse the qualitative properties of the
solutions to such PS-PDE models (Section 4.2); and construct numerical solutions of
these models (Section 4.3).

For simplicity,wenow restrict to one-dimensional physical and phenotypic domains
– i.e. the case where x ≡ x ∈ X ⊆ R and y ≡ y ∈ Y ⊆ R. Throughout this section,
we will let ε ∈ R

+∗ be a small parameter, and use the notation δa(y) for the Dirac delta
centred at y = a.

4.1 Tools and techniques to derive PS-PDEmodels from agent-basedmodels

Instead of defining a PS-PDE model of type (2) on the basis of population-scale
phenomenological assumptions, it can be desirable to first postulate an ABM that
tracks the spatial and evolutionary dynamics of individual cells, and then employ
limiting procedures to derive the corresponding PS-PDEmodel (Drasdo 2005). In this
way, the population-level terms that comprise the PS-PDE can be formally linked to
explicit assumptions for the cellular processes that drive the dynamics at the single-cell
level.

A range of approaches have been advanced and adopted in recent decades for
transitioning between ABMs and PS-PDE models which describe simultaneously the
spatial spread and evolutionary dynamics of phenotype-structured populations. These
include probabilistic methods to derive PS-PDE models as the limit of corresponding
off-lattice ABMs when the number of individuals in the population tends to infinity
(see e.g. Andrade-Restrepo et al. 2019; Champagnat andMéléard 2007; Fontbona and
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Méléard 2015; Leman 2016), and formal limiting procedures to derive PS-PDEmodels
from on-lattice ABMs when the lattice parameters tend to zero (see e.g. Macfarlane
et al. 2022b; Lorenzi et al. 2025). As a further note, structuring variables have also
been incorporated into ‘mesoscale’ kinetic equations, which can also be scaled to a
PDE form (see e.g. Erban and Othmer 2004; Engwer et al. 2015; Lorenzi et al. 2024);
we are, however, unaware of any such derivations that lead explicitly to the PS-PDE
form (2).

In the spirit of a tutorial-style example, here we formally derive a PS-PDE model
of form (2), starting from an ABM for the spatial spread and evolutionary dynamics of
phenotype-structured cell populations (see Section 4.1.2). In this model, single cells
undergo spatial movement, phenotypic changes, and proliferation and death according
to a set of rules which correspond to a discrete-time branching random walk over a
two-dimensional lattice (Hughes 1996), which represents one-dimensional physical
and phenotypic domains (see Section 4.1.1). Note that here we will exemplify key
ideas considering the case of unbounded domains, but both the governing rules for
the dynamics of single cells in the ABM and the procedure employed to derive the
corresponding PS-PDE can easily be adapted to the case of bounded domains.

4.1.1 An agent-basedmodel for spatial spread and evolutionary dynamics of
phenotype-structured cell populations

Setup of the model and notation
The time variable t ∈ R

+ and the space variable x ∈ R are discretised, respectively,
as tk = k τ and xi = ihx , with k ∈ N0 := N ∪ {0}, τ ∈ R

+∗ , i ∈ Z, and hx ∈ R
+∗ .

Moreover, the phenotype variable y ∈ R is discretised via y j = jhy , with j ∈ Z

and hy ∈ R
+∗ . Here, τ , hx , and hy are the time-step, space-step, and phenotype-step,

respectively.
Each individual cell is represented as an agent that occupies a position on the lattice

{xi }i∈Z × {y j } j∈Z and we introduce the dependent variable Nk
i, j ∈ N0 to model the

number of cells in the phenotypic state y j at position xi at time tk . The cell phenotype
density and the corresponding cell density are then defined, respectively, as

n(tk, xi , y j ) ≡ nki, j := Nk
i, j

hxhy
, ρ(tk, xi ) ≡ ρk

i := hy

∑
j

nki, j . (21)

The modelling strategies adopted here to describe spatial movement, phenotypic
changes, and proliferation and death of individual cells are summarised below.

Modelling spatial movement of individual cells
Cell movement is modelled as a random walk along the spatial dimension. For a
focal cell in the phenotypic state y j at spatial position xi at time tk , the probabil-
ity of moving left (i.e. to spatial position xi−1) is PL

x (tk, xi , y j ), the probability
of moving right (i.e. to spatial position xi+1) is PR

x (tk, xi , y j ), and the probabil-
ity of not moving (i.e. remaining stationary at position xi ) is then PS

x (tk, xi , y j ) =
1− PR

x (tk, xi , y j )− PL
x (tk, xi , y j ). Here, PL

x and PR
x are non-negative real functions

such that PL
x (tk, xi , y j ) + PR

x (tk, xi , y j ) ≤ 1 for all (tk, xi , y j ) ∈ R
+ × R × R.
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Modelling phenotypic changes of individual cells
Phenotypic changes are incorporated into the model by allowing cells to update
their phenotypic state according to a random walk along the phenotypic dimen-
sion. For a focal cell in the phenotypic state y j at spatial position xi at time tk ,
the probability of entering the phenotypic state y j−1 is PL

y (tk, xi , y j ), the proba-
bility of entering the phenotypic state y j+1 is PR

y (tk, xi , y j ), and the probability
of not undergoing phenotypic changes (i.e. remaining in the phenotypic state y j )
is PS

y (tk, xi , y j ) = 1 − PR
y (tk, xi , y j ) − PL

y (tk, xi , y j ). To reduce the amount of cal-
culations in the derivation of the corresponding PS-PDE model, we focus on the case
where cells in the population undergo phenotypic changes with a constant probability,
and thus we assume PL

y (tk, xi , y j ) ≡ pLy ∈ R
+ and PR

y (tk, xi , y j ) ≡ pRy ∈ R
+,

which imply PS
y (tk, xi , y j ) ≡ pSy = 1 − pRy − pLy , with the parameters pLy and pRy

such that pLy + pRy ≤ 1.

Modelling proliferation and death of individual cells
Cell proliferation is modelled by letting a dividing cell be instantly replaced by two
identical progeny cells that inherit the spatial position and phenotypic state of the
parent cell. Conversely, a cell undergoing death is instantly removed from the popula-
tion. Focusing on a scenario wherein the cell population undergoes density-dependent
inhibition of growth, the probabilities of cell proliferation and death are assumed here
to also depend on the cell density. Hence, a focal cell in the phenotypic state y j at
spatial position xi at time tk will proliferate with probability PP (tk, xi , y j , ρk

i ), die
with probability PD(tk, xi , y j , ρk

i ), or remain quiescent (i.e neither proliferate nor die)
with probability PQ(tk, xi , y j , ρk

i ) = 1− PP (tk, xi , y j , ρk
i ) − PD(tk, xi , y j , ρk

i ). In
particular, modelling the rate of cell proliferation and the rate of cell death through
the functions r P and r D , respectively, we use the following definitions

PP (tk, xi , y j , ρ
k
i ) := τ r P(tk, xi , y j , ρ

k
i ) ,

PD(tk, xi , y j , ρ
k
i ) := τ r D(tk, xi , y j , ρ

k
i ) , (22)

under the additional assumption that the time-step τ is sufficiently small so that
PP (tk, xi , y j , ρk

i )+PD(tk, xi , y j , ρk
i ) ≤ 1 for all (tk, xi , y j , ρk

i ) ∈ R
+×R×R×R

+.

4.1.2 Formal derivation of the corresponding PS-PDEmodel

Assuming the time-step, τ , the space-step, hx , and the phenotype-step, hy , to be
sufficiently small, we formally take t := tk , x := xi , y := y j , and thus t + τ := tk+1,
x±hx := xi±1, y±hy := y j±1, and n(t, x, y) := n(tk, xi , y j ). Furthermore, recalling
that ρ(t, x) := ρ(tk, xi ) is defined via (21), we also formally take ρ(t, x) := ρ(tk, xi )

withρ(t, x) :=
∫
R

n(t, x, y) dy. Then,when the dynamics of single cells are governed

by the rules summarised above, under the simplifying assumption that the events
underlying spatial movement, phenotypic changes, and cell proliferation and death
are independent, the principle of mass balance formally gives the following equation
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n(t + τ, x, y) =
(
2 PP (t, x, y, ρ(t, x)) + PQ(t, x, y, ρ(t, x))

)

×
{
pSy PS

x (t, x, y) n(t, x, y)︸ ︷︷ ︸
cells remaining at (x,y)

+ pLy PS
x (t, x, y + hy) n(t, x, y + hy) + pRy PS

x (t, x, y − hy) n(t, x, y − hy)︸ ︷︷ ︸
cells switching from (x,y±hy ) to (x,y)

+ pSy
[
PL
x (t, x + hx , y) n(t, x + hx , y) + PR

x (t, x − hx , y) n(t, x − hx , y)
]

︸ ︷︷ ︸
cells switching from (x±hx ,y) to (x,y)

+ pLy PR
x (t, x − hx , y + hy) n(t, x − hx , y + hy)︸ ︷︷ ︸

cells switching from (x−hx ,y+hy ) to (x,y)

+ pLy PL
x (t, x + hx , y + hy) n(t, x + hx , y + hy)︸ ︷︷ ︸

cells switching from (x+hx ,y+hy ) to (x,y)

+ pRy PR
x (t, x − hx , y − hy) n(t, x − hx , y − hy)︸ ︷︷ ︸

cells switching from (x−hx ,y−hy ) to (x,y)

+ pRy PL
x (t, x + hx , y − hy) n(t, x + hx , y − hy)︸ ︷︷ ︸

cells switching from (x+hx ,y−hy ) to (x,y)

}
.

