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The large majority of topological phases in one-dimensional many-body systems are known to be inherited
from the corresponding single-particle Hamiltonian. In this work, we go beyond this assumption and find a
new example of topological order induced through specific interaction couplings. Specifically, we consider a
fermionic mixture where one component experiences a staggered on-site potential and it is coupled through
density-dependent hopping interactions to the other fermionic component. Crucially, by varying the sign of
the staggered potential, we show that this latter fermionic component can acquire topological properties. Due to
matrix product state simulations, we prove this result both at equilibrium by extracting the behavior of correlation
functions and in an out-of-equilibrium scheme by employing a Thouless charge pumping. Notably, we further
discuss how our results can be probed in quantum simulators made up of ultracold atoms. Our results reveal an
important and alternative mechanism that can give rise to topological order.

DOI: 10.1103/lw8k-7h6p

Introduction. The search for systems exhibiting topological
phases and phase transitions has led to several discoveries fol-
lowing the observation of the seminal quantum Hall effect in
condensed matter [1–6]. Significant progress has been made in
recent decades to obtain signatures of the topological phases
and to understand the origin and stability of such phases in
various systems [7–11]. Hallmarked by the gapped bulk spec-
trum, quantized topological invariants, and associated gapless
edge modes, the topological phases have attracted a great deal
of attention due to their fundamental and technological im-
portance. This has led to their observations in various systems
ranging from condensed-matter systems, optical systems, and
metamaterials to mechanical systems [12–20].

One of the simplest systems that exhibits topological
properties is the one-dimensional tight-binding model of
free fermions with dimerized hopping, known as the Su-
Schrieffer-Heeger (SSH) model [21–23]. A suitable choice
of hopping dimerization of the fermions stabilizes a topo-
logical phase, which undergoes a transition to a trivial phase
by specifically shaping the hopping dimerization. While the
topological order in the SSH model is a feature of the
single-particle Hamiltonian, such a scenario also persists in
the presence of interactions [24–49]. Indeed, the topological
properties appearing in most of the many-body systems are
known to be inherited from single-particle models and in
some cases depend on the specific choice of the interparticle
interactions that indirectly favor the SSH-type phenomena
[50–55]. In other words, the particles experience an induced

*Contact author: padhanashirbad@gmail.com
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hopping dimerization under proper conditions, leading to the
topological phase. Now the question is whether such a topo-
logical phase and associated phase transition in a many-body
system can be established without requiring its inheritance
from the single-particle limit or through direct interparticle
interactions.

In this Letter, we tackle this interesting question. Specif-
ically, we propose a system of spinful fermions in a
one-dimensional optical lattice with asymmetric density-
dependent (DD) tunneling (i.e., the hopping of one component
depends on the density of the other and not vice versa) in
which a topological phase transition can be established. By
subjecting one of the components to a staggered on-site poten-
tial and allowing the hopping of other component to depend on
the density of the former, we show that the latter component
acquires topological properties. The onset of the topological
phase is strongly dependent on the sign of the staggered poten-
tial, resulting in a transition from the topological phase to the
trivial phase at a point where the staggered on-site potential
vanishes. We stress that the topological phase that appears in
the system considered here is a pure many-body effect and is
not inherited from the single-particle Hamiltonian.

Model. The model of spinful fermions with asymmetric
DD tunneling is given by

H = −t↑
∑

i

(c†
i↑ci+1↑ + H.c.) + �↑

∑
i

(−1)ini↑

− t↓
∑

i

ni↑(c†
i↓ci+1↓ + H.c.), (1)

where ciσ is the fermionic annihilation operator for the com-
ponent σ ∈ (↑,↓) and niσ is the respective number operator
at the ith lattice site. While t↑ and �↑ denote the hopping
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FIG. 1. Depiction of the model presented in Eq. (1) with hopping
strengths t↑ and t↓ and on-site staggered potential strength �↑. Here
the ↑ component exhibits a superlattice behavior due to the staggered
potential and the hopping of the ↓ component depends on the on-site
density of the ↑ component.

and staggered on-site potential strengths of the ↑ component,
respectively, t↓ fixes the hopping strength of the ↓ component.
Note that here the hopping of the ↓ component depends on
the site occupation of the ↑ component (ni↑), as shown in
Fig. 1. The model considered above applies also to a system
of two-component hard-core bosons.

