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Abstract
We introduce amodified Kirchhoff–Plateau problem adding an energy term to penalize shape
modifications of the cross-sections appended to the elastic midline. In a specific setting, we
characterize quantitatively some properties of minimizers. Indeed, choosing three different
geometrical shapes for the cross-section, we derive Euler–Lagrange equations for a planar
version of the Kirchhoff–Plateau problem.We show that in the physical range of the parame-
ters, there exists a unique critical point satisfying the imposed constraints. Finally, we analyze
the effects of the surface tension on the shape of the cross-sections at the equilibrium.

Keywords Kirchhoff–Plateau problem · Euler–Lagrange equations · Surface tension ·
Minimizers · Elasticity

Mathematics Subject Classification 49K10 · 49Q05 · 74G05 · 74G55 · 74P20

1 Introduction

The minimization of the area functional dates back to Plateau [28] who named the famous
Plateau problem, which in its simplest form asks if it exists a minimal surface spanning a
given curve. For the first rigorous mathematical result, we need to wait Douglas and Radó
[15, 29], who, separately, around 1930s substituted the area functional with the Dirichlet one
using conformal maps. Later on, many mathematicians generalized such a definition for the
surface, like finite perimeter sets [26], currents [17] and Almgren minimal sets [2, 32] (we
refer to the complete survey [13] and references therein).

A recent variant of the Plateau problem considers a 3D object as the assigned boundary,
namely a tubular neighbourhood of a given curve. The most delicate aspect is prescribing
the intersection set between the minimal surface and the external boundary of the rigid body.
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222 G. Bevilacqua, C. Lonati

A weak topological notion of spanning introduced by Harrison and Pugh [20] allows for
the treatment of the free-boundary problem. Indeed, using the previous definition, De Lellis,
Ghiraldin and Maggi proved the existence of an optimal soap film surface [14] with the right
regularity in the physical dimension [1, 32]. We also mention a recent capillarity model for
soap films as regions containing small volume with homotopic spanning condition [27].

In contrast to the Plateau problem, the Kirchhoff—Plateau problem concerns the equilib-
rium shapes of a system composed by a closed Kirchhoff rod spanned by an area-minimizing
surface. The main difference is the presence of a competition between normal forces of the
soap film and the elasticity of the rod [30]. This requires a suitable compactness theorem since
boundaries change along minimizing sequences [19]. In such a situation, proving the exis-
tence of minima of the energy functional under physical constraints is quite well-understood
and we mention several results in this direction [5–7, 9, 10].

The study of critical points for the Kirchhoff–Plateau problem is still a matter of debate.
Indeed, such a derivation seems to be hard for two reasons. On one hand, since the rod is
highly constrained, computations of suitable variations are quite hard. On the other hand, the
regularity of the contact set between rod and surface is not yet known [14]. Recently, in [23]
the authors derived in a weak sense Euler–Lagrange equations for generalized minimizers
containing a fixed volume and spanning an assigned tubular neighbourhood. For the elastic
counterpart, few results are known: we mention [18] for a formal derivation of the first-
necessary conditions and [4, 8] where the elastic rod is replaced by an elastic curve.

For all these reasons, to explicitly derive Euler–Lagrange equations for an elastic rod
spanned by a soap film, we need to make some simplifications. Indeed, for a complete result,
we expect to deal with Plateau’s type singularities, suitable variations for the rod and the use
of a Geometric Measure Theory framework: this will be the content of a forthcoming paper.

First of all, we assume higher regularity, hence the midline r ∈ C∞([0, L];R3), where
L > 0 is the length of the curve. Second, we restrict our attention to a planar problem,
constraining the midline to remain in the horizontal plane z = 0, so that we describe the
curve using only a geometrical parameter. Then, to quantify the competition between normal
forces of the soap film and the elasticity of the rod, we assume that the trace of the surface
on the rod is a curve r̃ , called contact curve. Such a curve is a “similar midline”, indeed it
is regular, r̃ ∈ C∞([0, L];R3) and it lies in the same plane as the one of the midline, hence
r̃ ∈ {z = 0}.

In the following, we will consider energy functionals of the form

F[r,�] :=
∫ L

0
f (κ, s) ds +

∫ L

0
� p(s) ds + 2σH2(Sr̃ ),

where κ is the curvature, the only geometric invariant we need to describe a planar curve,
σ is the surface tension and Sr̃ refers to the area of the closed surface spanning the scaled
midline r̃ . We define � p as a surface density to model shape modifications of the cross-
sections appended to the midline r [3] due to normal forces of the minimal surface on the
boundary of the rod [30]. The subscript p refers to the influence of such a function to the
reconstruction process of the rod and its position inR3. Moreover, choosing different shapes
of the cross-sections, we aim to characterize the effect of the surface tension of the film on
equilibrium configurations of the functional F .

The paper is organized as follows.We present the general setting for theKirchhoff–Plateau
problem with variable cross-sections in Sect. 2. Then, in Sect. 3, we introduce the necessary
simplifications in the planar context to derive the first-order necessary conditions. In Sect. 4,
we consider an elliptical shape for the cross-section; in Sect. 5 a dilated ellipse along the
horizontal axis and finally in 6 an oval shape. In all the studied cases, we derive conditions
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Effects of surface tension and elasticity on critical... 223

on the parameters to obtain equilibrium configurations and we characterize how the surface
tension modifies the shape of the cross-section. We conclude with some remarks in Sect. 7.

2 Setting of the problem and general energy functional

In this section, we briefly introduce the Kirchhoff–Plateau problem and an energy functional
which takes into account an elastic term for the variation of the cross-section.

