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Relativistic mean-field models (RMF) based on the exchange of σ, ω, and ρ mesons including nonlinear
nucleon-σ couplings and density-dependent ρ coupling, are considered. A large set of models is generated
using the Markov chain Monte Carlo approach and Bayesian statistics to reproduce nuclear physics knowledge
encoded in terms of the nuclear empirical parameters and χEFT predictions for low-density neutron matter.
These models are filtered, in a second step, using astrophysical constraints: the tidal deformability obtained from
GW170817 parameter estimation and the observational masses deduced from radioastronomy. We then obtain
a set of selected RMF models that are compatible with present nuclear and astrophysical constraints and that
can be employed to make predictions and to quantity their uncertainties. Predictions for masses and radii are
compared to NICER masses-radii analyses for PSR J0030 + 0451 and PSR J0740 + 6620. We find that RMF
models can be made soft enough to predict low values for neutron star radii compatible with GW170817 and, at
larger densities, stiff enough to be compatible with NICER analyses for massive neutron stars. Our models can
also reach large values for the maximum mass, up to 2.6M�. In addition, for the core composition, we obtain a
large distribution of the proton fraction for canonical mass neutron stars, some of them allowing the direct URCA
fast cooling process. For massive neutron stars, however, most of our models suggest a large proton fraction in
the core allowing direct URCA fast cooling process.

DOI: 10.1103/7qs4-wb95

I. INTRODUCTION

The determination of the equation of state (EOS), including
uncertainty quantification, for cold and dense nuclear matter
represents one of the most intriguing and complex questions in
nuclear physics. In particular, while the properties of nuclear
matter are rather well understood at densities close to nuclear
saturation density nsat ≈ 0.155 fm−3 (corresponding to the
energy-density ρsat ≈ 2.7 × 1014 g cm−3) and at small isospin
asymmetries (Z/2 � N � 2Z , where N and Z are the numbers
of neutrons and protons in a unit volume) owing to the large
amount of data on finite nuclei issued from nuclear physics
laboratories, extrapolations to suprasaturation densities and
large isospin asymmetries are quite uncertain due to many-
body intrinsic difficulties. The deep knowledge of the EOS
would, however, allow us to understand the properties of some
of the most fascinating astrophysical stellar objects, namely
neutron stars (NSs).

In the literature, two standard approaches have been used:
ab initio calculations, see, e.g., Refs. [1–3], and phenomeno-
logical models, see, e.g., Refs. [4,5], both having their
advantages and drawbacks. In the first case, the properties
of nuclear matter can be directly related to the properties of

*Contact author: luca_passarella@polito.it

the nucleon-nucleon interactions (also including three-body
forces). Among the several ab initio calculations, a very
powerful approach is the one of chiral effective field theory
(χEFT). The main advantage of this approach is its systematic
expansion in powers of nucleon momenta and its connection
to field theory. As a consequence, the renormalization of the
approach is performed at each order in the expansion. More-
over, the errors deriving from the truncation of the expansion
and the statistical uncertainties from the fitting data are quan-
tified. Apart from its large computational effort, calculations
within χEFT are reliable up to densities of, at most, twice
nsat thus not large enough to model the central regions of
NSs. Phenomenological models instead make use of the nu-
clear empirical parameters (NEP) to fix the couplings between
nucleons and exchange mesons and the EOS is usually com-
puted in the mean field approximation. The major advantage
of this approach is the low computational effort that allows
the exploration of wide ranges of density, isospin asymme-
tries, and also temperatures. Major drawback: there is no
guideline for introducing interaction terms in the underlying
Lagrangian, terms (and corresponding couplings) which are
therefore purely phenomenological and whose contribution,
especially at large densities, is not fully under control.

Once the EOS is obtained within these theoretical frame-
works, the structure of NSs (as for instance the mass-radius
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relations) can be computed and compared with observational
results. This procedure however is solely based on the physics
close to nsat and does not exploit the information on the EOS
that can be extracted from the observed properties of NSs.
In the seminal paper [6], for the first time, nuclear physics
input has been integrated with astrophysical inputs through
a Bayesian analysis of the astrophysical data, and the EOS
was reconstructed by use of a polytropic parametrization at
high density. Since then, several papers have used a similar
approach, see for instance Refs. [7–14] for studies on nucle-
onic matter. Alternatively, also approaches based on neural
networks have been recently applied to address the same prob-
lem, see, e.g., Ref. [15].

Here, we resort to Bayesian analyses and make use of a
large set of relativistic mean field models to infer the EOS
of dense matter by exploiting the experimental knowledge of
the NEP, the theoretical constraints on neutron matter arising
from ab initio predictions based on χEFT, the astrophysi-
cal constraints on the maximum mass of NSs, and the tidal
deformability associated with the gravitational waves signals
GW170817. Finally, our EOS inference is compared to the
recent constraints on the masses and radii of PSR J0030 +
0451 and PSR J0740 + 6620 as obtained by the analyses of
NICER observatory data. Here, we limit our study to the case
of matter containing nucleons and leptons and disregard the
possibility of the formation of hyperons and delta resonances,
see Refs. [16–18] for detailed studies on their formation in
dense matter and [19–21] for recent Bayesian analyses on
hyperonic matter. We show in particular that it is possible to
find a parametrization of the EOS that satisfies the nuclear
physics and astrophysics data under consideration. Moreover,
we obtain predictions for the range of the maximum mass of
NSs, the central baryon densities of most massive objects, the
proton fraction in the core of NSs, and the size of the region
that undergoes fast cooling for two representative masses,
1.4M� and 2.0M�.

II. RELATIVISTIC MEAN FIELD MODELS

A version of the relativistic mean field model devised in
Refs. [22,23] is employed in a Markov chain Monte Carlo
approach combined with the Bayesian statistics. In this model,
the interaction between nucleons is mediated by the exchange
of σ, ω, ρ mesons, and nonlinear self-couplings of the σ

field are also adjusted to reproduce low values of the nuclear
matter incompressibility. In addition, the coupling between
nucleons and the ρ meson, gρ , is being changed into a
density-dependent coupling gρ (nb), as suggested for instance
in Ref. [24]. The corresponding Lagrangian reads

L =
∑

N

ψ̄N (iγμ∂μ − mN + gσ σ − gωγμωμ

− 1

2
gρ (nb) γμτ · ρμ)ψN + 1

2

(
∂μσ∂μ − m2

σ σ 2)
− 1

4
ωμνω

μν + 1

2
m2

ωωμωμ − 1

4
ρμν · ρμν

− 1

2
m2

ρρμ · ρμ − 1

3
bmN (gσ σ )3 − 1

4
c(gσ σ )4, (1)

where ψN is the nucleon N spinor (N can be a neutron or a
proton).

