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1. Introduction

In [1] Adler, Konheim and McAndrew introduced a notion of topological entropy for continuous self-maps
of compact spaces. Later on, in [2], Bowen gave a definition of topological entropy for uniformly continuous
self-maps of metric spaces, that was extended by Hood in [31] to uniform spaces. This notion of entropy
coincides with the one for compact spaces (when the compact topological space is endowed with the unique
uniformity compatible with the topology), and it can be computed for any given continuous endomorphism
¢ : G — G of a topological group G (since ¢ turns out to be uniformly continuous with respect to the
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left uniformity of G). In particular, if G is a totally disconnected locally compact group, by van Dantzig’s
Theorem (see [42]) the family B, (G) = {U < G | U compact open} is a neighborhood basis at 0 in G,
and the topological entropy of the continuous endomorphism ¢ : G — G can be computed as follows (see
[22,28]). For a subset F of G and for every n € N, the n-th ¢-cotrajectory of F is

Co(¢,F)=FNo¢ 'FN...n¢ "TF

The topological entropy of ¢ with respect to U € By, (G) is

o1
Htop(¢, U) = nh_{[;O E IOg[U : Cn(¢7 U)]a
and the topological entropy of ¢ is

htop(¢) = Sup{Htop(¢a U) | U € BQT(G)}

A fundamental property of the topological entropy is the so-called Addition Theorem: it holds for a
topological group G, a continuous endomorphism ¢ : G — G and a closed normal subgroup H of G that is
¢-invariant (ie., oH < H), if

htop((b) = htOP((b rH) + htOP((b)a

where ¢ : G/H — G/H is the continuous endomorphism induced by ¢.

The Addition Theorem for continuous endomorphisms of compact groups was deduced in [21, Theo-
rem 8.3] from the metric case proved in a more general setting in [2, Theorem 19]; the separable case was
settled by Yuzvinski in [48]. Recently, in [28], the Addition Theorem was proved for topological automor-
phisms of totally disconnected locally compact groups; more precisely, taken G a totally disconnected locally
compact group, ¢ : G — G a continuous endomorphism and H a closed ¢-invariant normal subgroup of G,
if ¢ [ is surjective and the continuous endomorphism ¢ : G/H — G/H induced by ¢ is injective, then

Piop(®) = hiop(d Tr) + Piop(d).

The validity of the Addition Theorem in full generality for continuous endomorphisms of locally compact
groups remains an open problem, even in the totally disconnected (abelian) case.

In this paper we introduce a notion of topological entropy ent* for locally linearly compact vector spaces
by analogy with the topological entropy hyo), for totally disconnected locally compact groups. Recall that
a topological vector space V over a discrete field K was defined in [34] to be locally linearly compact if V
admits a neighborhood basis at 0 consisting of linearly compact open linear subspaces (see §2.1 for more
details and properties). Denote by B(V) the set of all linearly compact open linear subspaces of V; clearly,
V is locally linearly compact if and only if B(V') is a neighborhood basis at 0.

Definition 1.1. Let V' be a locally linearly compact vector space and ¢ : V' — V a continuous endomorphism.
The topological entropy of ¢ with respect to U € B(V) is

H*(¢,U) = lim ldim

and the topological entropy of ¢: V — V is

ent”™(¢) = sup{H"(¢,U) | U € B(V)}.
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The limit in (1.1) exists (see Proposition 3.2), and the deep reason for the existence of this limit is that,
for every U € B(V), its linear subspace Cy(¢,U) = U N ¢~ U (and analogously every C,(¢,U)) has finite
codimension in U (see §3.1, Remark 3.3, and see also Remark 1.3). Moreover, ent* is always zero on discrete
vector spaces (see Corollary 3.9), and it admits all the fundamental properties expected from an entropy
function (see §3.2).

One of the main results of the present paper is the Addition Theorem for locally linearly compact vector
spaces and their continuous endomorphisms:

Theorem 1.2 (Addition Theorem). Let V' be a locally linearly compact vector space, ¢ : V. — V a contin-
uous endomorphism, W a closed ¢-invariant linear subspace of V and ¢ : V/W — V/W the continuous
endomorphism induced by ¢. Then

ent* (@) = ent” (6 [w) + ent* ().

In case V is a locally linearly compact vector space over a discrete finite field F, then V is a totally
disconnected locally compact abelian group (see Proposition 2.7(b)) and

hiop(¢) = ent*(¢) - log ||

(see Proposition 3.11). So, with respect to the general problem of the validity of the Addition Theorem for
the topological entropy h:,, of continuous endomorphisms of locally compact groups, Theorem 1.2 covers
the case of those totally disconnected locally compact abelian groups that are also locally linearly compact
vector spaces.

To prove the Addition Theorem, we restrict first to the case of continuous endomorphisms of linearly
compact vector spaces (see §4.1), and then to topological automorphisms (see §4.2). The technique used for
the latter reduction was suggested to us by Simone Virili; in fact, Virili and Salce used it in a different context
in [40] giving credit to Gabriel [23]. Finally, in Section 5, we prove the Addition Theorem for topological
automorphisms (see Proposition 5.1), so that we can deduce it for all continuous endomorphisms of linearly
compact vector spaces (see Proposition 5.2).

A fundamental tool in the proof of the Addition Theorem is the so-called Limit-free Formula (see
Proposition 3.23), that permits to compute the topological entropy avoiding the limit in the definition
in Equation (1.1). Indeed, taken V a locally linearly compact vector space and ¢ : V' — V a continu-
ous endomorphism, for every U € B(V) we construct a linearly compact linear subspace Uy of V (see
Definition 3.21) such that Uy is an open linear subspace of ¢U, of finite codimension and

H*(¢,U) = dim %
U

This result is the counterpart of the same formula for the topological entropy h:,, of continuous endomor-
phisms of totally disconnected locally compact groups given in [28, Proposition 3.9] (see also [12] for the
compact case and [25] for the case of topological automorphisms). Note that a first Limit-free Formula was
sketched by Yuzvinski in [48] in the context of the algebraic entropy for endomorphisms of discrete abelian
groups; a gap in the formulation was found in [22], and the correct version of this Limit-free Formula was
later proved in a slightly more general setting in [12] (and extended in [27, Lemma 5.4] for the intrinsic
algebraic entropy of automorphisms of abelian groups).

In [1] Adler, Konheim and McAndrew also sketched a definition of algebraic entropy for endomorphisms
of abelian groups, that was later reconsidered by Weiss in [46], and recently by Dikranjan, Goldsmith, Salce
and Zanardo for torsion abelian groups in [19]. Later on, using the definitions of algebraic entropy given
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by Peters in [35,36], the algebraic entropy hqy, was extended in several steps (see [15,44]) to continuous
endomorphisms of locally compact abelian groups.

In [46] Weiss connected, in a so-called Bridge Theorem, the topological entropy h,, of a continuous
endomorphism ¢ : G — G of a totally disconnected compact abelian group G to the algebraic entropy hag
of the dual endomorphism ¢” : G — G of the Pontryagin dual G of G, by showing that

htop ((b) = halg ((b/\ ) .

The same connection was given by Peters in [35] for topological automorphisms of metrizable compact
abelian groups; moreover, these results were recently extended to continuous endomorphisms of compact
abelian groups in [11], to continuous endomorphisms of totally disconnected locally compact abelian groups
in [14], and to topological automorphisms of locally compact abelian groups in [43] (in a much more general
setting). The problem of the validity of the Bridge Theorem in the general case of continuous endomorphisms
of locally compact abelian groups is still open.

In [26] the algebraic dimension entropy entqi, was studied for endomorphisms of discrete vector spaces,
as a particular interesting case of the algebraic i-entropy ent; for endomorphisms of modules over a ring R
and an invariant ¢ of Mod(R), introduced in [38] as another generalization of Weiss’ algebraic entropy (see
also [39]). The algebraic dimension entropy is extended in [5] to locally linearly compact vector spaces, as
follows. Let ¢: V' — V be a continuous endomorphism of a locally linearly compact vector space V. For
every U € B(V) and n € N4, the n-th ¢-trajectory of U is

To(p,U) =U + ¢U + ...+ ¢"'U.

The algebraic entropy of ¢ with respect to U is

H(6U) = tan - dim T2 0)

n—oo n U ’

and the algebraic entropy of ¢ is

ent(¢) = sup{H (6, U) | U € B(V)}.

Remark 1.3. Let ¢: V — V be a continuous endomorphism of a locally linearly compact vector space V.
As noted above for the topological entropy, the deep reason for the existence of the limit in Equation (1.2)
is the fact that, for U € B(V), its linear subspace U N ¢U has finite codimension in U, that is, U has finite
codimension in T5(¢,U) = U 4+ ¢U. Furthermore, U has finite codimension in T, (¢, U) for every n € N.

This phenomenon was isolated in [18], where, for an endomorphism ¢ : G — G of an abelian group G,
a subgroup N of G is called ¢-inert if N has finite index in T2(p, N) = N + @N. Consequently, N has
finite index in T, (@, N) for every n € N4, and the intrinsic algebraic entropy of ¢ with respect to N can be
defined as

H(g,N) = lim 1Tu(e, N).

n—oo N N ’

the intrinsic algebraic entropy of ¢ is
ent(p) = sup{H(¢, N) | N < G p-inert}.

