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1 Introduction

String and supergravity backgrounds containing AdS3×S3 factors, arising as the near-horizon
geometry of D1-D5 brane configurations in type IIB string theory, have provided key examples
of holographic dualities since the early days of the field [1–3]. In certain cases, they have
even paved the way for a full-fledged derivation of the holographic duality [4]. A natural class
of deformations of these setups involves squashing the S3 sphere factor as well as warping
the AdS3 geometry. Geometrically, squashing of the sphere corresponds to breaking the full
SO(4) ≃ SU(2)L×SU(2)R isometry of the round three-sphere S3 down to a subgroup, typically
SU(2)L×U(1)R, or even further. If the AdS3 factor remains undeformed, the dual theory is still
a two-dimensional conformal field theory (CFT) — albeit one with reduced global symmetry.
The holographic dictionary remains intact, and observables such as correlation functions,
central charges, and entropy can be computed within the usual AdS/CFT framework.

By contrast, deforming the AdS3 factor itself requires a modification of the standard
holographic framework. Warped AdS3 (WAdS3) geometries break the full SO(2, 2) isometry
group of AdS3 down to SL(2,R)×U(1), and can be viewed as non-trivial fibrations over AdS2,
while breaking the original Lorentz invariance. Their holographic duals rather correspond to
deformations of CFT, so-called dipole or warped CFTs [5–9]. Such theories, while lacking full
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conformal symmetry, retain enough structure to permit a consistent holographic dictionary,
including Cardy-like entropy formulas and modular properties.

Much of the development of this warped AdS/CFT correspondence has taken place
in the context of three-dimensional topologically massive gravity (TMG). Crucially, both
squashed and stretched AdS3 × S3 geometries also arise as fully consistent string theory
backgrounds [10–12]. In type IIB supergravity, such solutions can be embedded explicitly
by turning on appropriate fluxes. They have been constructed explicitly directly in ten
dimensions or within consistent truncations to six and to three dimensions [13–18]. In general,
these solutions only preserve part of the original supersymmetries.

One of the main results of this work is the construction of a class of solutions to Type
IIB supergravity, of the form WAdS3 × WS3 × T 4. They are graphically represented in
figure 1. All these solutions can be described within an effective, ungauged D = 6 N = (1, 1)
theory originating from the dimensional reduction of Type IIB supergravity on a T 4/Z2-
orientifold (see [19] for a general review). The backgrounds with the smallest residual
symmetry SL(2,R)× SU(2)×U(1)2 are the double-warped ones, of which only those with
lightlike warping are supersymmetric and preserve 4 supercharges (i.e. 1/8 of the D = 10
supersymmetries). As far as the generic double-warped solution is concerned, the warping
parameters of the two three-dimensional subspaces are independent; this allows us to consider
limits in which such parameters are separately set to zero, and the corresponding spaces
undeformed. As illustrated in figure 1, in the round 3-sphere limit of the double-warped
solutions, supersymmetry is restored, independently of the kind of warping in WAdS3. We also
construct a background (at the top of the figure) of the form of a warped product LM3

ζ,ω×w S3

of a 2-parameter deformation LM3
ζ,ω of AdS3 and a three-sphere. This background is the

“mirror” of the non-supersymmetric 2-parameter background constructed in [20], in which
the deformation is on the anti-de Sitter side. Just as for their counterparts in [20], restricting
the two parameters to a suitable locus, supersymmetry is restored. We provide the explicit
ten-dimensional expression of the double-warped solutions.

As a bonus, we give the detailed embedding of the D = 6 N = (1, 1) orientifold theory
in Type IIB supergravity as well as the supersymmetry variations of its fermion fields. These
relations allow for a straightforward computation of the explicit form of all six-dimensional
backgrounds given here as solutions to the ten-dimensional theory.

Instances of supersymmetric, double-warped solutions can be found in the literature [14,
21], in the compactification of Type IIB superstring theory on K3 and T 4, respectively.
In our double-warped solutions, the independent deformations of the three-dimensional
subspaces are related to the non-vanishing of the components of the RR 4-form and the
Kalb-Ramond 2-form along odd cycles of T 4. Thus, we argue that analogous configurations
cannot be obtained in a K3 compactification, since this manifold features no odd-cycles. As
for the double-warped supersymmetric solutions in [21], they were obtained through a TsT
transformation of the AdS3 × S3 background and feature the same deformation parameter on
the two three-dimensional subspaces. Such configurations only contain self-dual 3-form tensor
field strengths and no vectors. As a consequence of this, they cannot be obtained as limits of
the double-warped solutions considered here, since the latter also contain vector fields and,
even in the limit of equal warping parameters of the two three-dimensional subspaces, where
vector fields vanish, feature 3-form field strengths with no definite self-duality property.
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LM3
ζ,ω × S3

WAdS+3 (ω)× S3 WAdS−3 (ω)× S3WAdS03(α)× S3

WAdS03(α)×WS3(Ω) WAdS+3 (ω)×WS3(Ω) WAdS−3 (ω)×WS3(Ω)

AdS3 ×WS3(Ω)

BPS locus

Ω = 0

ω = 0α = 0

Figure 1. Representation of the solutions discussed in this work and of their relations. Green boxes
correspond to supersymmetric solutions.

The paper is organised as follows. In section 2, we define the six-dimensional N = (1, 1)
theory originating from the reduction of Type IIB supergravity on a T 4/Z2-orientifold.
In section 3, we provide, for the reader’s convenience, a unifying review of the relevant
properties of the warped spaces WAdS3 and WS3 and set up the conventions. Readers who
are familiar with these notions can skip to sections 4, 5, 6, where the new solutions are
discussed. We end with some concluding remarks. Appendix A is devoted to the definition of
the relevant conventions, and in appendix B, the main facts about Type IIB supergravity
and its dimensional reduction on the T 4/Z2-orientifold are reviewed.

2 The six-dimensional theory

We will consider here the half-maximal N = (1, 1), D = 6 ungauged supergravity, originating
as a compactification of the Type IIB, D = 10 model on a T 4/Z2-orientifold. The field
content of the theory is described by a gravity multiplet coupled to four vector multiplets,
defining the following coset geometry for the scalar manifold

Mscal =
G

H
= O(1, 1)× O(4, 4)

O(4)×O(4) . (2.1)

The bosonic action reads

I6D = 1
2κ26

∫ [
R ⋆ 1− 1

2e
ϕ ⋆ F(3) ∧ F(3)

− 1
2e

− 1
2ϕ(γ̂ab ⋆ H(2)a ∧H(2)b + γ̂ab ⋆ F̌a

(2) ∧ F̌ b
(2)) + dČa(2) ∧H(2)a ∧ C(2)

− 1
4 ⋆ dϕ ∧ dϕ+ 1

4 ⋆ dγ̂ab ∧ dγ̂ab − 1
4 γ̂γ̂

acγ̂bd ⋆ dC(1)ab ∧ dC(1)cd

]
, (2.2)

where the indices a, b, · · · = 1, . . . , 4, label the coordinates ya of the internal 4-torus, see
appendix B. Here the O(1, 1) factor is parametrized by the dilaton ϕ, while the coset O(4,4)

O(4)×O(4)
is spanned by the moduli γ̂ab = γ̂ba, Cab = −Cba, coming from the internal metric γab and
from the reduction of the ten-dimensional RR 2-form potential, respectively. The eight
vector fields (Ča(1), B(1)a), originate from the toroidal reduction of the RR 4-form field and
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the Kalb-Ramond fields, respectively, and transform in the fundamental representation of
O(4, 4). Only the O(1, 1) factor acts non-trivially on the 3-form field strength and its dual.
We refer the reader to appendix B for further details on this truncation and for the precise
relation between the six-dimensional fields and the ten-dimensional ones. In particular, the
relation between the field ϕ and the ten-dimensional dilaton Φ, as well as the expression of
γab in terms of the matrix γ̂ab entering the above Lagrangian, are given in eqs. (B.16).

