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Abstract
It is shown that a Stallings–Swan theorem holds in a totally disconnected locally
compact (= t.d.l.c.) context (cf. Theorem B). More precisely, a compactly generated
CO-bounded t.d.l.c. group G of rational discrete cohomological dimension less than
or equal to 1 must be isomorphic to the fundamental group of a finite graph of profinite
groups. This result generalises Dunwoody’s rational version of the classical Stallings–
Swan theorem to t.d.l.c. groups. The proof of Theorem B is based on the fact that a
compactly generated unimodular t.d.l.c. group with rational discrete cohomological
dimension 1 has necessarily non-positive Euler–Poincaré characteristic (cf. Theo-
rem H).

Mathematics Subject Classification 22D05 · 20J05 · 20J06

1 Introduction

The classical Stallings–Swan theoremstates that a (discrete) groupG is free if, andonly
if, cdZ(G) ≤ 1. It was firstly proved by Stallings [29] for finitely generated groups,
and later shown to hold without any additional hypothesis by Swan [30], who actually
proved that every torsion-free group with cohomological dimension at most one over
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934 I. Castellano et al.

a non-trivial ring with unit is free. The Stallings–Swan theorem is considered as a
milestone in the cohomology theory of discrete groups. Some time later, Dunwoody
[15] provided the following further extension.

Theorem A (Dunwoody [15]) Let G be a group and R be a commutative ring with
1 �= 0. Then the following are equivalent:
(i) cdR(G) ≤ 1;
(ii) there exists a connected graph � and a graph of finite groups (G ,�) based on

� such that |Gv| is invertible in R for all v ∈ V (�) and G � π1(G ,�).

The main goal of this note is to establish an analogue of Theorem A for
t.d.l.c. groups. Unfortunately, we were not able to prove it in full generality for this
class of groups, but we had to assume further finiteness conditions.

The first finiteness condition on the t.d.l.c. group we require is compact gen-
eration. Recall that a t.d.l.c. group G is said to be compactly generated if there
exists a compact set � ⊆ G such that every element of G can be written as a
finite product of elements of �. E.g., a discrete group G is compactly generated
if, and only if, it is finitely generated. By van Dantzig’s theorem (cf. [31]), the set
CO(G) := {O | O compact open subgroup of G} is non-empty, and it is well known
that every group O ∈ CO(G) is profinite (cf. [28, §I.1, Proposition 0]). Note that G
is compactly generated if, and only if, for every O ∈ CO(G) there exists a finite set
S ⊆ G\O such that O � S generates G.

The second finiteness condition we consider is that the t.d.l.c. group G is CO-
bounded (cf. Sect. 5.3). Namely, for a fixed left-invariant Haar measure μ on G one
requires that there exists a positive integer c ∈ Z≥1 such that every compact open
subgroup O of G satisfies μ(O) ≤ c. Every CO-bounded t.d.l.c. group must be
unimodular (cf. Proposition 5.12).

In Sect. 5 we show that the following analogue of Theorem A holds for
t.d.l.c. groups.

Theorem B (cf. Theorem 5.15 and Corollary 5.17) Let G be a compactly generated
t.d.l.c. group. Then the following are equivalent:
(i) cdQ(G) ≤ 1 and G is CO-bounded;
(ii) G is unimodular and there exists a finite connected graph � and a graph of

profinite groups (G ,�) such that G � π1(G ,�).

Here cdQ( ) denotes the rational discrete cohomological dimension for a t.d.l.c. group
as introduced in [9].

Recall that a graph of t.d.l.c. groups (G ,�) consists of a connected graph �,

t.d.l.c. groups Gv, v ∈ V (�), and Ge, e ∈ E (�), and injective open continuous
group homomorphisms αe : Ge → Gt(e) for all e ∈ E (�). There is a canonical way
to assign a t.d.l.c. group topology to the Bass–Serre fundamental group of a graph
of t.d.l.c. groups (cf. Sect. 5.1). A compactly generated t.d.l.c. group G is said to be
accessible if it is topologically isomorphic to the Bass–Serre fundamental group of
a finite graph of t.d.l.c. groups (G ,�) with compact edge-groups and whose vertex-
groups have at most one end (cf. for instance [19, §3.3]). In case cdQ(G) ≤ 1 then G
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Unimodular totally disconnected locally compact groups… 935

is accessible if, and only if, it is topologically isomorphic to the fundamental group of
a finite graph of profinite groups (cf. Fact 5.5). It should be mentioned that Theorem B
is not the first result of this kind. Indeed, in [6], the first named author established
an analogue of Theorem A based on an accessibility result of Y. Cornulier (cf. [13,
Theorem 4.H.1]). The result can be summarised as follows.

Theorem C (cf. [6, Theorem B]) For a compactly generated t.d.l.c. group G the fol-
lowing are equivalent:
(i) cdQ(G) ≤ 1 and G is compactly presented;
(ii) there exists a finite connected graph � and a graph of profinite groups (G ,�)

such that G � π1(G ,�).

An affirmative answer to the following question, which was raised by the referee,
would provide a t.d.l.c. analogue to Theorem A in the case of compact generation.

Question D Is a t.d.l.c. group of rational discrete cohomological dimension 1 coherent
(i.e., every compactly generated closed subgroup is compactly presented)?

Theorems B and C admit the following interpretation. A compactly generated
t.d.l.c. group G satisfying cdQ(G) ≤ 1 and an extra finiteness condition is accessible
in the sense above. This extra finiteness condition is compact presentability—which
is equivalent to being of type F2 (cf. [8, Proposition 3.4])—or being CO-bounded.
At first sight, these two conditions seem unrelated. However, for example, it is well-
known that a unimodular t.d.l.c. group G admitting a cocompact topological model
is necessarily CO-bounded (cf. [25, Remark 1.11]). Hence another consequence of
Theorems B and C is the following.

Corollary E Let G be a compactly generated t.d.l.c. group with cdQ(G) ≤ 1. Then G
is CO-bounded if, and only if, it is compactly presented and unimodular.

In [21, Theorem 1], Linnell proved that a finitely generated group whose finite
subgroups have bounded order is accessible. The following question asks for a
t.d.l.c. analogue of P. A. Linnell’s result.

Question F Is a compactly generated CO-bounded t.d.l.c. group accessible?

Another consequence of Theorem B is the following partial answer to Question F.

Corollary G Let G = π1(G ,�) be the t.d.l.c. fundamental group of a finite graph
(G ,�) of CO-bounded t.d.l.c. groups with profinite edge-groups and cdQ(G) ≤ 1. If
G is compactly generated, then G is accessible.

Proof Each vertex-group Gv of (G ,�) is an open subgroup ofG. So ifG is compactly
generated, every Gv is a compactly generated t.d.l.c. group satisfying cdQ(Gv) ≤ 1 (cf.
[6, Proposition 4.1] and [9, Proposition 3.7(c)]). As every t.d.l.c. fundamental group
of a finite graph of accessible t.d.l.c. groups with compact edge-groups is accessible
(cf. Proposition 5.7), the claim directly follows from Theorem B. 
�
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936 I. Castellano et al.

The proof of Theorem B is based on the following important result about the Euler–
Poincaré characteristic χ̃G of a t.d.l.c. group G. This invariant, introduced in [7], is
defined only for unimodular t.d.l.c. groups of type FP over Q.

Theorem H (cf. Theorem 4.10) Let G be a compactly generated unimodular
t.d.l.c. group with cdQ(G) = 1. Then the Euler–Poincaré characteristic χ̃G of G
satisfies χ̃G ≤ 0. Moreover, χ̃G = 0 if and only if G � X ∗U Y for some compact
open subgroups X ,Y ,U ≤ G satisfying |X : U | = |Y : U | = 2.

The proof of Theorem H is inspired by a technique used by Linnell [21] and
contributes to the general understanding of the Euler–Poincaré characteristic of a
t.d.l.c. group. So far the conclusion of Theorem H was only known for non-compact
unimodular fundamental groups of finite graphs of profinite groups (cf. [7, Corol-
lary C]). Note that Theorem A implies that the classical rational Euler–Poincaré
characteristic χG is non-positive if the group G is finitely generated and cdQ(G) = 1.
Therefore, Theorem H can be considered as generalisation of a well-known result for
finitely generated virtually free groups.

We conclude this preliminary discussion with the following observation. Since the
family of finite subgroups of a discrete group has a minimal element, for a finitely
generated groupG being accessible is equivalent to the following property: there exists
k(G) < ∞ such that |E (�)| ≤ k(G) for every minimal graph of groups (G ,�) with
finite edge-groups such that G � π1(G ,�) [26, Lemma 6.7]. For example, in the
context of pro-p groups where an analogue of the Stallings’ decomposition theorem is
missing, the latter property is used to define the notion of accessibility (cf. [10, 11, 32]).
For a compactly generated t.d.l.c. group we do not know whether being accessible is
equivalent to the existence of a uniform bound k(G) for the number of edges appearing
in a decomposition as fundamental group of a graph of t.d.l.c. groups with compact
edge-groups. However, for compactly generated unimodular t.d.l.c. groups of rational
discrete cohomological dimension 1 we prove the latter equivalence in Corollary 5.11.

Organisation We start with an introduction to the rational discrete cohomology for
t.d.l.c. groups, which is the only cohomology theory used in this paper, see Sect. 2.
In Sect. 3 we deal with von Neumann algebras, and recall the definition of the W ∗-
algebraW (G,O) associated to the Hecke pair (G,O), where G is a t.d.l.c. group and
O is a compact open subgroup. On such a W ∗-algebra we prove the existence of a
well-defined trace map τ : W (G,O) → C, that is playing a central role throughout
the paper. A few technical properties of τ are then provided in support of the proof of
Proposition 4.8, which is one of the key results of the paper. Section 4 is indeed mainly
devoted to the proof of Proposition 4.8, which provides a suitable lower bound for the
Hattori–Stallings rank of the augmentation left Q[G]-module NG

O . The module NG
O

is defined as the kernel of the augmentation map Q[G/O] → Q, which turns out to
be a finitely generated projective discrete Q[G]-module exactly when G is compactly
generated and cdQ(G) ≤ 1. Therefore, NG

O provides a projection in the W ∗-algebra
of matrices Mn(W (G,O)) whose trace is then estimated. A notable consequence of
Proposition 4.8 is Theorem4.10. It establishes the non-positivity of the Euler–Poincaré
characteristic of a compactly generated unimodular t.d.l.c. group of rational discrete
cohomological dimension 1.
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Unimodular totally disconnected locally compact groups… 937

Summing up, Sects. 3 and 4 consist of the technical part of the paper, which is the
crux of our main results. Section 5 moves the focus onto accessibility. After some
preliminary definitions, we delineate two possible scenarios for compactly generated
t.d.l.c. groups which are inaccessible (cf. Proposition 5.10). Using Theorem 4.10, we
may exclude one of them provided the t.d.l.c. groupG satisfies cdQ(G) = 1. Section 5
culminates with Theorem 5.15, which proves that a compactly generated unimodular
t.d.l.c. group G is accessible whenever cdQ(G) = 1 and G is CO-bounded, i.e., the
compact open subgroups in G have a finite uniform bound on their Haar measure.
Examples of CO-bounded groups are unimodular t.d.l.c. groups that admit a topologi-
cal model on which they act with finitely many orbits on the 0-cells, cf. Example 5.14.