The concept of fully inert subgroup (i.e., a subgroup of G that is -inert for every endomorphism ¢ : G —
G) was investigated in [17,20,29], while the notion of inert endomorphism (i.e., an endomorphism ¢ : G — G
such that N is p-inert for every subgroup N of G) was deeply studied in [7-9]. For a comprehensive survey
on inert properties in group theory see [10].
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The second main result of this paper is the following Bridge Theorem, proved in Section 6, connecting
the topological entropy ent* with the algebraic entropy ent from [5] by means of Lefschetz Duality (see
§2.2). For a locally linearly compact vector space V and a continuous endomorphism ¢ : V' — V| we denote
by V the dual of V and by qAS : V = V the dual endomorphism of ¢ with respect to Lefschetz Duality.

Theorem 1.4 (Bridge Theorem). Let V' be a locally linearly compact vector space and ¢ : V- — V a continuous
endomorphism. Then

~

ent”(¢) = ent(o).

By analogy with the adjoint algebraic entropy for abelian groups from [16], the adjoint dimension entropy
was considered in [26]: for a discrete vector space V let C(V) = {N < V | dimV/N < oo}; for an
endomorphism ¢ : V — V', the adjoint dimension entropy of ¢ with respect to N is

Hiin(9,N) = Jim o dim -

and the adjoint dimension entropy is

entim(6) = sup{H* (9, N) | N € C(V)}.

It is known from [26, Theorem 6.12] that, for ¢* : V* — V* the dual endomorphism of the algebraic dual
V*ofV,

entgiy, (¢) = entaim(¢")- (1.3)

As a consequence, the adjoint dimension entropy ent};, is proved to take only the values 0 and oo (see [26,
Corollary 6.16]). So, imitating the same approach used in [24] for the adjoint algebraic entropy, a motivating
idea to introduce the topological entropy ent” in this paper is to “topologize” ent};, so that it admits all
possible values in NU {oo}. In fact, if V' is a linearly compact vector space and ¢ : V' — V a continuous
endomorphism, then B(V) C C(V), furthermore H*(¢,U) = H},, (¢,U) for U € B(V) (see Lemma 3.10),
and so ent*(¢) < ent};,(¢).

Moreover, if V' is a discrete vector space and ¢ : V' — V is an endomorphism, then Vis linearly compact;
it is also known from [5] that ent(¢) = entgim(¢), and so Theorem 1.4 gives the equality

-~

entgim (¢) = ent™ (), (1.4)

that appears to be more natural with respect to that in Equation (1.3).

As a consequence of the Bridge Theorem 1.4 and the Addition Theorem 1.2 for the topological entropy
ent*, we easily obtain the Addition Theorem for the algebraic entropy ent proved in [5] (see Corollary 6.3).
Clearly, in the same way, one could deduce Theorem 1.2 from Corollary 6.3 and Theorem 1.4.

We conclude by leaving an open question about the so-called Uniqueness Theorem. Indeed, a Uniqueness
Theorem for the topological entropy in the category of compact groups and continuous homomorphisms was
proved by Stojanov in [41]. The same result requires a shorter list of axioms restricting to compact abelian
groups (see [11, Corollary 3.3]).

We would say that the Uniqueness Theorem holds for the topological entropy ent* in the category of
all locally linearly compact vector spaces over a discrete field K and their continuous homomorphisms, if
ent* was the unique collection of functions entj, : End(V) — N U {oo}, ¢ — ent*(¢), satistying for every
locally linearly compact vector space V over K: Invariance under conjugation (see Proposition 3.15(a)),
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Continuity for inverse limits (see Proposition 3.15(e)), Addition Theorem, and ent*(r8) = dim F for any
finite-dimensional vector space F' over K, where V = @2:700 F o [],, F is endowed with the topology
inherited from the product topology of [[, ., F', and pf8: V = V, (25 )nez — (Tn+1)nez is the left Bernoulli
shift (see Example 3.16).

neEZ

Question 1.5. Does the Uniqueness Theorem hold for the topological entropy ent™ in the category of locally
linearly compact vector spaces over a discrete field K¢

The validity of the Uniqueness Theorem for ent™ in the category of all linearly compact vector spaces over
a discrete field K follows from the Uniqueness Theorem for the dimension entropy entgin, in the category of
all discrete vector spaces over K proved in [26] and from Equation (1.4).

It is a pleasure to thank the referee for the careful reading and his/her comments and suggestions, also
for a further development of the theory exposed in the present paper.

2. Background on locally linearly compact vector spaces
2.1. Locally linearly compact vector spaces

Fix an arbitrary field K endowed with the discrete topology. A Hausdorff topological K-vector space V
is linearly topologized if it admits a neighborhood basis at 0 consisting of linear subspaces of V. Clearly,
a linear subspace W of V with the induced topology is still linearly topologized, and the quotient vector
space V/W endowed with the quotient topology turns out to be linearly topologized whenever W is also
closed in V. A finite-dimensional linearly topologized vector space is necessarily discrete.

A linear variety of a linearly topologized vector space V is a coset v + W, where W is a linear subspace
of V and v € V; the linear variety v + W is closed if W is closed in V. Following Lefschetz [34], a linearly
compact space V is a linearly topologized vector space such that any collection of closed linear varieties of V'
with the finite intersection property has non-empty intersection. We recall the following known properties
that we frequently use in the paper.

Proposition 2.1 ([3/, page 78], [32, Propositions 2 and 9],[}5, Theorem 28.5]). Let V' be a linearly topologized
vector space.

(a) If W is a linearly compact linear subspace of V', then W is closed.

(b) If V is linearly compact and W is a closed linear subspace of V', then W is linearly compact.

(¢) If W is another linearly topologized vector space and ¢ : V. — W is continuous homomorphism and V
is linearly compact, then ¢W is linearly compact as well.

(d) If V is discrete, then V is linearly compact if and only if V has finite dimension.

(e) If W is a closed linear subspace of V, then V is linearly compact if and only if W and V/W are linearly
compact.

(f) The direct product of linearly compact vector spaces is linearly compact.

(9) An inverse limit of linearly compact vector spaces is linearly compact.

(h) If V is linearly compact, then V is complete.

The following result ensures that a continuous isomorphism ¢ : V. — W of linearly topologized vector
spaces is also open whenever V is linearly compact.
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Proposition 2.2 ([6, Proposition 1.1(v)]). Let V be a linearly compact vector space and W a linearly topol-
ogized vector space. If ¢: V. — W is a continuous homomorphism, then ¢: V. — ¢V is open. In particular,
any continuous bijective homomorphism ¢: V. — W is a topological isomorphism.

Recall that a linear filter base N of a linearly compact vector space V is a non-empty family of linear
subspaces of V satisfying

YU W eN, 3Z e N, such that Z < UNW.
Theorem 2.3 ([45, Theorem 28.20]). Let N be a linear filter base of a linearly compact vector space V.

(a) If W is a linearly topologized vector space and ¢ : V — W a continuous homomorphism, then

()0

NeN NeN

(b) If each member of N is closed and if M is a closed linear subspace of V', then

(| M+N)=M+ () N.
NeN NeN

Remark 2.4. In [30] Grothendieck introduced axioms for an abelian category A concerning the existence
and some properties of infinite direct sums and products. In particular, we are interested in the following
axiom.

(Ab5*) The category A is complete and if A is an object in A, {4;}icr is a lattice of subobjects of A
and B is any subobject of A, then

(B +A) =B+() A

i€l i€l

If the abelian category A satisfies the axiom (Ab5*), then the inverse limit functor from the category of
inverse systems on A to A is an exact additive functor (see [30, §1.5, §1.8]).

Now let us consider the complete abelian category gL.C of all linearly compact K-vector spaces. The sub-
objects of a linearly compact vector space V are the closed linear subspaces of V. Thus, by Theorem 2.3(a),
the category xLC satisfies the axiom (Ab5*), and so the corresponding inverse limit functor is exact.

A topological K-vector space V is locally linearly compact (briefly, 1.1.c.) if there exists a neighborhood
basis at 0 in V consisting of linearly compact open linear subspaces of V (see [34]). In particular, every
l.1.c. vector space V is linearly topologized. The structure of l.l.c. vector spaces is described by the following
result.

Theorem 2.5 ([34, (27.10), page 79]). A linearly topologized vector space V is Ll.c. if and only if V. Z4op
Ve®Vy, where V. is a linearly compact linear subspace and Vy is a discrete linear subspace of V. In particular,

V. e B(V).

Thus, every ll.c. vector space is complete. Moreover, the class of all 1.1.c. vector spaces is closed under
taking closed linear subspaces, quotient vector spaces modulo closed linear subspaces and extensions.
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In view of [5, Proposition 3], for an l.1.c. vector space V and W a closed linear subspace of V,

BW)={UNW |UeB(V)} and BV/W)= {U;VW

|U e B(V)} . (2.1)
2.2. Lefschetz Duality

Let V' be an ll.c. vector space and let CHom(V,K) be the vector space of all continuous characters
V — K. For a linear subspace A of V, the annihilator of A in CHom(V,K) is

L = {x € CHom(V,K) : x(A4) = 0}.

