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Normalized NLS ground states on a double-plane hybrid

Filippo Boni, Raffaele Carlone and Ilenia Di Giorgio

Abstract. We investigate the existence and the properties of normalized ground states of a nonlinear Schrodinger equation
on a quantum hybrid formed by two planes connected at a point. The nonlinearities are of power type and L2-subcritical,
while the matching condition between the two planes generates two point interactions of different strengths on each plane,
together with a coupling condition between the two planes. We prove that ground states exist for every value of the mass
and two different qualitative situations are possible depending on the matching condition: either ground states concentrate
on one of the plane only, or ground states distribute on both the planes and are positive, radially symmetric, decreasing
and present a logarithmic singularity at the origin of each plane. Moreover, we discuss how the mass distributes on the two
planes and compare the strengths of the logarithmic singularities on the two planes when the parameters of the matching
condition and the powers of the nonlinear terms vary.

Mathematics Subject Classification. 35R02, 35R99, 81Q35, 35Q55, 35Q40, 35B07, 35B09.

1. Introduction

Quantum hybrids are multidimensional structures on which a quantum dynamics is set: more specifically,
different manifolds characterized by different dimensionality are glued together in such a way that a non-
trivial dynamics on the whole structure can be defined. The significance of this process of hybridization
lies in the specific mathematical technique used to construct such structures that allows us to deal with
operators typical of quantum mechanics.

In the present paper, we continue the investigation of stationary solutions of nonlinear Schréodinger
equations on quantum hybrids started in [2,3], where a halfline-plane hybrid and a line-plane hybryd
were considered (see Fig.1). Here we consider a double-plane hybrid, namely a hybrid structure where
two identical planes are connected at a single point (see Fig. 2). The dynamics is described by a nonlinear
Schrédinger equation of the form:

i%\IJ:H\II—Fg(\I’), U= (z,w): L*(R?) @ L*(R?) — C? (1)

where g : C2 — C? is a nonlinear function given by

pP1—2 p2—2

g(Z,’UJ):(*|Z| Zvi|w| 'LU), p1,p2 > 2

and H is a self-adjoint operator on the quantum hybrid (see Appendix A for more details). Such a
dynamics coincides with the standard NLS dynamics on each plane far from the points where the planes
are glued together and allow a connection between the two planes through proper matching conditions
that make the operator H a self-adjoint operator.

From the physical point of view, the study of various models involving quantum hybrids began in the
context of spectroscopy in order to understand the characteristics of the conduction in regions where the
geometry presents a singularity of halfline-plane type (see [31] and Fig. 1).
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Fi1G. 1. Halfline-plane hybrid (on the left) and line-plane hybrid (on the right)

FiG. 2. Double-plane hybrid

The mathematical interest in this type of models dates back to the late eighties with the papers [24—
26], where the authors considered both hybrids made of a plane and a halfline and hybrids made of two
planes connected at a point. The geometry of point contacts is crucial in point-contact spectroscopy since
it directly influences the mechanisms of electron transport. When the dimensions of the metallic contact
are comparable to or smaller than the electron mean free path, the electron transport becomes ballistic
rather than diffusive. In this regime, electrons can traverse the contact without scattering, allowing for a
direct study of electron-phonon interactions [31].

Although initially developed for its applications in the latest advancements of solid-state physics, the
technique of point-contact spectroscopy has proven to be useful for the characterization of supercon-
ducting materials, and in particular for mapping bosonic and superconducting order parameter spectra
through quasiparticle classical and Andreev scattering, respectively [34].

Hybrid quantum systems represent a possible model for materials or nanostructures [28] with spatial
structure with mixed dimensionality. The electrical properties of nano-contacts affect the controllability,
reliability, and efficiency of the device. Managing current transport in nano-contacts is essential for
achieving technological advancements [10]. This effectively gives rise to structures that are geometrically
similar to hybrids, whose dimensions make quantum effects non-negligible.

From a mathematical point of view, the study of linear and nonlinear PDEs on hybrids represents

the generalization and the natural continuation of the well-established line of research about linear and
nonlinear dynamics on metric graphs. The literature in this field is huge, and we provide only some recent
results about this topic, especially in the nonlinear setting [4-8,11-14,20,22,23,33,35].
The common and peculiar aspect of the research programs on hybrids and metric graphs lie in the fact
that, besides being inspired by physical models, they serve as useful laboratories for the development and
application of mathematical techniques. The main difference between metric graphs and hybrids is that
in the latter case the definition of self-adjoint operators is more difficult due to the singular character of
the fundamental solution of the Laplacian in dimension higher than one, making the nonlinear problem
even more challenging. Even though the present paper discusses a specific example of quantum hybrid
as done in [2,3], the long-term goal is to isolate topological and dimensional properties that distinguish
different quantum hybrids from the point of view of the existence and stability of stationary solutions.
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1.1. Setting and main results

The main goal of the paper is to study the existence and the properties of particular solutions of (1),
namely ground states of the energy associated with (1) subject to the constraint of fixed L? norm. The
precise definition of the energy and of ground states is not straightforward and requires to be introduced
step by step.

Let us start recalling the definition of the standard NLS energy on the plane, that is

1 1
E,(u) := B /|Vu|2 dx — 5/|u\p dz, u € H'(R?),
R2 R?

and suppose that the energy on the hybrid presents an interaction between the two planes that is con-
centrated only at the junction point: this interaction produces a point interaction on each plane together
with a coupling term between the two planes.

The point interaction on each plane can be defined through the theory of self-adjoint extensions of
Hermitian operators introduced by Krein and von Neumann (see [36]) and produces a peculiar decom-
position of the energy domain D, namely every function u € D decomposes as the sum of a regular part
¢ € HY(R?) and a singular part qGi, where q € C is usually called the charge and G is the Green’s
function of —A + 1: more specifically, D reads as

D:={uecL*R?*):3¢cC:u—qG = ¢ H(R?}.

The NLS energy with point interaction on the plane is thus defined as the functional F}, , : D — R
acting as

1 1

Fyolw) :=5 Qo) =l s
@
1 2 2 gl 7 —log(2) 1
=5 (160 oy — Il ) + 5 (0 + 5 ) = g

with v being the Euler—-Mascheroni constant. The parameter o, later referred as the parameter of the
point interaction, is obtained by applying the technique of self-adjoint extension of symmetric operators
to the Laplace operator —A on C2°(R? \ {0}) (see the monograph [9] for more details). Let us observe
that the value of the parameter o for which the standard NLS energy is recovered is formally given by
o = +oco: indeed, this choice forces the charge ¢ to be zero, so that the domain D reduces to H*(R?). The
existence and some stability properties of the ground states of the energy (2) have been studied in [1,29]
and, in presence of a nonlocal nonlinearity, in [30]. Moreover, well-posedness, scattering properties and
blow-up of solutions of the associated nonlinear Schrodinger equation have been investigated in [16,17,27].

