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HIGHLIGHTS

« Equivalent-Single-Layer and Layer-Wise models for hyperelastic laminated structures.

« High-order finite element models to deal with cross-section deformations at high loads.

« Complete three-dimensional stress analysis in highly deformed states.

« Discussion of compatibility and equilibrium conditions in terms of Cauchy’s actual stress and reference Piola-Kirchhoff 1 stress.
« Effect of fiber orientation and stacking sequence on the mechanical response is investigated

ARTICLE INFO ABSTRACT

Keywords: This study explores the capabilities of higher-order beam models within the Carrera Unified Formulation (CUF)
Finite element method framework for the large strain analysis of multilayered hyperelastic structures made of fiber-reinforced material.
Carrera unified formulation These materials exhibit complex mechanical behavior described by both geometrical and material nonlinearities.

Nonlinear static analysis
Hyperelasticity
Multilayered structures
Stress analysis

The proposed approach leverages the strengths of CUF, which allows for the definition of higher-order beam finite
elements (FE) whose formal expression is an invariant of the structural theory adopted. The governing equations
of the nonlinear static analysis are carried out by the Principle of Virtual Displacements (PVD) in a resulting
pure displacement-based formulation. The nonlinear governing equations are written in matrix form in terms of
Fundamental Nuclei (FN) of the internal and external force vectors and tangent stiffness matrix. The problem
is solved through a Newton—Raphson linearization procedure coupled with path-following methods. The results
show the capabilities of higher-order models in terms of accuracy and computational costs in predicting accurate
displacements, strains, and detailed 3D stress distributions at large strain. The proposed results are compared
with the FE solution obtained through classical models available in commercial software.

1. Introduction Finite Element Analysis (FEA) represents one of the most widely
used methods in this domain that enabled researchers and engineers to
simulate complex behaviors of materials and structures under varying
conditions. The accurate analysis of components and structures nowa-
days demands high-fidelity numerical simulations, eventually coupled
with efficient calculation paradigms and digital twinning techniques to
accommodate real-time characterization of the mechanical response for
certain applications, e.g., structural health monitoring in aerospace or
personalized medical treatments and surgery.

Multilayer materials and structures are of interest for many ap-
plications, including but not limited to biological tissues, aerospace
composites, and functional and smart devices. Furthermore, new out-
comes in mechanical and aerospace engineering, biomechanical applica-
tions, renewed interests in composites, laminated structures, and ultra-
lightweight components raised by the constant improvements in the
manufacturing processes have also posed new challenges in accurately
representing the mechanical response of heterogeneous materials.
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Aerospace engineering relies heavily on composites for compo-
nents requiring lightweight, high-strength materials and highly flexible
structures [1]. Fiber-reinforced polymers (FRPs), such as carbon fiber-
reinforced epoxy composites, sandwich structures with metallic foam
cores, and soft elastomers with stiffer fibers [2] are extensively adopted
thanks to their enhanced strength properties. In mechanical engineer-
ing, elastomers like silicone rubber [3] and short glass fiber-reinforced
polyamide [4], commonly used in seals, gaskets, and shock absorbers,
exhibit highly nonlinear mechanical responses also at low to moderate
load regimes due to their low stiffness [5]. These materials, however,
show hysteresis and dissipation when cyclic loads are considered, neces-
sitating accurate modeling techniques for predicting their performance
in various applications [6]. Also, elastomers present multi-field physical
behavior and are practically used in dielectric sensor devices [7]. These
materials’ high extensibility and elastic properties are also investigated
in fluid-structure interaction problems [8,9].

Biological tissue, essential for physiological functions, is typically
modeled in the field of anisotropic hyperelasticity such as elastin layers
of arterial walls and collagen fibers [10]; musculoskeletal tissues like
tendons and ligaments allow efficient energy storage and transmission
during movement. The mechanical properties possessed by the hypere-
lastic material behavior are additionally extended by peculiar softening
and hardening behavior [11], given by the presence of continuous fiber
reinforcement that characterizes the strong anisotropic behavior of these
tissues [12].

In the field of computational mechanics and finite element (FE)
models, modeling hyperelastic materials is a challenging task due to
their ability to undergo huge elastic deformations characterized by a
nonlinear stress—strain relationships (material nonlinearities) [13,14].
Accurate and efficient numerical models that take into account large
strains (geometrical nonlinearities) of these materials require, in gen-
eral, higher-order formulations and alleviate numerical limitations that
arise in such nonlinear problems, such as volumetric locking in nearly-
incompressible hyperelastic materials [15,16]. Refined or computation-
ally expensive models are required when cross-section warping and
twisting effects are taken into account in the displacement, strain and
stress field. Within this context, many FE procedures to deal with these
complex deformation states have been proposed over the years, see
[17-20], as well as novel numerical models for complex stress state
prediction due to interfacial effects and non-uniform material proper-
ties across the layers [21,22]. Moreover, stress components within the
material are strongly influenced by the type of load applied (conserva-
tive and nonconservative), so it becomes necessary to analyze in detail
the stress tensors typically adopted in the formulation of a finite ele-
ment model (the second Piola—Kirchhoff and Cauchy stress tensor) see
[23-25].

