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Abstract 

Structural health monitoring (SHM) apparatuses rely on continuous measurement 
and analysis to assess the safety condition of a target system. However, in field appli-
cations, the SHM framework is often hampered by practical issues. Among them, 
missing data in recorded time series is arguably the most common and most disrup-
tive challenge that can arise. Therefore, imputing missing values is necessary to main-
tain the integrity and utility of the SHM data. This research work investigates the use 
of Gaussian Process Regression (GPR) for imputing missing data in ordered time series. 
In particular, this approach is here proposed and tested for Vibration-Based Monitor-
ing (VBM) and ambient monitoring, with applications to modal parameters and air 
temperature. Both punctual missing-at-random (MAR) and prolonged missing-not-at-
random (MNAR) gaps in the time histories of recorded natural frequencies are analysed. 
The performance of the proposed GPR-based approach is evaluated on real-life data 
from field tests on a well-known case study, the KW51 rail bridge. The method is first 
tested to actual missing values in the dataset. Then, the accuracy is tested using arti-
ficially removed data, and the imputed values are compared to the ground truth (i.e., 
the actual measured data). In the first case, the results show that the complete time 
series are deemed qualitatively similar to what would be expected by an expert user. 
The outcomes of the second part quantitatively demonstrate that GPR can accurately 
impute missing data in modal parameter time series, preserving the statistical proper-
ties of the data.

1 � Introduction: the missing data problem in SHM
The missing data problem affects several studies in a variety of fields, such as clinical tri-
als, sociological surveys, the collection of physical measures and engineering data (Luo 
2022). In all these specific applications, missing data hamper the overall interpretation of 
the system under observation. Furthermore, for data-driven predictive modelling, where 
the physical principles are only partially known, the lack of available measurements can 
induce wrong outcomes in Machine Learning (ML)-based regression and classification 
(Emmanuel et al. 2021). Indeed, the occurrence of missing data introduces a certain level 
of uncertainty; if these analyses are mishandled, the results could be biased and ineffec-
tive (Mason et al. 2010a; Ma & Chen, 2018). To address this problem, there are generally 
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two possible approaches: ad-hoc approaches or statistically principled methods. The 
main advantage of the former is their simplicity; on the other hand, they lack gener-
alisation and can lead to bias and loss in precision. In this sense, imprecise missing data 
imputation can affect data-driven damage assessment even more negatively (Shadbahr 
et al. 2023). On the other hand, the latter group of algorithms is generally preferable, as 
they incorporate information from the observed data and the uncertainty arising from 
the missing data through assumptions regarding the missing data mechanisms (Mason 
A. et al. 2010b). A more detailed and multidisciplinary discussion about all these aspects 
can be found in (Emmanuel et al. 2021) and (Lin & Tsai 2020).

One of the main statistically principled methods used is the fully Bayesian (FB) frame-
work. In a single step, this method addresses missing data by applying an imputation 
model to create multiple imputed datasets, fitting the analysis model, and calculating 
pooled estimates. Additionally, it can directly and simultaneously extract estimates from 
the posterior distributions of the parameters and missing variables (Erler et  al. 2016). 
With the Bayesian approach, it is possible to account for the uncertainties arising from 
missing data when inferring from incomplete datasets. The missing data are deemed 
random variables by specifying prior parameters and the distribution of the missing 
covariate. The posterior distribution can then be obtained (Daniels & Hogan 2008; Ibra-
him et al. 2005) by incorporating informative priors and extra data; this way, Bayesian 
methods can provide better and more dependable results, even with small sample sizes.

In the civil engineering field, particularly in the context of Structural Health Monitor-
ing (SHM), dealing with missing data is, unfortunately, very common. Indeed, this field 
is based on using sensors that measure static and/or dynamic quantities on monitored 
structures or infrastructures, subsequently to study them and define the condition of 
the construction investigated. Often, the sensors do not function perfectly during the 
analysis of measured quantities, so researchers must deal with missing data. Depend-
ing on the type of malfunction, the missing data can have two patterns. The first pattern 
consists of single random missing data points; in this case, the sensors occasionally fail 
to acquire data. This instance is known as the missing-at-random (MAR) scenario. The 
second pattern involves a series of consecutive missing data points; in this case, the sen-
sor malfunction is persistent. This case is often referred to as a missing-not-at-random 
(MNAR) scenario.

The method used in this paper is Gaussian Process Regression (GPR), which, as men-
tioned earlier, is a Bayesian approach. More information about this method, including its 
basics and functioning, will be described in the next Section. In the civil engineering field, 
several publications have been published about the use of the above-mentioned method. 
For instance, in the geotechnical branch, GPR has been used to formulate models to fore-
cast Finland’s soft-sensitive clays’ undrained shear strength, being able to associate an equa-
tion that represents the undrained shear strength of clays of Finland from laboratory and 
in situ data (Assolie 2024). It was adopted to prognosticate the Californian Bearing Ratio 
(CBR) values, creating an accurate model that embraces several soil characteristics (i.e. dis-
tribution, plasticity, linear shrinkage, stabilising additives) (Wu et al. 2024). The algorithm 
was used to create a model to predict the effective stress parameters of unsaturated soil 
(Samui & Jagan 2013). Another application of GPR is related to foreseeing the load-bearing 
capacity of piles, using the actual pile driving records both to train the model and to validate 
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the results of the model (Pal & Deswal 2010). Finally, it is used to define a methodology for 
the prediction of the spatial distribution and depth of the bedrock layer over a large area, 
employing the data of a limited number of borings (Tsuda et al. 2023).

