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Abstract—This paper presents a complete framework for
the generation of behavioral macromodels of a wide class of
nonlinear components, devices, and systems. The model structure
and related identification algorithms are based on the Volterra
series formulated in the frequency domain through multivariate
Generalized Transfer Functions. A multivariate rational model
is first estimated in pole-residue form from sampled responses
and then converted to a bilinear state-space form. The main novel
contribution of this work is a SPICE-compatible circuit synthesis,
which enables the usage of nonlinear macromodels within circuit
simulation environments as part of more complex system-level
simulations. Examples are provided for a Low DropOut voltage
regulator and for a system-level Power Distribution Network em-
bedding integrated regulators. For such examples, the proposed
SPICE equivalents offer speedup factors ranging from 12× up
to 650× with negligible loss in accuracy.

I. INTRODUCTION

Computer-Aided Design (CAD) of modern packaged semi-
conductor systems calls for repeated numerical simulations,
aimed at reproducing and predicting both wanted and un-
desired parasitic interactions that may have an influence on
the system behavior. Such numerical simulations must be per-
formed at the system level, including both (full-wave) electro-
magnetic representations and detailed circuit- and sometimes
transistor-level descriptions. A notable example is system-
level Power Integrity (PI) verification of Power Delivery
Networks (PDNs) equipped with banks of integrated voltage
regulators [1], [2].

In order to reduce overall complexity, behavioral modeling
or macromodeling techniques are extensively used. The most
notable and ubiquitous example is macromodeling of Linear
and Time-Invariant (LTI) structures through rational approx-
imation of frequency responses, typically available in the
form of tabulated Scattering parameters obtained by Maxwell
equations solvers [3]. Such structures include all types of in-
terconnects, transmission lines, connectors, vias, power planes,
and grids, to name a few. The Vector Fitting (VF) algorithm
for rational approximation [4] and its derivatives [5]–[9], as
well as associated passivity enforcement schemes [10]–[14],
are now available in most commercial CAD software products
and represent established tools in Signal and Power Integrity
modeling and simulation flows.

In addition to the availability of robust algorithms for model
generation, a key enabling factor for the widespread use of
such behavioral models is the ability to incorporate them as
components in larger simulation decks, typically in a SPICE

environment [15]–[17]. For the particular case of LTI models
based on rational fitting and VF, direct circuit synthesis is
straightforward: the rational function model is first realized
as a set of Ordinary Differential Equations (ODEs) in state-
space form, which are then synthesized as a behavioral SPICE
netlist including controlled sources. Advanced circuit solvers
also allow a direct simulation through recursive convolutions,
which further speed up the solution by skipping the state-space
synthesis step. See [3] for a complete overview.

We remark that rational functions in the frequency domain
and the associated linear state-space (or descriptor) realizations
are a universal representation for LTI systems. This generality
was also one of the key factors leading to the success of
linear macromodeling over the last few years. In this work,
we concentrate on the more difficult problem of nonlinear
macromodeling, for which the definition and use of a universal
representation pose significant challenges.

Several examples exist of compact behavioral modeling
approaches for nonlinear structures. Notable examples include
the widespread IBIS framework [18], which provides an
industry-validated solution to represent high-speed drivers and
receivers for channel modeling and simulation. The success of
IBIS models relies on the fact that the underlying transistor-
level structures have a well-defined structure and topology,
which is mimicked in the behavioral model. In this respect, this
representation is not general and is valid only for the particular
structures for which it is designed. This limitation affects
several other more sophisticated approaches for transceiver
modeling, such as [19]–[21].

In this work, we consider another representation of non-
linear analog circuit blocks, based on the Volterra series
theory [22], [23]. This representation is general under a
theoretical standpoint, but its practical application can be
envisioned only for those systems characterized by a mild
nonlinearity. Several application examples fall in this class,
including various types of voltage regulators as well as system-
level models of PDNs that embed voltage regulator stages.

This paper presents a nonlinear modeling framework for
constructing compact, data-driven models of nonlinear compo-
nents and circuits that can be synthesized as SPICE-compatible
behavioral networks. The approach heavily builds on the
results in [24], [25], where the methodological foundations are
provided to build nonlinear models starting from frequency-
domain data. The theory presented in [24], [25] shows that,
by combining the Volterra series formalism with a multi-
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Fig. 1. Nonlinear one-port system and its system-theoretic representation.

dimensional Laplace transform and an iterative multivariate
rational approximation scheme that suitably generalizes VF,
compact nonlinear macromodels can be easily obtained with
high accuracy and reliability.

Consider a nonlinear system (a general term to refer to
a device, component, or circuit) whose interface with the
external environment is defined by an electrical port with
an associated port voltage v(t) and current i(t), as shown
in Fig. 1(left). By choosing a particular variable (e.g. port
voltage/current, impinging scattering wave, etc.) as the system
input, denoted as u(t), and a different variable as the output
y(t), this system can be viewed as a (nonlinear dynamic)
mapping from u to y [see Fig. 1(right)]. The material in [24]
shows how to obtain a nonlinear macromodel that approxi-
mates with good accuracy this nonlinear dynamic mapping.
The use of macromodels is, however, limited to evaluating the
output y(t) when the input u(t) is a known and fixed signal.
As such, the macromodel cannot be used as an equivalent
circuit block to be interconnected with other circuit blocks
in a larger system-level modeling and simulation scenario.
Therefore, applicability remains severely limited.

