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Algebraic Entropy in Locally Linearly Compact
Vector Spaces

Ilaria Castellano and Anna Giordano Bruno

Dedicated to the 70eth birthday of Luigi Salce

Abstract We introduce the algebraic entropy for continuous endomorphisms of lo-
cally linearly compact vector spaces over a discrete field, as the natural extension of
the algebraic entropy for endomorphisms of discrete vector spaces studied in [13].
We show that the main properties continue to hold in the general context of locally
linearly compact vector spaces, in particular we extend the Addition Theorem.

Key words and phrases linearly compact vector space, locally linearly compact
vector space, algebraic entropy, continuous linear transformation, continuous endo-
morphism, algebraic dynamical system.
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1 Introduction

In [1] Adler, Konheim and McAndrew introduced the notion of topological entropy
h:op for continuous self-maps of compact spaces, and they concluded the paper by
sketching a definition of the algebraic entropy h,;, for endomorphisms of abelian
groups. This notion of algebraic entropy, which is appropriate for torsion abelian
groups and vanishes on torsion-free abelian groups, was later reconsidered by Weiss
in [27], who proved all the basic properties of /4. Recently, A, was deeply inves-
tigated by Dikranjan, Goldsmith, Salce and Zanardo for torsion abelian groups in
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[12], where they proved in particular the Addition Theorem and the Uniqueness
Theorem.

Later on, Peters suggested another definition of algebraic entropy for automor-
phisms of abelian groups in [20]; here we denote Peters’ entropy still by £, since
it coincides with Weiss’ notion on torsion abelian groups; on the other hand, Peters’
entropy is not vanishing on torsion-free abelian groups. In [10] &, was extended to
all endomorphisms and deeply investigated, in particular the Addition Theorem and
the Uniqueness Theorem were proved in full generality. In [21] Peters gave a fur-
ther generalization of his notion of entropy for continuous automorphisms of locally
compact abelian groups, which was recently extended by Virili in [26] to continuous
endomorphisms.

Weiss in [27] connected the algebraic entropy 4, for endomorphisms of torsion
abelian groups with the topological entropy /., for continuous endomorphisms of
totally disconnected compact abelian groups by means of Pontryagin duality. More-
over, the same connection was shown by Peters in [20] between £, for topological
automorphisms of countable abelian groups and 4, for topological automorphisms
of metrizable compact abelian groups. These results, known as Bridge Theorem:s,
were recently extended to endomorphisms of abelian groups in [6], to continuous
endomorphisms of locally compact abelian groups with totally disconnected Pon-
tryagin dual in [9], and to topological automorphisms of locally compact abelian
groups in [25] (in the latter two cases on the Potryagin dual one considers an exten-
sion of f, to locally compact groups based on a notion of entropy introduced by
Hood in [16] as a generalization of Bowen’s entropy from [3] — see also [15]).

A generalization of Weiss’ entropy in another direction was given in [22], where
Salce and Zanardo introduced the i-entropy ent; for endomorphisms of modules
over a ring R and an invariant i of Mod(R). For abelian groups (i.e., Z-modules)
and i = log| — |, ent; coincides with Weiss’ entropy. Moreover, the theory of the
entropies ent; where L is a length function was pushed further in [23, 24].

In [13] the easiest case of ent; was studied, namely, the case of vector spaces
with the dimension as invariant, as an introduction to the algebraic entropy in the
most convenient and familiar setting. The dimension entropy entqi, is defined for an
endomorphism ¢ : V — V of a vector space V as

entgim () = sup{Hyim (¢, F) : F <V, dimF < oo},

where |
Haim (9,F) = lim —dim(F +¢F +...+¢""'F).

All the basic properties of entgi,, were proved in [13], namely, Invariance under
conjugation, Monotonicity for linear subspaces and quotient vector spaces, Loga-
rithmic Law, Continuity on direct limits, weak Addition Theorem (see Section 4 for
the precise meaning of these properties).

Moreover, compared to the Addition Theorem for /., and other entropies, a
simpler proof was given in [13, Theorem 5.1] of the Addition Theorem for entgip,,
which states that if V is a vector space, ¢ : V — V an endomorphism and W a ¢-
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invariant (i.e., W < W) linear subspace of V, then

entgim (@) = entgim (¢ [w) + entgim(P),

where ¢ [y is the restriction of ¢ to W and ¢ : V/W — V /W is the endomorphism
induced by ¢.

Also the Uniqueness Theorem was proved for the dimension entropy (see [13,
Theorem 5.3]). Namely, entgip, is the unique collection of functions

entgim :End(V) = NU{eo}, ¢ — entgim(¢),

satisfying for every vector space V: Invariance under conjugation, Continuity on
direct limits, Addition Theorem and entgim (Br) = dim F for any finite-dimensional
vector space F, where Br : @y F — By F, (x0,x1,%2,...) — (0,x0,x1,...) is the
right Bernoulli shift.

Inspired by the extension of h,;, from the discrete case to the locally compact
one, and by the approach used in [11] to define the intrinsic algebraic entropy (based
on the concept of inert subgroup with respect to an endomorphism — see [2, 5]),
we extend the dimension entropy to continuous endomorphisms of locally linearly
compact vector spaces. Recall that a linearly topologized vector space V over a
discrete field K is locally linearly compact (briefly, L.l.c.) if it admits a local basis
at 0 consisting of linearly compact open linear subspaces; we denote by #(V) the
family of all linearly compact open linear subspaces of V (see [19]). Clearly, linearly
compact and discrete vector spaces are l.l.c.. (See Section 2 for some background
on linearly compact and locally linearly compact vector spaces.)

Let V be an l.1.c. vector space and ¢ : V — V a continuous endomorphism. The
algebraic entropy of ¢ with respectto U € B(V) is

1 U+oU+...+¢" U
H(9,0) = lim Laim /U 00U

ey

and the algebraic entropy of ¢ is
ent(¢) = sup{H(9,U) | U € Z(V)}.

