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Highlights

Prime Convolutional Model: Breaking the Ground for Theoretical
Explainability

Francesco Panelli, Doaa Almhaithawi, Tania Cerquitelli, Alessandro Bellini

e A new theoretical approach to explain convolutional neural networks
mainly based on patterns.

e An inferred mathematical model to explain when and why a convolutional-
type neural network identifies the congruence classes modulo a given
integer m.

e The model implements the multiplicative and additive structures of
natural numbers through two complementary blocks of a neural net-
work architecture.
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In this paper, we propose a new theoretical approach to Explainable Al. Fol-
lowing the Scientific Method, this approach consists in formulating on the
basis of empirical evidence, a mathematical model to explain and predict the
behaviors of Neural Networks. We apply the method to a case study cre-
ated in a controlled environment, which we call Prime Convolutional Model
(p-Gono for short). p-Bono operates on a dataset consisting of the first one
million natural numbers and is trained to identify the congruence classes
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network that contextually processes a sequence of B consecutive numbers to
each input. We take an empirical approach and exploit p-Gono to identify
the congruence classes of numbers in a validation set using different values
for m and B. The results show that the different behaviors of p-@one (i.e.,
whether it can perform the task or not) can be modeled mathematically in
terms of m and B. The inferred mathematical model reveals interesting pat-
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1. Introduction

In the last years, Neural Networks have proven to have an extraordinary
ability to address and solve a wide range of problems coming from different
fields of human experience and knowledge; the spectrum of their applicabil-
ity is extremely broad, ranging from data processing and generation (e.g.,
images [1], [2], [3], [4]; texts [5]; sounds [6] or even multimodality [7]), image
segmentation (cf. [8], [9]), pattern recognition and detection (cf. [2]), med-
ical diagnosis (cf. [10], [11]), decision support (cf. [12]), robotics (cf. [13],
[14]), and much more. The success of Neural Networks has been striking, and
their ability to produce new and unexpected results continues to surprise.

Among other recently developed applications, it turns out to be par-
ticularly intriguing the possibility of using Artificial Intelligence techniques
in addressing mathematical problems. Many recent works have revealed the
power of Neural Networks in supporting the study of pure Mathematics either
by providing new tools for calculus (cf. [15], [16]) or also by guiding human
intuition in formulating new reliable conjectures that can subsequently be
proved (cf. [17]).

On the other hand, it has been observed that mathematical methods
can be applied to deepen our knowledge of the behavior of Neural Networks
and to process or generate data more efficiently. Various research activities
have shown that latent spaces of different types of networks (e.g., GANs [1§]
and VAEs [19]) can be successfully investigated with Riemannian Geometry
techniques (cf. [20], [21], [22], [23]). Besides, many authors have pointed out
the existence of relationships between semantic features of the data (e.g.,
biological attributes in facial images) and geometric properties of the points
representing these data in latent spaces (cf. [24], [25], [4]); such relationships
can be captured by appropriate Riemannian metrics, which can be approxi-
mated, for example, by applying techniques of non-linear manifold statistics
(cf. [26]).

The main problem in performing this type of analyses is that they aim
to relate objectively determined characteristics to semantic features of the
data, most of which are subjective. Moreover, in many applications, the
data have several different attributes that may be interwoven in different



and unexpected ways (as is the case, for example, in image generation when
it comes to biological characteristics of faces such as the shape of the nose,
the color of the hair, cf. [25], [4]). All these facts make the analysis of the
behavior of the network rather complex, and therefore it proves challenging to
hypothesize precisely what factors are associated with the correct functioning
of the network and why.

In this paper, we propose a new approach to investigate the behaviors
of Neural Networks. Following the Scientific Method, this approach aims
to provide, on the basis of empirical evidence, a mathematical model that
explains the internal functioning of Neural Networks and highlights the main
relationships between inputs and outputs in a clear and precise way.

We shall apply our approach to a well-definable and modelable case study
built within a controlled environment. To overcome the problem of relating
subjective data characteristics to objectively determined mathematical quan-
tities, we propose to use a dataset that is exclusively endowed with objective
characteristics, namely a mathematical dataset. The main advantage is that
the features and the relationships between them can be controlled externally
by strict mathematical rules, which allow the formulation of precise hypothe-
ses to explain the behaviors of the network in rigorous mathematical terms.

For simplicity, our choice regarding the dataset then falls on a finite set
of natural numbers (i.e., the first one million numbers (from 0 to 999 999)).
The task that we choose for our experiments is identifying the congruence
classes modulo a given integer m.

To accomplish this task, we develop a convolutional network model that
depends on several hyperparameters. The model’s performances as a function
of different values of the hyperparameters have revealed interesting behaviors
of the networks, which we explain in terms of the arithmetic properties of
numbers.

The model implements two complementary aspects of the algebraic nature
of N: the multiplicative and the additive structures.

The multiplicative structure is encoded in the representation of the input
data, i.e., in the method by which we convert numbers into vectors to make
them accessible to the network. This method is called prime grid vector
representation, and its strength lies, as the name suggests, in the use of
prime factorization of integers to represent numbers as vectors.

The additive structure is encoded in the network architecture. Specifi-
cally, the network is a standard convolutional architecture that processes each
number n in the input set in a context-dependent manner as a sequence of B



consecutive numbers starting at n rather than as a single entity. This way of
processing the data is the crucial point that allows the network to obtain, at
least locally, information about the additive structure of N. A measure of the
extent of this locality is the length B of the sequence of numbers processed
with each input, and as might be expected, it plays a fundamental role in
explaining the various behaviors of the network.

These facts have led us to name our model Prime Convolutional Model,
p-Gono for short.

The extensive experimental results reveal the existence of precise rela-
tionships between input and output and accurately explain the behaviors
of the network (i.e., it is easy to understand when p-Gono can identify the
congruence classes modulo m and, if not, why). Based on the empirical
observations, we draw the theoretical consequences for describing and ex-
plaining the behaviors of p-@ono through a mathematical formulation that
highlights interesting patterns able to explain when and why p-%one succeeds
in performing task and, if not, what error pattern it follows. Generalizing
the results for p-Gonv to other types of neural models, with other types of
datasets and networks, would pave the way for a new, theoretical concept of
“explainability” in artificial intelligence.

