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NLS ground states on the half-line with
point interactions

Filippo Boni and Raffaele Carlone

Abstract. We investigate the existence and the uniqueness of NLS ground
states of fixed mass on the half-line in the presence of a point interaction
at the origin. The nonlinearity is of power type, and the regime is either
L2-subcritical or L2-critical, while the point interaction is either attractive
or repulsive. In the L2-subcritical case, we prove that ground states exist
for every mass value if the interaction is attractive, while ground states
exist only for sufficiently large masses if the interaction is repulsive. In
the latter case, if the power is less or equal to four, ground states coincide
with the only bound state. If instead, the power is greater than four,
then there are values of the mass for which two bound states exist, and
neither of the two is a ground state, and values of the mass for which two
bound states exist, and one of them is a ground state. In the L2-critical
case, we prove that ground states exist for masses strictly below a critical
mass value in the attractive case, while ground states never exist in the
repulsive case.

Mathematics Subject Classification. 35Q40, 35Q55, 35B07, 35B09, 35R99,
49J40, 49N15.

Keywords. Standing waves, Nonlinear Schrödinger, Ground states, Delta
interaction.

1. Introduction

In this paper, we investigate the existence and the uniqueness of ground states
of the energy

F (u) =
1
2

∫ +∞

0

|u′|2 dx − 1
p

∫ +∞

0

|u|p dx +
α

2
|u(0)|2 (1)

among functions belonging to

H1
μ(R+) :=

{
v ∈ H1(R+) :

∫ +∞

0

|u|2 = μ

}
, μ > 0. (2)
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We denote with

F(μ) := inf
u∈H1

μ(R
+)

F (u) (3)

the ground state energy level and, accordingly, a ground state u of (1) at mass
μ is defined as a global minimizer of (1) in the space (2), namely u ∈ H1

μ(R+)
such that F (u) = F(μ).

In the following, the power p of the nonlinear term will belong to the inter-
val (2, 6], including both the L2-subcritical case 2 < p < 6 and the L2-critical
case p = 6, and α will be negative or positive, corresponding to an attractive or
repulsive point interaction respectively. The minimization is carried out among
real-valued and positive functions. This is not restrictive since F (|u|) � F (u)
and any ground state is real-valued and positive up to a multiplication by a
constant phase eiθ.

By standard variational arguments, it turns out that ground states of (1)
satisfy

−u′′ − |u|p−2u + ωu + αδ0u = 0,

where δ0 denotes the delta distribution at the point 0, or, written in an equiv-
alent form, {

−u′′ − |u|p−2u + ωu = 0 on R
+,

u′(0) = αu(0),
(4)

for some ω > 0. In the following, we will call bound states all the real-valued
solutions of (4) belonging to H1(R+).

Moreover, given a solution u of (4), then the associated standing wave
ψ(t, x) := eiωtu(x) is a solution of the Nonlinear Schrödinger equation

i∂tψ = Hαψ − |ψ|p−2ψ,

where Hα : D(Hα) ⊂ L2(R+) → L2(R+) is a self-adjoint extension of − d2

dx2 :
C∞

c (R+) → L2(R+). Let us recall that all these self-adjoint extensions are
parametrized by α ∈ R ∪ {∞}: in particular, the case α = 0 corresponds to
the Laplacian operator with Neumann condition at the origin, while the case
α = ∞ has to be intended as the Laplacian operator with Dirichlet boundary
condition. The issues under investigation in this paper involve the operator
Hα with α ∈ R \ {0}, corresponding to the Laplacian operator with Robin or
delta condition at the origin. Let us underline that, when α > 0, the whole
spectrum of Hα is continuous and coincides with σ(Hα) = [0,+∞), while,
when α < 0, we have that

σ(Hα) = {−α2} ∪ [0,+∞),

with −α2 the sole negative eigenvalue of Hα.
Although our interest is in the mathematical treatment, the NLS in low

dimensional manifolds has applications to the physical context.
One of the greatest successes of the nonlinear Schrödinger equation is the

widespread application as a model in different areas of physics, ranging from
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the propagation of laser beams [36] to the theory of Bose–Einstein conden-
sates [21] and from the signal transmission in a neuronal network [18] to fluid
dynamics [34]. In some of these contexts the metric graph model on which the
dynamics of the NLS is set has provided an interesting modeling.

In this context the results of this paper can be interpreted as a model
where the point interaction at the origin can represent inhomogeneities of
various types in the medium and affect the dynamics itself: it is widely accepted
that such defects can be mathematically introduced by means of the theory of
self-adjoint extensions up to the three-dimensional case (see the book [11] for
a complete discussion of this topic).

From the mathematical point of view, the NLSE on the half-line has
been the object of several papers dealing with well-posedeness, regularity and
scattering issues (see [22,24,25,39]).

More specifically, nonlinear models with point interactions have been
studied first in dimension one and only more recently in dimensions two and
three. In particular, on the real line, different point interactions have been con-
sidered, including delta conditions [19,20,27,28,31,33], delta prime conditions
[9] and more exotic conditions such as Fülöp–Tsustui type conditions [29]. In
the two and three dimensional context, recent papers have addressed nonlinear
problems in the presence of a point interaction, focusing both on ground states
and their stability [1,2,26,30] and on global well-posedness and blow-up phe-
nomena [17,23]. Moreover, in recent years such problems have been considered
also on metric graphs, in presence of both linear point interactions [5–8,37,38]
and nonlinear ones [3,12,13] (see [4] for a review of these results).

The present paper fits in this line of research, addressing the problem
of fixed-mass ground states of the NLSE on the half-line R

+, both in the
attractive and the repulsive case.

1.1. Main results

Let us present here the main results of the paper. Let us point out that, in
view of Proposition 4.1 and Corollary 4.2, the existence of ground states at
mass μ can be reduced to the problem of comparing the ground state energy
level (3) with the ground state energy level of the “problem at infinity”, as
defined in [35]. In our case, it corresponds to the standard NLS energy on the
line

1
2

∫
R

|u′(x)|2 dx − 1
p

∫
R

|u(x)|p dx, (5)

whose ground states at mass μ are the soliton φμ, defined in (12), and its
translations.