When the probabilities of cell proliferation and death are defined via (22), using the
fact that PQ(t, x, y, ρ(t, x)) = 1 − PP (t, x, y, ρ(t, x)) − PD(t, x, y, ρ(t, x)), we
have

2 PP (t, x, y, ρ(t, x)) + PQ(t, x, y, ρ(t, x))

= 1 + τ
(
r P (t, x, y, ρ(t, x)) − r D(t, x, y, ρ(t, x))

)
.

Hence, introducing the following definition of the net cell proliferation rate (i.e. the
difference between the rate of cell proliferation and the rate of cell death)

R(t, x, y, ρ) := r P (t, x, y, ρ) − r D(t, x, y, ρ) ,

rewriting ρ(t, x) as ρ for brevity, and using the fact that PS
x (t, x, y) = 1 −

PR
x (t, x, y)− PL

x (t, x, y) and pSy = 1− pRy − pLy , the above equation can be rewritten
as

n(t + τ, x, y) =
(
1 + τ R(t, x, y, ρ)

)

×
{ (

1 − pRy − pLy
) (

1 − PR
x (t, x, y) − PL

x (t, x, y)
)
n(t, x, y)

+pLy
(
1 − PR

x (t, x, y + hy) − PL
x (t, x, y + hy)

)
n(t, x, y + hy)

+pRy
(
1 − PR

x (t, x, y − hy) − PL
x (t, x, y − hy)

)
n(t, x, y − hy)

+
(
1 − pRy − pLy

) [
PR
x (t, x − hx , y) n(t, x − hx , y)
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+PL
x (t, x + hx , y) n(t, x + hx , y)

]

+pLy
[
PR
x (t, x − hx , y + hy) n(t, x − hx , y + hy) +

+PL
x (t, x + hx , y + hy) n(t, x + hx , y + hy)

]

+pRy
[
PR
x (t, x − hx , y − hy) n(t, x − hx , y − hy)

+PL
x (t, x + hx , y − hy) n(t, x + hx , y − hy)

]}
.

Provided that the functions PR
x (t, x, y), PL

x (t, x, y), and n(t, x, y) are sufficiently
regular, one can substitute the first-order Taylor polynomial for n(t + τ, x, y) and the
second-order Taylor polynomials for the other terms into the above equation. Dropping
(t, x, y) for brevity, after some simple (but tedious) calculations we are left with the
following terms (arranged in increasing order of τ , hx , and hy)

�n + τ ∂t n + O(τ 2) = 1 ×
{

�n + hx ∂x

[
n
(
PL
x − PR

x

) ]
+ hy (pLy − pRy ) ∂yn

+h2x
2

∂2xx

[ (
PR
x + PL

x

)
n
]

+ h2y
2

(
pRy + pLy

)
∂2yyn

+hxhy

(
pRy − pLy

)
∂2xy

[ (
PR
x − PL

x

)
n
]

+O(h2xhy) + O(hxh
2
y)
}

+ τ R(t, x, y, ρ) ×
{
n + O(hx ) + O(hy)

}
+ h.o.t . ,

where the terms in {·} come from the same brackets in the previous equation, and
higher order terms in τ , hx , and hy have been grouped into h.o.t . . Dividing through
by τ and rearranging terms, we find the following equation for the cell phenotype
density n

∂t n = R(t, x, y, ρ) n

+∂x

[
n

(
hx
τ

(
PL
x − PR

x

)
+ h2x

2τ
∂x

(
PL
x + PR

x

))
+ h2x

2τ

(
PL
x + PR

x

)
∂xn

]

+ hy

τ

(
pLy − pRy

)
∂yn + h2y

2τ

(
pLy + pRy

)
∂2yyn

+ hxhy

τ

(
pLy − pRy

)
∂2xy

[(
PL
x − PR

x

)
n
]

+ h.o.t . , (23)

where higher order terms in τ , hx , and hy have again been grouped into h.o.t . . If the
functions PL

x and PR
x and the parameters pLy and pRy are also such that the following

relations hold as hx → 0 and hy → 0

PL
x (t, x, y) − PR

x (t, x, y) = hx
2

�x (t, x, y) + O(h2x ) , �x : R
+ × R × R → R ,
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PL
x (t, x, y) + PR

x (t, x, y) = �x (t, x, y) + O(hx ) , �x : R
+ × R × R → R

+ ,

and

pLy − pRy = hy

2
ψy + O(h2y) , pLy + pRy = φy + O(hy) , ψy ∈ R , φy ∈ R

+ ,

where �x and �x are sufficiently regular functions, then letting τ → 0, hx → 0, and
hy → 0 in such a way that

h2x
2τ

→ αx ∈ R
+∗ ,

h2y
2τ

→ αy ∈ R
+∗ ,

from equation (23) we formally obtain the following equation

∂t n = R(t, x, y, ρ) n + ∂x [n αx (�x (t, x, y) + ∂x�x (t, x, y))] +
+∂x [αx �x (t, x, y)∂xn] + αy ψy∂yn + αy φy ∂2yyn .

Introducing the definitions

Ax (t, x, y) := −αx (�x (t, x, y) + ∂x�x (t, x, y)) , Dx (t, x, y) := αx �x (t, x, y) ,

and

Ā := −αy ψy , D̄ := αy φy ,

and recalling the definition of ρ(t, x) given above, from the latter equation we find
the following PS-PDE model

⎧⎨
⎩

∂t n + ∂x [Ax (t, x, y) n − Dx (t, x, y) ∂xn] + ∂y
[
Ā n − D̄ ∂yn

] = n R(t, x, y, ρ) ,

ρ(t, x) :=
∫
R

n(t, x, y) dy ,

which is of the form of the PS-PDEmodel (2), posed on a one-dimensional unbounded
physical and phenotype domain, with

Ay(t, x, y) ≡ Ā , Dy(t, x, y) ≡ D̄ , F(t, x, y) := n(t, x, y) R(t, x, y, ρ(t, x)) .

Choosing ψy = 0, so that Ā = 0, under different definitions of the functions
�x (t, x, y) and �x (t, x, y), we can derive many of the models stated previously in
Section 3, including:

• the case where

�x (t, x, y) ≡ 0 , �x (t, x, y) ≡ �x (y) := D̂(y) ,

from which, defining D(y) := αx D̂(y) and taking also R(t, x, y, ρ) ≡ R(y, ρ),
we obtain a PS-PDE of form (7);
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• the case where

�x (t, x, y) := μ̂(y) ∂x P(t, x), �x (t, x, y) ≡ 0 , P(t, x) := �[ρ](t, x) ,

from which, defining μ(y) := αx μ̂(y) and taking R(t, x, y, ρ) ≡ R(y,�[ρ]) ≡
R(y, P), we obtain a PS-PDE of form (17);

• the case where

�x (t, x, y) := − χ̂ (y) ∂x S(t, x) , �x (t, x, y) ≡ D̂ ,

from which, defining χ(y) := αx χ̂(y) and D := αx D̂, and taking also
R(t, x, y, ρ) ≡ R(y, ρ, S(t, x)), we obtain a PS-PDE of form (20).

As a concluding remark we note that an excellent agreement can be found between
the outputs of the ABM and the solutions of the corresponding PS-PDE model, if the
functions and parameters of the ABM are such that the conditions underlying the for-
mal derivation carried out here are satisfied; an example is provided by the comparison
between the plots in Figure 6(a) and Figure 6(b). This holds, in particular, when suffi-
ciently large cell populations are considered. Then, demographic stochasticity (which
cannot be captured by PS-PDE models) does not play a dominant role in the ABM’s
cell dynamics.

4.2 Tools and techniques to analyse PS-PDEmodels

In the last decade, considerable attention has been directed towards analysing the
behaviour of the solutions to PS-PDE models of type (2), with particular emphasis on
travelling waves and concentration phenomena. Referring back to Figures 6 and 7 –
which display the results of numerical simulations of appropriately rescaled versions
of the PS-PDEs (17) and (20) – we can see phenotypic structuring across travelling
waves as a result of the interplay between these two characteristic features: the cell
densities ρ(t, x) corresponding to solutions to these models behave like travelling
waves (Figure 6(b), right panel and Figure 7, middle panels); within these waves, a
concentration phenomenon occurs, with the phenotype density n(t, x, y) being con-
centrated into a different phenotypic state y at different spatial positions x across the
wave (Figure 6(b), left panel and Figure 7, left panels).

