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Abstract: Predicting flutter remains a key challenge in aeroelastic research, with certain
models relying on modal parameters, such as natural frequencies and damping ratios.
These models are particularly useful in early design stages or for the development of small
Unmanned Aerial Vehicles (maximum take-off mass below 7 kg). This study evaluates
two frequency-domain system identification methods, Fast Relaxed Vector Fitting (FRVF)
and the Loewner Framework (LF), for predicting the flutter onset speed of a flexible wing
model. Both methods are applied to extract modal parameters from Ground Vibration
Testing data, which are subsequently used to develop a reduced-order model with two
degrees of freedom. The results indicate that FRVF- and LF-informed models provide
reliable flutter speed, with predictions deviating by no more than 3% (FRVF) and 5% (LF)
from the N4SID-informed benchmark. The findings highlight the sensitivity of flutter speed
predictions to damping ratio identification accuracy and demonstrate the potential of these
methods as computationally efficient alternatives for preliminary aeroelastic assessments.

Keywords: Loewner Framework; Fast Relaxed Vector Fitting; Modal Analysis; Ground
Vibration Testing; Aeroelasticity; Damping; Flutter; Reduced Order Model; Aeronautical
Structures; System Identification

1. Introduction
The accurate characterisation of aircraft dynamic behaviour is critical to ensure struc-

tural safety and performance optimisation under various operational conditions. The
extraction of modal parameters—natural frequencies (ωn), damping ratios (ζn), and mode
shapes (ϕn)—via system identification (SI) techniques, allows the characterisation of the
structural dynamics of the system, such that it can be used for finite element model (FEM)
updating and subsequent aeroelastic analyses. Experimental modal analysis (EMA), or
Ground Vibration Testing (GVT) in the aeronautics domain, provides the necessary frame-
work to identify these parameters from experimental data. These techniques are pivotal
for understanding how dynamic systems behave, offering insights that drive critical appli-
cations, such as flutter prediction [1], structural model updating [2], and vibration-based
damage detection [3].

While SI techniques are well-established for modal parameter identification, their
application to complex, large-scale aerostructures presents several challenges. Frequency-
domain system identification is widely used in modal analysis; however, certain fitting
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processes—especially those relying on direct parametric and rational fraction polynomial
curve-fitting [4,5]—can exhibit ill-conditioning when dealing with noisy or highly com-
plex datasets [6]. However, several advanced frequency-domain techniques, such as the
pLSCF estimator [7] have shown excellent numerical stability and robustness even in these
challenging conditions [8,9].

Similarly, time-domain techniques such as Numerical Algorithms for Subspace State
Space System Identification (N4SID) [10] are computationally demanding and face scal-
ability issues when processing extensive input–output data [11]. In terms of scalability,
this happens to other time-domain Stochastic Subspace Identification (SSI) techniques,
such as SSI with Canonical Variate Analysis, which struggled—only a few modes out of
42 accurately identified—in the identification of high-dimensional (5 input and 21 output
channels) aeronautical system [12]. Recent advances in SI, including methods such as the
Fast Relaxed Vector Fitting (FRVF) [13] and the Loewner Framework (LF) [3], have sought
to address these limitations by improving robustness and computational efficiency. These
innovations have shown significant promise in EMA and GVT, providing a pathway for
broader application for aeroelastic onset speed estimation.

Flutter analysis is a crucial aspect of aeroelastic research, representing a significant
challenge at the intersection of aero- and structural engineering. Flutter occurs due to
dynamic instability arising from aeroelastic coupling between aerodynamic forces and
structural modes, potentially leading to catastrophic failures [14,15]. In aeronautics, flutter
prediction aims to determine the critical velocity at which oscillatory instabilities occur.
Established techniques, such as modal damping extrapolation [16], time-marching compu-
tational fluid dynamics [17], and semi-analytical methods like the p − k approach [18], have
been widely used for this purpose. Computational advancements have enhanced these
approaches, improving their predictive accuracy and relevance [17]. These advances have
fostered the development of integrated workflows for inexpensive flutter testing platforms,
such as that in [19].

In structural engineering, similar principles are applied to the aerodynamic analysis
of cable-supported bridges [20]. Both fields face shared challenges, including structural
flexibility, large aspect ratios, and aeroelastic modes coupling. For instance, system identifi-
cation techniques initially developed for aerostructures have been adapted to study bridge
flutter in [21]. Despite progress, flutter prediction remains computationally intensive,
especially for nonlinear systems or structures with significant modal coupling. Efforts to
address this include the development of reduced order models (ROMs) [17], data-driven
techniques, and hybrid approaches that combine physics-based and experimental data [22].

This work applies frequency-domain SI methods for preliminary flutter speed estima-
tion of a flexible wing structure via the classical p − k method and a simplified ROM. Using
experimental data and results from an existing GVT campaign [11], this study evaluates the
sensitivity of the GVT-identified parameters, ωn and ζn, for the development of the ROM
for critical aeroelastic speeds prediction. In particular, ζn estimated in wind-off GVTs are
considered to be solely dependent on structural effects for the sake of aeroelastic modelling,
as widely accepted in the community [23]. Specifically, it examines the effect of ζn—widely
recognised as the most troublesome modal parameter to identify—on flutter onset speed
prediction on an experimental wing model, the well-known eXperimental BeaRDS-2 (XB-2)
case study [24]. Modal parameters identified with N4SID are used as a benchmark for those
identified via LF and FRVF. The main contributions of this work are outlined as follows:

• First application of FRVF- and LF-identified modal parameters for a two-degree-of-
freedom (2-DoF) aeroelastic model;

• Development of a reduced-order model for the XB-2 wing;
• Use of LF and FRVF results for flutter speed estimation;
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• Demonstration of a simplified ROM-based approach for critical speed prediction;
• Comparative analysis of flutter speed predictions using different identification methods.