Conventions In this paper, every isomorphism between topological groups is always
meant to be continuous and with continuous inverse.

2 Rational discrete cohomology: a summary

This section summarises the main definitions and properties of the rational discrete
cohomology for t.d.l.c. groups (cf. [9]) that will be used throughout the paper.

Let G be a t.d.l.c. group. A discrete left Q[G]-module M is an abstract left Q[G]-
module equipped with the discrete topology such that the G-action · : G × M −→ M
is a continuous map (here G × M is endowed with the product topology).

Fact 2.1 Let G be t.d.l.c. group. A left Q[G]-module M is discrete if, and only if, for
every m ∈ M the group stabG(m) = {g ∈ G | g · m = m} is open in G.

The category Q[G]dis is the full subcategory of Q[G]mod whose objects are
discrete leftQ[G]-modules (here Q[G]mod denotes the category of abstract leftQ[G]-
modules). By [9, Fact 2.2 and Proposition 3.2], Q[G]dis is an abelian category with
enough injectives and enough projectives. In particular, for every O ∈ CO(G), the
transitive left Q[G]-permutation module Q[G/O] is projective in Q[G]dis (cf. [9,
Proposition 3.2]). By Fact 2.1, every M ∈ ob(Q[G]dis) admits a collection of compact
open subgroups {Oi }i∈I of G together with an epimorphism

πM :
∐

i∈I
Q[G/Oi ] � M . (2.1)

In particular M is projective if, and only if, it is a direct summand of
∐

i∈I Q[G/Oi ]
(cf. [9, Corollary 3.3]). Moreover, M is said to be finitely generated in Q[G]dis if the
set I can be chosen finite. One easily checks that this is equivalent to the existence of
finitely many elements m1, . . . ,mn in M satisfying M = ∑n

i=1 Q[G] · mi .

According to [9, §3], for every n ≥ 0 the nth rational discrete cohomology functor
of G, denoted by

dHn(G, ) : Q[G]dis −→ Qvect, (2.2)
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938 I. Castellano et al.

is defined as the nth right-derived functor of the fixed-point functor ( )G from Q[G]dis
to Qvect. The rational discrete cohomological dimension of G is given by

cdQ(G) := sup{n ∈ Z≥0 | dHn(G, ) �= 0}, (2.3)

(cf. [9, p. 115]). By [9, Proposition 3.7], cdQ(G) = 0 if and only if G is compact
(i.e., profinite), and cdQ(H) ≤ cdQ(G) whenever H is a closed subgroup of G. By
[9, Lemma 3.6], cdQ(G) ≤ 1 if and only if the trivial discrete Q[G]-module Q admits
a projective resolution of length at most 1 in Q[G]dis.

UnlessG is discrete, the group algebraQ[G] is not an object ofQ[G]dis (cf. Fact 2.1).
A suitable substitute of the group algebra has been introduced in [9, §4.2]: the
rational discrete standard Q[G]-bimodule Bi(G). It is defined as a direct limit of
{Q[G/O] | O ∈ CO(G)}. If G is discrete, Bi(G) is naturally isomorphic to Q[G].
By [9, Remark 4.3], when G is unimodular, Bi(G) is (non-canonically) isomorphic to
the associative convolution algebra Cc(G, Q) of all continuous functions with com-
pact support from G to Q, where Q has the discrete topology. The reader may find it
convenient to keep this isomorphism in mind while reading Sect. 3.

In analogy to the discrete case, one can use the rational discrete standard bimodule
to give a cohomological characterisation of a compactly generated t.d.l.c. group G
which has more than one end. Namely, a compactly generated group G has more than
one end if, and only if, dH1(G,Bi(G)) �= 0 (cf. [6, Theorem A∗]). Moreover, G has
zero ends if and only if it is compact.

According to [9, §3.6 and §4.5], a discrete left Q[G]-module M is of type FPn
(n ≥ 0) if it admits a partial projective resolution in Q[G]dis

Pn . . . P1 P0 M 0 (2.4)

with P0, . . . , Pn finitely generated. The discrete left Q[G]-module M is of type FP∞
if it is of type FPn for all n ≥ 0, and M is of type FP if there exists a projective
resolution in Q[G]dis

0 Pn . . . P1 P0 M 0 (2.5)

which has finite length n ≥ 0 and every Pi being finitely generated. A projective
resolution with the latter two properties is called finite. The t.d.l.c. group G is of type
FPn (resp. of type FP) if Q is of type FPn (resp. of type FP) as trivial discrete left
Q[G]-module. E.g., compact generation is equivalent to being of type FP1 (cf. [9,
Proposition 5.3]). By [4, Ch. VIII, Proposition 6.1], G is of type FP if, and only if, it
is of type FP∞ and cdQ(G) < +∞.

Similarly to the discrete case, one introduces the notion of t.d.l.c. group of type
Fn (0 ≤ n ≤ +∞) and t.d.l.c. group of type F. A discrete G-CW-complex is a G-
CW-complex X such that the action of G on X is continuous and by cell-permuting
homeomorphisms1 (cf. [23, p. 5]). A discrete G-CW-complex X is said to be proper
if the cell stabilisers are compact. As pointed out in [9, §6.2], G always admits an

1 As usual, an element g ∈ G fixing a cell σ setwise can be assumed to fix σ also pointwise.

123



Unimodular totally disconnected locally compact groups… 939

ECO(G)-space, i.e. a proper discrete G-CW-complex X which is contractible and
such that, for all O ∈ CO(G), the fixed-point set XO is non-empty and contractible.
According to [8], a t.d.l.c. group G is of type Fn (with 0 ≤ n < +∞) if there exists a
contractible proper discreteG-CW-complex X such thatG acts on the n-skeleton of X
with finitelymany orbits. In particular,G is of typeF if there exists a finite-dimensional
contractible proper discrete G-CW-complex X such that, for every n ≥ 0, G acts on
the n-skeleton of X with finitely many orbits.

3 TheW∗-algebra of a Hecke pair

3.1 C∗-algebras

An algebra of operators A is a subalgebra of the algebraB(H) of all bounded operators
on a Hilbert space H . The algebra A is said to be self-adjoint if it is closed under the
adjoint operation ( )∗ : B(H) → B(H), i.e., A = A∗.Auniformly closed self-adjoint
algebra of operators is called a C∗-algebra. By the Gelfand–Naimark theorem, C∗-
algebras can be defined in a completely abstract (but equivalent) manner. Namely, a
C∗-algebra is a Banach algebra A with an involution ( )∗ (i.e., a conjugate-linear
self-map of A such that x∗∗ = x and (xy)∗ = y∗x∗ for all x, y ∈ A) which satisfies
||x∗x || = ||x ||2 for all x ∈ A. Hence, one may study C∗-algebras without paying
attention to any particular representation.

3.2 W∗-algebras

A W ∗-algebra (or von Neumann algebra) is a weakly closed self-adjoint algebra of
operators on a Hilbert space H . Let A be an algebra of operators which contains the
identity operator and is closed under taking adjoints. By [1, Theorem 1.2.1], the weak
closure of A is equal to the bicommutant2 A′′ of A and it is called the W ∗-algebra
generated by A.

Let A be a W ∗-algebra acting on the complex Hilbert space H . Denote by Mn(A)

the set of n × n matrices with entries in A. The algebra Mn(A) acts on the n-fold
direct sum Hn = H ⊕· · ·⊕H through the usual matrix action on the column vectors.
Therefore, Mn(A) can be regarded as a self-adjoint subalgebra of B(Hn) where, for
every matrix M = [m jk] ∈ Mn(A), the matrix M∗ = [n jk] is defined by n jk := m∗

k j .

In order to show that Mn(A) is a W ∗-algebra, it suffices to check that the double
commutant Mn(A)′′ coincides with Mn(A). Since the commutant Mn(A)′ is A′ · In
(where In is the identity matrix and A′ is the commutant of A acting on H ), it is easily
verified that

Mn(A)′′ = Mn(A
′′) = Mn(A).

2 For every subset S ⊆ A, let S′ := {a ∈ A : as = sa,∀ s ∈ S} be the commutant of S. Then S′′ := (S′)′
is called the bicommutant of S.
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940 I. Castellano et al.

Definition 3.1 A (finite) trace on a W ∗-algebra A is a C-linear function τ : A → C

satisfying τ(ab) = τ(ba) for all a, b ∈ A. A trace τ is positive if τ(a∗a) ≥ 0 for
every a ∈ A. It is said to be faithful if for every a ∈ A one has τ(a∗a) = 0 if, and
only if, a∗a = 0.

If A is a W ∗-algebra with trace τ, then Mn(A) is a W ∗-algebra with trace

(τ ⊗ idn)(M) := τ(m11) + . . . + τ(mnn), (3.1)

for any matrix M = [mi j ] ∈ Mn(A).

Remark 3.2 Despite the C∗-case, no intrinsic axioms are known for W ∗-algebras.
Kaplansky [17] proposed an algebraic generalisation of W ∗-algebras based on the
assumption of least upper bounds in the poset of projections (= self-adjoint idempo-
tents) of the operator algebra: the so called AW ∗-algebras. Every W ∗-algebra is an
AW ∗-algebra.