In this work, we fill this gap by completing the nonlinear
macromodeling framework with a SPICE synthesis. Starting
from the model representation in [24] and the associated state-
space realization that is designed to be bilinear, i.e., including
additional terms with products between input and states, we
show how to construct a behavioral SPICE netlist that can
be used as a black-box in circuit simulation environments
and tools. Termination or interconnection of the resulting
macromodel can be arbitrary, as required for the system
analysis to be performed.

The structure of this paper is as follows. Section II re-
views known background material to make this manuscript
reasonably self-contained. In particular, bilinear macromodels
and their Volterra series representation in the time and fre-
quency domains are discussed, together with a summary of the
multivariate rational approximation scheme presented in [24].
Also, a standard state-space synthesis approach via controlled
sources is discussed in Sec. II-D, since it forms one of the
building blocks of the proposed nonlinear synthesis. The latter
is detailed in Sec. III, where the general topology, various
alternatives for SPICE realization, and a complexity analysis
are presented. Section IV presents validation and numerical
results on a single voltage regulator and on a more complex
voltage-regulated PDN structure.

II. BACKGROUND

Linear macromodeling based on Vector Fitting was recently
extended to nonlinear systems through the methodology de-
scribed in [24], [25], which is based on Volterra series theory.
This section reviews the background material that allows the
construction of data-driven behavioral macromodels of weakly
nonlinear systems.

A. Volterra series representation of nonlinear systems

The cornerstone of the method developed in [24] is the
theory of Volterra series [22], which allows the representation
of the input-output behavior of a nonlinear system. Although
effective in large-signal conditions where the nonlinear nature
of the underlying system is evident, the notion of Volterra
series is still local and centered around an operating point of
the device. Let us assume that, for a given stationary value ū
of the input u(t) = ū, the constant steady-state system output
is ȳ. Then, to study the system behavior around this operating
point, we decompose the signals as follows

u(t) = ū+ ũ(t)

y(t) = ȳ + ỹ(t)
(1)

With this notation, the Volterra series expresses the output
y(t) as an infinite series whose terms are multidimensional
convolution integrals, defined as

y(t) = ȳ+
∞∑

m=1

∫ t

0

· · ·
∫ t

0

hm(τ1, . . . , τm)ũ(t− τ1) · · · ũ(t− τm)dτ

(2)

where ȳ is the system response to a stationary input u(t) = ū.
In (2), the shorthand dτ ≜ dτ1 · · · dτm is used, and the multi-
variate functions hm(τ1, . . . , τm) appearing in the integrals are
the Volterra kernels, which are symmetric functions of their
arguments (see [22, Sec. 1.2] for more details).

Applying the multidimensional Laplace transform [26] to
the generic kernel hm of degree m leads to the definition of
the Generalized Transfer Function (GTF)

Hm(s1, . . . , sm) =∫ ∞

0

· · ·
∫ ∞

0

hm(τ1, . . . , τm)e−(s1τ1+···+smτm)dτ . (3)

Therefore, higher-degree nonlinear contributions in the input-
output operator are represented as multivariate frequency
responses with a higher number of independent frequency
(Laplace) arguments. We refer the Reader to [23] for an
in-depth discussion of the mathematical aspects of Volterra
theory. It is to be noted that Volterra GTFs are also related to
X-parameters [27], [28]. In fact, samples of the GTFs can be
extracted from X-parameter data, as discussed in [29].

B. Multivariate rational approximation of Volterra kernels

The analysis of the nonlinear macromodeling method de-
veloped in this work begins with considering sampled values
of the GTFs, which are a frequency-domain representation
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of the behavior of the underlying system. Samples of the
generic degree-m GTF are collected at a set of Km points
s
(k)
m ≜ (s

(k)
1 , . . . , s

(k)
m ) and they are denoted as H̆

(k)
m ≜

Hm(s
(k)
1 , . . . , s

(k)
m ), with k being the sample index. These

samples are collected for several degrees, starting from m = 1
up to a maximum degree M .

The modeling procedure described in [24] consists of op-
timizing poles and residues of a conveniently defined multi-
variate rational model Ĥm,

Ĥm(s1, . . . , sm) =
ν1∑

n1=1

· · ·
νm∑

nm=1

rn1,...,nm
φsym
n1,...,nm

(s1, . . . , sm) (4)

where rn1,...,nm
∈ C are constant coefficients (termed gen-

eralized residues). The basis functions φsym
n1,...,nm

(s1, . . . , sm)
are suitably-defined multivariate rational functions that depend
on M sets of model poles Pm = {p(m)

nm }νm
nm=1 ⊂ C, with νm

poles in each set. We first introduce the auxiliary functions
φn1,...,nm

(s1, . . . , sm), which are defined recursively as [24]

φn1(s1) =
1

s1 − p
(1)
n1

, (5a)

φn1,...,nm
(s1, . . . , sm) =

φn1,...,nm−1
(s1, . . . , sm−1)

s1 + · · ·+ sm − p
(m)
nm

(5b)

Using these auxiliary functions, the basis functions
φsym
n1,...,nm

(s1, . . . , sm) appearing in (4) are the symmetriza-
tions of the φn1,...,nm ’s,

φsym
n1,...,nm

(s1, . . . , sm) ≜
1

m!

