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TWO DIMENSIONAL NLS GROUND STATES WITH ATTRACTIVE
COULOMB POTENTIAL AND POINT INTERACTION

FILIPPO BONI AND MATTEO GALLONE

ABSTRACT. We study the existence and the properties of ground states at fixed mass
for a focusing nonlinear Schrédinger equation in dimension two with a point interaction,
an attractive Coulomb potential and a nonlinearity of power type. We prove that for
any negative value of the Coulomb charge, for any positive value of the mass and for
any L2-subcritical power nonlinearity, such ground states exist and exhibit a logarithmic
singularity where the interaction is placed. Moreover, up to multiplication by a phase
factor, they are positive, radially symmetric and decreasing. An analogous result is
obtained also for minimizers of the action restricted to the Nehari manifold, getting the
existence also in the L?-critical and supercritical cases.

1. INTRODUCTION

We consider a nonlinear Schrodinger equation in dimension two in presence of a point
interaction and an attractive Coulomb potential, that can be formally described by the
equation

10 = (A + vla| ™ + ado(@)y — [y, v<0, p>2. (1)

There are several reasons for which equation (1) is relevant for the applications in various
contexts of physics and also for the mathematical techniques that have been developed for
its study.

From the physical point of view, nonlinear Schriodinger equations in dimension two
describe, among other phenomena, the dynamics of Bose-Einstein condensates [35, 34, 37].
In this context the nonlinear term describes the self-interaction of the “quantum field” ;
the Coulomb potential describes the interaction with an external electrostatic potential
and the point interaction models the interaction between the field and the source of the
potential.

Point interactions, corresponding to the ¢ term in (1), arise naturally in quantum me-
chanics when considering the “Darwin correction” to the hydrogen atom. This is an
effective correction, introduced with heuristic arguments by physicists [9], taking into ac-
count an effective smearing out of the wave function of the quantum system due to the
“zitterbewegung”, the phenomenon of fast oscillations of the electron close to the nucleus.

From the mathematical point of view, nonlinear models with point interactions have
been studied first in dimension one, and only recently in dimension two and three. In
dimension one there are several different types of point interactions, since the Laplacian
as a densely defined and symmetric operator C§°(R\{0}) C L?(R) admits a four-parameter
family of boundary conditions. Some of them have been considered in the nonlinear setting:
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delta [13, 24, 32], delta prime [5] and Fiilép Tsutsui conditions [4, 25]. In the two and three
dimensional case, where the deficiency index of the Laplacian on C§°(R9\ {0}) C L?(R?) is
one, there is only one type of point interaction. In recent years some results on nonlinear
Schrodinger equations in presence of point interactions in dimension larger than one have
been obtained, concerning existence and stability of ground states [2, 3, 23, 30], global
well-posedness [11], blow—up phenomena [22] and scattering [12].

Nonlinear Schrodinger equation with a multiplicative Coulomb potential has been also
considered in the past years, with the aim of studying the existence, uniqueness and
stability of positive solutions [7, 18, 36] and global well-posedness, blow up and scattering
[38].

The present paper fits in this line of research, proposing a model that combines a point
interaction and an attractive Coulomb potential. For this problem, we prove the existence
of ground states and we study their properties. We prove that, up to multiplication of a
phase, ground states are positive, rotationally symmetric and radially decreasing.

The existence of ground states for any value of the mass, as well as their properties are
expected results. Indeed, the same results hold both for the NLS with delta interaction [3]
and for the NLS with external attractive Coulomb potential [18]. Nevertheless, this does
not diminish their relevance, since the simultaneous presence of a point interaction and a
Coulomb potential makes the problem technically harder due to the form of the Green’s
function (3), especially in the proof of inequalities of the Gagliardo-Nirenberg type (see
Lemma 2.6) or in the proof of Theorem 1.4.

Furthermore, it would be also interesting to investigate whether such ground state
solutions are orbitally stable or not, but, in order to obtain similar results by using [31]
or [14], a well-posedness result is needed, and this is not straightforward since it requires
Strichartz estimates for the operator —A + v|z|~1 + ady.

Finally, it would be interesting to extend the analysis of ground states in presence of
a repulsive Coulomb potential, i.e. when v > 0. In such a situation, the competition
between the point interaction, that in two and three dimensions can be considered always
“attractive” (see [3] and [2]), and the repulsive Coulomb potential could affect both the
existence results and the qualitative properties of ground states, but new techniques are
needed to study this problem.

Notation. In the following, we will denote [|ull, := [Ju|pr(g2), for p > 1.

1.1. Setting and main results. In this section, we define rigorously the problem and
state the main results of the paper.

Let us stress that the expression (1) is formal and a rigorous definition to —A +v|z| =1 +
adp(z) can be given through the theory of self-adjoint extensions of symmetric operators.
In particular, we are interested in the self-adjoint realisations in L?(R?) of the densely
defined symmetric operator

H, = -A+vjz[”'  on  DH,) = CX[R2\{0}). (2)

The problem of self-adjoint realisations for this model, as well as for the related one- and
three-dimensional models has attained a certain interest in the literature in the last decade
(see e.g. [20, 15]), where the classification of self-adjoint operators was obtained using von
Neumann extension theory. Since we are ultimately interested in the applications to non-
linear problems and the approach will be mainly variational, we need the classification
of the associated quadratic forms, the latter being naturally obtained in the framework
of the Krein-Visik-Birman extension theory (see [29] for a recent review or [28] for a
comprehensive treatment). It is thus natural to re-obtain the results of the above works in
this context, and to complement with the classification of quadratic forms (see Appendix
A for a detailed discussion of this topic).
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Let us define for A > 0 and v > —v/\ the Green’s function of —A + ‘—;‘ + A

r(iq v
2 2N z
gwwm::—ig;—le““wﬁﬁﬂ(mﬁmy (3)
and the quantity
1 1 v
(9)\,,/ = % <¢ <§ + m) + 2’)’ + ln(2\/X)> ) y (4)

where Ug 4 (2) is the Tricomi function defined in [1, Eq. 13.1.6] and 1) denotes the digamma,
function, that is ¢)(x) = I''(x)/T'(x) with T being the gamma function.

The next proposition collects some results about the operator and the quadratic form
of the self-adjoint realisations of (2).

Proposition 1.1. For any v € R, the symmetric operator H, defined in (2) admits a
one-parameter family of self-adjoint extensions {Hy o }acru{cc}- For any a € R:

(i) The domain of self-adjointness is
D(H,o) = {u € D(H")|u = dx+qGrv, ¢x € D(HF),62(0) = gl +0x,)},  (5)

with H* and Hp being the adjoint and the Friedrichs extension of H,,.
(ii) The domain of the quadratic form is given by

D, :=D(Q,) = H'(R?) + spanc{Gy,} (6)
and the action on u = ¢) +qGy, by
Qu(u) = IVeAl3 + vlllz 7 2all3 + Allloall3 — [lull3) + (o + Ox,)laf? (7)

(i) If v < 0, then H, has infinitely many negative eigenvalues accumulating at 0.
Moreover, for any o € R, there exists only one negative eigenvalue —w, of H, .

such that —w, < —v2. w, is the unique solution in the variable X\ > v? of the
equation

o+ 9)\7V =0
satisfying

QW) _ o o Q)

11n | Z— .
veD {0} ||v]3 veH (R2)\{0} [[v[|3

The main goal of the present paper is to investigate the existence and the properties of
ground states at fixed mass of the nonlinear energy

Fu) = 5Qu(0) = Sl (¥

when the Coulomb potential is attractive and the nonlinear term is L?-subcritical, i.e.
when v < 0 and 2 < p < 4.