3.3 The algebraH(G,O)Q

LetG be a t.d.l.c. group and CO(G) = {O | O compact open subgroup ofG}.Denote
by Cc(G, Q) the space of continuous functions with compact support from G to Q,

where Q carries the discrete topology. It has a natural structure of discrete Q[G]-
bimodule given by the commuting actions

((g. f ).h))(x) = f (g−1(xh−1)) = f ((g−1x)h−1) = (g.( f .h))(x), (3.2)

for all g, h, x ∈ G and f ∈ Cc(G, Q). Given S ⊆ G, let IS( ) : G → Q be the map
defined by IS(x) = 1 if x ∈ S and IS(x) = 0 otherwise. Set

[g]]O := IgO and [[g]]O := IOgO, ∀O ∈ CO(G). (3.3)

Note that Cc(G, Q) = spanQ{[g]]O | g ∈ G, O ∈ CO(G)}. Moreover, for everyO ∈
CO(G),

Cc(G, Q)O := { f ∈ Cc(G, Q) | ∀w ∈ O, f .ω = f } = spanQ{[g]]O | g ∈ G},
(3.4)

and

H(G,O)Q := { f ∈ Cc(G, Q) | ∀ω ∈ O : ω. f = f = f .ω}
= spanQ{[[g]]O | g ∈ G}. (3.5)

Let μO be the Haar measure on G such that μO(O) = 1. We omit the subscript _O
whenever the compact open subgroup O is clear from the context.
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Unimodular totally disconnected locally compact groups… 941

The space H(G,O)Q becomes an algebra when equipped with the convolution
product given by

( f1 ∗μO f2)(x) :=
∫

G
f1(w) f2(w

−1x)dμO(w), ∀ f1, f2 ∈ H(G,O), (3.6)

and it is called the Hecke Q-algebra of the Hecke pair (G,O) (cf. [7, §3.5]).
By [7, Fact 3.2(a)], the discrete left Q[G]-module Cc(G, Q)O is isomorphic to the

left discreteQ[G]-permutation moduleQ[G/O], for everyO ∈ CO(G). In particular,
one has the following.

Fact 3.3 [7, Proposition 3.7(b)] Let G be a t.d.l.c. group with a compact open sub-
group O. Let φ∗ : H(G,O)

op
Q

→ EndG(Cc(G, Q)O) denote the isomorphism of [7,
Proposition 3.7(b)]. Then:
(a) there is an isomorphism of Q-algebras

�∗ : Mn

(
H(G,O)

op
Q

)
→ EndG

(
(Cc(G, Q)O)n

)

defined, for every f = [ fi j ] ∈ Mn(H(G,O)
op
Q

), as

�∗( f )
(

[0, . . . ,
j-th
[g]], . . . , 0

]t ) :=
[
φ∗( f1 j )([g]]), . . . , φ∗( fn j )([g]])

]t
,

∀ j = 1, . . . , n;

(b) the inverse �∗ : EndG
(
(Cc(G, Q)O)n

)
→ Mn

(
H(G,O)

op
Q

)
of �∗ is

(�∗(α))i j := (φ∗)−1(αi j ), ∀1 ≤ i, j ≤ n.

Here for each α ∈ EndG
(
(Cc(G, Q)O)n

)
and i, j ∈ {1, . . . , n}, the map αi j ∈

EndG(Cc(G, Q)O) is defined as

αi j ([g]]) := pri
(
α
([

0, . . . ,
j-th
[g]], . . . , 0

]))
, ∀g ∈ G,

where pri : (Cc(G, Q)O)n −→ Cc(G, Q)O projects on the i-th component.

3.4 H(G,O)C as operator algebra

In the following, G is a unimodular compactly generated t.d.l.c. group and, for every
compact open subgroup O ≤ G, letH(G,O)C := H(G,O)Q ⊗Q C. Denoting by μ

a Haar measure on G, let

L2(G, C) :=
{
f : G → C measurable

∣∣∣∣
∫

G
| f (w)|2dμ(w) < ∞

}
(3.7)
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942 I. Castellano et al.

be equipped with the inner product 〈 f1, f2〉 = ∫
G f1(w) f2(w)dμ(w), for all f1, f2 ∈

L2(G, C), and let || ||2 : L2(G, C) → R
+
0 be the Hilbert norm associated to 〈 , 〉.

In (3.7), C is endowed with the usual Borel σ -algebra.
Since G acts continuously on L2(G, C), for every compact open subgroupO ≤ G

the C-subspace

L2(G, C)O := { f ∈ L2(G, C) | f .ω = f , ∀ω ∈ O} (3.8)

is closed in L2(G, C) and therefore it is a Hilbert subspace. Since G is compactly
generated, there is a finite set S ⊆ G such that G = 〈S〉 · O (cf. [24, Lemma 2])
andG/O is countable. Given a setR of representatives forG/O, the set {[g]] | g ∈ R}
(cf. (3.3)) is a countable orthonormal (Hilbert) basis of the Hilbert space L2(G, C)O
(cf. [7, Fact 3.3]).

Denote by B(G,O) the C∗-algebra of bounded linear operators on L2(G, C)O
which commute with the left G-action. The space B(G,O) comes with the standard
operator norm || || : B(G,O) → R

+
0 and with the adjoint map ( )∗ : B(G,O)op →

B(G,O).As shown in [7, Proposition 3.7],H(G,O)C admits an action on the Hilbert
space L2(G, C)O and the convolution produces the following canonical injective
homomorphism of algebras:

φ : H(G,O)
op
C

→ B(G,O), (φ( f ))([g]]) = [g]] ∗μO f , ∀g ∈ G. (3.9)

Here μO denotes the left Haar measure on G satisfying μO(O) = 1. The map φ is
continuous when H(G,O)C is endowed with the topology induced by ‖ ‖1, where

‖ f ‖1 :=
∫

G
| f (w)|dμO(w), ∀ f ∈ H(G, O)C.

The uniform closureH(G,O) of φ(H(G,O)
op
C

) in B(G,O), endowed with the stan-
dard operator norm, is aC∗-subalgebra ofB(G,O). Such an operator algebra is called
the C∗-Hecke algebra associated to the Hecke pair (G,O).

Since the weak operator topology is coarser than the uniform operator topology,
the map φ in (3.9) remains continuous if B(G,O) carries the weak operator topology.
Denote by W (G,O) the W ∗-algebra generated by φ(H(G,O)

op
C

) (cf. Sect. 3.2) and
call it the W ∗-algebra associated to the Hecke pair (G,O).

3.5 The tracemap onMn(W(G,O))

Let G be a unimodular t.d.l.c. group. In [7, §3.7], for every O ∈ CO(G) the authors
defined a C-valued trace map on the C∗-Hecke algebra H(G,O). Here we extend
such a map to the weak closure of H(G,O)C.

Proposition 3.4 The C-linear map

τ0 : φ(H(G,O)
op
C

) → C, τ0(φ( f )) = f (1),
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can be extended to the C-linear map τ : W (G,O) −→ C given by

τ(F) = 〈F([1]]), [1]]〉 for F ∈ W (G,O),

which is a positive and faithful trace with τ(F∗) = τ(F) for all F ∈ W (G, O).

Proof Clearly, the map τ isC-linear. Moreover, letR denote a set of representatives of
O\G/O and f = ∑

r∈R f (r)[[r ]] ∈ H(G,O)C, where f vanishes for all but finitely
many r (cf. (3.5)). Then, one computes τ(φ( f )) as

〈[1]] ∗μO f , [1]]〉 =
∑

r∈R
f (r)〈[1]] ∗μO [[r ]], [1]]〉 =

∑

r∈R
f (r)〈[[r ]], [1]]〉

=
∑

r∈R
f (r)

∫

G
IOrO(w)IO(w)dμO(w)

= f (1)
∫

G
(IO(w))2dμO(w) = f (1)μO(O) = f (1). (3.10)

Hence, τ(φ( f )) = τ0(φ( f )) for every f ∈ H(G,O)C. In general, the multiplication
map in W (G,O) is not continuous w.r.t. the weak topology as a function of two
variables. However, it is continuous as a function of one variable when the other
is held fixed. Then, for every fixed F ∈ W (G,O) and every sequence {Gn}n≥1 in
φ(H(G,O)

op
C

)which isweakly convergent toG ∈ W (G,O), the sequence τ(FGn)−
τ(GnF) converges to τ(FG) − τ(GF). Hence, to prove that τ satisfies the trace
property on W (G,O), it suffices to verify that τ(F1F2) = τ(F2F1) for arbitrary
elements F1, F2 of a basis of φ(H(G,O)

op
C

). More precisely, it suffices to show that
〈[1]] ∗μO [[g]], [1]] ∗μO [[h]]∗〉 = 〈[1]] ∗μO [[h]], [1]] ∗μO [[g]]∗〉 for all g, h ∈ G, and
the end of the proof of [7, Theorem 3.10] can be transferred here verbatim.

For an arbitrary F ∈ W (G,O), one has

τ(F∗F) = 〈 F∗F([1]]), [1]] 〉 = 〈 F([1]]), F([1]]) 〉 ≥ 0 (3.11)

and τ is clearly positive. Moreover, if τ(F∗F) vanishes, then F([1]]) = 0 (cf. (3.11))
and, since F commutes with the left G-action, F([g]]) = 0 for every g ∈ G. By
linearity, F vanishes over Cc(G, C)O and then, by [7, Fact 3.3], F = 0. Hence, τ is
a faithful trace on W (G,O).

Finally, for every F ∈ W (G,O) one has

τ(F∗) = 〈 F∗([1]]), [1]] 〉 = 〈 [1]], F([1]]) 〉 = 〈 F([1]]), [1]] 〉 = τ(F).


�
The following fact is analogous to [7, Fact 2.2].

Corollary 3.5 The map

τ̄ : Mn(W (G,O)) → C, [Fi j ] �→
n∑

i=1

τ(Fii ),
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944 I. Castellano et al.

is a positive and faithful trace over the W ∗-algebra Mn(W (G,O)) satisfying τ̄ (F∗) =
τ̄ (F), for every F ∈ Mn(W (G,O)).

Lemma 3.6 For every F ∈ Mn(W (G,O)), one has

|τ̄ (F)| ≤ n · ||F ||,

where ||F || = max{||F(v)||2 : v ∈ (L2(G, C)O)n, ||v||2 = 1} and ||v||2 :=√∑n
i=1 ||vi ||22, for every v = [v1, . . . , vn]t ∈ (L2(G, C)O)n .

Proof By Corollary 3.5 and the Cauchy–Schwarz inequality in L2(G, C)O,

|τ̄ (F)| ≤
n∑

j=1

|τ(Fj j )| =
n∑

j=1

|〈 Fj j ([1]]), [1]] 〉| ≤
n∑

j=1

||Fj j ([1]])||2.

For j = 1, . . . , n, let [1]] j be the vector in the n-fold of L2(G, C)O having the i th
component equals to [1]] · δi j for every i = 1, . . . , n. Since ||[1]] j ||2 = 1, one has

||F || ≥ ||F([1]] j )||2 =
√√√√

n∑

i=1

||Fi j ([1]])||22 ≥ ||Fj j ([1]])||2.