Recently, refined fully nonlinear FE models have been developed in
the well-established Carrera Unified Formulation (CUF) framework to
simulate multilayered structures in various fields. The capabilities of
higher-order beam, plate, and shell models have been tested in vari-
ous engineering applications, see [26-28]. In general, CUF enables the
definition of FE formulation, based on the theory of structure approx-
imation of any order, in terms of Fundamental Nuclei (FN), the basic
building blocks of the present approach. In the field of hyperelasticity,
this formulation has been recently extended to analyze also hyperelastic
beams, plates, and shell structures, see [29-31].

In this work, higher-order beam (1D) models are employed to study
laminated fiber-reinforced hyperelastic soft structures, exploiting the
modeling approach allowed by CUF, with particular emphasis on the
analysis of complex 3 D stress states arising in large strain problems. The
present work is organized as follows: (i) first, the continuum mechan-
ics formalism adopted to introduce the general hyperelastic framework
and finite element models is presented in Section 2; (ii) second, the
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hyperelastic constitutive law for isotropic and anisotropic soft mate-
rials is introduced, introducing the general strain and stress measures
adopted in Section 3; (iii) third, the Unified Formulation of beam theo-
ries, adopted in the present work, is presented in Section 4, introducing
the CUF formalism and the coupling of kinematic models and cross-
section expansion theories; (iv) fourth, the governing equations for the
nonlinear static analysis are derived in terms of variational principle,
and the matrix form of the nonlinear static problem is introduced in
terms of FN of finite element matrices. Also, the numerical scheme pro-
posed to obtain the solution of the nonlinear problem is presented in
Section 5; (v) subsequently, the benchmark problems proposed are dis-
cussed in Section 6, presenting the numerical results obtained adopting
higher-order 1D CUF models and comparing actual proposed results
with reference solutions obtained via the commercial code ABAQUS;
(vi) finally, the main conclusions are discussed in Section 7.

2. Total lagrangian formulation and internal strain energy

Consider a deformable continuum body subjected to constraints and
external forces. From the definition of the deformation function, one
can define the classical displacement and strain measures adopted in
continuum mechanics. The deformation gradient is defined starting from
the Lagrangian displacement field UX,7) = x(X,1) - X :

(X, 1)

FX,1) = X

= Gradx(X, 1) 1

In the following, the determinant of the deformation gradient is de-
fined as J, which is related to the local volume change. Subsequently,
one can define the right Cauchy-Green strain tensor C and the
Green-Lagrange strain tensor E:

CX,n)=F'F )

EX,t) = %(FTF -0 (3)

Typically, hyperelastic mathematical models are defined starting
from the invariants of the right Cauchy-Green strain tensor, following
objectivity arguments and independence from the reference frame [32];
thus, one can define:

I, = tr(C) 4)
I, = (O - tr(C) ©)
I = det(C) = det(F'F) = J> 6)

where tr(-) and det(-) are the trace and the determinant operators,
respectively.

Consider the continuum body at equilibrium. The internal stress can
be described by the Cauchy’s traction vector t(x,7,n) = o(x,#)n in the
actual configuration, related to the Cauchy’s stress tensor o, or the first
Piola—Kirchhoff traction vector T(X,t,N) = P(X, )N, related to the first
Piola—Kirchhoff stress tensor (PK1) P, for the reference configuration
[33]. Furthermore, the second Piola—Kirchhoff stress tensor (PK2) is
related to the tensor o by a Piola transform:

1 -1
o = —FSF 7
7 7)
In the Total Lagrangian approach adopted in the present finite el-
ement scenario, the equation of motion is considered in the reference
configuration state:

DivP+B =0 (8)
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3. Anisotropic hyperelasticity
3.1. Strain energy function and constitutive law

Fiber-reinforced soft materials are typically modeled in the frame-
work of large elastic deformations. In the hyperelastic material frame-
work, the strain energy function ¥ is defined starting from the invariants
and pseudo-invariants of the deformation, depending on the mechanical
properties of the soft material considered. The dependence on the con-
tinuous fiber reinforcement in soft fibrous tissues is exploited embedding
the preferential direction is in the definition of ¥ by means of a struc-
tural tensor. In the Cartesian reference frame, if the fiber direction is
described by the unit vector a;, = (a,,a,,4a, )T, the strain energy function
for a general transversely isotropic hyperelastic material is expressed as:

¥ =¥, a,®a,) (©)]

where (-) ® (+) stands for the dyadic product operator. From this starting
point, ¥ is then expressed as a function of the three classical prin-
cipal invariants of C and two additional pseudo-invariants, by which
the dependence of the fiber-reinforcement direction is incorporated and
objectivity is still verified [33]:

I, =a,-Ca, (10)

Is =a,-Ca 1D

Therefore, the general hyperelastic strain energy function is written
as:

Y =¥, (C), I,(C), I3(C), I4(C, ay), I5(C, ay)) (12)

In nearly-incompressible hyperelastic materials, the volume ratio co-
efficient J is approaching the unity, thus also /5. Anisotropic soft tissues
are analyzed considering then direction-dependent free energy, from
which the general constitutive law is derived. In this work, both isotropic
and transversly isotropic materials are considered.

In the literature, commonly adopted models are defined starting from
the decoupled formulation of strain energy functions [34], namely ¥ is
written as the sum of purely independent components representing each
different material behavior:

Y= lpuol(") + ‘iliso(il ’ I_Z) + li’m’u’so(fl ’ I—Z’ 1_4’ I_S) (13)
where ¥,,, and ¥,,,, depend on the rescaled isotropic invariants,
namely invariants (I}, I,, I3) of C = J=%/3C and anisotropic rescaled in-
variants I, = J=2/31, and I5 = J=*/3I5. For a more detailed description
of the model see [33].