The first theorem investigates the subcritical case 2 < p < 6 in presence
of an attractive point interaction, i.e. α < 0.

Theorem 1.1. (Ground states for 2 < p < 6 and α < 0) Let 2 < p < 6 and
α < 0. Then for every μ > 0 there exists a unique positive ground state of (1)
at mass μ.
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Ground states for the attractive NLSE in presence of an attractive point
interaction have been studied on star graphs in [5] and on more general metric
graphs and with more general potential terms in [15,16]. In particular, the
result of Theorem 1.1 has been proved in [5, Theorem 1] for star graphs with
at least three half-lines, but the same proof can be repeated for the half-line,
intended as a star graph with only one half-line. As one may expect, the
existence of ground states holds for every value of the mass. This is natural
since the presence of an attractive delta interaction has the effect to lower the
energy of half of the soliton of double mass, that is the ground state of the
standard NLS energy on R

+ (see Sect. 2.1)
The next two theorems deal instead with the subcritical case 2 < p < 6

in presence of a repulsive point interaction, i.e. α > 0, unravelling different
phenomena with respect to the same problem on R.

Theorem 1.2. (Ground states for 2 < p � 4 and α > 0) Let 2 < p � 4 and
α > 0. Then ground states of (1) at mass μ exist if and only if μ > ‖φα2‖2L2(R),
where φα2 is the soliton at frequency α2. Moreover, whenever they exist, the
positive ground states are unique and coincide with the only positive bound
state of mass μ.

Theorem 1.3. (Ground states for 4 < p < 6 and α > 0) Let 4 < p < 6 and
α > 0. Then there exists μ∗ = μ∗(α) < ‖φα2‖2L2(R) such that bound states of
mass μ exist if and only if μ � μ∗. In particular, two positive bound states of
mass μ exist if and only if μ∗ < μ < ‖φα2‖2L2(R).

Moreover, there exists μ̃ = μ̃(α) satisfying μ∗ < μ̃ < ‖φα2‖2L2(R) such
that ground states of (1) at mass μ exist if and only if μ � μ̃. Whenever they
exist, the positive ground states are unique.

It is well known that in presence of a repulsive point interaction no ground
states exist on R, since every function of a given mass μ has greater energy
than the ground state energy level of (5). The situation substantially changes
passing from R to R

+, where ground states start existing when the mass is
sufficiently large, as shown in Theorems 1.2 and 1.3.

Let us highlight that the situation is qualitatively different depending on
the strength of the power p. If 2 < p � 4, then bound states and ground states
start existing together and coincide for masses larger than ‖φα2‖22. If instead
4 < p < 6, then there are some values of the mass between μ∗ and μ̃ such that
two positive bound states exist, but neither of the two is a ground state, and
other values of the mass such that two positive bound states exist and one of
them is actually the ground state.

Let us point out that when α > 0 a different behaviour between the cases
2 < p � 4 and 4 < p < 6 has been shown also in [27], where the authors studied
the orbital stability of the even bound states on R in presence of a repulsive
delta interaction: as a consequence, by exploiting the symmetry properties of
the bound states in [27] analogous stability results hold also on R

+.
In the next proposition, we investigate how the existence of ground states

depends on the strength of the interaction α. In particular, after fixing the
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value of the mass, we show that ground states exist if and only if the interaction
is either attractive or repulsive with strength less than a threshold: the actual
threshold is different when p � 4 and p > 4 as a consequence of Theorem 1.2
and Theorem 1.3

Proposition 1.4. Let 2 < p < 6 and μ > 0. Therefore, denoted by

γp :=
(

2
p

) 2
6−p

(
p − 2

4
∫ 1

0
(1 − s2)

4−p
p−2

) p−2
6−p

,

there results that:

(i) if p � 4, then ground states of (1) at mass μ exist if and only if α <

γpμ
p−2
6−p ,

(ii) if p > 4, then ground states of (1) at mass μ exist if and only if α � h̃(μ),
with h̃(μ) > γpμ

p−2
6−p .

The next two theorems deal instead with the critical case p = 6. Let
us specify that most of the statement of the first theorem follows directly
combining the more general result [15, Theorem 2] and the fact that the sharp
Gagliardo-Nirenberg on R

+ is well known, but we prefer to report it here to
make the presentation exhaustive.

Theorem 1.5. (Ground states for p = 6 and α < 0) Let p = 6 and α < 0.
Then

F(μ) =

{
−c if 0 < μ <

√
3π
4

−∞ if μ �
√
3π
4 ,

with c > 0. Furthermore, if 0 < μ <
√
3π
4 , then ground states of (1) at mass μ

exist and coincide with the only positive bound state.

Theorem 1.6. (Ground states for p = 6 and α > 0) Let p = 6 and α > 0.
Then

F(μ) =

{
0 if 0 < μ �

√
3π
4

−∞ if μ >
√
3π
4

and ground states of (1) at mass μ do not exist for any μ > 0.

In both Theorem 1.5 and Theorem 1.6, we observe that the critical value
of the mass μ∗ =

√
3π
4 , below which the energy is bounded from below and

above which the energy becomes unbounded, is the same as for the energy (1)
with α = 0, i.e. without point interaction. Nevertheless, some new phenomena
appear. In particular, while for α = 0 ground states exist for μ = μ∗ only (see
Sect. 2.1) and, in presence of an attractive point interaction, they exist only
for masses strictly below the critical mass μ = μ∗, if one adds a repulsive point
interaction, then ground states do not exist for any value of the mass.
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1.2. Organization of the paper

• Section 2 introduces some preliminary results concerning the standard
NLS in dimension one both in the L2-subcritical and critical case;

• Section 3 collects some useful results about bound states;
• Section 4 contains the proofs of Theorem 1.1, Theorems 1.2, 1.3 and

Proposition 1.4;
• Section 5 contains the proofs of Theorem 1.5 and Theorem 1.6.