The rest of this paper is structured as follows: Section 2 introduces the experimental
setup, identification methods, and ROM formulation. Section 3 presents and discusses the
results. Conclusions are drawn in Section 4.

2. Materials and Methods
In this section, the overall strategy used in this work for studying the damping

identification sensitivity on flutter speed is outlined. The overall workflow is shown in
Figure 1 and outlined below.

Experimental 
Vibration  
Testing 

Modal  
Parameters 

Identification 

2 DoF  
Model  
Fitting 

Flutter 
Speed  

Estimation 

Figure 1. Flutter speed estimation workflow.

1. Experimental Vibration Testing. A specimen wing is selected to undergo a GVT
campaign, potentially also with different configurations in terms of shape and mass.
The specimen and the testing regime are introduced in Section 2.1.

2. Modal Parameter Identification. From the recorded data, modal parameters are
identified using different methods. It is not uncommon that this will result in different
identified values of ζn across the methods. Here, the LF, FRVF, and N4SID are
considered as identification methods; however, N4SID is not discussed in depth as
it is a classical and well-known technique. On the other hand, the FRVF and LF are
introduced in Sections 2.2 and 2.3, respectively.

3. 2 DoF Model Fitting. The modal parameters obtained are used for model fitting. The
model itself is described in Section 2.4.

4. Flutter Speed Estimation. The classical p − k method is used to obtain the estimated
flutter speeds for the different scenarios and methods, thus giving an idea of the
relationship between ζn and the flutter speed itself. These findings are presented
in Section 4.

Point 1 and the modal parameter identification part of point 2 are covered in greater
detail in [11] and are only briefly touched upon in the remainder of this section.

2.1. The Flexible Wing Model

The experimental case study considered here is the XB-2 high-aspect-ratio wing
(Figure 2) developed within the Beam Reduction and Dynamic Scaling (BeaRDS) project
at Cranfield University [24–27]. The XB-2 wing was conceived as a dynamically scaled
example of a civil jet airliner wing to be tested in the university wind tunnel. The wing
comprises three components: the spar (6082-T6 aluminium), the stiffening tube (stainless
steel), and the skin, which is responsible for transferring the aerodynamic loads to the un-
derlying structure and is made of two 3D printed plastics: rigid Digital ABS and rubber-like
compound, Agilus 30, visible as the white and black sections in Figure 2, respectively. Orig-
inally, additional brass masses were used to aid the scaling of mass properties; however,
for the purpose of this work, the masses are removed.
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y
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Figure 2. XB-2 wing top view. Y-axis coming out of the page. Any apparent distortions are due to
lens-induced optical effects. (Adapted from [28]).

The aerodynamic surface of the wing, outlined by a NACA 23015 aerofoil, has an
aerodynamic span (bw) of 1.385 m (1.5 m including the clamp), with a mean aerodynamic
chord (c̄) of 0.172 m, a taper ratio (λ) of 0.35, a leading edge (LE) sweep of 1.49°, and a mass
of 3.024 kg. The wing has a neutral twist and dihedral angles.

The wing torque box consists of the spar and tube assembly. The spar was machined
from two 6082-T6 aluminium blocks, which were welded together and secured with four
bolted L-profile plates [29]. The main spar features a Saint George cross-shaped cross-
section and a variable taper along its span, while the tube is a simple stainless steel tube
with a 10 mm diameter and 1 mm thickness.

In this work, the GVT results obtained for the scope of damage detection in [11] are
considered. To simulate damage, the wing was loaded at different locations and with
different mass values, resulting in four scenarios, as shown in Table 1. This can also
simulate different loading scenarios on the wing, such as under-wing payloads.

Table 1. XB-2 wing loading scenarios. Distances, in mm, are from the origin.

Scenario Characteristics Mass [kg]

1 Baseline 3.024

2 Added masses: 75 g at 1010 mm, 12 g at 1050 mm and 61 g at
1365 mm. 3.172

3 Added masses: 88 g at 1010 mm, 51 g at 1050 mm, 83 g at
1205 mm and 61 g at 1365 mm. 3.307

4 Added masses: same as Scenario 2 plus 181 g at 570 mm and
170 g at 665 mm. 3.658

For each scenario, the wing was excited with a linear sine sweep excitation between
2 and 25 Hz lasting 20 min (single sweep–0.02 Hzs−1 chirp rate) on a shaker table. The
data were collected from a grid of 8 accelerometers placed across the wing span. The
experimental data are available in [11].

The reader interested in more information on the XB-2 wing is referred to the following
works: the second author’s thesis [24], outlining its design and testing in the BeaRDS project
framework, a GVT campaign in [29], a further GVT campaign with a revolving clamp [30]
a damping estimation from wind tunnel data in [31], the development of an updated FEM
in [32], and nonlinear dynamics identification in [33].

2.2. Fast Relaxed Vector Fitting

The FRVF, first documented in its current and complete form in [34], originated as an
improved version of the standard Vector Fitting (VF) algorithm, proposed by Gustavsen
and Semlyen in 1999 for the modelling of large multiport electrical circuits [35]. With
respect to the VF algorithm, the FRVF adds a relaxed non-trivial constraint in the pole
identification step [36,37] and exploits the matrix form of the linear problem and the QR
decomposition, such that A = QR, for fast computation. In the form considered here, the
FRVF procedure was tested and applied for the first time for the frequency domain SI of
simple mechanical systems in [6] and to large civil structures and infrastructures in [13].
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The Fast Relaxed Vector Fitting (FRVF) method presented here serves as an input–
output system identification approach tailored for experimental modal analysis. It is
versatile, accommodating any number of input and/or output channels and applicable
to different input types [38], such as random, periodic, and impulse. While its original
formulation (and the one adopted in this study) is expressed in the frequency domain, a
time-domain variant is also reported in the literature [39,40].