The obtained results, as well as the tools and techniques through which these results
have been realised, build upon the mathematical literature on related PDE and non-
local PDEmodels. Therefore, in order tomake this section (to an extent) self-contained,
before reaching PS-PDE models (in Section 4.2.3), we first recall the essentials of
travelling waves in PDE models of spatial spread dynamics (in Section 4.2.1) and
concentration phenomena in non-local PDE models of evolutionary dynamics (in
Section4.2.2), taking thePDE(5) and thenon-local PDE(10) as prototypical examples,
respectively.
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4.2.1 Travelling waves in PDEmodels of spatial spread dynamics

When exploring spatial spread dynamics through PDEmodels of type (1) with x ∈ R,
one is often led to study travelling waves, which are solutions that propagate without
a change in shape and at a constant speed c ∈ R (see Figure 3), and are thus of the
form15

ρ(t, x) ≡ ρ(z) , z = x − c t , z ∈ (−∞,∞) . (24)

In particular, focusing on travelling waves which propagate to the right, we take c ∈
R

+∗ . Investigating whether the model admits travelling wave solutions then amounts
to proving the existence of pairs (ρ(z), c), such that ρ : (−∞,∞) → R

+∗ satisfies
the ODE obtained by substituting (24) into the PDE for ρ(t, x), subject to suitable
boundary conditions at z = −∞ and/or z = ∞, for some c ∈ R

+∗ .
For instance, substituting (24) into the Fisher-KPP model (5)-(6) and rearranging

terms gives the following ODE for ρ(z)

D
d2ρ

dz2
+ c

dρ

dz
+ r ρ

(
1 − ρ

k

)
= 0 , z ∈ R . (25)

Moreover, since the Fisher-KPP model (5)-(6) admits the homogeneous steady-state
solutions ρ ≡ k and ρ ≡ 0, which can be proven to be linearly asymptotically stable
and unstable, respectively, it is natural to complement the ODE (25) with the boundary
conditions

ρ(−∞) = k , ρ(∞) = 0 , (26)

so that the stable homogeneous steady-state “invades” the unstable one. The boundary
conditions (26) then correspond to considering a scenario in which the population
spreads across the uncolonised surrounding space. A classical result is that there
exist monotonically decreasing solutions of the problem (25)-(26), provided that c ≥
c∗ := 2

√
r D, where the threshold value of the speed c∗ is called the minimal wave

speed (Murray 2003; Perthame 2015).
When a travelling-wave solution ρ(z) exists, one may then be interested in investi-

gating whether the solution ρ(t, x) to the Cauchy problem defined by the PDE model
with x ∈ R and complemented with an appropriate initial condition will converge
to a solution qualitatively similar to the travelling-wave solution for large t and x . A
technique that can be used to address this aspect consists of employing the following
space and time scaling

(t, x) →
(
t

ε
,
x

ε

)
, (27)

15 Note that we use the same notation ρ for the function of (t, x) and of z even though, formally, they are
not the same function. This is to avoid introducing an extra notation at this stage.
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and investigating the behaviour of ρε(t, x) ≡ ρ (t/ε, x/ε) in the limit ε → 0 (Evans
and Souganidis 1989; Freidlin 1986). For instance, choosing D = r = k = 1, under
the scaling (27) the Fisher-KPP model (5)-(6) with x ∈ R reads as

ε∂tρε = ε2∂2xxρε + ρε(1 − ρε) , x ∈ R . (28)

As ε → 0, the limit, ρ(z), of the travelling wave solution, ρε(z), for the rescaled
Fisher-KPP equation (28) satisfies the relation ρ(z) (1 − ρ(z)) = 0. Hence, it attains
only the values 1 and 0. Moreover, the corresponding minimal wave speed is c∗ = 2.
In accordance with this, it is possible to prove that, when ε → 0, the solution of the
Cauchy problem defined by complementing the rescaled Fisher-KPP equation (28)
with the initial condition

ρε(0, x) = ρ0(x) :=
{
1, if x < 0

0, if x ≥ 0
(29)

converges (in some appropriate sense) toρ0(x−c∗t), with c∗ = 2 (Evans and Sougani-
dis 1989; Freidlin 1986). A corroboration of this result is shown in Figure 3, where
numerical solutions of (28)-(29) are seen to become increasingly step-like as ε → 0
and with a numerically calculated wave speed v � 2. As shown by Barles et al.
(1990); Fleming and Souganidis (1986); Evans and Souganidis (1989), a useful tool
to prove this and related asymptotic results is the real phase WKB ansatz borrowed
from geometric optics, which is also referred to as the Hopf-Cole transformation:

ρε(t, x) = exp

(
uε(t, x)

ε

)
. (30)

A key observation underlying the change of variable (30) is that if uε(t, x) converges
(uniformly, locally in time) to u(t, x) as ε → 0, then ρ(t, x) = 0 and ρ(t, x) = 1
correspond to u(t, x) < 0 and u(t, x) = 0, respectively. Hence, the limiting behaviour
of ρε(t, x) can be characterised by studying the limiting behaviour of uε(t, x). The
advantage of this approach lies in the fact that upon substituting the ansatz (30) into
the rescaled (local) PDE (28), one finds that uε(t, x) satisfies a type of Hamilton-
Jacobi equation for which there is a range of mathematical tools, stemming from the
work of Lions and coworkers in the 1980s on viscosity solutions of Hamilton-Jacobi
equations (Crandall and Lions 1983; Crandall et al. 1984; Lions 1982). This in turn
facilitates studies into the behaviour of ρε(t, x) as ε → 0.

4.2.2 Concentration phenomena in non-local PDEmodels of evolutionary dynamics

A commonly made assumption within theoretical studies into the evolution of
phenotype-structured populations is that phenotype density functions are Gaus-
sians (Rice 2004). Hence, it is natural to consider non-local PDE models for
evolutionary dynamics in phenotype-structured populations of form (10) with y ∈ R

subject to initial conditions of the form
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n(0, y) = n0(y) := ρ0√
2π σ 2

0

exp

[
−
(
y − ȳ0

)2
2 σ 2

0

]
, ρ0 , σ0 ∈ R

+∗ , ȳ0 ∈ R .

(31)

Here, the parameters ρ0 and ȳ0 model the initial size of the population and the mean
or prevailing phenotype in the population at time t = 0, respectively. The parameter
σ 2
0 is the related variance, which provides a measure of intra-population phenotypic

heterogeneity. It is possible to prove (see, for instance, Almeida et al. 2019; Ardaševa
et al. 2020; Chisholm et al. 2016b) that, when subject to the initial condition (31), the
non-local PDE model (10)-(12) with y ∈ R admits solutions of the Gaussian form

n(t, y) = ρ(t)√
2π σ 2(t)

exp

[
− (y − ȳ(t))2

2 σ 2(t)

]
, (32)

where the size of the cell population, ρ(t), the mean or prevailing phenotype, ȳ(t),
and the inverse of the related variance, v(t) = 1/σ 2(t), satisfy the Cauchy problem

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dv

dt
= 2

(
1 − D̄v2

)
,

d ȳ

dt
= 2

v
(ϕ − ȳ) ,

dρ

dt
=
{[

γ − 1

v
− (ȳ − ϕ)2

]
− κ ρ

}
ρ ,

v(0) = 1/σ 2
0 , ȳ(0) = ȳ0 , ρ(0) = ρ0 .

(33)

An exhaustive quantitative characterisation of the dynamics of the phenotype density
n(t, y) can then be obtained by analysing the behaviour of the components of the
solution to the Cauchy problem (33).

Furthermore, when studying evolutionary dynamics in phenotype-structured pop-
ulations, one is often interested in predicting the phenotypic composition of the
population over long timescales in scenarios wherein: (i) proliferation and death play
a leading role in phenotypic evolution, since they drive adaptation by natural selec-
tion; (ii) phenotypic changes are rare, and their role is thus limited to generating the
substrate for natural selection to act upon (Bürger 2000; Perthame 2006). In the frame-
work of mathematical models of form (10), this can be done by using the parameter
scaling

D̄ := ε2 (34)

alongwith the time scaling t → t/ε, and then investigating the behaviour of nε(t, y) ≡
n(t/ε, y) in the asymptotic regime ε → 0 (Diekmann et al. 2005; Perthame 2006;
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Perthame and Barles 2008). Under this scaling, the non-local PDE (10) with y ∈ R

reads as
⎧⎨
⎩

ε∂t nε = ε2∂2yynε + nε R(y, ρε) , y ∈ R ,

ρε(t) :=
∫
R

nε(t, y) dy .
(35)

In the case when there is little phenotypic variability in the population at t = 0,
which is a case often considered in adaptive dynamics (Diekmann 2004), one can also
assume that intra-population phenotypic heterogeneity is initially small and then use
the additional parameter scaling

σ 2
0 := ε (36)

in (31), which gives the initial condition

nε(0, y) = n0ε(y) := ρ0

√
2πε

exp

[
−
(
y − ȳ0

)2
2ε

]
, ρ0 ∈ R

+∗ , ȳ0 ∈ R . (37)

From (32) and (33), one sees that,when subject to the initial condition (37), the rescaled
non-local PDE obtained by complementing (35) with (11),(12) admits the solution

nε(t, y) = ρε(t)√
2πε

exp

[
− (y − ȳε(t))2

2ε

]
, (38)

where
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

d ȳε
dt

= 2 (ϕ − ȳε),

ε
dρε

dt
=
{[

γ − ε − (ȳε − ϕ)2
]

− κ ρε

}
ρε,

ȳε(0) = ȳ0, ρε(0) = ρ0 .