Anticipating the discussion of the results, it is interesting
to compare the Lagrangian (1) we consider with the one
considered in a recent analysis in Refs. [25,26]. The main dif-
ferences are the following ones: the meson couplings between
ρ and ω as well as the nonlinear ω coupling are considered in
Refs. [25,26] while they are absent in our Lagrangian (1). It is
important to note that in Ref. [26] the quartic ω self-coupling
ζ has been set to zero whereas in Refs. [27,28] it was included
and a detailed analysis has shown that it softens the EOS.
We, however, consider a density-dependent coupling for ρ

meson with nucleons, see Eq. (2). These differences in our
approaches impact the nuclear equation of state in asymmetric
matter since in the two Lagrangians coupling constants asso-
ciated with the ρ meson are introduced, but in a different way.
There are, however, similarities in the prediction of the two
approaches, e.g., they both predict large mass for stable NSs,
but there are also differences, e.g., the compactness of NSs can
be larger with the Lagrangian (1) we consider compared to the
predictions from in Ref. [25]. These differences are discussed
in Sec. IV B 3.

Let us introduce the model parameters and how they
are constrained. There are five couplings constants, namely,
gσ , gω, gρ, b, c, and one more parameter aρ describing the
density-dependent coupling of gρ (nb), where nb = ∑

N nN =
nn + np, as

gρ (nb) = gρ (nsat ) exp

[
− aρ

(
nb

nsat
− 1

)]
, (2)

as in Ref. [29]. The value gρ (nsat ) is a constant that is adjusted
as explained hereafter.

The density dependence of gρ introduces a rearrangement
contribution �r to the nucleon self-energies:

�r = −1

2
aρgρ (nb)

np − nn

nsat
ρ03, (3)

where ρ03 is the mean field isospin three-component of the
ρ field (see discussion in the following). The density depen-
dence of the ρ meson coupling is mostly correlated with the
slope of the symmetry energy Lsym.

By minimizing the action deduced from Eq. (1) it is possi-
ble to obtain the Euler-Lagrange equation

[(γμ(kμ − gωωμ − 1
2 gρ (nb)γμτ · ρμ) − m∗

D]ψN (k) = 0, (4)

where the Dirac effective mass is defined as

m∗
D(σ ) = mN − gσ σ. (5)

The eigenvalues for nucleonic states are functions of the mo-
mentum k as

eN (k) = gωω0 + gρρ03I3N + �r +
√

k2 + (m∗
D)2, (6a)

where I3N is the isospin three-component for nucleons. In uni-
form matter at static equilibrium, space and time derivatives
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TABLE I. Range of nuclear empirical parameters (NEPs) considered in the present study and originating from Ref. [8]. In the second,
third, and fourth rows, the centroidal values, with a standard deviation of ± 1 σ , are reported for the NEPs displayed in the corner plots of
Figs. 2 and 4. Each raw show the impact of additional constraints which are described in the text.

NEPs Esat nsat Ksat Esym,2 Lsym m∗
D,sat

unif.dist. [−16.4, −15.2] [0.145, 0.165] [180, 280] [28, 36] [30, 90] [0.45, 1.05]

+χEFT band −15.78+0.40
−0.42 0.155+0.007

−0.007 228.44+34.25
−33.27 32.46+1.76

−1.63 60.10+15.23
−13.21 0.72+0.12

−0.15

+GW170817 −15.77+0.36
−0.38 0.157+0.005

−0.007 231.19+30.10
−31.91 31.84+1.06

−1.09 51.97+7.08
−8.19 0.75+0.08

−0.08

+MTOV PDF −15.77+0.36
−0.38 0.156+0.006

−0.006 231.49+29.99
−32.23 31.83+1.07

−1.00 53.44+6.06
−6.69 0.70+0.05

−0.05

can be dropped, and the meson field equations are

ω0 =
∑

N

gω

m2
ω

nN , (7a)

ρ03 =
∑

N

gρ

m2
ρ

I3NnN , (7b)

gσ σ = g2
σ

m2
σ

[
−bmN (gσ σ )2 − c(gσ σ )3 +

∑
N

nsN

]
(7c)

with the scalar density for nucleon N defined as

nsN = (g = 2)

2π2

∫ kFN

0
k2dk

m∗
D√

k2 + (m∗
D)2

. (8)

This integral can be obtained analytically and we have

nsN = 1

2π2
m∗

D

[
kFN EFN + m∗2

D ln

(
m∗

D

EFN + kFN

)]
(9)

with EF =
√

k2
F + m∗2

D .
The energy density is

ε = 1

3
bmN (gσ σ )3 + 1

4
c(gσ σ )4 + 1

2
m2

σ σ 2 + 1

2
m2

ωω2
0

+ 1

2
m2

ρρ
2
03 + g

2π2

∑
N

[∫ kFN

0
k2dk

√
k2 + (m∗

D)2

]
,

(10)

while the pressure

p = − 1

3
bmN (gσ σ )3 − 1

4
c(gσ σ )4 − 1

2
m2

σ σ 2 + 1

2
m2

ωω2
0

+ 1

2
m2

ρρ
2
03 + nb�r + g

6π2

∑
N

[∫ kFN

0

k4dk√
k2 + (m∗

D)2

]
.

(11)

Let us now introduce the NEP, we are going to use to
constrain those six parameters: Esat is the binding energy per
nucleon, nsat is the saturation density, Ksat is the compression
modulus, Esym,2 is the quadratic contribution to the symmetry
energy, Lsym is the slope of the symmetry energy, and m∗

D,sat is
the nucleon Dirac mass (in units of mN ). All those quantities
are defined at saturation and for symmetric matter. These NEP
are known with given uncertainties, which can be large in
some cases. The values for the NEP that we consider in our
parameter exploration (priors) are given in Table I and orig-
inate from the analysis performed in Ref. [8]. The relations

between the NEPs and the model parameters are given in the
Appendix.

Some sets of parameters create models that are found,
however, to be in contradiction with NS observations. For
instance, some models may predict NS configurations with
a maximum mass below the observational limit of ≈2M�.
These models have to be removed from our selection. For
this reason, we employ in the following astrophysical data
to further constrain the values of the model parameters. In
addition, the selected models are used to make predictions
on several observables that are not employed for the selection
(by the lack of astrophysical data to compare with). Employ-
ing selected models for such predictions informs us about
the efficiency of the astrophysical data that we have consid-
ered to constrain other quantities, e.g., core composition or
crust thickness, for which there are no data. The dispersion
between the selected models for these quantities provides an
uncertainty quantification.