As a conclusion, |τ̄ (F)| ≤ ∑n
j=1 ||Fj j ([1]])||2 ≤ n · ||F ||. 
�

From now on a self-adjoint idempotent in a W ∗-algebra is called a projection.

Theorem 3.7 For every idempotent e ∈ Mn(W (G,O)), there exists a projection p ∈
Mn(W (G,O)) such that eMn(W (G,O)) = pMn(W (G,O)) and τ̄ (e) = τ̄ (p).

Proof (cf. [18, Theorem 26]). For p = ee∗(1 + (e − e∗)(e∗ − e))−1 one has p = ep
and e = pe. As τ̄ is a trace, τ̄ (p) = τ̄ (ep) = τ̄ (pe) = τ̄ (e). 
�
Corollary 3.8 For every idempotent e ∈ Mn(W (G,O)), τ̄ (e) ∈ [0, n]. Moreover,
τ̄ (e) = 0 if and only if e = 0.

Proof By Theorem 3.7, for every idempotent e ∈ Mn(W (G,O)) there exists a pro-
jection p ∈ Mn(W (G,O)) such that τ̄ (e) = τ̄ (p) = τ̄ (p∗ p). Then,

τ̄ (e) =
∑

1≤ j≤n

τ((p∗ p) j j ) =
∑

1≤i, j≤n

τ((p∗) j i pi j )

=
∑

1≤i, j≤n

τ(p∗
i j pi j ) =

∑

1≤i, j≤n

〈 pi j ([1]]), pi j ([1]]) 〉.

Hence τ̄ (e) ≥ 0 and τ(e) = 0 if, and only if, pi j = 0 for every 1 ≤ i, j ≤ n. As
a consequence, τ̄ (e) = 0 if, and only if, 0 = pMn(W (G,O)) = eMn(W (G,O)),

which is in turn equivalent to the condition that e = 0.
To prove that τ̄ (e) ≤ n, it suffices to observe that 1 − e is an idempotent of

Mn(W (G,O)) and so 0 ≤ τ̄ (1 − e) = n − τ̄ (e). 
�
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Remark 3.9 We collect some properties that will be useful later on.

(a) From the proof of Corollary 3.8, it follows that

τ̄ (p) =
∑

1≤i, j≤n

||pi j ([1]])||22,

for every projection p ∈ Mn(W (G,O)).

(b) Let p, q ∈ Mn(W (G,O)) be projections. By [2, Ch. 1, Proposition 1], one has

pMn(W (G,O)) ⊆ qMn(W (G,O)) ⇐⇒ p = qp.

Consequently, if pMn(W (G,O)) ⊆ qMn(W (G,O)) then τ̄ (p) ≤ τ̄ (q). Indeed,
since p = qp, one obtains that

pq = p∗q∗ = (qp)∗ = p∗ = p = qp

and thus q − p is a projection. By Corollary 3.8, one concludes that

τ̄ (q) − τ̄ (p) = τ̄ (q − p) ≥ 0.

4 Euler–Poincaré characteristic of unimodular t.d.l.c. groups with
cdQ(G) ≤ 1

4.1 The Hattori–Stallings rank of discreteQ[G]-modules of type FP

Let G be a unimodular t.d.l.c. group and O ∈ CO(G). Denote by h(G) the Q-vector
space Q · μO. Note that h(G) consists of the rational multiples of the Haar measures
on G that take rational values on compact open subgroups, so h(G) does not depend
on the choice of O ∈ CO(G). For every P ∈ ob(Q[G]dis) finitely generated and
projective, its Hattori–Stallings rank ρ̃(P) is defined as

ρ̃(P) := ρP (idP ) ∈ h(G),

where ρP is a suitable map from EndG(P) to h(G) defined in [7, §4.3]. For instance,
Q[G/O] has Hattori–Stallings rank equal to μO ∈ h(G) for every compact open
subgroup O of G.

Fact 4.1 (see [7, Proof of Theorem 4.4]) Let G be a unimodular t.d.l.c. group, and
let P ∈ ob(Q[G]dis) be finitely generated and projective. Then there exist n ∈ Z≥1,

O ∈ CO(G) and e ∈ Mn(H(G,O)Q) idempotent such that P � e · Q[G/O]n and
therefore

ρ̃(P) = τ̄ (e) · μO. (4.1)
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946 I. Castellano et al.

It is possible to extend the definition of the Hattori–Stallings rank to every M ∈
ob(Q[G]dis) of type FP as follows. Let P0, . . . , Pn ∈ ob(Q[G]dis) be finitely generated
projective such that

0 Pn . . . P1 P0 M 0

is a projective resolution of M in Q[G]dis (cf. §2). Then, one may define

ρ̃(M) :=
n∑

i=0

(−1)i ρ̃(Pi ). (4.2)

By the additivity of ρ̃ (cf. [7, Equation (5.1)]) and [4, Ch.VIII, Lemma 4.4], the
definition in (4.2) is independent of the choice of the projective resolution of M .

The value ρ̃(M) is sometimes called the Lefschetz number of the module M . From
the Horseshoe Lemma one concludes the following property.

Proposition 4.2 Let 0 → A → B → C → 0 be a short exact sequence in Q[G]dis,
and assume that A and C are of type FP. Then, so is B and ρ̃(B) = ρ̃(A) + ρ̃(C).

In the case that G is a unimodular t.d.l.c. group of type FP, the trivial module
Q admits a finite projective resolution P• → Q in Q[G]dis and the Euler–Poincaré
characteristic of G can be defined as

χ̃G =
∑

i≥0

(−1)i ρ̃(Pi ),

that is the Lefschetz number ρ̃(Q) of the trivial discrete leftQ[G]-moduleQ (cf. (4.2)).
For instance, if G is profinite then χ̃G = 1 · μG , where μG denotes the Haar measure
of G such that μG(G) = 1 (cf. [7, Remark 1.3]).

From now on, given an open subgroup H of G, the standard Haar measure on H
will be the restriction of the given Haar measure μ on G.

Proposition 4.3 [5, Proposition 2.2.2] Let G be a unimodular t.d.l.c. group of type FP.

(a) If G = X ∗U Y for some open subgroups X ,Y ,U of G of type FP, then

χ̃G = χ̃X + χ̃Y − χ̃U ;

(b) If G = X∗tU for some open subgroups X ,U of G of type FP, then

χ̃G = χ̃X − χ̃U .

The equalities in (a) and (b) must be interpreted as equalities among the rational
coefficients of the given Euler–Poincaré characteristics, all computed with respect to
the same compact open subgroup of U .
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Proof In case (a), as well as in case (b), G acts without inversions on the associated
Bass–Serre tree. Therefore, the proof strategy similar and we only provide a proof in
case (b). Since G = X∗tU , one has the following short exact sequence in Q[G]dis:

0 → Q[G/U ] → Q[G/X ] → Q → 0.

By [8, Corollary 3.18], the three modules before are of type FP. Therefore, by Propo-
sition 4.2,

χ̃G = ρ̃(Q) = ρ̃(Q[G/X ]) − ρ̃(Q[G/U ]).

Let H be an arbitrary open subgroup of G of type FP and consider on it the Haar
measure μH which arises as restriction of the Haar measure μ on G. We claim that,
for some (and hence all) O ∈ CO(H), there is q(O) ∈ Q such that

χ̃H = q(O) · μH
O and ρ̃(Q[G/H ]) = q(O) · μO.

To compute ρ̃(Q[G/H ]) we only need a finite projective resolution of Q[G/H ] in
Q[G]dis.To build such a resolutionwe start by considering a finite projective resolution
P• → Q of discrete Q[H ]-modules, which does exist since H is of type FP, and
then we apply the induction functor Q[G] ⊗H to P• → Q. Note that this works
as Q[G] ⊗H is exact and left adjoint to the restriction functor from Q[G]dis to
Q[H ]dis and so it preserves projective objects (cf. [9, § 2.4]). Therefore, it suffices to
prove that the Hattori–Stallings rank behaves well under induction, i.e., for some (and
hence all) O ∈ CO(H) there exists qP (O) ∈ Q such that ρ̃(P) = qP (O) · μH

O and
ρ̃(Q[G] ⊗H P) = qP (O) · μO. It follows by means of an analogous argument to the
one used in the proof of the claim in the abstract case (cf. [4, Ch. IX, Prop. 2.3]).
In the t.d.l.c. case the free modules must be replaced by rational discrete permutation
modules with compact open stabilisers (cf. [9, §3.2]). 
�

4.2 Discrete left augmentationQ[G]-modules

Let G be a t.d.l.c. group. For every U ∈ CO(G), the map

εU : Cc(G, Q)U → Q, f �→
∫

G
f (ω)dμU (ω) (4.3)

is a surjective morphism in Q[G]dismapping every [g]] to 1. The kernel of εU , denoted
by NG

U , is called the discrete left augmentation Q[G]-module relative to U . Note that
Cc(G, Q)U is isomorphic to Q[G/U ] in Q[G]dis.

Proposition 4.4 Let G be a t.d.l.c. group and U a compact open subgroup.

(a) If NG
U is finitely generated, there are n ∈ Z≥0 and {s1, . . . , sn} ⊆ G\U such

that the set {IsiU − IU | 1 ≤ i ≤ n} generates NG
U as discrete left Q[G]-module.
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948 I. Castellano et al.

In particular, one has an epimorphism of discrete Q[G]-modules

pO,U : (Cc(G, Q)O)n −→ NG
U

[0, . . . ,
j -th
IO , . . . , 0]t �−→ IU − Is jU

(4.4)

from the n-fold of Cc(G, Q)O to NG
U , where the subgroup O is equal to U ∩

s1Us−1
1 ∩ · · · ∩ snUs−1

n .

(b) G is compactly generated if, and only if, NG
U is finitely generated.

(c) NG
U is projective if, and only if, cdQ(G) ≤ 1.

Proof For (a) and (b) see [9, Proposition 5.3], for (c) see [9, Lemma 3.6]. 
�
Consequently, ifG is compactly generated andO ≤ U are compact open subgroups,

one defines the endomorphism

π : (Cc(G, Q)O)n
pO,U

NG
U ≤ Cc(G, Q)U

ηU ,O
Cc(G, Q)O ξ

(Cc(G, Q)O)n ,

(4.5)

where ηU ,O : Cc(G, Q)U → Cc(G, Q)O is the injective homomorphism given by

ηU ,O(IgU ) = 1

|U : O|
∑

r∈U/O
IgrO

(as defined in [9, §4.2]) and ξ([g]]) = [[g]], 0, . . . , 0]t embeds into the first component.