For the model shown in Eq. (1), in the absence of the
staggered on-site potential (�↑ = 0) and density dependence
of the hopping of the ↓ component, the system consists of two
decoupled gapless Luttinger liquids (LLs) of two individual
components even at half filling. In this decoupled LL limit,
any finite value of �↑ will turn the ↑ component gapped,
exhibiting a density-wave (DW)-type ordering (. . . 1 0 1 0 . . .)
throughout the lattice. Surprisingly, at this point, if the hop-
ping of the ↓ component is made to depend on the density
of the ↑ component through the DD tunneling, then the ↓
component becomes gapped and turns topological if �↑ > 0.
In the following, we discuss this phenomenon and associated
topological phase transition in detail. Here we explore the
ground-state properties of the model using the density-matrix
renormalization-group method [56–58] based on the matrix
product state ansatz [59,60] for a half-filled system, i.e., at
density ρσ = Nσ /L = 1/2 on a system of L lattice sites, with
Nσ the number of particles in each component. The algorithm
is typically run for 15 sweeps with bond dimensions up to 500
per sweep. We perform all the numerical simulations by con-
sidering open boundary conditions and by fixing t↑ = t↓ = 1
as the energy unit.

Results. We first analyze the equilibrium properties of the
system. As already mentioned, for any finite values of �↑,
the ↑ component is expected to form a gapped phase of DW-
type ordering at half filling, i.e., at ρ↑ = 1/2. Now, through
the DD tunneling t↓, the properties of the ↓ component are
strongly affected by the density of the ↑ particles. We confirm
the gapped DW-type phase of the ↑ component by studying
the system’s gaps. To quantify them, we compute the single-
and two-particle excitation gaps (or the charge gaps) of the
system, which are defined as

G1σ = E (Nσ + 1) + E (Nσ − 1) − 2E (Nσ ) (2)

and

G2σ = E (Nσ + 2) + E (Nσ − 2) − 2E (Nσ ), (3)

respectively. Here E (Nσ ) is the ground-state energy, with Nσ

the number of particles in each component. In Fig. 2(a) we

FIG. 2. (a) Single-particle charge gap G1↑ (green solid line), DW
structure factor S↑(π ) (red dashed line), and BO structure factor
SB↑(π ) (blue dotted line) plotted as a function of �↑. (b) Single-
particle charge gap G1↓ (green solid line), two-particle charge gap
G2↓ (black dash-dotted line), DW structure factor S↓(π ) (red dashed
line), and BO structure factor SB↓(π ) (blue dotted line) plotted as a
function of �↑. The insets show a zoomed-in view of the respective
figures. Here we extrapolate the values of G1,2σ with system sizes
L = 40, 60, 80, and 100 and consider L = 100 for the calculation
of Sσ (π ) and SBσ (π ). The charge gaps are scaled by a factor of
5 for better clarity. To avoid edge effects, the structure factors are
calculated in the bulk of the lattice, i.e., in the range from L/4 to
3L/4.

plot G1↑ as a function of �↑ (green solid line). It can be seen
that for all values of �↑, the system becomes gapped even in
the limit of �↑ becoming zero [see the inset of Fig. 2(a)]. Due
to the staggered on-site potential, the particles are expected to
arrange themselves in a DW pattern due to doubling up of the
unit cell. This behavior can be understood from the structure
factor defined as

Sσ (k) = 1

L2

∑
i, j

eιk|i− j|〈niσ n jσ 〉. (4)

We plot S↑(π ) as a function �↑ (red dashed line) in Fig. 2(a);
it becomes finite as soon as the system becomes a gapped DW
for any finite values of �↑. Note that the finite structure factor
is not a result of spontaneous symmetry breaking in the system
but rather is due to the staggered on-site potential �↑. Now we
will show that this DW ordering in the ↑ component is the key
to inducing topological features in the initially nontopological
↓ component through the DD tunneling.