In Section 3 we show that the limit in (1) exists. Moreover, we see that ent is always
zero on linearly compact vector spaces (see Corollary 2). On the other hand, if V
is a discrete vector space, then ent(¢) turns out to coincide with entgi, () (see
Lemma 1). Moreover, if V is an l.l.c. vector space over a finite field IF, then V is
a totally disconnected locally compact abelian group and /4,(¢) = ent(¢) - log |F|
(see Lemma 5).

In Section 4 we prove all of the general properties that the algebraic entropy is
expected to satisfy, namely, Invariance under conjugation, Monotonicity for linear
subspaces and quotient vector spaces, Logarithmic Law, Continuity on direct lim-
its, weak Addition Theorem. As a consequence of the computation of the algebraic
entropy for the Bernoulli shifts (see Example 2), we find in particular that the alge-
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braic entropy for continuous endomorphisms of 1.1.c. vector spaces takes all values
in NU {e}.

In Section 5 we prove the so-called Limit-free Formula for the computation of
the algebraic entropy, that permits to avoid the limit in the definition in (1) (see
Proposition 12). Indeed, taken V an l.l.c. vector space and ¢ : V — V a continuous
endomorphism, for every U € Z(V) we construct an open linear subspace U~ of
V (see Definition 1) such that ¢ ~'U~ is an open linear subspace of U~ of finite
codimension and

. U
H(¢,U)=dim U
A first Limit-free Formula for A, in the case of injective endomorphisms of
torsion abelian groups was sketched by Yuzvinski in [29] and was later proved in a
slightly more general setting in [7]; this result was extended in [14, Lemma 5.4] to a
Limit-free Formula for the intrinsic algebraic entropy of automorphisms of abelian
groups. In [7] one can find also a Limit-free Formula for the topological entropy
of surjective continuous endomorphisms of totally disconnected compact groups,
which was extended to continuous endomorphisms of totally disconnected locally
compact groups in [15, Proposition 3.9], using ideas by Willis in [28]. Our Limit-

free Formula is inspired by all these results, mainly by ideas from the latter one.
The Limit-free Formula is one of the main tools that we use in Section 6 to extend
the Addition Theorem from the discrete case (i.e., the Addition Theorem for entg;y,
[13, Theorem 5.1]) to the general case of L.1.c vector spaces (see Theorem 2). If V
is an l.l.c. vector space, ¢ : V — V a continuous endomorphism and W a closed

¢-invariant linear subspace of V, consider the following commutative diagram

0 w \% V/W 0
iWW L‘P i‘?
0 w Vv V/W 0

of continuous endomorphisms of 1.1.c.vector spaces, where ¢ [y is the restriction of
¢ to W and ¢ is induced by ¢; we say that the Addition Theorem holds if

ent(9) = ent(9 Iw) +ent(@).

While it is known that /4, satisfies the Addition Theorem for endomorphisms of
discrete abelian groups (see [10]), it is still an open problem to establish whether /1,
satisfies the Addition Theorem in the general case of continuous endomorphisms
of locally compact abelian groups; from the Addition Theorem for the topological
entropy in [15] and the Bridge Theorem in [9] one can only deduce that the Addition
Theorem holds for A, in the case of topological automorphisms of locally compact
abelian groups which are compactly covered (i.e., they have totally disconnected
Pontryagin dual). Here, Theorem 2 shows in particular that the Addition Theorem
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holds for h,;, on the small subclass of compactly covered locally compact abelian
groups consisting of all locally linearly compact spaces over finite fields.

With respect to the Uniqueness Theorem for entyj,, mentioned above, we leave
open the following question.

Question 1. Does a Uniqueness Theorem hold also for the algebraic entropy ent on
locally linearly compact vector spaces?

In other words, we ask whether ent turns out to be the unique collection of
functions ent” : End(V) — NU {eo}, ¢ > ent(¢), satisfying for every Ll.c. vec-
tor space V: Invariance under conjugation, Continuity on direct limits, Addition
Theorem and ent(fr) = dimF for any finite-dimensional vector space F, where
V= @ngwF @I, F is endowed with the topology inherited from the product
topology of [,z F, and Br : V — V, (xy)nez — (Xn—1)nez is the right Bernoulli
shift (see Example 2).

We end by remarking that in [4] we introduce a topological entropy for 1.1.c. vec-
tor spaces and connect it to the algebraic entropy studied in this paper by means
of Lefschetz Duality, by proving a Bridge Theorem in analogy to the ones recalled
above for f,, and h,), in the case of locally compact abelian groups and their con-
tinuous endomorphisms.

2 Background on Locally Linearly Compact Vector Spaces

Fix an arbitrary field K endowed always with the discrete topology. A topological
vector space V over K is said to be linearly topologized if it is Hausdorff and it
admits a neighborhood basis at O consisting of linear subspaces of V. Clearly, a
discrete vector space V is linearly topologized, and if V has finite dimension then
the vice-versa holds as well (see [19, p.76, (25.6)]).

If W is a linear subspace of a linearly topologized vector space V, then W with
the induced topology is a linearly topologized vector space; if W is also closed in V,
then V /W with the quotient topology is a linearly topologized vector space as well.

Given a linearly topologized vector space V, a linear variety M of V is a coset
v+ W, where v € V and W is a linear subspace of V. A linear variety M = v+ W is
said to be open (respectively, closed) in V if W is open (respectively, closed) in V.

A linearly topologized vector space V is linearly compact if any collection of
closed linear varieties of V with the finite intersection property has non-empty in-
tersection (equivalently, any collection of open linear varieties of V with the finite
intersection property has non-empty intersection) (see [19]).

For reader’s convenience, we collect in the following proposition all those prop-
erties concerning linearly compact vector spaces that we use further on.

Proposition 1. Let V be a linearly topologized vector space.
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(a) If W is a linearly compact subspace of V, then W is closed.

(b) If V is linearly compact and W is a closed linear subspace of V, then W is
linearly compact.

(c) If V is linearly compact, W a linearly topologized vector space, and ¢ : V — W
is a surjective continuous homomorphism, then W is linearly compact.

(d) If V is discrete, then V is linearly compact if and only if it has finite dimension
(hence, if V has finite dimension then 'V is linearly compact).

(e) If W is a closed linear subspace of V, then V is linearly compact if and only if
W and V /W are linearly compact.