2.1 The elastic rod

The Kirchhoff–Plateau problem asks if there exists a surface with minimal area spanning an
elastic thick boundary. Following [3], an elastic rod is a three-dimensional object described
through a curve r which we call midline and a family of material frames appended to it. We
assume that the midline is inextensible, i.e. it can be parametrized through the arc-length
parameter s ∈ [0, L] where L > 0 is the length of the curve, and that the rod is unshearable,
i.e. at each point on the curve, the plane of the cross-section A(s) ⊂ R

2 is orthogonal to
the midline. The material cross-sectionA(s) is, for every s, a compact simply connected set,
such that the origin (0, 0) ∈ R

2 belongs to int(A(s)). Under such hypotheses, the shape of
the rod is uniquely determined assigning a function s ∈ [0, L] �→ A(s) to define the shape of
the cross-sections, and the material coefficients κ1, κ2, ω, named flexural densities and twist
density respectively, to describe mechanical properties of the rod. Now, choosing the shape
of A(s), setting w := (κ1(s), κ2(s), ω(s)) ∈ L2(0, L) × L2(0, L) × L2(0, L), the midline
r and the director field d orthogonal to the tangent vector t(s) = r ′(s) can be uniquely
determined through the vectorial system of ODEs [21]

⎧⎪⎨
⎪⎩

t ′(s) = κ1(s)d(s) + κ2(s)z(s),

d ′(s) = −κ1(s)t(s) + ω(s)z(s),

z′(s) = −κ2(s)t(s) − ω(s)d(s),

(2.1)

equipped with the clamping conditions

t(0) = t0 d(0) = d0 z(0) = z0,

where {t0(s), d0(s), z0(s)} is an orthonormal basis. By classical results on vectorial sys-
tems of ODEs [21], we get as solution of (2.1) the midline r(s) and the orthonormal frame
{t(s), d(s), z(s)}, where z := t × d, implying that the last equation of (2.1) is always true
providing t and d. Moreover, the following regularity holds

r(s) := r0 +
∫ s

0
t(τ ) dτ ∈ W 2,2((0, L);R3),

(t, d) ∈ W 1,2((0, L);R3) × W 1,2((0, L);R3),

(2.2)

where r0 is the assigned condition to reconstruct the curve in R3 and obviously z = t × d ∈
W 1,2((0, L);R3). Then, the position of the points of the rod is defined through a function
p : � → R

3, where

� := {(s, ζ1, ζ2) : s ∈ [0, L] and (ζ1, ζ2) ∈ A(s)} and

p(s, ζ1, ζ2) := r(s) + ζ1d(s) + ζ2z(s). (2.3)
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224 G. Bevilacqua, C. Lonati

Before introducing the energy, we list the constraints imposed to the rod (we refer to [31]
for details).

1. The rod and the tangent vector are closed, hence

r(L) = r(0) = r0, t(L) = t(0) = t0. (2.4)

2. To glue the rod, we fix d(L) = d0 and we prescribe how many times the ends of the rod
can be twisted before being glued together fixing the linking number L0 of the midline
with a near suitable closed curve.

3. We encode the knot type of the midline fixing a continuous mapping η : [0, L] → R
3

such that η(0) = η(L) and we require the midline to be isotopic to η.
4. To prevent self-intersections, we require the Ciarlet-Nečas condition [12], namely∫

�

det (D p[w]) ds dζ1 dζ2 ≤ L3( p[w](�)).

We denote by U the set of all constraints as

U = {
w ∈ L2((0, L);R)3 : 1 - 4 hold true} , (2.5)

which turns out to be weakly closed in L2((0, L);R)3, see [31].
Finally, we can introduce the elastic and potential energy stored in the rod. Let f :

[0, L] × R
3 → R ∪ {+∞} be bounded from below and such that ∀ s ∈ [0, L], f (s, ·) is

continuous and convex and ∀ a ∈ R
3, f (·, a) is measurable and coercive. Then, the elastic

contribution of the rod Eel[w] : U → R ∪ {+∞} reads

Eel[w] :=
∫ L

0
f (s,w) ds.

As for the potential energy of the weight, it is given by

Eg[w] := −
∫

�

ρ(s, ζ1, ζ2)g · p[w](s, ζ1, ζ2) dsdζ1dζ2,

whereρ is the givenmass density and g is the gravitational acceleration. To take into account a
possible modification of the cross-section of the rod, we introduce an additional contribution,
that corresponds to shape modifications of the cross-section. Let � p : [0, L] → [0,+∞) be
an energy density such that � p is a continuous function; such a contribution reads

Esh[�] :=
∫ L

0
� p(s) ds. (2.6)

The function � p represents a surface density encoding an energy contribution of the cross-
section A(s) for all s ∈ [0, L], that penalizes modifications of its shape. Roughly speaking,
� p is the integral over the cross-section A(s) of a suitable energy function which specifies
different geometrical shapes of the cross-section. Precisely, � p encodes the energy density
of change of shapes of the cross-sections concentrated on the midline. The subscript p refers
to the influence of such an energy on the set� and onmodifications of the function p in (2.3).
Hence, to define the position of the rod inR3 through p(�), we need to take care of the shape
of A(s) (remember that (2.3) contains ζ1, ζ2 ∈ A(s)): adding a shape modification term to
the functional implies that the configuration map p, the elastic energy and the gravitational
energy of the rod are influenced by � p. Then, the energy of the rod will be given by

Erod[w,�] := Eel[w] + Eg[w] + Esh[�]. (2.7)

123



Effects of surface tension and elasticity on critical... 225

2.2 Plateau problem: the spanningminimal surface

Concerning the area contribution, the most recent approach is based on a new notion of
contact between the film and the rod, named spanning. This has been introduced by Harrison
and Pugh [20] and later reformulated in [14] in a more Geometry Measure Theory context.
We refer also to [6, 19] for its application to the Kirchhoff–Plateau setting and to [23] for an
interesting recent version of its use in the capillarity theory. The spanning condition can be
reformulated as follows

Definition 2.1 Let H be a closed set inR3.We denote by CH the set of all smooth embeddings
γ : S1 → R

3 \ H which are not homotopic to a constant. Given a relatively closed subset K
in R

3 \ H , we say that K spans H if ∀ γ ∈ CH , we have K ∩ γ (S1) �= ∅.
Then, in [14], for a fixed compact boundary, the following theorem has been proved.

Theorem 2.2 Assume that there exists a surface S ⊂ R
3 that spans R3\ p[w](�) in the sense

of Definition 2.1 and such that H2(S) < +∞. Then the following minimization problem has
a solution, i.e. there exists

m0 := min
{H2(S) : S spans p[w](�)

}
. (2.8)

Remark 2.3 We remark that in Theorem 2.2, the position function p does not depend on �

by the assumption that the boundary is a fixed compact set [14]. Moreover, the result has
been carried out in the general framework of Almgren minimal sets [1].