The EOSs we compute correspond to two cases: i) neutron
matter for the comparison with the theoretical predictions
based on χEFT results, and ii) nucleonic matter in β equilib-
rium (with the contribution of leptons and with the additional
condition of charge neutrality) for the comparison with the
astrophysical data. In the last case, the EOS for the core has
to be completed with the EOS for the crust of NSs. To do
so, we consider, as customary, the Baym-Pethick-Sutherland
(BPS) EOS for the outer crust, i.e., for densities smaller than
∼0.001 fm−3 [30] and the Negele-Vautherin EOS [31] up
to a density of ncore = 0.08 fm−3. The RMF EOSs are then
matched with the crust’s EOS at ncore. A few comments about
the matching procedure are in order. Let us name pcore the
pressure corresponding to ncore. The RMF models are com-
puted starting from a value of pressure p1 > pcore (larger by
one step in the computational grid). When integrating the
Tolman-Oppenheimer-Volkoff (TOV) equations, all thermo-
dynamical variables are computed between pcore and p1 by
using a linear interpolation. This very simple procedure is
commonly used (see [32]) and leads to so-called “nonunified
EOSs”. As studied in [32], a unified approach, in which all
segments (outer crust, inner crust, liquid core) are calculated
starting from the same nuclear interaction is definitely more
reliable in particularly for the computation of the crust thick-
ness. Thus, we remark that when showing in the following our
results for the crust thickness distributions, those results must
be considered as being qualitative.

The EOSs with crust and core components are the input
ingredients for solving the TOV equations for the structure of
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nonrotating NSs as anticipated before. In particular, besides
the mass-radius relations, we also compute the tidal deforma-
bilities for comparison with the constraints obtained on this
quantity by the observation of GW170817 [33]. Stressing
again the differences with the recent analysis in Ref. [26],
we do not adopt any constraints for intermediate densities in
the range 1–3 nsat from heavy-ion collisions, such as the ones
derived by the Kaos collaboration [34] and the FOPI one [35].
On the other hand, while only the predictions of Ref. [36]
were used as constraints for χEFT in Ref. [26], more recent
and different kinds of predictions are also considered in our
analysis [37–39].

III. NEUTRON STARS

We briefly describe how neutron star properties are deter-
mined from general relativity equations.

TOV and pulsation equations

The masses, radii, and pressure profiles of nonrotating NSs
are obtained by solving the Tolman-Oppenheimer-Volkoff
(TOV) equations:

dm

dr
= 4πr2ε(r)

d p

dr
= πr3 p(r) + m(r)

r2
(
1 − 2m(r)

r

) (ε(r) + p(r)) (12)

Equations (12) are solved with initial conditions for mass
and pressure: m(r = 0 km) = 0 and p(r = 0 km) = pc. By
varying the value for pc, one generates a family of masses
and radii.

The pulsation equation is defined as

dy

dr
= −y(r)2

r
− y(r) − 6

r − 2m(r)
− rQ(r), (13)

where

Q(r) = 4πr

r − 2m(r)

[
[5 − y(r)]ε(r) + [9 + y(r)]p(r)

+ ε(r) + p(r)

∂ p(r)/∂ε(r)

]
− 4

[
m(r) + 4π3 p(r)

r(r − 2m(r))

]2

. (14)

Defining yR as

yR = y(R) − 4πR3εs/M, (15)

where εs is the surface energy density εs = ε(r = R). For NS,
εs = 0.

The dimensionless tidal deformability is defined as [40]

� = 2
3 k2β

−5, (16)

where β = M/R, with total mass M and radius R, while k2 is
the tidal Love number given by

k2 = 8

5

β5z

F
(17)

with

z = (1 − 2β )2[2 − yR + 2β(yR − 1)] (18)

and

F = 6β(2 − yR) + 6β2(5yR − 8) + 4β3(13 − 11yR)

+ 4β4(3yR − 2) + 8β5(1 + yR) + 3z ln 1 − 2β. (19)

IV. PARAMETER SPACE EXPLORATION
FOR RMF MODELS

In the literature, RMF models are often associated with a
limited number of parameter sets. In the present study, we
instead explore a large number of parameter sets initially
provided by a Markov chain Monte Carlo (MCMC) parameter
space exploration. We then filter this large number of models
against several constraints, which we detail in the following
subsections.

A. Markov chain Monte Carlo (MCMC)

We employ the emcee python library to perform the
MCMC exploration of the parameter space. The priors on the
model parameters are expressed in terms of the NEPs given
in Table I. If the set of parameters predicts at least one of the
NEP to be out of the range given in Table I, then the prior
probability is pprior = 0. In the METROPOLIS algorithm at the
heart of the MCMC approach, a probability is assigned to each
model. In our case, this probability is defined in the following
way:

log pMCMC = −1

2

N∑
i=1

(
E (model, ni ) − E (χEFT, ni )

�E (χEFT, ni )

)
(20)

where i runs over the densities ni, and where E (χEFT, ni )
and �E (χEFT, ni ) represent the centroids and uncertainties
of the χEFT band defined hereafter, see Fig. 1(a). In case the
RMF model is inside the χEFT band, the probability becomes
constant: if log pMCMC � −N/2, then log pMCMC = −N/2.

The MCMC is initialized with a set of 50 models com-
patible with Table I and the MCMC method is evolved until
the total number of different and viable models reaches 104.
Predictions for the energy per particle in NM based on χEFT
nuclear interactions [37–39] are shown in Fig. 1(a). The un-
certainty quantifications (UQs) performed by the authors of
these calculations are represented by vertical bars. These UQs
are performed differently by these authors implying some
complexities in their interpretation. We, therefore, consider
an agnostic approach averaging over these microscopic pre-
dictions: at each density in the region n ∈ [0.05, 0.16] fm−3,
each of these χEFT predictions are represented by a Gaussian
distribution centered at their centroid with a width equal to
their UQ. A global distribution is then obtained by adding
them, and the band (grey area) represents the boundaries of
the global distribution defined as its centroid ± its standard
deviation. The values we obtain are given in Table II.

As a reference, the prediction for NM energy per particle
from GM1 Lagrangian [22] is also shown. We conclude that
the Lagrangian GM1 is not in good agreement with the χEFT
band.