Given p; > 2, 0; € R for i = 1,2 and 8 > 0, and denoted by U = (uj,u2) € A := D x D and by

q; = lim; o Zi%ﬁ)) the charges associated with u; for ¢ = 1,2, one can define the NLS energy on the
double-plane hybrid as the functional F': A — R acting as
F(U):= )" Fpo.(u;) - BRe{a13a}. (3)
i=1,2

As one can notice, the coupling term is chosen to be quadratic as function of the charges ¢;: by this
choice, the operator H associated with the quadratic part of the energy turns out to be self-adjoint (see
Appendix A). Let us observe that, denoted with

Q) =Y Qo (u;) — 26Re{q17}, (4)

i=1,2
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then the energy (3) can be rewritten also as

FO) = 5Q0) = Y -l

i=1,2 1"

v (r2)- (5)

Let us now give the definition of ground state.

Definition 1.1. (Ground state). For every fixed p > 0, we call ground state of F' at mass p any function
U belonging to

Ay i= {(wn,uz) € At 3o ey + luallF ey = i}
such that

F(U) = F(p) = jof F(U)

In particular, F(u) is called ground state energy level of F' at mass .
Let us highlight that ground states U of (3) at mass p solve for some w € R the system

HU+g(U)+wU=0
{UGD(H). (©)

See Appendix A for a more explicit expression of (6). In particular, given a solution of (6), one can
construct standing waves solutions of (1), i.e. solutions of the form W(¢, x,y) = ¢! U(x,y) with z,y € R2.
Summing up, we investigate the following problem:

Problem. Given p; € (2,4), 0; € R fori = 1,2, 3 > 0 and pu > 0, study the existence and qualitative
properties of ground states at mass p of the energy (3), namely minimizers of

F(U) = Z F, iyo'i(ui) —5Re{q1q?}

i=1,2

1 1 ,
Z {2Q0i (ui) — ]7”“1“%1% }_ﬁRe{QI(D}

i=1,2

among all the functions belonging to A,,.

Let us highlight that the limitations on the values of the powers p; for i = 1,2 reduce the study to
the L2-subcritical case, namely the case where the energy F is bounded from below for every value of the
mass p > 0: this can be proved in general by applying the so-called Gagliardo—Nirenberg-type inequalities
(see Sect.2.3).

In order to ease the notation, in the following we will often use F; in place of F,, ,,. Moreover, we will
denote the ground state energy levels of £, and F; at mass y, respectively, as

= inf FE
Ep(p) veiies) »(v) (8)
and
Fi(p) = iean Fi(v), i=1,2, 9)

where the subscript 4 in H'(R?) and D denotes that the additional constraint [|v||%. (r2) = p holds. We
present now the main results of the paper. We recall that the parameters in (3) are chosen as follows
when not specified: p; € (2,4), 0, € R for i = 1,2, and 8 > 0.

The first result concerns the existence of ground states at fixed mass.

Theorem 1.2. (Existence of ground states) For every u > 0, there exists at least a ground state of (3)
at mass [.
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Differently from the case of other hybrids considered [2,3], ground states exist for every value of the
mass when two planes are connected at a single point. This is due to the fact that point interactions on
the plane are always attractive, namely the associated self-adjoint operators on the plane have always a
negative eigenvalue, and this makes more convenient to concentrate around the point of contact rather
than escaping at infinity.

In the second result, we provide a characterization of ground states at fixed mass both when § = 0
and 8 > 0. These two cases correspond to the decoupled and coupled cases, respectively, and are coherent
with what happens in the linear setting [26], in the sense that the actual hybridization of the two planes
happens when the coupling parameter 3 is different from zero.

Theorem 1.3. Let u > 0. If 3 =10, then
F(p) = min {F1(p), Fa(p)} - (10)

Moreover, every ground state U is of the form

7’) U= (u170)7 fol(:u‘) < ‘7:2(”)7'

it) U=(0,u2), if Fi(p) > Falp);
iii) either U = (u1,0) or U = (0,u2), if F1(p) = Fa(p),
and the nonzero component of U is positive, radially symmetric and decreasing along the radial direction
and has positive charge, up to a multiplication by a phase factor.

If instead 3 > 0, then
Fp) <min{Fy(p), Falp)} - (11)

In particular, given U = (u1,ug2) a ground state of F at mass p and g; be the charge associated with u;,
then, up to a multiplication by a phase factor, g; > 0 and w; is positive, radially symmetric and decreasing
along the radial direction for i = 1,2. Furthermore, denoted by w the Lagrange multiplier associated with
U, by G, the Green’s function of —A +w and by ¢; o, = u; — ¢; G, for i =1,2, then also ¢; , is positive,
radially symmetric and decreasing along the radial direction.

Remark 1.4. As explained in Sect. 2.1, the decomposition consider in Theorem 1.3, i.e u; = ¢; o + ¢;Gw,
is another possible decomposition for u;, that differs from the one presented in the Introduction from the
fact that the singular term is given by the Green’s function of —A + w instead of the Green’s function of
A+ 1

In the next result, we investigate the distribution of the charges and of the mass on the hybrid when
the parameter of the point interaction on the first plane is lower than the same parameter on the second
plane and the power nonlinearities are the same on each plane.

Theorem 1.5. Let 01 < o2, B > 0 and p1 = p2 and let U = (uy,u2) be a ground state of (3) at mass
w > 0. For i = 1,2, denote by q; the charge associated with w; and by u; the mass of u;. Therefore, it
holds that

i) g2 < qi;
it) for any o1 € R and o9 — +00, it holds that

luillZepey = 1 and  F(U) — Fi(u); (12)

In the last theorem, we investigate the distribution of mass on the hybrid when the parameters of
the point interactions on the two planes are equal and sufficiently large and the power nonlinearity on
the first plane is smaller than the one on the second. Before stating the result, let us introduce for every
p1 # p2 the critical mass

(4—p1)(4=p2)

()
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Theorem 1.6. Let 01 = 092 = 0, p1 < pa2, > 0 and U = (u1,u2) be a ground state of F' at mass p > 0.
Then, as 0 — +00, the following limits hold:

1) if p < p*, then

[uillFegey — 1 and FU) — &, (n), (14)
it) if p > p*, then

luzl|Fegey — 1 and  F(U) — Epy(p). (15)

Theorems 1.6 and 1.5 are the first results on the distribution of the mass and of the charges on a
quantum hybrid. The results are obtained in some specific regimes of the parameters only, and this is
due to technical reasons. One of the main obstacle is due to the presence of the point interaction, which
breaks the invariance by dilations of the equation and does not allow to perform the standard scalings
associated with the Nonlinear Schrodinger Equation. Therefore, it becomes difficult to obtain precise
informations on the infimum of the NLS energy with point interaction as a function of the mass and the
other parameters, and this seems a crucial ingredient to understand the problem in more generality.