Hence, introducing the surface tension σ > 0, the total energy of the system is given by1

Etot[w,�] := Eel[w] + Eg[w] + Esh[�] + 2σ inf
{H2(S) : S spans p[w,�](�)

}
.

(2.9)

Remark 2.4 To prove the existence of a minimizer of (2.9), one needs to apply the Direct
Method of theCalculus ofVariations. However, such a proof is not an immediate consequence
of Theorem 3.1 in [19] or Theorem 3.6 in [6]. The main difficulty is to show that the set of
constraintsU (2.5) isweakly closed in the right topology. In particular, to replicate Schuricht’s
result [31], one has to introduce some conditions on the function � to take into account
only some suitable deformations of the boundary. Since the aim of this paper is to provide
some explicit examples of equilibria in a more regular setting of the modified Kirchhoff–
Plateau problem (penalizing shape modifications of the cross-section), we do not care about
general results on the existence of minimizers of (2.9). Such a purpose will be a subject of a
forthcoming work.

In the following, we consider a simplified version of the energy functional Etot in (2.9), due
to the fact that the general problem is quite hard to study and to deal with explicit solutions
is necessary to make some simplifications. Indeed, to provide a quantitative analysis of the
minimizers and to make explicit calculations to understand the competition between the

1 Denoting the class of admissible smooth embeddings with F( p[w,�](�)), as in Definition 2.1, we remark
that

inf
w∈U ,S∈F( p[w,�](�))

E[w, S] = inf
w∈U

Etot[w] = inf
w∈U

(
Erod[w] + inf

S∈F( p[w,�](�))
Ef [S]

)
.
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226 G. Bevilacqua, C. Lonati

surface tension σ and the elasticity of the rod, it is useful to set the problem in a more regular
setting (for instance, the midline is going to be C∞ and the soap film a regular parametrized
surface). Moreover, we are forced to choose specific forms of the energy functionals in (2.9)
and to define a stronger spanning condition to know how the film spans the boundary of the
rod in order to quantify boundary effects and normal forces applied by the soap film to the
rod.

3 Planemidline energy functionals

In this section, we aim to derive the Euler–Lagrange equations for a simplified version of the
energy functional Etot introducing some additional hypotheses.

First of all,we require themidline r to be a regular plane closed unknotted curve lying in the
plane z = 0. Hence, it can be parametrized in Cartesian coordinates as r(s) = (x(s), y(s)).
The closure constraints can be just imposed on each component.

Second, the curve is constrained to lie in the plane z = 0 so that the torsion of the midline
vanishes. Third,we assume that there is no influence of the twist, i.e.ω = 0. In addition,wefix
the bending parameters to be equal, namely κ1 = κ2, simplifying the elastic energy density.
Indeed, we choose a specific energy density f like f (s,w) = κ(s)2 with κ2 = κ2

1 + κ2
2 . In

Cartesian representation, the elastic contribution becomes

Eel[r] =
∫ L

0
(κ(s))2dl =

∫ L

0

(x ′(s)y′′(s) − x ′′(s)y′(s))2

((x ′(s))2 + (y′(s))2)3
√

x ′(s)2 + y′(s)2 ds.

Then, concerning the energy contribution of the film, we need to express in this setting the
area of the surfaceH2(S). Since the curve is fixed to be unknotted and planar, and no results
are known about the regularity of the contact set [14], we assume that the minimal surface
attaches to the thick boundary in a curve in the plane z = 0. Hence, we introduce a function
a(s) : [0, L] → (0,+∞) to measure the non-vanishing thickness of the cross-section A(s)
and we require that it is small compared to the length of the curve. Moreover, we require that
a(s) is differentiable to guarantee that the contact curve r̃(s) is a regular curve on [0, L].
Finally, for the purpose of this paper and to characterize specific shapes of cross-sections,
we also assume that A(s) is a convex set. In such a setting, to make explicit calculations in
evaluating the effects of surface tension σ on different shapes of the cross-section A(s), we
also require that the intersection between the film with the thick boundary is a plane smaller
regular curve r̃(s) = (u(s), v(s)), called contact curve, whose expression, by a standard
geometric argument, is the following one

u(s) = x(s) − a(s)y′(s)√
(x ′(s))2 + (y′(s))2

, v(s) = y(s) + a(s)x ′(s)√
(x ′(s))2 + (y′(s))2

.

Hence, we can write the energy of the film as the area of the closed surface surrounded by
the curve r̃ [16, Section I.6], namely

Ef [S] = 2σH2(S(u, v)) = σ

∫ L

0
(u(s)v′(s) − v(s)u′(s))ds

= σ

∫ L

0

(
x(s) − a(s)y′(s)√

(x ′(s))2 + (y′(s))2

) (
y′(s) + a′(s)x ′(s)√

(x ′(s))2 + (y′(s))2
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Effects of surface tension and elasticity on critical... 227

+ a(s)x ′′(s)√
(x ′(s))2 + (y′(s))2

− a(s)x ′(s)(x ′(s)x ′′(s) + y′(s)y′′(s))
((x ′(s))2 + (y′(s))2)3/2

)
ds

−σ

∫ L

0

(
y(s) + a(s)x ′(s)√

(x ′(s))2 + (y′(s))2

) (
x ′(s) − a′(s)y′(s)√

(x ′(s))2 + (y′(s))2

− a(s)y′′(s)√
(x ′(s)2 + (y′(s))2

+ a(s)y′(s)(x ′(s)x ′′(s) + y′(s)y′′(s))
((x ′(s))2 + (y′(s))2)3/2

)
ds, (3.1)

where the surface tension σ physically lies between 0 and 1.
Using a similar approach to the one employed in [4], to derive first-order necessary condi-

tions for the energy functional, wemove the fixed length constraint from the function space to
the energy functional, introducing a Lagrange multiplier λ ∈ R. The proof of the equivalence
of the two approaches can be found in [4]. So, to impose that the length of the curve is fixed,
the additional functional term is the following

Ec = λ

∫ L

0

(√
x ′(s)2 + y′(s)2 − 1

)
ds. (3.2)

By fixing the midline to remain in the plane z = 0, the weight contribution is irrelevant,
hence in the derivation of the first-order necessary conditions we neglect it.