Definition 1.2. Given p > 0, a function u belonging to the set
D= {veD, : ol = n) )

and satisfying

is called a ground state of (8) at mass p.
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As usual, ground states of (8) at mass p are bound states, i.e. they satisfy
(AS D(HV,CV)7 (10)
H, o (u) — |ulP~2u + wu = 0, (11)

for some w € R (see Appendix B): in this case, w plays the role of a Lagrangian multiplier.
An alternative approach to prove the existence of bound states consists in fixing w € R
and looking for minimizers of the action functional S : D, — R, defined as

S5(v) == B (v) + S vl3, (12)

restricted to the so-called Nehari Manifold, that is the zero-level set of the functional
I¥ : D, — R, defined as

I3 (v) = (%) (v),v) = Qu(v) +wllvl3 — [[v]5. (13)
Definition 1.3. Given w € R, a function u belonging to the Nehari manifold
Ny :={veD,\ {0} : I/(v) = 0}, (14)
and satisfying
S2(0) = duf) = inf S3(0) (15)

is a minimizer of the action (12) at frequency w.

We observe that also minimizers of the action (12) at frequency w are bound states, i.e.
they satisfy (10)—(11) (see again Appendix B).

We can now state the main results of the paper. The first result concerns the existence
and the properties of ground states at fixed mass of (8) when 2 < p <4 and v < 0.

Theorem 1.4. Let2 <p <4, v <0 and o € R. Then for every p > 0 ground states of
(8) at mass u exist. Moreover, every ground state presents a logarithmic singularity at the
origin and is positive, radially symmetric and decreasing along the radial direction, up to
gauge invariance.

The second result concerns the existence and the characterization of the minimizers of
the action at frequency w.

Theorem 1.5. Letp > 2, v < 0 and o € R. Then for every w > w, the minimizers of
the action (12) at frequency w exist. Moreover, every minimizer presents a logarithmic
singularity at the origin and is positive, radially symmetric and decreasing, up to gauge
muariance.

Differently from Theorem 1.4, Theorem 1.5 provides the existence of bound states, i.e.
solutions of (10)-(11), also in the L2-critical and supercritical case, i.e. for p > 4.

Moreover, let us observe that the properties of ground states at fixed mass stated in
Theorem 1.4 are deduced from the properties of the minimizers of the action via Lemma
4.5, in which a connection between ground states at fixed mass and minimizers of the
action is established.

2. PRELIMINARIES

2.1. Properties of 0,, and the Green’s function G, ,. Let v < 0 and A > v?. We
recall that the asymptotic of Gy, as |z| — 0 is

Gro(z]) = [1n|x|+¢(%+ Y )+27+1n(2\/X)+u|x|1n|x| +O0(z|).  (16)

1
—5 o
and the following integral representation holds [1, Eq. 13.2.5]

1 oo v__1 v __1
g)\w(‘x’):%e—\ﬂx\/o e—|$|tt2\/X 2(1+t) 2V 2 d¢t. (17)
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In the next lemma, we give a first estimate of the LY norm of G ,.

Lemma 2.1. Let s > 1, v <0 and A\ > v>. Then for any 0 < o < % there results

C)\,u
93,1 < %

with Cy , := C(\,v,0,s) giwen explicitly by

R I 2\’ 1 1
C L, = _ s(o—1) ,—os - )
A, g2—0os [sos)\T <\/X+I/ to ¢ 2—0’8+€

Proof. The proof follows estimating (17). First of all, let us observe that

+oo v 1 v 1 1 v 1 +00 e_rt
/ e "HAATI(1+¢) 2 2 dt g/ e A dt+/ — dt
0 0 1

The first integral can be estimated using e ™" < 1, so that

1 1%
/ e T2 < 2VA .
0 VI +v

In order to bound the second integral, let us observe that, for any o > 0,

e " <og% 7, x>0, o>0,

[e%¢) efrt o%e 0 +oo O.Uflefo
/ dt < / oAt = ———.
1 t ro 1 ro

Since (a + b)® < 2571 (a® + b%) for every a,b > 0, we get

[ oo 2 s +oo _s(o—1) ,—sr
ng,xHi < 71'1—5 / e_\/XST <\/X7\/__:\> rdr + / %eﬁsrr d?“]
0 v 0

i ) § +o0o +oo
_ 7T1_S \/X / e )\87"7, dr + O,s(a—l)e—as / T_SO—HG_\F)\ST dr
\VA+v ) Jo 0

r S
27\ 1 +00 s(c—1) ,—os p+oo
< gl=s < VA ) / Te Tdr + g / o e T dr | .
0 0

thus

VA+v ) As? (sV/A)257

We conclude noting that f0+oo e Tdr =1 and
—+o0 1 —+o0 1 1
/ T80 e T dr < / 750t dr 4 / e Tdr = +-.
0 0 1 2 — so (&

Remark 2.2. We observe that C,, in Lemma 2.1 satisfies C), — 400 as A\ — (v*)7,
hence the upper bound on |Gy, ||¢ diverges as A — (v?)*. For this reason, in order to
obtain an estimate depending only on A we have to choose A > C' for some C' > 12

O

In particular, the next two lemmas provide an estimate of the L? norm and the L” norm
of Gy, for 2 < p < 4, in terms of A for every A > max{1,4v%}.

Lemma 2.3. Let v < 0. Then for any A > max{1,4v%} and 2 < p < 4 there results
C

190115 < A—g

p
1 p+4 4 2 4—p 2 1
C, = 272 + [ — 2 -+ - X
8 2’577[ (4—19) ’ (p e)]

with
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. . 4—
Proof. The proof follows applying Lemma 2.1 with s =2 and 0 = =2 < 1. O

Let us point out that, even if not natural, the dependence on 2 < p < 4 of the estimate of
|Gxv]l2 in Lemma 2.3 is functional to the proof of the Gagliardo-Nirenberg type inequality
in Lemma 2.6.

Lemma 2.4. Let 2 < p < 4 and v < 0. Then for any X\ > max{1,4v2} there results

Gy
1Gx vl < G
with
~ al=p | 4p 2p 4 a2 1
Cp = D 4—p + € 2 - + -
Pz |pr 4—p p e
Proof. The proof follows applying Lemma 2.1 with s = p and ¢ = 42;;’ < %. O

Even if the estimates in Lemma 2.3 and Lemma 2.4 are not optimal in the exponents of
A, they are sufficient to prove a Gagliardo-Nirenberg type inequality and then boundedness
from below of the energy functional F, when 2 < p < 4.

We conclude this subsection by presenting the main properties of 6 ,.

Lemma 2.5. Let v <0 and A\ > v2. Then 0y, is a strictly increasing function of A and

Iim 6,, =— lim 6, , = +o0.
Aoyt Y " Ao

Moreover, there results that

%<log<\/x+u)— 2V +2fy>g@,\,,,§%<log(\/x+u>—\/X\/iy—i—?y).

\/X%—l/

Proof. It is straightforward to check that

ey, 1 < , (1 v > >
Y = v (s +—=]+2VX),
dA 82 v 2 2V
which is strictly positive since the digamma function ¢ is strictly increasing. Moreover,
the limit as A — (v2)* follows from the fact that ) (x) — —oc as  — 01, while the limit
as A — 400 is a consequence of the fact that 6y, ~ loi(r)‘) as A — 4o0.
Inequalities (18) follow applying to the definition of ) ,, well known inequalities on ()

(see [6, Eq. (2.2)]), i.e.

Sl

L < log(z) - p(a) <

o , Vz>0. (19)

O

2.2. Gagliardo-Nirenberg type inequalities. In this subsection, we first recall a well-
known Gagliardo-Nirenberg inequality and then prove a modified version of it.

