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 A B S T R A C T

The design of optimized Heat Exchangers (HE) represents a key asset in the effort towards transport 
decarbonization and hydrogen-powered electrification due to the low temperatures required for batteries and 
high amounts of low-grade waste heat produced by fuel cells. At the same time, advancements in the field of 
Additive Manufacturing (AM) offer new opportunities for unprecedented geometries: enhancing heat transfer, 
minimising mass and improving compactness. Within this paper, a new methodology is proposed for the 
modelling of the thermal-hydraulic performance of compact heat exchangers fabricated via AM. Focus is placed 
towards the realization of a robust and computationally inexpensive tool for evaluating the performance of 
a wide range of AM heat exchanger geometries for use in multi-objective optimisation. The methodology is 
based on flexible physics-driven formulations and extensive model parametrization. The proposed approach 
is verified against experimental data from the literature, exhibiting accurate heat transfer simulation, with a 
maximum error of 3.7% with respect to the fluids’ temperature changes. Initial simulations based on current 
state-of-the-art models showed significant underestimation of the fluids’ pressure drops, of up to -26.4%, when 
they are applied to AM HEs. However, adjusting the channels’ diameter according to the formation of melting 
dross, is shown to reduce the maximum hydraulic losses underestimation to just -11.4%. Alternatively, the 
definition of a calibrated penalty factor, conservatively applied to conventional formulations, allows for the 
maximum pressure drops to be underestimated by only -4.3%, instead.
1. Introduction

Recent efforts towards the decarbonization of the transport sector 
require the development of innovative solutions aimed at satisfying cur-
rent and near future emission targets [1–3]. Powertrain electrification 
appears as a promising tool for achieving those goals, with numerous 
initiatives actively investigating and promoting the development of 
electric propulsion systems in the automotive [4,5], marine [6–9], and 
aerospace [10,11] technical domains.

A major challenge to current electrification programs is the effective 
thermal management of state of the art electric energy storage devices, 
such as batteries [12,13], and electric energy conversion systems, such 
as fuel cells [14,15]. Typical Li–ion batteries are usually bound to low 
optimal operating temperatures of about 15 ◦C to 35 ◦C [16]. Those 
values represent a major hindrance to the component’s cooling, as the 
external environment temperature is often very close to the threshold 
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operating temperature of the battery itself, and may even exceed it. 
Proton Exchange Membrane (PEM) fuel cells allow for higher operat-
ing temperatures of about 60 ◦C to 80 ◦C, yet they typically function 
at reduced efficiencies of approximately 50% [14]. Those conditions 
lead to significant amounts of low grade waste heat being generated 
and introduce challenges with providing sufficient component heat 
dissipation.

The development of suitable cooling systems is therefore crucial for 
an effective implementation of both batteries and fuel cells [13,17]. 
However, as a consequence of high power involved with propulsion 
electrification, providing the required cooling performance is likely to 
result in cumbersome designs, especially for the system’s main radiator. 
The design, simulation, and optimization of Heat Exchangers (HE) 
performance thus represent crucial assets in the effort towards car-
bon footprint reduction and transport electrification. Contemporarily, 
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Nomenclature

𝐴 surface area
𝑎 dimensionless hot fluid parameter, Eq. (4)
𝑎𝑁𝑢 Nusselt term 𝑎 for in development laminar 

flow, Table  2
𝐵 base length (rectangular/square/cuboid 

shapes)
𝑏 dimensionless cold fluid parameter, Eq. (4)
𝑏𝑁𝑢 Nusselt term 𝑏 for in development laminar 

flow, Table  2
𝑐𝑝 specific heat at const. pressure
𝐷 diameter (circular/cylindrical shapes)
𝐷ℎ𝑦𝑑 hydraulic diameter (of channels)
𝑓 Nusselt factor 𝑓 for turbulent and transi-

tional flow, Table  2
𝑓𝐷 Darcy–Weisbach friction factor
𝐺 mass flux rate
𝐻 HE height
ℎ average convective heat transfer coefficient
𝐾𝑐𝑜𝑛𝑡𝑟 irreversible contraction loss coefficient
𝐾𝑒𝑥𝑝 irreversible expansion loss coefficient
𝐾𝐿 minor losses loss coefficient (in the mani-

folds)
𝐾𝑝 pressure drop penalty factor (corrected 

formulation)
𝑘 thermal conductivity
𝐿 HE length - cold fluid direction
𝐿ℎ𝑦𝑑 channel’s hydraulic length
𝐿𝑡ℎ channel’s thermal length
𝑚 mass
𝑚̇ mass flow rate
𝑚𝑓𝑖𝑛 dimensionless fin parameter of Eq. (18)
𝑁𝑢 Nusselt number (average)
𝑁𝑢𝑙𝑎𝑚 laminar Nusselt term for transitional flow, 

Table  2
𝑁𝑢𝑡𝑢𝑟𝑏 turbulent Nusselt term for transitional flow, 

Table  2
𝑛𝑓𝑖𝑛 number of fins per layer (equal to channels 

per row)
𝑛𝑙𝑎𝑦𝑒𝑟𝑠 number of layers (rows of fluid channels)
𝑛𝑝𝑙𝑡 number of plate-modules
𝑃 perimeter
𝑃𝑟 Prandtl number
𝑞 heat transfer rate
𝑅 thermal resistance
𝑅𝑎 arithmetic mean directional roughness
𝑅𝑒 Reynolds number
𝑅𝑒𝑐𝑟𝑖𝑡 critical Reynolds number
𝑅𝑒𝑥 local Reynolds number at a given point 𝑥
𝑇 fluid temperature
𝑇 (0, 0) fluid temperature at the plate origin (inlet)
𝑈 global heat transfer coefficient
𝑢 (fluid) velocity

several studies are also investigating opportunities introduced by the 
Additive Manufacturing (AM) processes for innovative and optimized 
HE geometries [18–20], potentially synergizing with the needs of the 
transport sector.
2 
𝑉 volume
𝑊 HE length - hot fluid direction
𝑊𝑓𝑖𝑛 geometrical fin width
𝑥 cold fluid direction coordinate
𝑥′ dimensionless cold fluid flow direction 

coordinate
𝑦 hot fluid direction coordinate
𝑦′ dimensionless hot fluid direction coordinate
𝑍ℎ𝑦𝑑 hydrodynamic input length
𝑍𝑡ℎ thermal input length
𝛥𝑝𝑐𝑜𝑟𝑒 HE core pressure drop
𝛥𝑝ℎ𝑒𝑎𝑑𝑒𝑟 header pressure drop
𝛥𝑝𝑀𝐿 minor losses (pressure drop)
𝛥𝑝𝑟𝑖𝑔 test rig assembly pressure drop
Greek letters
𝛥 generic difference
𝛿𝑏𝑙 boundary layer thickness
𝜖 equivalent sand–grain roughness
𝜁𝑐𝑜𝑛 total convergence resistance coefficient
𝜁𝑒𝑥𝑝 total divergence resistance coefficient
𝜂𝑓𝑖𝑛 fin efficiency
𝜃 local dimensionless temperature difference 

between hot and cold fluids
𝜇 fluid dynamic viscosity
𝜌 fluid density
𝜌𝑠 HE structure density
𝜎 HE porosity
𝛷1 first term of the Churchill’s 𝑓𝐷 formulation, 

Eq. (23)
𝛷2 second term of the Churchill’s 𝑓𝐷 formula-

tion, Eq. (23)
𝜙 ratio of mean to initial temperature differ-

ence

Subscripts and abbreviations
𝐴𝑀 additively manufactured
𝑏𝑎𝑠𝑒 base surface (space between two fins)
𝑐 cold
𝑐ℎ𝑎𝑛 channel
𝑐𝑜𝑛𝑑 conductive
𝑐𝑜𝑛𝑣 convective
𝑐𝑜𝑟𝑟 corrected
𝑐𝑠 cross-section (or cross-sectional)
𝑑𝑒𝑠𝑖𝑛𝑔 design value (may differ from the manufac-

tured one)
𝑑𝑟𝑜𝑠𝑠 dross (AM-induced)
𝑒𝑞 equivalent
𝑓 fluid
𝑓𝑖𝑛 fin
𝐻𝐸 heat exchanger
ℎ hot
𝑖𝑛 in (or inlet)
𝑜𝑢𝑡 out (or outlet)

Several modelling approaches are proposed in the literature for heat 
exchanger design, characterization, and optimization. A bidimensional 
component discretization, combined with empirical regression of the 
global heat transfer coefficient 𝑈 and pressure drops, is employed 
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𝑝𝑙𝑡 plate
𝑠 structure (of the HE)
𝑤 wall
0 upstream manifold section (sensor location)
1′ upstream manifold–header junction section
1 section just upstream the HE inlet (outside 

channels)
2 section just downstream the HE inlet (inside 

channels)
3 section just upstream the HE outlet (inside 

channels)
4 section just downstream the HE outlet 

(outside channels)
4′ downstream header–manifold junction sec-

tion
5 downstream manifold section (sensor loca-

tion)

by Khaled et al. [21] to characterize the thermohydraulic behaviour 
of an innovative multi-passage HE. Torregosa et al. [22] also rely 
on experimental data fitting to determine the 𝑈𝐴 value of compact 
heat exchanger for an electric vehicle’s dual purpose air heater-cooler. 
However, Ref. [22] opts for the lumped 𝜖 − 𝑁𝑇𝑈 formulation for 
unmixed cross-flow HEs (Incropera [23]), trading detailed modelling of 
the local HE temperatures for a simplified solution of the heat transfer 
problem. A similar approach is also adopted by Ruivo et al. [24] for 
the characterization of the thermal performance of a finned-tube HE 
via several calibrated models of the Nusselt numbers of both fluids. 
However, unlike Khaled et al. [21], the studies of Torregosa [22] and 
Ruivo [24] both neglect modelling the pressure drops entirely. By con-
verse, Kim et al. [25] employ the 𝜖 −𝑁𝑇𝑈 correlation to characterize 
a louvred fin compact heat exchanger, addressing the component’s 
heat transfer coefficient and pressure drops via the Colburn 𝑗-factor 
and Fanning 𝑓 -factor, respectively. Experimental data fitting is then 
applied to determine both factors dependence on the Reynolds number, 
improving accuracy under dry/wet operating conditions.

Ultimately, Khaled et al. [21] declare a maximum relative error of 
the simulated heat transfer of only 3.76%, while Ruivo et al. [24] claim 
a maximum relative deviation of just 0.9%, for their best calibrated 
model. Torregosa et al. [22] register a high maximum relative error of 
14%, due to limited accuracy of experimental measurements at lower 
mass flows, yet they still manage to achieve very accurate results, 
with an average relative error of only 2.4%. Kim et al. [25] observe 
generally higher deviations, consequent to the simplified formulation 
of the Colburn and Fanning factors, leading to a rms error of ±16.9% 
and ±13.6% when determining the 𝑗-factor and 𝑓 -factor, respectively. 
These results suggest that data regression offers a valuable tool for 
precise HE performance characterization, with the work of Scott and 
Joshi [26] advocating for the use of calibrated models in place of 
complex CFD simulations. Nonetheless, strong dependence on data re-
gression also causes the formulations to be closely tied to the reference 
HE, limiting opportunities for the investigation of new geometries.

A number of modelling approaches also exist which characterize 
the HE performance via physical laws, allowing for the formulations to 
be decoupled from a specific component and associated to its relevant 
design parameters instead. For instance, the studies by Pujol et al. [27] 
and Kleiner et al. [28] provide relevant insights into the development 
of thermal resistance models for the design of cooling channels in 
electronic heat sinks. In the work of Rasouli et al. [29], the reference 
𝜖 − 𝑁𝑇𝑈 equation [23] is employed to quantify the heat transfer 
of an innovative micro-fin compact HE to be realized via Additive 
Manufacturing. The global heat transfer coefficient 𝑈 is determined 
3 
via a thermal resistance model based on physical equations and the 
channels’ shapes and dimensions. Pressure drops are still addressed 
through experimental data regression, due to geometrical complexity of 
the device, preventing complete decoupling of the modelling approach 
from the reference configuration. A FEM structural analysis of the 
HE, and considerations over AM manufacturing constraints are also 
addressed in [29]. Da Silva et al. [30] model the thermal performance 
of an Additively Manufactured heat exchanger via combined NTU 
method and a channels’ thermal resistance framework. Ref. [30] also 
extend the physical modelling to the characterization of HE pressure 
drops [31].