The paper is organized as follows:

— in Sect.2 we recall some preliminary results, in particular concerning the domain of the energy
with point interaction in Sect. 2.1, the problem at infinity on the hybrid in Sect. 2.2 and Gagliardo—
Nirenberg inequalities in Sect. 2.3;

— in Sect. 3 we provide the Proof of Theorem 1.2 about the existence of ground states.

— Section 4 contains the proof of Theorem 1.3 about the properties of ground states;

— in Sect. 5, we present the proofs of Theorems 1.5 and 1.6, concerning the distribution of mass and
the comparison between the strength of the logarithmic singularities on the two planes.

The paper ends with Appendix A about the rigorous definition of the class of self-adjoint operators on
the hybrid.

2. Preliminaries

In this section, we recall some well-known facts and results that will be useful along the paper.

2.1. About the representation of the domain D

First of all, let us recall that every function u € D can be written as the sum of a regular part belonging
to H'(R?) and a singular part given by a complex multiple of G;, which is the Green’s function of —A+1.
This representation is only one possible way to represent functions in D. Indeed, if one denotes by G, the
Green’s function of —A + A for any A > 0, then one can write u as

u=¢x+qGr, with ¢x:=¢+q(G1—0Gx) € H'(R?). (16)
Moreover, it is not hard to see that the quadratic form (), can be written as a function of ¢, and ¢ as
Qo(u) = [VorllZ2(me) + MorlZ2(mz) — AlullZz ey + lal* (o +65),
with
_ log(VA/2) + v

27
Therefore, the domain and the action of the energy F}, , can be written, respectively, as

D={ucL?R?:3¢gcC,A>0:u—qG:=¢r € H' (R}

0
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and

Fyn() = 5 (I90aan, + Al 3y — M) + 4 (0 4+ 62) = Sl
polt) =5 AMlz2(®r2) AMlz2(®2) L2(R?) 9 A = e w2y

This alternative way of representing functions belonging to D is very important in some of the proofs
of the paper (see, for example, Theorem 1.2).

2.2. The problem at infinity on the hybrid

Particularly relevant in such minimization problems is the so-called problem at infinity.
Let us consider the energy F>° : H!(R?) x H!(R?) — R, defined as

FOO(U) = Epl (ul) + Ep2(u2)7 (17)
and the associated ground-state energy level
F(p) = inf F>(U). (18)
UeHY(R?)x H' (R?)
IUl2=x

In the next lemma, we provide a first characterization of (18) when p; € (2,4).

Lemma 2.1. Let p; € (2,4) for i =1,2. Then for every u > 0
F(p) = min{&p, (1), Ep, (1)} (19)

Proof. Let us first observe that the minimization problem (18) is decoupled and can be reduced to an
algebraic problem, in particular

F2(u) = inf{&, (1) + Ep, (p2) + 11 + p2 = p}.

It is well known that &,(u) < 0 for every p > 0 and p > 2 and &,(u) > —oo for every p > 0 and p

belonging to the L2-subcritical regime, i.e. 2 < p < 4. Moreover, by scaling properties of the energy, it
2

follows that &,(u) = —ppu—7, with p, = —&,(1), thus

F>(p) = inf g(m),
me(0,u]

where
_2 _2
g(m) = —pp, m*=71 — pp, (pp—m)*=r2.

The function g is continuous in [0, u], of class C? in (0, ) and

2(p1 — 2) 201-3  2(pgy — 2) 2(py—3)
"(m) = -~~~ m 4r1 — =L —m) 2 <0 Vme(0,pu)), 20
g ( ) (4_p1)2 pm (4_p2)2 pp2(/j/ ) ( ,U,) ( )
and hence g attains the minimum either at 0 or at u, entailing the thesis. 0

In the next proposition, we give a more precise characterization of (18) when p; # ps.

Proposition 2.2. Let p; € (2,4) for i = 1,2, with p1 # pa. Then, given pu* as in (13), there results that

i )& () if (p1—p2)(p—p*) >0,
e {gpz () if (p1—p2)(p—p*) <O0. (21)
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Proof. Let us introduce for every p > 0 the function
2 2
h(:u‘) = gpl (/”L? R2) - gpz (M7R2) = _pplﬂ47p1 + pp2/~L47p2 3
and observe that

—00, if p1 > D2,
n—0 pn——+00

lim A(p) =0,  lim h(y) =
(1) (1) {+OO) i py < o,

By direct computation,

2pp,  p1=2 2p pp—2

h/ = — i—p i—p
(1) el R pzu 2,

hence there exists i > 0 such that h'() < 0 if and only if (p; —p2) (1w — it) < 0. This entails that h(u) < 0
if and only if (p1 — p2)(n — p*) > 0, with p* being the only value for which h(u) = 0: the thesis follows
from the definition of h. O

2.3. Modified Gagliardo—Nirenberg inequalities

We recall now some Gagliardo—Nirenberg inequalities that will be useful in the following. Let us start
from the classical Gagliardo—Nirenberg inequality on R?: for every p > 2 [19, Theorem 1.3.7], there exists
K, such that

el ey < B IVl ul2ageey Y € H'(R?). (23)

Let us now present some modified Gagliardo—Nirenberg inequalities proved in [1,17] valid for functions
in

D={ucL?*R?:3¢gcC,A>0:u—qG:= ¢y € H' (R?)}.
First of all, let us observe that for ¢ € R and A > 4e~4™"~27 the space D can be equipped with the norm

Ny a(u) = (Qo(u) + AlJull?) 2. (24)

The presence of such a limitation on the values of o for the definition (24) is due to the fact that the
quadratic form @, is not positive and

QU(U) _ _46—47r0—2'y.
veD\{0} Hv||%2(R2)

On the one hand, the authors in [17] proved that there exists C}, > 0 such that
lall sy < CpNon(@P 2 ullagay, Y€ D. (25)

On the other hand, in [1] the authors proved the existence of a constant M, > 0 such that every
function u = Py + qGrw) € D\ H'(R?), with A(u) = |q|?/||ul|3, satisfies

||UH1£P(R2 X Hv‘b%(u)HLz (R2) + |Q|p_2)||u||i2(]R2)' (26)

Let us observe that, differently from (25), in (26) the authors take advantage of a specific representation
of the functions u € D\ H(R?), in which the parameter A depends on the function u itself.
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3. Proof of Theorem 1.2

This section is entirely devoted to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let Uy, = (1.5, Uz.,) be a minimizing sequence for (3) at mass 1, i.e.
|UaI2=p Vn and F(U,) — F(u) as n— +oo,

and ¢; , be the charge associated with w; ,, for i = 1,2. Let 0 = min{oy, 02}, fix A = 4e*7(26-9)=27 and
consider the decomposition u; ,, = ¢in + ¢inGx for i = 1,2: when not necessary, we omit the parameter
A to lighten the notation.