1.3. Notation

In the following, when this does not create confusion we use the shortened
notation ‖u‖q to denote ‖u‖Lq(R+) for every q ∈ [2,+∞].

2. Preliminaries

Given X = R, R+, the minimization problem

E(μ,X) := inf
v∈H1

μ(X)
E(v,X),

where E(·,X) : H1(X) → R is the standard NLS energy functional

E(u,X) :=
1
2

∫
X

|u′(x)|2 dx − 1
p

∫
X

|u(x)|p dx, (6)

with 2 < p � 6, is nowadays classical. Let us recall in the following the basic
results concerning ground states on R and R

+ both in the subcritical case
2 < p < 6 and in the critical case p = 6.

2.1. Subcritical NLSE on R and on R
+

The peculiarity of the subcritical case 2 < p < 6 is that the energy (6) is
bounded from below in H1

μ(X) for every μ > 0. This is a consequence of
the application of the so-called Gagliardo-Nirenberg inequalities, i.e. for every
p > 2

‖u‖p
Lp(X) � Kp(X)‖u′‖

p
2 −1

L2(X)‖u‖
p
2+1

L2(X) ∀u ∈ H1(X), (7)

with

Kp(X) := sup
u∈H1(X),

u�≡0

‖u‖p
Lp(X)

‖u′‖
p
2 −1

L2(X)‖u‖
p
2+1

L2(X)

< +∞. (8)

Since it will be useful in the following, we recall also the Gagliardo-Nirenberg
inequality when p = +∞, that is

‖u‖2L∞(X) � K∞(X)‖u′‖L2(X)‖u‖L2(X) ∀u ∈ H1(X), (9)

with

K∞(X) := sup
u∈H1(X),

u�≡0

‖u‖2L∞(X)

‖u′‖L2(X)‖u‖L2(X)
=

{
1 if X = R,

2 if X = R
+.
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Let us first consider the case X = R. Standard variational arguments
show that ground states are solutions to the stationary nonlinear Schrödinger
equation

− u′′ − |u|p−2u + ωu = 0 on R (10)

for some ω > 0. In fact, for every ω > 0 the unique (up to translations) positive
solution in H1(R) of (10) is

φω(x) =
[p

2
ω
(
sech2

((p

2
− 1

)√
ω|x|

))] 1
p−2

.

The mass of φω is given explicitly by

‖φω‖2L2(R) =
4
(

p
2

) 2
p−2

p − 2
ω

6−p
2(p−2)

∫ 1

0

(1 − s2)
4−p
p−2 ds, (11)

which is a continuous, strictly increasing and unbounded function of ω. More-
over, for every 2 < p < 6 and μ > 0 there exists a unique ω = ω(μ) such that
φμ := φω(μ) is the unique (up to translations) positive ground state of (6) in
H1

μ(R). Such ground states are called solitons, and their dependence on μ is
given by

φμ(x) = Cpμ
2

6−p sech
2

p−2
(
cpμ

βx
)
, β :=

p − 2
6 − p

, (12)

where Cp, cp > 0 depends on p only, and one can easily compute

E(μ, R) = E(φω(μ), R) = −θpμ
2β+1 (13)

where θp > 0 depends on p only and satisfies the relation

2θp(2β + 1) = ω(1), (14)

with ω(1) being the only ω corresponding to ‖φω‖2L2(R) = 1 in (11).
In the case X = R

+, ground states solve{
−u′′ − |u|p−2u + ωu = 0 on R

+

u′(0+) = 0,
(15)

and the unique positive ground state of E(·, R+) belonging to H1
μ(R+) is given

by half of the soliton of mass 2μ and

E(μ, R+) =
1
2
E(φ2μ, R) = −θp22βμ2β+1 < −θpμ

2β+1 = E(μ, R). (16)

2.2. Critical NLSE on R and on R
+

In the critical case p = 6, it is well known that

E(μ,X) =

⎧⎨
⎩

0 if μ �
√

3
K6(X) ,

−∞ if μ >
√

3
K6(X) ,
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and ground states exist if and only if μ =
√

3
K6(X) . In particular, K6(R+) =

4K6(R) = 16
π2 and the supremum in definition (8) is realized by the solitons

(up to translations) or half of the solitons

φω(x) =
(
3ωsech2

(
2
√

ωx
)) 1

4 (17)

respectively, whose mass is equal to
√

3
K6(X) for every ω > 0. In particular,

the solitons in (17) are all the positive solutions of (10) or (15), hence positive
solutions exist if and only if μ =

√
3

K6(X) .

3. Properties of bound states

This section collects some useful results about bound states of (4), starting
from the next proposition.

Proposition 3.1. Let p > 2, α ∈ R \ {0} and ω > 0. If 0 < ω � α2, then (4)
does not admit any bound state.

If ω > α2, then ηω,α(·) = φω(· − a) is the only bound state of (4) and is
positive, up to a change of sign, with

a :=
2 tanh−1( α√

ω
)

(p − 2)
√

ω
. (18)

Proof. Every positive solution of (4) has to coincide with a proper translation
of the soliton φω in order to satisfy the boundary condition at the origin. In
particular, if one consider a solution u(x) = φω(x − a), then the condition
u′(0) = αu(0) becomes

√
ω tanh

(
p − 2

2
√

ωa

)
= α. (19)

If ω ≤ α2, then the modulus of the left hand-side is strictly less than the
modulus of the right hand-side, hence there is no a ∈ R satisfying (19). If
instead ω > α2, then by the monotonicity properties of the function tanh(·)
there exists an only a ∈ R for which (19) holds. �

In view of Proposition 3.1, let us define for every p > 2 the function

M : (α2,+∞) × R \ {0} → (0,+∞)

(ω, α) �→ ‖ηω,α‖22.
Since the parameter α ∈ R \ {0} will often be fixed, it is convenient to

denote the bound states ηω,α simply by ηω and, with a slight abuse of notation,
to consider the function

M : (α2,+∞) → (0,+∞)

ω �→ M(ω, α).
(20)

Moreover, we denote

Aμ := {ηω : M(ω) = μ}, (21)

Mobile User
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i.e. the set of all the positive bound states of mass μ. The cardinality of Aμ

will be denoted by |Aμ| in the following.