Overall, Rasouli et al. [29] obtain an average absolute deviation 
of 3.3% on the simulated component efficiency, with a maximum 
registered error of 9.2%. Analogously, da Silva et al. [30] achieve 
a satisfactory average heat transfer error of 3.3% and maximum er-
ror of almost 10%. These results evidence that higher flexibility of 
physics-driven modelling is offset by a generally reduced accuracy in 
the correlation results. Notably, significant deviations are observed 
in Ref. [30] when modelling HE pressure drops, with an average 
relative error of 17.9% and a maximum register error of 27%. These 
results evidence issues with accurate simulation of hydraulic losses in 
AM HE, and are in line with trends outlined in the reviews of Kaur 
and Singh [19], and Careri et al. [20], concerning challenges of HE 
modelling for AM.

Lim et al. [32] illustrate the use of 𝜖 − 𝑁𝑇𝑈 formulations and 
thermal resistance frameworks to support the design optimization of 
bare-tube heat exchangers. Arie et al. [33] apply this concept to the 
refinement of a microchannel-manifold heat exchanger fabricated via 
Additive Manufacturing, achieving appreciable performance improve-
ments. However, similarly to the findings of da Silva et al. [30], 
the study also highlights challenges in accurately modelling pressure 
drops in AM components, leading to hydraulic losses underestima-
tions of up to 31%. Alternatively, Nacke, Northcutt, and Mudawar 
propose an innovative modelling approach for the characterization of a 
finned micro-channel test-plate for AM [34], eventually expanding the 
methodology to the simulation of a complete HE composed by several 
layers of these reference modules [35]. The study computes the plate 
heat transfer by applying differential equations to an infinitesimal, bidi-
mensional discretization of the element. Subsequently, it integrates the 
differential contributions into a unified sum equation, simplifying the 
numerical solution. The global heat transfer coefficient 𝑈 is determined 
through a thermal resistance model of the plate, whereas pressure 
drops are disregarded entirely. An average error of approximately 3% 
is achieved for the calculated heat transfer, while a maximum absolute 
deviation of 15% is observed at lower mass flow rates, similarly to 
the findings of Torregosa et al. [22]. The work of Zhuang et al. [36] 
demonstrates the use of globalized plate models and thermal resistance 
frameworks in the design optimization of heat exchangers, specifically 
for an innovative rhombus-fractal heat sink design. The textbook by 
Nellis and Klein [37] provides in-depth explanations of more tradi-
tional methods for solving discretized plates, involving surface meshing 
to capture local heat exchanger properties and performance. Similar 
approaches offer enhanced model flexibility and detail, but signifi-
cantly increase the computational cost of simulations as they require 
computing the behaviour of each mesh node.

Building on these discretized approaches, Petrovic et al. [38] em-
ploy full Computational (Thermo-)Fluid Dynamic (CFD) analyses for 
the simulation of an additively manufactured heat exchanger featuring 
complex geometries. The study addresses the component’s heat transfer 
and pressure drops, with satisfactory agreement between predicted and 
experimental Colburn 𝑗-factors, with deviations ranging from 5% to 
15%. However, pressure drop predictions are less consistent, under-
estimating the numerical Fanning 𝑓 -factors by 11%–32%. Hataway 
et al. [39] adopt a similar approach, focusing on the integration of 
self-sustaining geometries for fabrication via AM. However, challenges 
emerge in achieving consistency with experimental data, resulting in 
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Table 1
Significant thermal modelling approaches and relevant features for employment in a design optimization loop.
 Methodology Level of detail Accuracy Flexibility Computational efficiency  
 𝜀-NTU formulation & empirical 
regression of:
• 𝑈𝐴 [22]
• Nusselt equation [24]
• Colburn 𝑗 factor [25]

Global • High – avg. deviation: 2.5%
• Very high – max. deviation: 
0.9%
• Low – rms error: ±16.9%

Very low – limited by fixed 
𝜀-NTU correlation and empirical 
model calibration

Very high – no discretization nor 
iteration (once fitted)

 

 Bidimensional component 
discretization & empirical 
regression of 𝑈 [21]

Local High – max. deviation: ≃ 3.7% Low – limited by empirical 
regression of the heat transfer 
model

Medium-low – reduced by spatial 
discretization

 

 𝜀-NTU formulation & physical 
thermal resistance network 
[29,30]

Global Medium – avg. deviation: 3.3%, 
max. ≃ 10%

Medium – limited to the adopted 
𝜀-NTU correlation and resistance 
model

Medium–high – no discretization, can 
involve iterative solving

 

 Condensed discretized model & 
physical thermal resistance 
network [34,35]

Global Medium–low – avg. deviation: 
3%, max. ≃ 15%

High – limited to the adopted 
thermal resistance model

Medium – no discretization, but 
includes iterative solving

 

 CFD analyses [38,39] Local Medium–low – 5%–15% 𝑗-factor 
deviation [38]

Very high – capable of describing 
arbitrary geometries and physics

Very low – requires fine 
discretization, and extensive iteration

 

a 27% maximum heat transfer overestimation, and a 300% pressure 
drop underestimation. The study observes that powder residues inside 
the pipes are the cause of significant discrepancies between numerical 
simulations and measurements. These results further corroborate the 
challenges evidenced by Kaur [19], and Careri et al. [20] concerning 
the effective modelling of AM HE performance, especially with respect 
to more complex geometries.

CFD analyses offer unmatched simulation versatility but are hin-
dered by significant computational costs, limiting their viability for use 
in iterative optimization. Consequently, while the use of CFD to support 
design optimization is common in the literature, it is often limited to 
the refinement of just one or few key feature parameters [40,41], rarely 
addressing whole component performance. More extensive optimiza-
tion strategies involve embedding CFD simulations within topology 
optimization loops, but these are usually limited to very small con-
trol domains due to prohibitive computational requirements. Feppon 
et al. [42] provide relevant insights into advancements and challenges 
in the topology optimization of heat exchangers. Recent studies focus 
on leveraging periodic repetitions in the geometry and cellular designs 
to reduce the computational costs of these methodologies [43,44].

Alternatively, Beltrame et al. [45] and Mophatra et al. [46] pro-
pose using surrogate models to support fast design optimization of 
heat exchangers. These reduced-order models significantly improve 
computational efficiency, but require extensive training on pre-existing 
databases of optimized designs. Additionally, their range of applica-
bility remains limited to the geometries included in the training set. 
However, recent efforts propose training of Artificial Neural Networks 
over CFD simulation as a promising approach for defining improved 
surrogate models [47,48].

The literature provides several modelling approaches for the perfor-
mance evaluation of heat exchangers, each presenting different trade-
offs between accuracy, versatility, and computational efficiency, as 
illustrated in Table  1. Nonetheless, a growing need for enhanced HE 
design optimization demands for the development of new, flexible, and 
robust simulation tools, presenting strong correlation with the geomet-
rical parameters, reliable thermal and hydraulic performance predic-
tion, and reduced computational costs. Additionally, numerous publi-
cations highlight that challenges remain with the accurate modelling 
heat exchanger fabricated via Additive Manufacturing, particularly for 
pressure drops’ prediction. 

This paper aims to address these gaps, presenting a renewed, com-
prehensive modelling approach for the analysis of cross-flow heat 
exchangers featuring rectangular and circular shaped ducts. This con-
figuration is chosen due to its widespread adoption in transport sector 
cooling, particularly with radiators, and serves as a suitable bench-
mark for this study. The methodology integrates the versatile and 
efficient thermal framework developed by Nacke et al. [34,35], with 
the hydraulic model adopted by da Silva et al. [30], for a complete 
characterization of the component.
4 
Key features of the presented approach are: a strong correlation 
of the governing equations with the physics and geometry of the HE, 
a high model adaptability to different shapes and dimensions, and a 
generally low computational cost. The numerical implementation is 
also addressed carefully, aiming to minimize the required simulation 
inputs, improve numerical robustness, facilitate tool up-gradability, 
and ultimately favour future integration into a design optimization 
framework. These features are essential to ensure that the methodology 
is generalized and readily available for use in the broader effort towards 
transport decarbonization and emission mitigation. In particular, this 
study aims to provide an innovative tool for the rapid performance 
assessment of compact heat exchangers, serving as the fundamental 
element to support new design optimization frameworks for the rapid 
conceptualization of enhanced HE.

Finally, a physics-driven corrective formulation and a regression-
driven adjusted equation are proposed to account for inconsistencies 
in pressure drop simulation for AM HE. Robustness of the approach is 
ultimately tested and validated against experimental data from the lit-
erature, allowing for a preliminary verification of the model’s accuracy.

2. Methodology

The proposed methodology addresses three main aspects of HE 
performance characterization. First the component’s thermal behaviour 
is analysed and discussed to model the heat exchanger’s outlet temper-
atures and transferred heat. Second, the hydraulic performance of the 
heat exchanger is introduced and modelled, simulating the pressure 
drop across the components. Finally, the volumetric and gravimetric 
parameters are evaluated, providing details on the masses and volumes 
associated with the thermal fluids and the enclosing structure.

2.1. Theoretical thermal model

When modelling the thermal performance of a compact heat ex-
changer, symmetries in the design can be exploited to virtually divide 
the component into several geometrically identical stacked elements, 
each exhibiting comparable thermal behaviour [35]. This approach 
simplifies the characterization of the device reducing the component’s 
analysis to the simulation of a single fundamental module. Negligi-
ble differences can then be assumed in the temperature distribution 
along the stacking direction of the modules, allowing for the plates’ 
description to be further simplified from a tridimensional formulation 
to a bidimensional one. The thermal performance of the entire heat 
exchanger is then obtained by replicating and combining the behaviour 
of a single 2D plate across all stacked elements of the component. This 
concept is illustrated in Fig.  1.

The following hypotheses are applied for the development of the HE 
thermal model:
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Fig. 1. Representation of the whole heat exchanger component and detail of a single plate module with the associated bidimensional system of coordinates.
• Steady state model.
• Uniform flow distribution across all plates and all channels 
within a plate.

• Uniform global heat transfer coefficient (U) across the plate, 
which is equivalent to the average value of all local heat transfer 
coefficients of the module.

• Uniform and constant fluid properties, equivalent to the mean 
value between the average inlet and outlet fluid properties.

• Negligible heat loss of the heat exchanger with respect to the 
external environment.

• Negligible axial conduction, which leads to the heat transfer 
only occurring perpendicularly to both fluids’ flow directions.

• Adiabatic fin tips. In the thermal resistance framework of a 
single plate-module, the channels’ walls behave as fins, with the 
channels’ centreline identifying the fin tips. The fin tips thus 
define a symmetric boundary with respect to the fins of the 
adjacent module, which are under identical conditions, leading 
to no heat transfer occurring through the tips, as illustrated in 
Fig.  2.