We divide the proof in three steps.

Step 1. There exist ¢; € H(R?) and q; € C such that, up to subsequences,

$in = ¢ i H'(R®), gin—gq in C
By using that ||U,[|3 = p, (25) and (24) and observing that
(0 + 060> < (05 4+ 0\)|@in]* S No,(uin)?, VneEN, i=1,2,

one obtains that

1 1
F(U) 25 (1102 + N2 = 2Ny (1) Now (12.0)

)
(27)
A C;D1 H p1—2 CP2 H p2—2
9 DL Noy (ul,n) D2 No, (u2,n)
Since o + 0 = 20 according to our choice of A, (27) entails
1 1 C _ C _ A
F(Un) > 1-/\/’(71 (U'l,n)2 + ZNO'Q (u27n)2 - ;11 MNal ('U/Ln)pl 2 ;722”'/\/’02 <u27n)p2 2 - 5#’ (28)

Since F(U,) < 0 and p; < 4, by (28) it follows that Ny, (u; ) are equibounded for ¢ = 1,2, in particular
¢ are equibounded in H'(R?) and g; ,, are equibounded in C, and hence, by Banach—Alaoglu-Bourbaki
theorem the thesis of Step 1 follows.

Step 2. It holds that F(u) < F>°(u). By Lemma 2.1 and [1, Proposition 3.2], we have that

F(p) = min{&p, (1), Ep, (1)} > min{F (n), Fa(p)}- (29)
Moreover, let us notice that
Uig[fﬂ FU) = Uigj{“{Fl(U) + Fa(v) = Blaallg2l} V> 0. (30)

Indeed, on the one hand it holds for every U = (u,v) € A, that F(U) > Fi(u) + F2(v) — Blq1||g2]. On

the other hand, if u = ¢1 + 19 and v = ¢2 + ¢2Gx, then it is possible to find a proper phase factor et
such that the function U = (u, e?v) satisfies

Re {qu%} = |q1l|qz|,

hence passing to the infimum the equality is achieved.
By (30), it follows that

Flp) = i FU) = Uig/f“{ﬂ(lt) + F2(v) — Blai| |g2| }
< Uiél/{“{Fl(u) + Fa(v)} (31)

= inf {F(t)+ Fae(p—1t)}.
te(0,u]
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Since F; and Fy are strictly concave functions of the mass by [2, Lemma 4.2], then also the function
F1(t) + Fa(p — t) turns out to be a strictly concave function of ¢ and attains its minimum at ¢ = 0 or
t = p, so that

inf {fl( )+ Fa(p =)} = min{F1(p), Fa(p)}- (32)

tel0,u

By combining (29), (31), and (32), we conclude the proof of Step 2.

Step 3. The function U = (u1,us) = (é1 + q1Gx, ¢2 + ¢2G») is a ground state of (3) at mass u. By
Step 1, we deduce that u; , — u; weakly in L*(R?) since ¢;,, — ¢; weakly in L?(R?) and ¢; ,Gx — ¢;G»
in L?(R?).

Set now m = ||UH%2(I) = w3 ®2) T l|uzl|? 2 (r2)- First, we observe that by weak lower semicontinuity
of the norms

||U1||2L2(R2) + ||U2||%2(R2) < léﬁfgcf Hul,nH%z(Rz) + Llﬁl}r{}(f) ||U2,n||%2(1R2) < Eﬁi{g HUnH%z(zy

thus m < p.
Suppose first that m =0, i.e., u = 0 and v = 0. In particular, this entails that ¢; , — 0 and g2, — 0
as n — +o0o. Therefore, relying on Step 2 we deduce that for n sufficiently large

F () > F(p) = JQim {Fi(u1n) + Fa(ugn) —
= nl_l)r_{_loo {Ep, (91,0) + Ep,(P2,0)}
Jim {6, (161.0l3) + & (16213 }

im &, (i al?) + & (uzalD)}

WV

Z inf{&y, (1) + Ep,(n2) : p1 + p2 = p} = F> (1),
thus m # 0.
Suppose now that 0 < m < p. Note that, since u; ,, — u; in L*(R?) for i = 1,2, then
[Un = UllZeez) = Ul = U3+ 0(1) = p—m +0(1), as n— +oc. (33)
On the one hand, since p; > 2 for ¢ = 1,2, m = uf +o(l) > 1 as n — +oo by (33) and

I T
H\/ o-om (U

2
U)|| = u, there results that
2

ﬂm<F<JthmgweUQ (34)

pPi

“3 o0 X (o) el o
< $F(Un —0), (36)
[0n— Ul
hence
liminf F(U, — U) > 2= F (). (37)

n—-+o0o ,U,

On the other hand, by similar computations

7 [
H”<F< UMU> ot @)
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thus
m
FU) > Z}'(u). (38)
In addition, since u;,, — u; in L*(R?), ¢;,, — ¢; in H'(R?) and ¢; , — ¢; in C, then

QU, —U)=Q(Un) —Q(U) +o(1), as n— +oo, (39)

while by Brezis-Lieb lemma [15] applied to w; ., we get
||ui,nH]Zim (R2) — l|win — “H]Zipi(Rz) + HU”ZEm (R2) +o(1), as n— +4o0.

Thus,

FU,) =FU,-U)+FU)+o(l), as n— +oo. (40)

Combining (37), (38) and (40), it follows that

F(u) = liminf F(U,) = liminf F(U, — U) + F(U) > 2=

n—-+oo n—-+oo

Flu) + %f(u) — Flw),

which, being a contradiction, forces m = . In particular, U € A, and thus u;, — u; in L?*(R?) and
(z)i,n — ¢1 in L2(R2)
In order to conclude that U is a ground state, we are left to prove that

FU) < liminf F(U,) = F(p) (41)

which reduces to prove that u;, — u; in LPi(R?) for i = 1,2. By (25), we obtain that

Hui,n — Uj I[jjm (R2) < CpiNU'i (ui,n - ui)pi_2”ui,n - ui”%’é’(]R?) - 07 as n — 400,

which concludes the proof since Ny, (u;, — u;) is equibounded and w; , — u; in L?(R?). O

Remark 3.1. Let us stress that the choice of A in the proof of Theorem 1.2 is not the only possible one:
it is sufficient to choose A > 0 such that o + 6, > 20 and all the arguments in the proof can be repeated.