The paper is organized as follows. In Section 2 we give a review of the
main literature related to our work. In Section 3, we describe our methodol-
ogy and present the Prime Convolutional Model in detail: the representation
of the input data, the architecture, the task we use for training, and the main
evaluation measures we use to analyze the results. In Section 4 we discuss
the experimental results. In Section 5, we show how the empirical observa-
tions can be used to deduce some theoretical consequences on the behavior
of p-Gone. Finally, in Section 6 we draw some conclusions about our work
and show how it may hopefully open up new possibilities for the future.

2. Literature Review

In this Section, we discuss the current state of research on neural networks
and explainable artificial intelligence in terms of theoretical perspective and
existing examples of collaboration between mathematics and machine learn-
ing. All the fields discussed below are and continue to be very active; the
various topics covered arouse the interest of the scientific community due to
their applicability to many concrete problems of daily life.



Neural Networks. The contributions of Artificial Neural Networks in real-
world applications are remarkable, and the variety of these applications has
no limits [27]. Convolutional Neural Networks (CNNs) are still considered the
leading architectures along with Generative Adversarial Networks (GANs)
and Variational Autoencoders (VAEs). While the latter two focus on gener-
ation and feature extraction, the former are mainly used for pattern recogni-
tion (cf. [3]). Although CNNs were first introduced to address image-driven
pattern recognition tasks (cf. [28]), their applications also include computer
vision (cf. Segmentation [8] and [9], resolution augmentation [1]), natural
language processing (cf. [29]), biomedical diagnosis, anomaly and fault de-
tection (cf. [30]), but are not limited to these.

Ezxplainable Artificial Intelligence (XAI). Despite the success of Al mod-
els, it is still difficult to trust their results because it is not easy to understand
how they are obtained. In fact, these models are often compared to “black
boxes”, whose interpretability can be very challenging, for example when try-
ing to explain a wrong predictive result (cf. [31]). Several techniques have
been developed to provide transparency and interpretability to the choices
made by neural networks (cf. [32]). These techniques mainly follow an “a
posteriori” approach, which extracts information from already learned mod-
els without precisely understanding the inner decision mechanisms. In [33], a
prototype-based approach for explainable deep neural networks is presented;
in [34], an aggregated explainability approach is presented and evaluated; in
[35], an explainability approach is presented to support the selection of on-
line CNN-based models using saliency maps for time series forecasting; [36]
explores and evaluates heat maps for assessing neural network performances.
Other works seek to replace “black box” deep neural networks with a process
that first aims to learn a set of interpretable concepts and then uses these
concepts to perform a classification task (cf. [37] and its improved version
[38]). Some recent attempts try to look at explainability from a more the-
oretical point of view. For example, [39] examines the relationship between
the accuracy of the model and the quality of the explainability; [40] uses
techniques from the theory of causality on Convolutional Neural Networks to
measure the relevance of the local features of an input image in the network’s
decision process; [41] implements a new class of explanations, the so-called
“deliberative explanations”, which visualize the regions of an image that
the network considers ambiguous for the proposed classification task; [42]
presents a Bayesian framework for generating local explanations along with
the associated uncertainty; [43] develops a method for dynamically learning
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differential relations from input data to explain the time-evolving dynamics
of Time Series Models.

Al techniques supporting abstract Mathematics. The use of neural net-
works to support Mathematics is manifold. Several techniques have been
developed to approximate the solutions of differential equations. For exam-
ple, in [15], second order boundary value problems are approached with an
adaptive collocation strategy; in [44], neural networks are trained to solve a
supervised learning task while respecting a given physical law expressed by
a non-linear PDE. Another active field of research concerns the possibility of
employing artificial intelligence to deal with complex symbolic expressions.
In [45], a new architecture is proposed to learn the semantic representa-
tion of a symbolic expression; in [16] it is shown how neural networks can
successfully deal with challenging tasks involving symbolic calculus like the
integration of functions or the solution of ordinary differential equations.
Learning algorithms is another problem that has been widely investigated,
from the introduction of the so-called “Neural Turing Machines” in [46] to
the development of other architectures such as the Neural GPUs in [47] and
the Neural ALUs in [48] that learn algorithms to perform elementary arith-
metic or logic operations. Neural Networks have also been successfully used
to support automatic theorem provers as in [49] and, more recently, in [17],
to guide intuition in formulating new reliable conjectures to be subsequently
proved by humans.

Mathematics supporting Neural Networks. In recent years, many attempts
have been made to build a mathematical theory of Neural Networks within
a precise mathematical framework. Most of these attempts try to describe
neural networks using techniques from Riemannian (cf. [23]) and Pseudo-
Riemannian Geometry (cf. [20], several applications of which are presented
in [21]), the goal being always that of finding, within latent spaces, the best
metric that fits the data (i.e. a metric with respect to which semantically
related data are represented by close points). Several results have been ob-
tained in this direction. For example, for Deep Generative Models, in [26]
it is shown how the non-linearity of latent spaces can be characterized by a
stochastic metric; in [50] the latent space metric, which is approximated by
a different neural network, is used to implement various non-linear manifold
statistics techniques; [22] and [51] develop algorithms to implement geomet-
ric objects such as geodesics and parallel translations, and show how these
concepts can be used to highlight semantic features of the data or in concrete
applications such as robot movements. The semisupervised distance metric
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learning problem has also been successfully addressed in [52] using Differen-
tial Geometry techniques. The geometry of latent spaces has been extensively
investigated for several types of Generative Adversarial Networks, especially
in the field of image generation. The problem consists in finding ways to
embed a real image into the latent space, and then in moving towards close
points in order to modify it (cf. [53]); the role of geometry then comes into
play to gain control over the modifications (cf. [24]). The interplays between
geometry and the features of the data are studied in [25] and [4] for different
GAN architectures (namely StyleGAN2 and InterFaceGAN respectively).