The Gagliardo-Nirenberg inequality in dimension two guarantees the existence of a
constant K, > 0 such that

I8b < K,l[Volb2l¢l3 Vo€ H' (R). (20)

The next lemma provides a Gagliardo-Nirenberg type inequality for functions belonging
to D, \ H'(R?) when v < 0.
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Lemma 2.6. Let2 <p <4 andv <0. Then
_ i—p -2 =~ 2
Jully < 207 [ K5, (1+ Cylal =) 90> + Cylal® | 1} (21)

for every u = ¢y + qGx, for which q # 0 and such that

2 |C]|2
A > max ¢ 1,4v%, 5

[ull

Proof. Let v < 0 and consider u = ¢y + qGy,, ¢ # 0, with A > max{1,4v2}. Therefore,
by (20), Lemma 2.3, Lemma 2.4 and the triangle inequality

Iy =l + aGnully < 27" (llxllp + lal” 190 1)
- ) —1,~ |Q|p
< 2P KL IV orlB a5 + 2P 1Cp)\_%

2 - p
e + 27’—10,,%.

A4

— —2 — —2
< 2K [Vl llull3 + 287 K, Gl Vanlly

D
4

If in addition A > |Q|2§ , then

flull3
_ 4—p —2 15 P
lully < 227 K, (14 Cylal 2" ) IV 6al15 21l + 22 Cylal ul3,
entailing the thesis. O

Remark 2.7. Let us observe that, differently from the standard Gagliardo-Nirenberg
inequalities, the inequality in Lemma 2.6 is valid for 2 < p < 4 only, since as p — 4~ both
C)p and 5,, of Lemma 2.3 and Lemma 2.4 diverge. This fact enables us to deal with the
L?-subcritical case only and not with the L?-critical case p = 4.

2.3. Hardy-type inequalities. In this subsection, we first recall a Hardy-type inequality,
proved by Edmunds and Triebel in [21] in a more general context, and then we show a
useful application for our purposes.

Before stating the result, given 7 > 0 we denote B, := {x € R? : |z| <r}.

Proposition 2.8. There exists a constant ¢ > 0 such that ¥ ¢ € H'(R?)

() ,

The next result is an application of Proposition 2.8.

Lemma 2.9. Let ¢ € H'(R?). Then, for every 0 < e < e™!, there results

o(x)? 1
J e R (23)
R2 €

|z
with c. == (1 + |In¢e|)? and ¢ > 0 given by Proposition 2.8.
Proof. Let ¢ € H'(R?). Then, for every 0 < e <1

16(x)? 16(x)? 6(x)P?
dez = d d
Aapm v /grm x*Am%\w v

|6 () 2| (1 + |In || ])? 1 ;
S/g 221+ [In2]])? dx+g/ﬂ@ |6(x)|" da.
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Note now that the function ¢(t) := ¢(1+ |In(¢)])? is monotone increasing for 0 < t < e}
whence by using a L>® — L' Holder inequality, enlarging the domain of integration to B
and applying Proposition 2.8, there results that for every 0 < ¢ < e~ !

() Lo
6o do < (1 + | nel)? + 2ol
/ J] By |2[*(1 4 In|z])? el
1
< e(1+ el elloln @) + <1413,
with ¢ > 0 is the same as in Proposition 2.8. U

Remark 2.10. Note that lim._,gc. = 0.

2.4. Some properties of the symmetric decreasing rearrangement. We recall here
the definition and the properties of the radially symmetric decreasing rearrangement of a
function in RY.

Given f : R? — [0,400) a measurable function vanishing at infinity, i.e. |{f > t}| :=
{z € RY: f(z) > t}| < +oo, for every t > 0, we call the radially symmetric decreasing
rearrangement of f the function f*: R% — [0, +00) defined by

fr(@) = /0 Ty (@) dt, (24)

with {f > t}* the open ball centred at zero such that [{f > t}*| = [{f > t}| and Tyf-y-
the characteristic function of {f > t}*.
We recall now some well known properties of f*. First of all,

£l = £l Vf € LPRY), f20, Vp=>1. (25)

Moreover, the well known Hardy-Littlewood inequality holds: given two measurable
functions f, g : R? — [0, 400) vanishing at infinity, there results

| i@s@ds < [ 5@y ). (26)

By applying inequality (26) (see [3, Proposition 2.4]), there results that for every f,
gelLr (]Rd, [0, —|—oo)), with p > 1,

[rsgpans [ 15 gran (27)

Moreover, if f is radially symmetric and strictly decreasing, then the equality in (26)
or (27) implies that g = ¢* a.e. on R

Finally, the Pélya-Szegd inequality holds, i.e. if f € H'(R?), then f* € H'(R?) and in
particular

IVl < IV fll2- (28)
3. MINIMIZERS OF THE ACTION: PROOF OF THEOREM 1.5

This section is devoted to the proof of Theorem 1.5.
We note that, by using (13), the action functional (12) can be rewritten as

o p 2 1 p—2 1.,
Sy () = 5l + 517 () = == (Qu(v) +wlovl3) + (@), (29)
and thus, (15) can be rewritten as
2p 2
Lodw) = o [l = in (Qu) +wlol) (30)

Lemma 3.1. Let v <0 and w > w,. If v € D, and I¥(v) <0, then

2 2
Hng>2Tdey(w) and Qy(v)—i—vaH§>2Tp2dy(w).
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Proof. Let v € D, such that I¥(v) < 0. Given 5 > 0, we have that
I3 (Bv) = 52 (Qu(v) +wlvll3) — A7l
Since Q,(v) + wl|v]|3 > (w — wy)|[v||3 > 0, there exists 8* € (0,1) such that I¥(8*v) = 0
and %
5w < 187l = (BIlvlly < il
The other strict inequality can be obtained in a similar way. O

Remark 3.2. By Lemma 3.1 and (30), it follows that for every w > w,

) =int {22210l s 0 € D\ (0}, £(0) <0

B (31)
—int {222 (Qulo) + ) v e D\ ), FE(0) < 0.

Let us now introduce the energy and the action functional without point interaction.
The energy functional is defined as

14

1 1121
By(v) = 5IVol + 5 |[lal =30, — ol (32)

It is then convenient to recast our minimization problem as the problem of existence of
u € HY(R?) := H'(R?) N {|[ull3 = p} such that

E,(u)=E, = inf E,(v).
(u) ()= _ ) (v)
One can define also the action functional
Nw w
Sy (v) == Ey(v) + E\Iv\lg (33)
and the associated Nehari Manifold
Ny = {ve H'®)\ {0} : T2(v) = 0}, (34)
where
Tw 2 12 2 P
L) = IVoll3 + v |[lel =30+ wlol = ol

A minimizer of the action (33) at frequency w is a function u € N¥ such that
§2(u) = dy(w) = inf S2(v)
vENY
We observe that for every v € H'(R2) it holds S¥(v) = §¥(v) and N¥ N H'(R2) = N¥,
hence

0<dy(w) <dy(w) YweR. (35)
Remark 3.3. As observed for d,(w) in Remark 3.2, it holds that for every w > v/?

dy(w) = inf {p;juvug cve HY(R?)\ {0}, I¥(v) < o}

-9 2 ~
— inf {% (yywy; v |lef =3 +wuvug> :ve HY(R?)\ {0}, I¥(0) < 0}

(36)

The next proposition collects some results proved in [18, Proposition 1.2] about the
minimizers of the action (33).

Proposition 3.4. Let p > 2, v < 0 and w € R. If w > 12, then dy,(w) > 0 and d,(w) is
attained. Moreover, the minimizers of d,(w) are unique, positive and radially symmetric,
up to a multiplication by a phase factor.
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The next lemma shows the mutual relation between d, (w) and d,, (w).
Lemma 3.5. Letp > 2, v <0 and o € R. Then
dy(w) < dy(w), Yw > (37)

Proof. Let v < 0, w > v? and ¢ be a minimizer of gl‘;’ at frequency w. Note that g cannot
be a ground state of S¥ at mass p. Indeed, if this is the case, then ¢ has to satisfy (10),
ie. ¢x(0) = (a+0y,)q. Since g € HY(R?), it follows that ¢ = 0 and, as a consequence,
g = ¢ and ¢g(0) = 0. Notice that this contradicts Proposition 3.4, in particular the fact
that g is positive. Since g is not a minimizer of S}/ at mass pu, it follows that there exists

v € N¥ such that 5% (v) < S¥(g) = d (w), entailing the thesis. O

Proposition 3.6. Let « € R, v < 0 and w > w,,. Then there exists u = ¢, + qG., € N2,

with ¢ # 0, such that S¥(u) = d,(w).