We show in Fig. 1(b) a few examples for the priors model
that do not agree with the χEFT band (grey lines), the χEFT
band (grey area), and the selected models (orange area). There
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FIG. 1. (a) Comparison of different microscopic prediction for
the binding energy in NM based on χEFT nuclear interaction
[37–39] with the prediction from GM1. The grey area represents an
average over the several microscopic predictions, see text for more
details. (b) Comparison of the energy per particle in NM for some of
our priors (grey lines), the χEFT band identical to the one shown on
the top panel (grey area), and predictions from the models selected
from the NEPs given in Table I and χEFT band (orange area).

is a wide overlap between the selected models and the χEFT
band, except for the low values of the energy per particle
around saturation density. The reason is due to the interval for
Esat and Esym,2 considered in Table I. Since we have ENM/A ≈
Esat + Esym,2, the lower values of ENM/A around saturation
density reflect the choice for the range of Esat and Esym,2 given
in Table I. To populate the lower values of ENM/A around sat-
uration density we shall explore values for Esat and/or Esym,2

which are lower than the ones suggested in Table I. These
lower values are however excluded by the phenomenology of
finite nuclei. So the double constraints imposed to the selected
models to satisfy the NEP range given in Table I and the χEFT
band, result in a band which is shown in orange in Fig. 1(b).

TABLE II. Boundary for the band extracted from the micro-
scopic predictions in NM based on χEFT nuclear interactions
[37–39]. See text for more details.

χEFT band χEFT+NEP band

Densities E/Amin E/Amax E/Amin E/Amax

fm−3 MeV MeV MeV MeV

0.05 6.79 7.40 6.79 7.40
0.06 7.57 8.46 7.57 8.40
0.07 8.34 9.34 8.34 9.34
0.08 9.05 10.27 9.04 10.27
0.09 9.74 11.23 9.85 11.23
0.11 10.44 12.24 10.67 12.24
0.12 11.14 13.29 11.50 13.29
0.13 11.85 14.41 12.38 14.41
0.14 12.55 15.60 13.25 15.60
0.15 13.27 16.86 14.12 16.86
0.16 13.99 18.19 15.03 18.19

The boundaries for this band, allowed by χEFT and NEPs
from Table I, are given in Table II.

Considering the NEPs given in Table I and the χEFT band
shown in Fig. 1, the distribution of NEP and their mutual
correlations are shown in the corner plot in Fig. 2 (black).
While the isoscalar NEPs (Esat, nsat, and Ksat) are rather flat,
the isovector NEPs (Esym,2 and Lsym) are peaked at Esym,2 =
32 ± 2MeV and Lsym = 60 ± 10 MeV. This is a consequence
of the selection against the χEFT band, which is defined

FIG. 2. Corner plot comparing the distributions and correlations
between NEPs for the models selected from the NEPs in Table I and
the χEFT band (black) and for the models that are further selected
on the tidal deformability from GW170817 (red). See text for more
details.
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for NM. The distribution for the Dirac mass m∗
D,sat is shifted

towards the largest values in the range defined in Table I.
In the following, we filter these initial 104 models employ-

ing astrophysical data, as described hereafter.

B. Astrophysical data

We now detail the constraints imposed by several astro-
physical observations on our model selection. A preliminary
remark is, however, necessary here. In the comparison of our
models to astrophysical data, we assume a nucleonic type of
EOS describing the source of the astrophysical data. Since this
type of EOS is nucleonic, we do not explore the possibility of
phase transitions in the core. Therefore, while an exclusion
of all our selected EOS would be a sign that they are not
able to describe astrophysical data (which do not occur), the
fact that we find a set of models surviving the astrophysical
selection cannot be interpreted as a validation of the nucleonic
hypothesis. We can only conclude that nucleonic EOSs are not
ruled out by astrophysical data.

To produce the EOSs for NSs, we impose β equilibrium in
uniform matter and we connect to the BPS EOS for the crust,
as explained before.

1. Tidal deformability from GW170817

For a given EOS and a fixed mass M, the dimensionless
tidal deformability is obtained from Eq. (16). For GW170817,
we select all the models for which the tidal deformability is
� ∈ [70, 770] for a NS with a mass M = 1.4M�.

To show the impact of GW170817 on our model selection,
the posterior distributions for the NEPs given in Table I are
shown in Fig. 2 (red). The difference between the black and
the red lines represents the impact of GW170817 on the model
selection. The most noticeable impact of the constraints from
χEFT is observed on the isovector NEP Esym,2 and Lsym

for which the distributions are shifted towards lower values
compared to the prior ones. After the selection from χEFT,
we obtain Esym,2 � 34MeV and Lsym � 70 MeV. The Dirac
effective mass is also impacted since the new distribution
excludes both the lower and higher values indicated in Table I.
We obtain, after the selection from χEFT, that 0.6 � m∗

D,sat <

0.9. In more details, the parameters Esym,2 and Lsym peak at
32MeV and 52 MeV, respectively and m∗

D,sat, shows a slight
peak at 0.78.

Since the probabilities are not normalized, the difference
between the priors (in black) and the selected models (in
red) reflects the effectiveness of GW170817: from 104 initial
models, we obtain about 7 018 after the selection against the
tidal deformability from GW170817.

2. Maximum mass

Recent observations of massive NS from radio astronomy
are listed in Table III. Two of these four pulsars have been
measured several times, either by the same team or by dif-
ferent teams, and the latest measurement is not always the
best to consider. In Ref. [45] for instance, the authors do not
regard their measurement, as superseding the previous one
from Ref. [48]. They are even satisfied by the fact that their

TABLE III. List of recently observed masses (Mobs,i) among
which we select four constraints, identified with an integer value for
i. For two of these pulsars, there are several measurements of the
masses, and we select only one of them.

Mobs,i

Sources i [M�] Ref.

PSR J1614–2230 1.970 ± 0.040 [41]
1.928 ± 0.017 [42]

1 1.908 ± 0.016 [43]
1.922 ± 0.015 [44]
1.937 ± 0.014 [45]

PSR J0348+0432 2 2.01 ± 0.04 [46]
MSP J0740+6620 2.14 ± 0.10 [47]

3 2.08 ± 0.07 [48]
1.99 ± 0.07 [45]

PSR J2215+5135 4 2.27 ± 0.15 [49]

result is consistent with the one from Ref. [48] within 1σ .
For this reason, we select the measurement from Ref. [48] to
constrain the TOV mass. The final result does not, however,
depend substantially on our choices.

Each of these observations of massive NSs produces a
lower estimate for the TOV mass. Considering the uncertainty
reported in these measurements, the probability distributions
for the TOV mass are plotted in Fig. 3 (dashed, dotted, and
dash-dotted lines). These probabilities are defined as

Pi(Mmax) = erf[ fi(Mmax)] + 1

2
, (21)

where erf(z) is the error function, i indicates the observed data
reported in Table III, and the function fi(M ) is defined as

fi(M ) = M − Mobs,i√
2 σM,i

, (22)

where Mobs and σM are the observed mass and the associated
error, respectively. The probability (21) is assigned to a given
EOS with the TOV mass Mmax expressed in solar mass units.