In this paper, we propose a new method by which Mathematics can sup-
port the study of Neural Networks. Our approach, contextualized in the
framework of Explainable Al, consists in developing, on the basis of empir-
ical evidence a mathematical model to predict and explain the behaviors of
the networks. We shall apply the method to a specific case study created in
a controlled environment, which we call Prime Convolutional Model, p-Gono
for short. p-Gonv works on a dataset consisting of the first one million nat-
ural numbers (from 0 to 999999), and is trained to identify the congruence
classes modulo a given integer m.

These types of dataset and task were first considered in [54], where
the performances of two different network architectures and several input
data vector representations were compared. The conclusion was that, for
m € {2,3,...,10}, the model can solve the proposed task precisely when
an architecture of convolutional type and the so-called “Prime Grid vector
representation” are used. The scope of this work is indeed completely dif-
ferent from that of [54]; it deals with a different research goal and paves
the way for theoretically explainable AI. The only common aspects are the
task, i.e., identifying the congruence classes modulo a given integer m in a
dataset consisting of the first one million natural numbers, and the model
architecture.

3. Methodology

Our new theoretical approach to explainable Al follows the Scientific
Method. First, we build, within a controlled environment, a case study con-
sisting of a suitably chosen neural network model. Then, based on the results
obtained by performing several experiments, we formulate some general rules
about the model’s behaviors in precise mathematical terms. Finally, we elab-
orate these rules mathematically to infer further behaviors, which are then



verified empirically.

In this Section we present the neural network model that we use to per-
form our analysis. This model will be applied to a specific mathematical
problem, namely identifying the congruence classes modulo a given integer
m (cf. Subsection 3.3), in a dataset consisting of the first one million nat-
ural numbers (from 0 to 999999). The architecture, which is of convolu-
tional type, depends on several hyperparameters (cf. Subsection 3.5); the
performances of the model as a function of these hyperparameters reveal in-
teresting behaviors, which we explain in terms of the arithmetic properties
of the numbers. More specifically, the model captures two complementary
algebraic properties of the dataset: the multiplicative and the additive struc-
tures. These goals are achieved, respectively, by the representation of the
input data (cf. Subsection 3.1), which exploits the prime factorization of the
integers, and by the convolutional architecture of the involved network (cf.
Subsection 3.2). For this reason, we call our model “Prime Convolutional
Model”, p-Gony for short.

We provide an implementation of p-Gonv in a notebook available on the
Code Ocean website.

3.1. Input Data Representation

The vector representation that we choose for the input data is the so-
called prime grid vector representation; it consists of an implementation of
the arithmetic concept of “Prime Grid”, first introduced in [55]. This concept
is closely related to the prime factor decomposition of natural numbers, and
this explains the ability of its implemented version, the prime grid vector
representation, to straightforwardly encode the multiplicative structure of
N.

If 2 = {p;]i = 1,2,...} is the sequence of all prime numbers in as-
cending order, the Prime Grid is the set N? of all the infinite sequences of
natural numbers indexed on &. An element n € N can then be represented
in N” through its prime signature, that is, through the unique sequence

(€1,05,05...) € N” such that

n=TInt" )
i=1

Since in (1) only finitely many exponents are # 0, all the prime signatures of
natural numbers are necessarily eventually zero (that is, all of their entries
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Figure 1: Standard CNN architecture.

are zero from some point on); this observation readily leads to a manageable
implementation of the Prime Grid by truncation. For a dataset consisting of
the first one million natural numbers, it is clear that the optimal level N for
truncating the prime signature is equal to the number of primes < 1 000 000,
that is N = 78498; this avoids any loss of information since all ignored
entries are 0. However, in order to reduce the computational complexity of
the implementation, we shall perform the truncation at level N = 5000, so
that the dataset will be restricted to those numbers that can be factorized
using only the first 5 000 primes. This reduction turns out to be not too
invasive: in fact, it preserves 785 095 numbers, corresponding to about 79%
of the original dataset.

Example 1. The prime signature of 20 = 22 . 5! is the infinite sequence
(2,0,1,0,0,...); the prime grid vector representation of 20 is therefore the
5000-vector (2,0,1,0,0,...,0). Similarly, the prime signature of 126 = 2! -
32-71is (1,2,0,1,0,0,...), while its prime grid vector representation is the
5000-vector (1,2,0,1,0,0,...,0).

3.2. Architecture

The architecture of the model is a standard convolutional architecture (cf.
28], [29], [56]). The strength of this approach consists in processing the data
in sequences; this is realized by organizing each element n of the dataset into
a B x N matrix whose rows contain the prime grid vector representations of
a sequence of B consecutive numbers starting at n.

The model consists of a convolutional block and multilayer perceptron
block (cf. Figure 1). The former contains A convolutional layers, each fol-
lowed by max-pooling with a stride of two; for + = 1,..., A layer ¢ has C;
channels, each acted on by a kernel of size k; X k;. Layer X is also followed by
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an application of the Leaky ReLU function. A flattened layer then reorga-
nizes the data into one-dimensional arrays to be processed by the multilayer
perceptron block, which consists of four fully connected linear layers, each
followed (except for the last) by the Leaky ReLU function. The dimensions
of the fully connected linear layers follow the scheme:

F — 1000 — 100 — 10 — m, (2)

where F'is the dimension of the flatten layer and m is the dimension of the
output space.

3.3. The Task

Our p-Bono is trained to identify the congruence classes modulo a given
natural number m > 2. Recall from elementary arithmetic that two integers
21, 2z are said to be congruent modulo m, in symbols

Z1 = 29 mod m,

if m divides z; — 29 or, equivalently, if z; and 2, produce the same remainder
in the division by m. Given z € Z, the congruence class of z modulo m is the
set of all integers that are congruent to z modulo m, and it can be explicitly
described as the set

[2lm ={z+Em|€ € Z}.