Fact 4.5 Let G,O and U as before. According to Proposition 4.4, the following prop-
erties hold:
(i) the image of π is isomorphic to NG

U in Q[G]dis;
(ii) if cdQ(G) ≤ 1, there exists a homomorphism in Q[G]dis

ι : im(π) → (Cc(G, Q)O)n

such that πι = idim(π);
(iii) the element α := ιπ satisfies α2 = α and πα = π.

Proof Theonly propertywhich does not followdirectly by construction is the existence
of the morphism ι. It is instead a consequence of the fact that im(π) is projective in
Q[G]dis (cf. Proposition 4.4(c)). 
�
Remark 4.6 By Sect. 4.1 and Corollary 3.8, one has ρ̃(NG

U ) = τ̄ (α) · μO ≥ 0.

From now on, the maps π and α will be identified with their images in the operator
algebraMn(φ(H(G,O)

op
Q

)) ⊆ Mn(W (G,O)) (cf. Fact 3.3(b) and (3.9)). In particular,
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π = [πi j ] is the matrix with entries in φ(H(G,O)
op
Q

) defined by

πi j ([g]]) :=

⎧
⎪⎨

⎪⎩

0 if i > 1,
1

|U : O|
∑

r∈U/O
([gr ]] − [gs jr ]]) if i = 1. (4.6)

for every g ∈ G. Recall that {[g]] = IgO | g ∈ G/O} is an orthonormal basis
of the Hilbert space L2(G, C)O (cf. (3.8)). For simplicity, let π j := π1 j for every
1 ≤ j ≤ n.The following fact is relevant for the proof of Proposition 4.8. In particular,
we introduce in item (c) the matrix e ∈ Mn(W (G,O)) such that Mn(W (G,O))eπ =
Mn(W (G,O))π and such that τ̄ (eπ) produces a lower bound for the rank ρ̃(NG

U )

which is independent of the number n of generators of the discrete left Q[G]-module
NG
U (cf. (4.7)).

Fact 4.7 Using the notation from (4.5), the following properties hold:
(a) π∗Mn(W (G,O)) ⊆ α∗Mn(W (G,O)).

(b) There exists a projection p ∈ Mn(W (G,O)) such that

α∗Mn(W (G,O)) = pMn(W (G,O)) and τ̄ (p) = τ̄ (α∗) = τ̄ (α).

(c) If e denotes the matrix such that ei j = 1W (G,O) for all 1 ≤ i, j ≤ n, then one
has n = |U : O| · τ̄ (eπ).

Proof By Fact 4.5(iii), Mn(W (G,O))π = Mn(W (G,O))πα ⊆ Mn(W (G,O))α

and (a) holds. Again, Fact 4.5(iii) implies that α∗ is an idempotent. Then The-
orem 3.7 applies and, since τ̄ (α) ∈ Q, (b) is proved. Finally, (c) follows from
τ̄ (eπ) = ∑n

i=1 τ̄ (πi ) and τ̄ (πi ) = 〈πi ([1]]), [1]]〉 = 1/|U : O|. 
�
Proposition 4.8 Let G be a compactly generated unimodular t.d.l.c. group with
cdQ(G) ≤ 1. For every compact open subgroup U �= G, one has that

ρ̃(NG
U ) ≥ 1

2
μU . (4.7)

Proof We use here the notation of Fact 4.5, Remark 4.6 and Fact 4.7. In particular, α ∈
Mn(W (G,O)) is the idempotent such that ρ̃(NG

U ) = τ̄ (α)μO and p ∈ Mn(W (G,O))

is the projection such that α∗Mn(W (G,O)) = pMn(W (G,O)) and τ̄ (p) = τ̄ (α∗) =
τ̄ (α). Suppose that NG

U is Q[G]-generated by the elements IsiU − IU ∈ Cc(G, Q)U ,

for 1 ≤ i ≤ n (cf. Proposition 4.4).
Denote by e ∈ Mn(W (G,O)) the matrix such that ei j = 1W (G,O) for all 1 ≤

i, j ≤ n, and let ε > 0. By [2, Corollary, p. 43], there exists a non-zero projection
f = fε ∈ π∗e∗Mn(W (G,O)) ⊆ π∗Mn(W (G,O)) ⊆ pMn(W (G,O)) such that
||eπ−eπ f || < ε.Hence, by Fact 4.7 and since |τ̄ (eπ−eπ f )| ≤ n ·||eπ−eπ f || < n ·ε
(cf. Lemma 3.6), one deduces that

n

|U : O| = τ̄ (eπ) = |τ̄ (eπ)| ≤ |τ̄ (eπ − eπ f )| + |τ̄ (eπ f )| ≤ n · ε + |τ̄ (eπ f )|.
(4.8)
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Notice that all the rows in the matrix eπ f are equal to the vector

[ ∑

1≤i≤n

πi fi1, . . . ,
∑

1≤i≤n

πi fin

]
.

Hence the properties of τ̄ imply that

|τ̄ (eπ f )| =
∣∣∣∣

∑

1≤i, j≤n

τ(πi fi j )

∣∣∣∣ =
∣∣∣∣

∑

1≤i, j≤n

τ( fi jπi )

∣∣∣∣ =
∣∣∣∣

∑

1≤i, j≤n

〈 fi jπi ([1]]), [1]]〉
∣∣∣∣

and so the Cauchy–Schwarz inequality yields

|τ̄ (eπ f )| ≤
∑

1≤i, j≤n

|〈πi ([1]]), f ∗
i j ([1]])〉| ≤

∑

1≤i, j≤n

||πi ([1]])||2 · || f ∗
i j ([1]])||2.

(4.9)

By (4.6), for each 1 ≤ i ≤ n one computes

||πi ([1]])||22 = 1

|U : O|2
〈 ∑

r∈U/O
([r ]] − [sir ]]),

∑

r ′∈U/O
([r ′]] − [sir ′]])

〉
= 2

|U : O| ,

having [r ]] �= [sir ′]] and [r ′]] �= [sir ]] for all r , r ′ ∈ U/O (because U ∩ siU = ∅).
Then, the inequalities (4.8) and (4.9) imply that

n

|U : O| ≤ n · ε +
√

2

|U : O|
( ∑

1≤i, j≤n

|| f ∗
i j ([1]])||2

)
. (4.10)

Using the explicit equivalence between the �1-norm and the �2-norm in R
n2 for the

vector [|| f ∗
i j ([1]])||2]1≤i, j≤n, one obtains

∑

1≤i, j≤n

|| f ∗
i j ([1]])||2 ≤ n ·

√ ∑

1≤i, j≤n

|| f ∗
i j ([1]])||22.

Therefore, (4.10) and Remark 3.9(a) yield

n

|U : O| ≤ n ·
(

ε +
√√√√ 2

|U : O|
∑

1≤i, j≤n

|| f ∗
i j ([1]])||22

)

= n ·
(

ε +
√

2

|U : O| τ̄ ( f )

)
, (4.11)

for every ε > 0.

123



Unimodular totally disconnected locally compact groups… 951

Since τ̄ (α) = τ̄ (p) ≥ τ̄ ( f ) for every ε > 0 (cf. Fact 4.7(b) and Remark 3.9(b)), it
follows from (4.11) that

τ̄ (α) ≥ 1

2|U : O| .

By Remark 4.6, one concludes that

ρ̃(NG
U ) = τ̄ (α)μO ≥ 1

2|U : O|μO = 1

2
μU .


�
Corollary 4.9 Let G be a compactly generated unimodular t.d.l.c. group with
cdQ(G) ≤ 1. Then χ̃G ≤ 1

2μU for every U ∈ CO(G), U �= G. In particular,

χ̃G = 1

2
μU ⇐⇒ ρ̃(NG

U ) = 1

2
μU . (4.12)

Proof By Propositions 4.2 and 4.4, for every U ∈ CO(G) one has

χ̃G = ρ̃(Q) = ρ̃(Cc(G, Q)U ) − ρ̃(NG
U ) = μU − ρ̃(NG

U ).

The claim follows directly from Proposition 4.8. 
�
Theorem 4.10 Let G be a compactly generated unimodular t.d.l.c. group with
cdQ(G) = 1. Then χ̃G ≤ 0. Moreover χ̃G = 0 if, and only if, G = X ∗U Y for
some compact open subgroups X ,Y ,U ≤ G satisfying |X : U | = |Y : U | = 2.

Proof First note that χ̃O = ρ̃(Q[G/O]) = μO for every compact open subgroup
O ≤ G (cf. Sect.4.1). By [6, Theorem A∗], G splits non-trivially over a compact
open subgroup U ∈ CO(G). Suppose first that G = X ∗U Y , for some compact open
subgroup U and compactly generated open subgroups X ,Y of G different to U (cf.
[6, Proposition 4.1]). By Proposition 4.3(a) and Corollary 4.9, one has

χ̃G = χ̃X + χ̃Y − χ̃U ≤ 1

2
μU + 1

2
μU − μU ≤ 0. (4.13)

Similarly, let G = X∗tU for some compact open subgroup U ≤ G and compactly
generated open subgroup X ≤ G different to U . From Proposition 4.3(b) and Corol-
lary 4.9 one deduces that

χ̃G = χ̃X − χ̃U ≤ 1

2
μU − μU < 0. (4.14)

If χ̃G = 0, then (4.13) and (4.14) imply that G = X ∗U Y for some compact open
subgroup U ≤ G and compactly generated open subgroups X ,Y ≤ G different to U
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952 I. Castellano et al.

(cf. [6, Proposition 4.1]). Moreover, (4.13) yields to

z := χ̃X − 1

2
μU = 1

2
μU − χ̃Y . (4.15)

ByCorollary 4.9 applied to X andY , respectively, one deduces that z is simultaneously
non-positive and non-negative and therefore equal to 0. Since cdQ(X), cdQ(Y ) ≤
cdQ(G) = 1 (cf. [9, Proposition 3.7(c)]), the first part of the theorem implies that
cdQ(X) = cdQ(Y ) = 0 and then X and Y are compact (cf. [9, Proposition 3.7(a)]).
Thus,

μX = χ̃X = 1

2
μU = χ̃Y = μX .

Since μO1 = |O1 : O2|−1μO2 for all compact open subgroups O1,O2 ≤ G with
O2 ≤ O1, this yields the “only if” part of the claim. The “if” part is a direct conse-
quence of Proposition 4.3(a). 
�

Remark 4.11 By Theorem 4.10, the equivalence in (4.12) refines, for every U ∈
CO(G) with U �= G, as follows:

χ̃G = 1

2
μU ⇐⇒ ρ̃(NG

U ) = 1

2
μU ⇐⇒ |G : U | = 2.