In the proposed paper, the hyperelastic framework is modeled in the
coupled formulation, deriving the closed-form expression of the con-
stitutive law starting from the more general definition of ¥, Eq. (12).
Considering the material model given by the expression of the strain
energy function, the constitutive law in the material reference frame,
namely the stress—strain relation, is given by:

A¥(C) o o o o
§S=2 i n-Lc+n<c
ac T [(all lag) ol, + Sor,
+ ﬂa0 ®ay+ Chd (ay ® Ca; + a,C ® ag) a4
ol, ol

3.2. Incremental formulation and tangent elasticity tensor

In a general numerical framework for nonlinear elasticity, an in-
cremental formulation is adopted to solve the nonlinear governing
equations that take into account both geometric and material nonlinear-
ities. The constitutive law Eq. (14) can be rewritten in an incremental
form:
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AS:(C:%AC:(C:AE as)

where C is the tangent elasticity tensor, under the coupled formulation
of hyperelasticity, is here given by:
_ 205(C) _OS(E) _  o*¥

c aC oE 4acac (16

The analytical expression of the tangent elasticity tensor can be found
in [33].

4. Higher-order beam models

The present work adopts a displacement-based finite element model

based on CUF to analyze multilayered isotropic and fiber-reinforced hy-
perelastic beams. These finite element models are well-established in the
literature, and an extensive description of the adopted approach can be
found in [35]. In the unified formulation of beam theories, the 3 D dis-
placement field is provided as a formal expression independent of the
structural theory considered, which is an analysis input describing the
cross-section kinematics:
u(x,y,z) = F.(x, z)u (y) t=1,....M a7
where F, is the set of cross-section expansion polynomials adopted de-
pending on the structural theory, M is the dimension of the set of
expansion basis functions, and u, is the vector of generalized displace-
ment components along the beam axis direction. The choice of F, to
model the cross-section kinematics and the polynomial order of expan-
sion is arbitrary; in this way, any structural theory can be included in
the model of the displacement field without any loss of generality. A
graphical representation of 1D CUF models is proposed in Fig. 1.
In the following, the Einstein notation is adopted; thus, repeated sub-
script 7 indicates summation. Generally, two sets of expansion functions
are adopted in the unified formulation of beam theories, depending
on the nature of the cross-section kinematics. In the present work,
both Taylor (TE models) and Lagrange polynomials (LE models) are
exploited [35].

Adopting Taylor polynomials as F, expansion function led to the
Equivalent-Single-Layer model (ESL). In these models, the displacement
field of the beam is seen as a homogenized field obtained starting from
each cross-section sub-component [35]. The generalized displacement
field, up to a certain polynomial degree, is obtained by summing the
generalized unknowns, which are the higher-order derivatives of the
displacement components. Considering the chosen expansion order M,
which is again an input parameter of the FE model proposed, higher-
order theories are defined hierarchically. In TE models, 2 D MacLaurin
polynomials are adopted as cross-section expansion of the generalized
displacements. Higher-order theories are defined automatically thanks
to the hierarchical nature of MacLaurin polynomials, where the series of
polynomials adopted of the type x'z/ is expanded up to the M-th order.
As an example, the TE-2 higher-order theory with constant, linear, and
parabolic expansion terms is:

u (X, y,2) = uy (¥) + xuy, (y) + zu,, (y) + XZMX4(y) + xzu, (y) + ZZMXG )
uy(x, y,2) = ty, (9) + xuy, () + 20y, (9) + x2uy, () + xzu,, (9) + 220, ()
U (X, y, 2) = 1ty () + Xtz () + zuz, () + XPu,, (3) + xzu, (y) + 220, ()
18
where, Uy, iy, and ug,i=1..10, are the generalized beam displacements.
In the present approach, classical beam theories, such as Euler-Bernoulli
Beam Theory (EBBT) and Timoshenko Beam Theory (TBT), are consid-
ered particular cases of the M = 1 TE model [35].

Instead, LE models are based on discretizing the cross-section into
several local beam sub-domains, over which Lagrange’s polynomials
are defined to interpolate the cross-section displacement field. This ap-
proach leads to the definition of local independent discretizations for
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Fig. 1. Higher-order 1D CUF models.

each beam sub-component. In this way, different kinematic models can
be assigned independently from those of other components. Thus, re-
fined local cross-section models can be arbitrarily obtained. For this
reason, LE models are also addressed as a Layer-Wise (LW) models,
obtaining a pure displacement-based model in which the generalized un-
knowns correspond exactly with the 3 D component of the displacement
field. As an example, the displacement field of an L4 linear expansion
model is reported, expressed as:

uy(x,y,z) = Fi(x, 2)uy (y) + F(x, 2)uy, (0) + F3(x, 2u,, + Fy(x, 2)u,, ()

uy(x,y,z) = Fi(x, 2uy, () + Fo(x, 2)uy, (y) + F3(x, 2)uy,, + Fy(x, 2)uy, ()

uz(x,y,2) = Fi(x, Duz (y) + Fp(x, 2uz, () + F3(x, Du, + Fy(x, 2)u;, ()
(19)