For this purpose, we first monitor the behavior of the gap
G1↓ as a function of �↑, which is shown in Fig. 2(b). Contrary
to the ↑ component case, it can be seen that G1↓ (green
solid line) remains finite in the regime �↑ � 0 and vanishes
when �↑ > 0. Such vanishing of the single-particle gap in the
regime �↑ > 0 does not mean that the system is gapless but
rather it is an indication of the existing edge modes within the
gap at half filling. In such a situation, the gap in the system can
be monitored by the two-particle gap G2↓ (black dash-dotted
line), as shown in Fig. 2(b), which remains finite even for
�↑ > 0. This behavior of the gap indicates a gapped-gapped
transition as a function of �↑ through �↑ = 0.
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FIG. 3. (a) On-site densities 〈ni↓〉 plotted as a function of site
index i for �↑ = −1.0 (black line with squares) and �↑ = 1.0 (green
line with circles). (b) Polarization P↓ (blue line with squares) and
string order parameter O↓ (red line with circles) plotted as a function
of �↑. Here the system size considered is L = 100.

We find that while the gaps in the ↑ component correspond
to a DW-type ordering in the system, for the ↓ component
they represent the dimerized or the bond-order (BO) phases.
We prove the BO nature of the phase from the BO structure
factor

SBσ (k) = 1

L2

∑
i, j

eιk|i− j|〈Biσ Bjσ 〉, (5)

where Biσ = c†
iσ ci+1σ + H.c. is the bond energy associated

with the ith bond of the component σ . In Fig. 2(b) we plot
SB↓(π ) (blue dotted line) as a function of �↓, which exhibits
finite values for |�↑| �= 0, indicating the BO nature of the
gapped phases. To rule out the DW-type ordering as exhibited
by the ↑ particles, we also plot S↓(π ) (red dashed line),
which vanishes for all the values of �↑. This confirms that
the gapped phases for |�↑| �= 0 are the BO phases. Note that
such bond ordering is absent for the ↑ particles, which can be
seen from the vanishing values of SB↑(π ) (blue dotted line) in
Fig. 2(a).

The above analysis clearly shows that the ↓ component
develops bond ordering due to the DW-type structure in the
↑ component through the DD tunneling. Now the question is
how the two BO phases on either side of �↑ = 0 in Fig. 2(b)
are related to each other. In the following, we will show that
while the BO phase for �↑ > 0 exhibits topological character,
for �↑ < 0 it is a trivial BO phase, making the BO phases
topologically distinct from each other.

Topological properties. Here we characterize the topologi-
cal phase from the appearance of the edge states. As depicted
in Fig. 3(a), the presence of degenerate edge states appears
rather clearly by extracting the on-site densities 〈ni↓〉 (green
circles) for positive values of �↑. On the other hand, for
negative values of �↑, the system does not develop any edge
states, as can be seen from the values of 〈ni↓〉 ∼ 0.5 (black
squares) in Fig. 3(a). To quantify such topological character,
we compute the edge state polarization defined by the formula

Pσ = 1

L

∑
i

(i − i0)〈ψ |niσ |ψ〉, (6)

where |ψ〉 is the ground-state wave function and i0 =
(L − 1)/2 is the center-of-mass position of the lattice [27].
This quantity is directly accessible in experiments through
measuring the center-of-mass shift of the particle densities
[13,14,61,62]. In Fig. 3(b) we plot P↓ as a function of �↑,
which shows that the polarization clearly vanishes at the crit-
ical point �↑ = 0 as well as in the BO phase for �↑ < 0.
However, for �↑ > 0, the polarization assumes a constant
value of P↓ ∼ 0.5. The finite value of polarization is usually
attained when one of the edge lattice sites is filled and the
other is not. However, when the particle density is uniformly
distributed along the lattice, it becomes zero. Thus, P↓ to-
gether with the on-site density 〈ni↓〉 indirectly checks the
existence of nontrivial edge states in a system. This indicates
that the BO phase in the regime of �↑ > 0 is topological in
nature. The topological BO phase is further quantified by the
nonlocal string order parameter defined by