2.1.1. Heat transfer equations and outlet temperatures
In line with that set of hypotheses, a single heat exchanger layer, 

in the form of a plate module, is effectively described through a 
bidimensional system of coordinates, parallel to both fluids flows, as 
shown in Fig.  1. Differential equations modelling the heat transfer 
rate perpendicular to this system of coordinates are then applied to 
a generic infinitesimal element of the plate, resulting in three distinct 
formulations. These include: an equation describing the heat transfer 
crossing the infinitesimal element surface, Eq. (1), and two equations 
expressing the heat exchange as perceived from both fluids, the hot 
one, Eq. (2) and the cold one, Eq. (3), as it drives their change in 
temperature. 
𝑑𝑞 = 𝑈 (𝑇ℎ − 𝑇𝑐 )𝑑𝑥𝑑𝑦 (1)

𝑑𝑞 = −
𝑚̇ℎ,𝑝𝑙𝑡

𝐿𝑝𝑙𝑡
𝑐𝑝,ℎ

𝜕𝑇ℎ
𝜕𝑦

𝑑𝑥𝑑𝑦 (2)

𝑑𝑞 = +
𝑚̇𝑐,𝑝𝑙𝑡

𝑊𝑝𝑙𝑡
𝑐𝑝,𝑐

𝜕𝑇𝑐
𝜕𝑥

𝑑𝑥𝑑𝑦 (3)

Those three equations can then be combined, differentiated, and refined 
via the use of Laplace transforms, allowing for the definition of a 
5 
dimensionless temperature difference ratio 𝜃, as proposed by J. L. 
Mason [49]. Eq. (4) provides this ratio, expressing the dimensionless 
local temperature difference between hot and cold fluids, normalized 
by the inlet temperature difference. 

𝜃(𝑥′, 𝑦′) =
𝑇ℎ − 𝑇𝑐

𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)
= 𝑒−(𝑎𝑦

′+𝑏𝑥′) ⋅
∞
∑

𝑛=0

(𝑎𝑏𝑥′𝑦′)𝑛

(𝑛!)2
(4)

Where:

𝑎 =
𝑈 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡

𝑚̇ℎ,𝑝𝑙𝑡 𝑐𝑝,ℎ
, 𝑏 =

𝑈 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡

𝑚̇𝑐,𝑝𝑙𝑡 𝑐𝑝,𝑐
, 𝑥′ = 𝑥

𝐿𝑝𝑙𝑡
, 𝑦′ =

𝑦
𝑊𝑝𝑙𝑡

The total heat transfer rate occurring across the plate is evaluated by 
integrating Eq. (1) over the entire surface of the bidimensional module. 
The integration limits are normalized with respect to the plate’s main 
dimensions, while the integrand is scaled with respect to the fluids inlet 
temperature difference, leading to Eq. (5).

𝑞𝑝𝑙𝑡 = [𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)]∫

1

0 ∫

1

0
𝑈

𝑇ℎ − 𝑇𝑐
𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)

× 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡 𝑑
(

𝑥
𝐿𝑝𝑙𝑡

)

𝑑
(

𝑦
𝑊𝑝𝑙𝑡

)

(5)

The obtained formulation can then be combined with the 𝜃 ratio 
definition from Eq. (4), allowing for the identification of a 𝜙 value, 
representing the ratio of the mean to initial temperature difference, as 
shown in Eq. (6). 

𝜙 =
𝑞𝑝𝑙𝑡

𝑈 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡[𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)]
= ∫

1

0 ∫

1

0
𝜃 𝑑(𝑥′) 𝑑(𝑦′) (6)

The elicitation of the 𝜃 value within the integrals of Eq. (6) allows for 
the formalization of the 𝜙 expression shown in Eq. (7). This enables 
to condense the discretized plate model into a single formulation, 
eliminating the need to characterize a full mesh grid and perform a 
complete CFD analysis. As a result, detailed mapping of local perfor-
mance is lost, but computational costs are significantly reduced, while 
preserving flexibility and ensuring strong correlation with the plate 
geometry. Details over the mathematical demonstration leading to this 
formulation are provided within the work of Nacke et al. [34]. 

𝜙 = 1
∞
∑

[

1 − 𝑒−𝑎
𝑛
∑ 𝑎𝑘

][

1 − 𝑒−𝑏
𝑛
∑ 𝑏𝑘

]

(7)

𝑎𝑏 𝑛=0 𝑘=0 𝑘! 𝑘=0 𝑘!
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Fig. 2. Representation of the plate control volume centred around the channels of one fluid, and extrapolation of the equivalent thermal resistance model. To 
ease visualization, the channels of both fluids are shown with cross-sections perpendicular to the reader, although the heat exchanger operates in a cross-flow 
configuration.
The obtained value of 𝜙 is thus be employed to solve the plate’s heat 
transfer rate of Eq. (6) by rearranging it into Eq. (8). 

𝑞𝑝𝑙𝑡 = 𝑈 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡[𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)]𝜙 (8)

Similarly, by combining Eq.  (8) with Eqs. (2) and (3), it is also possible 
to determine the average outlet temperatures of the hot and cold fluids, 
respectively. 

𝑇 𝑝𝑙𝑡,ℎ,𝑜𝑢𝑡 = 𝑇ℎ(0, 0) − 𝑎 [𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)]𝜙 (9)

𝑇 𝑝𝑙𝑡,𝑐,𝑜𝑢𝑡 = 𝑇𝑐 (0, 0) + 𝑏 [𝑇ℎ(0, 0) − 𝑇𝑐 (0, 0)]𝜙 (10)

The results of a single plate-module can then be extended to the 
whole heat exchanger component. Notably, the proposed methodology 
is developed in Refs. [34,35] to characterize heat exchangers featuring 
an equal number of channel rows for both fluids. Consequently, in the 
reference, each layer of hot fluid channels can effectively be paired with 
an adjacent layer of cold ducts to form a plate, with no remainders.

However, there are also instances where the total number of layers 
of a given fluid may differ from that of the other. This is exactly 
the case of the compact heat exchanger examined in Ref. [30], which 
comprises 9 rows of hot fluid channels, and 10 rows of cold fluid 
channels. To account for these occurrences, a corrective formulation 
is herein proposed, assuming any unpaired rows of channels to behave 
adiabatically with respect to the surrounding layers. Consequently, the 
total number of plates contributing to the modelling of the heat transfer 
phenomenon can be assumed to be equal to the number of layers of the 
fluid with fewer rows, as shown in Eq. (11). 

𝑛𝑝𝑙𝑡 = min(𝑛ℎ,𝑙𝑎𝑦𝑒𝑟𝑠, 𝑛𝑐,𝑙𝑎𝑦𝑒𝑟𝑠) (11)

The total heat transfer rate of the heat exchanger is thus defined 
through the combination of all plates’ thermal contributions, as shown 
in Eq. (12). 

𝑞𝐻𝐸 = 𝑞𝑝𝑙𝑡 ∗ 𝑛𝑝𝑙𝑡 (12)

The outlet temperatures of the fluids are defined, instead, as the 
weighted average of all plates outlet temperatures, according to
Eq. (13). Where the outlet temperature of an eventual unpaired layer is 
simply assumed to be equal to the inlet temperature of that same fluid, 
consequent to the adiabatic layer hypothesis. 

𝑇𝐻𝐸,𝑜𝑢𝑡 =
𝑇 𝑝𝑙𝑡,𝑜𝑢𝑡 ⋅ 𝑛𝑝𝑙𝑡 + 𝑇 𝑝𝑙𝑡,𝑖𝑛

(

𝑛𝑙𝑎𝑦𝑒𝑟𝑠 − 𝑛𝑝𝑙𝑡
)

𝑛𝑙𝑎𝑦𝑒𝑟𝑠
Where: 𝑇 𝑖𝑛 = 𝑇0,0

(13)
6 
2.1.2. Heat transfer coefficient 𝑈 and thermal resistances
With the heat transfer equation completely defined, it is now nec-

essary to specify the plate’s global heat transfer coefficient 𝑈 , by the 
area with respect it is defined 𝐴. A thermal resistance scheme is thus 
employed to determine 𝑈𝐴𝑝𝑙𝑡 while, for the purpose of this study, the 
reference area 𝐴𝑝𝑙𝑡 is assumed as the product between the two main 
module’s dimensions, 𝑊𝑝𝑙𝑡 and 𝐿𝑝𝑙𝑡. The heat exchanger’s symmetry 
is hence exploited once again, shifting the plate’s control volume to 
be centred around the channels of just one of the two fluids, while 
preserving the dimensions and thermal balance of the control domain. 
This allows for a parallel of two identical thermal resistances to be 
defined, and the value of 𝑈𝐴𝑝𝑙𝑡 elicited, according to Eq. (14). The two 
thermal resistance branches are then further decomposed into a series 
of three thermal resistances describing the hot fluid convection, the 
separating wall conduction, and the cold fluid convection, as shown 
in Eq.  (15). This whole concept is exemplified in Fig.  2. 

𝑅𝑝𝑙𝑡 =
(

1
𝑅𝑏𝑟𝑎𝑛𝑐ℎ

+ 1
𝑅𝑏𝑟𝑎𝑛𝑐ℎ

)−1
=

𝑅𝑏𝑟𝑎𝑛𝑐ℎ
2

where 𝑅𝑝𝑙𝑡 =
(

𝑈𝐴𝑝𝑙𝑡
)−1

(14)

𝑅𝑏𝑟𝑎𝑛𝑐ℎ = 𝑅𝑐𝑜𝑛𝑣,ℎ + 𝑅𝑐𝑜𝑛𝑑,𝑤 + 𝑅𝑐𝑜𝑛𝑣,𝑐 (15)

The conductive term of Eq. (15) is determined through Eq. (16). 

𝑅𝑐𝑜𝑛𝑑,𝑤 =
𝐻𝑤

𝑘𝑠 𝑊𝑝𝑙𝑡𝐿𝑝𝑙𝑡
(16)

Where 𝐻𝑤 represents the height, and thus the thickness, of the walls 
separating the two fluids, and 𝑘𝑠 is the thermal conductivity of the 
material composing the heat exchanger.

The fluids’ thermal resistances, instead, are further decomposed 
into two separate terms, one being associated with the heat exchange 
occurring through the channels’ base surface, and the other with the 
heat transfer occurring along the channels’ sidewalls, which effectively 
act as fins, as shown in Fig.  2. Those two terms effectively act as a re-
sistance parallel, however, thanks to the adiabatic fin tip hypothesis, it 
is possible to combine them into a single equivalent thermal resistance, 
here represented in Eq. (17). 

𝑅𝑐𝑜𝑛𝑣 = 1
𝑛𝑓𝑖𝑛(𝜂𝑓𝑖𝑛ℎ𝑓𝑖𝑛𝐴𝑓𝑖𝑛 + ℎ𝑏𝑎𝑠𝑒𝐴𝑏𝑎𝑠𝑒)

(17)

Where 𝑛𝑓𝑖𝑛 is the number of fins of a given fluid within a plate-module, 
and is equivalent to the fluid’s number of channels per plate. The 
parameters 𝜂𝑓𝑖𝑛, ℎ𝑓𝑖𝑛 and 𝐴𝑓𝑖𝑛 represent, respectively, a single half-
fin efficiency, its associated average heat transfer coefficient, and its 
wet area. Finally, ℎ𝑏𝑎𝑠𝑒 and 𝐴𝑏𝑎𝑠𝑒 express the average heat transfer 
coefficient and wet area of a single channel base surface.
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Fig. 3. Circular ducts approximation assumed to simplify fin efficiency calcu-
lation.

The fin efficiency formulation for fins with an adiabatic fin tip is 
presented in Eq. (18), and employed for both fluids. 

𝜂𝑓𝑖𝑛 =
tanh

(

𝑚𝑓𝑖𝑛
𝐻𝑓𝑖𝑛
2

)

𝑚𝑓𝑖𝑛
𝐻𝑓𝑖𝑛
2

(18)

Notably, as anticipated, only half of the geometrical fin height (𝐻𝑓𝑖𝑛∕2) 
is considered when modelling each branch of the thermal resistance 
parallel, consequent to the adiabatic fin tip hypothesis at the channels 
centerline. The 𝑚𝑓𝑖𝑛 factor is defined, instead, via Eq. (19). 