∑
σ∈Pm

φn1,...,nm
(sσ(1), . . . , sσ(m)) (6)

where the sum runs over the set Pm of all permutations σ of
the integers {1, . . . ,m}. More precisely, φsym is obtained by
summing the values of φn1,...,nm

over all the m! permutations
of its m arguments.

For each degree m = 1, . . . ,M , the rational model Ĥm is
fitted to the data H̆

(k)
m by optimizing its generalized residues

and the model poles through an extension of the VF algorithm.
In this optimization, the objective is to minimize the model-
data error represented by the squared loss

J =
M∑

m=1

Km∑
km=1

∣∣∣H̆(km)
m − Ĥm

(
s
(km)
1 , . . . , s(km)

m

)∣∣∣2 . (7)

Leveraging the recursive structure of (5), the model poles
can be found by an iterative process that identifies the set
Pm in several steps starting from m = 1 to m = M . In
fact, a consequence of (5) is that the GTF model Ĥm can be
factorized as a product [24]

Ĥm(s1, . . . , sm) = Fm(s1 + · · ·+ sm)Qm(s1, . . . , sm) (8)

where the leading factor Fm(s1+· · ·+sm) is univariate and is
the only one that depends on the degree-m poles Pm, whereas
Qm(s1, . . . , sm) only depends on the (known) pole sets Pµ of
degree µ < m. At each step, the elements of Pm are estimated
by running the VF iteration to optimize the poles of Fm,
considering Qm known from previous iteration steps.

C. Bilinear macromodels

Upon completion of the fitting phase, the frequency-domain
rational model (4) can be equivalently recast as a bilinear state-
space model (i.e., a time-domain representation),

ẋ = Ax+Nxũ+ bũ (9a)

ỹ = cTx (9b)

where the matrix A depends on model poles, and the vector
c contains the generalized residues. Compared to standard
state-space representations of LTI systems, (9) includes an
additional nonlinear term associated with the matrix N, with
products of the input signal ũ with all state variables. It is
important to remark that A ∈ CN×N is a block-diagonal
matrix,

A = blkdiag{A1, . . . ,Am} (10)

where A1 = diag{p(1)n }ν1
n=1 and the m-th diagonal block

Am ∈ Cν1···νm×ν1···νm is

Am = A′
m ⊗ Iν1···νm−1 , A′

m ≜ diag{p(m)
n }νm

n=1 (11)

with ⊗ denoting the matrix Kronecker product. Moreover,
N is a block-subdiagonal concatenation of the following
submatrices

Nm = 1νm ⊗ Iν1···νm−1 , m ≥ 2. (12)

with the blocks Nm placed on the subdiagonal of N [22], [24].
In case some poles are complex-valued, standard coordinate
transformations [3] can be used to construct a real-valued
realization.

Although it may be deemed simplistic, the class of bilinear
systems (9) has proven to be adequate to approximate much
larger classes of nonlinear systems [30], [31]. This result
is remarkable, since the bilinear model structure encodes
nonlinearity by simple state-input products. In the presence
of stronger nonlinearities (e.g., higher degree polynomials),
constructive ways exist to manipulate the corresponding state-
space equations and transform them into a bilinear system
by means of lifting techniques [32]–[35]. This procedure
generally leads to an increase in the number of state variables.
A widely applicable technique is Carleman linearization,
discussed in detail in [22]. Appendix A contains a practical
demonstration of this technique as applied to a PDN structure
with integrated voltage regulators represented through time-
averaged models. This derivation shows that a bilinear model
structure is indeed adequate to represent the dynamics of
voltage-regulated PDNs. The foregoing Sec. IV will further
confirm this conclusion by demonstrating the proposed behav-
ioral model synthesis on a practical regulated PDN example.

In [24], it was shown that systems of practical relevance can
be modeled using this technique, and the resulting macromodel
is typically solved in the time domain very efficiently to obtain
a close approximation of the original system response. In that
work, the macromodel was always solved via a custom imple-
mentation of the recursive convolution method in MATLAB.
In this work, we start from the bilinear state-space macromodel
(9) and synthesize it into an equivalent SPICE-compatible
netlist that can be instantiated as a component in a generic
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· · · · · ·Aℓ,1x1 Aℓ,NxN Bℓ,1w1 Bℓ,QwQxℓ

xℓ

1 F

Fig. 2. Circuit corresponding to the state equation (14) describing the dynamic
evolution of the ℓ-th state variable, here interpreted as the voltage across the
capacitor (nodal voltage of node xℓ).

transient analysis, thus fully providing a compact behavioral
representation of the original system.