Proof. Let v < 0 and (uy), be a minimizing sequence for S¥ in N, ie. I¥(u,) = 0

for every n and S¥(u,) — d,(w) as n — 4o00. Moreover, consider the decomposition

corresponding to A = w, that is u,, = ¢y, + ¢nGw,,. We divide the proof into three steps.
Step 1: weak convergence. By (29), it follows that

p—2
2p

p—2
lunlly = dv(w), == (Qu(un) +wlunl3)) = du(w), (38)
as n — +oc, hence (u,) is bounded in LP(R?). Moreover, by Lemma 3.5 and Lemma 2.9
we have that for sufficiently large n

P2 0 W IVl (4 ) Nl 100+ 0u) | < TG0
so that, choosing 0 < e < e™! satisfying c. < |v|7}, it follows that (¢, ), is bounded
in H'(R?) and (gy), is bounded in C. Therefore, there exists u € D,, ¢, € H'(R?) and
q € C such that, up to subsequences, u, — u weakly in LP(R?), ¢, — ¢, weakly in
HY(R?), ¢, — ¢ in C and u = ¢, + qG.

Step 2: q # 0. If we suppose by contradiction that ¢ = 0, then by (38) there results

p—2

- p
el = dufw).

as n — +oo. Let us denote with

=

L2
Pnwlz| "2
2

IV6nll +wldnul3 +v|

o 6ol

We observe that 3, — 1 and Tl“,’ (Bnénw) = 0, thus by Lemma 3.5 we have

~ -9 ~
d,(w) < %Ilﬁn%,wllﬁ = dy(w) < dy(w),

getting a contradiction, hence g # 0.
Step 3: strong convergence and conclusion. There results that

[un = ully = flunlly = llull; + o(1) (39)

and

15 (un — ) = I7(un) = L7 (u) 4 o(1), (40)
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as n — +oo. Identity (39) is a consequence of Brezis-Lieb lemma [10], since (uy), is
bounded in LP(R?) and u,, — u a.e. in R%. (40) follows instead by the fact that ¢y, ., — ¢,
weakly in H'(R?), ¢, — ¢ in C and

/R2 2| N hnr — Pr)Prdz — 0, n — 4oo. (41)

To prove (41), without loss of generality we can pick v € C2°(R?), call 7, = ¢y, \ — b
and, after fixing ¢ > 0, we prove that [, |z| 'r,(2)v(z)dz < e for n large enough. In

particular,
<|[ lal tra(e)ota) o] +
B

n

=J1+Js.

|lz| " trpo(x) d

~1
. /R?\Bn |z| " rp(z)v(x) do (42)

By using Cauchy-Schwarz inequality and Lemma 2.9 (with ¢ = e™1), we get

I < ( /B n rm\1\v<x>\2dm>é < /B n \xrlrrnw)\?dm)é
< ,/(é + ) cllrall vy ( /B el ot dxf ,

thus, since (uy,) is bounded in H'(R?) and v € H'(R?), for  small enough J; < §. Now,
fix n such that J; < 5. Then

1 1
st / fo(@)l[ra (@) dz < 2 o]loc / ral d,
1 JrR2\B, n supp(v)

hence for n large enough Jp < 5, since r, — 0in H 1(R?) and, for the compact embedding,
n — 0in L} (R?).

loc

Now, using (39) and the fact that ||ulh > 0,

; P ; p—2 P _
Jm o [un —ulfy < lim " [unlly = dv(w),

hence I (u, —u) > 0 for sufficiently large n by Lemma 3.1 and I(u) < 0 by (40). Thus,
from the lower semicontinuity of the norms and Remark 3.2

dy(w) < || 5 <

hence u, — u in LP(R?) and ﬁHqu = dy(w), so that the thesis follows via Lemma
3.1. O

hmlenf [unllh = dy(w),

Lemma 3.7. Let a € R, v < 0 and w > w,. If u € D, satisfies
2 p—2
—(Qy(u)+wllu\|§) <dy(w) < o [l (43)

then uw € N and S¥(u) = d,(w).

Proof. From (43), we have I¥/(u) < 0 and using also (29), we get S¥(u) < d, (w). Moreover,
again from (43) and Lemma 3.1 we get I¥(u) > 0, thus v € NY and S¥(u) =d,(w). O

The next three lemmas characterize the minimizers of the action (12) at fixed frequency
w.

Lemma 3.8. Let a € R, v < 0, w > w, and u be a minimizer of the action S¥ at
frequency w. Then q #0 and ¢y :=u — qGy, # 0 for every A > V2.
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Proof. Let A > v? and consider the decomposition u = ¢y +¢Gy. Assume by contradiction
that ¢y = 0. Since u # 0, we have ¢ # 0, and, since u satisfies (10), then o + 6y, = 0,
which, for A > 1?2 is satisfied if and only if A = w,. Moreover, since u satisfies also (11), it
follows that

w—wy =" Gu, "2 Vo e R?\ {0},
which is a contradiction, hence ¢ # 0. If instead we suppose by contradiction that ¢ = 0,
i.eu=¢p) € HY(R?), then d,(w) = S¥(u) = d,(w), contradicting Lemma 3.5. O

Lemma 3.9. Let a € R, v < 0, w > w, and u be a minimizer of the action S¥ at
frequency w. If q is a positive real number, then u is positive.

Proof. Let u = ¢, + qG.,,, be a minimizer of the action S}y at frequency w and 2 :=
{x € R? : ¢,(z) # 0}. By Lemma 3.8, || > 0, so that ¢, (z) = ?@)|¢, ()| for every
r € R?\ {0}, for some 6 : Q — [0,27). If we prove that 6(z) = 0 for a.e. = € Q\ {0},
then the proof is complete since in this case ¢,,(x) = |¢, ()| > 0 for every € R?, whence
u(z) > 0 for every z € R?\ {0}. Suppose by contradiction that § # 0 on Q; C (2 \ {0}),
with |©;] > 0, and consider the function @ := |¢,| + ¢G.,,,. On the one hand, we have
that |u(x)|?> < |[u(z)|? for every z € Qy, thus d,(w) = 7’2—;2\|u||£ < pQ;szﬂHg since |Q4] > 0.
Moreover, using (25) and (28), we have p2—_p2 (Qu(@) +wlal3) < p2;pz (Qu(u) + wlul3) =
d,(w), hence

p—2 o - p—2, .

o (Qu(@) +wlallf) < dy(w) < 5, Il
From Lemma 3.7, we deduce that u € N¥ and S¥(u) = p%;”ﬂ“g =dy(w) = p2;pz||u\|£,

getting a contradiction. O

Lemma 3.10. Let « € R, v < 0, w > w, and u be a minimizer of the action S¥ at
frequency w. If u is positive, then u is radially symmetric and decreasing along the radial
direction.