𝑚𝑓𝑖𝑛 =

√

√

√

√

ℎ𝑓𝑖𝑛𝑃𝑓𝑖𝑛𝑐𝑠
𝑘𝑠𝐴𝑓𝑖𝑛𝑐𝑠

(19)

Where 𝑃𝑓𝑖𝑛𝑐𝑠 = 2(𝑊𝑓𝑖𝑛 +𝐿𝑓𝑖𝑛) and 𝐴𝑓𝑖𝑛𝑐𝑠 = 𝑊𝑓𝑖𝑛 ⋅𝐿𝑓𝑖𝑛 are the fins’ cross 
sectional perimeter and area, respectively.

Several Nusselt formulations are employed for the characteriza-
tion of the convective heat transfer coefficients, ℎ𝑓𝑖𝑛 and ℎ𝑏𝑎𝑠𝑒, of 
both fluids [23]. Details over the adopted formulations are provided 
in Appendix  A, along with some considerations over the adequate 
identification of fluids flow regimes.

Notably, the decoupling of the plate model and 𝜙 equation from 
the thermal resistance framework ensures that the two can be inde-
pendently addressed and updated to represent different configurations. 
For instance, Ref. [35] demonstrates the high adaptability of Eq. (7) 
in solving plate heat transfer in both rectangular and annular HE 
configurations. Ref. [34], instead, distinguishes between mixed-flow 
and separate-flow heat transfer through slight modifications of the 
thermal resistance formulation and fin parameters.

Hence, thermal modelling of circular shaped ducts is specifically 
addressed following Ref. [30], and assumes that a square channel, 
circumscribing the circular duct, could effectively be employed to 
simplify solving Eqs.  (17) and (18). Consequently, the fin efficiency and 
convective thermal resistance of circular shaped channels are herein 
approximated through an equivalent square duct, as illustrated in Fig. 
3 and defined according to 𝐷𝑐ℎ𝑎𝑛 = 𝐵𝑐ℎ𝑎𝑛 = 𝐻𝑐ℎ𝑎𝑛.

2.2. Theoretical hydraulic model

When modelling the hydraulic performance of a compact heat ex-
changer, Shah and Sekulić [31] identified three main sources of pres-
sure drop within the component. These are: the flow contraction at 
the HE inlet, the friction and thermal expansion (or contraction) along 
the channels, and the flow expansion at the HE outlet, as illustrated in 
Fig.  4. Each of these contributions is then further decomposed into an 
ideal and an irreversible term, which can later be collected into a single 
formulation, assuming a few additional hypotheses:

• Uniform velocity profile.
• Constant fluid properties.
• Incompressible fluid flow, assuming Mach numbers lower than 
0.3 [50]. Since air is the only compressible fluid of interest for 
this study, this hypothesis can be considered valid as long as the 
gas speed is not greater than 100m s−1.
7 
The resulting comprehensive pressure drop formulation for compact 
heat exchangers is thus provided in Eq. (20) [31], as per Ref. [30].

𝛥𝑝𝑐𝑜𝑟𝑒 = 𝛥𝑝14 =
𝐺2

2𝜌2

[

(

1 − 𝜎2
)

+𝐾𝑐𝑜𝑛𝑡𝑟 + 2
(

𝜌2
𝜌3

− 1
)

+

(

𝑓𝐷
𝐿ℎ𝑦𝑑

𝐷ℎ𝑦𝑑
𝜌2

(

1
𝜌

)

)

−
𝜌2
𝜌3

(

1 − 𝜎2
)

+
𝜌2
𝜌3

𝐾𝑒𝑥𝑝

]

(20)

Where the polynomial’s first and second terms represent the pressure 
losses at the HE inlet; the third and fourth terms describe the pressure 
drops within the channels; and the fifth and sixth terms characterize 
the pressure change at the component’s outlet. 𝜎 expresses the heat 
exchanger’s porosity, defined as the ratio between the total cross-
sectional area of all channels by the heat exchanger’s upstream area. 
It’s value is assumed identical for the inlet and outlet sections and is 
provided through Eq. (21). 𝐺 represents the fluid mass flow rate scaled 
by the total cross-sectional area of all heat exchanger’s channels, which 
are also assumed to be equal 𝐴2,𝑐𝑠 = 𝐴3,𝑐𝑠, as indicated in Eq. (22). 

𝜎 =
𝐴2,𝑐𝑠

𝐴1,𝑐𝑠
=

𝐴3,𝑐𝑠

𝐴4,𝑐𝑠
(21)

𝐺 =
𝑚̇𝐻𝐸
𝐴2,𝑐𝑠

=
𝑚̇𝐻𝐸
𝐴3,𝑐𝑠

(22)

The 𝐾𝑐𝑜𝑛𝑡𝑟 and 𝐾𝑒𝑥𝑝 factors represent two coefficients of irreversibility 
respectively associated with the contraction, and expansion, of a fluid’s 
flow. These coefficients are derived from empirical diagrams by Kays 
and London [51], and here parametrized into tabulated data to allow 
for the factors to be autonomously adjusted by the model accordingly to 
the simulated geometry. 𝜌2 and 𝜌3 express the fluid densities at the heat 
exchanger inlet and outlet, respectively, which, under incompressible 
flow hypothesis, can also be assumed to be equal to the densities 
immediately upstream 𝜌1 = 𝜌2 and downstream 𝜌4 = 𝜌3 the HE. 
𝐿ℎ𝑦𝑑 and 𝐷ℎ𝑦𝑑 = 4 ⋅ 𝐴𝑐ℎ𝑎𝑛,𝑐𝑠∕𝑃𝑐ℎ𝑎𝑛,𝑐𝑠 define a single channel’s length 
and hydraulic diameter, both assumed to be constant and equal across 
all component’s ducts. 

(

1
𝜌

)

 denotes the average value of a fluid’s 
reciprocal densities across a channel, which can be approximated as 
(

𝜌
)−1 when density changes are small. Finally, 𝑓𝐷 introduces the Darcy 

friction factor of the channels, defined according to the Churchill’s 
formulation of Eq. (23) [52]. This empirical correlation is preferred 
over the traditional Darcy–Colebrook equation [23], as it provides 
an explicit expression of 𝑓𝐷, which spans all flow regimes without 
discontinuities. 
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝛷1 =
[

−2.457 ln
(

(

7
𝑅𝑒

)0.9
+ 0.27 𝜖

𝐷ℎ𝑦𝑑

)]16

𝛷2 =
[

37530
𝑅𝑒

]16

𝑓𝐷 = 8
[

(

8
𝑅𝑒

)12
+
(

𝛷1 +𝛷2
)−1.5

]
1
12

Where 𝑅𝑒 =
𝜌𝑢𝐷ℎ𝑦𝑑

𝜇

(23)

The formulation also accounts for the influence of surface roughness 
when entering transitional and turbulent flow regimes. Additionally, 
to account for Reynolds number variations within the channels, the 
Darcy friction factor is herein evaluated as a function of the fluid’s 
mean velocity 𝑢, density 𝜌 and dynamic viscosity 𝜇, each defined as the 
average value between sections 2 and 3 from Fig.  4. However, direct 
turbulence initiation criteria, like lowering of the critical Reynolds 
number 𝑅𝑒𝑐𝑟𝑖𝑡 on surfaces featuring pronounced textures, are neglected 
at the current stage of this work.

𝜖 expresses the equivalent Colebrook sand–grain roughness, which 
does not correspond to a physically measurable surface feature and is 
therefore not directly accessible. As a first-order estimate, 𝑅𝑎∕𝐷ℎ𝑦𝑑 is 
assumed for a preliminary approximation of the 𝜖∕𝐷ℎ𝑦𝑑 ratio, following 
Refs. [30,53,54]. This assumption leverages the extensive use of the 
arithmetic mean roughness 𝑅𝑎 for experimental measurements in the 
literature and industry [53], but remains a rough approximation, as 𝑅𝑎
fails to fully characterize all surface texture’s attributes.
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Fig. 4. HE representation and subdivision according to the inlet, mid, and outlet pressure drop contributes proposed by the adopted modelling approach.
2.3. Volumes and masses model

When modelling the gravimetric performance of a compact heat ex-
changer, the total volume of the radiator is evaluated through Eq. (24), 
approximating the component as a rectangular cuboid. The volumes 
filled by the fluids are instead assessed through Eq. (25), for the hot 
medium, and Eq. (26), for the cold one, assuming the channels as 
straight prismatic ducts. The base area of the ducts is defined through 
Eq. 𝐴𝑐ℎ𝑎𝑛,𝑐𝑠 = 𝜋

𝐷2
𝑐ℎ𝑎𝑛
4  for circular channels, and Eq. 𝐴𝑐ℎ𝑎𝑛,𝑐𝑠 = 𝐵𝑐ℎ𝑎𝑛 ⋅

𝐻𝑐ℎ𝑎𝑛 for rectangular ones. Ultimately, the space occupied by the 
heat exchanger’s main structure is obtained by subtracting the fluids’ 
volumes to the total HE volume, as of Eq. (27). 
𝑉𝐻𝐸 = 𝐿𝐻𝐸 ⋅𝑊𝐻𝐸 ⋅𝐻𝐻𝐸 (24)

𝑉ℎ =
(

𝑛ℎ,𝑙𝑎𝑦𝑒𝑟𝑠 ⋅ 𝑛ℎ,𝑓 𝑖𝑛
)

⋅ 𝐴ℎ,𝑐ℎ𝑎𝑛,𝑐𝑠 ⋅𝑊𝐻𝐸 (25)

𝑉𝑐 =
(

𝑛𝑐,𝑙𝑎𝑦𝑒𝑟𝑠 ⋅ 𝑛𝑐,𝑓 𝑖𝑛
)

⋅ 𝐴𝑐,𝑐ℎ𝑎𝑛,𝑐𝑠 ⋅ 𝐿𝐻𝐸 (26)

𝑉𝑠 = 𝑉𝐻𝐸 − 𝑉ℎ − 𝑉𝑐 (27)

Where 𝐿𝐻𝐸 , 𝑊𝐻𝐸 , and 𝐻𝐻𝐸 are the heat exchanger’s length, depth, 
and height, respectively; while the products 𝑛ℎ,𝑙𝑎𝑦𝑒𝑟𝑠 ⋅𝑛ℎ,𝑓 𝑖𝑛 and 𝑛𝑐,𝑙𝑎𝑦𝑒𝑟𝑠 ⋅
𝑛𝑐,𝑓 𝑖𝑛 indicate the total number of channels of the two fluids.

The masses associated with the HE fluids and structure are then 
calculated by multiplying each volume by its relative material density 
𝑚 = 𝑉 ⋅ 𝜌, assuming averaged densities 𝜌 = (𝜌2 + 𝜌3)∕2 for the thermal 
media, and tabulated material proprieties for the structure. Ultimately, 
the total heat exchanger mass is defined summing the masses of all 
elements: the fluids, and the structure, according to Eq. (28). 
𝑚𝐻𝐸 = 𝑚ℎ + 𝑚𝑐 + 𝑚𝑠 = 𝑉ℎ ⋅ 𝜌ℎ + 𝑉𝑐 ⋅ 𝜌𝑐 + 𝑉𝑠 ⋅ 𝜌𝑠 (28)

3. Numerical implementation and validation

A numerical simulation model is developed to provide fast and auto-
mated performance assessment of compact, cross-flow heat exchangers, 
implementing the thermal, hydraulic, and gravimetric equations previ-
ously described in Section 2. High tool modularity is ensured by inde-
pendently addressing each of these three aspects through a dedicated, 
fully functional, Python script, allowing for the proposed framework 
to be easily updated and expanded to the analysis of alternative de-
sign and configurations. Finally, a comprehensive characterization of 
the HE is achieved through a model integration script, tasked with 
orchestrating the execution of the three base codes, as show in Fig.  5.
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The dimensions presented in Fig.  6 are provided as inputs to the 
model, while the remaining geometrical parameters of interest, such 
as channels’ wet surfaces and hydraulic diameters, are extracted by 
the tool. The fluid’s mass flow rates, inlet temperatures, and outlet 
pressures are then provided to define a component’s operating condi-
tion to be simulated. The determination of all relevant fluid properties 
within the model is handled via the Cool-prop Python library, from 
Bell et al. [55]. Details concerning the execution and integration of the 
thermal and hydraulic models are provided in the following sections.