(f) The direct product of linearly compact vector spaces is linearly compact.

(g) An inverse limit of linearly compact vector spaces is linearly compact.

(h) A linearly compact vector space is complete.

Proof. A proof for (a), (b), (c) and (d) can be found in [19, page 78]. Properties (e)
and (f) are proved in [17, Propositions 2 and 9]. Finally, (g) follows from (b) and
(f). Let t: V — V be the topological dense embedding of V into its completion V,
thus (a) implies (h). O

A linearly topologized vector space V is locally linearly compact (briefly, 1.1.c)
if there exists an open linear subspace of V that is linearly compact (see [19]). Thus
V is Ll.c.if and only if it admits a neighborhood basis at O consisting of linearly
compact linear subspaces of V. Clearly, linearly compact and discrete vector spaces
are LLc.. The structure of an 1.1.c. vector space can be characterized as follows.

Theorem 1 ([19, (27.10), page 79]). If V is an Ll.c.vector space, then 'V is topolog-
ically isomorphic to V. &V, where V. is a linearly compact open linear subspace
of V and V, is a discrete linear subspace of V.

By Proposition 1 and Theorem 1, one may prove that an l.1.c.vector space verifies
the following properties.

Proposition 2. Let V be a linearly topologized vector space.

(a) If V is Llc, then V is complete.

(b) If W is an l.Lc. linear subspace of V, then W is closed.

(c) If W is a closed linear subspace of V, then V is Ll.c.if and only if W and V /W
are ll.c.

Given an Ll.c. vector space V, for the computation of the algebraic entropy we
are interested in the neighborhood basis Z(V) at 0 of V consisting of all linearly
compact open linear subspaces of V. We see now how the local bases Z(W) and
PB(V /W) of a closed linear subspace W of V and the quotient V /W depend on
BV).

Proposition 3. Let V be an L.1.c.vector space and W a closed linear subspace of V.
Then:

(@) BW)={UNW |U € BV)};
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(b) BV /W) = {(U+W)/W | U € B(V)}.

Proof. (a) Clearly, {UNW | U € #(V)} C B(W). Conversely, let Uy € B(W).
Since Uy is open in W, there exists an open subset A C V such that Uy = ANW.
As A is a neighborhood of 0, there exists U’ € Z(V) such that U’ C A. In particular,
U'NW C Uy is an open linear subspace of the linearly compact space Uy, and
so Uy /(U' NW) has finite dimension by Proposition 1(d,e). Therefore, there exists
a finite-dimensional subspace F < Uy such that Uy = F + (U’ "W). Finally, let
U:=F+U € %(V).Hence, for F <W we have Uy = F+ (U'NW) = (F+U")N
W=UnWw.

(b) Since the canonical projection 7 : V — V /W is continuous and open, the set
{mn(U)|U € AB(V)} is contained in B(V/W).

To prove that Z(V /W) C{(U+W)/W |U € B(V)}, let U € B(V /W). Then
7T is an open linear subspace of V, hence it contains some U € (V). Then
U < U and U has finite codimension in U by Proposition 1(d,e). Therefore, there
exists a finite-dimensional linear subspace F of V /W such that F < U and U =
nU + F. Let F be a finite-dimensional linear subspace of V such that F' < U
and TF = F. Now n(U+F) =U and U + F € %(V) by Proposition 1(c). O

As consequence of Lefschetz Duality Theorem, every linearly compact vector
space is topologically isomorphic to a direct product of one-dimensional vector
spaces (see [19, Theorem 32.1]). From this result, we derive the known proper-
ties that if a linearly topologized vector space V over a finite discrete field is linearly
compact then it is compact, and if V is Ll.c. then it is locally compact.

Proposition 4. Let V be a linearly compact vector space over a discrete field K.
Then V is compact if and only if K is finite.

Proof. Write V =T];;K; with K; =K for all i € I. If K is finite, then K| is compact
for all i € I, and so V is compact. Conversely, if V is compact, then each K; is
compact as well, hence K is a compact discrete field, so K is finite. O

Corollary 1. An Ll.c.vector space V over a finite discrete field F is a totally discon-
nected locally compact abelian group.

Proof. By Proposition 4, (V) is a local basis at 0 of V consisting of compact open
subgroups of V, so V is a totally disconnected locally compact abelian group. O

3 Existence of the Limit and Basic Properties

Let V be an Ll.c. vector space, ¢ : V — V a continuous endomorphism and U €
A(V).Forn € N, and a linear subspace F of V, the n-th ¢-trajectory of F is

T,(0,F)=F +oF +¢*F +...+¢" 'F.
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If U € #(V), notice that for every n € Ny, T,,(¢,U) € ZA(V) as well, since it is
open being the union of cosets of U, and linearly compact by Proposition 1(c,f).
Moreover, T,,(¢,U) < T,+1(¢,U) for all n € N, thus we obtain an increasing chain
of linearly compact open linear subspaces of V, namely

U=Ti(9,U) <T($,U) < ... < Ty(¢,U) < Tyt ($,U) < ...

The ¢-trajectory of U is T(9,U) = Uyen, Tn(9,U), which is the smallest ¢-
invariant open linear subspace of V containing U.
Hence, the algebraic entropy of ¢ with respect to U introduced in (1) can be

written as | I.(6.U)
_1: i n ’
H(¢,U)—r}1_r>1c}ond1m7U . (2)
Notice that since T,,(¢,U) is linearly compact and U is open, U has finite codimen-
Tn(¢.U)

sion in 7,,(¢,U), that is, 7~ has finite dimension by Proposition 1(d,e). More-

over, the following result shows that the limit in (2) exists.

Proposition 5. Let V be an l.1.c.vector space and ¢ : V — V a continuous endomor-
phism. For every n € N let

Tn+1(¢aU)
T.(9,U)

Then the sequence of non-negative integers {0y}, is stationary and H(¢,U) = a
where o is the value of the stationary sequence {0, }, for n large enough.