In this sense, 1D-CUF LE expansion models are referred to as four-
node linear L4, nine-node parabolic L9, and quadratic six-node cubic L16
cross-section expansion models. Exploiting the isoparametric formula-
tion, Lagrange’s polynomials are defined in the natural reference frame.
Therefore, all physical quantities required are computed by the natural
coordinates and change of variables expressed by the Jacobian. Once
the refined structural theory adopted is fixed, the generalized unknowns
along the beam axis u,(y) of the beam axis domain are discretized by
adopting the classical FE approach:

u (y) = N;(yu, i=1,...,N, (20)

where the continuous displacement field along the beam axis is further
discretized considering a linear combination of finite displacement com-
ponents u,; expanded by the N,(y) 1D shape functions, the former are
final unknowns of the model, and N,, is the total number of finite nodes
per element adopted. The final expression of the 3-D displacement field
in the CUF domain can be seen as a coupled expansion of structural
beam theories and kinematic models along the beam axis, modeled in a
single unified expression:

u(x, y, z) = F.(x, 2)u,(y) = F.(x, 2)N;(y)u,; (21)

The classical 1D shape functions are addressed as linear B2, parabolic
B3, and cubic B4 finite interpolation along the beam axis, explicitly indi-
cating the total number of finite nodes adopted. The 1D Lagrange shape
functions are again defined starting from the total number of nodes in-
volved. Starting from Eq. (21), any displacement-based model can be
obtained hierarchically by choosing the two independent polynomial
bases for the axis and cross-section kinematics. In both ESL and LW
models, displacement continuity is naturally achieved from the FE ma-
trices assembling procedures’ point of view. The assembling procedures
for ESL and LW models are presented in Fig. 2. Furthermore, the reg-
ularity conditions for displacements and transverse stress distributions,
the C? requirements [36], have been assessed for higher-order struc-
tural theories, predicting efficiently accurate 3 D stress distributions

and avoiding inconsistent solutions when transverse out-of-plane nor-
mal and transverse shear stresses at the beam edges are considered [37].
In addition, the adoption of higher-order beam models implemented
straightforwardly in this scenario deal efficiently with coupled three-
dimensional local effects, such as warping or twisting, captured by the
enriched kinematics of the displacement field, up to any order, avoiding
ad-hoc correction techniques. The capabilities and the accuracy of the
present higher-order 1D beam models have been established in litera-
ture analyzing complex three-dimensional strain and stress states of thin
walled structures [38], the effects of large displacements and rotations
[39,40] both in the field of geometrical and material nonlinearities, as
done in [31].

5. Nonlinear governing equations in matrix form
5.1. Real and virtual measures

The nonlinear governing equation in weak form is carried out by the
PVD:

5‘Cint = 5[’ext (22)

where £, is the internal strain energy, L,,, is the work done by ex-
ternal loads, and 6 denotes the virtual variation. Referring to a Total
Lagrangian formulation, these terms are expressed in terms of phys-
ical quantities defined in the material reference frame; thus the PK2
stress tensor S and the full Green-Lagrange strain tensor E are adopted.
Introducing now Voigt’s notation for symmetric tensors, physical quan-
tities are rewritten in vector form as follows:

S ={S,.S St (23)

yy?

S

2z

S

Xz’

S

yz2

E ={ o E

yy?

E,. E

Xz>

E,.E}" 24

zz° yz»

The full Green-Lagrange strain tensor is rewritten in terms of gener-

alized nodal displacements and expansion functions with the same index
notation adopted for the displacement field [29,31]:

E =(b; +b,) u= (b, +b,) F.(x,2)N;,(Wu, = B’ + BHu,, (25)

Applying the formal matrices of derivatives operator b, and b,,
whose formal expression can be found in [41], to the polynomial ex-
pansion of the displacement field, the algebraic matrices B}’ and BY} are
therefore defined:

[F, N, 0 1
F.N,,
. 0 FT Nl
Bl = - (26)
F,. N, 0 F_N,
0 F. N, F.N,

Wz pa

FN, F.N, 0
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Fig. 2. Unified models: equivalent-single-layer and layer-wise models.

Uy, FT,x N; Uy Ff,x N; Uz Ff,x N;
Uy, F, Nl-'y Uy, FTN,-Vy U, FTN,-'y
Uy, Fr’z N; Uy Ff.z N; U, Ff,z N;

Ti _
Bnl -

N =

Uy, FT,z N; + Uy FT,x N; Uy Ff,z N; + Uy FT,x N;

“xﬁyFr,z N; + Uy FTN,-J uy’yFT)ZN,- + uyﬁzFrNiﬁ

uX 1

. F,N-’y + uxvaT'X N; uy, F,N‘-.y + uy.yF,'xN,»

where the symbol (-) ) stands for the partial derivation operator.