The bosonic equations of motion descending from the action (2.2) are

δϕS=0 : 0=d⋆dϕ− 1
2e

−ϕ
2
(
γ̂ab⋆H(2)a∧H(2)b+γ̂ab⋆F̌a

(2)∧F̌
b
(2)

)
+eϕ⋆F(3)∧F(3)

δC(2)S=0 : 0=d(eϕ⋆F(3))−dČa(2)∧H(2)a

δCabS=0 : 0=d
(
γ̂γ̂acγ̂bd⋆dCcd

)
− 1
2 γ̂pq⋆F̌

p
(2)∧H(2)cϵ

abcq

δB(1)aS=0 : 0=d
(
e−

ϕ
2 γ̂ab⋆H(2)a−

1
2e

−ϕ
2 γ̂ac⋆F̌a

(2)Cdeϵ
bcde−dČb(2)∧C(2)

)
δČa(1)

S=0 : 0=d
(
e−

ϕ
2 γ̂ab⋆F̌a

(2)−H(2)b∧C(2)
)

δγabS=0 : 0= e−
ϕ
2 (⋆H(2)a∧H(2)b−γ̂acγ̂bd⋆F̌c

(2)∧F̌
d
(2))−

1
2d⋆dγ̂ab+

1
2d⋆dγ̂

cdγ̂caγ̂db

− 1
2 γ̂γ̂abγ̂

ceγ̂df ⋆dCcd∧dCef+γ̂γ̂cd⋆dCac∧dCbd (2.3)

together with the equation for the metric, which reads

Rµν −
1
4e

ϕFµρσFν
ρσ − 1

2e
−ϕ

2 (γ̂abHaµρHbν
ρ + γ̂abF̌a

µρF̌ b
ν
ρ)− 1

4∂µϕ∂νϕ+ 1
4∂µγ̂ab∂ν γ̂

ab

− 1
4 γ̂γ̂

acγ̂bd∂µCab∂νCcd +
1
4gµν

(1
6e

ϕFρσλF
ρσλ + 1

4e
−ϕ

2 (γ̂abHaρσH
ρσ
b + γ̂abF̌a

ρσF̌ bρσ)
)
= 0 .

(2.4)

O(4, 4)-covariant notation. The scalar fields φ = (φs) ≡ {γ̂ab, Cab} are moduli of the
undeformed AdS3×S3 background describing the near-horizon geometry of the D1-D5 system.
As mentioned above, they span the coset manifold O(4, 4)/[O(4)×O(4)]. The six-dimensional
action and field equations can be rewritten in a manifestly O(4, 4)-covariant way, by encoding
their dependence on the scalars φs in the following O(4, 4)-coset representative:

VM
N =

(
1 0

1
2ϵ
abcdCcd 1

)
·
(
Êa

a 0
0 (Ê−T )aa

)
, (M,N , . . . = 1, . . . 8) ,

where

γ̂ab =
4∑

a=1
Êa

aÊb
a .

In this basis of the fundamental representation of O(4, 4), the invariant matrix, and its
inverse, read:

IMN = IMN =
(

0 1
1 0

)
. (2.5)
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It is convenient to introduce the following symmetric, positive definite, pseudo-orthogonal
matrix, function of the point on the coset:

M(φ) ≡ V(φ) · V(φ)T ∈ O(4, 4) . (2.6)

Grouping the vector fields in an SO(4, 4)-vector:

BM ≡ (Ča, Ba) ,

the kinetic terms for the scalars φs and for the vector fields can be recast in the following
O(4, 4)-invariant form:

−1
2⋆dφ

s∧dφr Grs(φ)−e
−ϕ

2

2 ⋆FT(2)·M(φ)∧F(2) =
1
8Tr

(
⋆dM ∧ dM−1

)
−e

−ϕ
2

2 ⋆FT(2)·M(φ)∧F(2) ,

where we have suppressed the pseudo-orthogonal indices M, N , . . . , defined F(2) ≡ (FM
(2)) =

(dBM) and denoted by Grs(φ) the Riemannian metric on O(4, 4)/[O(4) ×O(4)].
The field equations for the scalar fields φs read:

∇µ (∂µφs) + Γ̃(φ)ss1s2 ∂µφ
s1∂µφs2 = e−

ϕ
2

4 G sr(φ)FTµν ·
∂

∂φr
M(φ) · Fµν , (2.7)

where Γ̃(φ) denotes the Levi-Civita symbol associated with Grs. In the explicit solutions,
which will be given in the sequel, the scalar fields will be chosen to be constant and fixed
at the origin O of the coset manifold

φ ≡ O ⇔ γ̂ab = δab , Cab = 0 .

The consistency of this position requires the source term on the right-hand side of (2.7)
to vanish on the background:

FTµν ·
∂

∂φr
M
∣∣∣∣
φ=O

· Fµν .

This is guaranteed by the following condition on Fµν :

F(2) = I · F(2) ⇒ dČa(1) = B(1) a ,

which holds on the solutions.
Using the O(4, 4)-covariance of the field equations, we can construct backgrounds with

generic constant values φ0 of φ by transforming the fields of the original solution by the
corresponding coset-representative V(φ0):

F(2) −→ F′
(2) = (V(φ0)−1)T · F(2) .

The transformed vector field strengths now satisfy the condition:

F′
(2) = M(φ0)−1 · I · F′

(2) ,

which still implies the vanishing of the source term in the equation for φs:

F′T
µν ·

∂

∂φr
M
∣∣∣∣
φ=φ0

· F′µν = F′T
µν ·

∂

∂φr
M ·M−1

∣∣∣∣
φ=φ0

· I · F′µν = 0 ,

where we have used the property of the matrix ∂
∂φrM ·M−1 · I of being antisymmetric.
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2.1 The Killing spinor equations

Let us discuss here the supersymmetry variations of the fermionic fields on a generic bosonic
background, that is, for vanishing fermionic fields. We give here the supersymmetry variations
of the ten-dimensional fermionic fields λ and ΨM , written in terms of the dimensionally
reduced fields. The conventions on Dirac matrices and spinors are illustrated in appendices A
and B. In particular, the transformation for the spin- 12 field reads

δλ= 1
2e

ϕ
8 γ̂−

1
16 18⊗Γ∗⊗σ3

(1
2
/dϕ⊗14⊗σ3+

1
2
/dlog

√
γ̂⊗14⊗σ3

−1
2e

−ϕ
4 /H(2)a⊗ÊaaΓ∗Γa⊗12−

1
2e

ϕ
2 /F (3)⊗14⊗iσ2−

1
4 γ̂

1
2 /dCab⊗ÊaaÊbbΓab⊗iσ2

)
ϵ ,

(2.8)

where Êaa are the inverse vielbein matrices of the metric γ̂ab. The supersymmetry transfor-
mation of the four spin- 12 fields coming from the reduction of the ten-dimensional gravitino
are given by

δΨa =
[
γ̂

1
8

4
/d
(
γ̂−

3
8 γ̂abe

ϕ
4
)
⊗ ΓbΓ∗ ⊗ 12 +

1
8 γ̂

− 1
4 /̌F b

(2) ⊗ ΓbΓaΓ∗ ⊗ iσ2

− 1
16e

3ϕ
4 γ̂−

1
4 /F (3) ⊗ ΓaΓ∗ ⊗ σ1 +

1
16 γ̂

− 1
4 ( /H(2)b ⊗ ΓaΓb − 4 /H(2)a ⊗ 14)⊗ σ3

− 1
16e

ϕ
4 γ̂

1
4 (/F bc ⊗ ΓaΓbcΓ∗ − 4/F ab ⊗ ΓbΓ∗)⊗ σ1

]
ϵ . (2.9)