Oσ = −
〈

ziσ exp

⎛
⎝ι

π

2

j−1∑
k=i+1

zkσ

⎞
⎠z jσ

〉
, (7)

where ziσ = 1 − 2niσ [29,46,48,63–69] and the term in an-
gular brackets denotes the expectation value over the ground
state. Here we avoid the edge lattice sites and consider the
maximum possible distance by choosing i = 1 and j = L − 2.
In our case O↓ (red circles) becomes finite in the topological
BO phase (for �↑ > 0) but vanishes elsewhere, as shown in
Fig. 3(b).

These findings reveal that while the DD tunneling turns the
↓ component into a BO phase, depending on the sign of �↑,
the BO phase can be either trivial (�↑ < 0) or topological
(�↑ > 0) in nature and hence a trivial to topological phase
transition occurs as a function of �↑ through the critical point
at �↑ = 0. Such a nontrivial transformation of a nontopolog-
ical phase to a topological phase is due to the interplay of the
on-site staggered potential and the DD tunneling, which can
be understood from the following arguments.

Due to the difference in the chemical potentials (or on-site
energies) on alternate lattice sites, the ↑ particles get trapped
in the deeper lattice sites, i.e., the sites with negative poten-
tials. On the other hand, the hopping along the ith bond of
the ↓ component becomes finite only if the density at the ith
lattice site of the ↑ component is finite. Thus, disconnected
dimers of ↓ component are formed, resulting in a fully dimer-
ized effective SSH model.1 Therefore, depending on whether
the first site is empty or filled for the ↑ component due to the
choice of �↑, the ↓ component becomes topological or trivial
in nature. This picture can be clearly understood from the
average nearest-neighbor inter- and intracell density-density
correlation functions defined as

C1σ = 1

L

∑
i∈odd

〈niσ ni+1σ 〉 (8)

1In the limit �↑ 	 t↑, the effective dimerized SSH model for the ↓
component can read H↓

eff = − t↓
2

∑
i[1 − (−1)i �↑

|�↑| ](c
†
i↓ci+1↓ + H.c.).
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FIG. 4. (a) Inter- and intra-cell density-density correlations C1↓
(blue line with squares) and C2↓ (red line with circles) plotted as a
function of �↑. To avoid edge effects, C1↓ and C2↓ are calculated in
the bulk of the lattice, i.e., in the range from L/4 to 3L/4. (b) Po-
larization P↓ plotted as a function of the pumping parameter τ for
�0↑ = 0.2 (black line with squares), 0.5 (red line with circles), and
1.0 (blue line with triangles). Here we fix �0↓ = 0.5 and consider
a system of size L = 100. The inset shows the pumping scheme in
the �↑-�↓ plane where the green dot marks the critical point, i.e.,
(�↑, �↓) = (0, 0).

and

C2σ = 1

L

∑
i∈even

〈niσ ni+1σ 〉, (9)

respectively. Since the intercell (intracell) correlation is dom-
inant in the topological (trivial) BO phase, C1↓ (C2↓) is
expected to become finite. From Fig. 4(a) we can notice that
C1↓ (blue squares) remains very small for all the values of
�↑ < 0. After the critical point, i.e., for �↑ > 0, there is a
sharp increase in C1↓, indicating the topological BO phase. At
the same time C2↓ (red circles) behaves just the opposite way
to C1↓.

After discussing the equilibrium scenarios, in the remain-
der of the paper we explore the signatures of the topological
phase transition through Thouless charge pumping.