Proof. For every n > L Tn+1(¢7U) = Tn(¢aU)+¢nU and ¢Tn—1(¢7U> < Tn((P?U)

Thus,
L1(9.U) . 9"V
T.(9,U) T.(9,U)N¢"U

o, = dim

is a quotient of
¢HU
OT,—1(9,U)N YU
Therefore, o, < dimB,,. Moreover, since ¢7,(¢,U) = ¢T,_1(¢,U) + ¢"U,

Bng¢7hfl(¢,U)+¢”U_ 9Tu(9.U) T,(9,U)

0T, 1(0.U)  0Th1(0.U)  To1(6,U)+ (Tn(9,U) Nkerg)

the latter vector space is a quotient of T,,(¢,U)/T,—1(¢,U), so dimB,, < 0.
Hence o, < ;. Thus {a,}, is a decreasing sequence of non-negative integers,
therefore stationary. Since U < T,,(¢,U) < T,,41(9,U),

7;1+1(¢aU) —dim Tn(¢7U) (3)
U

B, =

o, = dim

As {ay,}, is stationary, there exist ngp > 0 and o > 0 such that o, = o for every

n > ng. If a = 0, equivalently dimw = dimw for every n > ng, and
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hence H(¢,U) = 0. If o > 0, by (3) we have that for every n € N

T, U T U
dim "O+"(¢’ ) — dim ’10(¢7 )_|_na
U
Thus,
Ty (9,U)
1 T, U dim =—"— + no
H(¢,U) = lim dim ntn(9,U) _ lim 0 TR
n—eo 11+ 11 U n—soo n-+ng

This concludes the proof. O

Proposition 5 yields that the value of ent(¢) is either a non-negative integer or oo.
Moreover, Example 2 below witnesses that ent takes all values in NU {oo}.

We see now that the algebraic entropy ent coincides with entg;y, on discrete vector
spaces.

Lemma 1. Let V be a discrete vector space and ¢ : V — V an endomorphism. Then

ent(¢) = entgim (9).
Proof. Note that Z(V) = {F <V :dimF < oo}. Let now F € #(V). Then

L T(9,F) 1 o

H(¢’F)_nl§£‘°;d‘mT_Jﬂ;(d‘mn(q)’F)_d‘mF)_
I

:,}g{}o;dlmT”(‘P’F):Hdim(¢7F)'

It follows from the definitions that ent(¢) = entgin, (¢). O

We compute now the algebraic entropy in the easiest case of the identity auto-
morphism.

Example 1. (a) Let ¢: V — V be a continuous endomorphism of an l.l.c. vector
space V. Then H(¢,U) = 0 for every U € %B(V) which is ¢-invariant.

(b) Let ¢ = idy. Since every element of (V) is ¢-invariant, (a) easily implies
ent(idy) = 0.

Inspired by the above example we provide now the general case of when the
algebraic entropy is zero.

Proposition 6. Let V be an l.lc. vector space, ¢ : V — V a continuous endomor-
phism and U € B(V). Then the following conditions are equivalent:

(a) H($,U) =0;

(b) there exists n € Ny such that T(¢,U) =T, (¢,U);

(c) T(¢,U) is linearly compact.

In particular, ent(¢) =0 if and only if T (¢,U) is linearly compact for allU € B(V).
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Proof. (a)=(b) If H(¢,U) = 0, then dim % = 0 eventually by Proposition 5.
Therefore, the chain of linearly compact open linear subspaces {T,(¢,U)},cy is
stationary.

(b)=-(¢) is clear from the definition.

(©)=(@) IfT(¢,U) is linearly compact, by Proposition 1(d,e) we have that w
is finite-dimensional. Since 7'(¢,U) = Uyen, Tn(9,U), it follows that

T0.0) _ || Tie.0)

U

neNy

and so the chain {w} is stationary. Therefore, H(¢,U) =0. O

neN

As a consequence we see that ent always vanishes on linearly compact vector
spaces.

Corollary 2. If V is a linearly compact vector space and ¢ : V — V a continuous
endomorphism, then ent(¢) = 0. In particular, if V is a finite dimensional vector
space, then ent(¢) = 0.

The next result shows that when ent(¢) is finite, this value is realized on some
UeZBWV).

Lemma 2. Let V be an llLc.vector space and ¢ : V — V a continuous endomor-
phism. If ent(9) is finite, then there exists U € (V) such that ent(¢) = H(¢,U).

Proof. Since ent(¢) is finite and H(¢,U) € N for every U € (V) by Proposition
5, the subset {H(¢,U) : U € #(V)} of N is bounded, hence finite. Therefore,

ent(¢) =sup{H(¢,U) |U € Z(V)} =max{H(¢,U) |U € BZ(V)};

in other words, ent(¢) = H(¢,U) for some U € ZA(V) as required. O

We prove now the monotonicity of H(¢,—) on the family (V) ordered by
inclusion.

Lemma 3. Let V be an Ll.c. vector space and ¢ : V — V a continuous endomor-
phism. If U,U" € B(V) are such that U’ < U, then H(¢,U') <H(¢,U).

Proof. Forn € N, since T,,(¢,U’) + U is a linear subspace of T,,(¢,U ), we have

L(9.UN/U  T(9.U) T(9.U)+U _T(9.U)

(T(¢,U)NU)/U" — Ty(¢,U)NU Y - U
Thus,
T, U’ T.(0,U T, Uuhnu
dim ”(‘f]’, ) < dim ”%’ ) +dim "(‘P’U,) .
Finally, since dim W < dim %, which is constant, for n — oo we obtain the

thesis. O
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Let (1,<) be a poset. A subset J C I is said to be cofinal in I if for every i € I
there exists j € J such that i < j. The following consequence of Lemma 3 permits
to compute the algebraic entropy on a cofinal subset of (V) ordered by inclusion.

Corollary 3. Let V be an Ll.c.vector space and ¢ : V — 'V a continuous endomor-
phism.

(a) If B is a cofinal subset of B(V), then ent(¢p) = sup{H(9,U) | U € £}.
(b)IfUp € B(V) and B ={U € B(V) :Uy < U}, then ent(¢) = sup{H(¢,U) |
U e #}.

Proof. (a) follows immediately from Lemma 3 and the definition.
(b) Since Uy + U € £ for every U € B(V), it follows that that £ is cofinal in
A(V), so item (a) gives the thesis. O

The following result simplifies the computation of the algebraic entropy in sev-
eral cases.