Finally, the supersymmetry variation for gravitino can be written as

δΨµdxµ = dϵ + Wϵ , (2.10)

with

W= 1
4γ

ρσ(ωρσ+2eρ∂σ log∆)⊗18+
1
418⊗Γab(ÊaadÊba)⊗12

− 1
8e

−ϕ
4 γ̂

1
2
(
γ /̌Fa

(2)⊗Γa−2γρ⊗Γa /̌Fa
µρe

µ
)
⊗iσ2

+ 1
16e

−ϕ
4
(
γ /H(2)a⊗Γ∗Γa−4γρ⊗Γ∗ΓaHµρae

µ
)
⊗σ3

− 1
16e

ϕ
2 (γ /F (3)−2γρλFµρλeµ)⊗14⊗σ1−

1
32 γ̂

1
2
(
γ /F ab⊗Γab−4Fµab18⊗Γabeµ

)
⊗σ1 ,

(2.11)

with ∆ defined as in (B.18) and γ = γµdxµ, γµ being the D = 6 gamma-matrices, defined in
appendix A. The expressions (2.8), (2.9), (2.10) need to vanish simultaneously for any bosonic
solution. In particular, the vanishing of (2.10) implies the following integrability equation

(dW + W ∧ W) ϵ = 0 . (2.12)

Finally, the consistency of the chosen truncation of type IIB supergravity requires the
supersymmetry variation of C0 to be zero, while the one of the dilaton needs to remain non-
vanishing. This is consistently achieved by requiring the following conditions on the fermions

Γ∗4σ1ϵ = ϵ , Γ∗4σ1λ = −λ ,

Γ∗4σ1Ψµ = Ψµ , Γ∗4σ1Ψa = −Ψa . (2.13)
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3 Review of warped three-dimensional spaces

In the next section, we will present various novel solutions of the six-dimensional theory
mentioned earlier and discuss their uplift to type IIB supergravity. Before providing the
explicit expressions of the backgrounds, let us introduce, in the present section, the building
blocks that will be used to construct them, namely the three-dimensional warped anti-de Sitter
WAdS3 and the warped 3-sphere WS3, giving a unified, though concise, description of them.

As pointed out in the Introduction, three-dimensional warped anti-de Sitter spacetimes,
and orbifolds thereof, were extensively studied within TMG [5, 22, 23] (see also [24] for a
recent, in-depth review of warped-AdS solutions). They also occur as solutions to new massive
gravity (NMG) [25, 26], minimal massive gravity (MMG) [27–29], as well as three-dimensional
(super-) gravity with torsion [30, 31].

A warped anti-de Sitter spacetime as well as a warped 3-sphere, are instances of K-
contact, η-Einstein manifolds [32, 33], with Lorentzian and Euclidean metrics g3, respectively.
η-Einstein manifolds are deformations of Einstein manifolds, generated by a suitable 1-form
field A, endowed with a normal contact structure. These geometries are characterized by
the following general expression of their Ricci tensor:

R3 = a g3 + bA ⊗ A , (3.1)

with constants a, b. The 1-form A characterizing this geometry satisfies a chiral, linear,
differential, Beltrami-like equation (see [30] for a more detailed discussion):

⋆g3 dA = mA , (3.2)

with a constant parameter m. Eq. (3.2) is the “square root” of the Proca equation for a
massive 1-form field in three dimensions [34]. The sign of m defines the chirality of this field
and determines which of the two factors in the isometry group of the undeformed space,
which is SL(2,R)L× SL(2,R)R for AdS3 and SU(2)L× SU(2)R for S3, is broken. The relative
chirality of the warpings of the WAdS3 and WS3 factors affects general properties of the
six-dimensional background, such as supersymmetry [14]. If the vector field ξ, dual to A,
is a Killing vector, the geometry is named K-contact, and the norm of ξ can be shown to
be constant, characteristic of the space. These deformations exist both in Euclidean and
Lorentzian signature: while in the former case, the norm of the vector ξ is always positive,
there exist three kinds of deformations in the latter, depending on whether ξ is lightlike,
timelike or spacelike. In what follows, we will describe deformations of the 3-sphere and AdS3
presenting the above-mentioned features. These three-dimensional spaces are instrumental
in constructing solutions to the six-dimensional theory and, consequently, new solutions
to IIB supergravity.

3.1 Euclidean deformation

In the Euclidean case, we will consider the warped 3-sphere WS3, with the deforming
parameter Ω. We describe it in terms of the coordinates (ψ,φ1, φ2), with metric

ds2(WS3) = ℓT ℓ , ℓ = (ℓ1, ℓ2, ℓ3) , (3.3)

– 7 –
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and vielbein given by

ℓ1 = 1
2e

Ω
4 dψ , ℓ2 = 1

2e
Ω
4 sinψdφ1 , ℓ3 = 1

2e
− 3Ω

4 (dφ2 − cosψdφ1) , (3.4)

where the coordinate ranges are ψ ∈ [0, π], φ1 ∈ [0, 2π), φ2 ∈ [0, 4π). The volume form is
defined as Vol(WS3) = ℓ0 ∧ ℓ1 ∧ ℓ2, while the Ricci tensor reads as in (3.1), with

A⊙ = dφ2 − cosψdφ1 , (3.5)

and a = 2e−
5Ω
2
(
2e2Ω − 1

)
, b = −e−4Ω(e2Ω − 1). The Beltrami equation is satisfied with

m = 2e−
5Ω
4 .

The Killing vectors of this geometry are

ξ1=−cosφ1∂ψ+sinφ1(cscψ∂φ2+cotψ∂φ1) , ξ2=sinφ1∂ψ+cosφ1(cscψ∂φ2+cotψ∂φ1) ,
ξ3= ∂φ1 , ξ4= ∂φ2 .

The vectors {ξ1, ξ2, ξ3} close into an so(3) algebra [ξi, ξj ] = ϵijkξk, and ξ4 is a u(1) factor.
These are the only non-vanishing commutators among the four Killing vectors. Then, the
isometry group of the space is U(2), which is reminiscent of the fact that the space is a
fiber bundle of the form S1 ↪→ WS3 π→ S2. In the limit Ω → 0 the space becomes the
round 3-sphere, described in the coordinates of the Hopf fibration. Note that the vector
dual to A⊙ is proportional to the Killing vector ξ4, leading to the following identities in the
Lie derivative of the 1-form: LξiA⊙ = LξidA⊙ = 0, ∀i = 1, . . . , 4. This implies that any
object constructed from A⊙ will be invariant under U(2). Warped 3-spheres as gravitational
instantons have been shown to be relevant in the context of AdS/CFT in both supersymmetric
and non-supersymmetric cases (see [35–38] and references therein).

3.2 Lightlike deformation

The lightlike Lorentzian cousin of the geometry discussed above corresponds to warped
AdS3 that we denoted by WAdS03. The deformation is controlled by a parameter α and
the AdS3 limit is recovered when α = 0. We will consider coordinates (x−, u, x+), in terms
of which the metric reads

ds2(WAdS03) = eT×η3e× = du2 + dx+dx−
u2

− α
dx2−
u4

, e× = (e0×, e1×, e2×) , (3.6)

with vielbein

e0× = dx+ − (1 + 4α)dx−4u2 , e1× = du
u
, e2× = dx+ + (1− 4α)dx−4u2 , (3.7)

and flat metric η3 = diag(−1, 1, 1). The volume form is defined as Vol(WAdS03) = e0×∧e1×∧e2×.
In the α→ 0 limit, the space becomes AdS3 in the Poincaré patch. Indeed u ∈ [0,+∞)

is the radial coordinate with asymptotic region at u = 0 and origin at u→ ∞, whereas the
coordinates x+, x− ∈ R are two null coordinates.