For the sake of completeness, it should be remarked that
alternative modeling strategies exist, such as those based on
Wiener or Hammerstein structures. If polynomial nonlinear-
ities are considered, it can be shown [30] that the Wiener
structure can be equivalently represented as a particular in-
stance of a bilinear system. Identification of particular Wiener
models using Vector Fitting is addressed in [36]. Similarly,
the Hammerstein model is seen to be less flexible than the
model structure used here because its GTFs are of the type
Hm(s1, . . . , sm) = fm(s1+ · · ·+ sm), i.e., are only functions
of s1 + · · · + sm. Scenarios with more general nonlinearities
can be formulated through block-oriented models, whose
identification is thoroughly discussed in [37].

D. Direct circuit synthesis of LTI macromodels

When using Vector Fitting [38] to build macromodels of
linear components, the rational transfer function model ob-
tained by rational fitting is usually represented in a state-space
format,

ẋ = Ax+Bw (13a)
z = Cx+Dw (13b)

where w(t) ∈ RQ is the vector of input signals, z(t) ∈ RP

contains the output signals, and A ∈ RN×N .
The state-space realization (13) refers to a general Multi-

Input Multi-Output (MIMO) LTI system with Q inputs and
P outputs, and it is a representation that applies to a large
class of LTI systems. The state-space model (13), expressed in
terms of differential equations, can be equivalently translated
or synthesized into an electrical network. Although network
synthesis can be a hard problem when only RLC(k) elements
are allowed (see [39], [40]), in this context we are interested
in a behavioral (i.e., non-physical) representation, in which
case synthesizing (13) is straightforward by using controlled
sources. A well-known solution is detailed in [3, Sec. 11.6.2]
and reviewed in the following. This procedure is best explained
by considering individual entries of the matrix coefficients in
the state equation (13a), as follows

ẋℓ(t) =
N∑
j=1

Aℓ,jxj(t) +

Q∑
q=1

Bℓ,qwq(t), ℓ = 1, . . . , N

(14)
where the indices ℓ and j run over the individual state
variables, that are the entries of x. By interpreting xℓ(t) as

· · · · · ·Cp,1x1 Cp,NxN Dp,1w1 Dp,QwQ
zp

Fig. 3. Circuit corresponding to the output equation (15) in case the variable
zp(t) is a voltage.

෤𝑢(𝑡)

𝒙(𝑡)෤𝑢(𝑡)

෤𝑢(𝑡)

𝒙(𝑡)𝜼(𝑡)

෤𝑦(𝑡)Linear network

ሶ𝒙 = 𝐀𝒙 + 𝐍𝜼 + 𝒃෤𝑢
෤𝑦 = 𝐜T𝒙

Fig. 4. Block-schematic representation of the bilinear system (16).

a voltage, the differential equation (14) can be interpreted as
Kirchoff’s Current Law where the right-hand side is a sum of
currents flowing through a capacitor, as shown in Fig. 2. We
remark that, in case the A matrix is sparse, all the controlled
sources with zero gain Aℓ,j = 0 can be omitted, resulting in a
much simpler network that is also solved faster by the SPICE
engine. Also note that a dual alternative is possible where
xℓ(t) is interpreted as a current, in which case several series-
connected controlled voltage sources would be used in place
of the shunt current sources of Fig. 2. See [3, Sec. 11.6.2] for
an in-depth discussion.

Regarding the output equation, consider a similar rewriting

zp(t) =
N∑
j=1

Cp,jxj(t) +

Q∑
q=1

Dp,qwq(t), p = 1, . . . , P

(15)
where the Cp,j’s are the entries of C. In case the output
variables zp(t) represent the port voltages of the system that
is being modeled, these equations can be synthesized as in
Fig. 3.

To summarize, the overall network that synthesizes (13) is
made up of N subcircuits as in Fig. 2, each corresponding to
a different state variable xℓ, coupled with the subcircuits in
Fig. 3 that generate the outputs z(t).

III. CIRCUIT SYNTHESIS

This section describes the circuit realization of the bilinear
behavioral models reviewed in Sec. II. The bilinear model (9)
differs from a standard LTI system only for the presence of the
bilinear term xũ. This allows synthesizing a circuit that im-
plements the differential equation (9a) by mostly building on
the existing technique for LTI systems reviewed in Sec. II-D.
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𝑥2 𝑡 ෤𝑢(𝑡)

𝑥𝑁 𝑡 ෤𝑢(𝑡)

𝑥1 𝑡

𝑥2 𝑡
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+_

+_
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Fig. 5. Representation of a SPICE subcircuit implementing the linear network
of Fig. 4.

In fact, the core idea used here is to view the system (9)
as a linear system coupled with a nonlinear feedback law. To
this aim, let us introduce the auxiliary variable η ≜ xũ, which
allows rewriting (9a) in the equivalent format

ẋ = Ax+Nη + bũ (16a)
η = xũ (16b)

This simple rewriting enables viewing the bilinear macro-
model as the combination of a linear system (16a), which has
an additional fictitious input η, coupled with a static feedback
law (16b). This setting corresponds to the block schematic in
Fig. 4.