By [33, 4.(17), page 86], the continuous characters in CHom(V,K) separate the points of V.
We denote by V the vector space CHom(V, K) endowed with the topology having the family

{At | A<V, A linearly compact}

as neighborhood basis at 0. The linearly topologized vector space V is an Llc. vector space (see [34]). In
particular, V is discrete whenever V is linearly compact since 0 = V= is open. More generally, V is discrete
if and only if V is linearly compact, and V is linearly compact if and only if V is discrete. Moreover, if V'
has finite dimension, then V is discrete and V is the algebraic dual of V, so V is isomorphic to V.

By Lefschetz Duality, V' is canonically isomorphic to 17; indeed, the canonical map

wy V= ‘4} such that wy (v)(x) = x(v) Yv e V,Vx € ‘77 (2.2)

is a topological isomorphism. More precisely, denote by g LL.C the category whose objects are all 1.1.c. vector
spaces over K and whose morphisms are the continuous homomorphisms; let

Z .k LLC —x LLC

be the duahty functor, which is defined on the obJects by V +— V and on the morphisms sendmg ¢V =W
to ¢ : W — V such that (b( ) = x o ¢ for every x € w. Clearly, the biduality functor Z. ¥xLLC — xLLC
is defined by composing — with itself.

Theorem 2.6 (Lefschetz Duality Theorem). The biduality functor = kLLC — gLLC and the identity func-
tor id: xkLLC — gLLC are naturally isomorphic.

In particular, the duality functor defines a duality between the subcategory xL.C of linearly compact
vector spaces over K and the subcategory x Vect of discrete vector spaces over K.
We recall that, for a continuous homomorphism ¢: V' — W of Ll.c. vector spaces,

(a) if ¢ is injective and it is open onto its image, then (E is surjective;
(b) if ¢ is surjective, then ¢ is injective.

As a consequence of Lefschetz Duality Theorem, every linearly compact vector space is a product of
one-dimensional vector spaces (see [34, Theorem 32.1]). Moreover, one can derive the following result (see
[5, Proposition 4 and Corollary 1]); note that every compact linearly topologized vector space is linearly
compact.

Proposition 2.7. Let K be a discrete finite field and let V' be a K-vector space.
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(a) If V is linearly compact, then V is compact.
(b) If V is l.lc., then V is locally compact.

The above proposition implies that, for an l.1l.c. vector space V over a discrete finite field, B(V) is a
neighborhood basis at 0 in V' consisting of compact open subgroups; so, we obtain the following result.

Corollary 2.8. An l.l.c. vector space over a discrete finite field is a totally discomnected locally compact
abelian group.

Given an Llc. vector space V, let B be a linear subspace of V. The annihilator of B in V is
BT ={z €V :x(x) =0 for every x € B}.

For every linear subspace B of ‘7, we have wy (BT) = B*.
We recall now some known properties of the annihilators (see [34,33]) that we use further on.

Lemma 2.9. Let V' be an Ll.c. vector space and A a linear subspace of V.. Then:

(a) if B is another linear subspace of V and A < B, then B+ < A*+;
(b) A+ =A";
(c) At is a closed linear subspace of V;

(d) if Ais a closed, (AY)T = A.
Lemma 2.10. Let V be an l.l.c. vector space and A1, ..., A, linear subspaces of V.. Then:

(a) (S0 A" =N, AL

n n €
(b) i A S (Miz A N
(c) if Ar,..., Ay, are closed, (i—y Ai)” = >0 A
(d) if A1,..., Ay are linearly compact, ((;_, At = S AF
The following is a well-know result concerning l.1.c. vector spaces (see [33, §10.12.(6), §12.1.(1)]).
Remark 2.11. Let V be an l.l.c. vector space and U a closed linear subspace of V', then

V/U 24 UL and U =4, V/U.

The first topological isomorphism is the following. Let w: V' — V/U be the canonical projection, consider
the continuous injective homomorphism 7: V/U — V; noting that 7(V/U) = U+, let

a: V//?J—>UJ‘7 X — 7(x), (2.3)

that turns out to be a topological isomorphism.

To find explicitly the second topological isomorphism, let ¢ : U — V be the topological embedding of U
in V and consider the continuous surjective homomorphism 7: VU ; in particular, 7(x) = x [v for every
X € V. Since ker?=U L consider the continuous isomorphism induced by 7

B: VU =U, x+U+—xou (2.4)

that turns out to be a topological isomorphism.
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A consequence of the above topological isomorphisms is the following relation that we use in the last
section.

Lemma/_2\.12. Let V be a lLl.c. vector space, and let A, B be closed linear subspaces of V' such that B < A.
Then A/B =,, B+/A*.

Proof. Let t: A/B — V/B be the topological embedding and 3: V/E/(A/B)L — 1?/\3 the topological
isomorphism given by Equation (2.4). Set =: @ — ?/E/(A/B)l be the canonical projection. Since
T = Bom, T is an open continuous surjective homomorphism. Let « : \7/} — Bt be the topological
isomorphism given by Equation (2.3); then ¢ = foroa ™!
¢: Bt — Z/E .

is an open continuous surjective homomorphism

T

n a !l —= T ‘7/3 B —
B V/B b A/B

©
As kerp = AL, we conclude that B+/A+ =, IZ/E 0
3. Properties and examples

3.1. Existence of the limit and basic properties

Let V be an Ll.c. vector space, ¢ : V' — V a continuous endomorphism and U € B(V). For every n € N,
Cn(¢,U) € B(V) by Proposition 2.1(b); hence, U/C,,(¢,U) has finite dimension by Proposition 2.1(d,e).
Moreover, Cy,(¢,U) > Cyp11(¢, U) for every n € N4, so we have the following decreasing chain

U= Cl(d)? U) > C2(¢7 U) > > Cn(¢v U) > Cn+1(¢v U) >

in B(V). The largest ¢-invariant subspace of U, namely,

C(,U)= [ Culs,U),

neNL

is the ¢-cotrajectory of U in V; it is a linearly compact linear subspace of V' by Proposition 2.1(b).

Lemma 3.1. Let V' be an l.l.c. vector space, ¢ : V. — V a continuous endomorphism and U € B(V'). For
every n € Ny, Cp(0,U)/Crny1(0,U) has finite dimension and Cyp11(¢,U)/Cria(d,U) is isomorphic to a
linear subspace of Cp(p,U)/Cpri1(0,U).

Proof. To simplify the notation, let C,, = C,,(¢,U) for every n € N,.

Fix n € N4. Since Cp41 < Cy, and Cp4q is open while C,, is linearly compact, C,/Cp4+1 has finite
dimension by Proposition 2.1(d,e).

Since Cpy0 = Cpy1 No " U and Cp, 1 = U N ¢~ 10, it follows that

Cn+2 - ¢—n—1U — ¢—n—1U

Cn+1 ~ Cn+1 + ¢7n71U < ¢710n + ¢7n71U
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On the other hand, since C),+1 = C, N~ "U,

Co _Cuto U
Cn+1 - (Z)_nU

Let ¢: V/¢~"'U — V/¢~"U be the injective homomorphism induced by ¢. Then

: (gblC’n + ¢”1U> < Cpn+o¢7"U
¢77171U ¢7HU

and so the thesis follows. O

The following result shows that the limit in the definition of the topological entropy H*(¢,U) (see
Equation (1.1)) exists and it is a natural number.

Proposition 3.2. Let V be an l.l.c. vector space, ¢ : V — V a continuous endomorphism and U € B(V'). For
every n € Ny, let

Cn(9,U)

n = dim ———————.
E Cri1(6,U)

Then the sequence of non-negative integers {yn nen, is decreasing, hence stationary. Moreover, H*(¢,U) =
7, where vy is the value of the stationary sequence {Vn}nen, for n € Ny large enough.

Proof. To simplify the notation, let C,, = C},(¢,U) for every n € N;. By Lemma 3.1, v, 41 < 7, for every
n € N;. Hence, there exist v € N and ng € N such that ~,, = v for all n > ng. Since

E ~ U/ C"'H

Cn - Cn/cn+1 ’
it follows that

. U .U
dim Cos = dim c. + Yns
and so, for every n € N|
dim = dim + ny.
no+n C’no

Hence, H*(¢, U) = limy, 00 1 (dim Ly m) v D
nQ

Remark 3.3. As pointed out above and in the introduction, the main property that permits to introduce the
topological entropy ent* and to prove the existence of the limit in its definition (see Proposition 3.2) is that
for V an Ll.c. vector space, ¢ : V — V a continuous endomorphism and U € B(V), the quotient U/C,,(¢,U)
has finite dimension for every n € N. The same property, and then also the result in Proposition 3.2, holds
for a wider class of linearly topologized vector spaces that we call locally linearly precompact.

Let V be a linearly topologized vector space over a discrete field K. We say that V' is linearly precompact
if for every open linear subspace U of V there exists a finite dimensional linear subspace F' of V such
that U + F =V (i.e., V/U has finite dimension). Moreover, V is locally linearly precompact if it admits a
neighborhood basis at 0 of linearly precompact open linear subspaces. Clearly, a linearly compact vector
space is linearly precompact and an l.l.c. vector space is locally linearly precompact.
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So, one could study the topological entropy ent* in the general case of continuous endomorphisms of
locally linearly precompact vector spaces. Nevertheless, in this paper we remain in the class of 1.1.c. vector
spaces, where the stronger condition on the open linear subspaces of being linearly compact ensures a richer
theory.

We see now that H*(¢, —) is monotone decreasing in the following sense.