Lemma 4. Let V be an llLc.vector space, ¢: V — V a continuous endomorphism
and U € B(V). Then there exists a finite-dimensional linear subspace F of U such
that, for every n € N,

Tn<¢7U) = U+Tn<¢7F)'

Proof. We proceed by induction on n € N.. For n = 1 it is obvious. Since U has
finite codimension in T>(¢,U) = U + ¢U, there exists a finite-dimensional linear
subspace F of V contained in U and such that T5(¢,U) =U + ¢F =U + T»(9,F).
Assume now that 7,,(¢,U) = U + T, (¢, F) for some n € Ny, n > 2. Then

T41(9,U) =U+9Ty(9.U) =U +9(U) +9T,(9.F) =

This concludes the proof. 0O

We end this section by discussing the relation of ent with /.. Recall that a topo-
logical abelian group G is compactly covered if each element of G is contained in
some compact subgroup of G (equivalently, the Pontryagin dual of G is totally dis-
connected). If G is a compactly covered locally compact abelian group, ¢: G — G a
continuous endomorphism and U € %,,(V) = {U < G | compact open subgroup},
then (see [9, Theorem 2.3])

haig(9) = sup{Hag(9,U) | U € Ber(V)}

where
1
Halg(¢7U) = lim —log

n—eo n

Tn(¢vU)‘
7{] .

If V is an l.l.c. vector space over a finite field I, by Corollary 1 it is a totally
disconnected locally compact abelian group. In particular V is compactly covered,
since V is a torsion abelian group for [ is finite.
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Lemma 5. Let V be an l.l.c.vector space over a finite field F and let ¢ : V —V be a
continuous endomorphism. Then

halg(¢) = ent(¢) -log |F‘

Proof. Let F = {fi,..., fir}. Since every U € %(V) is compact by Proposition 4,
we have that U € %, (V); hence, B(V) C B, (V).

We show that Z(V) is cofinal in By, (V). Let U € % (V) and U’ = ZE'I fiU.
Since V is a topological vector space, f;U is compact for all i = 1,...,|F|, so U’ is
compact as well. Clearly, U’ is contained in the linear subspace (U) of V generated
by U. We see that actually U’ = (U). Indeed, let

x=fiur+...+ fiu, wy,...,ux €U, fiy,....fi €F,

be an arbitrary element in (U). Rearranging the summands, that is, letting for every
je{l,...,|F|}, “{1...1_,- =uy +...+u; €Uforly,....I[; € {l,... .k} such that f;, =
...= fi, = fj, we obtain that

J

|| ,
_ i '
x= ijuzl...lj ev.
=1

Hence U’ = (U). Therefore, U’ € (V) and U’ contains U. This proves that Z(V)
is cofinal in %, (V) as claimed.

Thus, by [26, Corollary 2.3], K (¢) = sup{Hu(¢,U) | U € %(V)}. Since for
every U € B(V),

U

Tn(¢7U) ‘ _ |F‘dimw

for all n € N, we obtain

T(9, N R 1 (8
7((]) U) = lim —dim 7"((15 v)
U n—eo U

1
Haig(9,U) = lim — log

n—yeo

log|F| = H(¢,U)log|F],

and so the thesis follows. O

4 General Properties and Examples

In this section we prove the general basic properties of the algebraic entropy. These
properties extend their counterparts for discrete vector spaces proved for entgj, in
[13]. Moreover, our proofs follow those of the same properties for the intrinsic al-
gebraic entropy given in [11].

We start by proving the invariance of ent under conjugation by a topological
isomorphism.
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Proposition 7 (Invariance under conjugation). Let V be an l.L.c.vector space and
¢ 1V =V a continuous endomorphism. If o.: V. — W is a topological isomorphism
of LLc.vector spaces, then ent(¢) = ent(apo™!).

Proof. LetU € Z(W); then a~'U € #(V). For n € N, we have aT,(¢,a 'U) =

T,(a¢o~",U). As o induces an isomorphism aYl 7 % and furthermore through
—1 -1
this isomorphism W is isomorphic to W, by applying the definition

we have H(¢,a~'U) = H(a¢o~',U). Now the thesis follows, since & induces a
bijection between # (V) and Z(W). O

The next lemma is useful to prove the monotonicity of the algebraic entropy in
Proposition 8.

Lemma 6. Let V be an l.l.c. vector space, ¢ : V — V a continuous endomorphism
and W a closed ¢-invariant linear subspace of V. Then:

ent(9 Tw) = sup H(9 [w,UNW) | U € B(V)} and
ent(§) = sup{H (3, (U +W)/W) | U € B(V)},

where ¢ : V /W — V /W is the continuous endomorphism induced by ¢.
Proof. Apply Proposition 3. O

Next we see that the algebraic entropy is monotone under taking invariant linear
subspaces and quotient vector spaces.

Proposition 8 (Monotonicity). Let V be an Ll.c.vector space, ¢ : V —V a conti-
nuous endomorphism, W a @-invariant closed linear subspace of V and ¢ is the
continuous endomorphism of V /W induced by ¢. Then:

(a) ent(¢) > ent(¢ [w);

(b) ent(¢) > ent(9).
Proof. (a)LetU € (V) and n € N... Since

1%

T,(9,U) . U+Ty(¢ lw,UNW) T.(¢ lw,UNW)
u - U T,(0 lw,UNW)NU’

and 7,,(¢ [w,UNW)NU =UNW, it follows that

Lo wUNW) _ . T(9.U)
$U)

unw -

dim

Hence, H(¢ w,UNW) <H(¢,U) <ent(¢). Finally, Lemma 6 yields the thesis.
(b) For U € (V) and n € N, we have that

L,(9.5") L L(9.U+W) _T(9.U)+W _  T,(,U)

o~ = = N C))
% Uu+w u+w T.(¢,U)N(U+W)
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where the latter vector space is clearly a quotient of w Therefore,

i (o.500 ) < io.v) <ento).