We see that (16a) is a linear system with an augmented set
of inputs (namely, η and ũ) compared to (9a), whose input is
just ũ. This linear part (16a) can be synthesized into a SPICE
netlist following Sec. II-D, considering η and ũ as the inputs,
and the entire state vector x as an output of this sub-block. In
fact, the linear synthesis procedure reviewed in Sec. II-D can
be readily applied to generate a SPICE netlist that implements
such a MIMO system, because the linear system (16a) is a
particular case of (13) with

w ≜

(
η
ũ

)
, z ≜ x (17)

Consider now the nonlinear relation (16b), corresponding
to the nonlinear feedback block in Fig. 4. This equation can
be implemented using behavioral sources that take individual
entries xℓ(t) of x and multiply them by the input signal ũ(t)
at every time instant. The implementation is easily carried out
by using behavioral controlled sources, as discussed in the
following.

A. Implementation in SPICE

In synthesizing the linear network block in Fig. 4 by means
of the direct synthesis approach reviewed in Sec. II-D, an
arbitrary choice about whether to interpret the state variables
xℓ(t) as currents or voltages should be made. For the sake of
exposition, let us assume that xℓ(t), as well as the auxiliary
inputs in the vector ηℓ(t) = xℓ(t)u(t), are interpreted as
voltages. Applying the procedure of Sec. II-D leads to a SPICE
subcircuit, shown in Fig. 5, whose interface includes a pair of

terminals, namely in+ and in-, defining a main electrical
port associated to variables ũ and ỹ. In addition to that, Fig. 5
shows a set of N terminals xℓ whose nodal voltages are xℓ(t)
(upper-right side of Fig. 5), and a set of N terminals whose
nodal voltages are the inputs ηℓ(t), associated with the nodes
wℓ in the lower-right side of Fig. 5.

The products xℓ(t)ũ(t) are realized by means of controlled
sources, as shown in the lower-right part of Fig. 5. Assuming
that ũ is the port voltage, there are at least two ways to
carry out this implementation in HSPICE. For example, to
implement η1(t) = x1(t)ũ(t), a first alternative is to use literal
expressions such as

E1 w1 0 vol=’V(x1,0)*V(in+,in-)’ ,

which is valid in HSPICE. In LTSpice, a behavioral (B) voltage
(V) source would be used with the following syntax

BV1 w1 0 V=’V(x1,0)*V(in+,in-)’ .

An alternative implementation valid in HSPICE is through
polynomial sources, defined as follows:

E1 w1 0 POLY(2) x1 0 in+ in- 0 0 0 1

Note that the network described above is a circuit realization
of the model (9) that links ũ and ỹ. These are related to
the original variables u and y through constant shifts ū, ȳ.
It is easy to introduce independent constant sources around
the terminals in+, in- in Fig. 5 to add the shifts ū and ȳ.

B. Complexity Analysis

Bilinear macromodels obtained with the methodology in
Sec. II-C can easily lead to realizations (9) where the number
of state variables N is large. In fact, using the simplest
realization procedure outlined in [24], N = ν1 + ν1ν2 + · · ·+
ν1 · · · νM . This might suggest that the SPICE netlist describing
the circuit in Fig. 5 is complex and inefficient to simulate. This
is not the case because the bilinear realization is very sparse.

To synthesize the linear block in Fig. 5, the direct synthesis
approach uses N capacitors. The number of controlled sources
in the circuit depends on the number |A| of nonzero entries
in the A matrix. Because of (10), this is

|A| =
M∑

m=1

|Am| . (18)

After A1 is turned into a real quasi-diagonal realization with
at most 2× 2 blocks on its main diagonal (as discussed in [3,
Sec. 8.3]), the number of nonzero elements is given by

|A1| = ν
(r)
1 + 2ν

(c)
1 (19)

where ν
(r)
1 is the number of real poles and ν

(c)
1 the number

of complex poles in P1. Similarly for A′
m,

|A′
m| = ν(r)m + 2ν(c)m . (20)

The relation (11) implies that

|Am| = ν1 · · · νm−1 |A′
m| = ν1 · · · νm−1(ν

(r)
m + 2ν(c)m ) (21)

The non-zero entries of the input-state matrices N and
b also determine the number of controlled sources in the
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Fig. 6. Sparsity patterns of the A and N after bringing the realization in the
real-valued quasi-diagonal form following [24, Remark 1].

subcircuits of the type in Fig. 2. In a real-valued realization,
obtained by the change of coordinate discussed in [24, Remark
1], it can be seen that

|b| = ν
(r)
1 +

1

2
ν
(c)
1 (22)

and, based on the relation (12),

|Nm| = ν1 · · · νm−1(ν
(r)
m +

1

2
ν(c)m ) (23)

The sparsity patterns of A and N in the real quasi-diagonal
format are shown in Fig. 6, where each point in the square
corresponds to a non-vanishing entry of the matrix A or N. It
is graphically apparent that most matrix entries are zero. The
number of controlled sources required to synthesize the state
equation (16) is

|A|+ |N|+ |b| =
M∑

m=1

ν1 · · · νm−1(2ν
(r)
m +

5

2
ν(c)m ), (24)

which scales like N =
∑M

m=1 ν1 · · · νm.
In summary, the realization matrices are sparse because the

number of non-zero entries scales linearly with the size N
of the matrix. This is advantageous in practice because time-
domain circuit simulation requires solving linear systems of
equations, which is done more efficiently when using sparse
matrices. Direct sparse methods (e.g. KLU [41], SuperLU
[42]) typically have complexity between O(N1.5) and O(N2)
[43], [44] (although it can be worse for some problems due to
fill-in), whereas iterative solvers show a per-iteration cost that
scales linearly with N . Therefore, in terms of number of poles
ν̄ ≜ maxmνm and Volterra order M , a direct solver would take
approximately O(ν̄1.5M ) operations, and an iterative solver
O(ν̄M ) operations per iteration.