Turning on α, the space becomes WAdS03, as the Ricci tensor can be written as (3.1)
in terms of the null 1-form

A× = dx−
u2

, (3.8)

– 8 –



J
H
E
P
0
8
(
2
0
2
5
)
0
1
3

and constants a = −2, b = 4α, and the mass of the Beltrami equation (3.2) is m = −2.
In the region close to the origin u → ∞, namely in the IR, the space tends to AdS3. The
asymptotic region is still located at u → 0, but the presence of α changes the asymptotic
structure, as the leading term at infinity in the component gx−x− is −αu−4. The vector
∂/∂x− is a timelike vector field and tends to be null in the limit u→ ∞, while ∂/∂x+ remains
null. The deformed space has an anisotropic rescaling symmetry of the coordinates given by
(x−, u, x+) → (λ2x−, λu, λ−1x+) which is present in the asymptotic region, and corresponds
to the dynamical exponent n = 2 in [13]. This anisotropic rescaling symmetry suggests that,
in the UV, the dual field theory is non-relativistic.

The Killing vectors of WAdS03 are

ξ1 = x2−∂x− + x−u∂u − u2∂x+ , ξ2 = 2x−∂x− + u∂u , ξ3 = ∂x− , ξ4 = ∂x+ ,

[ξ2, ξ1] = 2ξ1 , [ξ2, ξ3] = −2ξ3 , [ξ1, ξ3] = −ξ2 . (3.9)

The vectors {ξ1, ξ2, ξ3} close a sl2(R) algebra, whereas ξ4 generates a u(1) factor: the isometry
group therefore is SL(2,R) × U(1). It is interesting to note that the dual vector to the
1-form A× is the Killing vector ξ4, that in addition to be Killing is also tangent to a geodesic,
implying that the metric (3.7) is written in Kerr-Schild form: ds2(AdS3)− αA× ⊗ A×.

3.3 Spacelike deformation

The spacelike deformation of AdS3 will be referred to as WAdS+3 and the parameter controlling
the deformation is dubbed ω. This space will be described in terms of (t, ρ, θ) coordinates,
with ρ ≥ 0, t ∈ R and θ ∼ θ + 2π, in terms of which the metric reads

ds2(WAdS+3 ) = eT→η3e→ , e→ = (e0→, e1→, e2→) , (3.10)

with vielbein

e0→ = e
ω
4

2 sinh ρ dt , e1→ = e
ω
4

2 dρ , e2→ = e−
3ω
4

2 (dθ + cosh ρdt) . (3.11)

The volume form is denoted by Vol(WAdS+3 ) = e0→ ∧ e1→ ∧ e2→.
This spacetime has the structure of a fiber bundle S1 ↪→ WAdS+3

π→ AdS2, where the
base manifold is AdS2 with coordinates (t, ρ). Moreover, the deformation is generated by
the following spacelike vector field

A→ = dθ + cosh ρdt , (3.12)

which deforms the Einstein structure with constants a = −2e−
5ω
2
(
2e2ω − 1

)
, b = e−4ω(e2ω−1).

In addition, it satisfies the Beltrami equation in (3.2) with m = 2e−
5ω
4 .

In this case, the Killing vectors are the ones of AdS2, in addition to the Killing vector
associated with translation in θ, leading to the isometry group SL(2,R)×U(1). Explicitly,
the Killing vectors and the corresponding non-vanishing Lie brackets are

ξ1=et(∂ρ−cothρ∂t+cschρ∂θ), ξ2=e−t(∂ρ+cothρ∂t−cschρ∂θ), ξ3=∂t , ξ4=∂θ ,
[ξ1,ξ2]=2ξ3 , [ξ3,ξ2]=−ξ2 , [ξ3,ξ1]=ξ1 .
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3.4 Timelike deformation

The timelike deformation of AdS3 will be denoted by WAdS−3 . The metric, in terms of (t, ρ, v)
coordinates, with ρ ≥ 0 and t, v ∈ R, reads

ds2(WAdS−3 ) = eT↑ η3e↑ , e↑ = (e0↑, e1↑, e2↑) , (3.13)

with vielbein

e0↑ =
e−

3ω
4

2 (dt+ cosh ρdv) , e1↑ =
e
ω
4

2 dρ , e2↑ =
e
ω
4

2 sinh ρdv . (3.14)

In the limit ω → 0, the space becomes AdS3 in global coordinates, as it can be seen from
the embedding in R2,2 satisfying −X2

0 + X2
1 + X2

2 − X2
3 = −1 with

X0 = cosh ρ2 cos
v+ t
2 , X1 = sinh ρ2 cos

v− t
2 , X2 = sinh ρ2 sin

v− t
2 , X3 = cosh ρ2 sin

v+ t
2 .

(3.15)

The pullback of the R2,2 metric leads to (3.13) with ω = 0. Let us observe that, in these
coordinates, ∂t and ∂v are both timelike vectors with constant norm, while ∂ρ is spacelike.

This spacetime is a fiber bundle R ↪→ WAdS−3
π→ H2 with base manifold being the two-

dimensional hyperbolic space H2 and with R as fiber, parameterized by the time coordinate.
The Ricci tensor can be expressed as in (3.1), with constants a = 2e−

5ω
2 (1 − 2e2ω), b =

−e−4ω(e2ω − 1) and vector

A↑ = dt+ cosh ρdv . (3.16)

The Beltrami equation (3.2) is satisfied with mass parameter m = 2e−
5ω
4 .

At last, the Killing vectors of this space and their non-vanishing Lie bracket are

ξ1=cosv(cothρ∂v−cschρ∂t)+sinv∂ρ , ξ2=sinv(−cothρ∂v+cschρ∂t)+cosv∂ρ , (3.17)
ξ3=∂θ , ξ4=∂t ,

[ξ1,ξ2]=−ξ3 , [ξ3,ξ1]=ξ2 , [ξ2,ξ3]=ξ1 . (3.18)

The vector fields {ξ1, ξ2, ξ3} close a so(1, 2) algebra, which is the algebra of the isometry group
of the base manifold. Therefore the isometry group of the space is SO(1, 2)×U(1). Note that
the dual vector to A↑ is proportional to ξ4, which in turn commutes with all Killing vectors,
leading to the following identity involving the Lie derivative LξiA↑ = LξidA↑ = 0, ∀i = 1, . . . , 4.

4 Double-deformed lightlike solutions

In this section, we present a new 3-parameter solution of the six-dimensional theory and
describe its uplift to ten dimensions. The spacetime is a direct product between a null warped
AdS3, with the deformation controlled by the parameter α ≥ 0, and a warped 3-sphere, with
deformation parameter Ω ≥ 0. The six-dimensional metric is of the form

ds2 = ds2(WAdS03) + e−
Ω
2 ds2(WS3) , (4.1)
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where the metric and vielbein of the WAdS03 and WS3 are given in (3.6) and in (3.3),
respectively. We consider the orientation of the six-dimensional manifold to be ϵx+ux−ψφ1φ2 =
1. It is convenient to introduce the following 1-forms

A1 =
2
√
αλ√

1 + 3e2Ω
A× , A2 = e−ΩλA⊙ . (4.2)

As shown in the previous section, A× and A⊙ support the deformation of WAdS03 and
WS3, respectively. Moreover, they allow the introduction of higher-degree forms, which are
instrumental for constructing solutions to the equations of motion.