3.1. Bound states in the subcritical case

The next proposition collects some properties of the function (20) when 2 <
p < 6.

Proposition 3.2. Let 2 < p < 6 and α ∈ R \ {0}. Then the function M in (20)
is of class C1((α2,+∞)) and

M(ω) =
p

2
p−2

2
4−p
p−2 (p − 2)

ω
6−p

2(p−2)

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds. (22)

Moreover:

(i) if α < 0, then M ′(ω) > 0 for every ω ∈ (α2,+∞) and M((α2,+∞)) =
(0,+∞),

(ii) if α > 0 and p � 4, then M ′(ω) > 0 for every ω ∈ (α2,+∞) and
M((α2,+∞)) =

(
‖φα2‖2L2(R),+∞

)
,

(iii) if α > 0 and p > 4, then

lim
ω→α2

M(ω) = ‖φα2‖2L2(R), lim
ω→+∞ M(ω) = +∞

and there exists ω∗ = ω∗(α) > α2 such that M ′(ω) < 0 if α2 < ω < ω∗,
M ′(ω) = 0 if ω = ω∗ and M ′(ω) > 0 if ω > ω∗. In particular, the
frequency ω∗ = ω∗(α) is the only solution of the equation

6 − p

2
M(ω, α) =

(p

2

) 2
p−2

α(ω − α2)
4−p
p−2 . (23)

Proof. Expression (22) is obtained by direct computation making use of (18).
Once one has (22), one can compute the limits of M(ω) as ω → α2 and
ω → +∞. Moreover,

M ′(ω) =
p

2
p−2

2
2

p−2 (p − 2)
ω

10−3p
2(p−2)

[
6 − p

p − 2

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds − αω

p−6
2(p−2) (ω − α2)

4−p
p−2

]

=
1

(p − 2)ω

[
6 − p

2
M(ω) −

(p

2

) 2
p−2

α(ω − α2)
4−p
p−2

]
(24)

If α < 0, then M ′(ω) > 0 for every ω > α2, entailing (i). If instead α > 0, the
sign of M ′(ω) depends on p > 2 and is the same of

f(ω) :=
6 − p

p − 2

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds − αω

p−6
2(p−2) (ω − α2)

4−p
p−2 ,

whose derivative is

f ′(ω) = −4 − p

p − 2
αω

p−6
2(p−2) (ω − α2)

2(3−p)
p−2 .
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On the one hand, if 2 < p < 4, then limω→α2 f(ω) = 2 limω→+∞ f(ω) > 0
and f ′(ω) < 0, hence f(ω) > 0 and

M ′(ω) =
p

2
p−2

2
2

p−2 (p − 2)
ω

10−3p
2(p−2) f(ω) > 0

for every ω > α2. If instead p = 4, then M ′(ω) = 1√
ω
, hence (ii) follows.

On the other hand, if 4 < p < 6, then limω→α2 f(ω) = −∞, limω→+∞ f(ω)
> 0 and f ′(ω) > 0, so that there exists a unique solution ω∗ > α2 of the equa-
tion f(ω) = 0. As a consequence, M ′(ω) < 0 for α2 < ω < ω∗, M ′(ω∗) = 0
and M ′(ω) > 0 for ω > ω∗, entailing (iii). �

The next corollary shows how the number of positive bound states of
fixed mass μ > 0 depends on α, p and μ.

Corollary 3.3. Let 2 < p < 6 and α ∈ R \ {0}. Therefore:
(i) if α < 0, then |Aμ| = 1 for every μ > 0;
(ii) if α > 0 and 2 < p ≤ 4, then

|Aμ| =

{
0 if 0 < μ � ‖φα2‖2L2(R),

1 if μ > ‖φα2‖2L2(R);

(iii) if α > 0 and p > 4, then

|Aμ| =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if 0 < μ < μ∗,
1 if μ = μ∗,
2 if μ∗ < μ < ‖φα2‖2L2(R),

1 if μ � ‖φα2‖2L2(R),

with μ∗ = μ∗(α) := M(ω∗(α), α) and ω∗(α) being the only solution of
(23).

Proof. The proof of (i), (ii) and (iii) is a straightforward consequence of (i),
(ii) and (iii) of Proposition 3.2 respectively. �
Remark 3.4. The only regime in which more than one positive bound state of
mass μ exists is when α > 0, 4 < p < 6 and μ∗ < μ < ‖φα2‖2L2(R). In particular,
there exist ω1, ω2 > α2, with ω1 < ω∗ < ω2, such that ηω1 , ηω2 ∈ Aμ.

Lemma 3.5. Let p > 2 and α ∈ R \ {0}. Then for every ω > α2 there results

F (ηω) = − 6 − p

2(p + 2)
ωM(ω, α) +

α(p − 2)

2(p + 2)

(p

2
(ω − α2)

) 2
p−2

=

(
p
2

) 2
p−2

(p + 2)

(
−6 − p

p − 2
ω

p+2
2(p−2)

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds + α

p − 2

2
(ω − α2)

2
p−2

)
.

(25)

Proof. Since ηω solves (4), multiplying the equation by (ηω)′, integrating on
[x,+∞) for every x ∈ [0,+∞) and integrating again on [0,+∞) one gets

1
2
‖(ηω)′‖22 +

1
p
‖ηω‖p

p − ω

2
‖ηω‖22 = 0. (26)
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Moreover, multiplying the first line of (4) by ηω and making use of the second
line of (4), there results

‖(ηω)′‖22 − ‖ηω‖p
p + α|ηω(0)|2 + ω‖ηω‖22 = 0. (27)

By using (26) and (27), we get

F (ηω) = − 6 − p

2(p + 2)
ω‖ηω‖22 +

α(p − 2)
2(p + 2)

|ηω(0)|2 ,

hence (25) follows. �

The next proposition deals with the case 2 < p < 6 and α > 0 and
establishes which positive bound state between ηω1 and ηω2 has least energy.