Now, the last term we introduce is the one which accounts for changes of shape of the
cross-section A(s) to penalize big shape modifications. In (2.6), depending on the choice of
� p, we will change the type of sections we are going to study. To satisfy the unshearable
constraint of the cross-section, we can consider either specific geometric shapes or affine
transformations in the plane perpendicular to the tangent vector t . The specific examples of
� p we are going to make in the following are:

1. elliptical cross-section with fixed area: given a semi-axis of the ellipse denoted with a
and the area of the ellipse denoted with �, the form of � p is given by

Esh1 [a] =
∫ L

0

(
a(s)2 + �2

π2a(s)2

)
dl; (3.3)

2. elliptical section with a dilation of the horizontal semi-axis from the equilibrium config-
uration deduced in the previous case: given the horizontal semi-axis a0 of the ellipse in
the equilibrium configuration of the previous case and �(s) > 0 the dilation coefficient
applied at each point of the cross-section A(s), the form of � p yields

Esh2 [�] =
∫ L

0
(�(s) − 1)2a2

0 dl; (3.4)

3. oval cross-section with fixed area: using as a model for the oval a limacon of Pascal [25],
let � be the area of the oval and a be one half of the sum between the shorter and the
longer horizontal semi-axes of the oval, then � p reads

Esh3 [a] =
∫ L

0

(
2

π
(� − πa(s)2)

)
dl. (3.5)

Remark 3.1 Depending on the choice of Eshi , we are considering a different shape of the
cross-section A(s) appended on each point of the midline r . Hence, in the reconstruction
process of the rod to place it in R3, the expression of the position function p defined in (2.3)
has to be modified according to the additional parameters a or � (3.3)–(3.5).
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228 G. Bevilacqua, C. Lonati

Since we consider a functional which is invariant under reparametrization, we adjust
dimensional terms adding two positive constants [α] =Nm2 and [β], [λ] =N/m2. Hence, we
end up with the functional Etoti of the following form

Etoti [r, a, S, λ] = αEel[r] + Ef [S] + Ec + βEshi [a]

=
∫ L

0
F(s, x, x ′, x ′′, y, y′, y′′, a, a′, λ) ds. (3.6)

Remark 3.2 The energy functionals Eshi we are going to consider inSects. 4-6 are independent
of s, namely the effects of the shapemodification term is isotropic on each cross-section. This
implies two facts. First of all, such a choice is compatible with the unshearability condition
of the cross-section since A(s) behaves in the same way for all s ∈ [0, L]. Second, under
such strict hypothesis, the existence of a minimizer for (2.9) and in particular for (3.6), in the
planar setting, holds true in the weak topology. Indeed, the set of the constraints U results to
be weakly closed in L2 and the Ciarlet-Nečas condition holds true by the isotropic request
of Eshi on each cross-section A(s) for all s ∈ [0, L] [31]. Another issue is to remove such
assumptions and looking for the weakest condition on admissible shape modifications of the
cross-sections to get U weakly closed in the right topology.

Hence, we can derive Euler–Lagrange equations for the energy functional Etoti varying
Eshi in the mentioned cases computing

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d

dx
F − d

ds

(
d

dx ′ F

)
+ d2

ds2

(
d

dx ′′ F

)
= 0,

d

dy
F − d

ds

(
d

dy′ F

)
+ d2

ds2

(
d

dy′′ F

)
= 0,

d

da
F − d

ds

(
d

da′ F

)
= 0,

d

dλ
F = 0.

(3.7)

(3.8)

(3.9)

(3.10)

In the following,wemake a necessary assumption to characterize solutions of (3.7)–(3.10).
Indeed, we aim to visualize at least a minimizer and to analyze quantitatively the interplay
between elasticity and surface tension. Hence, since the system is quite complicated and there
are many independent variables, it can be just faced using software for symbolic calculus,
like Mathematica (Wolfram Inc., version 13). Moreover, to effectively solve (3.7)–(3.10), we
choose an explicit form of the midline, substituting, once we have computed the derivatives,

(x(s), y(s)) =
(

R cos

(
2πs

L

)
, R sin

(
2πs

L

))
.

Such a choice implies that we are always considering as midline a circumference of radius R
which has fixed length equal to L = 2π R. This is an admissible solution among the critical
ones for the Euler elastica in the plane [24]. Assuming a constant surface tension, its action is
homogeneous in every point of the surface and every direction, so the selection of a circular
midline seems to be a reasonable choice in this simple isotropic context.
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Effects of surface tension and elasticity on critical... 229

4 Case 1: circular midline with elliptical section of fixed area

Let� ∈]0,+∞[ be the fixed area of the cross-section, a(s) and b(s) = �
πa(s) be the semi-axis

of the ellipse, where we choose a(s) to be the semi-axis in the plane z = 0 and b(s) ⊥ a(s)
for all s ∈ [0, L]. The energy functional associated to the shape of the cross-section (3.3)
can be rewritten as

Esh1 [a] =
∫ L

0

(
a(s)2 + b(s)2

)
dl =

∫ L

0

(
a(s)2 + �2

π2a(s)2

) √
x ′(s)2 + y′(s)2 ds.

We report the derivation of the Euler–Lagrange equations in Appendix A. From (3.9), we
can compute the value of a as a root of the following quartic function

�(a(s)) := σπ2a(s)4 + βπ2Ra(s)4 − π2σ Ra(s)3 − β�2R = 0. (4.1)

We notice immediately that the expression of a(s) does not depend on s, implying that the
action of the surface tension on the cross-section is the same on [0, L].

By imposing the inextensibility constraint and since the midline is a circumference with
fixed length L , (A.1) reduces to

⎧⎪⎨
⎪⎩
2σ R − 2σa + βa2 + β�2

π2a2 + λ − α

R2 = 0,

σπ2a4 + βπ2Ra4 − π2σ Ra3 − β�2R = 0.

(4.2)

(4.3)

Instead of solving explicitly (4.3) we study the behavior of solutions, computing the
discriminant of (4.3) [22], which reads

� = −256(σπ2 + βπ2R)3�6R3 − 27β2π8σ 4�4R6 < 0,

implying that the equation has two distinct real roots and two complex conjugate ones.
Next, we look for the real positive ones. Using the Descartes’ rule [11] for a fourth degree
equation, we obtain that there exists a unique positive real root a for all possible choices of
the parameters (β, σ,�, R), see Fig. 1a.