(39)

Under the additional assumption that ȳ0 is such that (ȳ0 − ϕ)2 < γ , letting ε → 0
in (38) and (39) one finds

nε(t, y) −−−⇀
ε→0

ρ(t)δȳ(t)(y) (weakly in measures) , (40)

where ȳ(t) satisfies the Cauchy problem

⎧⎪⎨
⎪⎩

d ȳ

dt
= 2 (ϕ − ȳ) ,

ȳ(0) = ȳ0 ,

(41)
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and ρ(t) > 0 is given as a function of ȳ(t) by the relation

ρ(t) = γ − (ȳ(t) − ϕ)2

κ
for a.e. t ∈ (0,∞) . (42)

This is also confirmed by the results of numerical simulations of (35), subject to (37)
and complemented with (11),(12), which are displayed in Figure 5. Here, numerical
solutions are seen to be of the Gaussian form (38), which becomes concentrated as
a weighted infinitely sharp Gaussian (i.e. a weighted Dirac mass) in the asymptotic
regime ε → 0.

The concentration phenomenon expressed by the asymptotic result (40) – together
with the assumptions placed for the initial condition, fitness function, and parameter
regime for the rescaling – provides amathematical formalisation for the following idea:
when phenotypic changes are rare and the fitness function has a single maximum point
(i.e. there is only one phenotype with maximal fitness – the ‘fittest’ phenotype) then,
if a phenotype-structured population is monomorphic (shows only one trait) at t = 0,
the population will remain monomorphic at all times t > 0.

Moreover, as proposed by Diekmann et al. (2005), the concentration point (i.e.
the centre of the Dirac mass) ȳ(t) can be biologically interpreted as the trait that is
shown by the population at time t . Hence, the ODE (41)1 can be regarded as a type of
canonical equation of adaptive dynamics: an ODE that describes how the prevailing
trait in the population changes over time (Metz andDiekmann 1986). From the Cauchy
problem (41) it is easy to see that ȳ(t) → ϕ as t → ∞. Recalling that the parameter ϕ
models the fittest phenotype (see the fitness function defined via (11),(12)), the latter
convergence result translates into mathematical terms the concept of “survival of the
fittest” originating from evolutionary theory (Spencer 1864).

Notably, the solution to the rescaled non-local PDE (35) also exhibits concentration
phenomena for a broader class of fitness functions and initial conditions, provided
they have essentially the same structural properties of the fitness function defined
via (11),(12) and the initial condition (37) – in other words, functions R(y, ρ) that are
strictly concave in y and strictly monotonically decreasing in ρ, and initial conditions
n0ε(y) that converge (in the weak sense of measures) to weighted Dirac masses as
ε → 0.

A robust method for studying such concentration phenomena was originally pro-
posed by Diekmann et al. (2005); Perthame (2006), and then developed and extended
by Barles and Perthame (2007); Barles et al. (2009); Chisholm et al. (2016c); Lam
(2017); Lorz et al. (2017, 2011); Mirrahimi et al. (2012); Perthame and Barles (2008).
This built on the observation that, given that the rescaled non-local PDE (35)1 is of
close form to the rescaled Fisher-KPP equation (28), with the exception of how the
reaction term is defined, it is natural to make a change of variable of the same type
as (30), that is, use the WKB ansatz

nε(t, y) = exp

(
uε(t, y)

ε

)
. (43)

123



Phenotype structuring in collective cell migration... Page 35 of 60 61

We refer the interested reader to Perthame (2014) for an effective summary of this
method, which, in brief, consists of deriving a priori L∞- and BV -estimates for ρε(t)
and then analysing the Hamilton-Jacobi equation for uε(t, y) obtained by substitut-
ing (43) into (35)1. Through this method, it is possible to prove that the asymptotic
result (40) still holds, under appropriate assumptions on the fitness function and the
initial condition, including that

nε(0, y) = n0ε(y) := exp

(
u0ε(y)

ε

)
,

where u0ε(y) is a strictly concave function such that

n0ε(y) −−−⇀
ε→0

ρ0δȳ0(y) (weakly in measures) , ρ0 ∈ R
+∗ , ȳ0 ∈ R .

Under this more general scenario, the concentration point ȳ(t) in (40) becomes the
solution to the Cauchy problem

⎧⎪⎪⎨
⎪⎪⎩

d ȳ

dt
= −∂y R(ȳ, ρ)

∂2yyu(t, ȳ)
,

ȳ(0) = ȳ0 .

(44)

Here u(t, y) – which is the limit of uε(t, y) as ε → 0 – is a viscosity solution (in the
sense introduced by Barles and Perthame (2007); Barles et al. (2009); Perthame and
Barles (2008)) of the constrained Hamilton-Jacobi equation

⎧⎨
⎩

∂t u(t, y) = (∂yu(t, y))2 + R(y, ρ(t)) , y ∈ R ,

max
y∈R u(t, y) = u(t, ȳ(t)) = 0 ,

(45)

subject to the initial condition u(0, y) = u0(y) (i.e. the limit of u0ε(y) as ε → 0),
and it is such that ∂2yyu(t, ȳ(t)) < 0. Furthermore, under the assumption that the
function R(y, ρ) is strictly monotonically decreasing in ρ, and thus invertible, the
weight ρ(t) > 0 in (40) is given as a function of ȳ(t) by the relation

R(ȳ(t), ρ(t)) = 0 for a.e. t ∈ (0,∞) , (46)

and it can also be regarded as aLagrangemultiplier associatedwith the constraint (45)2.
Note that considerations analogous to those we made on the ODE (41)1 apply to the
ODE (44)1 aswell. Specifically, theODE (44)1 can be interpreted as a type of canonical
equation of adaptive dynamics and it is such that, when R(y, ρ) is a strictly concave
function of y that attains its maximum at ϕ ∈ R (i.e. ϕ is the fittest phenotype), if ȳ(t)
converges to some ȳ∞ ∈ R as t → ∞ then ȳ∞ = ϕ.

As final remarks, the aforementioned results on Gaussian solutions and concentra-
tion phenomena extend to the case where the fitness function is also a periodic function
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of t , which corresponds to the situation of populations exposed to periodically fluctu-
ating environments, as demonstrated, for instance, by Ardaševa et al. (2020); Lorenzi
et al. (2015) and Iglesias and Mirrahimi (2018); Mirrahimi et al. (2015). Furthermore,
concentration phenomena have been investigated also in non-local PDEmodels of evo-
lutionary dynamics of forms similar to (10) but where the diffusion term is replaced
by an advection term modelling cell differentiation, with an advection velocity that is
a function of the phenotype structure (Guilberteau et al. 2024).

4.2.3 Travelling waves and concentration phenomena in PS-PDEmodels of spatial
and evolutionary dynamics

Travelling waves
In the context of PS-PDE models of type (2), travelling waves are solutions of the
form

n(t, x, y) ≡ n(z, y) , z = x − c t , z ∈ (−∞,∞) , (47)

whichgeneralises the form (24) to the casewhere a phenotypic structure is incorporated
into themodel. Building on the formal results presented byBouin et al. (2012), particu-
lar attention has been given to travelling-wave solutions of the PS-PDE model (8)-(9)
with x ≡ x ∈ R and y ≡ y ∈ (0,Y ), where Y ∈ R

+∗ , and subject to zero-flux
boundary conditions at y = 0 and y = Y .

Summarising, the existence of solutions to the boundary value problem defined by
complementing the PDE obtained by substituting (47) into the PS-PDE model (8)-(9)
with appropriate boundary conditions at z = −∞ and z = ∞ was proven by Bouin
and Calvez (2014), who also characterised the corresponding minimal wave speed.
The convergence of the solution to the PS-PDE model (8)-(9) to travelling waves,
for large t and x and under appropriate assumptions on the initial condition, was
subsequently studied by Turanova (2015). The first step of the study carried out by
Turanova (2015) employs the space and time scaling (27), which leads to the following
rescaled PS-PDE model

⎧⎨
⎩

ε∂t nε = ε2 D(y) ∂2xxnε + D̄∂2yynε + nε R(ρε) , x ∈ R , y ∈ (0,Y ) ,

ρε(t, x) :=
∫ Y

0
nε(t, x, y) dy ,

(48)

complemented with (9). Then, one studies the limiting behaviour as ε → 0 of the
solution to the Hamilton-Jacobi equation which is obtained by substituting the WKB
ansatz

nε(t, x, y) = exp

(
uε(t, x, y)

ε

)
(49)

into (48)1. Note that (49) is a natural extension of (30) to the case where the solution
to the model equation depends both on the spatial variable x and the phenotypic
variable y. Convergence of the solution to the PS-PDE model (8)-(9) to travelling
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waves as t → ∞, again under appropriate assumptions on the initial condition, was
also studied by Berestycki et al. (2015); Bouin et al. (2017), who established a detailed
characterisation of the dynamics of the maximum point of the phenotype density
function n along the phenotypic dimension y (i.e. the dynamics of the prevailing
phenotype) at the edge of the wave front as well. The emergence of accelerating fronts
whenY = ∞, which, for the choice of D(y) given by (9) (i.e. D(y) := y), corresponds
to the case of unbounded motility, was also investigated by Berestycki et al. (2015);
Bouin et al. (2012, 2017).