5 Accessibility: general results

5.1 Graphs, trees and graphs of groups

The notion of graph here adopted is the one of J.-P. Serre (cf. [27, p. 13]). Namely,
a graph � = (V (�),E (�), o, t, ·) consists of a (non-empty) set of vertices V (�),

a set of edges E (�), origin and terminus maps o, t : E (�) −→ V (�) and an edge-
reversing map · : E (�) −→ E (�), which is an involution satisfying o(e) = t(e) and
e �= e for every e ∈ E (�).

A path p = (e1, . . . , en) is a finite sequence of edges such that o(ei+1) = t(ei ), for
every 1 ≤ i ≤ n − 1. In particular, p is reduced if ei+1 �= ei for every i < n. A cycle
(e1, . . . , en) is a closed path, i.e., o(e1) = t(en). A graph is connected if it is either
a 1-point graph or, for every two vertices v,w, there exists a path (e1, . . . , en) with
o(e1) = v and t(en) = w. A tree is a connected graph with no reduced cycles.

Adapting [27, Definition 8, p. 37] to the t.d.l.c. context, one obtains the notion of
graph of t.d.l.c. groups (G ,�). Namely,

(G1) � is a connected graph;
(G2) G is a family of t.d.l.c. groups Gv (v ∈ V (�)) and Ge (e ∈ E (�)) satisfying

Ge = Gē, ∀ e ∈ E (�);
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Unimodular totally disconnected locally compact groups… 953

(G3) for every e ∈ E (�), there is a group monomorphism αe : Ge → Gt(e) that is
continuous and open.

The graph of groups (G ,�) is called proper if, whenever αe is surjective, then
o(e) = t(e). For every graph of t.d.l.c. groups (G ,�), the (abstract) fundamental
group π1(G ,�) of (G ,�) can be equipped with a group topology τ such that

(F1) π1(G ,�) is a t.d.l.c. group; and
(F2) the natural inclusions Gv ↪→ π1(G ,�) and Ge ↪→ π1(G ,�) are continuous and

open;

(cf. [3, §III.2, Proposition 1]). Moreover, the group topology τ is uniquely deter-
mined by properties (F1) and (F2). From now on, the group π1(G ,�) is regarded as
a t.d.l.c. group. The construction of the fundamental group depends on the choice of
a maximal subtree T ⊆ �. Nevertheless, we shall denote the fundamental group by
π1(G ,�,T ) only if the maximal subtree is relevant.

Several concepts concerning graphs of groups transfer verbatim to the t.d.l.c. con-
text. In particular, we recall the following construction (cf. [12, pp. 30-31]). Let (G ,�)

be a graph of t.d.l.c. groups with compact edge-groups. Let V ⊆ V (�) and, for
every v ∈ V, assume that there is a graph of t.d.l.c. groups (H (v), �(v)) such that
Gv = π1(H (v), �(v)). For every e ∈ E (�) with t(e) ∈ V, let x = xe ∈ V (�(t(e)))

and ge ∈ Gt(e) be such that the image of Ge in Gt(e) lies in ge(H (t(e)))x g−1
e . For

every such e, since Ge is profinite, the pair (ge, xe) exists by the Bruhat–Tits fixed
point theorem (although it is not uniquely determined by e). One defines the graph
of t.d.l.c. groups (H , �) obtained from (G ,�) by expanding V with {�(v)}v∈V
and with respect to {(ge, xe)}e∈E (�), t(e)∈V as follows. The graph � has vertex-set⊔

v∈V V (�(v)) � (
V (�)\V)

and edge-set
⊔

v∈V E (�(v)) � E (�). The inversion map
in � is the obvious one. The origin and terminus maps, denoted by o� and t� respec-
tively, are defined so that:

(i) for every v ∈ V, �(v) is a subgraph of �;
(ii) the map t� coincides with the terminus map t� in � on every e ∈ E (�)

with t�(e) /∈ V; and
(iii) for every e ∈ E (�) with t�(e) ∈ V, one has t�(e) = xe.

The relevant graph of t.d.l.c. groups (H , �) is defined as follows:

(i) for every x ∈ (V (�)\V)�E (�) letHx := Gx ; for all v ∈ V and x ∈ V (�(v))�
E (�(v)), let Hx := H (v)

x ;
(ii) for every e ∈ E (�), the monomorphism He ↪→ Ht�(e) is the monomorphism

Ge ↪→ Gt�(e) (resp. H
(v)
e ↪→ H (v)

t
�(v) (e)

) if e ∈ E (�) and t�(e) /∈ V (resp. e ∈
E (�(v))) and, if e ∈ E (�) and t�(e) ∈ V, it is the monomorphism Ge ↪→ Gt�(e)
followed by the right-conjugation by ge.

Lemma 5.1 (cf. [12, Lemma 2]) For (G , �) and (H , �) as before, one has
π1(G ,�) � π1(H , �).

Proposition 5.2 (Generalised Mayer–Vietoris sequence) Let G denote the fundamen-
tal group of the graph of t.d.l.c. groups (G ,�). Let E + ⊆ E (�) be an orientation on
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954 I. Castellano et al.

the edges of�, i.e., |E + ∩{e, e}| = 1 for every e ∈ E (�). For each M ∈ ob(Q[G]dis),
one has a long exact sequence

· · ·
∏

v∈V (�)

dHn(Gv, M)
∏

e∈E +
dHn(Ge, M) dHn+1(G, M) · · ·

In particular,

sup
v∈V (�)

cdQ(Gv) ≤ cdQ(G) ≤ sup{cdQ(Gv), 1 + cdQ(Ge) | v ∈ V (�), e ∈ E +}.
(5.1)

Proof The first part of the statement is [9, Proposition 5.4(a)]. From this, one easily
deduces the second inequality of (5.1). Finally, the first inequality in (5.1) is due to [9,
Proposition 3.7(c)]. 
�

Proposition 4.3 implies the following generalisation of [7, Corollary C].

Proposition 5.3 Let G be a unimodular t.d.l.c. groupwhich is isomorphic toπ1(G ,�),

for some finite graph (G ,�) of t.d.l.c. groups of type FP. Then G is of type FP and,
for a given orientation E + ⊆ E (�), one has

χ̃G =
∑

v∈V (�)

χ̃Gv
−

∑

e∈E +
χ̃Ge .

The equality in Proposition 5.3 must be interpreted as an equality among the coef-
ficients of the given Euler–Poincaré characteristics, all computed with respect to a
compact open subgroup in

⋂
e∈E + Ge. Here, every Gv and every Ge are regarded as

open subgroups of G.

The following proposition focuses on a situation arising in Proposition 5.10, and
will play a key role in the proof of Corollary 5.11. Contrary to the previous results,
this situation can happen only for non-discrete t.d.l.c. groups.

5.2 Accessibility of t.d.l.c. groups

A t.d.l.c. group G is said to split over a compact open subgroup if one of the following
two conditions occurs:

(α) G � π1(G ,�), where � is the connected graph with two distinct vertices v,w

and one geometric edge {e, ē}, and Ge ∈ CO(G). In other words, G is isomorphic
to the t.d.l.c. free product with amalgamationGv ∗GeGw (cf. [14, Definition 8.B.8]).

(β) G � π1(G ,�), where � is the connected graph with one vertex v and one
geometric edge {e, ē}, and Ge ∈ CO(G). In other words, G is isomorphic to the
t.d.l.c. HNN-extension Gv∗eGe,αe

, where e is regarded as the stable letter of the
extension (cf. [14, Definition 8.B.8]).
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Unimodular totally disconnected locally compact groups… 955

In particular, G splits non-trivially if Ge is strictly contained in each vertex-group.
By construction, the vertex-groups of (G ,�) are open subgroups of G. Moreover,
by [6, Proposition 4.1], if G is compactly generated and splits as above, then the
vertex-groups of (G ,�) are compactly generated.

The decomposition theorem due to H. Abels, which is included in [6, TheoremA∗],
implies that every compactly generated t.d.l.c. group with more than one end splits
non-trivially over a compact open subgroup. In particular, the notion of accessibility
carries over to the t.d.l.c. context as follows ([19, Definition 8] and [6]).

A compactly generated t.d.l.c. group G is said to be accessible if it is isomorphic
to the Bass–Serre fundamental group of a finite graph of t.d.l.c. groups (G ,�) with
compact edge-groups and whose vertex-groups have at most one end.

According to the cohomological characterisation of compactly generated t.d.l.c.
groups with more than one end (cf. Sect. 2 or [6, Theorem A∗]), the concept of
accessibility can be reformulated in the following terms.

Definition 5.4 A compactly generated t.d.l.c. group G is accessible if

(A1) G is isomorphic to the fundamental group of a finite graph of t.d.l.c. groups
(G ,�) with compact edge-groups; and

(A2) dH1(Gv,Bi(Gv)) = 0 for every v ∈ V (�).

Fact 5.5 Let G be a compactly generated t.d.l.c. group with cdQ(G) = 1. Then G
splits non-trivially over a compact open subgroup. Moreover, for every finite graph of
t.d.l.c. groups (G ,�) with compact edge-groups satisfying G � π1(G ,�) and every
v ∈ V (�), either Gv is compact (if cdQ(Gv) = 0) or it is compactly generated and
splits non-trivially over a compact open subgroup (if cdQ(Gv) = 1). In particular
G is accessible if, and only if, G is isomorphic to the fundamental group of a finite
proper graph of profinite groups.

Proof If G is compactly generated with cdQ(G) = 1, then it is evidently of type FP
and so dH1(G,Bi(G)) �= 0 by [9, Proposition 4.7]. By [6, TheoremA∗],G splits non-
trivially over a compact open subgroup. Let (G ,�) be a graph of t.d.l.c. groups with
compact edge-groups satisfying G � π1(G ,�). Recall that, for every v ∈ V (�), the
groupGv canbe regarded as anopen subgroupofG � π1(G ,�).Thus,Gv is compactly
generated and cdQ(Gv) ≤ 1 (cf. [6, Proposition 4.1] and [9, Proposition 3.7(c)]).
Therefore, Gv either is compact (if cdQ(Gv) = 0) or splits non-trivially over a compact
open subgroup (if cdQ(Gv) = 1). Hence the first and the second statements of the
claim hold. The last part of the assertion follows from Definition 5.4 and the fact that
a t.d.l.c. group H of type FP satisfying cdQ(H) ≤ 1 and dH1(H ,Bi(H)) = 0 is
necessarily compact (cf. [9, Proposition 3.7(a), Proposition 4.7]). 
�

The following fact has been proved in [9, Proposition 5.6].