In a finite element scenario, the virtual variation of physical quan-
tities is required. Adopting the same index notation and polynomial
expansion previously introduced for the real displacement field, the vir-
tual variation of displacements and strains is exploited by independent
indices, namely here the j index for beam axis nodes and the s index
for the 1D CUF expansion theory, to obtain independent quantities with

Uz, Ff.z N; + Uz, FT,X N;
uzvaT)zNi + Uz, FTNiﬁy
Us F,N,-.y + uzvafvx N;

(27)

derivation procedure described for the internal energy contribution. If f
is the vector of external loads applied to the structure, one has

8Ly = /Q sultdv = /Q 5u{jFS(x, 2N;(»f dV = sul ¥ (32)

sj ext

where Fj{(z the 3x1 FN of the external forces vector:

respect to real ones. In this way, the virtual displacement field is: FZC, = / Fy(x,2)N;(»f dV (33)
Q
suCx, y,2) = F,(x, 2060,() = Fy,(x, DN, 06Uy, j = 1,2, Ny, s= 1,0, M The final governing equation in matrix form is then written as:
T gsi T s - j
28 5ust?it = §ust:§ct - oug; Fiﬁt = FZ(I (34)

The virtual variation of the strain measure is written again in
compact form following the previous procedure explicated in Eq. (25):

SE = 5((Bf' + BIu,,) = (B) +2BY)ou,; (29)

5.2. Nonlinear static problem

Starting from the previously introduced physical quantities, the
matrix-form of the static equilibrium problem is carried out following
Eq. (22). From the definition:

Ly = / SE"SdV = / sul (BY +2BY)' Sav = oul F/ (30)
Q Q

S§j° int

where F,Z . the 3x1 FN of the internal forces vector:
int

F o= / B +2B%) sdv 3D
Q

Referring to the external load contribution in the variational princi-
ple, the FN of the external load vector is exploited by means of the same

Considering the summation over indices s and j, the global internal
forces vector F;,, and external load vector F;,, can be computed, follow-
ing the CUF assembling procedure [35]. In a CUF-based finite element
model, the final governing equations are written in terms of FNs, as
shown in Eq. (34), which are defined regardless of the specific theory
of structure approximation adopted, represented by F, and F, cross-
section expansion functions, or kinematic models along the beam axis,
represented by N; and N; shape functions. In this sense, the key fea-
ture of a CUF-based finite element model explored for the hyperelastic
framework is to derive the governing equations regardless of the mathe-
matical models adopted in the FE implementation. In particular, in this
proposed model, thanks to CUF, the CS requirement for the displacement
component is obtained straightforwardly following the classical assem-
bling procedure of finite element matrices as detailed in Section 4. The
specific FN of internal and external forces are obtained by assigning the
polynomial basis set and exploiting the summation over indices.

5.3. Linearized governing equation and numerical solver

In a finite element scenario for hyperelasticity, both large displace-
ments, rotations and strains (geometrical nonlinearities) and nonlin-
ear constitutive law (material nonlinearities) are taken into account.
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Therefore, the equilibrium equations Eq. (34) turn out to be strongly
nonlinear. Common solution techniques are based on iterative solvers
using linearized incremental procedures. The nonlinear problem Eq. (34)
is written as an equivalent optimization problem in the form of mini-
mization of the residual function [42]. Defining the unbalanced nodal
forces vector as:

(pres(u7f) = Fint - Fext (35)

one can find the non-trivial equilibrium state as the root of Eq. (35)
since, at equilibrium, due to balance, the residual nodal forces vec-
tor is null (¢,,, = 0). In the present approach, the Newton-Raphson
incremental-iterative solver is employed. The residual nodal forces vec-
tor is written considering a Taylor’s expansion around a known condition
(u¥, f%), truncated at the first order, of an increment (Au, Af¥):

0P 0o
Dres U+ AUF F5 4+ AP = @ (uF ) + Z2res | pgky Zores| Ak
ou  |(uk k) of  |(uk gk

(36)

Under the hypothesis of conservative loads, f does not depend on the
deformed configuration (f is considered here as a dead load and not a
follower load), the finite variation of the load vector can be rearranged
and written in terms of the load factor A:

AfF = AGEY P = AN, (37)

Defining the tangent stiffness matrix as d‘s’“

= Ky and recognizing
that ')(’;% = —I, the equilibrium condition in terms of residual forces vec-
tor is then imposed, @,,,(u* + Au*, ¥ + Af¥) = 0. Finally, the incremental

equation Eq. (36) is rearranged, obtaining:
Ky uh)auk = AL, — g, (0, £5) (38)

In the final form of the incremental equation Eq. (38), two unknowns
are present: the finite variations Au* and A A*. Since the loading scale pa-
rameter A is an additional variable, Eq. (38) is coupled with an additional
constraint equation, to close algebraically the problem, thus:

{ K (W) AUk = AR, — @, 0k, £5) 39
c(Auk, ANy =0

The final system of equations is solved to obtain the new updated
configuration (u**!,f¥+1) = (u* + AuX, f¥ + Af¥). The present proce-
dure is repeated iteratively up to a certain convergence tolerance on
the unbalanced nodal forces vector, namely |@,,,| < €. In the pro-
posed solver, convergence criteria are also imposed on the Au* and A 4%,
to correctly predict snap-back or snap-through phenomena [43]. The
constraint equation characterizes the numerical procedure adopted, im-
plementing then the so-called displacement and load control method,
or path-following methods such as arc-length type searching method. In
the following, the path-following method as proposed by Crisfield [44]
and later modified by Carrera [43] is adopted. More details about the
implementation of incremental-iterative solver in a CUF-based finite ele-
ment method for geometrically nonlinear and hyperelastic problems can
be explicitly found in [41,45].