Proof. Let v = ¢, + ¢, be a minimizer of the action S} at frequency w. Since G, ,
is radially symmetric and decreasing, it is sufficient to prove that ¢, = ¢, with ¢}
the radially symmetric decreasing rearrangement of ¢,. Assume by contradiction that
¢ # ¢, and define the function u := ¢, + ¢G, . By (25), (28) and the equality cases in
(26) and (27), there results that

~ ~ * * —1 . 2
Qu(@) +wliils = V6513 + wlasll3 + v |lel=3a|| + 10 (@ + bun) < Qulw) +wllul,

and

I7(u) = Qu(u) + wllullz = [[alf < L (u),
thus I%(uw) < 0 and p2—_p2 (Qu(u) +wllull2) < dy(w), which is in contradiction with Lemma
3.1. U

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. The existence part follows from Lemma 3.6. Let now w > w, and
u be a minimizer of the action S¥ at frequency w. By Lemma 3.8, we know that ¢ # 0,
hence without loss of generality we can assume that ¢ > 0 by multiplying by a proper
phase factor. By applying Lemma 3.9 and Proposition 3.10, we conclude the proof. U

4. FIXED MASS GROUND STATES: PROOF OF THEOREM 1.4

This section is devoted to the proof of Theorem 1.4. We start by recalling some results
about the energy E,, that were partially proved in [18].
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Proposition 4.1. Let p € (2,4), p > 0 and v < 0. Then there exists u € H}L(RQ) such
that

E,(u) = &,(n) < Eo(p).

Moreover, every ground state is positive, radially symmetric and decreasing along the radial
direction, up to a multiplication by a constant phase factor.

Proof. Using [18, Theorem 1.8] we obtain the existence part and the fact that every ground
state is nonnegative and radially symmetric up to a multiplication by a phase factor, thus
it remains to prove that every ground state is decreasing along the radial direction up
to a phase factor. Suppose by contradiction that there exists a positive ground state
u € H'(R?) such that u is not decreasing along the radial direction. If we consider the
radially symmetric decreasing rearrangement u* of u, then by applying (26) with f(z) = ‘—i‘

u*(z)]? u(z)|?
JRC Ty T »

where the strict inequality follows from the fact that u is not decreasing along the radial
direction. By (28), (25) and (44) and using the fact that v < 0, there results that

E,(u") < E,(u), (45)

and g = u we get that

being a contradiction and concluding the proof. O
Proposition 4.2. Letp € (2,4), v <0 and o € R. Then,
Fo(p) < &E(pn) <0, Vu>D0. (46)

Proof. Let v < 0, u > 0 and g be a ground state of E, of mass y. Note that g cannot
be a ground state of F,, at mass u. Indeed, if this is the case, then g has to satisfy (10),
that is ¢(0) = (a4 05, )q. Since g € H'(R?), it follows that ¢ = 0 and, as consequence,
that ¢ = ¢ and ¢(0) = 0, but this contradicts (ii7) of Proposition 4.1, in particular the
fact that ¢ is positive. Since ¢ is not a ground state of F,, at mass u, it follows that there
exists v € D, such that F,(v) < F,(g) = &,(11), entailing the thesis. O

Lemma 4.3. Letp € (2,4), « € R, v <0 and p > 0. Ifu, = ¢p x+¢nGr, is a minimizing
sequence of mass u for the energy F,, then there exists m € N and a constant C' such that
lgn| > C' for every n > 7.

Proof. We prove it by contradiction. Suppose that there exists a subsequence of ¢, that
we do not rename, such that g, — 0. Then, ||¢,a||3 —# — 0 as n — +o0, so that |¢,]2
is bounded. Moreover, by applying (20) to (8), there results

o+ 9)\7V

5 ‘Qn’2

1 A v _1 2
Fyun) = 5196l + 5 (16nal = 1) + 2 |lel 2 éna |, +

op—1 L,
= = (Bl Vonll 0nall3 + lanl? 16 11)

271K,
p

1 _ Vi, _1 2
= SVl - 196nAl5 2 6nl3 + 5 [|l2l 2 6na, + o)

as n — +00. By applying Lemma 2.9 with 0 < £ < e~ ! such that ¢, = min {ﬁ,

o|&

3

where ¢ > 0 is the same as in Proposition 2.8, we get

1 C, _ v 1
Fo(un) 2 719018 = 2190l 21mall = 5 (e + 2 ) Bomall + o),

so that ||V, a|l2 is bounded since F, (uy,) is bounded from above and p < 4.
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We introduce the sequence §, := ﬁ%,m for which [|&,]|3 = p and [|[V&,]3 is
bounded. Therefore, using the fact that ¢, — 0 and On) — u, — 0 strongly in every
LP(R?) with 2 < p < 0o, one gets

Fy(up) = Ey(¢n ) +0(1) = Ey (&) +0(1) > E,(p) +0(1), n— +oo.

Passing to the limit, there results F, (u) > &£, (), being in contradiction with Proposition
4.2. U

Lemma 4.4. Letp € (2,4), a € R, v <0 and pu > 0. If (uy)n is a minimizing sequence
of mass u for the energy F,,, then it is bounded in L"(R?) for every r > 2, and there exists
u € D, \ HY(R?) such that, up to subsequences,

u, = u in L*R?, wu, —u ae in R?> n— 4oo. (47)

In particular, if one fizes X > max{1,4v?} and the decomposition u, = Gnx+ @nGx .y, then
(A )n and (qn)n are bounded in H'(R?) and C, respectively, and there exist ¢ € H'(R?)
and g € C\ {0} such that u = ¢y + qGx, and, up to subsequences,

Gy — Ox in LQ(RQ)7 Vo — Vor in LQ(RQ)7 go—¢q m C, n— +4oo.
(48)

Proof. Let (u,), be a minimizing sequence of mass u for the energy F,. By Banach-
Alaoglu Theorem, there exists u € L?(R?) such that u,, — uin L?(R?) up to subsequences.
Moreover, owing to Lemma 4.3 we can suppose without loss of generality that there

exists C' > 0 such that |g,| > C for every n, then we can rely on the decomposition
4 4
2 P

Up = Gp + @Gy, With A, = Mlq#§ and M = max{l, é—Z, 4”2—‘2‘;} By this choice of
lunlly

M, there results that

2
Ap = max 1,41/2,M ,

8
[unllz

hence Lemma 2.3, Lemma 2.4 and Lemma 2.6 apply. In view of this decomposition, by
the triangle inequality and Lemma 2.3 there results

4—p
16113 < 2 (lunl3 + lan 190, 13) =2 (1+ Colanl =) (49)

and the energy reads as

Voul?2 M |qal? v _1 2
Fy ) = 000 2 Lol 2 ¥ g |
unlls
M 2 p
p 2 c]2 p
llunlz

By applying Lemma 2.6, Lemma 2.9 (with 0 < ¢ < e~! to be chosen), (18) and (49) to
(50) and by recalling that \, > 42, there results

1—1vle _4 M 2
FE,(u,) > %HV@LH% + <27T (a — My p) + log (# +u> —4+27> ﬁl
pr m
1 4—p p—1 4-p p—2 =~ 4
| (e +7) (14 Colanl ) 1= 277 [ K, (14 Cplaal 2 ) IV@nl5 ™2 + Colan? | .
(51)
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Since c. — 0 as € — 0, it is possible to choose 0 < £ < e~! such that ¢, < ﬁ Consider
now the function g : RT™ x RT — R defined as

_2
22 ¢ +log <M,u Py)

4—
9(w,y) = + = y? — (1 + prTp) (c2 + c32P7%) — eayP 2,

with ¢; := 27 <a - M,ul_%) — 442y, = (cc+e ) p, g =2 Kpp and ¢4 =

2P= 1C,u Since 42 P2 p—2<2, <2and4%p+p—2<21f2<p<4,thereresults
that

g(x,y) = +oo as 2?4 9y* = 4o0.

Combing the facts that F,(u,) > g ([Vonll2, [gn]) = +00 as [[Vén||3 + |gn|> — +oo and
F,(up) — F, (1) <0 as n — +oo, it follows that (V¢y,), is bounded in L?(R?) and (g, ),
is bounded in C, so that, up to subsequences, ¢, — ¢ and ¢ # 0 since |g,| > C > 0.
Furthermore, in view of (49) also (¢y,), is bounded in L?(R?).