To verify that the obtained root a is a physical solution, we need to avoid interpenetration.
Hence, we need to ensure a < R. Computing the derivative of (4.3) with respect to a, we
get

�′(a) = 4σπ2a3 + 4βπ2Ra3 − 3π2σ Ra2 = π2a2(4σa + 4β Ra − 3Rσ),

which turns out to be positive if

a >
3σ R

4 (β R + σ)
=: a�.

Since all constants are positive, we notice that a� < R. Assuming interpenetration of matter

occurs, namely a ≥ R, it must be �(R) ≤ 0, that results in R ≤
√

�
π
, which gives an explicit

relation between the area of the section � and the radius of the midline R. Hence, the unique
positive root a is admissible and physical if the radius of the circular midline satisfies the
following inequality

R >

√
�

π
. (4.4)
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Fig. 1 a The red line is the quartic �(a) in (4.1). It has a unique positive real root a. The blue line is the
shape of the elliptical cross-section obtained at the stationary point a. b Effect of the surface tension σ on the
elliptical shape of the cross-section. We choose σ = 0.1, 1, 5 (color figure online)

From (4.4), we can also immediately establish if the ellipse is elongated along the hor-
izontal axis or the vertical one. Indeed, since � = πab, �(a) < 0 for all a ∈ [0, a) and
a < R by the non-interpenetration constraint, we necessarily have

�

(√
�

π

)
< 0 �⇒ a >

(√
�

π

)
�⇒ a > b.

Finally, neglecting the effect of the surface tension σ , we get that the equilibrium cross-
section a tends to be a circle, indeed a = √

�/π = b. Considering σ �= 0 and increasing its
value, see Fig. 1b, we notice that the elliptical shape of the cross-section elongates along the
horizontal axis since it is pulled by the effect of the normal force generated on the boundary
by the film [30].

5 Case 2: circular midline and elliptical section with dilation of the
horizontal semi-axis

The starting point of this case is the equilibrium configuration obtained in Sect. 4: let us call
the equilibrium shape of the cross-section a =: a0. In this setting, we consider a homothetic
transformation of the horizontal semi-axis, namely �(s)a0, where � : [0, L] → R is a
differentiable function that satisfies the closure condition, i.e. �(0) = �(L) and �(s) > 0,
see Fig. 2.

The energy functional (3.4) associated to the shape of the cross-section modified by a
homothetic transformation can be rewritten as follows

Esh2 [�] =
∫ L

0

∥∥∥∥
(

�(s) − 1 0
0 0

) (
a0
b0

)∥∥∥∥
2

dl =
∫ L

0
(�(s) − 1)2(a0)

2
√

x ′(s)2 + y′(s)2 ds.

To derive the Euler–Lagrange equations, differently from Sect. 4, in (3.9), the derivation
has been carried out with respect to the homothetic parameter �(s). We report all the calcu-
lations in Appendix A. As before, the expression of the dilation parameter� can be found by
(3.9) and it does not depend on s. Since the circular midline has fixed length, (A.2) reduces
to

⎧⎨
⎩

βa2
0(� − 1)2 − 2a0σ� + λ − α

R2 + 2Rσ = 0,

2a0(a0�(β R + σ) − R(βa0 + σ)) = 0.

(5.1)

(5.2)
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Fig. 2 a The systemwith circularmidline and elliptical cross-section, viewed from above: in greenwe consider
a torus with red elliptical cross-section (horizontal semi-axis a0) (solution of Sect. 4); in orange, we display
the torus with the dilation of the horizontal semi-axis, that is �a0, with � > 0. b 3D visualization of the
system and the elliptical section (color figure online)

Fig. 3 a Effect of the surface tension σ on the elliptical shape of the cross-section modified via a dilation
(� > 1). We choose σ = 0.1, 1, 5 and a0 � 1.800, 1.958, 2.745. b Effect of the surface tension σ on
the elliptical shape of the cross-section modified via a dilation � > 1 (continuum line) compared with the
equilibrium solution a0 obtained in Sect. 4 (dashed line). We choose σ = 0.1, 1 and a0 � 1.800, 1.958 (color
figure online)

We obtain that the unique positive constant solution is given by

� = R(βa0 + σ)

a0(β R + σ)
.

Indeed, since � > 1, the associated homothety is a dilation. The strict inequality results by
the non-interpenetration constraint a0 < R imposed in Sect. 4. Finally, in Fig. 3, we analyze
the effect of the surface tension σ on the shape of the cross-section. The presence of� results
in a more elongated ellipse along the horizontal axis than the one obtained in Sect. 4 by fixing
the same value of the surface tension σ , see the dashed and the continuum curves in Fig. 3b.

Remark 5.1 We remark that we have considered an homothety only of the horizontal semi-
axis a for two reasons. On a hand, modifying the vertical one b results in no modifications
since the film spans the boundary along the horizontal axis of the cross-section. On the other
hand, using two different coefficients to modify both a and b is equivalent to elongate/shorten
a while b remains fixed.
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232 G. Bevilacqua, C. Lonati

Fig. 4 a Comparison between a circular shape (green) and the oval one (red) underlying the semi-axis a +
b, a, a, a − b. b 3D representation of the rod with oval cross-section (color figure online)

6 Case 3: circular midline with oval section of fixed area

As in the first case, we fix the area � ∈]0,+∞[ of the oval section and we parametrize it
through the limacon of Pascal. In polar coordinates it has the form rθ (s) = a(s)+b(s) cos θ ,
with a(s) > 0 and b(s) ≥ 0. The vertical semi-axis is then a(s), while the horizontal ones
are a(s) + b(s) and a(s) − b(s), see Fig. 4a.

Moreover, to have a well-defined section without singularities, we first assume a(s) >

b(s), ∀s ∈ [0, L], since the limacon has no double points if and only if a(s) > b(s) [25].
Then, to avoid cusps, we require that a(s) > 2b(s), ∀s ∈ [0, L]. Hence, the area of the oval
is given by

� =
∫ 2π

0

1

2
rθ (s)

2dθ

=
∫ 2π

0

1

2

(
a(s)2 + b(s)2 cos2 θ + 2a(s)b(s) cos θ

)
dθ = πa(s)2 + π

2
b(s)2, (6.1)

which gives an explicit expression of b as a function of a and � as follows

b(s) =
√

2

π
(� − πa(s)2). (6.2)

The energy functional Esh3 (3.5) can be then rewritten as

Esh3 [a] =
∫ L

0

(
2

π
(� − πa(s)2)

) √
x ′(s)2 + y′(s)2 ds. (6.3)

We choose such an energy functional in order to penalize shapes too far from being a circle
((6.3) is exactly

∫ L
0 (b(s))2 dl).