The following bosonic configuration with non-vanishing 3-form field strength, six-dimensional
dilaton and vector fields is a solution of the six-dimensional equations of motion (2.3), (2.4):

F(3) =
1
λ2

[
−Vol(WAdS03)− e

Ω
4 Vol(WS3) + e2Ω

4λ2d(A1 ∧ A2)
]
,

eϕ/2 = 2λ2e−Ω ,

F̌a
(2) = H(2)a =

√
sinhΩ(dA1 + dA2)δ4a . (4.3)

The solution is real and supersymmetric for λ/=0 and Ω, α ≥ 0 and the corresponding common
solution to all Killing spinor equations reads

ϵ(ψ,φ1) =
1
8e

−ψ
2 γ

45γ∗e+
φ1
2 γ34(1+ Γ∗σ1)(1− γ02)

[
1−

√
e2Ω − 1γ5Γ4iσ2 + eΩγ∗

]
P10ϵ0 ,

(4.4)

where we are using the Clifford algebra basis presented in appendix A. The constant complex
spinor ϵ0 satisfies the Majorana condition (B.4), which halves the number of independent
components. The background preserves 4 supercharges and the Killing spinor depends on the
coordinates (ψ,φ1) of the base manifold S2 of the Hopf fibration of WS3 in (3.3). The Killing
spinor is globally defined, antiperiodic in φ1, and has a smooth limit when the deformation
of the 3-sphere goes to zero Ω → 0 or when the warping of AdS3 vanishes α → 0. In each
of these limits, there is an enhancement of the isometry group, but only in the latter case
is there a doubling of the number of preserved supercharges.

In the limit Ω → 0, the space acquires the form of WAdS03 × S3, the six-dimensional
vectors vanish, and all the backreaction of the warping of AdS3 is supported by the 3-form
field strength. The background still preserves 4 supercharges, and the Killing spinor is the
same as (4.4). The isometry group is enhanced to SL(2,R)×U(1)× SO(4), but the presence
of the term containing the 1-forms A×,A⊙ in the 3-form field strength, reduces the symmetry
of the background to be SL(2,R) × U(1) × U(2). In this limit, our configuration can in
principle be compared with the one in [17]: however, (4.1) is a static solution, whereas the
configuration in the reference under consideration is stationary and does not posses a limit
in which the rotation is absent and the deformation of AdS3 is still present.

Finally, in the α → 0 limit, the spacetime becomes AdS3 × WS3 and corresponds to
the BPS configuration constructed in [20]. In this case, the isometry group is enhanced
to SL(2,R) × SL(2,R) × U(2), and the background preserves 8 supercharges. The most
general Killing spinor in this limit is

M(x+)e
ψ
2 γ

45
e−

φ1
2 γ34(1+ Γ∗σ1)

[
1−

√
e2Ω − 1γ5Γ4iσ2 + eΩγ∗

]
P10ϵ0 ,
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x− x+ u ψ φ1 φ2 y1 y2 y3 y4

D1 × ×
D3 × × × ×
D5 × × × × × ×
NS5 × × × × × ×

Table 1. A possible brane setup for the WAdS0
3 ×WS3 solution.

where M(x+) is an invertible matrix encoding the dependence of the spinor on the AdS3
coordinate x+.

Following the uplift formulas in (B.19), the null deformation configuration discussed
above can be embedded in type IIB supergravity as

ds210=
e

Ω
2

√
2λ

[
ds2(WAdS03)+e−

Ω
2 ds2(WS3)

]
+
√
2e−

Ω
2 λdyadya ,

F5=
√
sinhΩ

[
dy1∧dy2∧dy3∧d+λ−2

(
Vol(WAdS03)−e

Ω
4 Vol(WS3)

)
∧dy4∧

]
(A1+A2),

F3=
1
λ2

[
−Vol(WAdS03)−e

Ω
4 Vol(WS3)+ e2Ω

4λ2d(A1∧A2)
]
,

F1=0,
eΦ=2λ2e−Ω ,

H3=
√
sinhΩd(A1+A2)∧dy4 , (4.5)

where we are following the conventions presented in appendix B. The ten-dimensional
spacetime contains compact submanifolds that allow us to compute the supergravity charges:
in particular, we use WS3, T 4, T 3 with coordinates y1, y2, y3, and S2 ⊆ S3. The supergravity
charges are

QD1 = −2e−3Ωλ2 , QD3 =
1
2e

−Ωλ
√
sinhΩ , QD5 = − 1

2λ2 , QNS5 = e−Ωλ
√
sinhΩ .

(4.6)

Therefore, we argue that a putative microscopic description of this solution should contain
at least the brane structure shown in table 1.

5 Double-deformed spacelike solutions

The purpose of this section is providing a new solution of both six and ten-dimensional theories,
involving spacelike warped AdS3, WAdS+3 , and the warped sphere WS3. The six-dimensional
metric is of the form WAdS+3 (ω) × WS3(Ω) and it is given by

ds2 = e
Ω
2 ds2(WAdS+3 ) + e

ω
2 ds2(WS3) , (5.1)

with three-dimensional metrics given in (3.10), (3.3) and orientation ϵtρθψφ1,φ2 = 1. As in
the previous case, it is convenient to define the following 1-forms

A1 = λ cos δ A→ , A2 = λ sin δ A⊙ , (5.2)
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ω

Ω

δ = δ(ω,Ω)
λ1

λ2

λ
δ

Figure 2. Relation between the space of deformation parameters (ω,Ω) and solutions δ of the
constraint (5.4). A point in the right panel is of the form (λ1, λ2) = (λ cos δ, λ sin δ), where λ ≥ 0.
Given a point in the blue (yellow) region in the plane (ω,Ω), solutions of the constraint lie in the blue
(yellow) region in the plane (λ1, λ2).

where λ, δ are real constants. Let us then consider the following bosonic configuration
involving the 3-form field strength, the six-dimensional dilaton and the vectors

F(3) =
e−ω−Ω

λ2 cos 2δ

[
e
ω
4 Vol(WAdS+3 ) + e

Ω
4 Vol(WS3)− 1

4λ2d(A1 ∧ A2)
]
,

eϕ/2 = 2e
Ω+ω

2 λ2 ,

F̌a
(2) = H(2)a =

√
sinh(ω − Ω)

cos 2δ d(A1 + A2)δ4a . (5.3)

The Einstein equations are satisfied provided ω,Ω and the parameter δ satisfy the following
constraint

2e2(ω+Ω) cos2 2δ + (e2Ω − e2ω) cos 2δ − (e2Ω + e2ω) = 0 . (5.4)

The above equation is invariant under the change of sign of δ and under the transformation
(ω,Ω, δ) → (Ω, ω, π/2− δ). The latter symmetry transformation interchanges the deformation
parameters, making the configuration democratic in the two deformations parameters, which
is possible as the two deformation 1-forms (5.2) are both spacelike. Moreover, (5.4) has
two real roots in the variable cos 2δ of opposite sign. Considering the case Ω > ω, which is
depicted in blue region in the left panel of figure 2, one can always find a solution of the
equation (5.4) for δ which leads to a real configuration. The solution of this equation will
lie in the blue region in the plane λ1 = λ cos δ, λ2 = λ sin δ depicted in the right panel of
figure 2. Starting from the solution in the region Ω > ω one can generate all the solution
in the region Ω < ω by acting with the symmetry transformations.

The configuration is supersymmetric when either ω or Ω vanish. The limit ω = 0 leads
to the supersymmetric configuration AdS3 ×WS3, first found in [20]. The latter identifies
the supersymmetric locus of the more general solution AdS3 ×M3

Ω,Z , with M3
Ω,Z being the

(Ω, Z)-family of deformed spheres introduced in the same reference. Similarly, for Ω = 0 the
space becomes a direct product between warped WAdS+3 and a round S3. In the latter limit,
the solution preserves 8 supercharges and the Killing spinor is explicitly given by

ϵ(t,ρ,φ2)=
1
4e

ρ
2γ

02Γ∗e
t
2γ

01
e
φ2
2 γ34(1+Γ∗σ1)

[
1−(e2ω−1)

1
2 γ2Γ4iσ2+eωγ∗

]
P10ϵ0 . (5.5)
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This is globally defined, periodic in the non-contractible coordinate φ2 and has a well-behaved
limit ω → 0. The constant complex spinor ϵ0 satisfies the Majorana condition (B.4) which
halves the independent complex components. Similarly to the “mirror” solution in [20], this
configuration can be shown to correspond to the supersymmetric locus ζ2 + e−2ω − 1 = 0
of the more general solution

ds2 = ds2(LM3
ω,ζ) + Ξ−2ds2(S3) ,

F(3) = −2Ξ−1Vol(LM3
ω,ζ) + 2Vol(S3) ,

ϕ = log Ξ4 ,

F̌a
(2) = H(2)a = eωζΞ4(cosh2 ρdβ + sinh2 ρdt)δ4a , (5.6)

where the three-dimensional Lorentzian metric is ds2(LM3
ω,ζ) = eT η3e with vielbeins

e0 = e−ω/2Ξ−1Σ2 sinh ρdt , e1 = Ξ−1dρ , e2 = eω/2 cosh ρΞ3(Σ−2dβ − Σ2eωζ2 sinh2 ρdt) ,
(5.7)

and

Ξ4 = e−ω

1 + (ζ2 + e−2ω − 1) cosh2 ρ
, Σ4 = e−ω

1 + (e−2ω − 1) cosh2 ρ
. (5.8)

In this case, LM3
ω,ζ denotes the (ω, ζ)-family of deformed AdS3 spaces, a Lorentzian version

of the deformed spheres introduced in [20]. Finally, when both deformations vanish, the
solution becomes the maximally symmetric AdS3 × S3.