Lemma 3.4. Let V be an l.l.c. vector space, ¢: V — V a continuous endomorphism and U, U" € B(V). If
U <U, then H*(¢,U) < H*(p,U’).

Proof. Let U, U’ € B(V) such that U’ <U. As C,,(¢,U’) < Cp(¢,U) for all n € N, from

U'/Cn(6,U") v’ ~ Cn(,U) + U

~

U'NCu(6,0))/Cn(9,U") ~ U'NCu(6,U) — Cu(d,U)

since all terms are finite-dimensional, it follows that

3 Ul s Cn ((ba U) + Ul
dim > dim
Calo, 0 = T Ca(6,0)
Since C,,(¢,U) < C(¢,U)+ U’ < U,
. Culp,U)+U" U _ U
d =d —d
e T aGen TG o)+
U U
> dim ————— — dim —.
> dim o) im 7
Therefore, dim W > dim Cn(%,U) —dim &, and so H*(¢,U’) > H*(¢,U), since dim % does not depend

onn. O

As a straightforward consequence of Lemma 3.4 it is possible to compute the topological entropy by
restricting to any neighborhood basis at 0 in V' contained in B(V):

Corollary 3.5. Let V' be an l.l.c. vector space and ¢ : V — V a continuous endomorphism. If B C B(V) is a
neighborhood basis at 0 in V, then

ent*(¢) = sup{H"(¢,U) | U € B}.
Consequently, if W is an open linear subspace of V, then ent*(¢) = sup{H*(¢,U) | U € B(W)}.
We consider now the case of topological entropy zero. The following result clearly follows from the
definitions and from Corollary 3.5, it shows that ent* vanishes in presence of a neighborhood basis at 0

consisting of invariant open linearly compact linear subspaces.

Lemma 3.6. Let V be an l.l.c. vector space and ¢ : V. — V a continuous endomorphism. If oU < U for
every U € B, where B C B(V) is a neighborhood basis at 0 in V', then ent*(¢) = 0.

Example 3.7. For V an ll.c. vector space, ent*(idy ) = 0, where idy : V — V is the identity automorphism.

The following result concerns the general case of an endomorphism of zero topological entropy.
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Proposition 3.8. Let V be an Ll.c. vector space, ¢ : V — V a continuous endomorphism and U € B(V'). The
following conditions are equivalent:

(a) H*(¢,U) = 0;
(b) there exists n € Ny such that C(¢,U) = Cp(0,U);
(c) C(¢,U) is open.

In particular, ent*(¢) = 0 if and only if C(¢,U) is open for all U € B(V).

Proof. (a)=(b) Since dim% = 0 eventually by Proposition 3.2, there exists ng € N; such that
Crn(9,U) = Cyy (¢, U) for every n > ny.

(b)=(c) is clear since Cy,(¢,U) € B(V) for every n € N;.

(c)=(a) If C(¢,U) is open, then U/C(¢,U) has finite dimension by Proposition 2.1(d,e). Therefore,

)

As a consequence, the topological entropy is always zero on discrete vector spaces, and so in particular
on finite-dimensional vector spaces:

Corollary 3.9. Let ¢: V — V be an endomorphism of a discrete vector space V.. Then ent*(¢) = 0.

On the other hand, for linearly compact vector spaces we can simplify the defining formula of the topo-
logical entropy as follows. Note that if V' is a linearly compact vector space, then B(V) = {U <V | U open};
indeed, an open linear subspace of a linearly compact vector space is necessarily linearly compact by Propo-
sition 2.1(b).

Lemma 3.10. Let V' be a linearly compact vector space, ¢ : V. — V a continuous endomorphism and U €
B(V). Then

. I %

Proof. Since U, C,(¢,U) € B(V), we have that V/U and V/C,(¢,U) have finite dimension by Proposi-

tion 2.1(d,e). Then dim % = dim % — dim ; and hence
* s U .V .1 %4

so we have the thesis. O

By Corollary 2.8, an 1.1.c. vector space V over a discrete finite field is in particular a totally disconnected
locally compact abelian group. We end this section by relating ent™ to the topological entropy htp-

Proposition 3.11. Let V' be an l.l.c. vector space over a discrete finite field F and ¢ : V — V a continuous
endomorphism. Then

hiop(¢) = ent™(¢) - log |F|.

Proof. As B(V) is a local basis at 0 in V' contained in Bg,(V'), and since also Hop(¢p, —) is monotone
decreasing (see [13, Remark 4.5.1(b)]), we have that
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hiop(@) = sup{Hzop(6,U) | U € B(V)}. (3.1)
Now, for every U € B(V),
U dim ~—Y—
—— | =IF Cna0)
o=
and so
U

1 U
Cn(o,U) ‘ neroo C(6,U) og |F| (¢,U) - log |F|

Thus, hiop(P) = ent*(¢) - log|F|. O

The previous result points out that, as long as we are dealing with L.l.c. vector spaces over discrete finite
fields, the topological entropy ent* turns out to be a rescaling of the topological entropy h:.p, and the most
natural logarithm to compute the topological entropy hyop is the one with base |F|.

Remark 3.12. When the discrete field K is infinite, even if an L.l.c. vector space over K is no more a locally
compact group, one can still compare ent* with the topological entropy hy,), for uniformly continuous maps
of uniform spaces introduced by Hood [31]. We leave open the problem to find a relation between ent* and
hiop in this case. It seems that they are different, at least in the positive values: the Bernoulli shift in this
case has infinite topological entropy hp, while ent* is finite (see Example 3.16 below).

As the latter remark highlights, it could be meaningful to dedicate more attention to the dependence of
the topological entropy ent* on the choice of the discrete field K:

Problem 3.13. Let E be a field extension of K. In which cases there exist functors
Flow (g LC) = Flow(gLC),

induced by restriction/extension of scalars? Assume such functors exist, how does ent* behave under trans-
portation along those functors?

Problem 3.13 will be discussed in the forthcoming paper [4].
3.2. Fundamental properties
In this section we list the general properties and examples concerning the topological entropy ent*.

Lemma 3.14. Let V be an l.l.c. vector space, ¢: V — V a continuous endomorphism, W a closed ¢-invariant
linear subspace of V and ¢: V/W — V/W the continuous endomorphism induced by ¢. For n € N, and
UeB(V) and

_ U—l—W) _ Crn(p, U+ W)

Co(é Tw, UNW) = Cp(¢,U)NW  and C’n<¢, = o

Proof. Let n € Ny and U € B(V). Then ¢ [,; (UNW) = ¢ "UNW and

" <U+W> T U+W)+ W (U + W)
W B W B %%

The thesis follows from these equalities. O



126 I. Castellano, A. Giordano Bruno / Topology and its Applications 252 (2019) 112-144

We collect in the next result all the typical properties of an entropy function, that are satisfied by the
topological entropy ent*.

Proposition 3.15. Let V' be an l.l.c. vector space and ¢: V — V a continuous endomorphism.

(a) (Invariance under conjugation) If a: V- — W is a topological automorphism of l.l.c. vector spaces, then
ent*(aga 1) = ent*(¢).

(b) (Monotonicity) If W is a closed ¢-invariant linear subspace of V and ¢: V/W — V/W the continuous
endomorphism induced by ¢, then

ent*(¢) > ent*(¢ [w) + ent*(¢).

In particular, ent*(¢) > max{ent*(¢ [w),ent*(¢)}. (If W is open, ent*(¢) = ent*(¢ [w).)

(¢) (Logarithmic law) If k € N, then ent*(¢*) = k - ent*(¢).

(d) (weak Addition Theorem) If V.= V; x Vy for some ll.c. vector spaces Vi,Va, and ¢ = ¢1 X ¢p2: V =V
for some continuous endomorphisms ¢;: V; = Vi, i = 1,2, then

ent™(¢) = ent”(¢1) + ent™(¢2).

(e) (Continuity on inverse limits) Let {W; | i € I} be a directed system (under inverse inclusion) of closed
¢-invariant linear subspaces of V. If V = lim V/W,, then

ent*(¢) = sup ent*(¢yy,),
il

where any $Wi: V/W; — V/W; is the continuous endomorphism induced by ¢.

Proof. (a) Let U € B(W) and n € N,. Since C,,(apa=t,U) = a(Cp(¢,a"1U)), it follows that

dim v = dim —a(OflU) = dim —OflU .
Cr(agpa=t,U) aCh(¢,a™1U) Cn(¢,a~1U)
Hence H*(agpa=t,U) = H*(¢,a~1U). Since « is a topological isomorphism and U € B(W) if and only if
a~ U € B(V), a induces a bijection between B(W) and B(V). Thus, ent*(apa~!) = ent*(¢).
(b) Let U € B(V) and n € N;. Lemma 3.14 implies that C,, (E, U+WW) = C"(¢#+W). Since moreover
W < Ch(p, U+ W) < U+ W, we have that

U+W  U+W+Ci(o,U+W) U B U .
Co(,U+W)  WH+Cu(pU+W) — W+Cu(o,U+W)NU  Cn(p,U+W)NU’
hence,
U+W U+w U
_ ~ ~ . 2
7 /03, ) Calo U+ W) Could U+ W)NTU (32)

Moreover, by Lemma 3.14,

U U
~ 5o /| Culd,U)+UNW
Culp ) runw @Y / e GT

U U
C (6.0 unw =~ unw . .
Cr(6.0) / A = Tne D) / Co e (3.3)
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Since Cp (¢, U) + UNW < Cp(¢, U + W) N U, Equations (3.2) and (3.3) yield that

U+W U U
. _ L .
dlm( W /Cn(fﬁa U%W)> dm e T ne S e e AW

*dimL — dim v
a Cn(,U) Co(o lw, UNW)’

By Equation (2.1) we have the thesis.