Now,we proceed similarly as done in Sects. 4 and 5 deriving the Euler–Lagrange equations
(3.7)–(3.10) and substituting a circumference of radius R for the midline r to understand
the interaction between the elastic cross-section and the surface tension σ . Differently from
Sect. 4, however, here we require that the film spans the longer semi-axis of the oval, precisely
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a + b, see Fig. 4b. We report the complete calculations for the derivation of (3.7) - (3.10) in
Appendix A.

From (3.9), we can compute the equilibrium solution a which is independent of s, as
before. Then, (A.3) reduces to

⎧⎨
⎩
2R2

(
�β − √

2πσ
√

� − πa2
)

− π
(
α + R2(2a(βa + σ) − λ)

) + 2π R3σ = 0,
√
2σ(πa(2a − R) − �) +

√
� − πa2

(
2
√

πβ Ra + σ
√

π(a + R)
) = 0.

(6.4)

(6.5)

In addition, such a solution a to be admissible must satisfy some constraints. First of all, the
energy functional must be always well-defined, i.e., by (6.2),

� − πa2 ≥ 0, �⇒ a ≤ √
�/π. (6.6)

Second, to avoid cusps, we need to require a > 2b, namely

a > 2

√
2

π
(� − πa2), �⇒ a >

√
8�

9π
. (6.7)

Finally, to avoid interpenetration of matter, a + b = a +
√

2
π
(� − πa2) < R results in

defining a precise interval for the equilibrium solution a:

3a2 − 2Ra + R2 − 2
�

π
> 0, �⇒

a <
π R − √

2π(3� − π R2)

3π
∪ a >

π R + √
2π(3� − π R2)

3π
. (6.8)

However, getting an explicit expression of a is quite hard. Hence, we look for a solution
through a graphical method using as independent variables a and b which are independent
of s. First of all, collecting the terms in (6.5), we obtain

2a2 − b2 +
(
1 + 2β R

σ

)
ab − 2Ra + Rb = 0 (6.9)

which is an hyperbola passing through the three points O = (0, 0), P1 = (R, 0) and P2 =
(0, R). Second, from the constraint of the fixed area � of the oval (6.1), rearranging the
terms, we get an ellipse

2a2 + b2 = 2�

π
, (6.10)

with horizontal semi-axis equal to
√

�/π . Then, we notice that a must belong to the interval
determined by (6.6) and (6.7), and (6.8) limits the range to a + b < R. Thus, we need to find
a positive solution (a, b) which fulfils (6.9)–(6.10) and lies in the region of the plane defined
by (6.6), (6.7) and (6.8).

First of all, the intersections between the hyperbola (6.9) and the ellipse (6.10) can be two
or four. Fixing R, σ and β, we have two points of intersection A and B if � ∈ (0, �2), four
intersections A, B, C and D if � > �2 and if � = �2 the hyperbola and the ellipse are
tangent (all the computations are reported in Appendix B together with the expression of�2,
which is a root of the intersection polynomial). In Fig. 5, we show different cases varying
the value �, i.e. the area of the cross-section, choosing suitable values for the parameters:
R = 1, σ = 0.9 and β = 1.
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Fig. 5 a Graphical representation of the ellipse (red) (6.10) and the hyperbola (blue) (6.9) showing the
intersection points fixing the parameters R = 1, σ = 0.9, β = 1. For � = π

3 > �2 � 1.3409, we have

four intersections. b Graphical representation of (6.10) and (6.9) with � = 29
20 > �2 � 1.3409, so again we

obtain four intersections. c) Graphical representation of (6.10) and (6.9) with � = 2π
3 < �2 = 1.3409. Here,

we have two intersections (color figure online)

Fig. 6 a Graphical study of the real positive intersection point A obtained fixing R = 1, σ = 0.9, β = 1
and � = 2π

5 and satisfying the non-interpenetration constraint (6.8) represented by the orange half-plane.
The solution belongs to the light blue interval obtained from (6.6) and (6.7). Using the same parameters, we
calculate τ � 0.224. Fixing � = τπ R2, we plot the first limit ellipse, that intersects the hyperbola and the
brown line (6.7) in the point L1. Fixing � = π R2 = π , we obtain the second limit ellipse, that intersects the
hyperbola, the line a + b = 1 and the pink line (6.6) in the point L2 = (1, 0). b Effect of the surface tension
σ on the oval cross-section. We fix R = 1, β = 1,� = π

2 and we choose σ = 0.1 (green line), σ = 1 (red
line) and σ = 10 (blue line) (color figure online)

We can immediately discard the intersection points with negative coordinates and we have
to check if the remained ones satisfy (6.6), (6.7) and (6.8). First of all, just by imposing (6.8),
we conclude that there exists always (i.e. for each choice of the parameters R, σ and β) a
unique critical admissible intersection point A := (a(A), b(A)). Then, we have to check if A
satisfies (6.6) and (6.7). In Fig. 6a, we represent the plane (6.8) in orange, the hyperbola (6.9)
obtained fixing R = 1, σ = 0.9, β = 1 and choosing � = 2π

5 , we plot the ellipse (6.10)
that defines the point A. The light blue interval is obtained by (6.6) and (6.7) showing, by the
graphical method, that the intersection point A, for such a choice of the physical parameters,
is admissible.We should repeat a similar argument varying the parameters in physical ranges.
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Moreover, we make some general considerations on the limit cases, namely when (6.6),
(6.7) and (6.8) hold as an equality. First of all, since A belongs to the ellipse (6.10) with
horizontal semi-axis equal to

√
�/π , then (6.6) is immediately satisfied by the intersection

point A. Second, there are no solutions if the area of the cross-section � is higher with
respect to the radius R of the midline. Indeed, A does not satisfy (6.8) if the semi-axis of the
ellipse is greater than R (remember that the hyperbola (6.9) intersects the horizontal axis in
P1 = (R, 0)). Then, it must hold

√
�/π ≤ R. If the equality holds, then (6.9), (6.10) and

(6.8) meet in the point L2 = (R, 0): the corresponding solution has a circular section (a = R
and b = 0), the film disappears and self-intersection occurs in O , see Fig. 6a.