Concentration phenomena
A natural generalisation of Gaussian initial conditions of form (31) to the case when
spatial dynamics are also taken into account is provided by initial conditions of the
form

n(0, x, y) = n0(x, y) := ρ0(x)√
2π σ 2

0 (x)
exp

[
−
(
y − ȳ0(x)

)2
2 σ 2

0 (x)

]
(50)

with

ρ0 : X → R
+∗ , ȳ0 : X → R , σ0 : X → R

+∗ ,

where the functions ρ0(x), ȳ0(x), and σ 2
0 (x) model, respectively, the cell density, the

mean or prevailing phenotype of cells at position x , and the related variance at time
t = 0.

Villa et al. (2021a) proved that the PS-PDE model (13)-(15) with x ≡ x ∈ X ⊂ R,
y ≡ y ∈ R, D(y) ≡ 0 (i.e. cell movement is neglected), and S(t, x) ≡ �(x), where
�(x) is given (i.e. the spatially heterogeneous environment in which the population
is embedded does not evolve in time), and subject to initial condition (50), admits
solutions of the Gaussian form

n(t, x, y) = ρ(t, x)√
2π σ 2(t, x)

exp

[
− (y − ȳ(t, x))2

2 σ 2(t, x)

]
. (51)

Here the cell density, ρ(t, x), the mean or prevailing phenotype at position x , ȳ(t, x),
and the inverse of the related variance, v(t, x) = 1/σ 2(t, x), satisfy a Cauchy problem
analogous to (33), that is,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tv = 2
(
1 − D̄v2

)
,

∂t ȳ = 2

v
( f (x) − ȳ) ,

∂tρ =
{[

g(x) − 1

v
− (ȳ − f (x))2

]
− κ ρ

}
ρ ,

v(0, x) = 1/σ 2
0 (x) , ȳ(0, x) = ȳ0(x) , ρ(0, x) = ρ0(x) ,

x ∈ X ,
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where f (x) ≡ f [�](x) and g(x) ≡ g[�](x). As a result, under the space and time
scaling (27), the parameter scaling (34), and the scaling σ 2

0 (x) ≡ ε (which generalises
the parameter scaling (36) to the case where spatial dynamics are also taken into
account), given appropriate assumptions on the functions g(x), f (x), and ȳ0(x), it
is natural to expect concentration phenomena along the phenotypic dimension y to
emerge at each spatial position x .

In fact, concentration phenomena have also been studied for rescaled PS-PDE
models of form

⎧⎨
⎩

ε∂t nε = ε2D∂2xxnε + ε2∂2yynε + nε R(y, ρε, Sε) , x ∈ X , y ∈ Y ,

ρε(t, x) :=
∫
Y
nε(t, x, y) dy ,

(52)

which can be obtained from PS-PDE models like (13), when x ≡ x ∈ X , y ≡ y ∈ Y ,
D( y) ≡ D, and S(t, x) ≡ S(t, x), by employing the space and time scaling (27)
alongside the parameter scaling (34).

To provide greater detail, using theWKBansatz (49) – a natural choice in viewof the
similarities between the rescaled PS-PDE (52)1 and the rescaled non-local PDE (35)1
– and making appropriate assumptions on the initial condition, nε(0, x, y), the fitness
function, R, and the governing equation for Sε, asymptotic results can be obtained that
express concentration phenomena analogous to (40), i.e.

nε(t, x, y) −−−⇀
ε→0

ρ(t, x)δȳ(t,x)(y) (weakly in measures) . (53)

These were proven by Jabin and Schram (2023), building on the results presented by
Mirrahimi and Perthame (2015) for the case where D = 0 and Y ≡ R. In addition,
when X ≡ R, assuming

n0ε(y) −−−⇀
ε→0

ρ0(x)δȳ0(x)(y) (weakly in measures) , ρ0 : R → R
+∗ , ȳ0 : R → R ,

one can formally show, as performed by Villa et al. (2021b) taking D > 0, that the
concentration point ȳ(t, x) in (53) formally satisfies the following Cauchy problem

⎧⎪⎪⎨
⎪⎪⎩

∂t ȳ = −∂y R(ȳ, ρ, S)

∂2yyu(t, x, ȳ)
,

ȳ(0, x) = ȳ0(x) ,

x ∈ R . (54)

In (54)1, the function S is the limit of Sε as ε → 0 and, analogously to (44), the
function u(t, x, y) , which is the limit of uε(t, x, y) as ε → 0, satisfies a Hamilton-
Jacobi equation subject to the constraint

max
y∈R u(t, x, y) = u(t, x, ȳ(t, x)) = 0 , (t, x) ∈ (0,∞) × R ,
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and it is such that ∂2yyu(t, x, ȳ(t, x)) < 0. Moreover, if the function R(y, ρ, S) is
strictly monotonically decreasing in ρ, the weight ρ(t, x) > 0 in (53) is given as a
function of both ȳ(t, x) and S(t, x) by the relation

R(ȳ(t, x), ρ(t, x), S(t, x)) = 0 , for a.e. t ∈ (0,∞) . (55)

From a biological point of view, the asymptotic result (53) extends the asymptotic
result (40) to the case of phenotype-structured populations in spatially heterogeneous
environments,whereby the concentration point ȳ(t, x) represents the trait that is shown
by the population at time t and position x (i.e. the locally prevailing phenotype).
Furthermore, for each x , the ODE (54)1 can be regarded as a generalised canonical
equation of adaptive dynamics. When R(y, ρ, S) is a strictly concave function of y,
with maximum point given by the function f [S](t, x) (i.e. f [S](t, x) is the fittest phe-
notype at position x and time t depending on the environmental conditions determined
by S(t, x)), if S(t, x) and ȳ(t, x) converge, respectively, to some S∞(x) and ȳ∞(x) for
every x as t → ∞ then ȳ∞(x) = f [S∞](x). This formalises in mathematical terms
the idea that the fittest phenotype, which is determined by the local environmental
conditions, is ultimately selected at each spatial position.

As a concluding remark, we note that concentration phenomena of type (53) have
also been investigated in PS-PDE models of form (13) with D( y) ≡ D, see Bouin
and Mirrahimi (2015), and in more general PS-PDE models of related forms, see Hao
et al. (2019).

Concentration phenomena across travelling waves
More recently, concentration phenomena have been investigated across travelling
waves in PS-PDE models for the spatial spread and evolutionary dynamics of cell
populations under the pressure-based form (17) and the taxis-based form (20), with
x ≡ x ∈ R and y ≡ y ∈ (0,Y ) where Y ∈ R

+∗ . Applying the space and time scal-

ing (27) and the parameter scaling (34), alongside the scaling μ(y) → μ(y)

ε
for (17)

and the scaling χ(y) → χ(y)

ε
for (20), rescaled models of the type of (20) are given

by

⎧⎨
⎩

ε∂t nε + ε ∂x [nεχ(y)∂x Sε − εD∂x nε] = ε2∂2yynε + nε R(y, ρε, Sε) , x ∈ R , y ∈ (0, Y ) ,

ρε(t, x) :=
∫ Y

0
nε(t, x, y) dy ,

(56)

complemented with an equation governing the dynamics of Sε(t, x), and rescaled
models of the type of (17) are given by

⎧⎨
⎩

ε∂t nε − ε ∂x [nεμ(y)∂x Pε] = ε2∂2yynε + nε R(y, Pε) , x ∈ R , y ∈ (0,Y ) ,

Pε(t, x) := �[ρε](t, x) , ρε(t, x) :=
∫ Y

0
nε(t, x, y) dy .