If W is open, then B(W) is a neighborhood basis at 0 in V', and so ent*(¢) = ent*(¢ [w) follows by
Corollary 3.5.

(c) For k =0, ent*(idy) = 0 by Example 3.7. So let k € N; and U € B(V). For every n € N4 we have

Coie(9,U) = Cn(¢",Cr(¢,U)) and  Cn(6,Ci(6,U)) = Cpy—1(4,U). (3.4)

Let E = Ci(¢,U) € B(V). Hence, by Lemma 3.4 and Equation (3.4),

1 B 1 E
ke H(6.U) < k- H* (6. F) — k- lim — dim — 2 — lim *dim— 2
(¢ ) (d) ) n—oo Nk an(¢7 E) n—oo N C(n+1)k71(¢’ U)

< lim L — dim Ldim—— T~ B (6F, B) < ent*(6).

m o —=
T n—oon C(n+1)k(¢, U) n—oo 7 Cn+1(¢k, E)

Consequently, k - ent*(¢) < ent*(¢*). Conversely, as C,,(¢,U) < E < U, Equation (3.4) together with
Lemma 3.4 yields

. ) 1 U N u

ent™(¢) 2 H' (¢, U) = lim “pdim 7= = lim —0 dim =7y
> _ - = _. > — .
_nlgr;onkdlmcn(¢k,E) A H(¢,E)_kH (0", U)

So, k - ent*(¢) > ent* (¢).
(d) Observe that B = {Uy; x Uy | U; € B(V;),i = 1,2} C B(V) is neighborhood basis at 0 in V. For
U =U, x Uy € B, we have that C,,(¢,U) = Cy,(¢1,U1) X Cp(¢p2,Us) for every n € N ; therefore,

U Ui x Uz

~ Ur y Uz
Cn(0,U)  Col(¢1,Ur) x Cp(d2,U2)  Cr(1,U1) = Cn(2,Us)’

~

and so

. e 10U T Ui Us R .
(6, U) = lim =) _nlbnéondlm(cn(%m) X Cn((bz,Ug)) = (61, U1) + H'(62, ).

By Corollary 3.5, we conclude that ent*(¢) = sup{H*(¢,U) | U € B} = ent*(¢1) + ent*(¢2).

(e) By item (b), ent*(¢) > sup;c; ent*(dyy, ). Conversely, let U € B(V). We claim that there exists k € I
such that Wy < U. In fact, since U is open in V, there exists an open linear subspace A belonging to the
canonical neighborhood basis at 0 in [[,.; V/W; such that ANV < U. Namely, let 7;: V. — V/W; be
the canonical projections. Since each V/W; is linearly topologized by the quotient topology, there exists a
finite family {U; | j € J}, with J C I, of open linear subspaces of V' such that W; < U, for all j € J and
A = [l;e; Ai, where A; = 7;U; for j € J and A; = m;V for i € I'\ J. Since {W; | i € I} is directed, there
exists k € I such that j < k for all j € J. Thus, given the open (and so closed) linear subspace
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UkZHUj-‘erSUj
jedJ

for j € J, we have that lian-Uk is closed in V since each m;Uy is open (and so closed) in V/W;. Moreover,
Uy is a closed linear subspace of liﬂlmUk, thus by [37, Lemma 1.1.7], it follows that

Uy =limmU, < ANV < U;
el

N

therefore W), < U.
Thus, H*(¢,U) = H*(¢, 7,U) by Lemma 3.14, and hence

H*(9,U) < ent*(awk) < sup ent*(awj),
i€l

that concludes the proof. O
The following provides the main examples in the theory of entropy functions, that is, the Bernoulli shifts.

Example 3.16.

(a) Let V = V4 x V., where
0 oo
Vi= @ K and V. =]]K,
n=-—oo n=1

be endowed with the topology inherited from the product topology of HnEZ K. Then V. is linearly
compact and Vj is discrete. In particular, V. can be identified with 0 x V. € B(V).
The left Bernoulli shift is

kB:V =V, (xn)nEZ = (In-i-l)neZ-

The right Bernoulli shift is

ﬁ]K: V- ‘/7 (xn)nEZ = (xnfl)nEZ'

Clearly, Sk and g are topological automorphisms of V', and S L —kgB.

For every k € Ny, let Uy, = 0 x [[,2, K € B(V), and consider By(V,) = {Uy | k € Ny} C B(V).
Since V. € B(V), the family B;(V,) is a neighborhood basis at 0 in V' contained in B(V). Thus, by
Corollary 3.5, for ¢ € {8k, x5},

ent”(¢) = sup{H"(¢,U) | U € By(V)}.
For every k € N, we have that Sk (Ux) < U, so ent*(fk) = 0 by Lemma 3.6.

Let k € N4 and consider Uy, € By (Ve). As Uy, < x(Uy), we have that C,, (g8, Uy) = Hz_l(Uk) = Ukyn_1
for every n € Ny. Thus,

. . C’n(Kﬁa Uk)
H* ,U) = inf dim ——————— =1,
(Kﬁ k) neNL Cn-}-l(K,B; Uk)

and we conclude that ent*(g() = 1 by Corollary 3.5.
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(b) Let now F be a finite dimensional vector space and let V =V, x V., with
00 0
Va=@F and V.= [] F
n=1 n=-—oo

be endowed with the topology inherited from the product topology of [],, .

is linearly compact.
The left Bernoulli shift is

Fﬂ: V- Vva (xn)nGZ = (xn—l-l)nEZa
while the right Bernoulli shift is
BF: V=1V, (mn)nEZ = (xnfl)n€Z~

Clearly, Sr and rf are topological automorphisms such that 5~ = Bg.
It is possible, slightly modifying the computations in item (a), to find that

ent(pf) =dimF and ent(Sr)=0.

F, so V, is discrete and V.

By the latter example, it is clear that for a topological automorphism ¢ : V' — V of an ll.c. vector

space V, in general ent*(¢~!) does not coincide with ent*(¢); consequently, property (c) of Proposition 3.15

cannot be extended to any integer k € Z by the formula ent*(¢*) = |k| - ent*(¢). Now, in the last part of

this section, we find the precise relation between ent*(¢~!) and ent*(¢) and we deduce that equality holds

in case V is linearly compact.

Analogously to the classical modulus for topological automorphisms of locally compact groups, we define

the dimension modulus of V' by
Adgim: Aut(V) = Z, ¢~ Aqim(o,U) for U € B(V),

where

U

. oU .
A im\ %> = - T7T ~ 77"
aim (6, U) dlmUﬁ¢U dlmUﬂqSU

In the next lemma we verify that this definition is well-posed, in fact it does not depend on the choice of

UeBV).

Lemma 3.17. Let V' be an Ll.c. vector space, ¢: V. — V a topological automorphism and Uy, Uy € B(V).

Then Adim(¢7 Ul) = Adim(¢a UQ)

Proof. Since B(V) is closed under taking finite intersections, one can assume U; < Us by arguing with

U1 N Ug. Since U1 n (Z)Ul S ¢U1 S ¢U2 and U1 m¢U1 S U1 S UQ, we have

dim —2 g 02 gy 002
Ui N Uy U N ol oUL’
. Uy . Us . Us
dim ——— = dim ———— — dim —-.
MUneu, T M uiner, T MO,
Since ¢ is an automorphism, dim % = dim g—f, and so
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U, U oUs U.

A6, Uy) = di — di L qim—22  dim— 2
(¢, 01) Moo, MMuner, T MUuineu, M Unen,

Analogously, since Uy N oU; < Us N @Us < ¢pUsy and Uy N @U; < Us N U < Us,

dim 7¢U2 = dim 7¢U2 — dim 7(]2 n¢U,
oUy N ¢Us U N U, UrNoUy’
U, Us . UanoU,

dim ——2  —dim——2 -2 T2
B net, ~ MUneU, T ULN el

Since ¢ is an automorphism, dim % = dim g—j, and so

oUs
Us N ¢Us

oUs U.

dim im———— — dim ———>——.
Ulmd)Ul Ulmd)Ul

Us B
UyNoUs
Therefore, A(¢,Ur) = A(¢,Us) as required. O

It is clear from the definition that the dimension modulus is always zero for discrete vector spaces.
Moreover, it follows from Lemma 3.17 that the dimension modulus is always zero also for linearly compact
vector spaces, since one can take V itself as a linearly compact open linear subspace:

Lemma 3.18. If V is either a discrete or a linearly compact vector space and ¢ : V. — V is a topological
automorphism, then Agim($) = 0.

The following result provides the precise relation between ent*(¢~!) and ent*(¢), it is inspired by its
analogue for totally disconnected locally compact groups provided in [25, Proposition 3.2].

Theorem 3.19. Let V be an l.l.c. vector space and ¢ : V — V a topological automorphism of V. IfU € B(V),
then H*(¢~1,U) = H*(¢,U) — Adim(9). Hence,

ent*(dfl) =ent™(¢) — Agim(9).