Fix now A > 42 and consider the decomposition u, = O+ @nGr, With ¢, \ =
&n + @n(Gr, v — Grv)- By (49) and Lemma 2.3, we have that

4Cplq

6013 < 216018 + 40 (1900l + 192,18) < 4 (1-+ 2l 7)o+ 222
hence (¢, ) )n is bounded in L?(R?). Moreover, by using the convexity of f(t) = t? together
with (20), Lemma 2.6 and Lemma 2.9 (with € to be chosen), we get

p—1
vlc K, 9 )\
Fuun) > 2210 190, 513 - 2 e v, 0 H%AHQ
(e 2) Mol + S~

By choosing 0 < ¢ < e~ ! such that c. = ﬁ
(gn)n and |¢nall2, we deduce that (V¢ »), is bounded in L?*(R?), hence there exists
¢x € H'(R?) such that, up to subsequences, ¢, » — ¢ and Ve, » — V¢, in L*(R?): in
particular, ¢ = u — ¢Gy. Furthermore, by Rellich-Kondrakov theorem, ¢,y — ¢, in
L (R?), for every r > 2, so that u, — u a.e. in R?. O

as above and using the boundedness of

The next lemma establishes a connection between ground states at fixed mass of (8)
and minimizers of the action (12) at fixed frequency, allowing to deduce the properties of
fixed mass ground states by knowing the properties of action minimizers. Such a lemma
has been proved in [19] and [33] for the standard NLS energy: we report here the proof
for the sake of completeness.

Lemma 4.5. Letp > 2, a € R, v € R\ {0} and p > 0. If u is a ground state of F, of
mass i, then it is also a minimizer of the action S at frequency w > u=t(||lullh — Q. (w)).
Moreover, if v < 0, then w > w,.

Proof. Let u be a ground state of F}, of mass u and let w > 0 be the associated Lagrange
multiplier, given by w = u~1(||lu||}, — Q. (u)). Suppose, by contradiction, that there exists
v =)+ &Gy, € N¥ such that S¥(v) < S¥(u) and let B > 0 be such that [|Bv|3 = pu.

Then
3 oy P”
Sy (Bv) = Z(Qu(v) +wvl3) — ?HvH,’i-
Computing the derivative with respect to § and using that v € N¥, we get
d

a5 (Bv) = B(Qu(v) +wlv]|3) = B Holl = B (v) + (B =B Hlvlh = B BP2)lvlp,
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which is greater than zero if and only if 0 < 5 < 1. Hence S¥(fv) < S¥(v), for every
B > 0. Therefore, since S¥(Sv) < S¥(v) < S¥(u),
w w
E(80) + 21013 < Fufw) + £l

and using the fact that ||8v||3 = ||ul|? = u, this entails F,(Bv) < F,(u). However, as this
contradicts the assumptions on u, we obtain that u is a minimizer of the action S¥ at
frequency w.

Suppose now that v < 0. By the Lagrange Multiplier Theorem, one has

(F)(u),v) + w(u,v) =0, Vv € D,,

so that, setting v = u, we get
p—2
28y (u) = == [ullp = —wllul3. (52)

Therefore, by point (iii) in Proposition 1.1

2F, (p — P=2|1q|1P
N iz ) < i int Q) =~
M vEDY

entailing the thesis. O

Proof of Theorem 1.4. Let u,, be a minimizing sequence of mass u for F;,. Then by Lemma
4.4 there exists u € D, \ H*(R?) such that, up to subsequences, all the limits in (47) hold
and, for any A > 412 and given the decomposition u, = Onx + @Gy, also the limits
in (48) hold. Set m := |lu|3. By weak lower semicontinuity of the norm, m < u. Since
q # 0, it follows that m # 0. Suppose by contradiction that 0 < m < p. Since u, — u in
L?(R?), then |lu, — ul[3 = u —m + o(1), as n — +oo. On the one hand, since p > 2 and
[

Foli) < B (=) ) < g B =),

[[tn — ull2 —uf3”
thus
liminf F) (up —u) > & ;m}"y(u). (53)
On the other hand,
Fo(n) < F, <1/%u> < ﬁFl,(u),
hence
m
F,(u) > ;.Fy(u). (54)
Moreover, there results that
Qu(up —u) = Qu(uy) — Qu(u) +o(l), n— +oo (55)
and
l[tn = ullfy = [lunlll; = [lull} +o(1), n — 400, (56)
hence
F,(u, —u) = F,(uy) — F,(u) +o(1), n— +oo. (57)

In particular, (55) is a consequence of the fact that w, — u, ¢\ = ¢dx, Vo x — Voy
in L2(R?), ¢, — ¢ in C and (41).

Equation (56) follows instead by Brezis-Lieb Lemma [10], since (uy,), is bounded in
LP(R?) and u,, — u a.e. in R

By combining (53), (54) and (57), we obtain

Fu () = liminf F,(u,,) = liminf F), (u, —u) + F,(u) > F, (1),
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that is a contradiction, thus m = p.
In order to conclude the proof of the existence part, it is left to prove that

Fo(p) <liminf F, (uy,),
n
PnA =P

Vel

in particular that u, — u in LP(R?) and ‘

, — 0 as n — +oo. By applying (20),
we have that for every r > 2
[ =l < 2771 (B[ Vonn = Vol llgnn — oal3 + 1Gulrlan —al")

hence u,, — u in L"(R?) since |V, x — Vi |l2 is bounded, ¢, — ¢y strongly in L?(R?)
and ¢, — ¢ in C: this is valid in particular for r = p. Finally,

_ 2 _ 2 _ 2
Snx — Or :/ [P0\ — A dm—i—/ | P, x — DAl de
B || R2\ B, ||

V|
1—1
1 ’ 2 2
< — da [onx — dallzp + | Pnx — dall2 = 0, n — +oo,
B

1 |z|Pt

2

since ¢, \ — ¢y strongly both in L?P(R?) and in L?(R?) and

1 L
—dx =27 —dz < +00.
By |x|?p-T 0 pr—1

We are ready now to prove the properties of the ground states at mass p. We observe
that, by Lemma 4.5, every ground state u at mass g is a minimizer of the action at
frequency w > w,. Moreover, by Theorem 1.5, u presents a logarithmic singularity at
the origin, is positive, radially symmetric and decreasing along the radial direction, up to
gauge invariance, and this concludes the proof. O

APPENDIX A. SELF-ADJOINT EXTENSIONS OF 2d SCHRODINGER OPERATOR WITH
COULOMB POTENTIAL

In this appendix we prove Proposition 1.1 using the Krein-Visik-Birman self-adjoint
extension theory. Since it will be needed to distinguish among a self-adjoint operator
and its quadratic form, we will make use of the following notation. If A is a densely
defined symmetric operator, D(A) is the operator domain, Au denotes the action of A on
u € D(A); D[A] denotes the domain of the quadratic form associated to A, whose action
is denoted by Afu,v] for u,v € D[A].