There exist precisely m distinct congruence classes modulo m, namely [0],,,, [1]m, - - -

[m — 1],,; we therefore train the model so to assign to each number n in the
input space the correct label L € {0,1,...,m — 1} that corresponds to the
congruence class of n modulo m.

Example 2. There are precisely seven congruence classes modulo m = 7,

oo, —16,-9,-2,519,26,... };
oo, —15,-8,-1,6,20,27,... }.
The training occurs in batches: we use r disjoint batches, each consisting

of s distinct numbers randomly chosen from the input set. In this way the
size of the training set is r - s numbers.

namely:

0]; ={...,—21,-14,-7,0,7,14,21, ... };
], ={...,—20,-13,-6,1,15,22,... };
2], ={...,—19,-12,-5,2,16,23,... };
Bl; ={...,—18,—11,—4,3,17,24,... };
[4]; ={...,—17,-10,-3,4,18,25,... };
[5l7 = {

[6]7 = {

10
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Example 3. As we shall see in Appendix B, in our applications we use
r = 400 batches, each containing s = 256 distinct numbers; therefore our
training set consists of r - s = 400 - 256 = 102 400 numbers.

The optimization step is carried out by the Adam optimizer, and the
function to be optimized is the Cross-Entropy loss function (cf. [57] for
the implementations). The training lasts ¢ epochs, during each of which
the model is applied to all batches in sequence: after application to the -
th batch, the weights are updated accordingly, and then the new model is
applied to the (i + 1)-th batch.

3.4. Evaluation Measures

After training, the model is validated on a batch of 512 distinct numbers
randomly chosen outside of the training set. In order to interpret the results
of the validation and analyze the corresponding performance of the model,
we rely on two classical evaluation measures: accuracy, that is, the ratio
between the number of labels that the model has correctly assigned and the
size of the validation set; and confusion matrix, that is, the m x m matrix
C' = (¢;j) whose (i, j)-th entry ¢;; denotes the number of elements in the
validation set that have label ¢ and to which the model has assigned label j.

3.5. Impact of Hyperparameters on p-Gono development

As shown in the previous Subsections, p-Gonv depends on several hyper-
parameters; the choice of the optimal values for each of them requires a rather
technical and tedious analysis that we shall present in the Appendix so as
not to interrupt the discussion at this level. In this Subsection we shall then
only categorize these hyperparameters into three distinct classes depending
on their role in the architecture of p-Gono, and present the upshots of the
tuning analysis listing, for each hyperparameter, the values that we choose
to perform the experiments.

The classes of hyperparameters that we distinguish are the following:

e Convolutional hyperparameters. These parameters are involved in
the convolutional block of the architecture of p-6onoe; they are the num-
ber A of convolutional layers and the numbers C,...,C) of channels
for each layer. As we shall see in Appendix A, these hyperparameters
only affect the computational complexity of the model without modi-
fying too much its behaviors; for this reason the values chosen for them
are as small as possible: A =1, and C; = C = 4.
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e Training hyperparameters. These parameters are involved in the
training process of the network; they are the number r of batches, the
size s of every batch, and the number ¢ of epochs. As we shall see in
Appendix B, these hyperparameters affect mainly the model building
time. We shall use for them relatively low values at which the typical
behaviors of p-Gonoe are already visible: r = 400, s = 256 and ¢ = 10
(however we do not present systematically the results of the 10th epoch,
but rather those of the epoch at which the best accuracy is attained).

e Locality hyperparameters. These parameters are closely related to
the network’s local understanding of the additive structure in N; they
are the length B of the sequence of numbers contextually processed
with each input and the sizes kq,..., k) of the kernels acting on the
channels. The experiments that we shall present in Section 4 reveal how
different performances and behaviors of the model in correspondence
of different values of B can shed light on the inner mechanisms that
govern the functioning of our network. For this reason, we shall not
pick a unique value for the locality hyperparameters, but rather a set
of significant values that illustrate the totality of behaviors that can
occur. For reasons to be discussed in depth in Appendix C, we take
B € {8,16,24}. Furthermore, if B = 8 the size k; = k of the kernel is
set to k = T7; if B = 16 or 24 we compare the outcomes of p-Gono with
k=T7and k= 15.

The final architecture of p-Gony is represented in Figure 2.

12



4. Theoretical Observations and Experimental Results

In order to study p-Gono, we conduct several experiments to classify the
congruence classes modulo an integer m € {2,3,...,30}. A careful analy-
sis of the results shows that p-@one follows general behavioral schemes; in
this section we present these schemes through clear statements, that we call
“Experimental Observations”, and provide empirical support for them.

Experimental Observation 1. p-Gone always identifies class [0],, and the
last B classes.

It is not really surprising that the network may recognize class [0],,: in-
deed, this information is encoded within the Prime Grid vector representa-
tion. It is, however, actually unexpected that the network may recognize
classes [—1]m, [=2]m, ... [=B]m for any choice of m and B.

Note that Experimental Observation 1, in particular, implies that the
task of identifying the congruence classes modulo m is fully solved by p-Gone
if

m < B+ 2. (3)
When (3) is not satisfied, then the model does not necessarily fail in iden-
tifying all the congruence classes. All the performed experiments reveal in
fact the existence of a close relationship between the solvability of the task
of identification of the congruence classes modulo m and the prime factor
decomposition of m:

Experimental Observation 2. Let m > 2 be an integer, and let m =
pl{lp? .- ple be the prime factor decomposition of m. p-Gone identifies the
congruence classes modulo m if and only if it identifies the congruence classes
modulo pf" foralli=1,... a.

In order to provide empirical evidence to Experimental Observations 1
and 2 we proceed in three steps, distinguishing the cases where the modulo,
m, is a prime, a power of a prime, and finally a splitting number (i.e. its
prime factor decomposition involves at least two distinct primes).

4.1. Prime Moduli

When m is a prime number p, all the experiments lead to the following:

13



Table 1: Accuracies attained by p-®ono when m € {2,3,...,30} is prime, B € {8,16,24}
and k € {7,15}.