The GPR is also used in the process of mix design; for example, it defines a model of the 
compressive strength of high-performance concrete (HPC), trying to define the relation-
ship between the compressive strength and the constituent of the HPC mixture (Hoang 
et  al. 2016). In another study, the shear strength of recycled beams has been predicted 
based on the characteristics of recycled aggregates, concrete properties, longitudinal and 
transverse reinforcement ratios, and the geometrical ratio of the beam. The experimental 
studies have been used as the input dataset (Omidinasab et al. 2023).

Further to this paper’s topic, the GPR has also been utilised in the field of Structural 
Health Monitoring (SHM); for instance, it has been applied to the well-known, versatile, 
and robust framework of system identification called NARX (Nonlinear Auto-Regressive 
with eXogenous inputs). The framework is established on a nonlinear discrete-time rep-
resentation. By merging the NARX framework with the GPR, an analytical derivation of 
Higher-Order Frequency Response Functions (HFRFs) was obtained, creating a test for 
nonlinearity that can detect system nonlinearity (Worden et al. 2018). The theory has been 
expanded by converting the prediction limits in the time domain on the bounds of HFRFs 
(Worden et al. 2017). Additionally, the GPR estimation has been used to define the exist-
ence and the position of manufacturing imperfections in pultruded glass fibre-reinforced 
polymer profiles. In this application, the GPR has been combined with the Bayesian-based 
Recursive Partitioning (also known as Treed Gaussian Process). The results of the estima-
tion have been compared with the numerical results obtained with Finite Element Models 
(FEMs) (Civera et al. 2020). The same method was used to locate the cracks in beams iden-
tifying singularities in mode shape curvatures (Civera et al. 2017). Further employment of 
GPR is the inferring of infrastructure components defining their condition state, consider-
ing stressors located in different positions (Pozzi & Wang 2018).

An evolution of the GPR, called the physics-informed Gaussian process regression (Pi-
GPR) was employed to predict the fatigue life of welded joints, integrating the physical fea-
tures of fatigue fracture mechanics and thus reducing the dependency on the model from 
an extensive experimental dataset (Kim et al. 2024).

The remainder of this paper is organised as follows. In Section 2, a brief description of the 
GPR theory is presented; thereafter, the algorithm used is outlined, defining the procedure 
followed to obtain the dataset, its analysis, and post-processing. In Section 3, the case study 
is introduced, describing the bridge and the monitoring system installed on it. The Results 
of all the cases analysed are presented and discussed in Section 4. The methodology is also 
compared to other imputation methods (Subsection 4.1.1) and validated for applications to 
ambient data monitoring (Subsection 4.1.2). Finally, the Conclusions (Section 5) complete 
this paper.

2 � Methodology: the Gaussian process regression
GPR can be considered a generalisation of the Gaussian Distribution (GD). GD is 
defined over vectors and is completely defined by the mean vector and the covari-
ance matrix. Meanwhile, the GPR is outlined over function and is completely defined 
by its mean function m(x) and covariance function k(x, x′

) (Rasmussen 2004). GPR 
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defines the probability distribution over functions, computing the mean and the vari-
ance. The mean represents the maximum likelihood, while the variance is a measure 
of confidence. As a nonlinear, nonparametric kernel-based probabilistic model, GPR 
is highly effective for interpolating data points dispersed in a high-dimensional input 
space. A key strength of the GPR is to predict the value of a response variable ynew , 
using the training dataset {

(

xi, yi
)

i = 1,2, . . . , n} and the new input data vector xnew.
In the GPR model, the response is defined through explicit basis functions h , pro-

jecting inputs into a p-dimensional feature space. The latent variables f (xi), where 
i = 1,2, . . . , n , capture the smoothness of the response.

Equation 1 represents a linear regression model, where ε ∼ N 0, σ 2  , with β and σ 2 
are estimated from the data. Considering the GPR model, its mathematical expression is 
outlined in Eq. 2. In this equation, h(x) denotes the set of basic functions that transform 
the feature vector x ∈ Rd into a new feature vector h(x) ∈ Rp . The coefficient vector β is 
a p-by-1 vector of basis function weights, while f (x) ∼ GP(0, k

(

x, x′
)

) , f (x) describes a 
zero mean Gaussian Process with covariance function k

(

x, x′
)

.

As modelled in Eq. 3, the response relies on the latent variable f (xi) introduced for 
each observation xi , making the GPR model nonparametric and probabilistic (1994–
2024 The MathWorks n.d.).

The covariance function k
(

x, x′
)

 is typically parameterised by a set of kernel param-
eters or hyperparameters, denoted as θ. The kernel function plays a crucial role in the 
model’s capability to generalize, choosing an appropriate function for a specific task is 
essential. Some kernel functions are well established and standardly used, while others, 
more peculiar alternatives, can be customised for specific uses. Moreover, the perfor-
mances of the process heavily depend on the hyperparameters optimisation (Jie Wang 
2024).

The GPR is extensively used in Machine Learning (ML) applications thanks to the 
capability to quantify uncertainty over predictions and their representation flex-
ibility (Jie Wang 2024). In particular, GPR is a non-parametric, probabilistic supervised 
Machine Learning (ML) technique that shines in regression and classification applica-
tions. By utilising prior knowledge (kernels), it identifies repeating patterns in the data, 
generates predictions and provides uncertainty estimation for those predictions. Unlike 
other regression methods (i.e., linear or polynomial), which rely on a definite number of 
parameters, GPR, being non-parametric, dynamically adapts its complexity.

The proposed GPR-based imputation method offers several advantages for SHM appli-
cations. First and foremost, as is well known, it makes no assumptions about the under-
lying distribution of the data. Secondly, it can handle non-linear and non-stationary time 
series. The probabilistic (Bayesian) nature of GPR also provides uncertainty estimates for 
the imputed values. As will be shown in the Results, this is of the utmost importance, as 

(1)y = xTβ + ε

(2)GP = h(x)Tβ + f (x)

(3)P
(

yi|f (xi), xi
)

∼ N
(

yi|h(xi)
Tβ + f (xi), σ

2
)
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for each punctual missing data point, or even more importantly, for each missing range 
of data points, the provided output is not a deterministic value but rather a probability 
distribution.