Now Lemma 6 concludes the proof. O

Note that equality holds in item (b) of the above proposition if W is also linearly
compact. In fact, in this case for every U € #(V) we have U+ W € (V) by Propo-
sition 1(c), and hence Lemma 3 and the first isomorphism in (4) yield H(¢,U) <
H(9,U+W)=H (¢,%5); therefore, ent(¢) < ent(¢) and so ent(¢) = ent(9) by
Lemma 8(b).

Proposition 9 (Logarithmic Law). Let V be an l.L.c.vector space and ¢ :V —V a
continuous endomorphism. Then ent(¢*) = k-ent(¢) for every k € N.

Proof. For k=0, it is enough to note that ent(idy ) = 0 by Example 1. So let k € N}
andU € #(V). Forevery n € N,

Tu(9,U) =T,(0", Ti(¢,U)) and  T,(9,Tu(9,U)) = Tyix—1(9,U).

Let E =T;(¢,U) € (V). By Lemma 3,

Tins 11 (9,U
k-H(9,U) < k-H(9,E) = k- lim ikdimiT""(‘P’E) — tim 1 i Tt 21(9.0)
n—e 1

E n—eo E
T(Vl-‘rl)k(q)ﬂU) Tn+l(¢kaE) —H

1 1
< lim —dim = lim — dim (0%, E);
n—oo 1 n—eo 11 E
consequently, & -ent(¢) < ent(¢*).
Conversely, as U < E < T (¢,U),
1 T, 1 T,(o%E
en) > H(9.0) = i poim ) = i 2 aim 22050
. . T;I((])k,E)) 1 k
> lim —dim ————=—--H E).
— ng}o nk m E k ((P ’ )

By Lemma 3, it follows that H(¢* E) > H(¢*,U), and so k-ent(¢) > ent(¢*). O

The next property shows that the algebraic entropy behaves well with respect to
direct limits.

Proposition 10 (Continuity on direct limits). Let V be an Ll.c. vector space and
¢ : V=V a continuous endomorphism. Assume that V is the direct limit of a family
{Vi | i € I} of closed ¢-invariant linear subspaces of V, and let ¢; = ¢ |y, for all
i € I. Then ent(¢) = sup,c;ent(¢;).

Proof. By Proposition 8(a), ent(¢) > ent(¢;) for every i € I. So ent(¢) > sup,; ent(¢;).
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Conversely, let U € %(V). By Lemma 4, there exists a finite dimensional sub-
space F of U such that for all n € N

Tn(¢>U):U+Tn(¢>F)- (5)
As F is finite dimensional, F' < V; for some i € /. In particular,

Indeed, since F < U NV, the inclusion (UNV;) +T,,(9,F) < T,,(¢:;,U NV;) follows
easily. On the other hand, since T,,(¢,F) <V,

(¢, UNV) < T (¢,U)NV; = (U +Tu(¢,F))NVi = (UNV;) + Tu(9, F).
Therefore, (6) yields

Tu(¢,UNV))  UNV)+Tu(9,F) ., Tu(9.F)
unv, unv; CUNT,(9,F)

At the same time, (5) implies

TH(‘PaU) U+Tn(¢aF) ~ Tn(‘PaF)
U U CUNT(9,F)

1%

Hence, H(¢,U) = H(¢;,UNV;) < sup;c;ent(¢;), and so ent(¢) < sup;;ent(¢;). O

We end this list of properties of the algebraic entropy with the following simple
case of the Addition Theorem.

Proposition 11 (weak Addition Theorem). For i = 1,2, let V; be an l.Lc. vector
space and ¢; : Vi — V| a continuous endomorphism. Let ¢ = @1 X ¢ 1V — V, where
V =V xV,. Then ent(¢) = ent(¢;) + ent(¢,).
Proof. Notice that Z = {U; x U, | U; € B(V;),i = 1,2} is cofinal in B(V). Indeed,
let U € #(V); for i = 1,2, since the canonical projection m;: V — V; is an open
continuous map, U; = m;U € AB(V;), and U < U; x U,.

Now, for U} x U, € % and for every n € N,

T(9, U1 x Ua) _, Tn(¢1,U1) o Tu(¢2,0)
UxU, U Uz

b}

hence,
H(¢,Uy xUz) = H(¢1,U1) +H(¢2,U2). @)

By Corollary 3(a) we conclude that ent(¢) < ent(¢;) + ent(¢2).

If ent(¢) = oo, the thesis holds true. So assume that ent(¢) is finite; then ent(¢; )
and ent(¢,) are finite as well by Proposition 8(a). Hence, for i = 1,2 by Lemma 2
there exists U; € A(V;) such that ent(¢;) = H(¢;,U;). By (7) we obtain

ent(¢1) —|—ent(¢2) =H(¢,U)+H($p,Ux) =H(¢,U; x Uz) < ent(¢),



16 Ilaria Castellano and Anna Giordano Bruno

where the latter inequality holds because U; x U, € #(V). Therefore, ent(¢;) +
ent(¢,) < ent(¢) and this concludes the proof. O

In the case of a discrete vector space V and an automorphism ¢ : V — V, we
have that entgm (¢ ') = entgim(¢) (see [13]). This property does not extend to the
general case of an L.l.c. vector space V and a topological automorphism ¢ : V — V;
in fact, the next example shows that ent(¢) could not coincide with ent(¢~1).

Let F be a finite dimensional vector space and let V = V. &V, with

0 oo
Ve=]] F and Vd:EBlF,
n=

n=—oo

be endowed with the topology inherited from the product topology of [[,cz F, so V.
is linearly compact and V; is discrete.
The left (two-sided) Bernoulli shift is

Fﬁ V=V, (xn)nGZ = (xn+1)n€Z7
while the right (two-sided) Bernoulli shift is
BF: V— V, (xn)nEZ = (xnfl)neZ'

Clearly, Br and ¢ are topological automorphisms such that 3~ = B.
Let us compute their algebraic entropies.

Example 2. (a) Consider the case F =K, i.e.,V, =[]’__.Kand V; = b, - K, and
let ¢ € {kB,Bk}. By Corollary 3(b),

ent(¢) =sup{H(¢,U) |U € B(V), V. <U}.
Let U € (V) such that V, < U. Since V, has finite codimension in U by Propo-

sition 1(d,e), there exists k € N such that

0 k
U<U =[] KxPKeAB(V),
n=1

n——oo

hence H(¢,U) < H(¢,U’) by Lemma 3. Clearly,
L ESgBNUN <L Z<gBU) KU < Br(U) <. < BRUN< ...