The FRVF algorithm approximates the transfer function (TF) between a measured
output and a known input. This process accommodates any form of input (e.g., force,
displacement, velocity, or acceleration) and output; however, for clarity, the relationship
between the input force, F, and the output displacement, Y, is considered here. This specific
relationship corresponds to the system receptance frequency response function (FRF). To
proceed, it is essential to revisit fundamental definitions. A pole of a mechanical system
with a single degree of freedom can be described in the Laplace domain, i.e., within the
complex s-plane, as follows:

s1,2 = σ ± iωd (1)

where, being a complex pair, s2 = s∗1 . The receptance FRF can be approximated by a partial
fraction form defined as follows:

H(s) =
Y(s)
F(s)

≈ A
s − s1

+
A∗

s − s2
(2)

where A and its complex conjugate A∗ represent the residues of H(s) as follows:

A = +
1

i2mωd
; A∗ = − 1

i2mωd
; (3)

As the minus sign in the complex conjugate residue arises naturally from the conjuga-
tion (i becoming −i). Notably, if one rationalises the imaginary unit in the denominator,
multiplying by i/i, the first half of Equation (3) becomes A = − i

2mωd
which is a negative

imaginary value that is an important characteristic of the residue of a driving point.
To express this TF in the frequency domain, note that the real part of s1,2 can be

represented as follows:
σ = −ζωn (4)

while the imaginary component originates from the damped natural angular frequency ωd

of the corresponding mode:

ωd = ωn

√
1 − ζ2 (5)

where ζ is the damping ratio, and

ωn =

√
k
m

(6)

is the natural frequency of the n-th mode.
By evaluating H(s) for σ = 0 (i.e. for a purely imaginary argument), the Laplace

Transform is reduced to a Fourier Transform, and it can be shown that [41]

H(ω) =

[
A

i(ω − ωd) + ζωn
+

A∗

i(ω + ωd) + ζωn

]
=

1
−mω2 + icω + k

(7)

It is then possible to determine the physical properties of the system—such as its mass
m, stiffness k, and viscous damping c̄ = 2mζωn—based on its vibrational response. By
monitoring these properties over time while maintaining a constant mass, frequency shifts
can be attributed to variations in stiffness and, consequently, the onset of damage.
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The right-hand side of Equation (2) can be generalised to multi-degree-of-freedom
(MDoF) systems as a summation of partial fractions, expressed as follows:

f (s) =
N

∑
n=1

An

s − sn
+ H∞ (8)

where N is the number of modes assumed in the inspected range of the MDoF system
(assumed since this is, of course, not known a priori) and H∞ governs the behaviour at
high frequencies and can be decomposed into two components: the real quantity d and
the term se [35]. Concerning complex conjugate poles, VF supports both real and complex
conjugate poles, thus not distinguishing automatically between vibrational (underdamped)
modes, critically or overcritically (i.e., purely exponential) modes, and rigid body motions
(real-valued poles at or near s = 0). The removal of non-oscillatory modes, if needed, must
be performed in post-processing after identification. Then, from Equation (8), an unknown
function σ(s) is defined as follows:

σ(s) ≈
N

∑
n=1

Ãn

s − s̃n
+ 1 (9)

Multiplying f (s) by σ(s) results in the following expression:

σ(s) f (s) ≈
[

N

∑
n=1

An

s − s̃n
+ d + se

][
N

∑
n=1

Ãn

s − s̃n
+ 1

]
(10)

The poles of σ(s) f (s) are the same rational approximation of σ(s). By forcing σ(s) to
approach unity at very high frequencies (that is to say, for H∞ = 1), the ambiguity is
removed from the solution for σ(s) [35]. The terms d and se are heuristic approximations
introduced to account for the contribution of dynamics outside the frequency band of
interest—similar in spirit to the upper and lower residuals in modal theory. However,
they serve a more general-purpose modelling role. The constant-value d term (constant)
captures low-frequency asymptotic behavior—similar to a lower residual term LR/s2.
As s → 0, H(s) → d, it acts like a DC offset or residual representing static-like (quasi-
static) gains that persists after dynamic modes are truncated. Conversely, the se term
(linearly proportional to frequency) dominates as s → +∞, capturing the high-frequency
asymptotic behaviour. Hence, it is the counterpart to the upper residual term, accounting
for the truncated higher-frequency modes not included in the modal summation. So,
while both approaches serve a similar purpose—modelling contributions from modes
outside the inspected frequency band—the modal residuals have a physical derivation,
and the d + se can be seen as empirical corrections in the rational function approximation
framework. This lack of theoretical derivation makes them easily adaptable over different
fields, from Electrical to Mechanical Engineering, while preserving their intended scope.
Thus, Equation (10) leads to the following:

σ(s) f (s) ≈
(

N

∑
n=1

Ãn

s − s̃n
+ 1

)
f (s) ≈

N

∑
n=1

An

s − s̃n
+ d + se (11)

where

(σ f ) f it(s) ≈ (σ) f it(s) f (s) (12)

After performing the necessary mathematical derivations, it can be shown that
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d + ∑
n

An

s − sn
≈ H(s)

(
d′ + ∑

n

A′
n

s − sn

)
(13)

This outlines the relationship between the TF H(s) and the fitted residues [An, A′
n], poles

[sn, s′n], and constant terms [d, d′]. The right-hand side of Equation (11) asymptotically
converges to H(s) as the solution is refined, which can be achieved iteratively by treating it
as a least-squares (LS) optimisation problem.