By maintaining complete and accurate modal parameter time series, GPR imputation 
enables reliable damage detection and condition assessment using advanced SHM tech-
niques. The method applies to a wide range of SHM applications beyond bridges, such as 
monitoring of residential buildings, offshore structures, and wind turbines.

The algorithm is built on Matlab™, a program for numerical calculation and statisti-
cal analysis, with the GPML software package (Rasmussen & De 2010) as an additional 
toolbox. The code comprises sections that enable the following: loading data from the 
repository, selecting and manipulating the data, applying the GPR, and, finally, perform-
ing the post-processing phase. In the following, a more detailed description of each step 
is provided:

•	 Data loading: The data accessed comes from the monitoring campaign on the KW51 
rail bridge, located in Belgium. The loaded files are the time history of the identified 
modal characteristics. For every time step (i.e. one hour), the MATLAB file contains 
a struct with an averaged value of identified natural frequencies in Hz, identified 
modal dumping ratio in %, identified displacement mode shapes, environmental data 
in SI unit, the UTC time vector in serial data number format and the correspond-
ing label vectors. Whenever a value is not specified for a given time step, “NaN” is 
inserted in place of the missing data point.

•	 Data processing: The natural frequency values have been normalised, specifically 
using the conventional min–max normalisation formula: 

	 which reduces the range of variation of the raw identified natural frequencies f (in 
Hz) to z values defined in the  range between 0 and 1, while the temperature data 
remained unchanged. Finally, both data types were subsampled, retaining one value 
out of ten, solely to expedite the subsequent analyses. Further data manipulations 
have been applied to the subset, and they will be presented in the dedicated sections 
that follow.

•	 Application of GPR: With the GPML package, it is possible to apply GPR for posterior 
inference, learning hyperparameters, computing the marginal likelihood, and making 
predictions. The function requires a hyperparameter struct, an inference method, a 
mean function, a covariance function, a likelihood function, training inputs, train-
ing targets, and optional test cases as inputs. In this case, the Squared Exponential 
covariance function and the Gaussian likelihood have been chosen as covariance and 
likelihood functions, respectively. The hyperparameters (mean, covariance, and like-
lihood) have been initialised. Notably, in this application, the mean function does not 
have a hyperparameter set. The Exponential covariance function has the “log of the 
length-scale”  and the  “log of the signal standard deviation”  hyperparameters to be 
set, and the Gaussian likelihood has the “log of the noise standard deviation” as a 

(4)z =
f −min(f )

max(f )−min(f )
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hyperparameter. These are set as follows: the length scale and signal standard devia-
tion are initialised to 1, and the noise standard deviation is initially set to 0.37. Then, 
the hyperparameters are optimised by employing the log marginal likelihood (Ras-
mussen & Nickisch 2020).

•	 Post-processing phase: The outcome is the GPR prediction results, involving both the 
mean function and the confidence interval predicted by the GPR. Additionally, as 
shown in the Results, the statistical analysis of the prediction performance will be 
illustrated using histograms.

3 � Field case study: the KW51 railway bridge
Civil infrastructures are inherently at risk of structural damage due to harsh environ-
mental conditions, exceptional loads, or even just regular wear and tear. Road and rail 
bridges, in particular, can suffer damage due to a variety of causes, such as e.g. material 
degradation, fires (Faruqi et al. 2012), or vehicle impacts (Roy et al. 2021). Hence, their 
continuous monitoring is of paramount importance for the safeguarding of human lives.

In this context, this study primarily utilises field data from the KW51 railway bridge, 
obtained from an extensive monitoring campaign, as a case study for experimental 
validation.

This rail bridge (Fig. 1) is a steel-made railway bridge of the bowstring type, measuring 
115 m in length and 12.4 m in width. It was opened in 2003. The bridge is located in Leu-
ven, Belgium, at the coordinates 50.9004°N and 4.7066°E. Crossing the Leuven-Mechelen 
channel, it belongs to railway line L36 N, connecting Leuven and Brussels. The railway 
consists of two ballasted, electrified curved tracks, with a curve radius of 1,125 m for 
track A and 1,121 m for track B, on which a maximum travel speed is 160 km/h.

Four pot bearings support the bridge. At the bridge end in the Brussels direction, the 
longitudinal motion is fixed; instead, in the Leuven direction, the longitudinal move-
ment is allowed. Notably, at the intersection with the arches and bridge deck, a steel 
box was welded over the original bolted connection for every diagonal. Since October 
2, 2018, it has been subjected to a monitoring campaign. The instrumentation of the 
bridge was completed in three phases. In October 2018, the installation of accelerom-
eters on the bridge deck was completed, along with strain gauges on the bridge deck 
and the diagonals connecting the bridge deck to the arches, as well as gauges on the 
rails. Additionally, a thermocouple was installed below the bridge deck, and a relative 
humidity (RH) sensor was placed. The second phase involved setting up accelerometers 

Fig. 1  Google earth view of the KW51 railway bridge
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on the arches in September 2019, followed by the installation of displacement sensors at 
the bearings of the bridge in October 2019 (Phase 3). The complete sensing apparatus is 
summarised in Table 1. A full description of the sensor location and further details can 
be found in (Maes & Lombaert 2021). Importantly, the issue of missing data points, dis-
cussed here, is inherently linked to the deployed sensing devices and pieces of hardware. 
However, despite precautions at the hardware level, such as redundant sensors, as well 
as robust and wideband data transmission protocols, MAR and MNAR data points are 
inescapable in real-life applications. Any specific field implementation will have its own 
challenges, which can only partially be mitigated with hardware-only adjustments, high-
lighting the need for reliable software-based countermeasures.