3.1. Numerical thermal model

The numerical thermal model is designed to calculate the outlet 
temperatures of the fluids, taking the inlet temperatures and both 
pressures as inputs.

An iterative approach is developed to refine the simulated mean 
fluid properties, for an accurate determination of the thermal perfor-
mance in Eq. (17). A negligible heat transfer hypothesis is initially 
assumed, resulting in the first try expected outlet temperatures being 
𝑇𝑖𝑛 = 𝑇𝑜𝑢𝑡, i.e. 𝑇2 = 𝑇3. The outlet properties are then derived from 
these temperatures and averaged with the inlet properties to compute 
the heat transfer and determine the calculated outlet temperatures. 
These temperatures are then employed to extract a new set of re-
fined outlet properties, and the process is repeated until the computed 
temperatures converge with the assumed ones, as shown in Fig.  5. A 
temperature refinement tolerance of 0.01 ◦C is assumed as the target 
accuracy threshold for stopping the iteration.

A new iterative approach is also devised to calculate 𝜙, leveraging 
the diminishing influence of higher-order terms in Eq. (7) to approx-
imate the equation’s infinite sum as finite, and solve it numerically. 
The equation is solved with an initial upper summation limit of 1, 
which is progressively increased to include additional terms and refine 
𝜙. Iterations stop once the contribution of the added terms falls below 
0.01% of the current cumulative sum, or when a maximum of 50 
iterations is reached. Notably, all simulations in this study achieved 
convergence well before reaching the iteration limit, with only two 
iterations being required, corresponding to the first three terms of the 
𝜙 sum.

3.2. Numerical hydraulic model

The numerical hydraulic model is designed to calculate the pressure 
drops of both fluids, and the resulting absolute inlet pressures, taking 
the outlet pressures and both temperatures as inputs.
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Fig. 5. Functional scheme of the integrated HE characterization model, including detail of the thermal, hydraulic, and gravimetric/volumetric sub-models.
Fig. 6. Representation of all geometrical inputs required by the model. A combined circular-rectangular channel design is provided, on the left, to evidence 
differences between parameters of the two shapes.
Modelling is performed starting from the HE’s outlet section and 
moves upstream, unlike in the thermal script. The absolute pressures 
are evaluated step by step for each section by adding the loss terms 
computed via Eq. (20), as illustrated in Fig.  5. This setup was conceived 
to minimize the likelihood of simulating negative pressures at any 
point in the HE, which might occur if the hydraulic losses were to be 
subtracted instead. Such occurrences would not only result in a non-
physical representation of the component, but would also introduce 
numerical instabilities and errors when accessing fluid databases, ulti-
mately restraining the model from employment in an optimization loop.

Two iterative loops are defined here as well, to refine the local fluid 
properties of sections 2 and 3 for an accurate estimation of the 𝐾𝑒𝑥𝑝
term from Eq. (20), and the channels’ mean properties. A negligible 
pressure drop is initially assumed for both sections, leading to 𝑝3 = 𝑝4
and 𝑝2 = 𝑝3. The fluid properties are then extracted based on these 
pressures and employed to compute the HE losses and the resulting 
upstream pressures. These pressures are finally employed to derive a 
new set of refined properties, repeating the process until the simulated 
pressures match the assumed ones. The loop is first executed until 
9 
convergence for Section 3, and subsequently applied to Section 2. 
A pressure refinement tolerance of 100 Pa is adopted as the target 
accuracy threshold for terminating the iteration.

3.3. Numerical integrated model

Ultimately, a numerical integration script combines the results of 
the previously described thermal and hydraulic models with the vol-
umetric and gravimetric formulations from Section 2.3, to provide 
a more comprehensive characterization of the HE. This modelling 
methodology only requires the fluids’ inlet temperatures and outlet 
pressures as thermo-hydraulic inputs, and returns the simulated outlet 
temperatures and inlet pressures.

Effective integration of the thermal and hydraulic models needs 
to account for the fact that both the inlet pressures and outlet tem-
peratures are unknown a priori. An external loop is thus introduced, 
iterating between the two models to progressively refine the deter-
mination of both parameters. The initial assumptions of negligible 
heat transfer and pressure drop are extended to the upstream and
downstream sections of the HE, leading to  first try hypotheses of 
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Fig. 7. Test rig from Ref. [30] and detail of sensor placement for the experimental collection of pressure drops and temperature data.
Fig. 8. Photos, geometries, and dimensions of the reference heat exchanger, from da Silva et al. [30].
𝑇4 = 𝑇1, and 𝑝1 = 𝑝4. The thermal model is then run first, to 
refine the estimated outlet temperatures 𝑇4. Subsequently, the hy-
draulic model is executed, adopting the refined outlet temperatures to 
compute the pressure drops and update the inlet pressures 𝑝1. These 
updated pressures are then provided as new inputs for a second run 
of thermal model. The process is then repeated until the assumed 
values and computed results converge for both parameters. Finally, 
the volumetric–gravimetric performance is assessed, accounting for the 
refined mean fluid densities.

Ultimately, the following simulation outputs are returned by the 
model: the heat exchanged in a single plate-module, the total heat 
transfer of the HE, the total pressure drop of both fluids, the outlet 
temperatures, the upstream pressures, and the masses and volumes of 
all elements, both fluids and structure.

3.4. Model validation

A preliminary model validation is conducted against experimental 
data by Ref. [30], for a compact HE fabricated via AM. AISI 316
10 
stainless steel is taken as the reference material for the component 
structure, with an average density of 𝜌𝑠 ≃ 8000 kgm−3 and a thermal 
conductivity of 𝑘𝑠 ≃ 15Wm−1 K−1. An average surface roughness of 
𝑅𝑎 = 12.21 μm is instead assumed for the channels, according to 
measurements by the authors.

For consistency, a representation of the test rig employed by da Silva 
et al. [30] is shown in Fig.  7; while geometries and dimensions of the 
reference heat exchanger are reported in Fig.  8.

A compact heat exchanger with a porosity 𝜎 of 0.1 is considered, 
consisting of 9 layers of hot fluid channels alternating with 10 layers of 
cold fluid channels. Each layer is made by a single row of 19 straight 
circular ducts with an average manufactured diameter of 1.83mm. A 
2.5mm spacing separates the axes of the channels within a same layer, 
while an identical 2.5mm gap is considered between the median planes 
of two adjacent layers. A hydraulic length 𝐿ℎ𝑦𝑑 of 100mm is assumed 
for pressure drop calculations (Eq. (20)), representing the total distance 
travelled by the fluids, equal, in this case, to the corresponding HE main 
dimensions: 𝐿  and 𝑊 .
𝐻𝐸 𝐻𝐸
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Fig. 9. Validation of the proposed thermal length definition against experimental data (black) and numerical predictions (blue) from Mortean et al. [56] 9(a), 
Luo et al. [57] 9(b), and Hein and Mortean [57] 9(c). Results from the present model are shown in red: the dashed line corresponds to simulations based on the 
reference heat transfer area adopted in the original studies, while the solid line uses the thermal length definition proposed by da Silva et al. [30]. In Fig.  9(c), 
da Silva et al.’s definition is consistently applied: the dotted line shows predictions using the reference study’s thermal conductivity, while the solid line uses the 
EOS data sheet value for sintered Polyamide 2200.
Notably, experimental measurements for the reference geometry
[30] were performed slightly upstream and downstream of the HE, 
due to practical constraints on sensor placement, as evidenced in Fig. 
7. This introduced some additional pressure drops, which need to be 
accounted for in order to achieve a meaningful comparison between 
the simulation results and the empirical data. These additional losses 
are herein modelled accordingly to the formulations provided by the 
authors [30], as detailed in Appendix  B. The resulting terms are then 
used to derive more accurate simulation inputs from the experimental 
measurements, omitting the influence of the test rig, and to calculate 
the pressure drops directly associated with the HE.

Additionally, following Ref. [30], a thermal length 𝐿𝑡ℎ of 73.5mm
is adopted to support thermal calculations. It is defined as the average 
between the full channel length of 100mm, and the 47mm section 
operating under true cross-flow conditions. This definition accounts 
for the heat transfer occurring in the regions surrounding the 47mm
true heat exchanger core, which would otherwise be neglected and 
underestimated. Conversely, assuming the entire HE (100mm) as op-
erating under ideal cross-flow conditions would be overly optimistic, 
and overestimate thermal performance, as demonstrated by da Silva 
et al. [30]. Given the component’s symmetry, identical thermal lengths 
are assumed for both fluids, 𝐿𝑡ℎ,𝑐 and 𝐿𝑡ℎ,ℎ, and employed to define 
𝐿𝑝𝑙𝑡 and 𝑊𝑝𝑙𝑡 in the numerical thermal model. On a practical level, 
Eqs. (7)–(10), along with the associated 𝑎 and 𝑏 parameters, remain 
unaffected by the thermal length definition. This occurs since the 
value of interest for these formulations is the 𝑈 𝐿 𝑊  product rather 
𝑝𝑙𝑡 𝑝𝑙𝑡

11 
than the plate dimensions themselves. This product is provided by 
the thermal resistance model, which instead strongly depends on the 
assumed value of 𝐿𝑡ℎ, particularly in Eqs. (16), (17), and (19), and 
when selecting the appropriate Nusselt formulation from Table  2.

For consistency, this thermal length definition is validated against 
data from Mortean et al. [56] for an AISI-316 compact heat ex-
changer manufactured via diffusion bonding. The reference geometry 
is a 167mm × 167mm water–water heat exchanger with 450 square 
channels of 3mm side, arranged in 15 alternating layers. The proposed 
thermal model is employed to simulate the component’s heat exchange 
using both the 0.9418m2 reference surface reported by the authors 
and the area derived from the thermal length definition of da Silva 
et al. [30]. Fig.  9(a) presents the results for both assumptions and 
compares them with the numerical predictions and experimental data 
of Mortean et al. [56].

The adopted thermal length definition is also validated against the 
experimental geometries by Luo et al. [57] and Hein and Mortean [58]. 
The work by Luo et al. [57] addresses the influence of flow (mal-) 
distribution in an aluminium cross-flow heat exchanger with 128 round 
channels across 8 layers, employing different inlet and outlet flow 
distributor configurations. The proposed model and thermal length 
definition are applied to this geometry, with the results shown in Fig. 
9(b).

Hein and Mortean’s study [58] investigates heat transfer in an 
AM compact heat exchanger featuring 84 round channels in 7 lay-
ers, fabricated via Selective Laser Sintering of Polyamide 2200. The 
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Fig. 10. Thermal-hydraulic results of the proposed integrated model (red line) compared to experimental data (black dotted line) and numerical predictions 
(black line) from Ref. [30]. 10(a) Inlet and outlet air temperature measurements and numerical results. 10(b) air pressure drop measurements and numerical 
results for the test rig. 10(c) air pressure drop measurements and numerical results for the sole heat exchanger (core).
results are compared for a thermal conductivity of 0.23Wm−1 K−1, as 
reported in the reference study, and 0.144Wm−1 K−1, consistent with 
the EOS technical data sheet for sintered Polyamide 2200 parts [59]. 
The simulation results for this geometry are presented in Fig.  9(c).