Since the two NSs that have produced GW170817 are
believed to have produced a black hole [33], the sum of their
masses defined an upper boundary for the TOV mass. We

FIG. 3. The probabilities P(Mmax) associated with the four obser-
vations are given in dashed, dotted, and dash-dotted lines. The solid
line refers to the total probability Ptot(Mmax).
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FIG. 4. Same as Fig. 2 for models satisfying the constraint from
the TOV mass (blue) on top of the previous ones (red). Note that the
red distribution is identical to the one in Fig. 2.

introduce the associated probability PGW170817(Mmax) defined
as PGW170817(Mmax) = (1 − erf[ f5(Mmax)])/2, with Mobs,5 =
2.74 M� and σM,5 = 0.04 M� obtained from the waveform
analysis for low-spin priors [33].

Finally, since all these constraints are independent of each
other, one can define a total probability by multiplying them
together. We obtain

Ptot(Mmax) = PGW170817(Mmax)
4∏

i=1

Pi(Mmax), (23)

which is represented in Fig. 3 (solid line). Note that the lower
boundary of the distribution is strongly dependent on the
mass observation of PSR J2215 + 5135, which remains quite
uncertain. We, however, decided to keep this observation to
define the TOV mass probability distribution to select stiff
models at high density (or high mass). It is indeed difficult to
have models that change from soft for canonical mass NS to
stiff at higher densities (thus for massive NSs). Anticipating
our final results, we show that the RMF approach presented
here is a good candidate for obtaining such behavior.

We show in Fig. 4 a comparison of the distribution of pa-
rameters after the maximum mass selection (blue), for which
all models predicting a TOV mass lower than 2M� are re-
moved, see Fig. 3. As a reference, the result of the MCMC
parameter exploration and the constraint from GW170817 is
also shown (red). The result of this further selection is to
isolate 3945 models (blue) out of the 7018 ones previously
selected (red). Since the constraint on the maximum mass is
applied to beta-equilibrium matter in NS, which is quite neu-
tron rich, the result of the selection impacts more the isovector
channel, Esym,2 and Lsym, than the isoscalar one. Interestingly,
the Dirac mass is also impacted and now peaks at about 0.70.

FIG. 5. Histogram showing the normalized probability as a func-
tion of the maximum mass. The models within the 68% probability
range are indicated in red, those corresponding to the 95% probabil-
ity range in blue, and the remaining models in grey.

In Fig. 5 we represent the distribution of models as a
function of the TOV mass Mmax. The model distribution cor-
responds to our final selection, i.e., selecting according to
NEPs, χEFT band, GW170817 tidal deformability and the
distribution of maximum mass. In red are shown the mod-
els representing 68% of the total probability, in blue the
complement to reach 95% of the total probability, and the
rest is shown in grey. Considering the selection of models
shown in Fig. 5, Figs. 6 and 7 show the mass-radius and
mass-$\Lambda$ prediction with the same color coding of
Fig. 5. Note that since the constraint from GW170817 has
been employed in the model selection, there are no models
out of the horizontal segment representing the 90% confidence
level for � associated with GW170817. Predictions for GM1
[22] and our best models PMP1, PMP2, and PMP3 are shown
in Figs. 6 and 7.

FIG. 6. Mass-radius relation solution of the TOV equations for
each finally selected EOS. The colors (red, blue, grey) correspond to
the distribution shown in Fig. 5. The pink dash-dotted line is referred
to the 68% credible regions of Fig. 7 in [25].
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FIG. 7. Mass-� relation solution of the TOV equations for each
finally selected EOS. The colors (red, blue, grey) correspond to the
distribution shown in Fig. 5.

3. Comparison to NICER analyses

The mass-radius relations for all the finally selected models
are shown in Fig. 6. The contours correspond to the 90%
confidence interval and are associated with the observation
of PSR J0030 + 0451 [50] and PSR J0740 + 6620 [51] by
NICER team. In the case of PSR J0030 + 0451 two con-
tours are suggested recently depending on the hot-spot model
(PDTU and STPDT) with a small overlap between them.
Since the authors, among the two observational data analysis,
have not chosen which is preferable, we represent them both.
Let us remark, however, that our selected best models (red)
overlap with the overlap between the two contours for PSR
J0030. There is also a very good overlap between our finally
selected models and the 90% confidence interval for PSR
J0740 + 6620. We therefore conclude that our finally selected
models are in good agreement with the present analyses by
NICER.

The maximum mass of each model exceeds 2.1M�, with no
model exhibiting a maximum mass above 2.7M�. This finding
is consistent with the assumed probability function, P(Mmax).

As a reference, we also show in Fig. 6 the mass-radius
relation obtained for GM1. As often with RMF approach, the
radius of a canonical mass NS (about 1.4M�) is around 14 km,

FIG. 8. The models that satisfy the constraints on χEFT, tidal
deformability and the additional constraint given by NICER data are
reported in orange for PDTU, while in green for STPDT.

see, e.g., Ref. [52], while our best models predict lower values
for the radius, R1.4M� ∈ [12.3, 13.3] km.

The mass-radius predictions for PMP1-PMP3 RMF mod-
els are also shown in Fig. 6. The models PMP1 and PMP3
are localized at the boundary of the 68% confidence interval
(red region), while PMP2 is more central. It is selected from
the TOV mass, which is intermediate between the two ones
predicted by PMP1 and PMP3, see Table IV.

The impact of the two contours for PSR J0030 recently
suggested by NICER is shown in Fig. 8. The distribution
considering the model PDTU for the hot spot (yellow) is
compared to the distribution for the model STPDT (green).
There is a weak impact of these two possible observations
on our models, and additionally, these two distributions do
not reduce substantially the number of models in our set. The
main reason is that our best models have already a very good
overlap with the two contours as shown in Fig. 6.

TABLE IV. Parameters for PMP1, PMP2, PMP3, PMPR2, PMPR4, and PMPR6 RMF models. The models PMPR2, PMPR4, and PMPR6

predict RdURCA equal to 2, 4, and 6 km, respectively, for 1.4M� NS. See text for more details.