This completes the fundamental definition of the VF method. Building upon this
formulation, a Fast Relaxed VF (FRVF) implementation has been employed [42]. This
approach specifically introduces a relaxed non-triviality constraint in the pole identification
process, incorporating a real-valued free variable d̂:

σ(s) =
N

∑
n=1

Ãn

s − sn
+ d̂ (14)

The only constraint is that the sum of the real parts of σ(s) must remain non-zero to
prevent a trivial solution. This straightforward modification provides two key benefits:
it reduces the sensitivity to the initial pole placement by enabling larger shifts across the
s-plane during the initial iterations and enhances the overall convergence of the solution.

The linear problem is subsequently addressed using the QR decomposition method,
as proposed in [34]. This involves decomposing the LS matrix into the product of an or-
thonormal basis matrix, Q, and an upper triangular matrix of coefficients, R. This approach
substantially decreases both computational effort and memory storage requirements [37].

In this work, we followed the initialisation process suggested in [35] (see Section 3.2),
for all the reasons explained in detail in the same text (Sections 4.2, 4.3, and 4.7). In brief, it
is suggested there, and implemented here, to use complex conjugate pairs of initial poles,
−αn ± iβn, with their imaginary parts β evenly (linearly or logarithmically) spaced across
the frequency range of interest. In this work, these were linearly spaced. Regarding the real
part, this is initially assumed to be always negative (i.e., stable), assuming the initial values
as αn = βn/100, to ensure that the real parts are small enough to avoid numerical issues
(as if initialised with overly fast decay, they can become numerically insignificant).

For what concerns the iterative process, it is important to note that, in the classic VF,
there is no stopping criterion. The convergence of the fitted function over experimental
data needs to be manually checked by the user. Furthermore, this does not enforce that
the identified poles are stable. Theoretically, any negative, positive, and null real parts can
be identified. Hence, once again, checks, this time for stability, are left to the user. The
stability and system-order problems can be addressed, as commonly done in practical
modal analysis application, with the implementation of stabilisation diagrams, which
minimum order is equal to the expected—by experience—minimum number of modes and
the maximum order by a number of states which allows for the identification of all modes
of interest. Further details regarding the implementation and the associated technical
considerations can be found in [35,37], for the VF and FRVF, respectively.

2.3. Loewner Framework

Previously, the LF algorithm has been employed for the modelling of multi-port elec-
trical systems [43] and utilised for aerodynamic model order reduction in the context of
aeroservoelastic modelling [44]. Later, the first and second authors applied the LF for the
identification of modal parameters from SIMO mechanical systems in [3], verified its com-
putational efficiency in [45], and assessed its robustness to noise for SHM in [11]. Further
developments have included the extension of the LF for the extraction of modal parameters
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from multi-input multi-output [12,46] and output-only systems [47]. Nevertheless, the
version considered in this work is the SIMO version first introduced in [3].

In order to properly introduce the LF, let us begin by defining the Loewner matrix L:
Given a row array of pairs of complex numbers (µj,vj), j = 1,. . . ,q, and a column array of pairs of
complex numbers (λi,wj), i = 1,. . . ,k, with λi, µj distinct, the associated L, or divided-differences
matrix is

L =


v1−w1
µ1−λ1

· · · v1−wk
µ1−λk

...
. . .

...
vq−w1
µq−λ1

· · · vq−wk
µq−λk

 ∈ Cq×k (15)

If there is a known underlying function ϕϕϕ, then wi = ϕϕϕ(λi) and vj = ϕϕϕ(µj).
Karl Löwner established a relationship between L and rational interpolation, often

referred to as Cauchy interpolation [48]. This connection allows interpolants to be defined
through the determinants of submatrices of L. As demonstrated in [49,50], rational in-
terpolants can be directly derived from L. This study adopts the methodology based on
the Loewner pencil, which consists of the matrices L and Ls. Here, Ls denotes the shifted
Loewner matrix, which will be introduced later.

To illustrate the working principle of the LF, consider a linear time-invariant dynamical
system Σ characterised by m inputs, p outputs, and k internal variables, expressed in
descriptor form as follows:

Σ : E
d
dt

x(t) = Ax(t) + Bu(t); y(t) = Cx(t) + Du(t) (16)

where x(t) ∈ Rk represents the vector of internal variables, u(t) ∈ Rm is the input function,
and y(t) ∈ Rp denotes the output vector. The following constant matrices characterise
the system:

E, A ∈ Rk×k, B ∈ Rk×m C ∈ Rp×k D ∈ Rp×m (17)

The Laplace transfer function, H(s), associated with Σ can be formulated as a p×m rational
matrix function, under the condition that the matrix A − λE remains non-singular for a
given finite value of λ, where λ ∈ C, as shown in the following:

H(s) = C(sE − A)−1B + D (18)

Let us consider the general framework of tangential interpolation, often referred to as
rational interpolation in tangential directions [51]. The corresponding right interpolation
data is defined as follows:

(λi; ri, wi), i = 1, . . . , ρ

Λ = diag[λ1, . . . , λk] ∈ Cρ×ρ

R = [r1 . . . rk] ∈ Cm×ρ

W = [w1 . . . wk] ∈ Cρ×ρ

}
(19)

In a similar manner, the left interpolation data are defined.