IV. NUMERICAL RESULTS

This section reports numerical results that demonstrate the
validity of the proposed circuit synthesis method. Section IV-A
considers a nonlinear macromodel of a Low-DropOut (LDO)
voltage regulator to show the correctness of the synthesis
method described in Sec. III. The same macromodel is then
simulated in combination with several capacitive loads, and the
results are compared to the true system responses in Sec. IV-B.
A second example concerning a system-level model of a Power
Delivery Network with integrated regulators is presented in
Sec. IV-C.

Low-DropOut 
Regulator

Power Delivery 
Network

𝑉in

𝑣(𝑡)

𝑖(𝑡)

Fig. 7. Schematic representation of the example of Sec. IV-A.

Fig. 8. Model-data comparison for the LDO example described in Sec. IV-A.

A. Validation: a Low-DropOut Voltage Regulator

As a first example, we consider a Power Delivery Network
including an LDO voltage regulator combined with a pas-
sive network representing a Printed Circuit Board (PCB). A
transistor-level view of the LDO circuit, originally proposed
and described in [45], was instantiated in HSPICE, together
with a passive model of the PCB as depicted in Fig. 7. The
purpose of this system is to provide a regulated supply voltage
to other analog blocks connected to its output (electrical port
on the right side in Fig. 7).

In order to simulate the system behavior in combination
with other (different) loads, we built a nonlinear macromodel
of its output impedance, i.e. the relation between i(t) and v(t)
in Fig. 7, using the algorithm presented in [24] and reviewed
in Sec. II-C. Following [24], a characterization of the device
was extracted using Harmonic Balance (HB) simulations to
obtain samples of the GTFs according to the harmonic probing
method [22], [46]. In particular, the large-signal behavior
of the system was characterized around an operating point
corresponding to a bias current ī = 20mA. For this constant
input, the DC value of the output voltage is v̄ ≈ 2.710V. HB
analysis with up to three large-signal tones yielded samples
of GTFs of degree up to three, in particular K1 = 55,
K2 = 9940, K3 = 1200 samples.

The GTF data was then fitted to a multivariate rational
model with ν1 = 8, ν2 = 8, ν3 = 5 poles. The number
of poles was manually increased until a satisfactory model-
data error was reached. Figure 8 shows a frequency-domain

Fig. 9. Load current signal for the example in Sec. IV-A.
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Fig. 10. Numerical validation of circuit synthesis (example in Sec. IV-A). Top:
load voltage responses. Bottom: error between true response and synthesized
bilinear macromodel (blue line), and between the MATLAB and HSPICE
simulations of the same bilinear macromodel (red line).

Fig. 11. Error between MATLAB and HSPICE responses of the nonlinear
macromodel as the MATLAB timestep is decreased.

comparison between the initial data and the reduced model for
the GTF H2(jω1, jω2) of degree m = 2, which is displayed
as a function of the first variable ω1 = 2πf1 for several fixed
values of ω2.

As reported in [24], this model can be simulated in the time
domain for any given current input u(t) using an extension of
the recursive convolution method, here implemented in MAT-
LAB with a fixed timestep. The synthesis method proposed
herein was also applied to turn the bilinear macromodel into
an electrical network described by a SPICE-compatible netlist.
Using the input current reported in Fig. 9, the macromodel
response was found using both MATLAB and HSPICE (using
the synthesized network), with the results reported in Fig. 10
(top). The synthesized netlist is an exactly equivalent represen-
tation of the same model, implying that any deviation between
the response computed in MATLAB [black dashed line in
Fig. 10(top)] and the synthesized network (red dashed line)
is due to numerical mismatch stemming from the fact that
different time-domain integration methods are used in these
two cases. Moreover, HSPICE results are given with a finite
precision of six significant digits. The error between MATLAB
and HSPICE is reported by the red curve in Fig. 10(bottom).
This synthesis error is at most 6.1 · 10−6 V. If the number
of timesteps used for MATLAB solution is increased from
40 · 104 to 120 · 104, this error steadily decreases as reported

TABLE I
COMPONENT VALUES DEFINING THE CAPACITIVE LOAD OF SEC. IV-B IN

FIVE DIFFERENT EXPERIMENTS.

Experiment # Cl Rs Gp

1 1 nF 1.83Ω 18.3µS
2 10 nF 2.44Ω 16.9µS
3 50 nF 1.00Ω 14.9µS
4 100 nF 1.60Ω 14.3µS
5 200 nF 1.29Ω 13.0µS

Fig. 12. Example in Sec. IV-B with varying load. Top: input current signal.
Bottom: load voltage response computed in HSPICE.

in Fig. 11. The observed convergence and the fact that the error
is of the same order of magnitude as the accuracy of HSPICE
output demonstrate that the synthesis method is correct, and
the observed synthesis error is just a numerical integration
error.