4. Properties of ground states: proof of Theorem 1.3

This section is dedicated to the proof of Theorem 1.3. The first result deals with the case 3 > 0 and
establishes that u; £ 0 and ¢; > 0 for i = 1,2, up to the multiplication by a phase factor.

Proposition 4.1. Let p; € (2,4), 0; € R fori=1,2, >0 and p > 0. Let U = (u1,u2) € A, be a ground
state of F at mass u, then u; Z 0 and ¢; > 0 for i = 1,2, up to a multiplication by a phase factor.
Moreover, fori = 1,2 and \; > 0 there results that ¢; = u; — ¢;Gx, Z 0.

Proof. Let U = (u1,uz2) be a ground state of F' at mass p and A\; > 0 for i = 1,2, so that u; = ¢; + ¢;G»,.
Since U solves (77), there results that

$1(0) = (o1 +6x,)q1 — B,
$2(0) = —Bq1 + (02 +0x,)q2.

Step 1. u; Z 0 for i = 1,2. Let us first prove that u; # 0. Suppose by contradiction that u; = 0.
Therefore, since 3 > 0, it follows that go = 0, hence up € H*(R?). Therefore, since U is a ground state of
F at mass p, by Step 2 in Theorem 1.2 it holds that

F(p) = FU) = Fa(uz) = Ep, (1) = F= (1) > F(p),

which is a contradiction. Analogously, one can prove that uy # 0.
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Step 2. q; # 0 for i = 1,2. Let us first prove that ¢; # 0. If we suppose by contradiction that ¢; = 0,
then
FU) = Ep, (u1) + Fo(uz) = inf  {Ep, (u1) + Fa(u2)}.

(u1,u2)EA,

In particular, since the problems on the two planes are decoupled in this case, one can argue as in the
proof of Lemma 2.1 and prove that
FU) = inf A{Ep, (u1)+ Fa(uz)} = inf {&, (m)+ Folp—m)}. (42)
(u1,u2)€N, me[0,u]

Since both &,, and F» are strictly concave functions of the mass, then also the function m — &,, (m)+
Fa(p —m) is strictly concave in [0, u] and attains its minimum at m = 0 or m = p. If one considers
U = (uj,uz) with u; #Z 0 for ¢ = 1,2, then U cannot realize the infimum in (42): indeed, if this is the
case, then by strict concavity of the function m — &,,(m) + Fa(u — m) there exists a function U with
either u; = 0 or uy = 0 with energy strictly less than the energy of U, contradicting the hypothesis that
U is a ground state of F. Therefore, it holds that either u; = 0 or us = 0, but this is in contradiction
with Step 1. In the same way, it is possible to prove that ¢o # 0, concluding the proof of Step 2.

Step 3. ¢; £ 0 for i = 1,2. Let us prove first that ¢; # 0. Indeed, if we suppose by contradiction that
¢1 = 0, then by the first equation in (77) we have that

w=A =g G (2), Yz eR*\ {0}, (43)

but this is a contradiction since the left-hand side is constant, while the right-hand side is a multiple of
Gx,, and hence, ¢1 # 0. Analogously, one can show that ¢2 # 0.

Step 4. q; > 0 for i = 1,2, up to a phase factor. First of all, let us observe that ¢; = |g1]e?** and
q2 = |q2|e’¥? share the same phase, i.e. e/¥1 = ¢'¥2. Indeed, suppose by contradiction that e?¥1 # ei¥2.
Then, the function U, = (uy, e'¥*~¥2)uy) satisfies ||U,||3 = |U||3 and

FUs) = Film) + s (uae'2720) = fRefarge (2172
= Fi(u) + Fa(u2) — Blar[gz]
< Fi(u1) + Fa(ug) — BRe{q1qz} = F(U),

which contradicts the fact that U is a ground state of I’ at mass u. Now, if ¢; are not positive, i.e.
¢ = |qile’? with €%? # 1, then it is sufficient to observe that the function e~*?U has positive charges ¢
and satisfies ||[e"*?U||3 = p and F (e=*?U) = F(U), and thus, without loss of generality we can suppose
that ¢; > 0 for i = 1,2. O

In order to prove Theorem 1.3, we follow the strategy introduced in [1] and [2], where the properties of
ground states are proved switching to alternative minimization problems and relying on the connection
between them and the original problem itself. In particular, we first introduce the action functional S,,.
Given w € R, the action functional at frequency w is the functional S, : A — R defined by

SuU) = F(U) + 51U 22z), (44)
where L?(Z) := L?(R?) & L?*(R?). Denoted by I, : A — R the functional
L(U) = Q) + U122z — Nl gy — a1 P2 oy: (45)
one defines the Nehari’s manifold at frequency w as
Ny :={U € A\ {0} : L,(U) = 0},
Let us also introduce

QuU) = Q) + || U122 1. (46)
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Definition 4.2. A function U belonging to the Nehari manifold N, and satisfying
Su(U) =d(w) := Vlenjgw Sw(V)

is called a minimizer of the action at frequency w.

Let us highlight that also minimizers of the action at frequency w satisfy (6). In the next lemma, we
state a connection between ground states at fixed mass and minimizers of the action at fixed frequency.
The proof is analogous to the case of the standard NLS [21,32]. Before stating it, let us define by

* .. Q)

w*i=— inf . 47
vea\{o} [|U|13 47

Lemma 4.3. Let o > 0. If U is a ground state of F' at mass p, then U is a minimizer of the action at
frequency

w = (5 gy + N2l ) — QUU) ) > w0 (48)

Proof. Let U = (u1,us) be a ground state of F' at mass p and w > 0 be the associated Lagrange multiplier,
given by (48). Assume by contradiction that there exists V = (v1,v2) € N, such that S, (V) < S, (U)
and let 7 > 0 be such that ||7'VH%2(R2) = pt. Then

Th1

7_2 TP2
So(rV) = G QuV) = T lloalzhs sy = Il e (49)