(57)

Both rescaled PS-PDEs are subject to zero-flux boundary conditions at y = 0 and
y = Y .
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In particular, under appropriate assumptions on the model functions, including that
the function R is strictly monotonically decreasing in ρ, employing the ansatz (49), it
was shown that rescaledPS-PDEsof form (56), seeLorenzi andPainter (2022);Lorenzi
et al. (2025), and rescaled PS-PDEs of form (57), see Lorenzi et al. (2022);Macfarlane
et al. (2022b), formally admit travelling-wave solutions nε(t, x, y) ≡ nε(z, y), with
c ∈ R

+∗ , such that

nε(z, y) ≈ ρ(z)δȳ(z)(y) , as ε → 0 . (58)

These correspond to biological scenarios wherein the cell population is monomorphic
at each position along the wave, and the concentration point ȳ(z) and the weight ρ(z)
represent, respectively, the trait that is expressed by the cells and the cell density at
position z. For the rescaled PS-PDE model (56), ȳ(z) formally satisfies the ODE

(
c − χ(ȳ)

dS

dz

)
d ȳ

dz
= ∂y R(ȳ, ρ, S)

∂2yyu(z, ȳ)
, z ∈ Supp (ρ) , (59)

with Supp(ρ) := {z ∈ R : ρ(z) > 0}. Moreover, ρ(z) > 0 is formally given as a
function of ȳ(z) and S(z) by the relation

R(ȳ(z), ρ(z), S(z)) = 0 , z ∈ Supp(ρ) . (60)

The ODE (59) and the relation (60) are coupled with an ODE for S(z), which is the
travelling-wave solution of the equation for Sε(t, x) as ε → 0. Analogously, for the
rescaled PS-PDE model (57), ȳ(z) formally satisfies the ODE

(
c + μ(ȳ)

dP

dz

)
d ȳ

dz
= ∂y R(ȳ, P)

∂2yyu(z, ȳ)
, z ∈ Supp (P) , (61)

and P(z) > 0 and ρ(z) > 0 are formally given as functions of ȳ(z) by the relations

R(ȳ(z), P(z)) = 0 , ρ(z) = �−1[P](z) , z ∈ Supp(P) , (62)

where �−1 denotes the inverse of the function �. The existence of this is ensured by
the following assumptions on �(ρ)

�(0) = 0 ,
d

dρ
�(ρ) > 0 for ρ ∈ R

+∗ , (63)

which are common assumptions to make (Ambrosi and Preziosi 2002). The function
u(z, y) in (59) (or (61)) formally satisfies a Hamilton-Jacobi equation subject to the
constraint

max
y∈[0,Y ] u(z, y) = u(z, ȳ(z)) = 0 , z ∈ Supp(ρ) (or z ∈ Supp(P)) ,

and is such that ∂2yyu(z, ȳ(z)) < 0.

123



Phenotype structuring in collective cell migration... Page 41 of 60 61

Moreover, under definition (14) taking κ = 1

ρM
with ρM ∈ R

+∗ , i.e. defining

R(y, S, ρ) ≡ R(y, ρ) := r(y) − ρ

ρM
,

and under definition (18) taking κ = 1

PM
with PM ∈ R

+∗ , i.e. defining

R(y, P) := r(y) − P

PM
,

the relations (60) and (62) reduce, respectively, to

ρ(z) = ρM r(ȳ(z)) , z ∈ Supp(ρ) , (64)

and

P(z) = PM r(ȳ(z)) , ρ(z) = �−1[P](z) , z ∈ Supp(P) . (65)

Furthermore, one can set monotonicity assumptions on the functions r(y), χ(y), and
μ(y) that are relevant to biological scenarios in which the inherent energetic cost
attached to cellular activities leads to proliferation-migration trade-offs: y close to
0 corresponds to high proliferation and low migration abilities, while y close to Y
corresponds to low proliferation and high migration abilities. Thus, we assume the
functions χ andμ to be monotonically increasing on (0,Y ) and such that 0 < χ(0) <

χ(Y ) < ∞ and 0 < μ(0) < μ(Y ) < ∞, while the function r is monotonically
decreasing on (0,Y ) and such that r(0) = 1 and r(Y ) = 0. Considering the bulk
of the population to be at z = −∞, it is then natural to complement the ODEs (59)
and (61) with the boundary condition

ȳ(−∞) = 0 , (66)

so that the relations (64) and (65) give, respectively,

ρ(−∞) = ρM (67)

and

P(−∞) = PM , ρ(−∞) = �−1(PM ) =: ρM . (68)

Note that assumptions (63) ensure that if 0 ≤ P ≤ PM then �−1(PM ) is the maxi-
mum value of ρ(z) = �−1[P](z). Under the boundary condition (66), through direct
calculations on (59),(60) and (61),(62), it is possible to show that, in both cases, there
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is a minimal wave speed c∗ ∈ R
+∗ such that if c > c∗ then the concentration point

ȳ(z) and the weight ρ(z) in (58) formally satisfy the following relations

ȳ(z) = 0 ∧ ȳ′(z) > 0 , z ∈ (−∞, �) ∧ ȳ(�) = Y

and

ρ(−∞) = ρM ∧ ρ′(z) < 0 , z ∈ (−∞, �) ∧ ρ(z) = 0 , z ∈ [�,∞) ,

with � ∈ R ∪ {∞}. Under the aforementioned monotonicity assumptions on the func-
tions r(y), χ(y), and μ(y), these results provide a mathematical formalisation of the
idea that cells with a more migratory and less proliferative phenotype (i.e. in pheno-
typic states corresponding to y close to Y ) are concentrated towards the front of the
travelling wave, whereas cells with a less migratory and more proliferative phenotype
(i.e. in phenotypic states corresponding to y close to 0) make up the population bulk
in the rear of the wave. Numerical simulations of the rescaled pressure-based PS-PDE
model (57) and the rescaled taxis-based PS-PDE model (56) show this within-wave
phenotype structuring (see Figure 6(b), left panel and Figure 7(a), left panel), where
we also note the verification of the minimal wave speed (see Figure 6(b), inset of the
right panel and Figure 7(a), right panel).

4.3 Tools and techniques to simulate PS-PDEmodels

When simulating PS-PDEs of form (2), numerical challenges may arise due to the
potential composite shapes and sharp features of the solution, or the stiff16 nature of
the problems. We offer a brief step-by-step guide into the techniques that can be used
to overcome these challenges, when employing numerical schemes that rely on the
method of lines (MOL) (Hundsdorfer and Verwer 2003). We illustrate through the
following one-dimensional, in each of physical and phenotype space, PS-PDE model

⎧⎨
⎩

∂t n = ∂x [D(y)∂xn − A(y, ρ, S)n] + D̄∂2yyn + nR(y, ρ, S) , x ∈ X , y ∈ Y,

ρ(t, x) :=
∫
Y
n(t, x, y) dy .

(69)

We note that from this PS-PDEmodel we can obtain: the PS-PDEmodel (7) by taking
A ≡ 0 and R(y, ρ, S) ≡ R(y, ρ); the PS-PDE model (17) with �(ρ) := ρ by taking
D ≡ 0, A(y, ρ, S) ≡ A(y, ρ) := −μ(y)∂xρ, and again R(y, ρ, S) ≡ R(y, ρ); and
the PS-PDE model (20) by taking D(y) ≡ D and A(y, ρ, S) ≡ A(y, S) := χ(y)∂x S.
Python code to solve the PS-PDE model (7) using the scheme described below is
available in Open Access (see ‘Code Availability’ at the end of the manuscript).

The MOL has been the most popular method for simulating PS-PDE models, and
involves a discretisation of the PS-PDE in both phenotype and physical space to

16 A stiff PDE generally contains terms that can lead to rapid variations in the solution, to the extent that
methods for numerical integration in time would generally require extremely small time-steps to ensure
stability. This concept naturally extends to PDE systems, where dynamics modelled by different equations
may occur over different timescales.
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obtain a high-dimensional system of ODEs. The solution of this system is tracked
over a computational mesh and integrated in time through an appropriate method.

Discretisation in phenotype and physical space
Naturally, numerical solutions based on the MOL require bounded domains17, i.e.
X ⊂ R and Y ⊂ R in (69). Consider a uniform discretisation of the domain X ×
Y , comprising of Nx × Ny grid cells each of area �x × �y and with cell centres
{xi }i=1,...,Nx × {y j } j=1,...,Ny , where xi = i�x − 1

2�x (i = 1, ..., Nx ) and y j =
j�y − 1

2�y ( j = 1, ..., Ny). We then consider a numerical approximation for the
average of n, S, and ρ across each cell, and let

n(t, xi , y j ) ≈ ni, j (t) , ρ(t, xi ) ≈ ρi (t) := �y

Ny∑
j=1

ni, j (t) , S(t, xi ) ≈ Si (t) ,

where the definition of ρi relies on a discretisation of the integral (69)2 using a middle
Riemann sum. Then, each ni, j satisfies an ODE in the form

d

dt
ni, j (t) = Mi, j (t) + Ci, j (t) + ni, j (t)Ri, j (t) , (70)

where Mi, j (t) is defined by the approximation of the term that models movement
through physical space in (69), Ci, j (t) is the approximation of the term that models
phenotypic changes, and Ri, j (t) := R(y j , ρi (t), Si (t)). Adopting the finite volume
method (Eymard 2000), the term Mi, j is defined via

Mi, j (t) := 1

�x

[
F∗
i+ 1

2 , j
(t) − F∗

i− 1
2 , j

(t)
]
, i = 2, ..., Nx−1, j = 1, ..., Ny,

where F∗
i+ 1

2 , j
(t) and F∗

i− 1
2 , j

(t) represent the numerical approximations of the flux

through physical space along the cell boundary
{
xi + 1

2�x
}×(yi − 1

2�y, yi + 1
2�y

)
and along the cell boundary

{
xi − 1

2�x
} × (

yi − 1
2�y, yi + 1

2�y
)
, respectively.