B =38 B =16 B =24
m| k=7 k=7 k=15 k=7 k=15
2 1.00 1.00 1.00 1.00 1.00
3
5)

1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00
7 1.00 1.00 1.00 1.00 1.00
11 | 0.92 1.00 1.00 1.00 1.00
13| 0.76 1.00 1.00 1.00 1.00
17 | 0.59 1.00 1.00 1.00 1.00
19 | 0.54 0.94 0.95 0.99 1.00
23 | 0.38 0.70 0.77 0.92 1.00
29 | 0.33 0.56 0.59 0.79 0.88

Experimental Observation 3. If m = p is a prime number, then p-Gono
identifies the congruence classes modulo p if and only if p < B+ 2. If
p > B + 2 then the classes [0],, [—1],,..., [=B], are correctly identified,
while the classes [1],,..., [m — B — 1], (which are at least 2) are randomly
mized and confused with one another by p-Gono.

We remark here that not only the latter statement perfectly agrees with
Experimental Observations 1 and 2 in the particular case of a prime modulo,
but also it provides a clear description of the error pattern followed by the
model in all of those cases that it cannot treat correctly.

In order to verify Experimental Observation 3 we exploit p-Gone to iden-
tify the congruence classes modulo all prime numbers m in the range 2—
30, that is, m € {2,3,5,7,11,13,17,19,23,29}, with B € {8,16,24} and
k € {7,15}. The accuracies attained are listed in Table 1.

The results manifestly confirm what has been claimed: with a sequence
of length B = 8 accuracy 1.00 is attained up to m = 7; with a sequence
of length B = 16 accuracy 1.00 is attained up to m = 17; with a sequence
of length B = 24 and a kernel size of k& = 15 accuracy 1.00 is attained up
to m = 23. All those situations in which accuracy 1.00 is not reached were
predicted by Experimental Observation 3, except that with m = 23, B = 24
and k =7 (boldfaced in Table 1).
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To gain a deeper insight into this case, we analyze the corresponding
confusion matrix (cf. Confusion Matrix 1). Its form is clear: it is an almost-
diagonal matrix with only minor non-zero entries (highlighted in light red)
outside of the main diagonal (and mostly close to it). This behavior is ex-
plainable by looking at the size of the kernel: if k is too small with respect to
B, then the model struggles to perform the task. This is not really surprising:
if k/B < 1, the convolutional layer loses its effectiveness.

Table 1 shows other cases in which the model does not attain accuracy
1.00: all of these cases were predicted by Experimental Observation 3, how-
ever we can gain a better understanding of the error pattern that p-Gone
follows by looking at the confusion matrices. They reveal a common form
consisting of three diagonal blocks, differently colored in the examples pro-
vided: the blue block corresponds to class [0],, being correctly identified;
the yellow block corresponds to the last B classes being correctly identified;
the red block corresponds to the remaining classes being randomly confused
with one another. For example, Confusion Matrix 2 refers to the case with
m = 11, B = 8 and k = 7 and Confusion Matrix 3 refers to the case with
m=13, B=8and k =7.

It is also interesting to compare the confusion matrices corresponding to
cases in which m is fixed and B varies: it is then visible how, in accordance
with our general claim, as B increases, the sizes of the yellow block increase
as well at the expense of those of the red one (cf. for example, Confusion
Matrices 4, 5, in which m = 19, and Confusion Matrices 6, 7, 8 in which
m = 29).
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We now consider the situation where m = p* is a power of some prime
number p. All the performed experiments show that we can characterize

4.2. Prime Power Moduli

recursive

ly the moduli m whose equivalence classes are correctly identified

4.1,

101

1 has been already considered in Subsect

therefore we may assume a > 2.

by p-®onv. The case a

Experimental Observation 4. Let m = p® be a power of some prime

number p, with a > 2.
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Table 2: Accuracies attained by p-Gono when m € {2,3,...,30} is a non-trivial power of
a prime, B € {8,16,24} and k € {7,15}.

B =38 B =16 B =24
m| k=7 k=7 k=15 k=7 k=15
4 1.00 1.00 1.00 1.00 1.00
8 1.00 1.00 1.00 1.00 1.00
9 1.00 1.00 1.00 1.00 1.00
16 | 1.00 1.00 1.00 1.00 1.00
25 | 0.60 0.89 0.85 1.00 0.99
27 | 0.67 0.95 0.95 1.00 1.00

1. Ifp* < B+2, then p-6ono correctly identifies all the congruence classes

modulo p®.

2. If p* > B+ 2, let j € {0,1,..

.,a — 1} be the the largest integer such

that the model can correctly identify the congruence classes modulo p’.

Then:

e p-Bony correctly identifies the classes [0]pa, [—1]pa, ...

e The only difficulty that it exhibits in identifying the classes [1]pa, . ..
[p* — B — 1,0 consists in distinguishing those that belong to the

same class modulo p’.

In particular, this means that, when p* > B + 2, p-6ono can correctly
identify the congruence classes modulo p* if and only if

The latter formulation is in perfect agreement with Experimental Obser-
vations 1 and 2; furthermore it precisely describes the error pattern followed
by the model in all of those cases in which it is not able to perform the task

correctly.

In order to verify Experimental Observation 4, we exploit p-Gono to iden-
tify the congruence classes modulo all non-trivial prime powers m in the range

p—B-1<p.

’ [_B]p“'

(4)

2-30, that is, m € {4,8,9,16,25,27}, with B € {8,16,24} and k € {7, 15}.

The accuracies attained are listed in Table 2.

Once again the results confirm our predictions.

o [ B=2S8§:
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— The model correctly identifies the congruence classes modulo 4, 8
and 9.

— The model correctly identifies also the congruence classes modulo
16, for in this case p = 2, a = 4, 7 = 3 and condition (4) is
satisfied.

— The model does not identify the congruence classes modulo 25 and
modulo 27: in the former case p =5, a = 2, j = 1, in the latter
case p = 3, a = 3, j = 2 and in neither of them condition (4) is
satisfied.

o [f B=16:

— The model correctly identifies the congruence classes modulo 4, 8,
9 and 16.