Proof. Since C,, (¢, U) = ¢"C,(¢,U) and Cy11(¢,U) = Cp(¢p,U) N ¢~ 1C,, (¢, U) for every n € Ny,

. CupU) Cu(¢,U)
M 6 0) ~ GG 0 N 6106,
— dim ¢ Cn(9,U) — dim ¢Cn(¢~",U)
"t Cn(9, U) N ¢"Cr(9,U) ¢Cn(d~ 1, U) N Cr(o1,U)
By Proposition 3.2 and Lemma 3.17, it follows that

* * —1 s . Cn(¢a U) . Cn(¢_17 U) _
H*(¢,U)—H"(¢~",U) = ng}\]er (dlm Gt (0.0) — dim Cn-u((i)l,U)) =

. . ¢Cn(¢~,U) . Cn(¢~",U) AL
=80 (dlm e D) N Ca(d 0] G (3, U) N 90 (6, U)) - Bam(@)

since C,,(¢p71,U) € B(V) foralln e N;. O

The following is a direct consequence of the above theorem and Lemma 3.18.
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Corollary 3.20. Let V be a linearly compact vector space and ¢ : 'V — V a topological automorphism. If
U e B(V), then H*(¢p=1,U) = H*(¢,U). Hence,

ent*(¢~1) = ent*(¢).
3.8. Limit-free Formula

This section is devoted to prove Proposition 3.23, which is a formula for the computation of the topological
entropy avoiding the limit in the definition. The proof follows the technique used in [28, Proposition 3.9],
which was developed by Willis in [47].

Definition 3.21. Let V be an L.1.c. vector space, ¢ : V' — V a continuous endomorphism and U € B(V). Let:

- Uo=U;
- Upy1 =UnNoU,, for all n € N;
- U#':[anNL%'

For every n € Ny, U, > U,+1 > UL; moreover, each U, is linearly compact and so is U, (see Proposi-
tion 2.1(a,b,c)). Furthermore, it is possible to prove by induction that, for every n € N,

U,={ueU|Fel, u=¢"(v) and ¢/(v) € U V¥j € {0,...,n}}. (3.5)
Since Cp41(¢,U) = {u € U | ¢*(u) € U Vk € {0,...,n}}, it follows that
¢"Cry1(6,U) =U, VYneN. (3.6)

For every n € N, U,, = Cp,11(¢~1,U) whenever ¢ is also injective.
In the following result we collect the main properties of the linearly compact subgroup Uy of an l.l.c.
vector space V for U € B(V).

Lemma 3.22. Let V be an l.l.c. vector space, ¢ : V — V a continuous endomorphism and U € B(V'). Then:

(a) Uy is the largest linear subspace of U such that Uy < ¢Uy ;
ﬂv LQ*::LIFHﬁUF;
(c) ¢UL /Uy has finite dimension.

Proof. (a) Since U,,41 < U, < ¢U,_1 for all n € N, by applying Theorem 2.3(a) to U and the decreasing
chain {Up, }nen, we have

Us = (Un < () 0Un =6 () Un) = 60,

neN neN neN

Moreover, for every linear subspace W of V such that W < U and W < ¢W, it is possible to prove by
induction that W < U, for all n € N, and so W < U,..
(b) By construction,

UNgUs = (Y (UNU) = () Unsa = Us.
neN neN

(c) Since Uy = U N ¢U, by item (b), U, is open in ¢U,, which is linearly compact. Then ¢U, /U, has
finite dimension by Proposition 2.1(d,e). O
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We are now in position to prove the Limit-free Formula.

Proposition 3.23 (Limit-free Formula). Let V be an l.l.c. vector space, ¢ : V — V a continuous endomor-
phism and U € B(V). Then

H*(¢,U) = dim % (3.7)

Proof. Let U € B(V). For every n € N, let

Cn(9,U)

n = dim ———————.
E Cri1(6,U)

By Proposition 3.2, the sequence {7, }nen is stationary, and H*(¢,U) = v where ~ is the value of the
stationary sequence {7y, }nen for n € Ny large enough. Hence, it suffices to prove that

U

dim 29% 5. (3.8)
+

Since ¢U,, + U is linearly compact for every n € N by Proposition 2.1(f), thus dim w is finite, being

U open, by Proposition 2.1(d,e). Moreover, since ¢pU,, > ¢U,+1 for all n € N, the sequence of non-negative

integers {dim W} is decreasing, and so stationary. Thus, there exists ny € N such that, for every
€N
n Z no, !
. Cu(o,U)
v=dim —————— and U, +U = ¢U,, + U;
Cn+1 (¢7 U) " "

since {QU,, + U}en is a decreasing chain,

Uny +U = () (¢Un + V).

neN

Let m > ng. Theorem 2.3(b) applied to the linearly compact linear subspace U 4+ ¢U and the descending
chain {Up, }nen yields

U +U = ﬂ(¢Un+U)—<ﬂ¢Un>+U—¢(ﬂUn>+U—¢U++U.

neN neN neN

As Uy = U N ¢U, by Lemma 3.22(b), we have

CGUs L GUL U+ eUs
im 0, im UnoU, im U
. U+oU, PUnm, . oUn
=dim ——— =dim ———— =d .
im i fm = oUn im Uit

Equation (3.6) now gives ¢™1C,,11(¢,U) = ¢U,,, so there exists a surjective homomorphism

2 Cm+1(¢7 U) — ¢Um/Um+1> T ¢m+1(33) + Um+1,

such that ker ¢ = Cy,12(¢, U). Hence,
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Um ., Cmy1(9,U)

Um+l Cm+2(¢7 U) .

Finally,

L . oU,
dim — = dim —
U+ Um+1 Cm+2 (¢7 U)

as required in Equation (3.8). O

The following useful consequence of the Limit-free Formula is inspired by its analogue in the context
of totally disconnected locally compact groups. Here we adapt the proof of [28, Proposition 3.11] to our
context for reader’s convenience.

Corollary 3.24. Let V be an ll.c. vector space and ¢ : V — V a continuous endomorphism. Then

oM
M

M
| M < ¢M <V, M linearly compact, dim % < oo} =:s.

ent”(¢) = sup {dim

Proof. By Proposition 3.23, ent*(¢) < s. To prove the converse inequality, let M be a linearly compact

linear subspace of V' such that M < ¢ M and ¢M /M has finite dimension. By Proposition 2.1(a,d,e), this

implies that M is open in ¢ M, since M is closed and ¢M is linearly compact, namely, M € B(¢M). By

Equation (2.1), there exists U € B(V) such that M = U N¢M. As M < ¢ M and M < U, we deduce that
M < Uy by Lemma 3.22(a). Therefore oM < ¢U,, and so

PUL

t >dim —=dim———>dim ——————— =
ent™(¢) 2 dim 7= = dim g 2 dim goo

GULNOM __ oM o
UNnoM M’

since Uy = U N ¢U, by Lemma 3.22(b). Finally, it follows that s < ent*(¢). O
4. Reductions for the computation of the topological entropy

In this section we provide two reductions that can be used to simplify the computation of the topological
entropy. The first one follows from the Limit-free Formula and shows that it is sufficient to consider linearly
compact vector spaces. Once we restrict to linearly compact vector spaces, we make a second reduction to
topological automorphisms.

4.1. Reduction to linearly compact vector spaces

Let V be an Ll.c. vector space and ¢ : V — V a continuous endomorphism. By Theorem 2.5 we can
assume that V =V, ® Vj, where V. € B(V') and consequently V; is discrete. Let

e Ve =V po: VoV,

with * € {¢,d} be the canonical injections and projections, respectively. Accordingly, we may associate to

— ¢cc ¢dc
= (¢cd cbdd) ’

where @ex : Vo — Vi is the composition ge. = ps 0 Ppo1q for e, € {c,d}. Therefore, @q. is continuous being

¢ the following decomposition

composition of continuous homomorphisms.
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Lemma 4.1. In the above notations, consider ¢.q: V. — Vy. Then

m(¢eq) € B(Va) and  ker(¢eq) € B(Ve) € B(V).

Proof. By Proposition 2.1(c), Im(¢.q) is a linearly compact linear subspace of V. For Vj is discrete, Im(¢.q)
has finite dimension by Proposition 2.1(d,e), so Im(¢.q) € B(Vy) = {F < Vg | dim F < co}.

As ker(¢.q) is a closed linear subspace of V., which is linearly compact, ker(¢.q) is linearly compact
as well by Proposition 2.1(b). Thus V./ker(¢eq) = Im(¢eq) is a finite dimensional linearly compact space,
so V/ker(¢eq) is discrete by Proposition 2.1(d,e). Consequently, ker(¢.q) is open in V., and so ker(¢.q) €
B(Ve). O

We see now that in the above decomposition of ¢, the unique contribution to the topological entropy of
¢ comes from the “linearly compact component” ¢...

Proposition 4.2. In the above notations, consider ¢e.: V. — V.. Then ent*(¢) = ent™ (Pec).

Proof. By Lemma 4.1, K = ker(¢.q) € B(V,) C B(V). Thus, by Corollary 3.5,

ent”(¢) = sup{H*(¢,U) | U € B(K)},
ent™(¢pec) = sup{H" (¢c,U) | U € B(K)}.