Esat nsat Ksat Esym,2 Lsym Mmax gσ /mσ gω/mω gρ/mρ b c
Models (MeV) (fm−3) (MeV) (MeV) (MeV) m∗

D,sat (M�) (fm) (fm) (fm) aρ ×100 ×100

PMP1 −15.40 0.159 234.9 31.71 56.6 0.687 2.31 3.472 2.686 1.966 0.405 0.413 −0.455
PMP2 −15.41 0.154 187.9 31.36 49.0 0.662 2.45 3.676 2.862 1.962 0.527 0.414 −0.552
PMP3 −15.66 0.152 217.1 31.93 57.1 0.631 2.58 3.803 3.035 1.976 0.488 0.302 −0.396
PMPR2 −15.43 0.156 219.12 32.20 56.59 0.662 2.43 3.623 2.842 1.996 0.444 0.369 −0.459
PMPR4 −16.28 0.152 207.82 32.43 57.54 0.629 2.58 3.836 3.036 2.006 0.488 0.327 −0.433
PMPR6 −15.44 0.165 197.65 33.28 64.76 0.624 2.50 3.697 2.932 1.921 0.449 0.341 −0.470
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FIG. 9. EOS for the selected models with same color code as
the one shown in Fig. 5. For reference, the EOS generated from
GM1 RMF is also shown (black solid line). The EOS are generated
for baryon densities between 0.08 and 2.0 fm−3. The green region
corresponds to the upper boundary of the stable branch.

V. PREDICTIONS BASED ON THE SELECTED
RMF MODELS

In the previous section, we have selected a set of about
5 000 RMF models consistent with the expectation for NEPs,
the χEFT band, the tidal deformability of GW170817 and the
present knowledge on the distribution of maximum mass. In
this section, we employ these models, for which we identify
68% and 95% confidence intervals shown in Fig. 5, to predict
properties of NSs.

We remind that we have considered that the NS’s core is
composed only of nucleons and leptons. Our predictions are
therefore conditioned by two main hypotheses: i) the RMF
approach is correct and ii) the composition of the core is
nucleons and leptons only.

A. Equation of state

The EOS P(ε) and the sound speed c2
s = dP/dε are shown

in Figs. 9 and 10 for the finally selected models adopting the
same color code as in Fig. 5 for the 68% and 95% confidence
intervals. As a reference, the prediction for the EOS based

FIG. 10. Same as Fig. 9 for the square of the sound speed c2
s (ε).

on GM1 EOS is also shown in the figures. It is interesting
to remark that for most of the energy densities shown in the
figure, GM1 is softer than the 68% of the selected models,
while it predicts a larger radius up to about 2M�, see Fig. 6.
The reason is that the range of energy densities that matter
for the GM1 mass-radius relation is located below 400 MeV
fm−3. For this range of energy densities, GM1 is more repul-
sive than most of our selected models, as shown in Fig. 10.
Let us comment on our predicted values for Mmax. Note from
Fig. 6 and Table IV that our EOSs could allow for the exis-
tence of very massive neutron stars, with masses as large as
� 2.6M�. By introducing in the Lagrangian the self-coupling
ζ one would soften the EOS, as shown in Ref. [27], and obtain
smaller values of Mmax. Whether those very massive stars do
really exist in nature is a matter of debate. For instance, the
gravitational waves event GW190814, reported in Ref. [53],
has unveiled the merger of a compact object with exactly that
value of the mass with a BH of 23M�. Presently, the nature
of this compact object is unknown. If it is a BH, one should
explain which astrophysical scenario can give birth to such
a light BH (with mass within the mass gap). On the other
hand, if that object is actually a NS, that would imply a very
stiff EOS, maybe too stiff to be in agreement with several
laboratory data as shown in Ref. [28]. We notice, however, that
our predicted value of Mmax ranges between 2.3 and 2.6M�,
thus nicely overlapping with the range of mass for PSR J0952-
0607, namely the fastest and heaviest pulsar known to date,
see Ref. [54].

B. Central densities

The distributions of central densities are shown in Fig. 11
for an NS with 1.4M� (a) and 2.0M� (b). As expected, the
more massive NSs populate larger central densities. It is, how-
ever, interesting to remark that a large number of canonical
mass NSs can have quite large central densities (nc � 3nsat)
and some massive NSs can have rather low central densities
(nc ≈ 3nsat). For those cases in particular, it is possible that
once introducing hyperons in our EOS, their threshold of ap-
pearance could occur at densities larger than the most massive
NS’s central densities. This could be a viable solution to the
so-called hyperon puzzle, see, e.g., [55].

This occurs because the EOS can be soft or stiff: stiff EOS
reach high masses for relatively low central densities (like the
ones in red). Oppositely, soft EOSs (like most of the blue ones,
compared to the red ones) have higher central densities for the
same mass as stiff EOS.

Figure 11 also shows that a better determination of the
TOV mass can have an important impact on the prediction
for central densities.

C. Crust thickness

Almost 300 sudden spin-ups of the rotational frequency of
pulsars have been observed since their discovery, for a review
see Ref. [56] and references therein. They are interpreted as
abrupt transfer of angular momentum from the neutron super-
fluid to the solid crust, which is due to the unpinning of the
superfluid vortices from the crystal lattice [57,58]. The large
glitches observed in some pulsars, such as Vela for instance,
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FIG. 11. Relative central densities of 1.4M� and 2.0 M� in
(a) and (b), respectively, are reported for all selected models and
adopting the same color code as in Fig. 5.

require the crust to be thick enough to store a significant
amount of angular momentum. In the present work, we study
in more detail the crust thickness predicted by our selected
models.

Since our study is qualitative and we do not perform actual
calculations for the crust EOS, and we adopt a simple way to
define the crust thickness, which is defined in the following
way:

�Rcrust = R − R(n = 0.5nsat ), (24)

where R(n = 0.5nsat ) is the coordinate radius for the EOS
for which the density is n = 0.5nsat. Equation (24) provides
a qualitative estimate for the crust thickness, since the term
R(n = 0.5nsat ) approximately locates the transition between
the core and the crust. The precise estimation of the crust
thickness and crust moment of inertia is beyond the scope
of the present study, but it would be interesting to study in
more detail in future work. To do so, an accurate way to treat
the crust is necessary by considering, for instance, a unified
approach for the crust and the core, see Refs. [32,59] and
references therein.

Figure 12 shows the distribution for the crust thickness
for 1.4M� (a) and 2.0M� (b) NSs obtained from the selected
models. As expected, the crust thickness decreases as the mass

FIG. 12. The crust thickness for 1.4M� and 2.0M� NS in (a) and
(b) is reported, respectively, for 68% and 95% confidence interval
for the selected models. We have adopted the same color code as in
Fig. 5.

increases, because the gravitational force applied to the crust
is larger for massive NS and squeezes the crust. In addition, it
shows that a better determination of the TOV mass directly
impacts the uncertainties in the crust thickness. Our 68%
selected models predict a crust thickness of [1, 1.2] km for
1.4M� NS and [0.52, 0.72] km for 2.0M� NS.