Finally, from (6.7), we can deduce a lower bound for the range of parameters. Indeed, since
A must satisfy (6.7), we impose that the equality holds and we discuss the consequences.
Hence, we obtain a = √

8�/(9π) and by (6.10), b = √
2�/(9π). Substituting the two

values in (6.9), we get a limit value for the area �, i.e.

�

π R2 = 2(
2 + 8β R

9σ

)2 =: τ.

Denoting with L1 the intersection point between the ellipse obtained fixing � = π R2τ and
the hyperbola (see Fig. 6a), such a solution corresponds to an oval cross-section with a = 2b,
which is not admissible. For lower values of �, the section displays cusps since (6.7) is no
longer true. Hence, choosing τ < �/(π R2) ≤ 1, then there exists a unique physical critical
point for the functional (3.6) with an oval cross-section with fixed area of the form (6.3).

Finally, in Fig. 6b, we analyze the effect of the surface tension σ on the shape of the cross-
section. As expected, considering small values of σ , the section tends to be a circle (green
line) since b � a. Increasing σ , we obtain oval sections with a more elongated horizontal
semi-axis a + b, which is the one spanned by the soap film, while the other horizontal
semi-axis a − b is reduced.

Remark 6.1 We remark that in the complementary case, where we assume that the film
attaches to the shortest horizontal semi-axis of the oval, i.e. a − b, the problem has no
solutions. Indeed, there are no intersection points between the hyperbola and the ellipse in
the admissible plane a −b < R, determined by the non-interpenetration condition, with both
real positive coordinates a and b.

7 Conclusions and final remarks

The study of critical points for the Kirchhoff–Plateau problem is hard and not completely
well-understood. Indeed, the presence of a highly constrainedmidline and aweak topological
spanning condition makes difficult to derive the corresponding variations.

For all these reasons, we focused our attention on a simplified version of the problem,
making some necessary assumptions to carry out explicit calculations. For instance, we
required higher regularity for the curve,we considered only a planar situation andwe specified
the shape of the trace of the minimal surface on the boundary of the rod. We introduced an
additional energy term to penalize shape modifications of the cross-sections appended to the
midline and we studied the interaction between the surface tension of the soap film and the
elastic contribution of the rod.
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We derived Euler–Lagrange equations in three cases specifying the shape of the cross-
section: elliptical cross-sectionwithfixed area, elliptical sectionwith dilation of the horizontal
semi-axis from the equilibrium configuration and oval cross-section with fixed area.

We conclude that in all the studied cases and for a suitable range of the physical parameters,
there exists a unique critical point, solution of the Euler–Lagrange equations, satisfying the
imposed constraints in a simplified version of the problem.We also noticed that higher values
of the surface tension σ modify dramatically the shape of the cross-section.

Further developments will be devoted to analytically and numerically deriving a similar
system of equations for critical points without making any assumptions or simplifications.
For instance, a first direction to investigate is to overcome the limitation of the Kirchhoff rod.
Indeed, it is a useful tool to make explicit calculations but it has limits from the physical point
of view, we refer for instance to the hypotheses of unshearability and inextensibility of the
midline. A possibility is to introduce a polyconvex energy functional to describe the rod as a
real 3Dobject. However, it is not so immediate due to the huge number of imposed constraints
making hard to find the right topology to get compactness. Another direction to follow is
to employ numerical techniques to better analyze the effects of mechanical deformations.
Such a question is still open again due to the highly constrained structure of the problem. For
instance, we mention [4], where the authors provided some numerical tests, making some
necessary simplifications and for a different version of the problem: they consider an elastic
curve and not a rod.
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Appendix A: Expressions of Euler–Lagrange equations

In the following, we report the complete expressions of the Euler–Lagrange system in the
three studied cases. We define t := 2πs

L to simplify the expressions.
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In the first case, Sect. 4, where we consider an ellipse as the cross-section andwe substitute
the circular midline, (3.7)–(3.10) are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 2σ cos(t)a(s)a′′(s)
R

+
((

− β�2

π2a(s)3
− σ + a(s)

(
β + σ

R

))
sin(t) − σ cos(t)a′(s)

R

)
2a′(s)

+ 2a(s) cos(t)

(
βa(s)

2
− σ

)
+ β�2 cos(t)

π2a(s)2
+ cos(t)

(
λ − α

R2 + 2Rσ
)

= 0,

− 2σ sin(t)a(s)a′′(s)
R

+
((

β�2

π2a(s)3
+ σ − a(s)

(
β + σ

R

))
cos(t) − σ sin(t)a′(s)

R

)
2a′(s)+

+ 2a(s) sin(t)

(
βa(s)

2
− σ

)
+ β�2 sin(t)

π2a(s)2
+ sin(t)

(
λ − α

R2 + 2Rσ
)

= 0,

2a(s)σ − 2Rσ − 2β�2R

π2a(s)3
+ 2a(s)β R = 0,

L

2π R
− 1 = 0.

(A.1)

In Sect. 5, we consider as cross-section an ellipse subjected to a dilation along the hori-
zontal semi-axis and as midline the circumference. Hence (3.7)–(3.10) simplify into

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2σa2
0

R
cos(t)�(s)�′′(s) + 2a0�

′(s)
(
sin(t)

(
βa0 + σ − a0�(s)

(
β + σ

R

))
+ σa0

R
cos(t)�′(s)

)

+ 2a0 cos(t)�(s)

(
βa0 + σ − 1

2
βa0�(s)

)
− cos(t)

(
βa2

0 + λ − α

R2 + 2Rσ
)

= 0,

2σa2
0

R
sin(t)�(s)�′′(s) + 2a0�

′(s)
(
cos(t)

(
−βa0 − σ + a0�(s)

(
β + σ

R

))
+ σa0

R
sin(t)�′(s)

)

+ 2a0 sin(t)�(s)

(
+βa0 + σ − 1

2
βa0�(s)

)
− sin(t)

(
βa2

0 + λ − α

R2 + 2Rσ
)

= 0,

2a0(a0�(s)(β R + σ) − R(a0β + σ)) = 0,

L

2π R
− 1 = 0.