A.1l. Unitary equivalent problem. To simplify the analysis, we exploit the spherical
symmetry of the potential and the isomorphism given by the unitary operator

U : L*(R%daxdy) — (2(Z,L*(R*,dr))
f — (@r(r)k

2w
~ r 27k
= 4 — 9) dv
Bulr) = \f5= [ e )
and 7,9 € RT x [0,27) are the polar coordinates on the plane
r = rcost
y = rsind
The transformed Hamiltonian has the form

. d? , 1\ 1 v
UHU* = @[—@Jr((m) _Z>ﬁ+i} .
keZ

(58)

where for k € Z
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A simple application of Weyl’s limit circle/limit point criterion shows that the only com-
ponent which is not essentially self-adjoint is the one corresponding to k& = 0. It is also
trivial to see that the operator (1) is bounded from below. We call S the s-wave operator,
that is

a2 11 v

S = —-——-——-—=+—-.

dr?2  4r2
A.2. Kernel of the shifted operator. The first ingredient needed for the application
of the Krein-Visik-Birman extension scheme is the characterisation of the kernel of the
operator S*, i.e. to find all the solution to the differential problem

(—@—@%-;%—)\)u(r) =0 (59)

in L2(R*). Through the change of variables r — ¢ = 2r\/\, and looking for a solution in
the form u(r) = ¢(2rvV/\) = ¢(£), (59) reduces to the Whittaker’s equation [1, Eq. 13.1.31]

d?¢ 1 v 1 1 -
d—£2+|:—1—mg+4—£2:|¢—0. (60)

A pair of linearly independent solutions is given, for A > 0, by

1 v —Vr
() = =T (3 + g55)Vie VU 12V, (61
V2T N
Fya(r) = = fre YA My, (2V )
(5 +5%) 2

where M and U are Kummer and Tricomi functions defined in [1, Eq. 13.1.2, 13.1.6] and
the large-distance asymptotics are, to leading order, given by [1, 13.5.1 - 13.5.2]

(I)V7>\(T) N %F <% * ﬁ) (QT\/X)_#XQ*\/XT(l + O(Til)) )

r) = ﬁ r ﬁex/xr 7,71
Fo(r) = \/Xr2(5+ﬁ)(2ﬁ )2vzeV (1 +0(r™h),

showing that the only potentially square integrable solution is given by @, x(r).
Concerning short-distance asymptotics, these are obtained from [1, Eq. 13.1.2 - 13.1.6]

O, (r) = —\/%[mrw(%23;>+2v+1n<2ﬁ>+wlnr +0(°%),  (62)

B V2T
G+ 3%)

here ¥(z) = I''(2)/T'(z) is the digamma function and v ~ 0.577 is the Euler-Mascheroni
constant. Asymptotics (62) shows that, in fact, ®, , € L?(RT) and we can summarise the
result proved in this subsection as:

Fya(r) Vr(L+vr) +0(r/?), (63)

Lemma A.1. The operator (1) has deficiency index 1 and ker(S* + A1) = span{®,, »}
with ®,, 5 defined in (61).

A.3. Domain of the adjoint. As a consequence of the method of variation of constants,
to solve non-homogeneous ODEs we know the following. If we define the Wronskian of
®, ) and F), ) as

W, (B, Fyn) = det @,igg ?,igj;) - w6

)
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and the two-point Green’s function as

(I)V,A(T)FV,)\(/)) 0<p<r,
g)\,u(ra P) = . (65)
A EFA)Pua(p) T <p< oo

We have

Lemma A.2.

(1) If X € (—o0,—1v?), the operator Rg, , whose integral kernel is given by (65) is
bounded, self-adjoint and everywhere defined.
(2) For any g € L*(RY), the short-distance asymptotics of (Rg, ,9)(r) is

(Rgy,9)(r) = V2rr(®,5, ) 12@e) + o(r®? 7). (66)

(3) Rg, , is the resolvent at A of a certain self-adjoint extension of S, called Sp:
(Sp+A)~! = Rg,, .

Proof. (1) Gy, (1, p) is well-defined for A € C\ R using as determination of square root
the one with positive real part. This implies exponential decay of ®, \ at large distances
which is a condition we are going to use in the proof. If v > 0 Gy , (r, p) is well defined for
all A > 0; if ¥ < 0 one has to take care of the poles of the Gamma function occurring for
negative integers of its argument. The explicit expression (65) guarantees that a sufficient
condition for Gy , (1, p) to be well defined at real A, even in the case v < 0, is A > 2.

The integral kernel of the operator Rg, , splits into the sum of four integral operators
with kernels given by

Gy () = Gau(r,p) L1, 400) (M) L1 400y (P)
Gy (1) = Gau(r, p) L1, 400) (1) L0,1) ()
Gr (1:0) = Gau (7. 0)L(0,1) (1) L1 400 ()
Gy (rp) = Gau(r,p) L1y (1)1 (p)

where 1; denotes the characteristic function supported on the interval J C RT.
For each GLAL(r,p) with L, M € {+,—} we can derive a point-wise estimate in (r, p)
from the large and short distance asymptotics of ®, y and F, x. These are

G55l S (937 + (5)77)e™VA A1 4 (1) 11 100 (0)
G5, (1 p) S Ve VeV o) (M) 0.1 ()
G (rp)| S Ve Y101 (1) L1400 ()
G5 (o) < (VAT + vl p) L.y (1) 1o (p

The last three estimates show that the kernels GI; (r,p), G;}\L(r, p) and G\ (r,p) are in
L?(R* x RT drdp) and therefore the corresponding integral operator are Hilbert-Schmidt
and, in particular, bounded. A standard Schur test and the first estimate allows to con-
clude that the integral operator with kernel Gj}f(r, p) is bounded and thus the overall
boundedness of Rg, . 7

If A € R the operator is bounded and symmetric (as its integral kernel is symmetric)
and therefore also self-adjoint.
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(2) To estimate (Rg, ,g)(r) we use the explicit expression of Gy ,, together with the fact
that ®,,, € L*(RT). This yields

+oo
(Foy,.0)(r) = g [®ualr / Faalp)alp) do+ Foa() [ @ualo)ale)do)
:W%AFV,A(r) /O Dux(P)g(p) dpt
+WLM[<I>V,A(T) /0 Fyx(p) g(p)dp — F, A(r) /O ‘1>V,A(p)g(p)dp]

We can now use asymptotic expansion (63) to get as r ] 0

1 2mr
Fux(r) (@, 9) 2wty = Wyl (3 + 2
v B

= V21 (D, 5, g) + O(*/?).

Using Schwarz inequality and asymtptotics (63)-(62) we can estimate the other term:

(Do, 9)r2rey + o(r*?)

1@, 2(r)| /0 Fon(0)][9(0)] dp < VAr|Funllzzom19l20n)

Vil alzzono(l) = ofr*/2Inr):;

!Fy,x(rﬂ/o |2, (0)||9(p)| dp < V7IVEI Pl L2000 9]l 200 = 0(r*/* In7).

Since O(r®/?) = o(r3/% Inr), this completes the proof of (2).

(3) To see that Rg, , inverts a self-adjoint extension of S + X it is sufficient to notice
that for every g € C§°(R") we have Rg, (S + A)g = (S 4+ A)Rg, ,9 = g and since Rg, ,
on C§°(RT) extends to a unique self-adjoint operator on L?(R™) then it is the inverse of
a densely defined self-adjoint operator that extends (S + \). O

In particular, defining ¥, ) := Rg, ,®,,», this Lemma implies that
Voa(r) = (Rg,, 2o (r) = V217 @yl 72 + o(r* Inr) (67)

With these results at hand, by Krein-Visik-Birman characterisation of D(S*) [29, The-
orem 1] we know that a generic function g € D(S*) has the following structure

g = co®y )+ 10,5+ h, co,c1 €C, heD(S). (68)

To compute its asymptotic expansion as r | 0 we need some information on h. The
operator S corresponds to the operator Lg , in [16, Sec 3.2 for f = v and a = 0. Thus, as
stated in [17, Proposition 3.1.], if h € D(S) then h,h’ are continuous on RT and displays
the following asymptotics as r | O:

h(r) = 0(7"3/2 Inr), B (r) = 0(7”1/2 Inr).
We can therefore compute the asymptotics of g € D(S*) as

g(r) = \/;{—lnrco + [27T‘|‘1)V7)\‘|%2(R+)01 - (1/)(% + 2\%) +2v 4+ 111(2\/X)) Co] + O(r lnr)}
(69)
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A.4. Self-adjoint extensions of the radial operator. Krein-Visik-Birman extension
theory [29, Theorem 5|, applied to the present case of deficiency index one, states that
self-adjoint extensions of S correspond to restrictions of S* to subspaces of D(S*) that, in
terms of formula (68), are identified by the condition