D. Proton fraction

The proton fraction is an important quantity that can trigger
fast cooling of NS, through the direct URCA process. Indeed,
it was shown in Ref. [60] that the direct URCA process
(dURCA) is quenched if the proton fraction satisfies yp < 1/9
(in the absence of muons). This condition is slightly modified
in the presence of muons, but we will neglect the small con-
tribution of muons in this discussion to keep it simple.

Similarly to Fig. 11, we represent in Fig. 13 the proton
fraction at the center of NS for 1.4M� and 2.0M�. The vertical
dashed line represents the limit between the regions where
dURCA is allowed (right) and where it is quenched (left).
Interestingly, for canonical mass NS there are models for
which the central proton fraction is above this limit, so where
dURCA process is allowed, and models for which the central
proton fraction is below this limit, so where dURCA is not
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FIG. 13. Central proton fraction for 1.4M� and 2.0M� NS in
(a) and (b), respectively, is reported, for 68% and 95% confidence
interval for the selected models. The vertical dashed line (green)
indicates the limit yp = 1/9. We have adopted the same color code
as in Fig. 5.

allowed. Thus, the cooling of NS, which is mostly represented
by a set of surface temperatures versus the estimated NS age,
could be employed in order to further select the RMF models.
For massive NSs, most of the models predict that dURCA is
allowed. This prediction weakly depends on the models, i.e.,
the different groups (colors) behave in a similar way.

In summary, we find that the number of selected models
can be impacted by the inclusion of cooling data in the se-
lection process. This can impact the predictions for canonical
mass NSs. For massive NSs, all our models predict, however,
a large proton fraction implying that dURCA fast cooling
process is allowed.

E. Symmetry energy

The proton fraction is known to be determined by the
density dependence of the symmetry energy. For this reason,
we investigate in more detail the predictions for the symme-
try energy at different densities based on the selected RMF
models. In this section, we consider only three RMF models,
PMP1, PMP2, and PMP3, since they represent well the small
dispersion among the selected RMF models.

FIG. 14. The symmetry energy parameter Esym,2 as a function of
the density for the models listed in Table IV, with and without the
density dependence, labeled as noDD. The inset shows a detailed
view of the symmetry energy around nsat and the box represents the
phenomenological uncertainties as given in Table I.

The symmetry energy is defined as

Esym(nb) = ENM/A(nb) − ESM/A(nb), (25)

where ENM/A is the energy per particle in NM and ESM/A is
the energy per particle in SM. The energy per particle in AM
can be expressed as an expansion in the isospin asymmetry
parameter [61],

E/A(nb, δ) = ESM/A(nb) + Esym,2(nb)δ2

+ Esym,4(nb)δ4 + · · · , (26)

giving for the symmetry energy Esym = Esym,2 + Esym,4 + · · · ,
where Esym,2 is the quadratic contribution to the symmetry
energy and Esym,4 the quartic contribution. More detail can
be found in Ref. [61].

Since it is expected that Esym,4 � Esym,2, we have Esym ≈
Esym,2: the symmetry energy and its quadratic contribution are
often considered identical in the literature.

In Fig. 14, the quadratic contribution to the symmetry
energy Esym,2 predicted by PMP1, PMP2, and PMP3 is shown
as a function of the nucleonic density nb. As a function of nb,
the symmetry energy Esym,2 increases fast up to about 3nsat

and then the slope is reduced (but it continues to increase).
The change of the slope is due to the density-dependent cou-
pling constant we have considered for the coupling between
nucleon and ρ meson, gρ (nb). To illustrate this, we plot in
Fig. 14 the prediction for the symmetry energy Esym,2 based
on the same PMP1, PMP2, and PMP3 models but where
the nucleon-ρ coupling constant is taken independent of the
density and equal to its value at nsat (dashed-dotted lines).
Without density-dependent nucleon-ρ coupling constant, the
symmetry energy Esym,2 increases as a function of nb with a
larger slope compared to the predictions for PMP1, PMP2,
and PMP3, which include density-dependent nucleon-ρ cou-
pling constant.

We also compare the predictions of PMP1, PMP2, and
PMP3 to microscopic approaches (APR-1998 [62], BHF
with Av18 nuclear interaction [63]) and an example of
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phenomenological model (Skyrme BSk27 [64]). The predic-
tion for the symmetry energy Esym for Skyrme BSk27 bends
down above nsat, as many phenomenological models do, at
variance with the microscopic predictions. The selected RMF
models PMP1, PMP2, and PMP3 predict symmetry energies
comparable to the microscopic approaches up to, at least,
≈3nsat.

The inset in Fig. 14 shows that all models considered here
(see the legend) are compatible with the symmetry energy
Esym,2 at saturation density, for which the uncertainty is shown
with a vertical line and the horizontal line represents the
uncertainty in the saturation density.

The density dependence of the symmetry energy around
nsat is well captured by the knowledge of the slope of the
symmetry energy Lsym. There are many different ways to
estimate the value of Lsym, see Refs. [65,66] for reviews.
Recently, dedicated experiments based on parity-violating
electron scattering in lead, PREX-II [67], and calcium, CREX
[68], have provided constraints on the symmetry energy.
There are, however, substantial differences between different
analyses: Reed et al [69] suggest Esym,2 = 38.1 ± 4.7 MeV
and Lsym,2 = 106 ± 37 MeV), Reinhard et al. [70] suggest
Esym,2 = 32 ± 1 MeV and Lsym,2 = 54 ± 8 MeV) including
the electric dipole polarizability, and Zhang and Chen [71]
suggest Esym,2 = 30.2+3.0

−4.1 MeV and Lsym,2 = 15.3+41.5
−46.8 MeV

combining PREX-II and CREX in a Bayesian approach. There
are large differences among the various analyses of the recent
parity-violating electron scattering experiments, and we there-
fore decided not to include these contradicting constraints in
our analysis.

F. Core cooling

The central proton fraction is shown in Fig. 13, but a
question, however, remains about the size of the central region
where dURCA process is allowed or forbidden.

In Fig. 15, we represent the distribution of models for the
same two masses as before, 1.4M� and 2.0M�, as a function
of the fast cooling core radius RdURCA. The fast cooling core
radius is defined as the coordinate radius inside which the
proton fraction overpasses the limit 1/9,

RdURCA = rTOV(yp = 1/9), (27)

where rTOV is the solution of the TOV equations. For 1.4M�
NS in panel (a) only the models with central proton frac-
tion greater than yp = 1/9 are considered, the others lead
to RdURCA = 0 km. Figure 15 informs us about the size of
the core where the fast cooling dURCA process is allowed.
The distribution of the quantity RdURCA is quite independent
of the maximum mass (the different color regions). So even
for the 68% best models of the selection, it is possible to
obtain EOS predicting a core size ranging inside [0, 6] km.