(µj, lj, vj), j = 1, . . . , v

M = diag[µ1, . . . , µq] ∈ Cv×v

LT = [l1 . . . lv] ∈ Cp×v

V T = [v1 . . . vq] ∈ Cm×v

}
(20)

The values λi and µj correspond to the points where H(s) is evaluated, representing the
frequency bins in this context. The vectors ri and lj define the right and left tangential
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directions, which are commonly selected randomly in practice [44], while wi and vj rep-
resent the associated tangential data. The rational interpolation problem is resolved by
establishing a link between wi and vj and the transfer function H, associated with the
realisation Σ in Equation (16):

H(λi)ri = wi, j = 1. . . . , ρ and li H(µj) = vj, i = 1, . . . , v (21)

ensuring that the Loewner pencil satisfies Equation (21). Now, let us consider a set of points
Z = {z1, . . . , zN} in the complex plane and a rational function y(s), where yi := y(zi) for
i = 1, . . . , N, with Y = {y1, . . . , yN}. Incorporating the left and right data partitions yields
the following expressions:

Z = {λ1, . . . , λρ} ∪ {µ1, . . . , µv} and Y = {w1, . . . , wρ} ∪ {v1, . . . , vv} (22)

where N = p + v. As a result, the matrix L is expressed as follows:

L =


v1r1−l1w1

µ1−λ1
· · · v1rρ−l1wρ

µ1−λρ
...

. . .
...

vvr1−lvw1
µv−λ1

· · · vvrρ−lvwρ
µv−λρ

 ∈ Cv×ρ (23)

Since vvrp and lvwp are scalars, the Sylvester equation for L is satisfied as follows:

LΛ − ML = LW − V R (24)

The shifted Loewner matrix, Ls, is defined as the matrix L associated with sH(s) as follows:

Ls =


µ1v1r1−λ1l1w1

µ1−λ1
· · · µ1v1rρ−λρl1wρ

µ1−λρ

...
. . .

...
µvvvr1−λ1lvw1

µv−λ1
· · · vvrρ−lvwρ

µv−λρ

 ∈ Cv×ρ (25)

Similarly, the Sylvester equation is satisfied as follows:

LsΛ − MLs = LWΛ − MV R (26)

Without loss of generality, D can be assumed to be zero, as its contribution does
not affect the tangential interpolation within the LF framework [50]. For simplicity, the
following discussion will focus on H(s). As a result, Equation (18) reduces to the following:

H(s) = C(sE − A)−1B (27)

A minimal-dimensional realisation can be achieved only if the system is fully con-
trollable and observable. Assuming that the data are sampled from a system with a
transfer function that is described by Equation (27), the generalised tangential observabil-
ity, Ov, and generalised tangential controllability, Rρ, are defined in [52]. Consequently,
Equations (23) and (25) can be reformulated as follows:

L = −OvERρ Ls = −Ov ARρ (28)
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Then, by defining the Loewner pencil as a regular pencil, such that eig((L,Ls)) ̸= (µi, λi),
we obtain the following:

E = −L, A = −Ls, B = V , C = W (29)

Consequently, the interpolating rational function can be expressed as follows:

H(s) = W(Ls − sL)−1V (30)

The derivation presented applies specifically to the minimal data scenario, which is seldom
encountered in practical applications. Nevertheless, the LF framework can be extended
to accommodate redundant data points efficiently. To proceed, the following assumption
is considered:

rank[ζL−Ls] = rank[LLs] = rank
[
LLs

]
= k, ∀ζ ∈ {λj} ∪ {µi} (31)

Next, a short Singular Value Decomposition (SVD) is performed on ζL−Ls as follows:

svd(ζL−Ls) = YΣlX (32)

where rank(ζL−Ls) = rank(Σl) = size(Σl) = k, Y ∈ Cv×k and X ∈ Ck×ρ. The following
is noted:

−AX + EXΣl = Y∗LsX∗X − Y∗LX∗XΣl = Y∗(Ls −LΣl) = Y∗V R = BR (33)

In a similar fashion, the relationship −YA + MYE = LC holds, where X and Y represent
the generalised controllability and observability matrices, respectively, for the system Σ,
assuming D = 0.

After verifying that the right and left interpolation conditions are satisfied, the Loewner
realisation incorporating redundant data can be formulated as follows:

E = −Y∗LX, A = −Y∗LsX, B = Y∗V , C = WX (34)

The formulation in Equation (34), which defines the Loewner realisation for redundant
data, will serve as the foundation throughout this work. For a detailed explanation of each
step, readers are referred to [49,50], while the MATLAB implementation (tested on version
2024b) is available in [53]. Finally, the system modal parameters can be extracted through
eigenanalysis of the system matrices A and C in Equation (34). In its practical application
to modal analysis, this is carried out for a series of model order k such that to include the
minimum number of modes of interest and the maximum order at which these modes are
stably identified.

2.4. The Simplified Aeroelastic Model

Aeroelasticity is concerned with the interaction between aerodynamic, elastic, and
inertia loads. This interaction can arise in an unstable manner, hence generating the
so-called aeroelastic phenomena [54]. In general, aeroelasticity can be divided into two
subgroups: static and dynamic [23]. The former includes divergence and aileron reversal,
while the latter mainly concerns flutter, sub-critical dynamics, and limit cycle oscillations.
The division arises from the fact that static phenomena can depend solely on quasi-static
behaviours, while flutter has a harmonic dependence. The reader interested in a more
profound review on the subject is referred to [55] for a focus on flutter prediction techniques
and to [56] for a practical application.
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In this work, an aeroelastic model is developed to assess, respectively, the static and
dynamic aeroelasticity phenomena of different experimental configurations. The main
focus is to detect divergence and flutter onset speeds. The proposed model is based on
the first spanwise flapping (i.e., bending) and the first twisting (torsion) modes only. For
simplicity, an aeroelastic model for a rectangular flexible wing is used, so a 2 DoF model
based on oscillatory aerodynamics, an extension for flexible wings of the classic binary
aeroelastic model [23], is selected. Nevertheless, this should not be seen as a method
limitation, but rather as a modelling choice, since more system modes can be considered
by considering more DoFs. Before starting with the model description, the following
assumptions need to be considered:

• The wing shape is assumed to be rectangular;
• The flexural stiffness EI, the torsional stiffness GJ, and the mass distribution are

assumed to remain constant along the span;
• The identified ζn are assumed to be dependent only on structural effects in the

wind-off results;
• XB-2 second mode (1st coupled mode) is assumed to be a pure twisting mode.