The uplift to ten dimensions of the double-deformed spacelike solution described
above reads

ds2
10=e− Φ

2

[
e

Ω
2 ds2(WAdS+

3 )+e
ω
2 ds2(WS3)

]
+eΦ

2 dyadya ,

F5=
√

sinh(ω−Ω)
cos2δ

[
dy1∧dy2∧dy3∧d+ e

−ω−Ω

λ2

(
e

ω
4 Vol(WAdS+

3 )−e
Ω
4 Vol(WS3)

)
∧dy4∧

]
(A1+A2),

F3=
e−ω−Ω

λ2cos2δ

[
e

ω
4 Vol(WAdS+

3 )+e
Ω
4 Vol(WS3)− 1

4λ2d(A1∧A2)
]
,

F1=0,

eΦ=2e
Ω+ω

2 λ2 ,

H3=
√

sinh(ω−Ω)
cos2δ d(A1+A2)∧dy4 . (5.9)

6 Double-deformed timelike solutions

In this section, we provide a new, double-deformed solution, involving the timelike WAdS−3
and the warped sphere WS3. The metric is given by a direct product WAdS−3 (ω)×WS3(Ω)
and reads

ds2 = e
Ω
2 ds2(WAdS−3 ) + e

ω
2 ds2(WS3) , (6.1)
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where the three-dimensional metrics have been defined in (3.13) and (3.3). We consider the
orientation of the six-dimensional manifold to be ϵt,ρ,v,ψ,φ1,φ1 = 1. Let us now introduce
the following 1-forms

A1 = λ cos δ A↑ , A2 = λ sin δ A⊙ , (6.2)

in terms of the vector fields defined in (3.16), (3.5) respectively. The 3-form field strength,
the six-dimensional dilaton and the vector fields read

F(3) =
e−(ω+Ω)

λ2

[
cos 2δ

(
e
ω
4 Vol(WAdS−3 ) + e

Ω
4 Vol(WS3)

)
+ 1

4λ2d(A1 ∧ A2)
]
,

eϕ/2 = 2λ2e
ω+Ω

2 ,

F̌a
(2) = H(2)a =

√
sinh (Ω− ω) d(A1 + A2)δ4a . (6.3)

As in the spacelike case, Einstein equations are satisfied if a constraint relating the two
deforming parameters and δ holds. In this case, it reads

(e2Ω + e2ω) cos2 2δ − (e2Ω − e2ω) cos 2δ − 2e2(ω+Ω) = 0 . (6.4)

The field configuration is real, provided that Ω > ω, which is required for the reality of the
vectors, and a solution of the constraint equation (6.4) always exists. Notice that, due to
the different nature of the contact structures on WAdS−3 and WS3, timelike and spacelike
respectively, the solution is not completely democratic in the two deforming parameters,
differently from the previous case.

The limit ω = 0 again leads to the configuration AdS3×WS3(Ω) presented in [20], whereas
for Ω = 0 the space becomes a direct product between WAdS−3 and a round S3. In the latter
limit, the solution is again supersymmetric with globally defined, φ2-periodic Killing spinor

ϵ(ρ, v, φ2) =
1
4e

− ρ
2γ

02γ∗e
v
2 γ

12
e
φ2
2 γ34(1+ Γ∗σ1)

[
1− (1− e2ω)

1
2 γ0Γ4iσ2 + eωγ∗

]
P10ϵ0 . (6.5)

As in the previous cases ϵ0 is a constant complex spinor satisfying the Majorana con-
dition (B.4). Finally, when both deformations vanish, the solution becomes the known
maximally symmetric AdS3 × S3.

The ten-dimensional uplift of the above solution can be obtained from (B.19) and reads

ds2
10=e− Φ

2

[
e

Ω
2 ds2(WAdS−

3 )+e
ω
2 ds2(WS3)

]
+eΦ

2 dyadya ,

F5=
√
sinh(Ω−ω)

[
dy1∧dy2∧dy3∧d+ e

−ω−Ω

λ2

(
e

ω
4 Vol(WAdS−

3 )−e
Ω
4 Vol(WS3)

)
∧dy4∧

]
(A1+A2),

F3=
e−ω−Ω

λ2

[
cos2δ

(
e

ω
4 Vol(WAdS−

3 )+e
Ω
4 Vol(WS3)

)
+ 1
4λ2d(A1∧A2)

]
,

F1=0,

eΦ=2λ2e
ω+Ω

2 ,

H3=
√
sinh(Ω−ω)d(A1+A2)∧dy4 . (6.6)

Finally, let us comment on the inequivalence between the above configuration and double-
deformed solution in [21]: a first distinguishing feature is that, in that case, the warpings of

– 15 –



J
H
E
P
0
8
(
2
0
2
5
)
0
1
3

the two WAdS−3 and WS3 factors coincide. In this limit, which corresponds to Ω = ω in our
notation, our H3 field vanishes, whereas the one in the reference under consideration does not.
Moreover, the two terms in F3 have opposite six-dimensional selfdualities, whereas in [21] F3
and H3 are both selfdual. We therefore conclude that there is no SL(2,R) transformation
relating the two configurations in the degenerate limit Ω = ω. At last, (6.6) was obtained
by uplifting a solution of the six-dimensional model, which only supports an H3 field with
a leg along the torus. This further ensures that (6.6) is not a simple generalization of [21],
but a fully original solution.

7 Conclusions

The primary outcome of the present work is the construction of new solutions, in Type IIB
supergravity, of the form WAdS3 ×WS3 × T 4, with generic warping of WAdS3. The novel
feature of these backgrounds is the double warping of the two three-dimensional factors, with
two independent deformation parameters. The double-warped lightlike solutions, in particular,
are supersymmetric and preserve four supercharges. On the other hand, supersymmetric
solutions featuring the warping only on the non-compact anti-de Sitter factor are also known in
the literature in the special case of lightlike warping [13, 17, 39], although BPS backgrounds
with timelike warpings have been recently constructed, though only in D = 3, N = 4
supergravity [18]. Here, besides the aforementioned double-warped backgrounds, we explicitly
construct solutions of the form WAdS3 × S3 × T 4, which are supersymmetric and feature
not only lightlike but also timelike and spacelike warping of the anti-de Sitter factor. From
the flux content of our ten-dimensional backgrounds, we infer a possible underlying brane
configuration within the Type IIB superstring theory. All solutions discussed here are also
solutions to an effective N = (1, 1), D = 6 theory originating from a reduction of Type
IIB supergravity on a T 4/Z2-orientifold. In all cases, as well as in the solutions of [20],
the independent warpings of the two three-dimensional subspaces require the presence of
D = 6 vector fields, corresponding to non-trivial components of the RR 4-form C4 and the
Kalb-Ramond 2-form field B2 along odd cycles of T 4. This would make these solutions, as
opposed to those discussed in [14], not extendible to the case in which the internal torus is
replaced by a K3 space since the latter features no odd cycles.