— The model does not identify the congruence classes modulo 25 and
modulo 27: in the former case p =5, a = 2, j = 1, in the latter
case p = 3, a = 3, j = 2 and in neither of them condition (4) is
satisfied.

o [f B=24:

— The model correctly identifies the congruence classes modulo 4, 8,
9, 16 and 25.

— The model correctly identifies also the congruence classes modulo
27, for in this case p = 3, a = 3, j = 2 and condition (4) is
satisfied.

In all of those situations in which accuracy 1.00 is not attained, the va-
lidity of the error pattern indicated in Experimental Observation 4 can be
checked by looking at the confusion matrices and noting that they share a
common form. As in the examples provided in Subsection 4.1, this common
form consists of three diagonal blocks, differently colored in the examples
below: the leftmost block, colored in blue, corresponds to class [0],, being
correctly identified, while the rightmost block, colored in yellow, corresponds
to the last B classes being correctly identified. The substantial difference
with respect to the prime moduli case lies in the central block, which now
presents all of the non-zero entries on a peculiar diagonal pattern where the
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diagonal lines are p’ places apart (p and j having here the same meaning as

in the statement of Experimental Observation 4).

Consider, for instance, Confusion Matrix 9. In this case m = 25, B = 8
and k = 7, therefore p =5, a = 2, j = 1 and in the central block we find all

of the non-zero entries along diagonal lines (colored in light red and green)
that are p’ = 5 places apart from each other. More analogous examples are

provided by Confusion Matrices 10

11 and 12.

Y

4.3. Splitting Moduli

In this Subsection we present the final experiments supporting our gen-
eral claims, and analyze the case of splitting moduli, that is, moduli m whose
prime factor decomposition involves at least two distinct primes. Table 3 lists
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Confusion Matrix 12. m =27, B

the accuracies attained by p-Gono when m € {6, 10,12, 14, 15, 18, 20, 21, 22, 24, 26, 28,30},

B € {8,16,24} and k € {7,15}.

It can be immediately seen from the results that the model can identify

if it can identify

¢
pf...p&x
This is the case, for example, of

modulo m = 30 = 2 -3 - 5: the model can positively deal with this modulo

even using a relatively short sequence of length B = 8 since this value of B

the congruence classes modulo some integer m

l;
3

the congruence classes modulo each p;

allows the identification of the congruence classes modulo each of the primes

2, 3 and 5.

On the other hand, if the model cannot correctly identify the congruence
classes modulo some of the component prime powers, then it cannot identify

either the congruence classes modulo the whole number. The confusion ma-
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Table 3: Accuracies attained by p-Gono when m € {2,3,...,30} splits, B € {8,16,24}
and k € {7,15}.

B =38 B =16 B =24
m| k=7 k=7 k=15 k=7 k=15
6 1.00 1.00 1.00 1.00 1.00
10 | 1.00 1.00 1.00 1.00 1.00
12 | 1.00 1.00 1.00 1.00 1.00
14 | 1.00 1.00 1.00 1.00 1.00
15| 1.00 1.00 1.00 1.00 1.00
18 | 1.00 1.00 1.00 1.00 1.00
20| 1.00 1.00 1.00 1.00 1.00
21 | 1.00 1.00 1.00 1.00 1.00
22 | 0091 0.99 0.99 1.00 1.00
24 | 1.00 1.00 1.00 1.00 1.00
26 | 0.76 1.00 1.00 0.99 1.00
28 | 1.00 1.00 1.00 1.00 1.00
30 | 1.00 1.00 1.00 1.00 1.00

trices, in this situation, mirror the error pattern of the unknown component
as many times as indicated by the known component. This is the case of
m =22 =2-11 and m = 26 = 2 - 13 when a sequence of length B = 8
is employed. Indeed we see that Confusion Matrix 13 presents the same
three-block structure of Confusion Matrix 2 replicated twice, while Confu-
sion Matrix 14 presents the same three-block structure of Confusion Matrix
3 also replicated twice.

5. Towards Theoretical Explanation

The outcomes of the experiments presented in Section 4 are surprising
and very interesting. Not only they reveal precise relationships between
the modulo m whose equivalence classes we aim to classify and the locality
hyperparameter B, relationships that permit to predict whether p-Gono will
fulfill the task, but also, when this is not the case, they show clear error
patterns that highlight the features that the model cannot capture.

Furthermore, the Experimental Observations drawn from the experiments’
results can be elaborated mathematically to deduce new verifiable hypotheses
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on the behavior of p-®onv. This is exemplified by the following elementary
result that clarifies the content of Experimental Observation 4 explaining,

for a given prime number p, which are the moduli of the form m

p-Gonv can treat correctly.

p™ that

Theorem 1. Assume the validity of Fxperimental Observation 4. Let B > 2

and let p be a prime. Letig > 0 be the unique integer such that p* < B+2 <

Zﬂo+1.

Then:

1. p-Bonv solves the task of identifying the congruence classes modulo p*

if i <.
2. p-Bonv solves the task of identifying the congruence classes modulo p+1

if and only if

o _1<B.

ptt—p
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3. p-Bono does not solve the task of identifying the congruence classes
modulo p* if i > ig + 2.

Proof. 1. If i < ig, then p-Gono solves the task of identifying the congruence
classes modulo p* by Experimental Observation 4(1).

2. The largest integer j € {0,1,...,4ip} such that p-Gone solves the task
of identifying the congruence classes modulo p’ is ig. If p™! > B + 2 then
by Experimental Observation 4(2) p-@ono solves the task of identifying the
congruence classes modulo p®*! if and only if p*t! — B — 1 < p, that is if
and only if (5) holds. If p™ = B + 2 then by Experimental Observation
4(1) p-Bono solves the task of identifying the congruence classes modulo p**!
and (5) is verified in this case because

pi0+1_pz’o_1:B_(pi0_1)§B.