Computing the derivative with respect to 7 and using that V € N, we get
d
dr
which is greater than or equal to zero if and only if 0 <7 < 1. Hence, S, (7V) < S,(V) < S, (U) for every
7 > 0 which, combined with ||[7V||3 = ||U||2 = i, entails that F(7V) < F(U). Since this contradicts the
fact that U is a ground state of F' at mass p, it follows that U is a minimizer of the action at frequency

w.
Finally, (48) follows from

-2 -2
Q) — llwllpy = llualpz  2F(U) = Bo=un |l — 225 luzll):

P2

Su(rV) =7 [ P22 4+ (= 7 )22]

! u
< 2M < inf M = —w*.
M UeA, [

Let us now introduce the functionals § Aw, B, : A — R, defined as

- p1— 2
SWU) = ™ ||U1HLP1(R2) + 7““2‘&12(@2)’

p1—2 P2 —
Au(U) = Qu(U) + P1pa ||u2||LP2(R2)7

P1 — P2 p1
Qu(U) + u1 )
w( ) P1p2 ” ”Lm(R?)
and observe that, by using (45), the action can be rewritten alternatively as

S, (U) = %IM(U) +5U) = pilfw(U) +AL(U) = p%IW(U) + B,
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so that

d(w) = inf S(U) = Jnf Au(U) = inf B(U).

In the following lemmas, we provide other equivalent formulations for d(w) involving the three func-

tionals S , A, and B, subject to other constraints. For the proofs, we refer to [2, Lemma 5.6—5.7], where
the same results were proved in an analogous setting.

Lemma 4.4. Let p; > 2 fori=1,2 and w > w*. Then, denoted with
N, :={V € A\ {0}, I,(V) <0},
there results that

d(w) = Vlélj% S(V).

Moreover, for any function U € A\ {0}, it holds that

{§<U> =dw) {swam = d(w)
I,(U) <0 I,(U) = 0.

Lemma 4.5. Let p; > 2 fori=1,2 and w > w*. Then, denoted with
I, :={VeA:SV)=dw)}
there results that

d(w) = Viéllf[ A, (V) = Vinrf[ B, (V).

In particular, for every U € A\ {0}, it holds that

{AM(U) =dw) {BW(U) =dw) {SW(U) = d(w)
U elIl, U ell, 0.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let us focus first on the proof of (11) and (11), when 8 = 0 and § > 0, respectively.
In particular, if 8 = 0, then

F(p) = Uiél{u (P + )} = ei[%i] {Fi(t) + Falp— 1)},

hence by applying (32) we deduce (11) and the fact that every ground state is either of the form U = (u1,0)
or of the form U = (0, u2), depending on which is the minimum between F; (1) and Fa(g): this entails in
particular (¢), (i4) and (¢i7) and the properties of the nonzero component.

If instead 8 > 0, then

Fp) = nf {F1(u) + Fa(v) = Blallg2l}} < inf {F1(8) + Fo(p - 1)},
UeA, telo,u]
thus by (32), we get that

F(p) < min{Fy(p), Fo(p)}.

In order to prove (11), it is sufficient to exclude that F(u) = min{F;(u), Fa(p)}. If we suppose by
contradiction that F(u) = min{F1(p), F2(p)}, then there exist also ground states either of the form
U = (u1,0) or of the form U = (0, uz). But this contradicts Proposition 4.1, and hence, (11) holds.

Fix now 8 > 0 and let U = (u1,u2) be a ground state of F' at mass p: its existence is ensured by
Theorem 1.2. By Proposition4.1, we deduce that the associated charges ¢; satisfy ¢; > 0 for ¢ = 1,2,
up to multiplication by a phase factor. Moreover, by Lemma4.3 U is also a minimizer of the action at
frequency w, with w > w*.
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Let us now consider the decomposition of u; corresponding to the Lagrange multiplier w, namely
U; = @i + ¢;Ge. Since the proof of the positivity and the radiality of ¢; ., and u; is quite long, we divide
it into three steps.

Step 1. Positivity of ¢; ., and u;. We first prove that ¢; ., > 0. Let us start defining the two sets

Q:={z e R*\ {0} : ¢1.0(x) # 0}
and
Q:={zeQ:alx)#£0},

where a : Q — [0,27) is such that ¢1 ., (z) = e’:"‘(x)|qb1,w(x)|. To prove that ¢1,, > 0, we are reduced to
prove that Q = R? and || = 0.

We start proving that |©2] = 0. Assume by contradiction that |2] > 0 and introduce the function

U‘r = (U1 ‘rau2) with Uy, r = T|¢1,w| + q1gw~
Let us observe that, since ||V]¢1.,|[|3 < [|[Vé1.w]|3, then for every 7 € (—1,1)

QulUz) =7 (IIV161.0I132 2y + 61,013 + a1 (01 + 6) + Qo (2) + a3 ~ Bay a2

< ||v|¢l,w|||iz(R2) +wlldrwlz + lai* (01 + 6.) + Qoy (u2) + wlluzll; — Bar go
= Qw(Ul) < Qw(U)

which entails in particular that

A (Uy) < Au(Uy) < Au(U) V1 e (—1,1). (50)
We claim (and prove in Step 2) that there exists 7 € (—1,1) such that
lur =I5 = lluallp:- (51)

In fact, if we prove (51), then Ur € II,, and A, (U;) < A, (U). On the other hand, U is a minimizer of
A, on II, by Lemma4.5, but this generates a contradiction, ensuring that |(AZ| =0 and ¢y, > 0 on .
Therefore, it is left to prove that Q = R?, i.e. ¢1,(z) > 0 for every z € R2 First of all, || > 0 by
Proposition4.1. Then, since u; solves (77), ¢1,,, satisfies

(_A + w)¢1,w = ‘ul‘pl_z(ﬁhl,w + q1gw)-

Therefore, as ¢1, is nonnegative, (—A + w)¢1, = 0 in H~1(R?) and ¢, # 0 by Proposition 4.1, then
by the Strong Maximum Principle (e.g., [18, Theorem 3.1.2]) ¢1., > 0 on R?. To prove that ¢, (z) > 0
for every = € R?, we repeat the same arguments using the functional B,, instead of A,,. The positivity of
u; follows from the positivity of ¢; ., and g;.
Step 2. Proof of the claim (51). First of all, let us observe that the function 7+ [luy ,[|b! is continuous
n [—1,1]. Moreover, since

ur (@)]* = [¢1.0(@)* + 61G2 () + 2cos(@) a1 |d1,0 ()G (2) < Jura (@), Vo €Q
and |Q| > 0, there results that udlly; < Hu1,1||§1. In order to prove (51), we need to distinguish two

cases. Suppose first that there exists £~2 with \§~2| > 0, such that « # 7 on Q. In this case, we have that

||u17_1||zl),1pl (]R2) - ||U1 1HLPI RZ\Q) + ||’U117_1||ilpl (ﬁ)

1

s oy + [ [0 + 0302 = 2101010
Pl

2 2
< Tl oy + [ [0, + 0362 + 2cos(@)arlon 116 * da

= ||U1||1£1111(R2)
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hence, since [u1, 1175 2y < [wrllfos ey < llut1ll7h; g2), there exists 7 € (—1,1) such that (51) holds.