Applying a first-order central finite difference approximation for the first-order deriva-
tive and a first-order upwind approximation for the advection term (David and Ruan
2022; Lorenzi et al. 2022), these are given by

F∗
i+ 1

2 , j
(t) := D(y j )

ni+1, j − ni, j
�x

−
(
Ai+ 1

2 , j (t)
)

+ ni, j (t) +
(
Ai+ 1

2 , j (t)
)

− ni+1, j ,

(71)

F∗
i− 1

2 , j
(t) := D(y j )

ni, j − ni−1, j

�x
−
(
Ai− 1

2 , j (t)
)

+ ni−1, j (t) +
(
Ai− 1

2 , j (t)
)

− ni, j ,

(72)

17 If one needs to simulate a PS-PDE on an unbounded domain, some alternative approach – such as a
pseudospectral method, see e.g. Fornberg (1998) – would need to be invoked.
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where we used the notation (·)+ = max(0, ·) and (·)− = min(0, ·). The terms
Ai+ 1

2 , j (t) and Ai− 1
2 , j (t) represent the approximation of A(y, ρ, S) along the cell

boundary of interest, and their definition will be problem-dependent. For instance,
in (17) these may be given by

Ai+ 1
2 , j := −μ(y j )

ρi+1 − ρi

�x
and Ai− 1

2 , j := −μ(y j )
ρi − ρi−1

�x
,

while in (20) they may be given by

Ai+ 1
2 , j := χ(y j )

Si+1 − Si
�x

and Ai− 1
2 , j := χ(y j )

Si − Si−1

�x
.

Following similar steps, the approximation Ci, j (t) of the linear diffusion term in
phenotype space is given by the three-point stencil scheme

Ci, j (t) := D̄
ni, j−1(t) − 2ni, j (t) + ni, j+1(t)

(�y)2
, i = 1, ..., Nx , j = 2, ..., Ny−1,

which is analogous to the typical second-order central finite difference approximation
of second-order derivatives. The definition of Mi, j (t) and Ci, j (t) at the remaining
boundary cells will depend on the chosen boundary conditions, and can follow from
first principles of the finite volume method or may be imposed through the addition
of ‘ghost points’.

The use of a first-order upwind scheme in (71) and (72) is particularly helpful
as a means to avoid the emergence of spurious oscillations, especially given that
solutions can display large gradients or even discontinuities – e.g. in the absence
of linear diffusion. These features may arise as concentration phenomena can occur
in phenotype space (i.e. n becomes concentrated as a sharp Gaussian along the y-
dimension, see Figure 5), while travelling fronts or patterns with sharp interfaces can
emerge in physical space (Lorenzi et al. 2022; Lorenzi and Painter 2022; Lorenzi et al.
2025), see for instance Figure 7. In some cases a first-order upwind scheme may not
suffice and alternative discretisations – e.g. using flux limiters, such as the MUSCL
(Monotonic Upstream-centered Scheme for Conservation Laws) scheme (Van Leer
1979) – may be more appropriate.

Another strategy to circumvent the issues induced by the lack of regularity that
arise if the solution concentrates into a Dirac mass (e.g. as when introducing the
scalings (27) and (34) and considering the asymptotic regime ε → 0) is to exploit the
WKB ansatz (49), or a related ansatz, and solve the equation for uε instead, so as to
define an asymptotic preserving scheme (Almeida et al. 2022; Calvez et al. 2023).

Given the potential for the solution to exhibit sharp features, an important step in
mesh selection is to check the solution accuracy via testing different levels of mesh
refinement. Alternatively, one may opt for a non-uniform mesh that concentrates grid
points in areas of large gradients (Kolbe et al. 2014; Kolbe and Sfakianakis 2022).
Of course, mesh refinement and coarsening algorithms inevitably lead to increased
computational costs.
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Time integration
Following the discretisation in phenotype and physical space, one needs to solve the
system of Nx ×Ny ODEs (70) by integrating in time. Consider a uniform discretisation
of the time interval [0, T ] with time-step of size �t , i.e. tk = k�t (k = 0, ..., Nt ).
Introducing the notation nki, j := ni, j (tk) – and similarly for the other time-dependent
variables – a first-order forward difference scheme yields

nk+1
i, j = nki, j + �t

[
Mk

i, j + Ck
i, j + nki, j R

k
i, j

]
.

This is the simplest explicit scheme that one may adopt, being first-order in time;
higher-order schemesmaybemore appropriate if the problem requires higher accuracy,
e.g. when investigating features as those considered in Lorenzi and Painter (2022).
Nonetheless, stiffer problems may require an excessively small value for �t to ensure
stability in an explicit scheme, e.g. due to a severe CFL (Courant-Friedrichs-Lewy)
constraint (Hundsdorfer andVerwer 2003). If so, an implicit schememay be preferable
and, as an example, a first-order backward difference for the time derivative yields

nk+1
i, j = nki, j + �t

[
Mk+1

i, j + Ck+1
i, j + nk+1

i, j Rk+1
i, j

]
.

This is a simple example of a fully implicit scheme which is unconditionally stable,
but may remain computationally expensive – especially in higher dimensions – due
to the requirement of inverting large matrices at each iteration.

One method to lower the computational cost associated with implicit solvers is
through a time-splitting scheme: treating stiff parts of the problem implicitly, and
solving the remaining parts explicitly (Macfarlane et al. 2022b; Lorenzi et al. 2022).
In the case of simple forms of spatial movement (e.g. linear diffusion) one may, for
instance, treat the reaction term implicitly and the conservative part of the equation –
which can often occur on a slower timescale – explicitly, e.g. see (Lorenzi et al. 2015).
However, the precise choice is inevitably problem-dependent andmore complex forms
of cellular motion may also require an implicit treatment (Lorenzi et al. 2022).

The use of implicit solvers is also particularly useful for preserving non-negativity
of solutions: crucial, given the usual biological meaning of n and – generally – the
structural properties of the PS-PDE . Explicit solvers may indeed fail at this, for exam-
ple if the negative part of R becomes particularly large. Implicit-explicit approaches
can also be adopted to circumvent this issue, for instance by splitting the reaction term
to treat the negative part of nR implicitly and the positive part explicitly (Lorenzi et al.
2015; Lorz et al. 2011). Time-splitting schemes relying on exploiting theWKB ansatz
and solving the equation for u instead, in the non-conservative part of the problem,
have also been proposed (Lorenzi et al. 2022).

5 Challenges and perspectives

PS-PDEs form a powerful modelling tool to account for the complex phenotypic
heterogeneity inherent to a population. With their greater adoption in mathematical
models of collective cell migration, various challenges have emerged with respect to
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modelling extensions, analytical results, numerical methods, and the capacity to con-
nect models with experimental data. We conclude this review with a few perspectives.

I. The challenge of cell signalling. PS-PDE models of cell population dynam-
ics often invoke a somewhat hazy definition of phenotype: a generic variable that
defines cell behaviour in a phenomenological manner. In practice, phenotype is
linked to the internal signalling state and modulated by environmental factors (e.g.
extracellular ligands). ABMs can account for this complexity – e.g. equipping each
agent with a detailed ODE model of signalling with the output altering the pheno-
typic state – and various open source modelling toolkits have been developed with
such capabilities – see (Metzcar et al. 2019) for an overview. Can similar detail be
absorbed within continuous models? As described, environmental heterogeneity
can be accounted for in a PS-PDE model, by variables for the external factors
that regulate growth, movement, and phenotype changes (e.g. Ayati et al. 2006;
Dyson et al. 2007; Fiandaca et al. 2021; Lorenzi et al. 2018; Villa et al. 2021b;
Fiandaca et al. 2022; Lorenzi and Painter 2022; Lorenzi et al. 2025). However,
these usually take a black box approach for the intracellular processes that link
the extracellular to cell behaviour. More direct definitions for the variability offer
a more explicit connection, e.g. associating heterogeneity with tumbling bias in
PS-PDE models for E.coli migration (Mattingly and Emonet 2022; Phan et al.
2024). Fundamental approaches to link structure to signalling could exploit ABM
to population-level formulations, e.g. the framework described in Section 4.1; a
step here has been taken by Freingruber et al. (2025), who derived a PS-PDE
model wherein phenotype is associated to bound receptor levels, which in turn
evolve through the modelling of receptor-ligand binding. PS-PDE models have
been formulated where structuring is according to intracellular signalling path-
ways connected with EMT18 processes (Guilberteau et al. 2023), although these
do not include spatial movement. Others have addressed a similar challenge with
different frameworks, for example by starting from a ‘mesoscopic’ kinetic equa-
tion that includes dependency on an internal state variable and employing scaling
methods to obtain macroscopic PDE models (but not PS-PDEs) with terms that
depend on the internal signalling state (e.g. Erban and Othmer 2004; Engwer et al.
2015). Nevertheless, this remains an area for significant work, and will become
increasingly necessary if this biological detail is required.
II. Accounting for energy budgets. Behaviours - migrating, proliferating, pro-
tein synthesis, etc – have energy costs, leading to upper bounds on cell functioning
according to the rates at which oxygen, nutrients, etc are absorbed and converted
into energy. The links between the energy state and phenotype have received sig-
nificant attention in recent years. For example, in E. coli bacteria, much recent
attention has explored the trade-offs due to energetic costs (Keegstra et al. 2022),
such as negative correlations between chemotactic gene promoters and popula-
tion growth rate (Ni et al. 2020). EMT processes, associated with stages of tissue
development, wound healing, and cancer progression (Nieto et al. 2016; Vilchez
Mercedes et al. 2021), have also been scrutinised from an energetic perspective –