The following adopted arc-length-based solver for the nonlinear
equilibrium equations is based on the implementation of the classi-
cal additional constraint equation for the possible nodal displacement
increment, following the path-following approach. In particular, the con-
straint equation adopted is practically a multi-dimensional constraint,
given by a multi-dimensional sphere of possible updated configurations.
This sphere is centered at u;, with aradius equal to L, defined as follows:

(Lo)* = (au®) - (au®) (40)

Here, the subscript (k) denotes the generic k-th equilibrium status of
the last convergent equilibrium state. Adopting this constraint relation
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for the admissible generic increment, also the load scale parameter A
is restricted. Equation (40) serves as the starting point for deriving the
corresponding constraint equation for the load factor increment. For a
more comprehensive examination of path-following methods and arc-
length type solvers, the reader can refer to [43].

5.4. Tangent stiffness matrix

Following the definition of internal and external forces FN, in the
present section the FN of the tangent stiffness matrix is derived. Under
the assumption of conservative external loads, the FN of the tangent
matrix is derived from the linearization of the internal forces vector:

AL,y = / A(SETS)dV = / SETASAV + / ASET)SdV 41
Q Q Q

The first term in Eq. (41) represents the contribution given by the
linearization of the constitutive law. Adopting Holzapfel’s formulation,
Eq. (15) is rewritten in matrix form exploiting Voigt notation:

AS = C2AC = CAE = C(B]' +2B)Au,, 42)

n

Thus, the term related to the linearized constitutive law is explicitly
written as:

, T .
/Q SETASAV = /Q suj,(B) +2B,)) C(B]' +2B})Au, dV

_ T 3 7sij T y7sij T y-7sij
=oug K, Au,; +6u K, CAu,; +ug K7 Au,

T yoTsij
+5quK Au;

ninl

S S
= oul K™ Au,,; + 5quK;T” Aug; (43)
where K[Tf"j is the FN of linear contribution of the tangent matrix and

K;jij = KIT:I” + K:;;’ + K:m is the non linear contribution.
The second term of Eq. (41) is FN of the geometrical stiffness matrix

K*/, stemming from the linearization of the geometrical relations:
/ AGE)" SdV = sul K™/ Au,,; (44)
Q

The derivation will not be reported here but can be found explicitly
in [41,45]. Substituting these FN definitions in Eq. (41), the analytic
closed-form expression of FN tangent stiffness matrix in terms of linear,
nonlinear and geometrical stiffness matrix FNs is:

A(BL,y) = / SETASAV + / ASE)T SdV
Q Q
= sul K[ Au; + 6ul K1 Aug, + sul K7V Auy,

= sul K7 Au,,; (45)

As previously discussed in the derivation of internal and external
force vectors in the CUF framework, the tangent stiffness matrix is de-
rived in terms of FNs whose formal expressions result in the invariance
of the theory of structural approximation adopted and kinematic models
employed in the beam model considered.

6. Numerical results

The present section outlines the proposed case studies and numeri-
cal results of hyperelastic higher-order beam models. These models are
compared against reference solutions obtained through the conventional
3 D finite element method implemented in ABAQUS. Utilizing these
models enables the prediction of displacement and stress distributions
within structures under highly deformed equilibrium states, necessitat-
ing higher-order theories for accurate computation of displacement and
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Fig. 3. Cantilever multilayered beam: geometrical features and boundary conditions.

Table 1

Cantilever multilayered beam: material properties.

¢;o [MPa] ¢y [MPa] u [MPa] v E [MPa] D, =2/k [MPa]
Material A 30 —4 52 0.2 124.8 2.8846-107
Material B 10 1.5 23 0.3 59.8 4.0133.10°8

stress components. Subsequently, various hyperelastic material models
will be investigated in the following analyses, focusing on exploring the
impact of the mathematical models adopted on the static response of the
structure.

6.1. Cantilever multilayered beam under concentrated load

The static analysis of a multilayered compressible beam is performed
as the first assessment study case. A cantilever square cross-section beam
of total length L and lateral side a is made of three layers of two different
hyperelastic materials. The thickness of the layers is h, = hg = a/3. In
the following, the cross-section side a is considered fixed to a = 1 cm,
and two different geometrical conditions will be analyzed: a thick beam
with slender ratio L/a = 10 and a slender beam for which instead L/a =
100. The beam is clamped at y = 0 cm and subjected to a concentrated
transversal load at the free end. Geometry and boundary conditions are
depicted in Fig. 3.

Each hyperelastic layer is described by adopting the decoupled
Mooney-Rivlin model for the isochoric component and the classical
quadratic model for the volumetric component of the strain energy
function:

Y= W)+, 0= DL(J 1 4oy =3 e —3)  (46)
1

where ¢, and ¢, are material constants typically obtained from ex-
perimental data fit, and D, = 2/k with k the bulk modulus. In the
Mooney-Rivlin material model, the initial shear modulus is defined as
u = 2(cjg+cop), by which it is possible to determine straightforwardly the
Young modulus E and bulk modulus k. The material parameters adopted
are listed in Table 1.