¢ = P for some € RU {oo}. (70)

Conventionally, the extension parametrised by 5 = oo has domain defined by the condition
co = 0. We now characterise the domain of self-adjointness in a more convenient way.
We start by defining

1
1mg(T) ,

= —1
390 Tlilol r

!
g = lgfolﬁ{g(rﬂgox/?lnr}

that means rewriting the asymptotics of g(r) € D(S*) as
9(r) = —gov/rInr + giV/r + O(r*? Inr) (71)

Let us now denote with Sg the extension of S characterised by the condition (70) for a
given 3. Using (69) and (70) for g € D(S3) one gets
o

go = \/ﬂ,
g = { - \/L_ [zp(% +55) 27+ 1n(2\/X)} + \/%H‘I’V,AH%%WW}CO-

27
Upon defining « as

1 v
ag = H@u,AH%Z(Rﬂﬁ 50 (7/)(% + 2\5) +27+ ln(2\/X)) (72)
we can rewrite the domain of the self-adjoint Sy as
D(Sp) = {g€D(S") | g1 =2mapgo} - (73)

Since the relation ag <+ 3 is one-to-one, we can denote as S, the self-adjoint extension
whose domain is given by (73). Thus, explicitly

D(Sa) = {g eDS) g1 = 27Tag0} .

Using this last characterisation of the domain it is immediate to identify Sp = Sg [20,
Proposition 1].

We now move to the general classification of the quadratic forms associated to self-
adjoint extensions of S+ \. Owing to [29, Theorem 7], for all extensions but the Friedrichs
we have

D[Sy + A = D[Sr]+span{®,,}.
(Sa +N[f+aPup, [ +dPus] = (Sa+ NI, ]+ Badd [ Pupll72 )
Calling g = f+¢®, \ and ¢’ = f'+¢'®, \ and using the definition of 6, 5 (see (4)) one has
Salg, g1 = (Sa + Mg, 9’1 = Mg, ')
= (SE+ NI+ Badd |0l 2 @y — Mosg)
= Self. 1+ A((F. 1) = (9.9)) + (@ + On)d
whence the result

Salg) = Self]1 + A Z2@ry = ol Z2mry) + (@ +6un)lal (74)
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A.5. Reconstruction of the 2D problem. Now we put together the analysis of the
previous subsection to prove the main results.

Proof of Proposition 1.1. Since for k # 0 the operator in the k-wave sector is essentially
self-adjoint we can limit our discussion to the s-wave sector.
Suppose g € D(H, ), then the s-wave component of g has the form

21
dolr) = Q/Q;W [ a0 = Vi) + g®at0

Let us compute its asymptotics as r | 0 noting first that f(0) = \/% fo(0). Then, by direct
comparison with (68) and using the asymptotic expansion (67) one has

£(0) = wiT

Imposing now the self-adjointness condition (70) with ¢y = ¢ one has

f(0) = (a+6.1)q
which is precisely the condition (5).

(ii) Since deficiency index of the minimal operator is one, all self-adjoint extensions are
bounded from below (this follows from the general result [29, Corollary 1]). Therefore,
[29, Theorem 7] applies as a classification result for the quadratic form associated to each
self-adjoint extension. Indeed, for o # oo,

D[HV,Q] = D[HF]‘E'SPaDC{g)\,V}-

It is sufficient to show that D[Hr] = H'(R?). This follows from Kato inequality [8, Theo-
rem 1.3] and KLMN Theorem [39, Theorem X.17]. Indeed, 1/|z| potential is infinitesimally
form-bounded with respect to the free Laplacian (see Lemma 2.9). Concerning the evalu-
ation of the quadratic form (7), it follows from (74).

By definition, the energy form is half of the value of the quadratic form: Q(g)
%Ha lg, g], which concludes the proof.

fo(0) = (1@ allF2@er

O

Last, before concluding the appendix, let us give a couple of interesting remarks.

First, the classification of Proposition 1.1 is particularly useful to characterize eigen-
values of the self-adjoint extension determined by the parameter «. Since for £ # 0, all
operators have the same spectrum, it is of interest to compute eigenvalues for the ¢ = 0
sector only (the so-called “s-wave sector). Analogously to [27, 26] we have the following
corollary.

Corollary A.3. E is an eigenvalue of H, o (in the s-wave sector) if and only if —E >0
s a solution to
a+0_5,=0. (75)
For fized o € R and v < 0, (75) has infinitely many solutions E, < 0 accumulating at
E=0.
In particular, the eigenvalues Ey(LF) of the Friedrichs extension Hp exist if and only if
v < 0 and are given by

1/2

(h - 7
E) e n € N. (76)

Proof. Computation of eigenvalues for the self-adjoint extension parametrised by o €
R U {oo} amounts at solving the differential equation

S*gE = EgE

with the boundary condition g; = 2wagg. For E > 0, the space of solutions of the
differential problem S*¢g = Eg do not admit square integrable solutions, thus there are
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no positive eigenvalues. For E < 0, analysis of subsection A.2, identifies as only square
integrable solution the function gp = ®,, _g with ®, ) defined in (61).

It remains to check for which values of F, gg satisfies the boundary condition g; =
2magy. Notice that

ge(r) = —/rlnr — 270, _g\/r + 0(r3/2 Inr)

whence, boundary condition reads precisely (75).

For o = 0 the condition is equivalent to 6, _g = oo, that is equivalent to look for
the positive values of I for which 6, _g has vertical asymptotes. Since Gamma function
has no zeros, only vertical asymptotes of 6, _ g comes from the vertical asymptotes of the
digamma function, that are

—_

14

W_E

14

V—F

This last equation has solution if and only if ¥ < 0, and in such case it yields (76) U

54‘ -n, neN

which is equivalent to
=-2n-—1.

Second, it may be of interest to relate the results with Coulomb-like potential to the
ones without Coulomb potential. This is recovered as a ‘zero-charge limit’, v — 0. For
the linear operator, one has the following remark.

Remark A.4. If v — 0 the following limits hold true:
L(5+55%) — T(1/2) = V7

2V Ar) = Ko(vr) eVAr

N

hm Ul v
0 3 taol

and ¥(1/2) = —2In2 — ~.
One sees that Proposition 1.1 reduces to the analogous one for the standard —A + “§”
on L?(R?) in the limit v — 0 (see, e.g. Section 1.2 in [3]).

APPENDIX B. GROUND STATES, MINIMIZERS OF THE ACTION AND BOUND STATES

In this section, we show that both ground states of (8) and minimizers of the action
(12) are bound states, i.e. they satisfy (10) and (11).

First, we note that, if u is either a ground state of (8) of mass p or a minimizer of the
action (12) at frequency w, then it satisfies, for any fixed A > 1/2]1(70070),

(VX Vor) + 00 217 oa) + A0 da) + (w = A (x, u) +Eq (a + Ox) — (x [ulPu) = 0
Vx =xx+E&G\, € D,. (77)

If u is ground state of (8) of mass u, then w = p~!(||lul|p — Q. (u)). Now, letting & = 0 in
(77), so that x = xx € H'(R?), there results

(VX, Vo) + (o v[z] 7 oa + won + (w = N)aGr, — [ulP"%u) =0 Vx € H'(R?). (78)
Hence, as v|z| 1oy +woy + (w — N)gGy — |u|P~2u € L2(R?), ¢, € H?(R?) and, by density,
—Adxy +vja|Tior twer + (W= N)gGy — [ufFu =0 in LA(R?),  (79)

which is equivalent to (11). On the other hand, letting x, = 0 and { =1 in (77), so that
X = G, there results

(Grps (w = N = [ul""u) + g (a +0x,) = 0. (80)
Finally, using (79), we obtain
(G (A +v|z[Th + M) = q(a+0)), (81)
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which is equivalent to ¢5(0) = g (a4 0),), thus also (10) is satisfied.
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