3. Leti > ip+ 2, and let j € {0,1,...,72 — 1} be the largest integer
such that the model can correctly identify the congruence classes modulo p’.
By Experimental Observation 4(2), it suffices to show that the inequality
p' — B — 1 < p? cannot hold. If, by contradiction, we had p' — B —1 < p/,
then

pPP<p+B+1
< pi~l ot 1
S 2. pifl -1

< 2_pi—1

because j <i—1, B+1<potl —1and iy +1<i— 1. Hence
piil(p - 2) < 07
and this is impossible since p > 2. O

Corollary 1. If p = 2, then p-6ono solves the task of identifying the con-
gruence classes modulo 2¢ if and only if i < iy + 1.

Proof. We need only observe that condition (5) is always verified if p = 2.
Indeed, B + 2 > 2%, therefore B + 1 > 2% and

Qiotl _ gl _ ] =290 _1< B,

as claimed. 0
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6. Conclusions and Future Work

The main goal of this paper is to exploit the Scientific Method to explain
the behaviors of Neural Networks by providing a mathematical model based
on empirical evidence that highlights the relationships between their inputs
and outputs in a rigorous algebraic way.

The empirical observations allow us to draw the theoretical consequences
for describing and explaining the behaviors of p-Gonv. Thus, a mathematical
formulation was derived that models patterns of interest to explain when and
why p-Gono succeeds in performing the task and, if not, what error pattern
it follows.

This theoretical approach was successful for p-6one, a neural model built
within a controlled environment where the features of the data are arith-
metical and mathematically related to each other. Indeed, the most strik-
ing conclusion that we draw from the analysis carried out in the previous
sections is the possibility of formulating rules that describe in mathematical
terms the behaviors of p-Gone, making the outcomes of the experiments fully
explainable and predictable. Our approach therefore suggests that “explain-
ability” should be interpreted not only as an a posteriori analysis aimed at
understanding which features of the dataset are responsible for a particu-
lar outcome of the network, but more importantly as the development of a
mathematical model that relates all the features of the data to the possible
outcomes, in order to allow a prediction of the choices that the network will
make and an a priori explanation of its behaviors.

The proposed methodology and its experimental validation have proven
promising for defining the first theoretical approach to explain convolutional
networks. It would be interesting to extend the study using other datasets
and other architectures, as we believe that this will shed new light on the
inner mechanisms governing Neural Networks, constituting the basis for a
new Theory of Explainability.
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Table A.4: Accuracies attained by different versions of p-@one in identifying the congru-

ence classes modulo m € {2,3,...,10} with B = 8; each version of the model uses two
convolutional layers and is characterized by the indicated values of C; and Cs.
m

C, | C, 2 3 4 5 6 7 8 9 10
64 | 128 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
32 | 64 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
16 | 32 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
6 ({100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.00 1.00 1.00 0.90 1.00 1.00 1.00 1.00 0.90

—_

DNO| i~ | OO

Appendix A. Hyperparameters Tuning

This Appendix is devoted to tuning the various hyperparameters of PCM
(cf. Subsection III-E). All our experiments were conducted using a dedicated
machine with hardware specifications Intel Core i9 processor (20 x 3.7 GHz)
and 16 GB RAM.

Appendiz A.1. Convolutional Hyperparameters

In most applications several convolutional layers are employed, each with
a rather large number of channels (typically 2°-2%) that are supposed to
capture different features of the dataset (cf. [56], [54], [58], [29], [59], [11]).
This philosophy suggests to first choose A = 2 and compare the model’s
performances with values of C; and C5 that range from 1 to 128.

To this end we employ seven different versions of p-Gonoe to classify the
congruence classes modulo m € {2,3,...,10}. These versions, realized with
A = 2 as indicated in Subsection III-B, are trained for ¢ = 10 epochs using
r = 400 batches of size s = 256 each and are characterized by different
values of the hyperparameters C; and C5. The accuracies achieved during
the validation process are listed in Table A .4.

Next, we analyze the necessity of using two convolutional layers. The
strategy that we adopt is similar to the previous one: we construct two
versions of p-Gonv as outlined in Subsection III-B with A\ = 1. The number
C}7 = C of channels within this layer is set to C' = 4 for the first version and
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Table A.5: Accuracies attained by different versions of p-@one in identifying the congru-
ence classes modulo m € {2,3,...,10} with B = 8; each version of the model uses one
convolutional layer and is characterized by the indicated values of the hyperparameter
C,=C.

m

C 2 3 4 5 6 7 8 9 10
4 1100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 | 100 1.00 1.00 1.00 1.00 0.99 1.00 1.00 0.99

to C' = 2 for the second. The accuracies obtained after validating are listed
in Table A.5.

The conclusion that we draw from these experiments is that the number
of channels and convolutional layers typically employed in the literature is
excessive in our case. The reason that can be adduced to justify this phe-
nomenon lies in the intrinsic nature of our dataset. Namely, in many standard
applications of convolutional models, the data possess several features, most
of which vary independently and may intertwine in unexpected ways. In
order to extract these features and elaborate the input, the network needs
to process the data through multiple parallel channels: different channels
capture different features, and consequently the more channels are employed
in the architecture, the more features can be captured. When working with
natural numbers, however, the situation changes substantially: the features
are no longer subjective, and the relationships between them cannot behave
too wildly. In fact, everything is subject to strict arithmetic rules, and the
network’s understanding of these rules is all that matters to accomplish the
proposed task. Moreover, the experiments presented in Section IV show that
the network’s comprehension of the arithmetic structure of natural numbers
is more likely due to the peculiar convolutional characteristics of the archi-
tecture (i.e. the fact that numbers are processed in sequences acted on by a
kernel) rather than to the presence of a large number of channels operating
in parallel.