A convergence analysis is performed to assess the accuracy and
the efficiency of the 1D beam models regarding displacement distribu-
tion, considering both the thick and slender beam cases. The effects of
the mathematical models adopted on the mechanical response of the
structure are investigated, analyzing the influence of the finite element
discretization along the beam axis and the cross-section kinematics,
assessing initially LW models. In this investigation, parabolic L9 (nine-
node) or cubic L16 (sixteen-node) expansion models in the cross-section
discretization are initially adopted. The models adopted are depicted
in Fig. 4. The results of higher-order 1D CUF elements are comprehen-
sively compared with the numerical reference results obtained by the
3 D ABAQUS model, both in terms of displacements and stress distribu-
tion. In the case of the thick beam, 8190 C3D20R hexahedral elements

(20-node quadratic brick 3 D elements, reduced integration) are adopted
in the discretization of the beam. Instead, 31320 C3D20R elements are
employed in discretizing the slender beam due to hexahedral models’
aspect ratio constraints. Instead, the same 1D CUF mathematical models
for thick and slender beams will be adopted, considering N B4 finite
elements along the beam axis and N L9 or L16 parabolic or cubic ex-
pansion elements. In the following investigations, the numerical results
will be expressed in terms of non-dimensional quantities, here defined:

s )= RELR 005 =g @)

<
Il
Sl

where u, is the transversal displacement component and F,,,, is the max-
imum final load considered in the static analysis, when specified. The
accuracy is measured in terms of the percentage difference between the
proposed 1D CUF results and the 3 D ABAQUS solution. At the same
time, the computational costs are expressed in terms of the total de-
grees of freedom (DOFs) of the discretization adopted. In the following
analysis, the numerical solver is coupled with a load-control procedure,
considering F,,. = 50 N for the thick beam, and F,,, = 1 N for the
slender beam.

Table 2 presents the non-dimensional transversal displacement i,
measured at the point-load application for the thick beam case. The
investigation is presented for various load conditions, ranging from
small to moderate/large displacement regimes, assessing both model ef-
ficiency and accuracy. Similarly, Table 3 presents the results obtained for
the static analysis of the slender beam. In both scenarios, accurate pre-
dictions were consistently observed across convergence studies. Fig. 5
shows the equilibrium path of the thick beam considering the most accu-
rate beam axis discretization model and various cross-section expansion
models, comparing the computed path with the full 3 D ABAQUS solu-
tion. The same comparison is proposed in Fig. 6 for the slender beam. In
the case of the slender beam, a perfect matching of the numerical solu-
tions obtained from different cross-section models is observed. Instead,
in the case of the thick beam, minor differences are obtained at the large
displacement regime for highly nonlinear equilibrium states.

For slender beams, percentage differences below 1 % are observed
across all mathematical models, indicating negligible influence of the
cross-section expansion or kinematic model selection along the beam
axis on the displacement distribution. However, increasing the number
of finite elements along the beam axis in thick beams generally improves
accuracy across all load conditions. Specifically, the most accurate re-
sults are obtained with higher-order models and enriched cross-section



P. Chiaia, A. Pagani and E. Carrera

Computers and Structures 313 (2025) 107735

(a) 3L9 (b) 3L16 (c) 6L9 (d) 6L16
(e) 12L9 (f) 12L16 (g) 24L9 (h) 24L16

Fig. 4. Cantilever multilayered beam: cross-section expansion adopted, LE models.

kinematics. Convergence is achieved with 20 B4 cubic elements along
the beam axis. Although minor differences were noted across cases,
consistent results were obtained for each discretization, mainly when
refined cross-section kinematics were employed.

In the case of the slender beam, accurate results are already achieved
with a less refined model, regarding, as an example, 10 B4 cubic ele-
ments along the beam axis, for a total save in terms of DOFs of around
95 % with respect to the computational cost required by the convergent
3 D model. In the following, a stress analysis is performed to assess the
accuracy and convergence of the models in terms of stress distributions.

Furthermore, the influence of the theory of structure approximation
is investigated in terms of the expansion model adopted. A comparison
for the slender and thick beam cases is proposed comparing the results
obtained by adopting LE models with those obtained with TE models. In
the case of TE models, the most accurate mathematical model along the
beam axis is adopted. Thus, 20 B4 cubic elements are adopted along the
beam axis discretization. Table 4 shows the computed non-dimensional
transversal displacement i, for the slender beam case, measured again at
the point-load application, computed adopting various TE models, com-
paring the results with the already obtained values from LE models and
3 D ABAQUS solution. The same comparison is proposed in Table 5 for
the thick beam case. Finally, Fig. 7 shows the whole equilibrium paths
computed adopting higher-order TE models for slender and thick beams.
Accurate solutions are obtained when lower-order models are consid-
ered for the slender beam. Instead, higher-order models are required for
the thick beam. In general, the linear TE1 model cannot predict the equi-
librium path at moderate displacement regimes due to the limitation of
classical beam theories.

Fig. 8 shows the through-the-thickness distribution of the Cauchy’s
stress components for the thick beam with slender ratio L/a =10, mea-
sured at x=a/2 (symmetry section) and y/L=0.25, comparing the
proposed results with the fully 3 D ABAQUS solution taken as reference.
The same comparison is proposed in the slender beam case, with a slen-
der ratio L/a = 100, in Fig. 10. The stress distributions presented here
are obtained by adopting the most accurate finite element discretization
along the beam axis observed in the previous convergence analysis; thus,
20 B4 are again employed. The cross-section expansions listed before
are again adopted to investigate the influence of the theory of struc-
ture approximation on the computation of the three-dimensional stress
components.