First, let us define the deflection, z, of a point (x, y) on the wing such as the following:

z = y2q1 + y(x − x f )q2 (35)

where q1 and q2 are the generalised coordinates corresponding to the flapping deflection
and the pitch angle. Then, by applying the Lagrangian method based on the estima-
tion of kinetic and potential energy and incremental work, the following equations are
obtained [23] from Equation (35):

m


c̄b5

w
5

b4
w
4

(
c̄2

2
− c̄x f

)
b4

w
4

(
c̄2

2
− c̄x f

)
b3

w
3

(
c̄3

3
− c̄2x f + c̄x2

f

)

{

q̈1

q̈2

}
+

+ ρU∞

 c̄awb5
w

10
0

− c̄2eawb4
w

8
−

c̄3b3
w Mθ̇

24

{q̇1

q̇2

}
+

+

ρU∞

0
c̄awb4

w
8

0 − c̄2eawb3
w

6

+

[
4EIbw 0

0 GJbw

]{q1

q2

}
=

{
0
0

}
(36)

where m is mass per unit area in kgm−2, c̄ is the wing chord (as the XB-2 mean aerodynamic
chord) in m, bw is the wing span in m, x f is the flexural axis position with respect to c̄, ρ is the
air density in kgm−3, U∞ is the air speed in ms−1, aw is the lift curve slope, EI is the bending,
or flapping, stiffness, GJ is the torsional stiffness, and Mθ̇ is the non-dimensional pitch
damping derivative, which is estimated following Theodorsen’s unsteady aerodynamics.
Figure 3 shows the schematic for the wing ROM.

U

bw
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ac fa
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xf

GJq2
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EI
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‐y

c

‐y

Figure 3. Flexible wing 2 DoF model schematic.
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Equation (36) is a special form, for the zero viscous damping case d = 0, of
the following:

amq̈ + (ρVb + d)q̇ +
(

ρV2ca + e
)

q = 0 (37)

where am is the mass, inertia, or matrix; b is the aerodynamic damping matrix; ca is the
aerodynamic stiffness matrix; d is the viscous damping; and e is the stiffness matrix. Now,
considering the availability of modal data, it can be shown (see [57]) that for low-amplitude
GVTs of beam-like structures, like wings, the viscous damping is comparable to a constant-
in-frequency hysteric damping (graphically forming a perfect ellipse), which yields similar
results to a structural damping model [58]. Furthermore, the identified damping value is
considered constant across the frequency of interest, as the modelling approach chosen
assumes small amplitudes (damping stays independent from vibration amplitude) and that
the change in the aerodynamic damping along the frequency is dominant compared to a
potential change in the viscous damping. The latter is a standard assumption for wind-off
GVT in aeroelasticity [23]. d can be considered as viscous damping and built from the
uncoupled modal damping assumption in [59]:

d = ϕ−Tdnϕ−1 for dn = 2ζnωnan (38)

where the subscript n identifies the uncoupled matrix, ωn the natural frequency, ζn the
damping ratio, and ϕ the mode shape. Hence, Equations (36) and (38) can be combined to
assemble Equation (37). Given full knowledge of the wing geometric characteristics, three
properties remain to be defined: Mθ̇ , EI, and GJ. Mθ̇ is the unsteady aerodynamics term,
and it is defined from oscillatory aerodynamics [23]:

Mθ̇ = 2π

[
− fk

2

(
1
2
− a
)
+ fkF

(
a +

1
2

)(
1
2
− a
)
+

G
fk

(
1
2
+ a

)]
(39)

where fk is the reduced frequency, a is the ratio between c̄ and the flexural axis position,
and F and G are, respectively, the real and imaginary part of Theodorsen’s function, C( fk),
such that the following holds:

C( fk) = F( fk) + jG( fk) =
H(2)

1 ( fk)

H(2)
1 ( fk) + jH(2)

1 ( fk)
(40)

where H(2)
n ( fk) are Hankel functions of the second kind, and j is the imaginary number.

Note that, in Equation (39), 2π represents the lift curve slope w. In this work, the actual
slope value is considered rather than its approximation.

Concerning the bending and torsional stiffness, EI and GJ, let us consider the still air
case where b and ca are zero. Equation (37) then becomes a simple mass-spring-damper
system as shown in the following:

amq̈ + dq̇ + eq̇ = 0 (41)

The natural frequencies can then be easily extracted through eigenanalysis. Hence,
by having a set of experimental ωn, it is possible to define the EI and GJ of the equivalent
system by minimising its squared difference to the experimental ωn. Thus, by using this
and the identified ζn for Equation (38), an aeroelastic model can be defined starting from
experimental data.

To study the system stability, the eigenanalysis of Equation (41) can be solved itera-
tively with the well-known p-k method [60] to find the divergence and flutter onset speeds.
The p-k method is based on the hypothesis that pure harmonic aerodynamics can be used as
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a good approximation for lightly damped harmonic motions. This allows the computation
of the aerodynamic transfer matrix at a complex frequency p = δ ± jk, such that p ≈ jk. In
simple terms, the real part, i.e., the damping, is neglected. A widely accepted workflow of
the p-k method [23] can be summarised as follows:

1. Initiate an estimation, usually the still air value, of p, said p0 = δ ± jk0;
2. Evaluate the aerodynamics, in our case Mθ̇ ;
3. Solve the eigenvalue (λ) problem for Equation (37) and obtain a new set of λ,

p1 = δ ± jk1;
4. Iterate between 2 and 3 until kn ≈ kn−1.