Proposition 3.6. Let 4 < p < 6 and α > 0. Then F (ηω) is a strictly decreasing
function of ω > α2.

Moreover, given μ∗ < μ < ‖φα2‖2L2(R), then the two positive bound states
ηω1 and ηω2 of mass μ, with α2 < ω1 < ω∗ < ω2, satisfy

F (ηω1) > F (ηω2) .

Proof. Fix μ∗ < μ < ‖φα2‖2L2(R) and consider a positive bound state ηω of
mass μ. Then, computing the derivative of (25) with respect to ω, one gets

d

dω
F (ηω) =

p
2

p−2

2
p

p−2 (p − 2)

[
−6 − p

p − 2
ω

6−p
2(p−2)

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds + α(ω − α2)

4−p
p−2

]
.

(28)

Denoting by g(ω) := − 6−p
p−2ω

6−p
2(p−2) + α(ω − α2)

4−p
p−2 , we observe that

d

dω
F (ηω) ≤ p

2
p−2

2
p

p−2 (p − 2)
g(ω).

In this regard, limω→(α2)+ g(ω) < 0 and, using the fact that p > 4,

g′(ω) = − (6 − p)2

2(p − 2)2
ω

6−p
2(p+2)−1 − α

p − 4
p − 2

(ω − α2)
4−p
p−2−1 < 0,

so that g(ω) < 0 for every ω > α2 and F (ηω) is a strictly decreasing function
of ω > α2, entailing the thesis. �

Remark 3.7. In view of Corollary 3.3 and Proposition 3.6, given 2 < p < 6,
α ∈ R\{0} and μ > 0 such that Aμ �= ∅, then there exists a unique positive
bound state ηω with least energy in Aμ. In the following, we denote by ημ the
least energy bound state of mass μ. In particular, if 4 < p < 6 and α > 0, then
ημ = ηω, with ω � ω∗(α).
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3.2. Bound states in the critical case

The next proposition and corollary collect some properties of the function M
and of the set Aμ defined in (20) and (21) respectively when p = 6.

Proposition 3.8. Let p = 6 and α ∈ R \ {0}. Then the function M defined in
(20) is of class C1((α2,+∞)) and

M(ω) =
√

3
2

(
π

2
+ arcsin

(
α√
ω

))
. (29)

Moreover:
(i) if α < 0, then M ′(ω) > 0 for every ω ∈ (α2,+∞) and M((α2,+∞)) =(

0,
√
3π
4

)
,

(ii) if α > 0, then M ′(ω) < 0 for every ω ∈ (α2,+∞) and M((α2,+∞)) =(√
3π
4 ,

√
3π
2

)
.

Proof. The expression (29) and the limits at the endpoints of the domain are
obtained by straightforward computations. Moreover, the derivative looks like

M ′(ω) = −α

√
3

4
1

ω
√

ω − α2
,

which is strictly positive or strictly negative if α < 0 or α > 0 respectively,
entailing the thesis. �
Corollary 3.9. Let α ∈ R \ {0} and p = 6. Therefore:

(i) if α < 0, then

|Aμ| =

⎧⎨
⎩

1 if μ ∈
(
0,

√
3π
4

)
,

0 if μ ∈
[√

3π
4 ,+∞

)
,

(ii) if α > 0, then

|Aμ| =

⎧⎨
⎩

0 if μ ∈
(
0,

√
3π
4

]
∪
[√

3π
2 ,+∞

)
,

1 if μ ∈
(√

3π
4 ,

√
3π
2

)
;

Proof. The proof of (i) and (ii) is a straightforward consequence of (i) and (ii)
of Proposition 3.8. �

4. Proof of Theorems 1.1, 1.2, 1.3 and Proposition 1.4: the
subcritical case

The next proposition and corollary provide an existence criterion allowing us to
reduce the problem of the existence of ground states to a comparison between
the energy of the lowest energy bound state and the standard energy of the
soliton on the line. Analogous results have been obtained in the context of
metric graphs with Kirchhoff conditions at the vertices in [10]: our proofs are
just a minor modification of the proofs in [10], but we report them here for
the sake of completeness.



NoDEA NLS ground states on the half-line Page 13 of 23    51 

Proposition 4.1. Let 2 < p < 6 and α ∈ R \ {0}. Then, for every μ > 0 it
holds

F(μ) � E(μ, R). (30)

Furthermore, if F(μ) < E(μ, R), then ground states of (1) at mass μ exist.

Proof. We first observe that (30) has been proved in a more general context in
[15, Proposition A.1]. Assume now that F(μ) < E(μ, R) and let (un) ⊂ H1

μ(R+)
be a minimizing sequence for (1). Plugging (7) and (9) into the definition of
F gives

F (un) ≥ 1
2
‖u′

n‖22 − Kp

p
μ

p+2
4 ‖u′

n‖
p
2 −1
2 − |α|μ 1

2 ‖u′
n‖2

which ensures that (un) is bounded in H1(R+) since 2 < p < 6. Therefore
there exists u ∈ H1(R+) such that, up to subsequences, un ⇀ u weakly in
H1(R+), un → u in L∞

loc(R
+) and consequently un → u a.e. in R

+.
Set m := ‖u‖22. By weak lower semicontinuity, we have m ≤ μ.
Assume m = 0, that is u ≡ 0. Then un(0) → 0 as n → +∞, so that, if

we define

un(x) :=

⎧⎪⎨
⎪⎩

0 if x � −un(0),
x + un(0) if − un(0) < x < 0,

un(x) if x � 0,

then

E(μ,R) > F(μ) = lim
n

F (un) = lim
n

E(un,R) � lim
n

E
(

μ +
un(0)3

3
,R

)
� E(μ,R),

i.e., a contradiction. Hence, u �≡ 0 on R
+.