Results from Fig.  9(a) show that numerical predictions for the 
geometry by Mortean et al. [56] are consistent with other literature 
models, exhibiting comparable deviations and magnitudes. In partic-
ular, adopting the thermal length definition of da Silva et al. [30] 
yields the most accurate results and aligns with the more advanced 
models from the reference study [56], including finite element sim-
ulations. Regarding the component by Luo et al. [57], results from 
Fig.  9(b) demonstrate that the proposed model achieves satisfactory 
agreement with the theoretical predictions from the reference study. In 
particular, the results reasonably capture the experimental trends under 
highly uniform flow distribution (configuration 1). For the polymeric 
design by Hein and Mortean [58] (Fig.  9(c)), simulations assuming 
the reference thermal conductivity of 0.23Wm−1 K−1 do not closely 
match the experimental data. However, adopting a conductivity of 
0.144Wm−1 K−1, as reported in the manufacturer’s data sheet, yields 
predictions in acceptable agreement with the experiments.

These results support the validity of the proposed thermal model 
and thermal length definition, contributing to the validation of the 
presented methodology.

4. Results

Upon enhancing the model to account for the additional losses in 
the test rig and importing the reference HE geometries from Fig.  8, the 
component’s thermal-hydraulic performance is simulated. Simulation 
outcomes are provided in Fig.  10 for the HE core and the test rig 
assembly, compared with the experimental data and numerical results 
from the authors [30].

Fig.  10(a) demonstrates a high consistency between this study’s 
numerical results and the experimental data from Ref. [30] on the heat 
exchanger’s thermal performance, with a maximum relative deviation 
of 1.4% on the temperature difference. These findings corroborate the 
validity of the assumptions adopted in extending the approach to the 
modelling of heat exchangers featuring circular ducts and an uneven 
number of channel layers, consolidating the intrinsic flexibility of the 
adopted thermal methodology. Additionally, these results evidence that 
the thermal length definition by da Silva et al. [30] is well suited for 
the modelling of heat exchanger plates through Eqs. (7)–(10).

Figs.  10(b) and 10(c) evidence, instead, a satisfactory agreement be-
tween this work’s pressure drops predictions and those from Ref. [30]. 
Only minor differences are observed between the two, which are con-
firmed to derive from small variations in the actualization of the em-
pirical loss coefficients. Consequently, however, the presented model 
also inherits the deviations of the original methodology from the ex-
perimental data, resulting in a pressure drop underestimation of up 
12 
to −22.4% for the test rig, and −26.4% for the HE core, particularly at 
higher Reynolds numbers.

Similar discrepancies exceed reasonable expectations for the em-
ployed methodology, which is based on well-established correlations 
for compact heat exchanger characterization [31]. Fabrication via ad-
ditive manufacturing is instead the most likely cause of these incon-
sistencies, as accurate performance modelling of HEs for AM remains 
an active subject of investigation, as outlined by Careri et al. [20] 
and Karur and Singh [19]. In particular, issues with the accuracy and 
repeatability of the final product pose a major hindrance to the precise 
prediction of heat exchanger performance, due to variations in the 
component’s dimensions, shapes, and roughness.

Da Silva et al. [30] addressed some of these issues, accounting 
for a high measured surface roughness of 12.21 μm, and a significant 
shrinking in the manufactured channels diameters, which decreased 
from a design value of 𝐷𝑐ℎ𝑎𝑛,𝑑𝑒𝑠𝑖𝑔𝑛 = 2.00mm to a real fabricated value of 
𝐷𝑐ℎ𝑎𝑛,𝐴𝑀 = 1.83mm. These considerations resulted in the trends shown 
in Fig.  10 and maximum experimental deviation of 27%. Notably, a 
considerable relative roundness error of 0.08 was also observed for the 
channels. Ultimately, the study demonstrated a low influence of the 
surface roughness parameter on the calculated pressure drops. Ref. [60] 
confirms these results, highlighting a substantial impact of the channel 
diameter instead.

Notably, comparable diameter contractions and relative roundness 
errors were also observed by Kempen et al. [61], who provided explana-
tions over the causes of these deformations. According to the authors, 
the creation of the melting pool is responsible for altering a compo-
nents’ dimensions, as it shifts the design profiles by an amount approx-
imately equal to its radius. For internal structures, such as a channels, 
this shift results in the shape sizes being reduced by the magnitude of 
the melting pool diameter, suggesting that the reference heat exchanger 
was manufactured with a melting pool of about 170 μm, provided 
shrinking from 2mm to 1.83mm. Additionally, Ref. [61] also observed 
the formation of dross on the channels’ ceilings, whenever these were 
not built with their axes perpendicular to the platform. This dross 
originated from an uneven cooling of the melting pool into lower layers 
of unsintered powder, resulting in a protrusion roughly the size of the 
melting pool diameter, and the significant relative roundness error.

For a melting pool diameter of 170 μm and an average channel 
diameter of 1.83mm, as the ones of the reference heat exchanger, the 
formation of a similar dross results in a relative roundness error of 0.09, 
which complies with the 0.08 value declared by da Silva et al. [30].

4.1. Corrected pressure drop formulation

The definition of a corrective factor gravitating around the forma-
tion of the AM dross is herein proposed, as the relative roundness error 
of the channels, while opportunely mentioned in Ref. [30], does not 
seem to be reflected in the hydraulic model at the current stage. The 
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Fig. 11. Functional scheme of the corrected channels’ sections, accounting for the presence of a triangular shaped laser melting dross at the top of the duct.
Fig. 12. Hydraulic results of the dross–corrected model (red line) compared to experimental data (black dotted line) and simulation outcomes (black line) by da 
Silva et al. [30]. Detail of the air pressure drops of the heat exchanger core with respect to the fluid mass flow rate in linear 12(a) and logarithmic 12(b) scales, 
and for the Reynolds numbers in logarithmic scale 12(c).
presence of a triangular-shaped dross is therefore assumed at the top 
of the channels, taking an isosceles right triangle and an equilateral 
triangle as two possible approximations of the dross geometry. Then, 
the area filled by the dross is subtracted from the region otherwise 
occupied by a perfectly round duct, to define a corrected cross-sectional 
area, according to Eq. (29), as shown in Fig.  11. 
{

𝐴𝑐𝑜𝑟𝑟 =
𝜋
4𝐷
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𝑐ℎ𝑎𝑛 −𝐻2

𝑑𝑟𝑜𝑠𝑠 for isosceles right triangle
𝐴𝑐𝑜𝑟𝑟 =

𝜋
4𝐷

2
𝑐ℎ𝑎𝑛 −

√

3
3 𝐻2

𝑑𝑟𝑜𝑠𝑠 for equilateral triangle
(29)

Where 𝐻𝑑𝑟𝑜𝑠𝑠 is the height of the dross, that is assumed equal to melting 
pool diameter (170 μm). Similarly, a corrected cross-sectional perimeter 
is defined according to Eq. (30). 
⎧

⎪

⎨

⎪

⎩

𝑃𝑐𝑜𝑟𝑟 ≃ 𝜋𝐷𝑐ℎ𝑎𝑛 + 2𝐻𝑑𝑟𝑜𝑠𝑠

(
√
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)

for isosceles right triangle
𝑃𝑐𝑜𝑟𝑟 ≃ 𝜋𝐷𝑐ℎ𝑎𝑛 +

2
3

√

3𝐻𝑑𝑟𝑜𝑠𝑠 for equilateral triangle
(30)

A corrected hydraulic diameter is determined for the adjusted chan-
nels’ area and perimeter, 𝐷ℎ𝑦𝑑,𝑐𝑜𝑟𝑟 = 4 ⋅ 𝐴𝑐𝑜𝑟𝑟∕𝑃𝑐𝑜𝑟𝑟. This hydraulic 
diameter is then assumed to define an equivalent circular geometry to 
be employed for the hydraulic calculations, according to Eq. (31). 
⎧

⎪

⎨

⎪

⎩

𝐷𝑒𝑞 = 𝐷ℎ𝑦𝑑,𝑐𝑜𝑟𝑟

𝑃𝑒𝑞 = 𝜋𝐷𝑒𝑞

𝐴𝑒𝑞 = 𝜋∕4𝐷𝑒𝑞

(31)

Provided the reference geometry of 𝐷𝑐ℎ𝑎𝑛 = 1.83mm, both dross shapes 
result in a comparable hydraulic diameter reduction of about 3.7% ±
0.2% are thus treated as equivalent in the following analysis. Pressure 
drops are recalculated assuming this new corrected diameter, with the 
corresponding results being presented in Fig.  12. A stronger correlation 
can be observed overall and especially at higher Reynolds numbers, 
where the maximum pressure drop underestimation is reduced from 
26.4% to 11.4% with respect to the original formulation.

Additionally, an alternative formulation is proposed, introducing 
an uncertainty factor 𝐾𝑝 to the HE core pressure drop calculation, as 
shown in Eq. (32). 
𝛥𝑝 = 𝐾 𝛥𝑝 (32)
𝑐𝑜𝑟𝑒,𝑐𝑜𝑟𝑟 𝑝 𝑐𝑜𝑟𝑒

13 
This equation provides a more conservative estimate of the HE’s hy-
draulic losses, preserving a strong correlation with the component’s 
geometries, while retaining the channel’s nominal hydraulic diameter. 
Fitting the equation to experimental data from Ref. [30] resulted in a 
preliminary corrective factor of 𝐾𝑝 = 1.3. Results of pressure drop calcu-
lation according to this new formulation are provided in Fig.  13 demon-
strating stronger correlation at higher Reynolds numbers, with the 
maximum pressure drop underestimation being reduced to only 4.3%.

Notably, both corrective formulations lead to a significant increase 
in the simulated pressure drops at lower Reynolds numbers, result-
ing in overestimations of the hydraulic losses, especially near the 
transitional flow region. This effect is most evident with the second 
formulation (Eq. (32)), which exhibits a maximum relative deviation of 
30.8% around Reynolds numbers of 2500. Nonetheless, the corrected 
formulations remain well-suited for this study, as the corresponding 
absolute errors in these regions are small, resulting in negligible prac-
tical impact. In contrast, the significant reduction in pressure drop 
underestimation at higher Reynolds numbers improves accuracy of 
the results in absolute terms, addressing operational regions that are, 
instead, critical to HE performance.

A comparison between the pressure drops resulting the original, 
dross-corrected, and penalty factor-corrected models is provided in Fig. 
14.

The effects of both corrections on the model’s thermal results are 
detailed in Fig.  15. However, since the reference outlet temperatures 
from Fig.  10(a) are all very similar, Eq. (33) is applied to the experi-
mental measurements from Ref. [30] to extract the real component heat 
transfer rate, and highlight numerical deviations in the models. 
𝑞 = 𝑚̇ ⋅ 𝑐𝑝

(

𝑇𝑜𝑢𝑡 − 𝑇𝑖𝑛
)

(33)

Results from Fig.  15 evidence a slight increase in the thermal 
model’s deviations for the dross-corrected formulation. By contrast, 
use of the K-factor shows negligible impact on the simulated outlet 
temperatures, closely matching outcomes from the original model. This 
behaviour emerges as the reduced channel sections from the dross 
corrected shapes drives minor increases in the computed Reynolds 
numbers, leading to slight heat transfer overestimation. Nonetheless, 
the maximum relative deviation in the cold  fluid’s temperature change 
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Fig. 13. Hydraulic results of the 𝐾𝑝–corrected model (red line) compared to experimental data (black dotted line) and simulation outcomes (black line) from 
Ref. [30]. Detail of the air pressure drops of the heat exchanger core with respect to the fluid mass flow rate in linear 13(a) and logarithmic 13(b) scales, and 

for the Reynolds numbers in logarithmic scale 13(c).
Fig. 14. Comparison of results from the various models simulating the air pressure drops in the core HE from Ref. [30]. Detail of trends with respect to the air 

mass flow rates 14(a) and experiential deviations 14(b).
Fig. 15. Model’s thermal results following the application of corrective formulations: detail of the outlet temperature trends 15(a) and experiential deviations of 

the associated heat transfer rates 15(b).
only increases from 1.4% to 3.7% following the application of the 
proposed shape correction, hence remaining well below the commonly 
accepted 5% accuracy threshold.