From May 15 to September 27, the rail bridge underwent retrofitting, strengthening 
the connections between the diagonals and the arches, as well as the bridge deck, to 
address a construction flaw detected during maintenance checks. This retrofitting, while 
not a true damage, is interesting as it presents a structural change introduced during the 
monitoring period. As it will be clear in the time series reported and discussed in the 
next Section, this results in three phases: before, during, and after the retrofitting work. 
This returns a non-stationary time series of data, which, therefore, makes the data analy-
sis more complex and interesting, providing a compelling case study for validating the 
proposed missing data imputation technique.

Thus, the data originate from the dataset collected during the monitoring campaign 
on the previously described bridge. The study focuses on the identified modal character-
istics, including natural frequencies, damping ratios, and mode shapes, obtained from 
the processed acceleration measurements taken on the bridge deck and arches. The pro-
cessed acceleration signal was decimated and then pre-processed using a lowpass filter. 
Specifically, an eighth-order Chebyshev Type I lowpass filter with a cutoff frequency of 
16.5 Hz and a 0.05 dB peak-to-peak ripple in the passband was applied. To eliminate 
phase distortion, the filter was applied in both the forward and reverse directions. After 

Table 1  Brief description of the position and the model of the sensor installed on the KW51 rail 
bridge

Type of sensor Location(s) Brief description

Uniaxial Accelerometers - 6 installed on the bridge deck
- 6 installed on the arches

Type: PCB 393B04 with a sensitivity of 
about 1,000 mV/g.

Uniaxial Strain Gauges - 8 installed on the bridge deck
- 4 installed on diagonals connect-
ing the bridge deck and the arches

Type: Micro-Measurements CEA-06-
250UN-350, a single strain-sensitive 
element with nominal electrical resist-
ance RG=350 Ω.

Rosette Strain Gauges - 4 installed on the rails Type: Micro-Measurements CEA-06-
250UR-350, three strain-sensitive 
elements (+ 45°, 0°, and − 45°), each 
having a nominal resistance RG=350 
Ω.

Laser-Based Displacement Sen-
sors

- 2 installed at the bearings in the 
Leuven direction

Type: Welotec OWLL 8025 AD S1, 
operating in a range between 50 and 
250 mm at a resolution of 6.3 μm.

Temperature Measurements - Installed below the steel surface of 
the bridge deck

Type: Labfacility type T thermocouple 
with a wire length of 2 m.

Relative Humidity - Installed near the thermocouple Type: HM1500LF RH transducer with a 
sensitivity of 25.68 mV/%.
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filtering, the signals were resampled at a rate of 41.3 Hz. The signal obtained is processed 
using the covariance-driven stochastic subspace identification (SSI-cov/ref ) algorithm. 
Fourteen different modes are identified; nevertheless, no one of the modes is identified 
at all times, as at least a certain number of hours are missing for each identified mode. 
For a complete description of the processing algorithm adopted to obtain the identified 
modal characteristics, check the original paper of (Maes & Lombaert 2021). For brevity, 
only the analysis carried out on the first identified mode is reported here.

The scientific literature reports several studies above this bridge; for instance, one 
study involving the feasibility of an SHM system, which relies on the natural frequencies 
(Maes et al. 2022), the analysis of the pot bearing with its nonlinear behaviour (van de 
Velde et al. 2023), a continuous dynamic strain monitoring of the bridge led to the defi-
nition of the ten natural frequencies, and strain mode shapes are defined automatically 
employing operational strain time histories (Anastasopoulos et  al. 2023), and a classi-
fication algorithm for the structural states (before, during and after retrofitting) of the 
bridge (Al‐Ghalib & Mahmoud 2023).

4 � Results
In this chapter, the GPR results for the three investigated cases are presented. The first 
case (Case 0) considers the complete sub-set as described in Section 2. Additionally, to 
evaluate the robustness of the method, the performance of the GPR is compared with 
that of other uncertainty estimation methods, including mean imputation and linear 
regression. Furthermore, the same process is applied to a different dataset, environmen-
tal monitoring data, to assess its adaptability.

The other two cases are derived from the same initial dataset with intentionally omit-
ted data points to simulate disruptions in data recording. The missing data points are 
manually removed, erasing the data according to one of the following two patterns: 
either one-fourth of the data are randomly erased, to emulate an MAR scenario (Case 1) 
or n consecutive data points are removed, simulating MNAR occurrences. The number 
of omitted data points differs for each subcase studied, allowing for additional monitor-
ing of the GPR performance. These additional subcases have been named Cases 2.a, 2.b, 
2.c, and 2.d, respectively.

The removal process aims to mimic the case of sensor(s) malfunction that causes miss-
ing data points along the recorded signal. The malfunction can be singular and repeated 
over time, as depicted in Case 1, or continuous for a certain period, as represented in the 
several variants of Case 2, until the sensor is restarted, repaired, or replaced.

Both the results are shown by means of a graphical representation, in which the pre-
diction obtained with the GPR in terms of mean and standard deviation, corresponding 
to the 5th and 95th percentile, and the training dataset are depicted. This representation 
provides a clear understanding of the precision and accuracy of the GPR at a glance. 
Additionally, in Cases 1 and 2 in the same graph, in addition to the results obtained stud-
ying that particular case, the results of the prediction of Case 0 are added. In doing so, 
the results of Case 0 serve as a reference for comparing the prediction obtained in the 
case of missing data points.