For U € B(K), as in Definition 3.21, let
Uy=U and US=U,

U1 =UnNeU, and ni1 =UnNoc UL,  for every n € N,
Up=(\Un and U =[)Us

neN neN

Proposition 3.23 implies that

ent”(¢) = sup {dlm ¢U +

¢CC
vy

U e B

ent* (6.0 =sup {aim | U € B}

Since U < K = ker(¢eq) < Vi, we deduce that U = ¢..U < V.. Then it is possible to prove by induction
that U,, = Uy¢ for all n € N; therefore, Uy = U$® and ¢Uy = ¢ .US. Hence, ent™(¢) = ent*(¢e.). O

Remark 4.3. The possibility to reduce the computation of ent* to the category of linearly compact vector
space is a powerful tool. Indeed, the dynamic behaviour of continuous endomorphisms of linearly compact
vector spaces is well-understood; see [3].

4.2. Reduction to topological automorphisms

For a continuous endomorphism ¢ : V' — V of a linearly compact vector space V', the surjective core of

¢ is
Ss=[)o"V.

neN
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Lemma 4.4. Let V be a linearly compact vector space and ¢ : V — V a continuous endomorphism. Then:

(a) S¢ is a closed linear subspace of V';

(b) &(Ss) = Sg;
(c) Up < Sy for allU € B(V).

Proof. (a) is an easy consequence of Proposition 2.1(a,c), while Theorem 2.3(a) implies (b), and item (c)
follows by the definition of U;. O

Thus, Sy is a closed ¢-stable linear subspace of V, and so ¢ [gs,: Sy — Sy is surjective. The following
result shows that ent*(¢) = ent*(¢ [s,). Moreover, by definition Sy turns out to be the largest closed
¢-stable linear subspace of V.

Proposition 4.5. Let V' be a linearly compact vector space and ¢ : V — V' a continuous endomorphism. Then

ent*(¢) = ent™(¢ [s,).

Proof. By Proposition 3.15(b), ent*(¢) > ent*(¢ [s,). To prove the converse inequality, let U € B(V).
By Lemma 3.22(c) and Lemma 4.4(c), Uy is linearly compact, Uy < ¢U; < S, and ¢Uy /Uy has finite
dimension. Thus,

H*(6,0) = dim 22 < ent* (¢ [5,). (41)
0,
by Proposition 3.23 and Corollary 3.24. Consequently, ent*(¢) < ent*(¢ [s,). O

Let V be a linearly compact vector space and ¢ : V' — V a continuous endomorphism. Let £V denote
the inverse limit liLn(Vm @) of the inverse system (V,,, ¢)nen, where V,, =V for all n € N:

SR VAN A NN AN (4.2)

In other words,

LV = {(xn)neN S H Vn | Tp = d)(xn—i-l) Vn € N} ) (43)

neN

endowed with the topology inherited from the product topology of ],y V. Since LV is a closed linear
subspace of the direct product (see [37, Lemma 1.1.2]), LV is linearly compact as well by Proposition 2.1(c).
Let v: LV = [],en

The natural continuous endomorphism

H¢: H Vn — H Vn, (xn)nGN = (¢(xn))n€N

neN neN

V,, be the canonical embedding.

induces a continuous endomorphism L¢ : LV — LV making the following diagram commute

IT¢
HnEN Vn HnGN Vn (44)

ﬁ %

LV LV.

Lo
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Proposition 4.6. Let V' be a linearly compact vector space and ¢ : V — V a continuous endomorphism. Then
Lo: LV — LV is a topological automorphism.

Proof. By construction, L¢ is continuous and injective. Since LV is linearly compact, it is sufficient to prove
that L¢ is surjective by Proposition 2.2. Let © = (2, )nen € LV, that is, ¢(x,41) = x, for every n € N.
Clearly, z = LO((#n+1)nen). O

The next part of this section is devoted to prove that ent*(¢) = ent*(L¢). To this end, for every n € N,

let pp: LV — Vi, be the canonical projection given by the usual restriction of the projection [, Vi — Var.
Pn
ﬁf\/ Vo (4.5)
HnGN V"

Let also K,, = ker p,,, which is a closed L¢-invariant linear subspace of LV'.

Lemma 4.7. Let V' be a linearly compact vector space, ¢ : V — V a continuous endomorphism and n € N.
Then, in the above notations:

(a) pn(LV) = Sy;
(b) for the topological isomorphism o: LV/K, — p,(LV) induced by p, and the continuous endomorphism
Lo, : LV/K, — LV/K, induced by Lo, one has

Lo, =a"tod]s, o

(¢c) ent™(Le,) = ent™ ().

Proof. (a) Let # = (z,)nen € LV then ¢F(v,,41) = z,, for every k € N, and so p,(z) = z,, € Sp.
Conversely, let s € S,. By Lemma 4.4(b), we can set:

—x;=¢" " (s) €Sy for i €{0,...,n};
— x; € Sy such that ¢(x;) = x;_1 for ¢ > n.

Thus, z = (x;); € LV and p,(x) = s, as required.
(b) By construction, K, is a closed L¢-invariant linear subspace of LV for every n € N. Moreover, « is
a topological isomorphism by Proposition 2.2. Let « + K,, € LV/K,,. By (a),

a ¢ Is, (a(z + Kn)) = a (9 Is, (pa(2))) = o™ (d(pa(2))) =

o™ (pa(Le(x))) = LO(@) + Kn = Loy (x + Kn).

(c) Since « is a topological isomorphism, (c) is an easy consequence of (b) by Proposition 3.15(a) and
Proposition 4.5. 0O

The next result shows that for the computation of the topological entropy in the case of linearly compact
vector spaces one can reduce to topological automorphisms.
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Theorem 4.8. Let V' be a linearly compact vector space and ¢: V — V a continuous endomorphism. Then
ent*(L¢) = ent™ ().

Proof. Since [,y Kn = 0, we have that the canonical map p: LV — LiglﬁV/ K, is an injective continuous
homomorphism of linearly compact spaces. Since p(LV) is linearly compact, then p is also surjective (see
[37, Lemma 1.1.7]). By Proposition 2.2, we conclude that

LV S0 lim LV/K,,. (4.6)

By Proposition 3.15(a), the latter identification preserves the topological entropy. Now Proposition 3.15(a,e)
and Lemma 4.7(c) give ent*(L¢) = sup,,cy ent™(Le,,) = ent*(¢). O

A flow in the category xLC is a pair (V| ¢), where V is a linearly compact vector space and ¢: V — V
is a continuous endomorphism. If (V, ¢) and (W, ) are flows in kLC, then a morphism of flows from (V, ¢)
to (W, 1) is a continuous homomorphism h: V' — W such that ho ¢ = 1) o h. We let Flow(xLC) denote the
resulting category of flows in gLC. Clearly, it is well-defined a functor

L: Flow(gLC) — Flow(gLC) (4.7

given by L(V,¢) = (LV,Lp) and L(h): LV — LW is the continuous homomorphism induced by the
following morphism of inverse systems

Vi, A 1%} 4 Vo
| RS
W, LA W ¥ Wo

namely Lh((vn)nen) = (h(vn))nen € LW for every (vn)nen € LV.

We conclude this section by showing that the functor £ preserves the topological extensions in the sense
of Proposition 4.9. Let ¢: V' — V be a continuous endomorphism of a linearly compact space V. For a
closed ¢-invariant linear subspace W of V', consider the following diagram.

0 W 1% V/W 0 (4.8)
i Plw i ¢ l @
0 W 1% V/W 0

Thus, one constructs as above the following exact sequence of inverse systems of linearly compact spaces
(see (4.2))

0—— (Wna¢ rW)TLEN - (Vn7¢)n€N - (Vn/Wnaa)néNa —0 (49)
where V =V, and W = W, for every n € N. Denote by

the corresponding inverse limits. Since the inverse limit functor in xL.C is exact (see Remark 2.4) we have
the short exact sequence in g LC (see [37, pages 4-5])
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0 LW LV L(V/W) —= 0. (4.10)

In order to simplify the notation, we regard LW as a closed linear subspace of LV and, since L(V/W) =,
LV/LW | we identify £L(V/W') with LV/LW. Since the topological entropy is invariant under conjugation
by Proposition 3.15(a), it one easily verifies the latter identification preserves the topological entropy.

The linear subspace LW turns out to be closed and L¢-invariant in LV, therefore the following diagram

0 LW LV LV/W)——=0 (4.11)
(LH)lew l l&# \LL_¢
0 LW LV LV/W) ——=10

commutes, where Lé: L(V/W) — L(V/W) is the continuous endomorphism induced by L¢.
On the other hand, by restriction in view of Equation (4.4) we have the commutative diagrams

[Lien W ety [LexnWn  ILien(Va/Wa) RN [Lien(Va/Whn) (4.12)
Lw LW, L(V/W) — L(V)W),
olw) Lo

where £(¢ [w) and L¢ are both topological automorphisms by Proposition 4.6.
We see now how the functor £ behaves under taking closed invariant linear subspaces and quotient vector
spaces.