4.2. Computational cost analysis

Ultimately, the computational costs of the proposed 𝜙-based ther-
mal model are compared against alternative  discretized approaches 
14 
from the literature. The finite difference routine for unmixed heat 
transfer in cross-flow plates by Nellis and Klein [62] is adapted for 
implementation in Python and serves as a benchmark. The algorithm 
defines a virtual mesh of 𝑀 ×𝑁 grid points (𝑀 = 𝑁), initialized with 
uniform temperature distributions for both fluids. Fluid properties are 
evaluated locally at each grid point using the CoolProp library [55]. 
Then, the local energy balance is computed between consecutive mesh 
points according to Eq. (34), and the resulting temperature fields are 
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Fig. 16. Comparison of the average computational costs 16(a) and reference simulation outcomes 16(b) for the proposed global 𝜙-model and a finite difference 
approach, as a function of the temperature refinement tolerance. Global model results are provided for three minimum summation refinement thresholds in 
solving the 𝜙 equation: 1%, 0.01%, 0.0001%. The converged mesh sizes associated with each tolerance are also reported.
updated accordingly. This process repeats until the root-mean-square 
error between two successive temperature fields falls below a prede-
fined tolerance. Similarly to the 𝜙-model, this convergence threshold is 
set to 0.01 ◦C by default. 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑚̇ℎ𝑐𝑝,ℎ
𝑀

(

𝑇ℎ𝑖,𝑗 − 𝑇ℎ𝑖,𝑗+1
)
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𝑀𝑁

[

𝑇ℎ𝑖,𝑗 +𝑇ℎ𝑖,𝑗+1
2 −
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2

]

𝑚̇𝑐 𝑐𝑝,𝑐
𝑁

(

𝑇𝑐𝑖+1,𝑗 − 𝑇𝑐𝑖,𝑗
)

= 𝑈𝐴
𝑀𝑁

[

𝑇ℎ𝑖,𝑗 +𝑇ℎ𝑖,𝑗+1
2 −

𝑇𝑐𝑖,𝑗 +𝑇𝑐𝑖+1,𝑗
2

] (34)

For 𝑖 = 1,… ,𝑀 and 𝑗 = 1,… , 𝑁 .
Additionally, an automatic mesh refinement routine is introduced to 

tailor the discretization to the desired solution accuracy while limiting 
computational costs. Starting from an initial 2 × 2 mesh, the number 
of grid points is progressively increased following Eq. (35), effectively 
doubling the resolution at each step. After each refinement, the average 
outlet temperatures are recomputed and compared with those from the 
previous mesh. The process is repeated until the outlet temperature 
difference between two successive meshes falls below a user-defined 
refinement tolerance, which is also set by default to 0.01 ◦C. 

𝑀𝑛 = round
(

𝑀0𝑟
𝑛) With: 𝑀0 = 2, 𝑟 =

√

2, 𝑛 = 0, 1, 2, 3,…

(35)

It is important to note that two different tolerances guide the solution 
of the discretized model: one controls the iterative convergence of the 
temperature fields within a given mesh, while the other evaluates con-
vergence between successive mesh refinements, determining whether 
higher resolution is required. However, for simplicity, a single tem-
perature refinement tolerance is defined and applied to both criteria. 
Consequently, choosing a looser tolerance (e.g., 0.1 ◦C) will results in a 
coarser mesh grid and in a less strict convergence of the temperature 
fields. Contrarily, aiming for a tighter tolerance (e.g. 0.001 ◦C) will 
demand finer meshes and more accurate fluid mapping.

A simulation campaign compares the computational costs of this dis-
cretized thermal approach with those of the proposed 𝜙-model, consid-
ering temperature refinement tolerances between 1 ◦C and 0.000 01 ◦C
for both methods. Each model is run 100 times per each tolerance 
target, assuming 0.2656 kg s−1 of hot water at 60 ◦C and 0.0278 kg s−1
of cold air at 25 ◦C, with the inlet reference temperatures being ran-
domized by ±10 ◦C for a more robust estimate. Additionally, results of 
the proposed global model are compared for three different iteration 
refinement thresholds when solving the 𝜙 equation (Eq. (7)): 1%, 
0.01%, 0.0001%.
15 
The results of this study are presented in Fig.  16, highlighting the 
models’ average computational cost over 100 simulations and the com-
puted cold-fluid outlet temperature for the reference, non-randomized 
case.

Results from Fig.  16(a) confirm the substantially lower computa-
tional cost of the proposed global 𝜙-model compared to the discretized 
approach. Specifically, for temperature refinement tolerances exceed-
ing 0.1 ◦C, the 𝜙-model requires, on average, only 25% of the time 
employed by the finite-difference method. More importantly, while the 
computational cost of solving the 𝜙 equation increases only marginally 
as the tolerance is tightened, the runtime of the discretized approach 
grows exponentially consequent to the need for finer meshes and 
additional iterations. Particularly, for the adopted reference tolerance 
of 0.01 ◦C, the global 𝜙-model requires only about 2% of the total 
computational time of the discretized model.

Notably, the 𝜙-model’s runtime remains nearly unchanged across 
the three tested summation accuracies (1%, 0.01%, 0.0001%), confirm-
ing the negligible impact of solving the 𝜙 equation itself. In practice, 
Eq. (7) converged with only 2, 3, and 4 summation terms for iteration 
thresholds of 1%, 0.01%, and 0.0001%, respectively.

Fig.  16(b) presents the numerical outcomes of both models for 
the reference simulation conditions, excluding the inlet temperature 
randomization. The discretized model shows significant numerical con-
vergence once the mesh grid exceeds a 10 × 10 resolution, consistent 
with analyses from Nellis and Klein [62]. For the presented routine, 
this is achieved when the temperature refinement tolerance is smaller 
than 0.01 ◦C.

By contrast, the 𝜙-model is considerably less sensitive to said tol-
erance, providing accurate and nearly identical predictions across the 
entire range. This occurs because, in the 𝜙-model, the temperature 
refinement tolerance only affects the determination of global fluid 
properties, unlike in the discretized model, where it also dictates the 
mesh resolution and the overall accuracy of the solution. The accuracy 
of the global 𝜙-model is instead controlled by the minimum summation 
term threshold regulating the iterations on the 𝜙 value. Notably, all 
three tested thresholds (1%, 0.01%, and 0.0001%) result in compara-
ble numerical outcomes, indicating that the first two terms of the 𝜙
summation already capture most of the heat transfer phenomenon.

5. Conclusions

This study presents a renewed, integrated modelling approach for 
the simulation of high-performance heat exchangers for Additive Man-
ufacturing, featuring rectangular and circular channels in a cross-flow 
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configuration. It aims to provide a robust, flexible, and efficient nu-
merical tool to support future design optimization workflows for heat 
exchangers in transport systems. Particularly, this work investigates 
the component’s thermal, hydraulic, and gravimetric behaviours and 
validates them against experimental data from the literature, achiev-
ing good results correspondence. Finally, it addresses the challenges 
of accurately modelling hydraulic losses in additively manufactured 
components, and proposes two preliminary corrective formulations 
that reduce the deviation in pressure drop predictions, bringing the 
experimental deviation at higher Reynolds numbers below 15%.

The key findings of this study are summarized in the following:

• A revised 1-D modelling approach is developed for the rapid 
assessment of heat exchangers’ performance in the context of 
additive manufacturing. The following behaviours are considered: 
thermal, hydraulic, volumetric, and gravimetric. The method-
ology focuses primarily on physics-driven formulations, mini-
mizing reliance on empirical correlations or discretization to 
enable flexible yet computationally efficient simulations. Exten-
sive parametrization ensures the model’s adaptability to changes 
in the geometries, while a careful selection of modelling strategies 
and a modular tool design support future extension and enhance-
ments, particularly for alternative shapes and configurations.

• The theoretical framework proposed by Nacke et al. [34] serves 
as the basis for the thermal characterization of the HE, con-
densing discretized contributions into a single formulation to 
avoid solving full CFD problems and reduce computational costs. 
This framework is successfully extended to describe the geom-
etry presented by da Silva et al. [30]. The thermal length 𝐿𝑡ℎ
definition introduced by da Silva et al. is effectively employed 
to parametrize the plate model by Nacke et al. confirming con-
sistency of the assumption with respect to alternative modelling 
strategies. Finally, a hypothesis is introduced to treat any addi-
tional channel layers within the HE as adiabatic when an uneven 
number of layers exists between the hot and cold fluids. This 
assumption yields strong agreement between simulations and 
experiments, extending the pre-existing methodology.

• A robust numerical implementation is developed. The hydraulic 
model is designed to calculate the pressure drops starting from 
the outlet and then moving upstream, to prevent numerical is-
sues and support future use in optimization loops. The Churchill 
formulation is adopted for the determination of the Darcy friction 
factor 𝑓𝐷, as it provides an explicit expression valid across all flow 
regimes without discontinuities. An iterative loop is implemented 
to solve the infinite sum term in the 𝜙 equation of the thermal 
model, which calculates downstream properties starting from the 
inlet section. A dedicated integration script combines these two 
models into a unified methodology, employing an iterative loop 
to refine unknown simulation variables. This approach enables 
complete characterization of the heat exchanger using only three 
thermo-hydraulic inputs: inlet temperatures, outlet pressures, and 
mass flow rates. The tool is also made highly modular allowing 
for future upgrades and optimization purpose.

• Numerical validation of the proposed methodology is performed 
using the additively manufactured heat exchanger from Ref. [30]. 
The thermal model exhibits remarkable consistency with the ex-
perimental data, achieving a maximum error of 1.4% on the 
computed temperature change. In contrast, a significant relative 
deviation of 26.4% is observed for the hydraulic model, result-
ing in major underestimation of the pressure drops at higher 
Reynolds numbers. A probable cause for these inconsistencies was 
identified in the high relative roundness errors of the reference 
component channels, likely due to the formation of manufactur-
ing dross on the channels’ ceilings. Two corrective formulations 
are proposed to account for this phenomenon: one defines a 
corrected hydraulic diameter proportional to the dross and the 
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other applies a conservative uncertainty factor regressed on data 
from Ref. [30]. The first approach reduces the maximum pres-
sure drop underestimation to 11.4% while the second achieves a 
reduction to 4.3%. The thermal results are marginally affected by 
these changes, with the dross corrected formulation increasing the 
maximum heat transfer deviation to 3.7%, and the 𝐾-corrected 
equation retaining a 1.4% deviation.

Limitations of the presented approach include some inconsisten-
cies with pressure drop prediction close to transitional flow regimes, 
where both corrected formulations observe major losses overestima-
tion.
Nonetheless, the magnitude of these deviations remains small in abso-
lute terms and does not compromise the validity of the results presented 
in this work. Future studies should aim to address these issues, and 
pursue a more exhaustive validation of the proposed corrective corre-
lations to better define their applicability ranges and ultimately, refine 
the regression.

Possible future applications of the proposed numerical approach 
comprise rapid performance assessment of radiators, support for HE de-
sign exploration, and application inside virtual optimization workflows 
for enhanced component design. Additionally, there is strong potential 
for integrating the proposed methodology with Additive Manufactur-
ing workflows, extending fast numerical design conceptualization into 
rapid prototyping.
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Appendix A. Nusselt formulations

The convective heat transfer coefficients of the fluids ℎ𝑐𝑜𝑛𝑣 are 
evaluated via the mutually exclusive, empirical formulations provided 
in Table  2.

The selection of an adequate equation is based on several factors, 
with the boundary layer playing a major role. A fundamental dis-
tinction exists between expressions suited for the modelling of a flat 
plate, where the boundary layer is presumed unaffected by external 
constraints; and those intended for closed-channel geometries, which 
instead assume merging of two boundary layers generated on oppos-
ing walls. Subsequently, the flow regime can be classified as either 
turbulent, laminar, or transitional.