Fact 5.6 Let G be the t.d.l.c. fundamental group of a graph of profinite groups. Then
cdQ(G) ≤ 1.

As a consequence of Lemma 5.1, one obtains the following result.

Proposition 5.7 Suppose that a t.d.l.c. group G is isomorphic to π1(G ,�), where
(G ,�) is a finite graph of t.d.l.c. groups satisfying the following properties:
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(i) every edge-group Ge is compact;
(ii) every vertex-group Gv is accessible.

Then G is accessible.

Proposition 5.8 Let G be a compactly generated unimodular t.d.l.c. group of type
FP. Let {(Gn,�n)}n≥1 be an infinite sequence of finite graphs of t.d.l.c. groups with
compact edge-groups, G � π1(Gn,�n) for every n ≥ 1. Moreover, assume that for
every n ≥ 2 there are bijections ϕn : V (�n) → V (�1) and ψn : E (�n) → E (�1),

with ψn commuting with the edge-inversion maps, and there is en ∈ E (�n) with
vn := o(en) such that:

(i) (Gn)vn is inaccessible, ϕn(vn) = ϕn+1(vn+1), and (Gn+1)en+1 is G-conjugate to
a proper subgroup of (Gn)en ;

(ii) for every w ∈ V (�n)\{vn}, the group (Gn)w is G-conjugate to (G1)ϕn(w) and,
for every f ∈ E (�n)\{en, en}, the group (Gn)f is G-conjugate to a subgroup of
(G1)ψn(f).

Then cdQ(G) �= 1.

Proof Assume that cdQ(G) = 1 and let n ≥ 2.ByProposition 5.3, given an orientation
E +
n of E (�n) with en ∈ E +

n , one has

χ̃G =
∑

w∈V (�n),
w �=vn

χ̃(Gn)w −
∑

f∈E +
n ,

f �=en

μ(Gn)f

︸ ︷︷ ︸
=:ηn(G)

+ χ̃(Gn)vn
− μ(Gn)en

. (5.2)

By (ii), one has χ̃(Gn)w = χ̃(G1)ϕn (w)
for every w ∈ V (�n)\{vn}. Moreover, again by

(ii), for every f ∈ E +
n there is g = gf ∈ G such that g(Gn)fg−1 ≤ (G1)ψn(f) and then

μ(Gn)f = μg(Gn)f g−1 = |(G1)ψn(f) : g(Gn)fg
−1|μ(G1)ψn (f) ≥ μ(G1)ψn (f) .

We now find a quantity η(G), independent of n, such that

ηn(G) − μ(Gn)en
≤ η(G) − 1

2
μ(Gn)en

, ∀ n ≥ 2. (5.3)
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In detail, let v := ϕ2(v2) and recall that, by (i), one has v = ϕn(vn) for every n ≥ 2.
Then, one observes what follows:

ηn(G) − μ(Gn)en
≤

∑

w∈V (�n),
w �=vn

χ̃(Gn)w − 1

2
·

∑

f∈E +
n ,

f �=en

μ(Gn)f − μ(Gn)en

=
∑

w∈V (�n),
w �=vn

χ̃(Gn)w − 1

2
·
∑

f∈E +
n

μ(Gn)f − 1

2
μ(Gn)en

≤
∑

w∈V (�n),
w �=vn

χ̃(G1)ϕn (w)
− 1

2
·
∑

f∈E +
n

μ(G1)ψn (f) − 1

2
μ(Gn)en

=
∑

w∈V (�1),
w �=v

χ̃(G1)w − 1

4
·

∑

f∈E (�1)

μ(G1)f

︸ ︷︷ ︸
=:η(G)

−1

2
μ(Gn)en

.

For the last equality of (5.3) we have used that E (�1) = ψn(E (�n)) = ψn(E +
n ) �

ψn(E
+
n ) and that (G1)f = (G1)f for every f ∈ E (�1).

Let {On}n≥1 be the sequence of compact open subgroups of G provided by (i) such
that O1 ≥ O2 > . . . > On > . . . and On is G-conjugate to (Gn)en for each n ≥ 1.
Then, for every n ≥ 2,

μ(Gn)en
= μOn = |O1 : On|μO1 =

( n−1∏

i=1

|Oi : Oi+1|
)

μO1 ≥ 2n−1μO1 . (5.4)

Moreover, Theorem 4.10 yields χ̃(Gn)ϕn (v)
≤ 0. This, together with (5.2), (5.3) and

(5.4), implies that

χ̃G ≤ ηn(G) − μ(Gn)en
= ηn(G) − μOn ≤ η(G) − 2n−2μO1 ,

for every n ≥ 2. This contradicts the fact that χ̃G = r · μO1 for some fixed r ∈ Q. 
�
Lemma 5.9 Let G be a compactly generated inaccessible t.d.l.c. group. Consider
a finite proper graph of t.d.l.c. groups (G ,�) with compact edge-groups such that
G � π1(G ,�), and let v ∈ V (�) such that Gv is inaccessible. Then there are two
finite graphs of t.d.l.c. groups (H , �) and (G ′,�′) with compact edge-groups such
that: (G ′,�′) is proper, |E (�)| = |E (�)| + 2, |E (�′)| ∈ {|E (�)|, |E (�)| + 2}, and
G � π1(H , �) � π1(G ′,�′).

In addition, the pair ((H , �), (G ′,�′)) satisfies exactly one of the two following
conditions:
(A) (H , �) is proper, (G ′,�′) = (H , �) and there is an injective map ι : V (�) ↪→

V (�′) such that G ′
ι(v) is G-conjugate to an inaccessible proper subgroup of Gv;
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(B) (H , �) is not proper. Moreover, there are bijections

ϕ : V (�′) → V (�) and ψ : E (�′) → E (�),

with ψ commuting with the edge-inversion maps, such that the following prop-
erties hold:

(B1) G ′
ϕ−1(v)

is an inaccessible proper subgroup of Gv;
(B2) for every w ∈ V (�′)\{ϕ−1(v)}, the group G ′

w is G-conjugate to Gϕ(w)

and, for every f ′ ∈ E (�′), the group Gf ′ is G-conjugate to a subgroup of
Gψ(f ′). In particular, there is e ∈ E (�′) with o(e) = ϕ−1(v) such that G ′

e is
G-conjugate to a proper subgroup of Gψ(e).

Proof By Proposition 5.7, there is a vertex-group Gv of (G ,�) which is inaccessible.
By Fact 5.5, Gv splits non-trivially over a compact open subgroup C, say either Gv =
A ∗C B or Gv = A ∗tC . In other words, Gv is isomorphic to the fundamental group of
either a 1-segment of groups (if Gv = A ∗C B):

A•v
C
e

B•w

or a 1-loop of groups (if Gv = A∗tC ):

A•v Ce

Without loss of generality, assume that A is inaccessible.
For every f ∈ E (�) with t�(f) = v (here t�( ) is the terminus map in �), assign f

a pair (gf , xf ) with gf ∈ Gv and xf ∈ {v,w} satisfy αf (Gf ) ⊆ gf Ag
−1
f if xf = v and

αf (Gf ) ⊆ gf Bg
−1
f if xf = w, provided αf : Gf ↪→ Gv is themonomorphism associated

to f in (G ,�). By the Bruhat–Tits fixed point theorem, the pair (gf , xf ) exists.
Assume first that Gv = A∗C B. Let (H , �) be the graph of t.d.l.c. groups obtained

from (G ,�) by expanding {v}with v• e w• with respect to {(gf , xf )}f∈E (�), t(f)=v

and such thatG � π1(H , �) (cf. the construction before Lemma 5.1). Note that every
edge f of � ending in v will terminate, as an edge of �, either in v or in w according
to xf . Note also that Hv = A, Hw = B and He = C .

Analogously, if Gv = A∗tC , let (H , �) be the graph of t.d.l.c. groups obtained

from (G ,�) by expanding {v} with
v• e with respect to

{(gf , v)}f∈E (�), t(f)=v and such that G � π1(H , �).Note thatHv = A andHe = C .

In both cases, one has |E (�)| = |E (�)| + 2 and the vertex-group Hv = A is (by
assumption) an inaccessible proper subgroup of Gv.

If (H , �) is proper, for (G ′,�′) := (H , �) one easily checks that (A) holds.
Assume that (H , �) is not proper. Since (G ,�) is proper and Gv is non-compact,
necessarily Gv = A ∗C B and there is a path (e, f) in � with f �= ē, because C is
properly contained in B, and w = o(f) �= t(f) = w′ such thatHw = Ho(f) = Hf �

123



Unimodular totally disconnected locally compact groups… 959

Ht(f) = Hw′ .

Hv•
He

Hw=Hf•
Hf

Ht(f)=Hw′•

Let (G ′,�′) be the finite graph of t.d.l.c. groups obtained from (H , �) by contracting
the edge f, i.e., V (�′) := V (�)\{w} = V (�), E (�′) := E (�)\{f, f}, and the origin
and the terminus of e in�′ are the vertices v andw′, respectively. Notice that all edges
of � with origin w that survive in �′ have now origin in w′ after the relabelling.

• •w′ •

•v e •w

f
a

b

• •

→ • •

•v e •w′

a

b

• •

Moreover, G ′
x = Hx for all x ∈ V (�′) � E (�′). Note that (G ′,�′) is proper. Indeed,

since (G ,�) is proper, the only possibility for (G ′,�′) not being proper is that there
exists a ∈ E (�′)\{e} with o(a) = w′ such that G ′

w′ = G ′
a. However, as a was an edge

in � with origin w, one has that Ha ⊂ Hw. Moreover, the inclusion must be strict
because (G ,�) is proper. Therefore, G ′

a = Ha � Hw = Hf � Ht(f) = G ′
w′ . Define

ϕ := idV (�) and

ψ : E (�′) → E (�), ψ(f ′) :=

⎧
⎪⎨

⎪⎩

f ′, if f ′ ∈ E (�′)\{e, e},
f, if f ′ = e,
f̄, if f ′ = ē.