Suppose instead that o(z) = 7 for a.e. € Q: this choice of o can be reformulated also as u;(x) =
ur,—1(x) for a.e. x € Q or as ¢1, = —|¢1 .| for a.e. z € Q. Differently from the previous case, we cannot
conclude immediately using the continuity of [lui ,||bt since [lu1 1|/bt = [lus[[B!. To solve this issue, we
observe that for every 7 € [—1,1]

d i
= ‘dT(T2¢1,w|2 =+ q%gi + 27—q1|¢1,w|gw)p21

hence by dominated convergence

d
ar (w1, THLm (R2)

=P |¢’1,w| ‘u1,7|p171 g p1|¢1,w”u1,1|p171 S Ll(Rz)a

/ |U1 7_|Z71

ul,‘r

dff:/ P1\¢1,w||u1,71|p172u1,71 dx
T=—1 R2

(52)
:/ pilbrwllun P %uy de.
]RZ
Since U is a ground state and solves (77) with \; = w, there results that
(VX V1) 2r2) + (X, w10 — 0] 720) p2rey =0 Vx € H'(R?). (53)

By choosing x = |¢1 .| in (53) and recalling that ¢1 , = —|¢1,.| on © (and consequently in R?), it follows
that

L@l @@ de = = [ [9ioo@)*da—w [ ool do. 69

thus

d

EHULT||I[)‘1ZH(R2) <0. (55)

T=—1

Therefore, by combining (55) and the fact that [lu1,—1]|7%, ge) = w1l 7o g2y < llu1ll7o g2y, (51) follows.

Step 3. Radiality of ¢; . and u;. As done in Step 1, we recall that by Lemma4.5 U is also a minimizer
of A, in II,. In order to prove that ¢, , and u; are radially symmetric and decreasing along the radial
direction, it is sufficient to show that ¢, = ¢7 , a.e. on R?, where ¢7 ., denotes the symmetric decreasing
rearrangement of ¢ .

For the sake of completeness, let us recall that, given a nonnegative function f € LP(R?), the symmetric
decreasing rearrangement f* is defined as:

[GNOED

s

+oo
F@= [ ng@d 0=
0
Then, the following relations hold for ¢7 , (see for example [1, Section 2.3]):

IVe: I3 < IVo1wll3, 167,113 = 610113, (56)
Vp>1 VgeLP(R?) |¢f, +g"lb > lorw + gl (57)

Moreover, if g is radially symmetric and decreasing, then the equality in (57) holds if and only if ¢7 , =
$1.. a.e. on R? (see again [1, Section 2.3]).

Assume now by contradiction that ¢, # ¢7,, on a set of nonzero Lebesgue measure, and define the
function U* := (¢7 , + ¢1G.,u2). By (56) and the fact that the equality case in (57) is realized if and
only if ¢1 , = ¢1,, a.e. on R?, we get that A, (U*) < A, (U) and
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67 o + @1Gulbt > [[¢1w + @1Gullh:. In particular, there exists 7 € (0,1) such that, denoted with
Ur = (7971 o + ©1G0, u2), there results that [|7¢7 , + q1Gul[h} = |10 + @1 Gu b}, ie. U € I, Moreover,
it holds that

p1_2 * p1_2 *__p1_2 _ 2 * 2 * 2
o @u(U) = P2 QuU) = P27 (Vo + wloials) <0 (68)

thus A, (U?) < A,(U*) < A, (U), which contradicts the fact that U is a minimizer of the action
at frequency w, hence ¢, and u; are radially symmetric and decreasing. The same properties can be
proved for ¢2 ,, and uy (using the functional B, instead of A, ), hence the proof is concluded.

O

5. Proof of Theorems1.5 and 1.6

This section is devoted to the proof of Theorem 1.5 and 1.6. Let us start with the proof of Theorem 1.5.

Proof of the Theorem 1.5. Let us start with the proof of point (i). Let U = (u1,us) be a ground state
of (3) at mass p, ¢; and p; be the charge and the mass associated with w; for ¢ = 1,2. By Theorem 1.3,
we can assume that ¢; and u; are positive for ¢ = 1,2. Suppose now by contradiction that g1 < g2 and
consider the function U = (ug,u1) € A, which satisfies

F(U) = Fi(u) + Fa(u1) — Bq1 g2 (59)
= Fi(u1) + % (63 — i) + Fa(uz) + % (67 — a3) — Barao (60)
= Fi(u1) + Fa(u2) — Bq @‘F@(Q%—qg) (61)
= rw)+ 2o g ) (62)

In particular, if ¢1 < g2, then by (59) we get that F(U) < F(U), which contradicts the fact that U is a

ground state. If instead ¢; = ¢2 =: ¢, then F(U) = F(U), hence U is a ground state too and solves (77).
In particular, since both U and U solve (77), there results that

¢17w(0) = (01 + ew - ﬁ)q and ¢2,w(0) = (0'1 + aw - ﬁ
¢2,w(0) = (02 + aw - ﬁ)% ¢1,w(0) = (0'2 + 0w - ﬂ

hence 01 = 02, which is again a contradiction and concludes the proof of point (1).

Let us focus now on the proof of point (ii). Fix 8 > 0, 01 € R, denote with p := p; = ps and let oy vary
in the interval (o1,400): let us denote with § := 09 — 01 € (0,400). We observe that, by Theorem 1.2,
there exists at least a ground state of (3) at mass p, that we denote by Us = (uy s, u2,5). We consider for
i = 1,2 the decomposition u; s = ¢; s + gi,sGx, corresponding to A = 4e47(26=01)=27 o1 equivalently, to
o1+ 0\ = 203, and we call m; the mass of uy 5. By arguing as in (27) and using that F(Us) < 0, we get
that

q
q,

)
)

5 {30 = NG (w2} < S

) 2
1=1,2

thus N, (u;s5) are equibounded in § > 0 for ¢ = 1,2. In particular, this entails that (¢;s)s>0 is equi-
bounded in H'(R?) and both (u;s)s>0 and (¢;s)s>0 are equibounded in L"(R?) for every r > 2 for
i =1,2. Moreover, (¢1,5)s5>0 is equibounded and