The time series plot is intended here to showcase the qualitative correlation between 
the algorithm’s results and the measured data. On the other hand, as an additional tool 
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to evaluate the prediction effectiveness, a histogram is employed to report a quantitative 
correlation, explicated through the percentage difference between the predicted GPR 
value and the actual one.

In the following subchapters, the results obtained in Case 0 are initially presented, as 
this case serves as a benchmark. Then, Cases 1 and 2, along with their subcases a, b, c, 
and d, are discussed.

4.1 � Results of Case 0

As mentioned, Case 0, which will be used hereinafter as the benchmark, was obtained by 
considering 1 out of every 10 data points available in the complete dataset. The remain-
ing ones were thus used for validation. More accurately, Case 0 is trained on a dataset 
of 476 identified natural frequencies. Based on this training dataset, the GPR must pre-
dict the value of natural frequencies in terms of the mean and standard deviation of all 
points belonging to the remaining available dataset. The results of the GPR prediction 
are depicted in Fig. 2.

Importantly, due to the aforementioned retrofitting works, the identified natural fre-
quencies have three clearly defined phases: before, during, and after retrofitting. As dis-
cussed in the previous Section, that makes this dataset non-stationary and, therefore, 
particularly compelling to analyse for vibration-based continuous monitoring purposes.

It is clearly noticeable that the overall performance of the GPR is outstanding. The 
process can define a function and an interval of confidence that contains most of the 
data. As is easily imaginable, better results are obtained when the identified natu-
ral frequencies are more stable, approximately spanning the periods from October 
2018 to May 2019 and from October 2019 to January 2020; in this case, the function 
and the interval of confidence contain practically all the data points. The prediction 
performances fall when the data are more variable. A more accurate analysis of the 

Fig. 2  Representation of the GPR prediction of Case 0. The blue line represents the mean predicted value, 
the light blue area indicates the confidence interval bounded by the 5th and 95th percentiles, the red stars 
denote the training data points (DP), and the blue crosses represent the test data points. The three phases 
(before, during, and after the retrofitting works) are clearly visible before and after the two dates: May 15, 
2019, and September 27, 2019
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prediction performances obtained by applying the GPR is depicted in Fig. 3. For every 
time instant, the percentage difference has been calculated by subtracting the pre-
dicted GPR mean value from the corresponding actual value and then dividing the 
result by this known target value. The results show that in 64.9% of the cases (corre-
sponding approximately to 3,100 predictions), the prediction error is very limited; in 
fact, it differs by no more than ±10% from the actual target frequency. Furthermore, 
in approximately 15.2% and 15.3% of cases (approximately 700 predictions), the per-
centage difference between the prediction and the actual value is bounded, respec-
tively, within the ranges of −30% to −10% and +10% to +30%. Altogether, that means 
that in 98.6% of the cases, the percentage difference is bounded between ±50% . If 
one considers the classic 3-σ (99.73%) confidence interval for damage detection-see 
e.g. (Civera & Surace 2021)-all these imputed data points will fall largely within the 
bounds of the ‘normal’ structural behaviour, thus not triggering any false alarm.

Since this case is trained on the most comprehensive dataset, i.e., without addition-
ally removed data points, it has been considered the benchmark results to be met for 
the analysis of Cases 1 and 2.

4.1.1 � Comparison with other imputation methods

To better understand the effectiveness of the GPR prediction, this subsection tests 
other, more conventional uncertainty estimation methods; their results are then 
directly compared with those obtained by applying GPR.

In particular, mean imputation and linear regression are considered viable alter-
natives for missing data imputation. In the first case, the algorithm replaces missing 
values with the mean of all the non-missing values in the time series. Assuming a 
GD, this is identical to performing median and mode imputation. In the second case, 

Fig. 3  Histogram representation of the percentage difference between the value of predicted frequencies 
and the value of corresponding identified natural frequencies (Case 0)
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missing data points are replaced with a linear interpolation between the last previous 
and the first following non-missing values. Other simpler approaches, such as for-
ward fill and backward fill (where, respectively, the missing data points are replaced 
by the last available or the next available non-missing value), were also tested; the 
results are not reported here for brevity, as they were significantly worse than these 
two other options.

The same initial dataset, Case 0, composed of 476 identified natural frequencies, 
was provided as input to both methods. As output, it was required to estimate the 
natural frequencies for every time instant. The plot of estimated natural frequencies 
in time is omitted for the sake of brevity. To better compare the performances, only 
the histograms showing the quantitative correlation are shown in Fig. 4.

The mean imputation method exhibits poor performance, as illustrated in Fig. 4a. 
Indeed, substituting the missing values with the mean obtained from the available 
ones is an oversimplified, yet common, method that shows all of its limitations in 
terms of accuracy when dealing with non-stationary data. On the other hand, con-
sidering the linear interpolation method (Fig.  4b), the results are significantly more 
reliable and comparable to the GPR prediction. Indeed, in 98.5% of the cases, the per-
centage difference between the estimated frequency and the actual value is bounded 
between ±50% . However, the primary limitation of linear interpolation is its inability 
to account for the probability distribution when predicting the missing data points. 
As shown in Fig. 5, this method can predict points that fall outside of the confidence 
interval defined by the GPR, placing data in low-probability areas. This drawback can 
be exacerbated in cases where several consecutive MNAR data points occur.

4.1.2 � Application to environmental monitoring data

It is important to remark that not only damage (as a local source of reduced stiffness and/
or nonlinearities) but also other factors, such as Environmental and Operational Vari-
abilities (EOVs (Sohn 2007)), affect the vibrational response of a monitored structure. 
These EOVs are of paramount importance in SHM since these confounding influences 
severely affect the damage detection capabilities of the more accurate methodologies, as 

Fig. 4  Histogram representation of the percentage difference between the value obtained applying the 
mean imputation method (a) and with linear interpolation method (b), with the corresponding identified 
natural frequencies
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they induce damage-unrelated anomalies resulting in misidentifications and false alarms 
(Cross et al. 2011, 2012).