Figure 10 also compares the responses of the original system
and of the synthesized macromodel, which differ because of
the approximation entailed by the macromodeling method.
Nonetheless, the macromodel provides an accurate response
[see Fig. 10 (top)], with a peak error of 5 mV.

B. Parametric LDO Study with Load Variations

After validating the proposed synthesis method in Sec-
tion IV-A, we now consider a realistic use case where the
synthesized network described in Section IV-A is instantiated
in a simulation environment connected to a load. The load
consists of a capacitance Cl, with an Equivalent Series Resis-
tance (ESR) Rs and a shunt conductance Gp. Five different
combinations of these parameter values are considered, as
reported in Table I. For each combination, the load voltage
response to the input current signal reported in Fig. 12(top)
is found by running HSPICE transient simulations using the
original transistor-level system and the synthesized macro-
model. Figure 12(bottom) compares the corresponding voltage
responses for all five load combinations.

The macromodel produces a close approximation of the
reference system behavior even when it is connected to these
capacitive loads, and it can be solved in a fraction of the time.
In fact, while the HSPICE simulation including the transistor-
level reference circuit takes 5.36 s, the simulation that uses
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Input 
network

FIVR 
switches

Output 
network

Controller

𝑉in

𝑑(𝑡)

𝑤 𝑡 , 𝑧(𝑡)

𝑢 𝑡 , 𝑦(𝑡)

Fig. 13. Architecture of a Power Delivery Network with Integrated Regula-
tors.

the synthesized macromodel only takes 0.45 s (for the same
number of timesteps), leading to a speedup factor of nearly
12×.

C. A Power Delivery Network with Integrated Regulators

Modern multi-core microprocessors are powered by PDNs
that include Integrated Voltage Regulators (IVRs) [1] to im-
prove power efficiency and enable fine-grained supply voltage
management. These consist of an array of switching regulators
built inside the package, so as to have an independent regulator
for each processor core. Power Integrity verification in these
modern PDN architectures is carried out through system-
level time-domain simulations. The latter involves a high
computational complexity that can be tackled using compact
reduced models [2].

A high-level view of the topology of the considered PDN
architecture is depicted in Fig. 13. The input network block
represents the main PCB and the package with its decoupling
capacitors. The output network includes passive components
of the output regulator filter and a model of the on-die power
grid. Feedback control by means of compensators is used to
regulate the load voltage. A complete description of this class
of systems, including a precise mathematical formalization, is
available in [2].

Similarly to the previous example, these PDNs provide
supply voltage to other digital circuits that draw current from
the output port (see Fig. 13). In this section, we describe
a macromodel of the relation between the load current i(t),
chosen as the input signal u(t) ≜ iL(t), and the load voltage
(i.e., y(t) ≜ v(t)). For simplicity, we focus on a system
with a single output port, obtained by considering only a
single core of an originally multi-core PDN. The reference
model of the PDN is available as an HSPICE netlist (courtesy
of Intel Corp.), where detailed circuit models of all blocks
are instantiated together with a time-averaged model of the
regulator switches.

The nonlinear macromodeling procedure of [24] was ap-
plied to build a quadratic model (M = 2) starting from
K1 = 1000, K2 = 20000 GTF samples. This data was used
to fit a multivariate rational model with ν1 = ν2 = 9 poles.
The operating point selected to build this model is defined by
a nominal supply voltage Vin = 1.8V and a stationary load
current īL = 5A. In these conditions, the regulated nominal
output voltage is ȳ = 0.696 V. The nonlinear macromodel was
synthesized as a SPICE-compatible netlist to enable transient
analysis via HSPICE following the approach described herein.

Time-domain validation was carried out using the load
current signal depicted in Fig. 14. In Fig. 15(top), the response

Fig. 14. Load current signal used to validate the example in Sec. IV-C.

Fig. 15. Time-domain validation of the PDN example in Sec. IV-C, carried out
via HSPICE. Top: load voltage response. Bottom: Error between the original
system and the nonlinear macromodel.

of the reference netlist is compared with the nonlinear macro-
model, both solved in HSPICE. The peak error observed in
this simulation is only about 3.04 mV, over a voltage swing
of more than 100 mV.

For this realistic system, using a nonlinear macromodel
proves to be much more efficient than the original simulation.
In fact, the simulation runtime to solve the reference HSPICE
netlist is 1592 s, while the macromodel only takes 2.46 s,
corresponding to a speedup of nearly 650×.

V. CONCLUSIONS

This paper proposed a SPICE-compatible synthesis of
nonlinear macromodels in bilinear state-space form. Such a
model format is appropriate for the representation of weakly
nonlinear systems, a class that includes several structures
of practical interest, such as system-level power delivery
networks equipped with integrated voltage regulators repre-
sented by time-averaged models. With the proposed synthesis,
this paper completes a framework for data-driven nonlinear
macromodeling. Overall, this framework can be interpreted as
a general extension of the well-known Vector Fitting algorithm
to the nonlinear setting.