(A.2)

In the third case, Sect. 6, where we consider an oval as the cross-section and a circular
midline, (3.7)–(3.10) become
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2σ Ra′′(s) cos(t)
√

� − πa(s)2
(√

2
(
�2 + 2π2a(s)4 − 3π�a(s)2

) − √
πa(s)

(
� − πa(s)2

) 3
2

)

− 2π3/2Ra(s)2a′(s)
(
� − πa(s)2

) (
sin(t) (a(s)(σ + 2β R) + σ R) + σ cos(t)a′(s)

)
+ 2

√
2σ R

√
� − πa(s)2a′(s)

(− sin(t)(�2 + 2π2a(s)4 − π2Ra(s)3) + 2π2 cos(t)a(s)3a′(s)
)

+ 2
√
2σ R

√
� − πa(s)2a′(s)

(
π�a(s)(sin(t)(3a(s) − R) − 3 cos(t)a′(s))

)
+ 2�R

√
πa′(s)

(
� − πa(s)2

) (
σ(− cos(t)a′(s) + R sin(t)) + sin(t)a(s)(σ + 2β R)

)
+ √

π cos(t)
(
� − πa(s)2

) (
πa(s)2

(−2R2a(s) (βa(s) + σ) − α + λR2 + 2σ R3))
+ √

π cos(t)
(
� − πa(s)2

) (+2�R2a(s)(2βa(s) + σ) + �(α − λR2 − 2σ R3)
)

+ 2
√
2σ R2

√
� − πa(s)2 cos(t)

(
πa(s)2(πa(s)2 − 2�) + �2) − 2β�2R2

(
� − πa(s)2

)
cos(t)√

π
= 0,

2σ Ra′′(s) sin(t)
√

� − πa(s)2
(√

2(�2 + 2π2a(s)4 − 3π�a(s)2) − √
πa(s)

(
� − πa(s)2

) 3
2

)

− 2π3/2Ra(s)2a′(s)
(
� − πa(s)2

) (− cos(t) (a(s)(2β R + σ) + σ R) + σ sin(t)a′(s)
)

+ 2
√
2σ R

√
� − πa(s)2a′(s)

(− cos(t)(−�2 − 2π2a(s)4 + π2Ra(s)3) + 2π2 sin(t)a(s)3a′(s)
)

+ 2
√
2σ R

√
� − πa(s)2a′(s)

(
�πa(s)(cos(t)(−3a(s) + R) − 3 sin(t)a′(s))

)
− 2�R

√
πa′(s)

(
� − πa(s)2

) (
σ(sin(t)a′(s) + R cos(t)) + cos(t)a(s)(2Rβ + σ)

)
+ √

π sin(t)
(
� − πa(s)2

) (
πa(s)2

(−2R2a(s) (βa(s) + σ) − α + λR2 + 2σ R3))
+ √

π sin(t)
(
� − πa(s)2

) (+2�R2a(s)(2βa(s) + σ) + �(α − λR2 − 2σ R3)
)

+ 2
√
2σ R2

√
� − πa(s)2 sin(t)

(
πa(s)2(πa(s)2 − 2�) + �2) − 2β�2R2

(
� − πa(s)2

)
sin(t)√

π
= 0,

√
2σ(πa(s)(2a(s) − R) − �)√

� − πa(s)2
+ 2

√
πβ Ra(s) + σ

√
π(a(s) + R) = 0,

L

2π R
− 1 = 0.

(A.3)

Appendix B: Intersections between (6.9) and (6.10)

To determine the number of intersections between the hyperbola (6.9) and the ellipse (6.10),
we study the discriminant � [22] of the quartic equation obtained from the intersection
system of the two conics, i.e.

(18σ 2 + 8β2R2 + 8β Rσ)π2a4 + (−12π2Rσ 2 + 8π2β R2σ)a3 + (6π2R2σ 2 − 8π�β2R2

− 18π�σ 2 − 8π�β Rσ)a2

+ (−8�β R2σ + 4�Rσ 2)πa + (4�2 − 2π�R2)σ 2 = 0

which can be solved with respect to a and any solution depends on the physical parameters
R, σ, β,�. Since all the coefficients are real, if � > 0 the obtained four roots or are all real
or all complex conjugate. Solving � = 0 with respect to the area �, we end up with 6 roots
�i with i = 1, . . . , 6 which are functions of R, β, σ and they are given by

�1 = 0, �2 > 0, �3 = �4 = π R2σ(2β R + 3σ)

(2β R + σ)2
> 0, �5, �6 (conjugate roots),
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where

�2 =
3

√
δ +

√
4

(
−81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)4
σ 4 − 81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)3 (
4R2β2 − 4Rσβ − 9σ 2

)
σ 4

)3 + δ2

3 3
√
2

(
4R2β2 + 4Rσβ + 9σ 2

)3

+ 3π R2σ 2

4R2β2 + 4Rσβ + 9σ 2 +

−
3
√
2

(
−81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)4
σ 4 − 81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)3 (
4R2β2 − 4Rσβ − 9σ 2

)
σ 4

)

3
(
4R2β2 + 4Rσβ + 9σ 2

)3 3

√
δ +

√
4

(
−81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)4
σ 4 − 81π2R4

(
4R2β2 + 4Rσβ + 9σ 2

)3 (
4R2β2 − 4Rσβ − 9σ 2

)
σ 4

)3 + δ2

,

(B.1)

and

δ = 17915904π3β12σ 6R18 + 89579520π3β11σ 7R17 + 380712960π3β10σ 8R16 + 985374720π3β9σ 9R15

+ 2205895680π3β8σ 10R14

+ 3545109504π3β7σ 11R13 + 4963265280π3β6σ 12R12 + 4988459520π3β5σ 13R11 + 4336558560π3β4σ 14R10

+ 2295825120π3β3σ 15R9 + 1033121304π3β2σ 16R8.

(B.2)

Hence, for � > 0, we have an admissible solution if � ≥ �2, resulting in four intersection
points,while if� < 0, i.e.� ∈ (0, �2), the hyperbola and the ellipse have just two admissible
intersections.
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