So, for all n € Ny, T,,(x 8,U’) = U’, while

T / n+1 U’ /
gim 1B V) _ o B (UD) _ gp BeU)
T(Px,U") BgU’ U’

By Corollary 3(a), we can conclude that
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ent(kB)=0 and ent(fg)=1.

In particular, ent(¢) # ent(¢ ') for ¢ € {xB, Bk }-
(b) It is possible, slightly modifying the computations in item (a), to find that, for F

a finite dimensional vector space,

ent(rf)=0 and ent(fr)=dimF.

5 Limit-free Formula

The aim of this subsection is to prove Proposition 12, that provides a formula for
the computation of the algebraic entropy avoiding the limit in the definition. This
formula is a fundamental ingredient in the proof of the Addition Theorem presented
in the last section.

Definition 1. Let V be an 1.1.c.vector space, ¢ : V — V a continuous endomorphism
andU € #(V). Let:

v =y,
UMD =y 4+ ¢~ 'U™ forevery n € N;
-U™ :UnGNU(H)'

It can be proved by induction that U™ < U1 for every n € N. Since U is
open, clearly every U () s open as well, so also U~ and ¢~ 'U~ are open linear
subspaces of V.

We see now that U~ is the smallest linear subspace of V containing U and in-
versely ¢-invariant (i.e., ¢ 'U~ < U~). Note that U~ coincides with T(¢~!,U)
when ¢ is an automorphism, otherwise it could be strictly smaller.

Lemma 7. Let V be an l.l.c. vector space, ¢ : V — V a continuous endomorphism
and U € B(V). Then:

(@) 9"'U~ <U™;
(b) if W is a linear subspace of V such that U <W and ¢ ~'W < W, then U~ < W.
Proof. (a) follows from the fact that ¢ ~'U"") < U+ for every n € N.

(b) By the hypothesis, one can prove by induction that U") < W for every n € N;
hence, U <W. 0O

In the next lemma we collect some other properties that we use in the sequel.

Lemma 8. Let V be an Ll.c. vector space, ¢ : V — V a continuous endomorphism
and U € B(V). Then:

(@)U~ =U+¢ U,

(b) # has finite dimension.
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Proof. (a) follows from the equalities

U+ U =U+¢ ' JUu" =v+Jo v =Jw+o v =U".

neN neN neN

U
ung-lu-
linear subspace U N ¢ ~'U~ is open in the linearly compact space U. In view of item
(a) we have the isomorphism

(b) By Proposition 1(d,e), the quotient has finite dimension, since the

u- U+¢'v- U
o-'U- ¢ lU- T UN¢U
so we conclude that also (p_l]l# has finite dimension. [

The next lemma is used in the proof of Proposition 12.
Lemma 9. Let V be an Ll.c. vector space, ¢ : V —V a continuous endomorphism
and U € B(V). Then, for every n € N,
9" Tu(9,U) =9~ 'U"Y.

Proof. We proceed by induction on n € N. We write simply 7, = T,,(¢,U).
Ifn=1wehave 9 'T; = ¢'U = ¢—'U®. Assume now that the property holds
for n € N, we prove it for n+ 1, that is, we verify that

R R A @®)
Letxc ¢~ 'U ("), Then, by inductive hypothesis,
o(x) UM =U+¢ UV =U+ 97T,
Consequently,
9" (x) = 9"(9(x)) € 9"U + T, = T3
this shows that x € ¢~ ("*1) T, | Therefore, ¢ U™ < ¢~ (+D7T;, .
Conversely, let x € ¢~ ("*1T,, ;. Then
9" (x) € Tust = T+ 9",

and so ¢"*1(x) = y+ ¢"(u), for some y € T, and u € U. Therefore, ¢" (¢ (x) —u) =
y € T, that is,
p(x)—uco "T,=¢ U

by inductive hypothesis. Hence, ¢ (x) €U +¢~'U (»=1) — () and we can conclude
that x € 91U Thus, (8) is verified. So, the induction principle gives the thesis.
O

We are now in position to prove the Limit-free Formula, where clearly we use
that dim ﬁ# has finite dimension by Lemma 8(b).
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Proposition 12 (Limit-free Formula). Let V be an LI.c.vector space, ¢ : V —V a
continuous endomorphism and U € B(V). Then

. U

Proof. We write simply T,, = T,(¢,U) for every n € N, . By Proposition 5, there

exist np € N1 and a € N, such that for every n > ng, H(¢,U) = o, where o =
dim T”T;” So, our aim is to prove that @ = dim (pf/l#
For every n € N, the quotient U N ¢~ 'U ") < U is open in the linearly compact

space U, thus W has finite dimension, by Proposition 1(d,e); moreover, since

—177(n) —177(n+1 U : : U
Une—'u"™ <UnN¢ Ut the Space ;o ipwm is a quotient of UmquU"'The
decreasing sequence of finite-dimensional vector spaces {W |neN } must

stabilize; this means that there exists n; € N such that Un¢—'U™ =Uun¢~'vU™)
for every n > n;. Hence, for every m > ny,

une '™ =Jwune¢luM)y=unlJe'lu" =

neN neN
=Uun¢ ' Ju"W=un¢ U
neN
. o U- _U+¢"'U ~ U
EIX now m > max{ng,n; }; since P R TR by Lemma 8(a), we
ave
- U
dim = dim im
o-U Une-U- Une-1um
i Uu+¢-tum yim+h
— AT =Ty m)
We see now that )
. v . Tm+l
d1m¢71U<m_1) = dim T, =

and this concludes the proof. To this end, noting that

U(m) B U_’_(PflU(mfl) q Tt _ ¢m+lU+7;n
oy g-igm-n AN Tp T T,

define

.U+¢—1U(m—1) ¢m+1U+Tm
P: o1y m=1) - T,

x4+ 07U s 9" (x) + T
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Then @ is a surjective homomorphism by construction and it is well-defined and
injective since ¢ T, = ¢ 'U" V) by Lemma 9. O

6 Addition Theorem

This section is devoted to the proof of the Addition Theorem for the algebraic en-
tropy ent for L.1.c. vector spaces (see Theorem 2).