In this regard, the GPR algorithm, proposed here for missing data imputation and vali-
dated on time series of identified natural frequencies, can also be applied to other types 
of monitored data. To this aim, it is also tested on temperature readings from the same 
case study. In this case, the recorded temperatures, obtained following the same data 
acquisition process as described in Case 0, are used as input data to the GPR algorithm. 
Unlike the natural frequency time histories, which exhibit clear non-stationarity corre-
sponding to the three phases before, during, and after retrofitting works, this dataset 
shows that temperature variations occur with both daily and seasonal fluctuations, but 
without any discontinuities in these trends. Figure  6 illustrates the results of the GPR 
prediction.

The overall performance is good, successfully capturing the daily and seasonal tem-
perature variation. More specifically, the predictions are more accurate in data-dense 
regions and less reliable in data-scarce areas, such as between May 2019 and Septem-
ber 2019. Histogram analysis (Fig.  7a) reveals that the prediction accuracy is lower 
compared to Case 0. According to the results, 30.6% of predictions (about 1,300) dif-
fer from the actual identified frequency by ±10%. Additionally, 26.7% and 16.1% of 
cases exhibit percentage differences in the ranges (−30%, −10%) and (+10%, +30%), 
respectively. Collectively, 87.3% of predictions remain within a percentage difference 
of ±50%. The performance deterioration is clearly due to daily temperature variation, 
where fluctuations of several degrees Celsius can occur within a single day. That is to 
say, the data values change more frequently and more rapidly, making accurate pre-
dictions more difficult and thus slightly less reliable. However, it should be stated that, 
even in this case, very few data points exceed the 3-σ alarm threshold.

Finally, the effectiveness of the prediction is further shown by a graph comparing the 
normalised identified natural frequencies and these temperature measures, which cor-
respond to Case 0. GPR estimates (in blue) are superimposed on the target values (in 

Fig. 5  Comparison in time of normalised identified natural frequencies predicted with GPR (Case 0) and with 
linear interpolation
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red). As illustrated in Fig. 7c, two clusters are identified: post-retrofitting (encircled in 
green) and pre-retrofitting (circled in red). The fewer data points corresponding to the 
retrofitting phase are omitted, as they were highly scattered due to the high variability of 
the identified frequencies, most likely caused by the retrofitting operations. Conversely, 

Fig. 6  Representation of the GPR prediction in the case of temperature application. The blue line represents 
the mean predicted value, the light blue area indicates the confidence interval bounded by the 5th and 95th 
percentiles, the red stars denote the training data points (DP), and the blue crosses represent the test data 
points

Fig. 7  a Histogram representation of the percentage difference between the value of predicted 
temperature and the value of corresponding actual temperature. b Expected influence of temperature on 
the non-normalised first frequency before retrofitting, according to (Anastasopoulos 2020). c Plot showing 
temperature versus normalised identified natural frequency. Red diamonds: actual data. Blue circles: 
corresponding predicted values. Two key areas are highlighted: post-retrofitting data, circled in green, and 
pre-retrofit data, circled in red
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the other two groups are well-defined, showcasing how the retrofitted structure has a 
generalised decrease in the first frequency w.r.t. to its pre-retrofitting configuration. Fur-
thermore, in both clusters, the slight downward slope indicates the softening effects of 
increasing temperature in structural steel, as expected. In any case, the imputed values 
compare well with the other data and fall inside these clusters, thus enabling reliable 
modal tracking and cluster-based damage assessment.

4.2 � Results of Case 1

To define the dataset used in Case 1, one-quarter of the data points, randomly selected 
among the ones left in the initial dataset (the one used in Case 0), were removed. Hence, 
the time series was reduced to 75% of its data points, corresponding to a training dataset 
of 357 elements. The GPR was thus applied to this dataset; its predictions are depicted 
in Fig. 8.

Even though the data points are reduced in the training dataset, the GPR-predicted 
interval confidence contains most of the identified natural frequencies. In addition, in 
the steady branches, the mean and the SD identified in Case 0 and Case 1 are similar, 
tending to overlap. Between July and September 2019, the two predictions become more 
dissimilar, with non-negligible differences in the predicted mean and standard devia-
tion, which is caused by the combination of more fluctuating data and less dense data 
available. The overall performance predictions are extraordinary, as shown in Fig. 9. The 
histogram shows the percentual difference between the predicted value and the natural 
frequency value of all the available data points. In 63.3% of cases, the prediction differs 
by more than ±10%; in 15.8% and 15.9% of cases, it is bounded, respectively, between 
(−30%, −10%) and (+10%, +30%). Finally, in 98.4% of cases, the difference is lower than 
±50%.

Fig. 8  Representation of the GPR prediction of Case 1 with MAR data points. The blue line is the mean value 
considering MD, the light blue area is the confidence interval bounded by the 5th and 95th percentile, the 
green line is the mean obtained in Case 0, the green area identifies the confidence interval of Case 0, the red 
dots represent omitted data points (randomly selected), finally, the black stars constitute the training dataset 
of remaining data points
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4.3 � Results of Case 2

In this case, the initial dataset of Case 0 underwent the omission of n consecutive data 
points in arbitrary positions to investigate the effects of MNAR data points in more or 
less critical tracts of the non-stationary time series. Particularly:

•	 In Case 2.a, one hundred data points between the 350th and 450th positions have 
been omitted (corresponding to December 2019 and January 2020).

•	 Similarly, in Case 2.b, one hundred data points included between the 100th and 200th 
positions (corresponding to February and July 2019) have been manually removed.