As explained at the end of section 2, through an SO(4, 4)-action on the solution given
here, more general type IIB background with generic constant values of the φs = {γ̂ab, Cab}
can be constructed. The presence of these scalars, just as for the unwarped case, does not
affect the structure of the WAdS3 ×WS3 geometry. Therefore, it is natural to expect that
these scalar fields should correspond, from the point of view of the holographic duality, to
the analogue, in the dual 1 + 1-dimensional warped-SCFT, of exactly marginal deformations
in ordinary SCFT. Moreover, giving φs a geodesic evolution along a compact direction on
the boundary of WAdS3, it would be interesting to verify the possibility of constructing a
warped U-Fold, in analogy with the general construction of U-folds in [40].

Supersymmetric backgrounds WAdS3 × S3 × T 4 with lightlike warping were also found
as a special case of the Schrödinger invariant deformations of AdS3 × S3 × T 4 discussed
in [13, 39], when the dynamical exponent is chosen to be n = 2. It would be interesting to
extend our double-warped backgrounds to Type IIB solutions of the form Sch3 ×w WS3 × T 4.
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Black hole geometries can be obtained as suitable quotients of WAdS3 spaces, as originally
discussed in [5, 25, 41]. This means that they are locally equivalent to WAdS3 spaces and
only differ globally. The identification procedure reduces the isometry group of the manifold
to U(1)×U(1) and requires the removal of certain points or loci from the manifold to ensure
the absence of causal singularities [42]. The latter behave similarly to ordinary ones, and the
resulting black hole geometries possess a temperature and an entropy and, for this reason,
have attracted interest from the scientific community in a holographic context. It would be
interesting to study the effect of this identification on the backgrounds presented here, in
particular the effect on the Killing spinors, to determine whether the resulting black holes
can preserve some residual supersymmetry.

As a final comment, let us notice that the non-supersymmetric double-warped solutions
with timelike and spacelike warpings, WAdS∓3 ×WS3, are related to supersymmetric ones
by continuous parameters which describe the warping on AdS3 or S3, respectively. More
specifically, sending Ω → 0 we recover the supersymmetric solutions WAdS∓3 × S3, while,
sending ω → 0 we end up with the supersymmetric AdS3 ×WS3 backgrounds. This brings
about the issue of the stability of these non-supersymmetric backgrounds, which can be
addressed. This would require the computation of the full Kaluza-Klein spectrum on the
backgrounds. Nevertheless, it is reasonable to expect that, since the supersymmetry breaking
is induced by a continuous parameter, for sufficiently small values of the latter, the Kaluza-
Klein masses can stay above the threshold value for stability. Such an analysis would require
considering the analogue of the Breitenlohner-Freedman (BF) bound for a warped AdS
spacetime. We leave this to a future investigation.
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A Conventions

We will denote the ten-dimensional curved indices by capital latin indices M,N = 0, . . . 9.
Rigid indices will always be denoted with an underbar. For any p-form in 10 dimensions
Fp, we define

|Fp|2≡
1
p!FM1...MpFM1...Mp , |Fp|2MN ≡ 1

(p−1)!FMN1...Np−1FNN1...Np−1 , (A.1)

⋆Fp≡
√
−g

p!(D−p)!dx
M1...MD−pϵM1...MD−pN1...NpFN1...Np , (A.2)

with ϵ12...D = −ϵ12...D = 1. Moreover, we define dxM0...M9 = −ϵM0...M9d10x. The slash
operation acts on any p-form Fp as follows

/Fp = (Fp)/ ≡
1
p!FM1...MpΓ̂M1...Mp . (A.3)
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The ten-dimensional Dirac matrices Γ̂M satisfy the Clifford algebra

{Γ̂M , Γ̂M} = 2ηMN132 , (A.4)

where ηMN is the flat metric in mostly plus signature. We will consider the following basis,
adapted to the dimensional reduction, to be described in appendix B,

Γ̂µ = γµ ⊗ Γ∗4 , Γ̂a+5 = 18×8 ⊗ Γa . (A.5)

Here the ten-dimensional index splits as M = (µ, a), with µ = 0, . . . , 5, a = 1, 2, 3, 4 and

γ0 = iσ1 ⊗ 14 , γ1 = −σ2 ⊗ σ1 ⊗ 12 , γ2 = −σ2 ⊗ σ2 ⊗ 12 ,

γ3 = −σ2 ⊗ σ3 ⊗ σ1 , γ4 = −σ2 ⊗ σ3 ⊗ σ2 , γ5 = −σ2 ⊗ σ3 ⊗ σ3 ,

Γ1 = σ1 ⊗ 12 , Γi = −σ2 ⊗ σi−1 , i = 2, 3, 4 , (A.6)

where σ1,2,3 are the usual Pauli matrices. The above Dirac matrices close the Clifford algebra
in six and four dimensions, with Lorentzian and Euclidean signature, respectively

{γµ, γν} = 2ηµν18, {Γa,Γb} = 2δab14 . (A.7)

Relations analogous to (A.1) and (A.3) also hold for six-dimensional fields.
We define the 10-dimensional chirality and charge conjugation matrices as

Γ̂∗ = −γ∗6 ⊗ Γ∗4 = Γ̂0Γ̂1Γ̂2Γ̂3Γ̂4Γ̂5Γ̂6Γ̂7Γ̂8Γ̂9 , Ĉ = C6 ⊗ C4 , (A.8)

in terms of the six and four-dimensional quantities

γ∗6 = −γ0γ1γ2γ3γ4γ5 , Γ∗4 = Γ1Γ2Γ3Γ4 ,

C6 = iγ1γ3γ5 , C4 = −Γ1Γ3 . (A.9)

B Details on the reduction

In order to fix the notations, which agree with those in [43], we recall the basic facts about
type IIB supergravity. The bosonic fields are the 10-dimensional metric (in the Einstein
frame) gMN , the dilaton scalar field Φ, and the Kalb-Ramond 2-form B2. RR fields are
even-form potentials C0, C2, C4. The pseudo-action of type IIB supergravity reads:

IIIB = 1
2κ2

∫
d10x

√
−g

(
R− 1

2∂MΦ∂MΦ− 1
2e

−Φ|H3|2 −
1
2e

2Φ|F1|2 −
1
2e

Φ|F3|2 −
1
4 |F5|2

)
+ 1

4κ2
∫
C4 ∧H3 ∧ F3 , (B.1)

where

F1 = dC0 , F3 = dC2 − C0 ∧H3 , F5 = dC4 − C2 ∧H3 . (B.2)
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The equations of motion are

0 = ∇M∂
MΦ+ e−Φ

2 |H3|2 −
eΦ

2 |F3|2 − e2Φ |F1|2 ,

0 = ∇M

(
e2Φ∂MC0

)
+ eΦ

3! H3MNP FMNP
3 ,

0 = d
[
eΦ ⋆ F3

]
+H3 ∧ F5 ,

0 = d
[
e−Φ ⋆ H3 − eΦC0 ⋆ F3

]
+ F5 ∧ (F3 + C0H3) ,

0 = RMN − 1
2∂MΦ∂NΦ− e2Φ

2 ∂MC0∂NC0 −
e−Φ

2

(
|H3|2MN − 1

4 gMN |H3|2
)

− eΦ

2

(
|F3|2MN − 1

4 gMN |F3|2
)
− 1

4 |F5|2MN . (B.3)

The fermionic fields of type IIB supergravity are given by two gravitini ΨM = (ψαAM ) and
two spin 1/2 fields λ = (λαA), with α = 1, . . . 32 and A = 1, 2 a SO(2) doublet index. They
are both Majorana-Weyl spinors, such that