The results in this work call for future extensions in three
main directions. First, a generalization to multi-input, multi-
output nonlinear structures is required to extend the scope and
applicability. Second, an attempt to extend this to stronger
types of nonlinearities, for which the formalism of Volterra
series might lead to overly complex and non-scalable repre-
sentations, is highly desired. Note that the theoretical tool of
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the Volterra series does not present fundamental limitations
that prevent its application to strongly nonlinear systems. Also,
the modeling procedure used here can, in principle, scale to a
higher Volterra order M . However, the bottlenecks that have
to be overcome with large M are the difficulty of practically
sampling high-degree GTFs (M -dimensional domain) and the
exponential scaling of model size with M . Finally, a thorough
theoretical study on the stability properties of the proposed
macromodels when interconnected with other subsystems is
needed. In fact, whereas passivity of linear macromodels
provides a sufficient condition for global stability, global
stability conditions for nonlinear systems are not generally
available, considering that individual nonlinear circuit blocks
that are of interest for the proposed behavioral macromodeling
flow may not be passive themselves. Although no stability
issues were encountered with the documented examples, this
point surely deserves more attention and is reserved for future
investigations.
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APPENDIX

A. Bilinear lifting of voltage-regulated PDN
In this additional section, we provide a practical demon-

stration of Carleman’s technique to obtain a bilinear approxi-
mation of a more generic nonlinear system [22]. We consider
the voltage-regulated PDN depicted in Fig. 13, for which a
bilinear model was identified from frequency responses and
validated in Sec. IV-C. The purpose of the following derivation
is to demonstrate that the bilinear model structure, although
very simple, is indeed appropriate to model regulated PDNs.
The proof is conducted starting from first-principle equations
(formulated following [2]) and showing that these can indeed
be cast in a bilinear form.

The exact equations of the system can be derived by first
introducing two vectors of auxiliary variables w, z containing
the voltages and currents at the interface of the middle block
(FIVR switches), see Fig. 13. This block is controlled by the
duty cycle signal d(t) produced by the feedback compensator.
If a low-frequency averaged model is adopted for the FIVR
switches, the characteristic equation for this block can be
compactly written as

w(t) = ∆z(t)d(t), (25)

where matrix ∆ is constant.
The input network, the output network, and the compensator

are linear systems including electromagnetic models of board
and package, decoupling capacitors, and an error amplifier
(e.g., type-III). As such, they can be collectively represented
by a linear state-space system

ẋ = Ax+Bww +Buu (26a)
z = Czx+Dzww +Dzuu (26b)
d = Cdx+Ddww +Dduu (26c)
y = Cyx+Dyww +Dyuu (26d)

Note that, as (25) is used to replace w in (26), the resulting
system is nonlinear because of the products d(t)z(t). More
precisely, a quadratic structure is revealed by introducing the
following extended state vector

ξ =

x
z
d

 (27)

and recasting (26a)-(26c) in the form

E ξ̇ = Aξ +Qξ ⊗ ξ + Bu (28)

where E = blkdiag{I, 0, 0} is a concatenation of diagonal
blocks of sizes compatible with x, z, d, and

A =

A 0 0
Cz −I 0
Cd 0 −I

 . (29)

To apply Carleman’s linearization to (28), let us start by
defining ξ(2) = ξ ⊗ ξ, so that

ξ̇
(2)

= ξ̇ ⊗ ξ + ξ ⊗ ξ̇ (30)

With this definition, (28) becomes

E ξ̇ = Aξ +Qξ(2) + Bu (31)

Using the notation E(2) ≜ E ⊗E , the dynamic evolution of the
new variable ξ(2) is governed by

E(2)ξ̇
(2)

= E ξ̇ ⊗ Eξ + Eξ ⊗ E ξ̇ =

(Aξ +Qξ(2) + Bu)⊗ Eξ + Eξ ⊗ (Aξ +Qξ(2) + Bu) =
(A⊗ E + E ⊗ A)︸ ︷︷ ︸

≜A(2)

ξ(2) + (B ⊗ E + E ⊗ B)︸ ︷︷ ︸
≜N(2)

ξu+

(Q⊗ E + E ⊗ Q)ξ(3)︸ ︷︷ ︸
ρ(3)

(32)

where the symbol ξ(3) ≜ ξ⊗ξ⊗ξ has been introduced. Note
that a bilinear term ξu appears in (32), as well as a higher-
order remainder ρ(3). By combining Equations (31) and (32),
we obtain(

E
E(2)

)(
ξ̇

ξ̇
(2)

)
=

(
A Q
0 A(2)

)(
ξ

ξ(2)

)
+(

0 0
N (2) 0

)(
ξ

ξ(2)

)
u+

(
0

ρ(3)

)
(33)

Except for the remainder ρ(3), the result is a bilinear system
in the augmented state vector (ξ; ξ(2)). Note that Carleman’s
linearization for a quadratic system in descriptor format was
also addressed in [47] with the same result as (33).

The process can continue by further extending the state vec-
tor by adding ξ(3), together with another equation describing
the evolution of ξ(3) that is obtained by taking its derivative
ξ̇
(3)

= ξ̇ ⊗ ξ ⊗ ξ + . . . in the same manner as above. This
will again yield a bilinear system with an additional higher-
order remainder. It can be proven that stopping the procedure
at step m leads to a bilinear model whose Volterra kernels
match exactly those of the reference system up to degree m.
More details can be found in [22].
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