The works of Mudawar et al. [34,35] consider boundary layer 
merging whenever the maximum boundary layer thickness exceeds half 
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Table 2
Nusselt formulations and convective heat exchange coefficients of fluids.
 Equation Notes  
 Finned-plate hypothesis: 𝑁𝑢 = ℎ𝐿𝑡ℎ

𝑘𝑓
Valid for: 𝛿𝑏𝑙 < 𝐻𝑐ℎ𝑎𝑛∕2&𝛿𝑏𝑙 < 𝐵𝑐ℎ𝑎𝑛∕2 (𝐻𝑐ℎ𝑎𝑛 and 𝐵𝑐ℎ𝑎𝑛 substituted by 𝐷𝑐ℎ𝑎𝑛 for circular 
channels), Assuming: 𝑅𝑒 = 𝜌𝑢𝐿𝑐ℎ𝑎𝑛

𝜇
&𝑃𝑟 = 𝑐𝑝𝜇

𝑘𝑓

 

 𝑁𝑢 = 0.664𝑅𝑒1∕2𝑃𝑟1∕3  [23] When 𝑅𝑒 < 𝑅𝑒𝑐𝑟𝑖𝑡  
 𝑁𝑢 =

[

0.664𝑅𝑒1∕2𝑐𝑟𝑖𝑡 + 0.037
(

𝑅𝑒4∕5 − 𝑅𝑒4∕5𝑐𝑟𝑖𝑡

)]

𝑃𝑟1∕3  [23] When 𝑅𝑒 ≥ 𝑅𝑒𝑐𝑟𝑖𝑡  
 Closed-channel hypothesis: 𝑁𝑢 = ℎ𝐷ℎ𝑦𝑑

𝑘𝑓
Valid for: 𝛿𝑏𝑙 ≥ 𝐻𝑐ℎ𝑎𝑛∕2&𝛿𝑏𝑙 ≥ 𝐵𝑐ℎ𝑎𝑛∕2 (𝐻𝑐ℎ𝑎𝑛 and 𝐵𝑐ℎ𝑎𝑛 substituted by 𝐷𝑐ℎ𝑎𝑛 for circular 
channels), Assuming: 𝑅𝑒 = 𝜌𝑢𝐷ℎ𝑦𝑑

𝜇
&𝑃𝑟 = 𝑐𝑝𝜇

𝑘𝑓
&𝐷ℎ𝑦𝑑𝑟 =

4𝐴𝑐ℎ𝑎𝑛

𝑃𝑐ℎ𝑎𝑛

 

 𝑁𝑢 = 4.364  [63] When 𝑅𝑒 < 2300 & - Laminar flow - Fully developed  
 𝑁𝑢 = 1.953

(

1
𝑙𝑡ℎ

)1∕3  [64] When 𝑅𝑒 < 2300 & - Laminar flow - Thermally in development & 𝑙𝑡ℎ ≤ 0.03m  
 𝑁𝑢 = 4.364 + 0.0722

(

1
𝑙𝑡ℎ

)

 [64] When 𝑅𝑒 < 2300 & - Laminar flow - Thermally in development & 𝑙𝑡ℎ ≥ 0.03m  
 𝑁𝑢 =

[

4.3643 + 0.63 + 𝑎3𝑁𝑢 + 𝑏𝑁𝑢
]1∕3

𝑎𝑁𝑢 = 1.953 3
√

𝑃𝑟𝑅𝑒
(

𝐷ℎ𝑦𝑑∕𝐿ℎ𝑦𝑑
)

− 0.6

𝑏𝑁𝑢 = 0.924 3
√

𝑃𝑟 2
√

𝑅𝑒
(

𝐷ℎ𝑦𝑑∕𝐿ℎ𝑦𝑑
)  [65]

When 𝑅𝑒 < 2300 & - Laminar flow - Hydro-dynamically and thermally in development  

 𝑁𝑢 =
(

𝑁𝑢6𝑙𝑎𝑚 +𝑁𝑢6𝑡𝑢𝑟𝑏
)

1
6

𝑁𝑢𝑙𝑎𝑚 = 4.364 + 0.086(1∕𝑙𝑡ℎ )1.33

1+0.1𝑃𝑟(𝑅𝑒𝐷ℎ∕𝐿ℎ𝑦𝑑 )0.83

𝑁𝑢𝑡𝑢𝑟𝑏 =
(𝑓∕8)(𝑅𝑒−1000)𝑃𝑟

1+12.7(𝑓∕8)1∕2 (𝑃𝑟2∕3−1)
𝑓 = 1

4
(1.8 log𝑅𝑒 − 1.5)−2

[66]

When 1800 ≤ 𝑅𝑒 < 4000 - Transitional flow  

 𝑁𝑢 = (𝑓∕8)(𝑅𝑒−1000)𝑃𝑟
1+12.7(𝑓∕8)1∕2 (𝑃𝑟2∕3−1)

(

1 +
(

𝐿ℎ𝑦𝑑

𝐷ℎ𝑦𝑑

)−2∕3
)

𝑓 = 1
4
(1.8 log𝑅𝑒 − 1.5)−2  [23,67,68]

When 𝑅𝑒 ≥ 4000 - Turbulent flow  
the distance to the opposing wall. By contrast, Nusselt correlations 
for heat transfer over a flat surface are effectively employed to model 
an interrupted fin pattern specifically intended to favour boundary 
layer disruption. The Blasius equations, adapted through the work of 
Schlichting [69], are here employed to determine the boundary layer 
thickness perpendicular to the surface, according to Eq. (36). 
{

𝛿𝑏𝑙 ≃ 5 𝑥𝑅𝑒−1∕2𝑥 if 𝑅𝑒𝑥 < 2300 (laminar)
𝛿𝑏𝑙 ≃ 0.37 𝑥𝑅𝑒−1∕5𝑥 if 𝑅𝑒𝑥 > 2300 (turbulent) (36)

Where 𝑅𝑒𝑥 expresses the Reynolds number of the fluid at a given 
point 𝑥, which is set equal to the reference length of the channels to 
determine the maximum registered layer thickness.

Influence the entrance region is considered for all internal flow 
regimes. However, laminar flow equations are further subdivided into 
fully developed flow, thermally in development flow, and hydro-
dynamically & thermally in development flow to simplify computation 
when adequate flow conditions are met. A fluid flow is considered 
hydrodynamically fully developed whenever the channel’s dimension-
less hydrodynamic length 𝑙ℎ𝑦𝑑 , defined according to Eq. (37), exceeds 
the hydrodynamic input length 𝑍ℎ𝑦𝑑 . This threshold equals 0.056 
for laminar flow in circular ducts, 0.09 for laminar flow in square 
channels [70], and 1.359 for turbulent flow in circular passages [71]. 

𝑙ℎ𝑦𝑑 =
𝐿ℎ𝑦𝑑∕𝐷ℎ𝑦𝑑

𝑅𝑒
(37)

Where 𝐿ℎ𝑦𝑑 corresponds to actual channels’ hydraulic length, here 
equivalent to the total channel length and the associated HE dimension: 
𝐿ℎ𝑦𝑑,ℎ = 𝐿𝑐ℎ𝑎𝑛,ℎ = 𝑊𝐻𝐸 , and 𝐿ℎ𝑦𝑑,𝑐 = 𝐿𝑐ℎ𝑎𝑛,𝑐 = 𝐿𝐻𝐸 Similarly, a 
flow is considered thermally fully developed whenever the channel’s 
dimensionless thermal length 𝑙𝑡ℎ, defined according to Eq. (38), exceeds 
the input length 𝑍𝑡ℎ. This value is equal to 0.05 [31] in circular ducts 
and 0.06204 in square channels [72]. 

𝑙𝑡ℎ =
𝐿𝑡ℎ∕𝐷ℎ𝑦𝑑

𝑅𝑒𝑃𝑟
(38)

Where, the channels’ thermal length 𝐿𝑡ℎ represents a virtual dimension 
functional to the modelling of a HE’s heat transfer, roughly indicating 
the portion of the ducts involved with the heat exchange. Da Silva 
et al. [30] demonstrated that the most accurate results are obtained 
by approximating a fluid’s thermal length as the average between its 
hydraulic length 𝐿ℎ𝑦𝑑 and the length of the portion effectively involved 
with pure cross-flow heat transfer.
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Appendix B. Additional pressure drop terms of the test rig

The experimental test rig by da Silva et al. [30], employs a series 
of components to connect the heat exchanger with the instrumentation 
performing the readings. These elements are attached to the tested com-
ponent, forming an assembly that includes: two manifolds, housing the 
sensors and linking the assembly to the rest of the rig; and two headers, 
joining the manifolds with the heat exchanger. However, each of these 
elements also introduces a pressure drop which is inevitably registered 
in the experimental measurements, and needs to be accounted for in 
the simulation. Modelling of these additional losses is performed with 
respect to some relevant sections in the assembly, as shown in Fig.  17. 
These are: sections 0 and 5, representing the sensor locations and the 
assembly boundaries; and sections 1’ and 4’, designating the connection 
between the headers and the manifolds.

Pressure drops in the headers are computed through Eq. (39) for 
the inlet, and Eq. (40) for the outlet, according to Idel’Chik [73]. The 
irreversibility coefficients are set to 𝜁𝑒𝑥𝑝 = 0.5 for the inlet, and 𝜁𝑐𝑜𝑛 =
0.25 to 0.097, for the outlet, in line with Ref. [30], with 𝜁𝑒𝑥𝑝 = 0.25
applying to the lowest Reynolds numbers and 𝜁𝑒𝑥𝑝 = 0.097 to the 
highest. 

𝛥𝑝1′1 = 𝛥𝑝ℎ𝑒𝑎𝑑𝑒𝑟𝑖𝑛 =
𝜌1𝑢12

2

[

1 −
(

𝐴1
𝐴1′

)2
+ 𝜁𝑒𝑥𝑝

]

(39)

𝛥𝑝44′ = 𝛥𝑝ℎ𝑒𝑎𝑑𝑒𝑟𝑜𝑢𝑡 =
𝜌4𝑢42

2

[

(

𝐴4
𝐴4′

)2
− 1 + 𝜁𝑐𝑜𝑛

]

(40)

Pressure drops in the manifolds are instead determined through
Eqs.  (41) and (42) for the inlet and outlet respectively, following Çengel 
and Cimbala [74]. A loss coefficient of 𝐾𝐿 = 0.53 is assumed for both 
equations, in line with the one proposed by the authors [30]. 

𝛥𝑝01′ = 𝛥𝑝𝑀𝐿𝑖𝑛 =
𝜌0𝐾𝐿𝑢20

2
(41)

𝛥𝑝4′5 = 𝛥𝑝𝑀𝐿𝑜𝑢𝑡
=

𝜌5𝐾𝐿𝑢25
2

(42)

The total pressure drop measured by the test rig is thus obtained by 
combining the additional loss terms with the ones of heat exchanger 
core, according to Eq. (43). 
𝛥𝑝 = 𝛥𝑝 + 𝛥𝑝 + 𝛥𝑝 + 𝛥𝛥𝑝 + 𝛥𝑝 (43)
𝑟𝑖𝑔 𝑀𝐿𝑖𝑛 ℎ𝑒𝑎𝑑𝑒𝑟𝑖𝑛 𝑐𝑜𝑟𝑒 ℎ𝑒𝑎𝑑𝑒𝑟𝑜𝑢𝑡 𝑀𝐿𝑜𝑢𝑡
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Fig. 17. Heat exchanger core, headers, and manifolds representation, with the associated sections of interest for pressure drop evaluation, according to the test 
rig presented Ref. [30].
Ultimately, the additional pressure drop terms can also be employed 
individually to refine the input parameters of the simulation, 𝑝0 → 𝑝1
and 𝑝5 → 𝑝4, while opportune rearrangement of Eq. (43) allows for the 
experimental 𝛥𝑝𝑐𝑜𝑟𝑒 to be extracted for comparison.

Data availability

Data will be made available on request.
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