From the λ obtained after convergence, it is possible to build ωn, ζn, real(λ), and
imag(λ) vs. air-speed (U∞) plots, which can be used to graphically portray divergence or
flutter speed, whichever is detected first. In particular, critical speeds are identified for ζn

approaching zero or for real(λ) zero crossings, since both cases are interpreted as instability
in the system. In particular, for flutter, only the real(λ) zero crossing condition needs to be
satisfied, while, for divergence, imag(λ) must be zero.

3. Results
The flutter speed prediction is carried out using the model introduced in Section 2.4,

which is built on the modal parameters (ωn and ζn) identified in [11] via N4SID, FRVF, and
LF and reported here in Table 2.

Table 2. Natural frequencies and damping ratios identified by N4SID, LF, and FRVF for all scenarios
with relative differences (in parentheses). Data retrieved from [11].

Natural Frequency [Hz] (Difference with regard to N4SID [%])

Mode 1st Bending 1st Coupled 2nd Coupled

Scenario N4SID LF FRVF N4SID LF FRVF N4SID LF FRVF

1 3.190 3.202 3.203 11.896 11.886 11.858 17.763 17.703 17.725
– (0.38) (0.41) – (−0.08) (−0.32) – (−0.34) (−0.21)

2 2.957 2.958 2.945 12.096 12.134 12.083 17.350 17.302 17.294
– (0.03) (−0.41) – (0.31) (−0.11) – (−0.28) (−0.32)

3 2.775 2.769 2.788 12.002 12.025 12.014 17.079 17.101 17.023
– (−0.22) (0.47) – (0.19) (0.10) – (0.13) (−0.33)

4 2.729 2.725 2.727 11.970 11.965 11.938 15.067 15.052 15.004
– (−0.15) (−0.07) – (−0.04) (−0.27) – (−0.10) (−0.42)

Damping Ratio [-] (Difference with regard to N4SID [%])

Mode 1st Bending 1st Coupled 2nd Coupled

Scenario N4SID LF FRVF N4SID LF FRVF N4SID LF FRVF

1 0.032 0.040 0.028 0.066 0.063 0.065 0.058 0.061 0.062
– (25.00) (−12.50) – (−4.55) (−1.52) – (5.17) (6.90)

2 0.021 0.024 0.025 0.060 0.057 0.058 0.061 0.056 0.060
– (14.29) (19.05) – (−5.00) (−3.33) – (−8.20) (−1.64)

3 0.019 0.022 0.021 0.058 0.055 0.057 0.050 0.050 0.057
– (15.79) (10.53) – (−5.17) (−1.72) – (0.00) (14.00)

4 0.019 0.021 0.019 0.050 0.048 0.052 0.046 0.039 0.038
– (10.53) (0.00) – (−4.00) (4.00) – (−15.22) (−17.39)

The comparison assumes the N4SID parameters as the benchmark values to assess the
LF and FRVF performance.

To accommodate the model assumptions (see Section 2.4), the mean aerodynamic
chord is taken under consideration, and, since the wing is assumed to be rectangular, the
stiffnesses, EI and GJ, are also assumed to be constant along the span. The ζn assumption
stands as a good approximation for small vibrations [61]. Lastly, the proposed model
utilises the first bending mode exclusively for the bending component. Meanwhile, the
first mode that exhibits torsional motion, even if coupled, is treated as pure torsion for the
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purposes of this analysis. The assumptions are motivated by the fact that the main goal of
the aeroelastic investigation is to compare the LF and FRVF, rather than developing a full
aeroelastic assessment. Nevertheless, similar approaches still give reasonable estimates,
usually underestimating flutter onset speed by around 20% [62]. Thus, according to the
wing geometry and physical properties, Equations (36) and (37) are populated with the
values in Table 3, resulting in the first reduced order (2-DoF) dynamical model developed
for XB-2.

Table 3. XB-2: Properties values for the aeroelastic model.

Property Value

m mass divided by area
ρ 1.225 kgm−3

s f 0.25 × c
c̄ 172 mm
aw 7.143 (NACA 23015)
e 0
bw 1.385 m

The aeroelastic system is then evaluated, using the p − k method, between 0 and
28 ms−1 U∞; EI and GJ are derived from still air results (the GVT results)a and Mθ̇ is a
function of the reduced frequency k, being the first time that FRVF- and LF-identified modal
parameters are used to inform a flutter estimation process.

Figure 4 shows the results, in terms of ωn, ζn, and λ vs. U∞ of the linear eigenvalue
analysis of the aeroelastic model, respectively, from the LF, FRVF, and N4SID identified
data, for the baseline case. In particular, Figure 4a shows the results for ωn vs. U∞, and
Figure 4c plots the ζn vs U∞ curves. To gain insights into the stability of the λ and confirm
that divergence does not proceed to the flutter process, their real part is plotted in Figure 5
against the respective imaginary part for the baseline scenario for the results obtained from
LF, FRVF, and N4SID.
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Figure 4. XB-2: Frequency (a), damping ratio (c), real (b), and imaginary part (d) of the eigenvalues
vs. U∞ plots for the aeroelastic model computed from data obtained via LF, FRVF, and N4SID for the
baseline scenario.
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Figure 5. XB-2: Polar plot of the eigenvalues obtained from the LF, FRVF, and N4SID data for the
baseline scenario.