Thouless pumping. Thouless charge pumping or the topo-
logical charge pumping (TCP) deals with the quantized
transport of particles in a topological system through an adi-
abatic periodic modulation of system parameters. Moreover,
they not only can probe the topological phase transitions but
also provide a unique platform for a possible experimen-
tal probing [13,24,25,27,42,50,70–102]. In the following, we
propose a pumping scheme to capture the topological phase
transition of the ↓ component described in the preceding
section. We define the pumping Hamiltonian in the spirit of
the Rice-Mele model [103,104] as

Hp = −t↑
∑

i

(c†
i↑ci+1↑ + H.c.) + �↑

∑
i

(−1)ini↑

− t↓
∑

i

ni↑(c†
i↓ci+1↓ + H.c.) + �↓

∑
i

(−1)ini↓, (10)

where the first three terms are the same as Eq. (1) and the
last term is an extra staggered on-site potential term associ-
ated with the ↓ component. The periodic modulation of the

on-site potentials are achieved as �↑ = �0↑ cos(2πτ ) and
�↓ = �0↓ sin(2πτ ). When the pumping parameter τ , which
is equivalent to time, is varied from 0 to 1, a closed path
in the parameter space is achieved, as shown in the inset
of Fig. 4(b). To this end, we propose a pumping scheme
involving these two on-site terms and consider three pumping
cycles in the �↑-�↓ plane so that the path encloses the critical
point (�↑,�↓) = (0, 0). The three cycles have the parameters
�0↑ = 0.2, 0.5, and 1.0, respectively, and �0↓ = 0.5 for all
the cycles.

We characterize the TCP through the edge polarization
using Eq. (6), where the ground state |ψ (τ )〉 is computed as a
function of τ . The polarization is related to the total amount of
pumped charge per cycle as Qσ = ∫ 1

0 dτ ∂τ Pσ (τ ), which takes
quantized values if all the criteria for a robust pumping are sat-
isfied. In Fig. 4(b) we plot P↓(τ ) for �0↑ = 0.2, which shows
a smooth variation from 0.5 to −0.5, thus a total pumped
charge of |Q↓| = 1. Similarly, for both �0↑ = 0.5 and 1.0,
the polarization varies smoothly, which signifies a quantized
and robust charge pumping. This clearly indicates that the ↓
component exhibits a topological to trivial transition as �↑
varies from negative to positive values through the critical
point at �↑ = 0.

Conclusion. We have proposed a model of spinful fermions
in one dimension where a topological phase can be stabilized
through the correlated tunneling. By imposing a staggered on-
site potential on one of the components, we have shown that
a topological phase can be induced in the other component
if the hopping of the latter component depends on the on-site
density of the former component. Such an induced topological
phase in turn results in a phase transition from a trivial BO
phase to a topological BO phase as a function of the on-site
staggered potential. While the topological and trivial phases
exhibit characteristics similar to the ones exhibited by the
SSH model, the phase transition does not occur through a
gap closing point. Moreover, the bond ordering in this case
arises from the competing effects of the on-site potential and
the density-dependent tunneling as opposed to the dimerized
hopping in the SSH model.

It is crucial to underline that, while on one hand, our results
reveal a novel mechanism to generate topological phases, on
the other, our results can be of crucial relevance also from
an experimental perspective. It is indeed important to stress
that, contrary to previous proposals [46], our scheme works
for finite systems in the presence of boundaries. This repre-
sents an important aspect, as this is the usual configuration
in quantum simulators made up of ultracold atoms in optical
lattices which can allow both for the experimental realization
of the model in Eq. (1) and for an efficient probing of its
phase diagram. More specifically, resonant Floquet drivings
of interacting atoms [105–108] combined with magnetic-field
gradients or superlattice potentials have already paved the way
towards the experimental realization of systems where the
hopping of only one component is affected by the occupation
of the other one [109–112]. In addition, staggered on-site
potentials are largely implemented in ultracold-atom experi-
ments [13,14,62,73], thus making it evident that the model in
Eq. (1) might be promptly realized. Finally, through quantum
gas microscopy [113], the on-site density can be measured
with high accuracy. In such a way, the behavior of both the
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edge state polarization (6) and the string correlator (7) can be
probed in order to provide an accurate characterization of the
topological properties of the system.
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