It is clear from Fig. 15 that, for 1.4M� NS, it is possible
to find a large core where the cooling is fast, impacting the
entire cooling of the NS up to its surface. If these models are
employed to predict cooling data and if they lead to results
in contradiction with observations, all these models wil be
excluded and we will be left with the other ones. Cooling data
can therefore play an important role in the model selection.

FIG. 15. The distribution of RdURCA for 1.4M� and 2.0M� in
(a) and (b), respectively, is reported for all models shown in Fig. 5
for which yp > 1/9. See text for more details.

VI. CONCLUSIONS

In this analysis, we have selected a large number of nu-
cleonic RMF models constrained by nuclear physics and
astrophysics: the selected models explore the range of NEPs
given in Table I and the χEFT band shown in Fig. 1, the
tidal deformability extracted from GW170817 and the mass
distribution shown in Fig. 3. By introducing a density depen-
dence in the ρ meson coupling constant, we obtain radii for
canonical mass NS lower than the ones often predicted by
usual RMF approaches.

The selected models are then employed to explore several
properties of NS, using the large number of models as a way
to explore the uncertainties in our predictions. They are com-
pared to NICER masses-radii analyses for PSR J0030 + 0451
and PSR J0740 + 6620. We find that RMF models can be
made soft enough to predict low values for neutron star radii
compatible with GW170817 and, at larger densities, stiff
enough to be compatible with NICER analyses for massive
neutron star (PSR J0740 + 6620). The selected models are
also compatible with NICER analyses for PSR J0030 + 0451.
In addition, our models can also reach large values for the
maximum mass, up to 2.6M�.

Overall, we find that the selection process plays an im-
portant role in determining neutron star properties. We have
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explored EOS properties and density dependence of the
symmetry energy, the crust thickness, and predictions for
core composition (proton fraction). The models suggest, for
canonical mass NS, a large dispersion for the proton fraction
around the dURCA threshold, suggesting that cooling data
(observed surface temperature versus estimated age) could
be efficiently employed in the selection process. For massive
NSs, most of our models suggest a large proton fraction in
the core allowing the dURCA fast cooling process. We have
then discussed our results regarding the possibility for fast
cooling of canonical mass NSs. We suggest several models,
for which parameters are explicitly given, compatible with
nuclear physics and astrophysical constraints, giving various
sizes for the region where dURCA process is possible.

In future investigations, we plan to include more degrees
of freedom, e.g., hyperons, and to employ cooling data in the
selection process.
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APPENDIX: PARAMETERS OF THE MODEL

One of the main advantage of the RMF model we use
in this work is the possibility to obtain analytical relations
between the NEP and the free parameters appearing in the
Lagrangian [23]. We report in the following those relations.

Let us start with the isoscalar vector channel

(
gω

mω

)2

=
mN + Esat −

√
k2

FN
+ m∗2

D,sat

nsat
. (A1)

Notice that in the field equations, only the ratio gω/mω appears
and therefore there is no need to specify which value for the
mass of the ω meson, mω, is adopted (similarly for the mass of
the σ meson, mσ and the mass of the ρ meson, mρ). Similarly
for the isovector vector channel one obtains

(
gρ (nsat )

mρ

)2

= 8

nsat

⎡
⎢⎣Esym,2 − k2

FN

6
√

k2
FN

+ m∗2
D,sat

⎤
⎥⎦. (A2)

The parameter aρ allows to tune Lsym according to the fol-
lowing equation [obtained by deriving Eq. (A2) with respect
to nb and computing at nsat]:

aρ = nsat

−2(gρ (nsat )/mρ )2

(
8

n2
sat

(Lsym/3 − Esym,2)

+ 8

n2
sat

f − 8

nsat
f ′

)
, (A3)

where f (kFN , m∗
D(kFN )) = k2

FN

6
√

k2
FN

+m∗2
D

and f ′(kFN , m∗
D(kFN )) =

df
dkFN

dkFN
dnb

its derivative with respect to the baryon density

(computed at saturation). For computing f ′(kFN , m∗
D(kFN )) one

needs the derivative of the effective mass m∗
D with respect to

kFN which in turn is proportional to the derivative of the σ

field that can be computed analitically from the mean field
equation (7c).

The three parameters for the isoscalar scalar channel are
obtained by the following equations:

α1 = Ksat −
(

gω

mω

)2 6k3
FN

π2
− 3k2

FN√
k2

FN
+ m∗2

D,sat

, (A4a)

β1 = 2α1(mN − m∗
D,sat )mN , (A4b)

γ1 = 3α1(mN − m∗
D,sat )

2, (A4c)

δ1 = −α1I1 − 6k3
FN

π2

(
m∗

D,sat√
k2

FN
+ m∗2

D,sat

)2

, (A4d)

α2 = 1

2
(mN − m∗

D,sat )
2, (A5a)

β2 = 1

3
mN (mN − m∗

D,sat )
3, (A5b)

γ2 = 1

4
(mN − m∗

D,sat )
4, (A5c)

δ2 = nsat(mN + Esat ) − I2 − 1

2

(
gω

mω

)2

n2
sat, (A5d)

α3 = mN − m∗
D,sat, (A6a)

β3 = mN (mN − m∗
D,sat )

2, (A6b)

γ3 = (mN − m∗
D,sat )

3, (A6c)

δ3 = I3, (A6d)

where

x = kFN /m∗
D,sat, (A7a)

t =
√

1 + x2, (A7b)

I1 = 2

π2
m∗2

D,sat

[
1

2
xt + x

t
− 3

2
ln(x + t )

]
, (A7c)

I2 = 2

π2
m∗4

D,sat
1

4

[
xt3 − 1

2
xt − 1

2
ln(x + t )

]
, (A7d)

I3 = 2

π2
m∗3

D,sat
1

2
[xt − ln(x + t )]. (A7e)
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Finally

c = α3β2δ1 − α2β3δ1 − α3β1δ2 + α1β3δ2 + α2β1δ3 − α1β2δ3

α3β2γ1 − α2β3γ1 − α3β1γ2 + α1β3γ2 + α2β1γ3 − α1β2γ3
, (A8)

b = (α2δ1 − α1δ2) − (α2γ1 − α1γ2)c

α2β1 − α1β2
, (A9)

(
gσ

mσ

)2

= α1

δ1 − γ1c − β1b
. (A10)
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