It is now easy to check that the pair ((H , �), (G ′,�′)) satisfies condition (B) of the
claim. 
�
Proposition 5.10 Let G be a compactly generated inaccessible t.d.l.c. group. Then
there exists an infinite sequence {(Gn,�n)}n≥1 of finite proper graphs of t.d.l.c. groups
having compact edge-groups satisfying G � π1(Gn,�n) for every n ≥ 1. Moreover,
exactly one of the following conditions holds:
(a) |E (�n)| = 2n for every n ≥ 1;
(b) for every n ≥ 2, there are bijections ϕn : V (�n) → V (�1) and ψn : E (�n) →

E (�1), with ψn commuting with the edge-inversion maps, and there is en ∈
E (�n) with vn := o(en) such that:
(i) (Gn)vn is inaccessible;
(ii) for every w ∈ V (�n)\{vn}, the group (Gn)w is G-conjugate to (G1)ϕn(w)

and, for every f ∈ E (�n), the group (Gn)f is G-conjugate to a subgroup of
(G1)ψn(f).
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Moreover, for every n ≥ 2, one has ϕn(vn) = ϕn+1(vn+1) and (Gn+1)en+1 is
G-conjugate to a proper subgroup of (Gn)en .

Proof By Fact 5.5, there is a finite proper graph of t.d.l.c. groups (G1,�1) with com-
pact edge-groups such that |E (�1)| = 2 and G � π1(G1,�1). Applying Lemma 5.9
and proceeding by induction, one constructs two infinite sequences of finite graphs
of t.d.l.c. groups {(Gn,�n)}n≥1 and {(Hn, �n)}n≥1 with compact edge-groups satis-
fying, for every n ≥ 1, what follows: (Gn,�n) is proper, |E (�n+1)| = |E (�n)| + 2,
|E (�n+1)| ∈ {|E (�n)|, |E (�n)| + 2}, G � π1(Gn,�n) � π1(Hn, �n), and the pair
((Hn, �n), (Gn+1,�n+1)) meets either condition (A) or condition (B) of Lemma 5.9.
If there are infinitely many n ≥ 1 for which condition (A) is satisfied, there is a
subsequence of {(Gn,�n)}n≥1 satisfying (a).

Assume instead that there is n0 ≥ 1 such that condition (B) holds for every n ≥ n0.
Let v ∈ V (�n0) such that (Gn0)v is inaccessible (cf. Proposition 5.7). By Lemma 5.9,
for alln ≥ n0 there are bijections ϕ̃n+1 : V (�n+1) → V (�n) and ψ̃n+1 : E (�n+1) →
E (�n), with ψ̃n+1 commuting with the edge-inversion maps, and there is vn+1 ∈
V (�n+1) such that ϕ̃n0+1(vn0+1) = v and ϕ̃n+1(vn+1) = vn for every n ≥ n0 + 1.
Moreover, for every n ≥ n0, the following holds:

(b1) (Gn+1)vn+1 is inaccessible;
(b2) for every w ∈ V (�n+1)\{vn+1}, the group (Gn+1)w is G-conjugate to

(Gn)ϕ̃n+1(w) and, for every f ∈ E (�n+1), the group (Gn+1)f is G-conjugate to a
subgroup of (Gn)ψ̃n+1(f)

. In particular, there is e ∈ E (�n+1) with o(e) = vn+1

such that (Gn+1)e is G-conjugate to a proper subgroup of (Gn)ψ̃n+1(e)
.

Up to replacing {(Gn,�n)}n≥n0 with a subsequence, one may assume that for every
n ≥ n0 there is en ∈ E (�n) with o(en) = vn such that (Gn+1)en+1 is G-conjugate to a
proper subgroup of (Gn)en . This is indeed a consequence of (b2) and the fact that �n0
has finitely many edges. Defining ϕn := ϕ̃n ◦ . . . ◦ ϕ̃n0+1 and ψn := ψ̃n ◦ . . . ◦ ψ̃n0+1
for every n > n0, one concludes that {(Gn,�n)}n≥n0 satisfies condition (b) of the
claim. 
�

Combining Proposition 5.10 and Proposition 5.8, one deduces the following.

Corollary 5.11 Let G be a compactly generated unimodular t.d.l.c. group with
cdQ(G) = 1. If G is inaccessible, then there is an infinite sequence {(Gn,�n)}n≥1 of
finite proper graphs of t.d.l.c. groups having compact edge-groups,with |E (�n)| = 2n
and G � π1(Gn,�n) for every n ≥ 1.

5.3 CO-bounded t.d.l.c. groups

Let μ be a left-invariant Haar measure on a t.d.l.c. group G. The group G is said to
be CO-bounded if

||G||μ := sup{μ(U ) : U ∈ CO(G)} < ∞. (5.5)

For instance, a discrete group is CO-bounded if there is a bound on the order of its finite
subgroups. Being CO-bounded does not depend on the choice of the Haar measure.
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Indeed, if λ is another left-invariant Haar measure on G, there is c > 0 such that
λ = c · μ.

Proposition 5.12 Every CO-bounded t.d.l.c. group is unimodular.

Proof Let � : G → Q>0 denote the modular function of G and, for a given U ∈
CO(G), let μU be the left-invariant Haar measure on G such that μU (U ) = 1.
Observe that �(g) = μU (g−1Ug) ≤ ||G||μU , for every g ∈ G. Since Q>0 has no
non-trivial bounded subgroups, G is unimodular. 
�
Proposition 5.13 Let G be a CO-bounded t.d.l.c. group. Every strictly increasing
sequence of compact open subgroups of G is finite.

Proof Every strictly ascending chain of compact open subgroups U1 < U2 < · · · <

Un < · · · yields the following bounded (and hence finite) strictly increasing sequence
of positive integers

1 < μU1(U2) = |U2 : U1| < · · · < μU1(Un) = |Un : U1| < · · · .

Indeed, for every i ≥ 2, the set Ui\Ui−1 is a non-empty open set in G and, therefore,
0 < μU1(Ui\Ui−1) = μU1(Ui ) − μU1(Ui−1). 
�
Example 5.14 Let G be a t.d.l.c. group.

(a) If G is unimodular and admits an ECO(G)-space with finitely many orbits on the
0-skeleton, then G is CO-bounded. Indeed, every O ∈ CO(G) stabilises a point
of X and henceforth it is subconjugated to a vertex-stabiliser (cf. [9, §6.6]). By
unimodularity and since there are finitely many conjugacy classes of stabilisers
of vertices, G is CO-bounded.
For instance, if G is unimodular and G � π1(G ,�) for some graph (G ,�) of
profinite groupswith |V (�)| < ∞, thenG is CO-bounded. Indeed, the universal
tree of (G ,�) is a 1-dimensional model for ECO(G) (cf. [22, Theorem 4.9]) and
has finitely many orbits on the 0-skeleton. In particular, if cdQ(G) ≤ 1 and G
is either finitely generated and discrete or unimodular and compactly presented,
then G is CO-bounded (cf. Theorems A and C).

(b) One can introduce the Bredon cohomology for G with respect to the family of
all compact open subgroups (cf. [23, p. 14ff]). A natural generalisation of (a) is
given by unimodular t.d.l.c. groups which are of type Bredon FP0, i.e., there is a
finite subset A of CO(G) such that every O ∈ CO(G) is subconjugate to some
element of A (cf. [20, §3]).

Theorem 5.15 Let G be a compactly generated t.d.l.c. group satisfying cdQ(G) = 1.
If G is CO-bounded, then G is accessible.

Proof Suppose that G is inaccessible. Let {(Gn,�n)}n≥1 be the sequence produced
by Corollary 5.11. For every n ≥ 1 fix an edge orientation E +

n ⊆ E (�n), a maximal
subtree Tn of �n and vn ∈ V (�n) such that (Gn)vn is non-compact (such a vertex
exists because G is inaccessible). By [27, §I.2, Proposition 12], there exists a bijection
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E +
n ∩ E (Tn) −→ V (Tn)\{vn} = V (�n)\{vn}. Replacing e ∈ E +

n ∩ E (Tn) by ē if
necessary, we may assume that the bijection is given by the origin map e �→ o(e). By
Proposition 5.3, for every n ≥ 1 one has

χ̃G =
∑

v∈V (�n)

χ̃(Gn)v −
∑

e∈E +
n

μ(Gn)e

= χ̃(Gn)vn
+

∑

e∈E +
n ∩E (Tn)

(χ̃(Gn)o(e) − μ(Gn)e) −
∑

e∈E +
n \E (Tn)

μ(Gn)e

≤
∑

e∈E +
n ∩E (Tn)

(χ̃(Gn)o(e) − μ(Gn)e) −
∑

e∈E +
n \E (Tn)

μ(Gn)e , (5.6)

where the last inequality holds since χ̃(Gn)vn
≤ 0 (cf. Theorem 4.10). Let μ be an

arbitrary left-invariantHaarmeasure onG.ByCorollary 4.9, for every e ∈ E +
n ∩E (Tn)

one has

χ̃(Gn)o(e) − μ(Gn)e ≤ −1

2
μ(Gn)e = − 1

2μ((Gn)e)
μ ≤ − 1

2||G||μ μ. (5.7)

Moreover, for every e ∈ E +
n \E (Tn) one observes that

μ(Gn)e = 1

μ((Gn)e)
μ ≥ 1

||G||μ μ >
1

2||G||μ μ. (5.8)

Hence, from (5.6), (5.7) and (5.8) one concludes that

χ̃G ≤
(

− |E +
n ∩ E (Tn)|
2||G||μ − |E +

n \E (Tn)|
2||G||μ

)
· μ

= − |E +
n |

2||G||μ μ = −|E (�n)|
4||G||μ μ for every n ≥ 1,

a contradiction. Therefore, G is accessible. 
�
Remark 5.16 A potential generalisation of the Dunwoody’s foldings (cf. [16, The-
orem 2.3]) in the context of t.d.l.c. groups might lead to an alternative proof of
Theorem 5.15. Nevertheless, in order to prove that a t.d.l.c. group is accessible, one
would still need to exclude t.d.l.c. groups admitting an infinite sequence of decompo-
sitions as considered in Proposition 5.10(b).

Finally, Theorem 5.15 yields the following characterisation.

Corollary 5.17 For a compactly generated t.d.l.c. group G, the following are
equivalent:
(a) G is CO-bounded and cdQ(G) ≤ 1;
(b) G is unimodular and G � π1(G ,�), for some finite graph (G ,�) of profinite

groups;
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(c) G is unimodular and some (and hence every) Cayley–Abels graph of G is quasi-
isometric to a tree;

(d) G has a finitely generated free subgroup which is cocompact and discrete.

Proof The implication (a)⇒(b) is Proposition 5.12, Theorem 5.15 and Fact 5.5.
The converse is Fact 5.6 and Example 5.14(a). Finally, [19, Theorem 3.28] yields
(b)⇔(c)⇔(d). 
�
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