Γ̂∗ ⊗ 12ΨM = ΨM , Ψ̄M = ΨT
M Ĉ ⊗ 12 ,

Γ̂∗ ⊗ 12λ = −λ , λ̄ = λT Ĉ ⊗ 12 , (B.4)

where 12 acts on the R-symmetry index, which is suppressed. The supersymmetry variations
of the spinors in the Einstein frame are

δλ = 1
2(dΦ− eΦF1)/ ϵ − 1

4
(
e−

Φ
2 H3σ3 + e

Φ
2 F3σ1

)
/

ϵ , (B.5)

δΨM = ∂Mϵ + 1
4ωMMNΓMN ϵ + 1

4e
ΦFM iσ2 ϵ + 1

16
/F5iσ2Γ̂M ϵ

+ 1
96
(
e−

Φ
2 HNPQσ3 − e

Φ
2 FNPQσ1

)
(Γ̂M Γ̂NPQ − 12δNM Γ̂PQ) ϵ , (B.6)

where ϵ is a Majorana-Weyl spinor with the same chirality as ΨM .
Let us now briefly review the dimensional reduction of type IIB supergravity on an a

T 4/Z2-orientifold, i.e. in the presence of an O5-plane transverse to the internal 4-torus. The
coordinates xM , parametrizing the ten-dimensional spacetime M10 = M6 × T 4/Z2, split as
follows xM = (xµ, ya), with xµ and ya spanning the six-dimensional non-compact manifold
and the 4-torus, respectively. The Z2 group is generated by an involution, σ, defined as
the product of the Type IIB string world-sheet parity, Ω, combined with a parity on the
internal coordinates I4:

σ = ΩI4 , where I4 : ya 7→ −ya . (B.7)

The ansatz for the metric is

ds2 = ∆2gµνdxµ ⊗ dxν + γabV
a ⊗ V b , V a = dya + G a , (B.8)

where G a = G a
µ (xν) dxµ are the Kaluza-Klein vectors. To have the D = 6 action written

in the Einstein frame, we have to fix ∆2 = γ− 1
4 , where γ ≡ det(γab). Just as for ordinary
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toroidal dimensional reductions, we expand all the fields in dxµ, V a and their duals, and
assume the coefficients of the expansion only to depend on xµ. We now consider the consistent
truncation of the theory to the invariant sector under the action of σ. Recalling that the
parity properties of Type IIB fields under Ω are

Ω− even: gMN , ϕ , CMN ,

Ω− odd: BMN , C0 , CMNPQ , (B.9)

the fields after the truncation are

G a = 0 , ⇒ V a = dya ,

C2 = C(2,0) + C(0,2) , C(2,0) = C(2) ≡
1
2Cµνdx

µν , C(0,2) ≡
1
2Cabdy

ab ,

B2 = B(1,1) ≡ B(1)a dya ,

C4 = C(3,1) + C(1,3) , C(3,1) ≡
1
3!Cµνρa ∧ dx

µνρ ∧ dya , C(1,3) ≡
1
3! C(1)abc ∧ dyabc ,

C0 = 0 , (B.10)

where we have used the short-hand notation dya1...ap ≡ dya1 ∧ · · · ∧ dyap and dxµ1...µn ≡
dxµ1 ∧ · · · ∧ dxµn . In the above ansatz, C(2) denotes the D = 6 rank-2 tensor field, while
B(1)a, C(1)abc will be identified with the eight vector fields of the six-dimensional theory.

We perform the dimensional reduction on the T 4/Z2-orientifold by following the procedure,
described in [44]. In this case, we plug the above ansatz for the bosonic fields in the pseudo-
action and add a Lagrangian multiplier in order to dualize C(3,1) to Ĉ(1,3). Then, using
the self-duality of F(5), we identify this dual field with the component C(1,3). Using (B.2),
and (B.10), the self-duality equation ⋆F5 = F5 reduces to

⋆
(
dC(4,1) − C(2,0) ∧ dB(2,1)

)
= dC(2,3) − C(0,2) ∧ dB(2,1) . (B.11)

In order to dualize the C(3,1) component for the 4-form, we replace everywhere in the pseudo-
action dC(3,1) by an auxiliary field F̊4,1. We denote by I ′IIB the resulting action. Then, we
sum a Lagrange multiplier term, so to obtain

I ′ = I ′IIB − 1
4κ2

∫
F̊(4,1) ∧ dĈ(1,3) . (B.12)

Varying with respect to the Lagrange multiplier Ĉ(1,3) we find:

δI ′

δĈ(1,3)
= 0 ⇒ d̊F(4,1) = 0 ⇒ F̊(4,1) = dC(3,1) .

In other words, Ĉ(1,3) is the Lagrange multiplier implementing the Bianchi identity for F̊(4,1).
Extremizing I ′ with respect to F̊(4,1), on the other hand, yields to following equation:

δI ′

δF̊(4,1)
= 0 ⇒ ⋆

(
dC(4,1) − C(2,0) ∧ dB(2,1)

)
= dĈ(2,3) − C(0,2) ∧ dB(2,1) , (B.13)
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which, in light of (B.11), allows us to identify Ĉ(1,3) = C(1,3). Solving this equation with
respect to F̊(4,1) and replacing into I ′, the terms coming from ⋆F5 ∧ F5 vanish. The resulting
action I reads:

I = 1
2κ2

∫ [
R⋆1− 1

2 ⋆dΦ∧dΦ− eΦ

2 ⋆F3∧F3−
e−Φ

2 ⋆H3∧H3+

−1
2 ⋆
(
dC(2,3)−C(0,2)∧dB(2,1)

)
∧
(
dC(2,3)−C(0,2)∧dB(2,1)

)
+C(2,0)∧dC(2,3)∧dB(2,1)

]
(B.14)

To obtain the D = 6 action, we still have to express the Ricci scalar R of the D = 10 metric
in terms of that associated with the D = 6 metric gµν in the Einstein frame and denoted by
R. We also use the fact that the fields do not depend on the torus coordinates in order to
factor out the volume of T 4. Defining then κ26 ≡ κ2/

∫
T 4 d4y and H(2)a = dB(2)a, we find

I6D = 1
2κ26

∫ [
R ⋆ 1− 1

2e
ϕ ⋆ F(3) ∧ F(3)+

− 1
2e

− 1
2ϕ(γ̂ab ⋆ H(2)a ∧H(2)b + γ̂ab ⋆ F̌a

(2) ∧ F̌ b
(2)) + C(2) ∧ dČa(2) ∧H(2)a+

− 1
4 ⋆ dϕ ∧ dϕ+ 1

4 ⋆ dγ̂ab ∧ dγ̂ab − 1
4 γ̂γ̂

acγ̂bd ⋆ dC(1)ab ∧ dC(1)cd

]
, (B.15)

where the Hodge duality is computed with the six-dimensional metric gµν and we have
applied the following field redefinitions:

γab ≡ eϕ/4γ̂−3/8γ̂ab , Φ ≡ ϕ

2 + 1
4 log(γ̂) , (B.16)

F̌d
(2) ≡ dČd(2) −

1
2 H(2)aCbcε

abcd , Čd(1) ≡
1
3!ϵ

abcdC(1)abc (B.17)

∆ = e−ϕ/8γ̂1/16 , (B.18)

reproducing finally (2.2).
Here we summarize the ten-dimensional fields in Einstein frame in terms of the six-

dimensional ones

ds210 = e−ϕ/4γ̂1/8ds26 + eϕ/4γ̂−3/8γ̂abdyadyb ,

F5 = G5 + ⋆10G5 , G5 ≡ dC(2,3) − C(0,2) ∧ dB(2,1) =
1
3! F̌

d
(2)ϵabcddy

a ∧ dyb ∧ dyc ,

F3 = dC2 +
1
2dCab ∧ dya ∧ dyb , F1 = 0 ,

Φ = ϕ

2 + 1
4 log γ̂ ,

H3 = H(2) a ∧ dya . (B.19)
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