Proposition 4.9. Let V' be a linearly compact vector space, ¢ : V — V a continuous endomorphism and W
a closed ¢-invariant linear subspace of V.. Then

(Lo) lew= L(¢ lw) and L= L),

where ¢ : V/W — V/W is induced by ¢ and Lo : LV/LW — LV/LW is induced by Lo. In particular,
(L) [ew and L are topological automorphisms. Moreover,

ent™ (¢ lw) = ent*((Le) [cw) and  ent*(¢) = ent™ (Le).
Proof. Let (x,)neny € LW, that is, ¢ [w (Xp11) =z foralln e N. As W <V and LW < LV,
L(¢ Tw)((@n)nen) = (& [w (2n))nen = ((@n)Inen = (L) Tew (2n)nen)-
Now let (2, + W), € LIV/W). As L(V/W) = LV/LW,
LE((% + Wnen) = ((zy) + W)neN = (d(2n))nen + LW = LA((Tn)nen) + LW = L_¢(($n)neN + LW).
By Proposition 4.6, it follows that (£¢) [sw and L¢ are a topological automorphisms. Clearly, one

deduces that LW is a L¢-stable linear subspace of LV
The last assertion follows from Theorem 4.8. 0O
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5. Addition Theorem

This section is devoted to prove the Addition Theorem for the topological entropy (see Theorem 1.2).
We start by proving it for topological automorphisms.

Proposition 5.1. Let V' be an l.l.c. vector space, ¢: V — V a topological automorphism, W a closed ¢-stable
linear subspace of V and ¢ : V/W — VW the topological automorphism induced by ¢. Then

ent”(¢) = ent” (¢ [w) + ent" ().

Proof. By Proposition 3.15(b), we have ent*(¢) > ent*(¢ [w) + ent*(¢). To prove the converse inequality,
let M be a linearly compact linear subspace of V' such that M < ¢M and ¢M /M has finite dimension.
Then

oM e /M+(¢M0W).
M+ (oM NW) M
Since MH(@\JXOW) = M‘Z%;VVFZM = ‘bﬂjymmv‘{,v, we have that

dim@:dimw\/lﬁw—l—d' oM

M Mow T M eMaw

(5.1)

Since W is closed and M is linearly compact, M N W is linearly compact by Proposition 2.1(a). Moreover,
d(MNW) =M N oW = oM NW, so M NW has finite codimension in ¢(M N W). Corollary 3.24 yields

MW
dim % < ent™ (¢ Tw). (5.2)

On the other hand, 7M = % is linearly compact in V/W by Proposition 2.1(c). By the modular law,
since M < oM,

M+ (oM AW) = ¢M N (M +W).

Therefore,
oM _ oM o OM+W
M+ (pMNW)  oMN(M+W)  M+W'
Moreover,
M+W  oM+W —
< = .
n(M) = 2 < LS )
Then
. oM _ o o(mM)
dim A —
and so, by Corollary 3.24,
M _
di ¢ < ent*(¢). (5.3)
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By Equations (5.1), (5.2) and (5.3), we conclude that

dim %\4 <ent*(¢ lw) + ent*(¢),

so Corollary 3.24 yields the required inequality ent*(¢) < ent*(¢ [w) + ent*(¢). O

A second step towards the proof of the Addition Theorem consists in proving it for linearly compact
vector spaces:

Proposition 5.2. Let V' be a linearly compact vector space, ¢: V. — V a continuous endomorphism, W a
closed ¢-invariant linear subspace of V. and ¢: V/W — V/W the continuous endomorphism induced by ¢.
Then

ent™(¢) = ent™ (¢ [w) + ent™(¢).

Proof. Consider the following short exact sequence of flows in gLLC

0 w 1% V/W 0
MW\L l¢ l(ﬁ
0 w |4 V/W 0.

By applying the functor £ (see (4.7) and (4.11)), we obtain the commutative diagram

0 LW LV LV/W) ——=0
(LH)ew l lﬁcﬁ l&b
0 LW LV LV/W) ——= 0,

where L¢ : LV — LV is a topological automorphism by Proposition 4.6, and LW is a closed L¢-stable
linear subspace of £ by Proposition 4.9. Therefore,

ent*(¢) = ent* (L) = ent™ (L(d [w)) + ent* (L) = ent*(¢ [w) + ent* (@),
by Proposition 5.1, Theorem 4.8 and Proposition 4.9. O
We are now in position to prove the general statement of the Addition Theorem.

Proof of Theorem 1.2. Let V. € B(V) and W, = W N V,; then W, € B(W). By Theorem 2.5, there exists a
discrete linear subspace Wy < W such that W = W.®Wy. Let V; < V such that V =V, ®Vyand Wy < Vy.
Clearly, V; is a discrete subspace of V', since V. is open and V. N V; = 0. By construction, the diagram
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(Tw)ee
| |
0 v L vty ¥ v 0
\/
Pee

commutes, where (W', V' pW pY are the canonical injections and projections of W and V, respectively. This

yields that W, is a closed ¢..-invariant subspace of V. and that

(¢ FW)cc = ¢cc ch . (54)

Now, let 7: V' — V/W be the canonical projection and let V = V/W. Let V. = n(V..) and V4 = 7(Vy); then
V. € B(V) since V.. is open and it is linearly compact by Proposition 2.1(c), while V4 is discrete; moreover,
V = V.® V4. The canonical continuous isomorphism «: V,/W, — V. is a topological isomorphism by
Proposition 2.2; it makes the following diagram commute

Dee
_ e _ @ _ pV _
Ve ——>sV 1% t SV,
T Pee T
Ve/We Ve/We.

In other words, a~'¢,.a = ¢.. and so, by Proposition 3.15(a),

ent* (g,.) = ent™(¢ce). (5.5)

Finally, by using Equations (5.4) and (5.5), we obtain

ent*(¢) = ent*(¢cc) = ent*((bcc rWC) + ent*(a)

= ent”((¢ [w)ee) +ent™(4,.) = ent™ (¢ [w) + ent”(9),

by Proposition 4.2 and Proposition 5.2. 0O
6. Bridge Theorem

This section is devoted to prove that the topological entropy of a continuous endomorphism coincides
with the algebraic entropy of the dual endomorphism with respect to the Lefschetz Duality.

Lemma 6.1. Let V be a Llc. vector space. Then U € B(V) if and only if U+ € B(V).

Proof. Let U € B(V). Since U is linearly compact, U~ is open by definition. Conversely, assume that U+
is open. Since UL = U™ by Lemma 2.9(b), we may assume that U is closed. Since U is open in V, there
exists a linearly compact linear subspace W of V' such that WL < UL, Since U and W are closed linear
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subspaces of V, U < W by Lemma 2.9(a,d). Thus U is a closed linear subspace of the linearly compact
space W, and clearly U is linearly compact by Proposition 2.1(a).

Finally, since U is open in V' if and only if the quotient V/U is discrete, Remark 2.11 implies that U is
open in V if and only if Ut 2,,, V/U is linearly compact. O

Lemma 6.2. Let V be a lLl.c. vector space, ¢ : V. — V a continuous endomorphism and U € B(V). Then
(6~"(U))* = ()™(U™) for everyn € N,

Proof. We prove the result for n = 1, that is,

(6L U))* = o(U). (6.1)

o~ —

The proof for n > 1 follows easily from this case noting that (¢)"™ = (¢™).
Let W = U*; then W € B(V) by Lemma 6.1 and U = W' by Lemma 2.9(d). We prove that

67 W) = (@), (6.2)
that is equivalent to Equation (6.1) by Lemma 2.9(d). So let z € ¢~1(W T); equivalently, ¢(z) € W', that
is x(é(xz)) = 0 for every x € W. This occurs precisely when ¢(x)(z) = 0 for every x € W, if and only if
x € (p(W))T. This chain of equivalences proves Equation (6.2). O

By applying the previous lemmas, we can now give a proof to the Bridge Theorem.

Proof of Theorem 1.4. Let U € B(V); so, U € B(V) by Lemma 6.1. For n € Ny, it follows from
Lemma 2.10 and Lemma 6.2 that

Cn(¢> U)L = Tn((g’ Ul)'

Hence, in view of Lemma 2.12, U/C,,(¢,U) = U/Cy(6,U) = T, (¢, UL)/UL, and so

Therefore, H*(¢,U) = H($7 U~). By Lemma 6.1, we can conclude that ent*(¢) = ent(¢). O

As a consequence of the Addition Theorem for the topological entropy ent* and the Bridge Theorem, we
deduce now the Addition Theorem for the algebraic entropy ent proved in [5].

Corollary 6.3. Let V' be an l.l.c. vector space, ¢ : V — V a continuous endomorphism and W a closed
o-invariant linear subspace of V. Then

ent(¢) = ent(¢ [w) + ent(¢).

Proof. Since W+ is a closed qAS-invariant linear subspace of XA/, consider the topological isomorphisms « :
V/W — W+ and B8: V/W+ — W given by Equations (2.3) and (2.4), respectively. It is possible to verify
that the following diagrams commute.
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Pl L —~ 3~
Wt T gL vwt L vy (6.3)
o O R
VIW —— V/W W
? Plw

By Theorem 1.4 and Proposition 3.15(a),

— ~

ent(¢) = ent*(¢), ent(¢ [w) = ent*(¢ [w) = ent*(9) and ent() = ent*(¢) = ent* (& [yy1).

Then Theorem 1.2 yields

-~ =

ent(¢) = ent*(§) = ent" (§) + ent*($ ) = ent(@ [w) + ent(),
and this concludes the proof. 0O

Alternatively, one can deduce the Addition Theorem for the topological entropy ent* from the Addition
Theorem for the algebraic entropy ent and the Bridge Theorem.
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