In light of the previous discussion and experiments, we choose in our
model

A=1 and C=4
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Table A.6: Accuracies attained by p-%onv in identifying the congruence classes modulo
m € {11,13,17,19} with B = 8 after t = 10 and ¢ = 50 epochs.

m
t | Training time (min) | 11 13 17 19
10 25 0.92 0.76 0.59 0.54
20 128 0.92 0.77 0.61 0.56

Appendiz A.2. Training Hyperparameters

In order to optimize the number of epochs for the training process, we
apply the model constructed so far to classify the congruence classes modulo
an integer m € {11,13,17,19} using a sequence of length B = 8 and a set
of » = 400 batches of size s = 256 each. We then measure the time it takes
the model to be trained and determine the accuracy achieved by validating
after t = 10 and t = 50 epochs. The results are summarized in Table A.6.

Observe that the employed values of m are all prime numbers. As can
be seen from the experiments presented in Section IV, prime moduli are the
most challenging for the model, as in these cases there exists a bunch of
classes that cannot be distinguished from each other. Therefore, we expect
these moduli to be the most demanding in terms of number of epochs for the
training.

From Table A.6 we can infer that the accuracy of the results does not im-
prove significantly when passing from epoch 10 to epoch 50 (this observation
could also be made more precise by comparing the confusion matrices, which
indeed show the same pattern described in Subsection IV-A in all cases,
both at epoch 10 and at epoch 50, without relevant differences); however,
the building time increases linearly with the number of epochs, ranging from
a minimum of 25 minutes for a 10-epoch training to a maximum of more
than two hours for a 50-epoch training. In light of these observations, we
choose to train our model for a total of

t=10

epochs.

The choice of the optimal values for r (the number of batches) and s (the
size of each batch) proceeds analogously: we train the model constructed so
far to classify the congruence classes modulo m € {13,19} using a sequence
of length B = 8 and various values for r and s; the accuracy achieved by the
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model, as well as the training time, the total size of the training set and its
percentage over the whole dataset, are listed in Table A.8.

A quick look at Table A.8 shows that a training set size of 6 400 elements
is too small to achieve acceptable results in terms of accuracy, while a training
set size of 204 800 elements is excessive in terms of time, since smaller training
sets achieve the same accuracy faster. A training set of 25 600 elements
appears optimal for low values of m since it achieves good accuracies and,
more substantially, since the corresponding confusion matrices already reveal
the pattern of Subsection IV-A; however, for large values of m, this dataset
loses significance because it does not contain enough representatives for each
congruence class. Among the intermediate choices with a dataset size of
102 400 elements, the various values of r and s do not modify the outputs
relevantly; we therefore choose for our p-Gono

[r=400] and  [s=256]

Appendixz A.3. Locality Hyperparameters

In this Subsection we select the values through which we make the locality
hyperparameters range in the experiments of Section I'V.

We have observed several times that the hyperparameter B controls the
network’s learning of the additive structure of N. In particular, this means
that its values must be assigned in relation to the task we are addressing:
for example, it is expected (and the experiments in Section IV have shown)
that the network does not necessarily need to identify all congruence classes
modulo m when the value of B is small compared to m. Furthermore, since
we aim to analyze and explain all the various behaviors that the model can
exhibit, the values of B and m must be carefully chosen to exemplify them
all exhaustively.

The only constraint we impose on ourselves in choosing the highest values
of B and m concerns the time required to train the model (in fact, we do not
expect the value of m to affect the training time). To accomplish this goal,
we set m = 20, m = 30 and look for the highest value of B that allows a
training time not exceeding one hour. The results that we obtain are listed
in Table A.7, where we also vary the size k of the kernel.

The results show that the training time does not depend on the value of
m and that it firstly exceeds one hour when B = 24; thus, this value will be
our upper bound for the hyperparameter B. As for the task, we take m = 30
as the maximum modulo.
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Table A.7: Comparison of the 10-epoch training time of p-Gono
for m € {20,30} and different values of B and k.

Training time (min)
B k| m=20 m = 30
8 7 25 25
16 7 43 43
16 15 20 49
24 7 62 62
24 15 69 70

Table A.8: Accuracies attained by p-%onv in identifying the congruence classes
modulo m € {13,19} with B = 8 using r batches of size s.

r s | Training set size | Percentage | Training time (min) | 13 19
100 64 6400 0.82% 2 0.63  0.36
200 128 25600 3.3% 6 0.73  0.51
200 512 102 400 13% 26 0.77 0.54
400 256 102 400 13% 25 0.76 0.54
800 128 102 400 13% 25 076 0.53

| 400 512 | 204 800 \ 26% \ 50 [ 0.79  0.46 |

Table A.9: Accuracies attained by p-%one in identifying the congruence classes modulo
m=17,17, 23 with B = 8, 16, 24 respectively, using kernels of various sizes.

k

m B 3 5 7 9 11 13 15
7 81099 100 1.00 - — — —
17 16 | 0.07 085 1.00 1.00 1.00 1.00  1.00
23 241042 0.87 092 097 096 ~ 1.00 1.00
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(c) k=7

Figure A.3: Graphs of p-@ono’s training losses when m = 7, B = 8 and (a) k = 3, (b)
k=5,(c) k=T.

In order to perform our experiments, we will assign to m all possible
integer values from 2 to 30; however, we deem it redundant to apply a similar
systematicity to the hyperparameter B making it take all possible values
from 2 to 24. Indeed, the various behaviors displayed by the model are
exhaustively exemplified and explained by conducting our analysis with just
three values for B, namely B = 8, 16 and 24 (cf. Section IV).

Finally, we choose the values for the kernel size k. To this end, for each of
the three chosen values of B, we test the model on the largest prime modulo
m whose classes can be correctly identified (i.e., m =7 when B =8, m = 17
when B = 16, and m = 23 when B = 24): we look for the kernel sizes that
allow the model to achieve the perfect accuracy of 1.00. The results of this
analysis are presented in Table A.9.

When B = 8, we chose k = 7, even though this is not the smallest size that
achieves accuracy 1.00, since in this situation the training loss approaches
zero faster than in the other two cases (cf. Figure A.3).

When B = 16 (resp. B = 24), the smallest kernel that achieves accuracy
1.00 has size k = 7 (resp. k = 15), and therefore this will be our choice.
However, for completeness, we shall also perform the experiments with k£ = 15
(resp. k = 7) to compare the various outputs of the model.
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