18 Epithelial-to-mesenchymal transition, where a cells transitions from an epithelial (e.g. high cell-cell
adhesion, low motility) to mesenchymal (e.g. cell-extracellular matrix interactions, high motility) state.
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e.g. intermediate states that may correspond to local minima within an energetic
landscape (Tam andWeinberg 2013; Zadran et al. 2014). Energy, in a broad sense,
can be accounted for through modelling the environmental sources (oxygen, nutri-
ents, etc), as described in I. To describe the subsequent conversion of these sources
by the cell returns us to the above discussion on intracellular signalling.
III. Extension of other biological movement models. In Section 3 we have
illustrated the extension of a number of common PDEmodels of biological move-
ment into the PS-PDE form, specifically diffusion-based, pressure-based, and
taxis-based models described therein. There are, naturally, further models used
to describe different forms of biological movement. Non-local aggregation mod-
els (Painter et al. 2024), wherein advection through physical space is according to
a non-local evaluation of surrounding population density, have become a popular
tool to describe the impact of direct interactions – such as cell-cell adhesion –
on movement. Variation in adhesion is a common and potent form of phenotypic
variation: downregulated cell-cell adhesion can lead to more invasive phenotypes
within cancer invasion (Vilchez Mercedes et al. 2021); differential adhesion is
a powerful driver of cellular sorting during tissue patterning (Tsai et al. 2022).
While non-local aggregation models have considered cellular heterogeneity in a
discrete manner (e.g. two populations with distinct adhesion, see (Painter et al.
2024) and references therein), extensions to continuous heterogeneity are natu-
ral; steps in this direction have been made, for example see (Engwer et al. 2017;
Lorenzi et al. 2024). The resulting equations, though, present a formidable mathe-
matical and numerical challenge: for example, a doubly non-local structure, with
integral terms for summation across both space and phenotype.
IV. Discrete, continuous, or both? As noted several times, a natural application
of PS-PDEs would be to describe follower-leader type behaviour, for example as
can be found in invading cancer cells (Vilchez Mercedes et al. 2021), neural crest
migration (McLennan et al. 2015), and wound healing (Vishwakarma et al. 2020).
While a division into followers and leaders is conceptually straightforward, this
can be overly simplistic and misleading (Theveneau and Linker 2017). A broad
spectrum of states may exist between ‘follower’ and ‘leader’, with transitions in
between. PS-PDE models, therefore, can form a natural framework to describe
this complexity. But questions then arise regarding the appropriateness of using
continuous densities: within such systems, certain states may be confined to small
subpopulations – for example, an invasion process driven by relatively few cells at
the front. Turning to a fully discrete representation is one possibility, but this may
also be suboptimal if other states are exhibited byvast numbers of cells.Howcanwe
formabridge, spanningdiscrete to continuous populations according to phenotypic
state? Some hybrid approaches offer tantalising directions, e.g. allowing individual
cells to emerge from or merge with some continuous distribution, in a way that
ensures mass is conserved (Chiari et al. 2022).
V. Self-organisation within phenotype-structured populations. PS-PDEs are
sophisticated equations and present a formidable mathematical challenge. How-
ever, in-roads are being made: for example, we illustrated the growing arsenal
of techniques to understand phenotype-structured travelling waves. Travelling
waves are one well-known dynamic that can arise from PDEs, another being
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self-organising phenomena. Turing (1952) laid the essential groundwork here,
via his well known model for morphogenesis. The now standard stability analysis
relied on a near homogeneous initial state but, as noted earlier, populations are
rarely homogeneous and one could expect phenotypic heterogeneity across even a
superficially similar population – e.g. varying levels of signal activity. Extending
pattern formation analyses to models that contain phenotype structuring is rela-
tively straightforward under simpler binary phenotypes – e.g. see (Painter 2009;
Pham et al. 2012; Macfarlane et al. 2022a) – as the resultant PDEs are of low
order and the same standard Turing-type analysis can be applied. But extending
these analyses to the non-local PS-PDE framework has, to the time of writing this
article, received little attention.
VI. Analysis of qualitative and quantitative properties of solutions. The analy-
sis of PS-PDEs modelling spatial spread and evolutionary dynamics of forms (7),
(17), and (20) is a relatively young research field, wherein a number of fas-
cinating and challenging open problems have emerged. Just to mention a few
problems related to aspects we have focused on in this review, neither explicit
nor semi-explicit solutions are known, with the exception of the case discussed
in Section 4.2.3. This limits our current level of information on the quantitative
properties of the solutions to these models. Moreover, formal asymptotic results
on concentration phenomena across travelling waves, like those discussed here,
have still to be established rigorously. In this we anticipate major difficulties to be
posed due to the lack of compactness (Mirrahimi and Perthame 2015; Jabin and
Schram 2023). Furthermore, there are no rigorous asymptotic results, of the type
presented by David (2023), on the derivation of free-boundary problems of Hele-
Shaw type from PS-PDE models of form (17), when the mobility parameter is a
function of the phenotypic state. This problem appears to be far from being closed
given that, as of today, related problems remain open even for systems of PDEs
with cross-diffusion terms corresponding to the case where the phenotypic state
is binary (Lorenzi et al. 2017; David et al. 2024). Solving these and related prob-
lems will entail harnessing a range of tools and techniques from across different
research areas for the analysis of non-linear and non-local PDEs, thus promoting
cross-fertilisation of these areas. Further, it may lead to the development of new
mathematical methods that could also be transferable to cognate research fields.
VII. PS-PDEs over networks. Migration not only allows cells to infiltrate neigh-
bouring areas but also disperse to distant sites, as happens in the metastatic spread
of cancer. The question of whether cancerous cells that originate in one organ can
migrate to, adapt to, and persist within another organ is of manifest interest; related
questions arise in an ecological context. In such instances, continuous descriptions
of space may no longer be appropriate – the distance between two organs is not
easily defined – and formulations on a network may be more appropriate. Steps in
this direction have beenmade, by describing the dynamics of the phenotype density
in each network node with a non-local PDE of form (10), and adding sink/source
terms for the migration across adjacent edges. Assuming fitness functions in the
form of (11),(12), analytical results extend those outlined in Section 4.2.2 and
highlight that spatial movement - even in discrete space settings - may provide
the substrate for polymorphism, both under constant (Mirrahimi 2013; Mirrahimi
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and Gandon 2020) or phenotype-dependent migration rates (Padovano and Villa
2024). The long-term persistence (or extinction) of phenotype-structured popula-
tions in suchmodelling framework was investigated byHamel et al. (2021); Alfaro
et al. (2023), in the context of host-pathogen interactions. Nevertheless, PS-PDEs
over networks currently neglect explicit spatial dynamics within each node – with
the exception of a graph-like description of the habitat in each node (Boussange
and Pellissier 2022) – and the inclusion of continuous spatial structures for node-
specific dynamics is an open research avenue.
VIII. Development and analysis of numerical schemes. Relying on structuring
over both phenotype and physical space, PS-PDEmodels necessitate discretisation
over multiple dimensions to be simulated. This aspect, coupled with the presence
of non-local and highly non-linear terms, often makes solving numerically the
equations comprised in these models prohibitively computationally expensive,
especially when high-dimensional phenotypic and physical domains are simul-
taneously considered. As such, a significant challenge is posed when it comes
to developing efficient algorithms implementing accurate numerical schemes. As
discussed in Section 4.3, approaches to date have typically invoked semi-classical
ideas (method of lines, finite difference, finite volume schemes, etc), which benefit
from a substantial literature and flexibility. However, whether other approaches –
such as pseudospectral methods (Fornberg 1998), discontinuous Galerkin meth-
ods (Cockburn et al. 2012), particle methods (Alvarez and Guilberteau 2023),
and deep-learning algorithms (Boussange et al. 2023) – could be used to generate
more efficient algorithms is an intriguing possibility. Beyond the development of
efficient algorithms, systematic numerical analysis of discretisation schemes for
PS-PDE models of cell movement of the type considered here is generally lacking
in the extant literature, which would provide valuable information on accuracy of
numerical solutions; this is certainly another avenue for future research.
IX. Bridging the gap between models and data. Recent technological advances
have made it possible to access a vast amount of data on the phenotypic properties
of cells, both at the single-cell level and across space (see Figure 1(c)), that could
be used to validate PS-PDEmodels of collective cell migration.While someworks
already leveraged proteomics data from bulk measurements, of the type shown in
panel (ii) of Figure 1(c), for parameter estimation in spatially homogeneous mod-
els of phenotypically-structured cell population dynamics (Almeida et al. 2024;
Celora et al. 2023), this challenge is yet to be tackled in PS-PDEs models of cell
movement. Indeed spatial data come at varying levels of resolution and may be
more prone to stochastic variation compared to bulkmeasurement data, making the
task of PDE calibration more involved. This raises the question of practical identi-
fiability of parameters in PS-PDE models, which is bound to merge complexities
found when addressing this in spatially-structured phenotypically homogeneous
populations (Liu et al. 2024) and in well-mixed phenotype-structured popula-
tions (Browning et al. 2024).
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