Suppose then that 0 < m < μ. By weak convergence in H1(R+) of un

to u, we get ‖un − u‖22 = μ − m + o(1) for n → +∞. On the one hand, since
p > 2 and μ

‖un−u‖2
2

> 1 for n sufficiently large,

F(μ) ≤ F

(√
μ

‖un − u‖22
(un − u)

)

=
1
2

μ

‖un − u‖22
‖u′

n − u′
n‖22 − 1

p

(
μ

‖un − u‖22

) p
2

‖un − u‖p
p

− 1
2

μ

‖un − u‖22
|un(0) − u(0)|2 <

μ

‖un − u‖22
F (un − u, R+),

so that

lim inf
n

F (un − u) ≥ μ − m

μ
F(μ). (31)

On the other hand, an analogous reasoning leads to

F(μ) ≤ F

(√
μ

‖u‖22
u

)
<

μ

‖u‖22
F (u),
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so

F (u) >
m

μ
F(μ). (32)

Moreover, it holds

F (un) = F (un − u) + F (u) + o(1). (33)

Indeed, by u′
n ⇀ u′ weakly in L2(R+) and un → u in L∞

loc(R
+), we have

‖u′
n −u′‖22 = ‖u′

n‖22 −‖u′‖22 +o(1) and |(un −u)(0)|2 = |un(0)|2 −|u(0)|2 +o(1)
as n is large enough. Furthermore, owing to the Brezis-Lieb lemma [14],

‖un‖p
p = ‖un − u‖p

p + ‖u‖p
p + o(1).

Using now (31), (32) and (33), we get

F(μ) = lim
n

F (un) = lim
n

F (un − u) + F (u)

>
μ − m

μ
F(μ) +

m

μ
F(μ) = F(μ),

which is again a contradiction.
Henceforth, m = μ and u ∈ H1

μ(R+). In particular, un → u in L2(R+) so
that, (un) being bounded in L∞(R+), un → u in Lp(R+) as n → +∞. Thus,
by weak lower semicontinuity

F (u) � lim
n

F (un) = F(μ),

that is u is a ground state of (1) at mass μ. �

Corollary 4.2. Let 2 < p < 6, α ∈ R \ {0} and μ > 0 be fixed. Then ground
states of (1) at mass μ exist if and only if there exists u ∈ H1

μ(R+) such that
F (u) ≤ E(μ, R).

Proof. Suppose first that there exists u ∈ H1
μ(R+) such that F (u) ≤ E(μ, R).

If F(μ) = F (u), then u is a ground state of (1) at mass μ. Otherwise, F(μ) <
F (u) � E(μ, R) and a ground state of (1) at mass μ exists by Proposition 4.1.

The other implication follows from the definition of ground state and the
first part of Proposition 4.1. �

We are now ready to prove Theorem 1.1, Theorem 1.2, Theorem 1.3 and
Proposition 1.4.

Proof of Theorem 1.1. Let u = φ2μ�R+ be the half-soliton of mass μ. Then by
(16)

F (u) = E(μ, R+) +
α

2
|u(0)|2 < E(μ, R+) < E(μ, R),

hence by Corollary 4.2 there exists a ground state of (1) at mass μ. The ground
state is unique since every ground state belongs to Aμ and by (i) of Corollary
3.3 the set Aμ has cardinality one when α < 0. �
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Proof of Theorem 1.2. If 0 < μ � ‖φα2‖2L2(R), then by (ii) of Corollary 3.3 the
set Aμ is empty, hence ground states at mass μ do not exist.

Suppose now that μ > ‖φα2‖2L2(R). If there exists a ground state, then
by Remark 3.7 it is unique and it coincides with ημ := ηω(μ) = φω(· − a).
Therefore, relying on Corollary 4.2, we have that ground states exist if and
only if

F
(
ηω(μ)

)
≤ E(μ, R),

which by (13) can be rewritten as

F
(
ηω(μ)

)
μ2β+1

≤ −θp.

Set K(μ) :=
F(ηω(μ))

μ2β+1 for every μ > ‖φα2‖2L2(R).
By using (22), we have that ω(μ) → α2, ημ(0) → 0 and a → +∞ as

μ → ‖φα2‖2L2(R). This means that F
(
ηω(μ)

) → E
(
‖φα2‖2L2(R), R

)
as μ →

‖φα2‖2L2(R) and, as a consequence, K(μ) → −θp as μ → ‖φα2‖2L2(R).
Moreover, since M ′(ω) > 0 for every ω > α2 by Proposition 3.2, it turns

out that F (ημ) is differentiable with respect to μ and, for every μ > ‖φα2‖2L2(R),
there exists an only value ω > α2 such that M(ω) = μ and

dF (ημ)
dμ

∣∣∣μ=μ

=
dF (ηω)

dω
∣∣∣ω=ω

dω

dμ
(μ) =

dF (ηω)
dω |ω=ω

M ′(ω)
.

Therefore,

K ′(μ) =
1

μ2β+1

⎡
⎣

dF (ηω)
dω |ω=ω

M ′(ω)
− (2β + 1)

F (ημ)
μ

⎤
⎦ , (34)

and, by substituting (24), (25) and (28) in (34), there results

K ′(μ) = −α
p − 2
6 − p

|ημ(0)|2
μ2β+2

< 0 ∀μ > ‖φα2‖2L2(R).

Since the function K is strictly decreasing in μ and K(μ) → −θp as μ →
‖φα2‖2L2(R), we can conclude that F (ημ) < E(μ, R) for every μ > ‖φα2‖2L2(R),
hence by Corollary 4.2 ground states of (1) at mass μ exist. �

Proof of Theorem 1.3. If 0 < μ < μ∗, then by (iii) of Corollary 3.3 the set Aμ

is empty, hence ground states at mass μ do not exist.
Suppose now that μ � μ∗. If there exists a ground state, then by Re-

mark 3.7 it is unique and, by (iii) of Corollary 3.3 and Proposition 3.6, it
coincides with the only positive bound state ημ = ηω with ω � ω∗. By relying
on Corollary 4.2, one can deduce that ground states exist if and only if

K(μ) :=
F (ημ)
μ2β+1

� −θp.
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If μ∗ < μ < ‖φα2‖2L2(R), then by Remark 3.4 and Proposition 3.6 there
exists α2 < ω1 < ω∗ such that ηω1 is not the least energy positive bound
state of mass μ. In this regard, the function K1(μ) := F (ηω1 )

μ2β+1 is continuous in(
μ∗, ‖φα2‖2L2(R)

)
,

lim
μ→(μ∗)+

K1(μ) =
F
(
ημ∗)

(μ∗)2β+1
= K(μ∗)

and, using the same arguments adopted in the proof of Theorem 1.2,

lim
μ→

(
‖φα2‖2

L2(R)

)−
K1(μ) = −θp.