For further investigation, the period between February and September 2019 has been 
further analysed with two shorter sections of MNAR data points:

•	 Case 2.c analyses the GPR performances when the omission occurs at the data 
between the 100th and 150th. (corresponding to February and March 2019)

•	 Case 2.d considers a data loss between the 200th and 220th positions (corresponding 
to August and November 2019).

In Cases 2.a and 2.b, the training dataset is reduced to 376 data points, which rep-
resents a 21% reduction of the training dataset with respect to Case 0. The results of 
prediction reliability are highly variable, depending on the stability of the data, the dura-
tion of data absence, and the temporal concentration of the data. The results of the GPR 
prediction are depicted in Fig. 10a and b.

For Case 2.a (Fig.  10a), the GPR prediction results along the signal are appreciable. 
Despite the data omission, the prediction results remain meaningful and reliable, 

Fig. 9  Histogram representation of the percentage difference between the value of predicted frequencies 
and the value of corresponding identified natural frequencies
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although the confidence interval increases. Reasonably, the good results obtained during 
the process are due to the stable data before and after the omission, as well as the high 
density of available data. Figure  10b, associated with Case 2.b, demonstrates that the 
prediction results in the interval without data are speedily losing meaningfulness due to 
the high variability of the data given before and after the omission. The predicted mean 
function quickly trends toward zero, an outcome justifiable by the zero-mean assump-
tion of GPR. It is interesting to note that in the range before and after the omitted data 
point, the prediction for this case resembles that of Case 0, where both the mean and 
the standard deviation tend to overlap those of the benchmark. That is to say, the GP 
regression is only locally affected by these time-limited issues with the measured data. 
Hence, in similar cases, the deleterious effects are very limited, moving farther from 
the affected tracts (i.e., for previous or later identifications). To mitigate this issue, inte-
grating physical models and external covariates may lead to better results. For instance, 
temperature data  -  readily available from the same monitoring system - can be incor-
porated as an external covariate in the GPR model. Since ambient temperature has a 
well-documented influence on natural frequencies (e.g., softening of structural steel at 
higher temperatures (Farrar C. R. et al. 1994; Ding & Li 2011)), it can provide physical 
context during prolonged missing data intervals. As a proof of concept, one could lever-
age the known correlation between frequency and temperature – see e.g. Fig. 7c, where 
the tract of interest (pre-retrofit) corresponds to the area circled in red – to guide the 
GPR in extended MNAR gaps. This integration could take the form of a multi-variable 
GPR (Saida et al. 2024), where both time and temperature inform the covariance func-
tion, improving the reliability of long-gap imputation under non-stationary conditions. 
These possible solutions will be further investigated in future works.

Fig. 10  Representation of the GPR prediction of the several variants of Case 2; in particular, (a) represents 
Case 2.a, while (b), (c) and (d) represent, in the same order, Case 2.b, Case 2.c and Case 2.d. The blue line is the 
mean value considering MD, the light blue area is the confidence interval bounded by the 5th and the 95th 
percentile with MD, the green line is the mean obtained in the Case 0, the green area identify the confidence 
interval of Case 0, the red dots represent omitted data point, finally the black star keys constitute the training 
dataset
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Figure  11a and b illustrate the percentage difference between the predicted and the 
identified natural frequencies in Cases 2.a and 2.b. In Case 2.a, 51.5% of the predictions 
differ by ±10%, while 24.4% and 12.8% of cases show differences ranging from −30% to 
−10% and +10% to +30%, respectively. In this case, 98.5% of predictions have a differ-
ence of less than ±50%. Compared with the results obtained in Case 0 and Case 1, the 
percentage of data predicted with a precision of ±10% has a significant reduction (more 
than 10 percentage points), which is redistributed among the other ranges, bounded 
between (-50 %, -10%) and (+10%, +50%).

On the other hand, for Case 2.b, a conspicuous number of predictions (17.2%) differ 
from the actual data in the range bounded between (−100%, −50%). Conversely, 50.9% 
of the predictions differ by ≤±10%, while in 14.5% and 11.6% of cases, the difference 
ranges from −30% to −10% and +10% to +30%, in the same order. Thus, in this case, 
only 81.7% of predictions have a variance of less than ±50%. Hence, as highlighted by 
this Case 2.b, the omission of data for an extended period, coupled with data scarcity 
and high data variability, entails an abrupt decrease in the reliability of GPR prediction 
performances. For these reasons, additional analyses have been performed in this range.

Case 2.c is obtained by omitting the data between the 100th and 150th positions. 
The corresponding prediction is illustrated in Fig. 10c. The accuracy prediction quickly 
loses reliability in terms of both mean and standard deviation. Nevertheless, since the 
omission period is brief, the prediction returns rapidly to a good fit until it overlaps 
again with the one obtained in Case 0. Considering the precision obtained, depicted in 
Fig. 11c, 57.4% of predictions differ by ±10%, with 15.9% of cases ranging from −30% to 

Fig. 11  Histogram representation of the percentage difference between the value of predicted frequencies 
and the value of corresponding identified natural frequencies. (a), (b), (c) and (d) represent, in the same order, 
Cases 2.a, 2.b, 2.c and 2.d
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−10% and 13.6% of them included in (+10%, +30%). In this instance, 92.9% of predic-
tions have a difference of less than ±50%.

Finally, as mentioned, Case 2.d is obtained by removing the data from the 200th and 
220th positions. The corresponding prediction is depicted in Fig.  10d. The omission 
occurs during the period when the higher variability of identified natural frequencies 
is observed (July and October 2019). The prediction results are similar to those of Case 
0 before and after the removal; however, in the proximity of the removal, they rapidly 
become not truly representative of the actual identified frequencies. In Fig. 11d, the pre-
cision reached by the GPR prediction is depicted. The histogram exhibits a good level of 
precision, almost equal to that obtained in Case 0; however, this interpretation is mis-
leading. Indeed, the omission is performed on a restrained range, both in number and in 
time, and the loss of meaningfulness occurs only in the proximity of omitted data. In this 
way, relatively few predicted data points differ from the identified natural frequencies, 
but this difference is not negligible.