(o2 + 9A)qg,5 = (26 + 5)‘15,5 <C,
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from which we deduce that ¢o 5 — 0 as 6 — +o0o. Since by Lagrange theorem it holds that for every
r>=2

luzslly = 162,507 < 7sup {luzslly " lld2.sl7 "} lgzslllGallr — 0, 6 — 400, (63)
it follows that

NN

q

A
0> Fa(uzs) = Ep(dn.s) =5 (162013 — luzsll}) + 22 (o1 + 3+ 63)
1 ) 5,
= (luzaly = l62l15) = G5 + D)
hence (5q§75 — 0 as 0 — 4o00. Therefore,
F(p) = F(Us) = Fi(ui,5) + Fa(u2,5) + o(1) = Fi(ui,s) + Ep(¢2,5) + o(1) (64)
> Fi(ms) +E(—ms) +o(1), § — +oo. (65)

On the other hand, since F, ), is an increasing function of ¢ by [2, Lemma 4.3] and (11)—(11) hold, we
get that

F(p) =F(Us) < min{F1(p), Fa(p) } = Fa(p), (66)
thus combining with (64), there results that
Fi(p) = Fi(ms) + Ep(p —ms) +o(1), & — +oo. (67)

We claim that ms — p and F(u) — Fi(u). Indeed, if we suppose by contradiction that there exists
0, — +00 as n — +oo and € > 0 such that ms, < p — ¢ for every n € N, then by concavity of both F;
and &, and since Fi(u) < &,(w) for every p > 0, we have that
lim [Fi(ms,)+Ep(n—ms,) +o(1)] > inf {Fi(m)+E(u—m)}

n—+400 me[0,pu—e]
=min{&,(n), Fi(p —e) + &)}
> min {&, (), F1 (1)} = Fi(w),

which is in contradiction with (67) and entails that ms — p as § — +o00. Moreover, by (64) and (67), we
deduce that F(p) — Fi1(u), concluding the proof of point (ii).

We are now ready to prove Theorem 1.6.

Proof of Theorem 1.6. Given o0 = 07 = 03, we know by Theorem 1.2 that there exists at least a ground
state of (3) at mass yu, that we denote by U, = (u1,4,us,). Fixed A = 4e727, we represent u;, as
Uio = Gio + ¢i,ocGx for i = 1,2. By using (25) and the fact that F(U,) < 0, we get that for o sufficiently
large (28) holds, hence N, (u; ) is equibounded in o > 0. This entails that crq?,[, is bounded, hence
Gi,o — 0as o — 4oofori=1,2.

Therefore, as 0 — 400

1 5 1 9 9 1
Foo == 2 s + 5 (01018~ lusal) ~ sl +o) (68
:ZEIQJ)M +o(1 ZSL bioll2) +o(1) (69)
- Z .l 3) +0(1) > m;?gﬂ]{spl<m> F&ulu—m} o) (10)

= min{fm (1) Epy (1)} + 0(1). (71)
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On the other hand, by Lemma 2.1 and Step 2 in the proof of Theorem 1.2, we have that F(U,) = F(u) <
Foo(p) = min{&,, (1), Ep, (1)}, thus together with (68) gives

i P(U,) = min{&,, (1), &, ()} (72)

Let us distinguish now the cases p < p* and p > p*. If 4 < p*, then by Proposition 2.2 there results
that min{&,, (1), Ep, (1)} = &p, (1) and
lim F(Us) = &p, (1) (73)

o——+0o0
(73) entails also that ||u; ,||3 — p as ¢ — +oo. Indeed, if we suppose by contradiction that there exists
e > 0 such that |luj ||3 < p — € along a subsequence of o — +00, then arguing as in (68) we get that
im F(U) > dim 3 & (g 2) > ming€p, (u — ), Ep, (1)} > 5, (), (74)
i=1,2
which contradicts (73).

If instead p > p*, then min{&,, (1), Ep, (1)} = Ep, (1), and hence, it is possible to deduce that F(U,) —
Ep, (1) and |lug||3 — p as done for the case p < p*, concluding the proof. O
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Appendix A. The self-adjoint operator

In this paragraph, we briefly outline the rigorous construction of the linear operator. The first version
that appeared in the literature is in [26].
We rigorously define the operator H : D(H) C L*(Z) — L*(Z). It is defined as a self-adjoint extension
of the symmetric operator Hy & H,, where
Hy : C2°(R*\{0}) C L*(R?) — L*(R?), Hou = —Au.

Let us first recall that the self-adjoint extensions of Hy are given by a one parameter family H,, with
o € RU{oo} with domain

D(H,) :={u € L*(R?) : 3¢ € C,\ > 0 s.t. u — qG\ € H*(R?) and ¢(0) = (o + 0))q}
and action
Hou=—Adx —qAG, Vu = ¢x +qGr € D(H),
where Gy : R?\ {0} — RT is the Green’s function of —A + X and

_ log(vA) —log(2) +

0
A 2w

with v denoting the Euler-Mascheroni constant.
We are now ready to define for every o1,02 € R and 3 > 0 the operator H : L*(Z) — L*(Z), with
domain

D(H) := {U = (u1,up) € L*(T): 3¢ € C,\; > 0: w; — q; Gy, = ¢ix, € H*(R?),
¢1,A1(0) —Onq1\ _ (o1 =B q1
(x-on) - () @)y

HU = (=Ad1,5n, — M@1Gx, s —Agan, — A2g2Gn, ) (76)
Equation (6) can thus be rewritten as
(= +w)din, + (@ = Ai)ai Ga, — il Pu; =0, i=1,2,
$1,2,(0) = (o1 + 05, )q1 — B, (77)
$2,2,(0) = =Ba1 + (02 + O, G-

and action

Remark A.1. It is possible to define the operator H for every 8 € C: it is sufficient to substitute the
condition in (75) with the more general condition

(o ) = (%5 00) (&) (78)

Nevertheless, from the variational perspective, without loss of generality we can reduce to the study of
the case [ > 0, as observed in [2].

Remark A.2. Let us highlight that boundary condition (75) does not exhaust all the possible boundary
conditions that make the operator H self-adjoint. All the possible boundary conditions look like

Ly(w)Y _ . Lo(u1)
@+ (L) =@ -0 (1)
where Lo(px + qGn) :== —2L, L1(dx + ¢Gy) := d2(0) — Oxq and U is a 2x2 unitary matrix.

—oL,
In [26], the authors classified all the boundary conditions into five classes. The first one is the largest

class of boundary conditions and correspond to the case discussed in the present paper (see (75)). Among
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the other classes, the only other class that permits a coupling between the two planes is the second class
(see |26, Proposition 3]), while the third, fourth and fith class make the two planes completely decoupled.
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