Moreover, K1 is differentiable in
(
μ∗, ‖φα2‖2L2(R)

)
and, repeating the compu-

tations done in Theorem 1.2 for K, there results K ′
1 < 0 in

(
μ∗, ‖φα2‖2L2(R)

)
,

entailing that

K(μ∗) = lim
μ→(μ∗)+

K1(μ) > −θp.

Furthermore, ω(μ) → +∞ and a → 0 as μ → +∞. More specifically, by
combining (22), (11) and (14), we get that

ω = 22β+1θp(2β + 1)μ2β + o(μ2β), as μ → +∞. (35)

By applying (35) to (25), there results

F (ημ) = −θp22βμ2β+1 + o(μ2β+1) +
α

2
Cpμ

4
6−p + o

(
μ

4
6−p

)

= −θp22βμ2β+1 + o(μ2β+1) as μ → +∞,

entailing that K(μ) → −22βθp < −θp when μ → +∞.
Since K is a continuous and strictly decreasing function in (μ∗,+∞),

K(μ∗) > −θp and limμ→+∞ K(μ) < −θp, there results that there exists a
unique μ̃ > μ∗ such that K(μ̃) = −θp and K(μ) < −θp if and only if μ > μ̃.
In order to prove the upper bound for μ̃, one relies on Proposition 3.6 and on
(28), getting that

K
(
‖φα2‖2L2(R)

)
= lim

μ→
(
‖φα2‖2

L2(R)

)−
K(μ) < lim

μ→
(
‖φα2‖2

L2(R)

)−
K1(μ) = −θp,

so that μ̃ < ‖φα2‖2L2(R) and the thesis follows. �

Proof of Proposition 1.4. Fix μ > 0 and 2 < p < 6. We preliminary observe
that ground states of mass μ exists for every α � 0: indeed, if α = 0, then the
only ground state coincides with half of the soliton of mass 2μ, as pointed out
in Sect. 2.1, while if α < 0, then ground states exist by Theorem 1.1. In order
to deduce for which α > 0 ground states exist, let us distinguish the cases
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2 < p � 4 and 4 < p < 6. If 2 < p � 4, then by Theorem 1.2 ground states at
mass μ exists if and only if μ > ‖φα2‖2L2(R), i.e. if and only if

μ >
4
(

p
2

) 2
p−2 α

6−p
p−2

p − 2

∫ 1

0

(1 − s2)
4−p
p−2 ds,

that entails (i).
If instead 4 < p < 6, then by Theorem 1.3 ground states at mass μ

exist if and only if μ � μ̃ = μ̃(α), with μ∗(α) < μ̃(α) < ‖φα2‖2L2(R). In
particular, if we denote by ημ̃ = ηω̃ the only ground state at mass μ̃ or,
alternatively, at frequency ω̃, with ω̃ > ω∗, then it satisfies μ̃ = M(ω̃, α) and
F
(
ηω̃
)

= −θpμ̃
2β+1. In particular, in view of Proposition 3.2 the condition

ω̃ > ω∗ reduces to the equation 6−p
2 μ̃ >

(
p
2

) 2
p−2 α(ω̃ − α2)

4−p
p−2 . In order to

invert the inequality μ � μ̃(α), we need to investigate if μ̃ is invertible as a
function of α. In order to do this, let us notice that the triple (μ̃, ω̃, α) satisfies
the system

{
μ = M(ω, α),
F (ημ) = −θpμ

2β+1,
(36)

and the additional constraints
⎧⎪⎨
⎪⎩

α > 0,

ω > α2,
6−p
2 μ >

(
p
2

) 2
p−2 α(ω − α2)

4−p
p−2 .

(37)

Let us observe that (36) follows from imposing the mass constraint and the
fact that the energy F (ημ) at mass μ̃ equals the energy of the soliton on the
real line of mass μ̃, while inequalities (37) encode the condition ω̃ > ω∗.

Therefore, in view of (22) and (25) it is possible to rewrite the system
(36) as

G(μ, ω, α) =
(

G1(μ, ω, α)
G2(μ, ω, α)

)
=
(

0
0

)
,

where

G1(μ, ω, α) :=
p

2
p−2

2
4−p
p−2 (p − 2)

ω
6−p

2(p−2)

∫ 1

− α√
ω

(1 − s2)
4−p
p−2 ds − μ

and

G2(μ, ω, α) := − 6 − p

2(p + 2)
ωμ +

α(p − 2)
2(p + 2)

(p

2

) 2
p−2

(ω − α2)
2

p−2 + θpμ
2β+1.
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By direct computations and using (36), one gets⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂G1
∂μ (μ̃, ω̃, α) = −1

∂G1
∂ω (μ̃, ω̃, α) = 1

(p−2)ω̃

(
6−p
2 μ̃ − (

p
2

) 2
p−2 α(ω̃ − α2)

4−p
p−2

)
∂G1
∂α (μ̃, ω̃, α) = 2

p−2

(
p
2

) 2
p−2 (ω̃ − α2)

4−p
p−2

∂G2
∂μ (μ̃, ω̃, α) = − 6−p

2(p+2) ω̃ + (2β + 1)θpμ̃
2β

∂G2
∂ω (μ̃, ω̃, α) = − 6−p

2(p+2) μ̃ + α
p+2

(
p
2

) 2
p−2 (ω̃ − α2)

4−p
p−2

∂G2
∂α (μ̃, ω̃, α) = 1

p+2

(
p
2

) 2
p−2 (ω̃ − α2)