Considering the overall results, the goodness depends on the density of the data avail-
able before and after the omission, the stability of the data, and the length of the period 
during which the omission occurs. For example, in Cases 2.a and 2.c, where the data 
point density is high, the imputed values of the missing data points are stable, and the 
period is short, the results are significantly good. On the other hand, in Case 2.b, the 
results are meaningless in the range where the omission occurred, as the corresponding 
time period is longer and the data are sparse and highly variable. In Case 2.d, despite the 
short period, the high variability of the relatively scarce data renders the results quite 
meaningless.

5 � Discussion and conclusions
This research work addressed missing data imputation in ordered time series of identi-
fied natural frequencies, considering both punctual MAR and prolonged MNAR gaps in 
the time histories. In particular, the use of Gaussian Process Regression (GPR) has been 
proposed for this aim.

To investigate the GPR performance within the intended scope, this case study utilises 
the identified natural frequencies of the KW51 steel tied-arch railway bridge for experi-
mental validation. In particular, the period between October 2018 and January 2020 has 
been used since it includes a temporary variation of the natural frequencies due to struc-
tural retrofitting works. The initial dataset was obtained from the identifications of the 
first mode in these three phases (before, during, and after retrofitting). The GPR was 
trained on this dataset (Case 0) and on its manipulations with intentionally omitted data 
(Cases 1 and 2.a-2.d). Additionally, to assess the effectiveness of the presented meth-
odology, the GPR results of Case 0 were compared with other uncertainty estimation 
approaches, such as mean imputation and linear regression. Furthermore, the method 
was tested on temperature recordings to examine its flexibility to different types of data.

More in detail, the analysis investigated three main cases: Case 0, in which the GPR 
was trained on the complete subsampled dataset; Case 1, obtained from the dataset of 
Case 0 by omitting one-fourth of the original data points (randomly selected from all the 
ones available in Case 0); and Case 2, obtained from Case 0 by omitting n consecutive 
data points. Case 2 was divided into four subcases: Case 2.a, Case 2.b, Case 2.c, and Case 
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2.d. These were obtained by omitting from the 350th to the 450th, from 100th to the 
200th, from 100th to the 150th, and from the 200th to the 220th data point respectively.

Case 0 is intended as a reference in which other uncertainty estimation methods 
(mean imputation and linear regression) have been tested, comparing their results with 
the GPR ones. On the other hand, the instances represented in Case 1 and the several 
variants of Case 2 mimic different situations that can result from a malfunctioning of 
the monitoring system. Case 1 depicts a situation in which data points are occasionally 
missing, and the variants of Case 2 represent a more prolonged dysfunction, studying 
the effects at different tracts of the non-stationary signal.

From all these studies, it has been found that the reliability of the prediction perfor-
mances is case-sensitive. In Case 0, this is outstanding: the utmost majority of the iden-
tified frequencies are included in the interval of confidence defined by GPR. In Case 1, 
when comparing the target value to the predicted one, precision is significant, as 98.4% 
of the imputed data points fall within the ±50% interval. Hence, from Case 1, it is pos-
sible to state that the effect of an occasional sensor misfunction does not significantly 
affect GPR prediction, thus proving the total feasibility of imputing MAR data points.

Meanwhile, in the case of a prolonged malfunction, the results of the prediction 
depend strongly on three different factors: the stationarity of the data, the duration of 
the dysfunction, and the density of the available data. In general, the prediction perfor-
mance suffers a generalised decrease, thus highlighting some limitations for the direct 
use in case of MNAR data points, especially for non-stationary datasets such as the one 
used here. In fact, all the tests highlight how the GPR, which relies on a default constant 
value for its mean, struggles to adapt to prolonged missing data at critical moments, 
reverting back to that default value (here, zero).

In fact, Case 2.a exhibits only a slight performance decrease due to the short time 
duration, data stationarity in the tract of interest, and high data point density. In con-
trast, Case 2.b has all the factors working against it (low density, high non-stationarity, 
and longer duration), resulting in poor prediction performance. In Case 2.c, since the 
data are stationary and the time duration of misoperation is short, but the data are not 
particularly dense, the results achieved are considerable but inferior to those of Case 0. 
In Case 2.d, in which the time period is short but the data are scarce and volatile, the 
results are not extraordinarily meaningful.

Finally, regarding the comparison with the other common estimation approaches, the 
GPR significantly outperforms the mean imputation method, as it can manage non-sta-
tionary data, and exceeds linear interpolation, which fails to account for the statistical 
probability distribution of the predicted data. Additionally, to illustrate its adaptability, 
the GPR has been further tested on temperature measurements rather than identified 
natural frequencies, achieving satisfactory results again.

As a final thought, the analyses reported in this study were based on a purely data-
driven approach, akin to a black box. The performance could be enhanced by exploit-
ing the concept of the grey box models, in which the data-driven approach is combined 
with the physics-based one. This, especially in MNAR cases, where n consecutive data 
points are omitted (Case 2.a-2.d), could significantly improve the performance. Alterna-
tively, the GPR can be combined with different sources of input data (e.g., from environ-
mental monitoring), and/or other AI strategies to enhance its performance, especially to 
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account for the non-stationary effects. As diffusely discussed throughout the article, all 
these aspects will be addressed in future research works, focusing on integrating ML-
based data imputation techniques directly into the damage assessment process.
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