It should be considered that, in a real scenario, unless flutter is actively suppressed, the
aircraft, or component therein, would be seriously damaged or fail at the flutter speed, mak-
ing the definition of the divergence speed redundant. The stability behaviour in Figure 4
is similar to what is expected from similar implementations [63]. For the case reported
in Figure 4, flutter, as expected, is related to ζn approaching zero. These phenomena can
also be appreciated in Figure 5, where the zero line of the imaginary axis is crossed by λ,
pointing to the occurrence of aeroelastic instability. In addition, the absence of zero-ed
imaginary values in Figure 5 confirms that flutter precedes divergence for the case under
scrutiny. These behaviours are also found in the cases for which plots are not presented.

The values for flutter onset speeds, reported in Table 4, show that, when compared with
the N4SID-derived models, the FRVF-derived models predicted that onset speeds are much
closer than those from the LF-derived model. In particular, the difference between the FRVF-
derived models and those from N4SID never exceeds 2.88%. However, even in the worst
case, the error of the LF-derived model does not exceed 5.34%. The minimum deviations
are also different; FRVF-derived models have a minimum error of 2.36%, while for LF
models, it is 4.87%. Nevertheless, it should be considered that, for the small mass changes
implemented (less than 10%), the flutter onset speed change is less than 5%, with regard to
the baseline case for all methods. It can be said that the LF modal identification performs
worse than that via FRVF for the creation of a 2 DoF ROM for aeroelastic phenomena onset
speed predictions. However, the LF-derived models are still able to translate the small
changes in modal properties to changes in the predicted flutter speeds, as the expected
error is 20% [62]. In order to understand this, we need to take a look at Table 2. Now, the
ωn identified via LF and FRVF have negligible errors (<0.5 %) with regard to the N4SID
values; however, this changes for ζn, where the lowest, in absolute value, error is 4%. For
all cases, excluding ζ1 from scenario 2, the ζn identified via LF have a higher, albeit small,
error than those from FRVF. This small error propagates in the aeroelastic phenomena
onset speed computation, resulting, for the LF-derived values, in an absolute relative error
double (≈5%) that of the FRVF-derived speed.
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Table 4. XB-2: Aeroelastic phenomena onset speeds and the difference relative to N4SID-derived values.

Flutter Onset Speed [ms−1] (Difference with Regard to N4SID [%])

Scenario Baseline 2 3 4

N4SID 22.710 23.336 23.285 23.205
LF 21.498 22.200 22.116 21.991

(−5.34) (−4.87) (−5.02) (−5.23)
FRVF 22.057 22.743 22.727 22.590

(−2.88) (−2.54) (−2.40) (−2.65)

The reduced-order model adopted in this study is based on a number of simplify-
ing assumptions that, while effective for preliminary assessments, limit the generality
of the results. First, the wing is assumed to be rectangular, with constant flexural and
torsional stiffness and uniform mass distribution. These assumptions neglect structural
complexity such as spanwise variation in material properties and geometric discontinuities.
Second, only the first flapping and first torsional modes are considered. While suitable
for capturing primary flutter dynamics, this simplification excludes higher-order modes
and potential modal couplings that may become significant in more flexible or complex
wings. Third, the model employs a classical linear aeroelastic approach using the p − k
method, which presumes harmonic motion and small damping (small amplitudes assump-
tion). Nonlinear aerodynamic effects, which are known to influence flutter onset in real
configurations, are, therefore, not captured. Moreover, its applicability to full-scale air-
craft structures should be approached with caution, as it does not account for Reynolds
number effects or high-speed aeroelastic phenomena. Since the experimental data were
obtained for a sine sweep at a very slow chirp rate, in a controlled experimental environ-
ment, using high quality and sensitivity accelerometers, the influence of noise or other
uncertainty has not been considered in this work. However, if a similar study is to be
carried out using other-than-ideal experimental or operational scenarios, these should be
considered. Furthermore, the computational performance and scalability of LF, FRVF, and
N4SID are not addressed in this work as it has already been considered in the literature.
See [11,45] for, respectively, studies on LF and N4SID; LF FRVF; and N4SID scalability and
computational performance.

4. Conclusions
This study established the value of two frequency-domain system identification meth-

ods, specifically Fast Relaxed Vector Fitting (FRVF) and the Loewner Framework (LF), for
preliminary aeroelastic assessments. The main findings can be summarised as follows:

• The flutter speed of the XB-2 wing is predicted using a two-degree-of-freedom reduced-
order model, demonstrating reliable performance across scenarios;

• FRVF and LF reliably estimate natural frequencies and damping ratios;
• The flutter speeds predicted by the LF- and FRVF-derived models align closely with

those obtained from N4SID, with deviations not exceeding 5% for LF and 3% for FRVF;
• The variation in the damping ratio induced by the methods significantly af-

fects flutter speed predictions, emphasising the importance of accurate damping
ratio identification.

In conclusion, the accuracy of the identified damping ratio is critical for precise
flutter speed predictions. Nevertheless, the deviations between the FRVF- and LF-derived
parameters are within the reduced-order model acceptable margin of error (20%). This
highlights their potential as computationally efficient and robust alternatives to traditional
modal identification methods to support preliminary flutter calculations. However, the
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applicability of the proposed methodology is currently limited to small-scale wings, such as
those found in UAVs below 7 kg or scaled laboratory models. Extrapolating the approach
to larger aircraft structures requires careful consideration of scale-dependent phenomena,
particularly the influence of Reynolds number and aeroelastic coupling at higher airspeeds.
Additionally, executing GVTs on small UAVs and models can result in disproportionate
costs, where instrumentation, software licensing, and data acquisition may exceed the cost
of fabricating the test article itself. These limitations highlight the need for future research
into cost-effective testing procedures, the integration of higher-fidelity aerodynamic and
structural models, and validation campaigns across a broader range of scales. Such efforts
will help establish the generality and practical deployment of the proposed identification
techniques within advanced aeroelastic design workflows.
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