4−p
p−2

(
p−2
2 ω̃ − p+2

2 α2
)
,

hence

det

((
∂G1
∂μ

∂G1
∂ω

∂G2
∂μ

∂G2
∂ω

)
(μ̃, ω̃, α)

)
=

∂G1

∂ω
(μ̃, ω̃, α)

(
ω̃

2
− p + 2

6 − p
θpμ̃

2β

)
. (38)

We observe that ∂G1
∂ω (μ̃, ω̃, α) > 0 since 6−p

2 μ̃ >
(

p
2

) 2
p−2 α(ω̃ − α2)

4−p
p−2 by (37)

and, by using G2(μ̃, ω̃, α) = 0, there results

ω̃

2
− p + 2

6 − p
θpμ̃

2β =
α(p − 2)
2(6 − p)μ̃

(p

2

) 2
p−2

(ω̃ − α2)
2

p−2 > 0,

Thus, since (38) is positive, the Implicit function theorem applies and
(

μ̃′(α)
ω̃′(α)

)
= −

(
∂G1
∂μ (μ̃, ω̃, α) ∂G1

∂ω (μ̃, ω̃, α)
∂G2
∂μ (μ̃, ω̃, α) ∂G2

∂ω (μ̃, ω̃, α)

)−1(
∂G1
∂α (μ̃, ω̃, α)

∂G2
∂α (μ̃, ω̃, α)

)
,

with μ̃ = μ̃(α) and ω̃ = ω̃(α). In particular,

μ̃′(α) = −
∂G2
∂ω (μ̃, ω̃, α)∂G1

∂α (μ̃, ω̃, α) − ∂G1
∂ω (μ̃, ω̃, α)∂G2

∂α (μ̃, ω̃, α)

det

(
∂G1
∂μ (μ̃, ω̃, α) ∂G1

∂ω (μ̃, ω̃, α)
∂G2
∂μ (μ̃, ω̃, α) ∂G2

∂ω (μ̃, ω̃, α)

) .

Since the denominator is positive and the numerator

∂G2

∂ω
(μ̃, ω̃, α)

∂G1

∂α
(μ̃, ω̃, α) − ∂G1

∂ω
(μ̃, ω̃, α)

∂G2

∂α
(μ̃, ω̃, α)

= −
(p

2

) 2
p−2 (ω̃ − α2)

2
p−2

2(p − 2)ω̃

(
6 − p

2
μ̃ −

(p

2

) 2
p−2

α(ω̃ − α2)
4−p
p−2

)
< 0,

there results that μ̃′(α) > 0, hence μ̃ is a strictly increasing function of α and
the thesis follows. �

5. Proof of Theorems 1.5, 1.6: the critical case

In this section we prove Theorems 1.5 and 1.6.

Proof of Theorem 1.5. First, let us observe that by [15, Theorem 2] and the
fact that K6(R+) = 16

π2 , we deduce that ground states exist for every 0 < μ <√
3

K6(R+) =
√
3π
4 . Moreover, since by Corollary 3.9 there exists only one bound
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states for 0 < μ <
√
3
4 , then the ground state is unique and coincide with the

only bound state.
Second, let us consider v = φω�R+ , with φω as in (17) and satisfying

‖v‖22 =
√
3π
4 and E(v, R+) = 0 for every ω ∈ R, and define vμ := λμv, with

λμ > 0 such that vμ ∈ H1
μ(R+). Therefore, for every μ �

√
3π
4 , there results

that λμ � 1 and

F (vμ) =
λ2

μ

2
‖v′‖22 − λ6

μ

6
‖v‖66 +

λ2
μα

2
|v(0)|2

� λ2
μ

(
E(v, R+) +

α

2
|v(0)|2

)
=

λ2
μα

2
|v(0)|2 < 0.

As a consequence, by applying the mass preserving transformation f �→
fν :=

√
νf(ν·) to vμ, we get

F ((vμ)ν) = ν2E(vμ, R+) − ν|α|
2

|vμ|2 � νF (vμ) → −∞ as ν → +∞,

hence F(μ) = −∞ if μ �
√
3π
4 . �

Proof of Theorem 1.6. Arguing similarly as in Theorem 1.5, we consider v =
φω�R+ , with φω as in (17) and satisfying ‖v‖22 =

√
3π
4 and E(v, R+) = 0 for

every ω > 0 and we define vμ := λμv, with λμ > 0 such that vμ ∈ H1
μ(R+): we

highlight that v and vμ depend on ω, but we have omitted this dependence to
simplify the notation. Therefore, for every μ >

√
3π
4 , there results that λμ > 1

and

F (vμ) =
λ2

μ

2
‖v′‖22 − λ6

μ

6
‖v‖66 +

λ2
μα

2
|v(0)|2

= λ2
μE(v, R+) + λ2

μ

(α

2
|v(0)|2 − (λ4

μ − 1)‖v‖66
)

= λ2
μ

(α

2
|v(0)|2 − (λ4

μ − 1)‖v‖66
)

=
λ2

μ

√
3ω

2

(
α − π

8
(λ4

μ − 1)
√

ω
)

.

In particular, if we choose ω >
(

8α
π(λ4

μ−1)

)2
, then F (vμ) < 0. As done for

Theorem 1.5, one defines (vμ)ν(x) =
√

νvμ(νx), so that F ((vμ)ν) < νF (vμ) →
−∞ as ν → +∞, hence F(μ) = −∞ for μ >

√
3π
4 .

On the contrary, if μ �
√
3π
4 , then by applying (7) with p = 6 one gets

F (u) � 1
2
‖u′‖22

(
1 − 16

3π2
μ2

)
+ α|u(0)|2 > 0 ∀u ∈ H1

μ(R+).

Furthermore, F (λu) → 0 as λ → 0, hence F(μ) = 0 for μ �
√
3π
4 . Since

positive bound states exist for
√
3π
4 < μ <

√
3π
2 and in this range of masses

F(μ) = −∞, then ground states do not exist for any value of μ > 0. �
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