Let V be an l.l.c. vector space and ¢ : V — V a continuous endomorphism. The-
orem 1 allows us to decompose V into the direct sum of a linearly compact open
linear subspace V.. and a discrete linear subspace V; of V, namely, V =V, @V, topo-
logically. So, assume that V =V, @V, and let

L:Vi—=V, po VoV, xecd}, 9)

be respectively the canonical embeddings and projections. Accordingly, we may
associate to ¢ the following decomposition

_ ¢cc ¢dc
0= <¢cd ¢dd> ’ (19)

where s : Vo — V, is the composition @e, = ps o ¢ o1, for e, % € {c,d}. Therefore,
each ¢, is continuous as it is composition of continuous homomorphisms.

Lemma 10. In the above notations, consider ¢.q: V. — V4. Then:

(a) Im(@cq) € B (Va);
(b) ker(¢cd) € '@(Vc) - '@(V)

Proof. (a) Since V; is discrete, by Proposition 1(c,d) we have that Im(¢.4) < V; has
finite dimension, hence Im(¢.4) € B(V;) = {F < V; | dimF < oo}.

(b) As ker(¢.,) is a closed linear subspace of V., which is linearly compact,
then ker(¢.4) is linearly compact as well by Proposition 1(b). Since V. /ker(¢.;) =
Im(¢.) is finite dimensional by item (a), V. / ker(¢.4) is discrete and so ker(.y) is
open in V,; therefore, ker(¢.y) € #(V.). 0O

We show now that the only positive contribution to the algebraic entropy of ¢
comes from its “discrete component” @;.

Proposition 13. In the above notations, ent(¢) = ent(@zq)-
Proof. By Lemma 10(a), Im(@.4) € %(Vy4); hence, letting
By = {F <V ‘ Im(¢cd) < F,dimF < 00} - %(Vd),

Corollary 3(b) implies



Algebraic Entropy in Locally Linearly Compact Vector Spaces 21

ent(day) = sup{H (¢aq,F) | F € By}. (11)

Let Z={U € B(V) | V. <U}, which is cofinal in (V). For U € 4, since V.
has finite codimension in U by Proposition 1(d,e), there exists a finite dimensional
linear subspace F <V, suchthat U =V, @ F. Conversely, V. & F € % for every finite
dimensional linear subspace F < V,. Hence, Z = {V. ®F | F € #(V,;)}. Moreover,
B ={V.®F | F € B,} is cofinal in B and so in B(V). Thus, Corollary 3(b) yields

ent(¢) = sup{H(¢,U) |U € #'}. (12)
ForU =V, ®F € %', as in Definition 1 let, for every n € N,
U9=y and F9=F,

UM =U+¢ 0"V and FW=F+¢ Fr
v = U"  and F = U F,

neN neN

Proposition 12, together with (12) and (11) respectively, implies that

. U_ ]
ent(¢) = SuP{dlm(plU |Uec % }, (13)
. FT
ent(@q) = sup{dlm_1 |F e 93(1} . (14)
Pua £~

LetU =V.®F € #'. We show by induction on n € N that
U™ =v,.&F™ foreveryneN. (15)

For n = 0, we have U®) = U = V.o F = VC@F(O). Assume now that n € N and
that U = V. @ F™. First note that U"*) = U + ¢~ 10U =U + ¢~ (V. F").
Moreover, since Im(¢.y) < F < F (n),

0 (Ve F™) = {(x,y) € Ve ®Vy | Gea(x) + 0aa(y) € F™M}
={(x,y) €V.®Vy | daaly) € F™}
=V, @, F".

Thus, U D = v, @ Ft1) as required in (15).
Now (15) implies that U~ = V. @ F~; moreover, since Im(¢.;) <F < F~,

07U = {(x,y) EVeDdVy| baaly) €F} = Ve 9z F.

U-  _ _Ve®F~ _ _F~ :
Therefore, G0 T Ve JF g so the thesis follows from (13) and (14).
O

We are now in position to prove the Addition Theorem.
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Theorem 2 (Addition Theorem). Let V be an Ll.c.vector space, ¢: V — 'V a con-
tinuous endomorphism and W a closed @-invariant linear subspace of V. Then

ent(¢) = ent(¢ [w) +ent(¢),
where ¢ : V /W — V /W is the continuous endomorphism induced by ¢.

Proof. Let V. € #(V) and W, = WNV, € Z(W). By Theorem 1, there exists a
discrete linear subspace W; of W such that W = W, @ W,. Let V,; be a linear subspace
of V such that V =V, ®V,; and W; < V. Clearly, V; is discrete, since V. is open and
V.NV; = 0. By construction, the diagram

(01w )aa
m
0 W, 4w olw W Pq W, 0
J 4 4 \f
0 vty oy My, 0
Dda

commutes, where 1)/ ,1¥, p, p¥ are the canonical embeddings and projections of
W and V, respectively. This yields that W, is a ¢,4-invariant linear subspace of V,
and that

(0 Tw)aa = Paa Tw, -

Now, let 7: V — V /W be the canonical projection and let V=V /W.Let V., =
n(V,) and V4 = 7t(V,); then V. is linearly compact and open, while V; is discrete.
Since V. isopeninV, we have V =V _.DV,.

Clearly, there exists a canonical isomorphism o : V, — V; /W, of discrete vector
spaces making the following diagram

Faa
Ty
v,y Ly My,
| |
Va/Wa Pud Va/Wa

commute, where ¢ is the endomorphism induced by ¢4. Then, by Propositions 13
and 7,

ent(¢) = ent(@gq), ent(¢ [w)=ent(9qq lw,) and ent(§) = ent(Pgq)-
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Since ent(¢qq) = ent(@zq Iw,) +ent(Paq), in view of the Addition Theorem for
entgim (see [13, Theorem 5.1]) and Lemma 1, we can conclude that ent(¢) =

ent(¢ [w)+ent(d). O
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