Regarding the normal stress components, accurate results regard-
ing ¢,, and o,, are obtained. A perfect matching with respect to the
adopted 3 D reference is observed. Minor differences are evident in
the o, component. Observing the proposed distribution of transverse
shear stress o, non-zero values at the beam edges and non-symmetric
distributions of the considered stress component are observed. Fig. 9
shows the comparison between the Cauchy’s stress component in the ac-
tual reference frame and the correspondent first Piola-Kirchhoff stress
component, respectively o,, and P,, in different load conditions. This
comparison shows that the equilibrium conditions and stress compat-
ibility are guaranteed for the first Piola—Kirchhoff stress tensor, for
which the equilibrium equation is valid due to the Total Lagrangian
finite element formulation adopted. In the case of Cauchy’s stress ten-
sor, the compatibility conditions are not guaranteed since conservative
loads are considered. Thus, non-zero components of shear stresses must
arise in highly deformed states to balance the externally conservative or
non-conservative applied load [23].

Since Cauchy’s stress components are directly related to the deforma-
tion gradient, which is now measuring (in the material reference frame)
the moderate/large strain regime, the non-symmetric distribution of ac-
tual stresses arises from the classical distribution of transverse shear
stresses due to the equilibrium condition given by Eq. (8). The same
comparison is proposed for the slender beam in Fig. 11, and similar
considerations can be addressed.

6.2. Analysis of 0°/90° reinforced laminate under transverse and axial
pressure loads

The next case study proposed is the static analysis of a multilay-
ered fiber-reinforced laminated beam. Two different geometrical and
load conditions are considered to analyze the influence of higher-order
models on the mechanical response of the beam. In the first condition,
a cantilever square cross-section beam of total length L, = 100 mm and
lateral side a = 5 mm made of two equal layers with different fiber orien-
tations is considered under a uniform transversal pressure applied at the
top surface; furthermore, a uniaxial tension test is performed, analyzing
a beam with length L, = 20 mm and the lateral side ¢ = 5 mm. The
thickness of the two layers is considered equal thus &; = a/2. Thanks to
the symmetry of the two structures and the load conditions applied, only
one half of the structure has been analyzed in the following numerical
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Cantilever Mooney-Rivlin multilayered beam: convergence analysis for the case L/h=10. Non-
dimensional transversal displacement &, measured at the point-load application. Comparison between
1D CUF beam models and ABAQUS 3 D reference solutions for different load conditions. In brackets, the
percentage difference between the actual results and the 3 D model results is proposed.

B4

Expansion

u,/L

F=10N

F=20N

F=30N

F=40N

DOFs

10

15

20

ABQ

319
3L16
6L9
6L16
1219
12L16
2419
24 L16
319
3L16
619

6 L16
1219
12116
24 L9
24116
319
3L16
619

6 L16
1219
12116
2419
24 L16
8190 C3D20R

0.31503?75 %
0.3148827° %
0.31511@72 %
0.3148927 %
0.31665%% ©
0.31731@0% %
0.31720?08 %
0.31784(1:88 %
0.31528267 %)
0.3151471 %
0.31543263 %
0.31516@71 %
0.317500° %
0.31860(% %
0.31836(72 %
0.31946(138 %
0.31541@63 %
0.31528267 %)
0.31561257 %)
0.315332:60 %)
0.31807¢:81 %
0.31963(3 %
0.31920(146 %)
0.32088:* %)
0.32393

0.5300323 ©
0.52975(3 %
0.53021231 %
0.5297723 %
0.53335(173 ®
0.53484(1-46 %)
0.53457(131 %
0.53610(122 %
0.53042227 %)
0.5301632 ©
0.5307422
0.5302331 %
0.53481(1-46 %
0.53723(1:02 %
0.53666('12
0.53944(0.()1 %)
0.5306022¢ ©
0.5303822 ©
0.53103216 %)
0.53050226 %)
0.53571(130 %
0.539010 %
0.53806(0 86 %)
0.5422400 %
0.54275

0.65552235 %
0.65514¢1 %
0.65577232 %)
0.655172¢1 %
0.66011(147 %
0.66242(133 %
0.66203(!:38 %)
0.66464(120 ©
0.6559424 %)
0.6556123* %)
0.65637242 ©
0.655693 %)
0.66183(1-¢1 %
0.66548(-7
0.66467(-19
0.66937(049 %
0.65612246
0.6558423!
0.65668238 %)
0.6560048 )
0.66279(1:47 %)
0.6676475 %
066630(0 95 %)
0.67323008 ©
0.67269

073188027 %
0.7314063 %
0.7321762 %
07314363 %
07375823 %
0.74070210 %)
0.740223-17 %)
0.74402(167 %
0.732306:21 %)
0.731896:27 %)
0.73281G:15 %
0.732003:26 %)
0.73948227 %)
0.74438(1:62 %)
0.74336175 %@
0.750200:85 %)
0.73247619 %
0.73212G24 %
0.73312611 %)
0.732320321 %)
0.74050213 %
0.747040:27 %)
0.74533(14% %)
0.755580-14 %)
0.75663

1953
3720
3627
7068
6045
12,369
10,881
22,971
2898
5520
5382
10,488
8970
18,354
16,146
34,086
3843
7320
7137
13,908
11,895
24,339
21,411
45,201
115,314

Table 3

Cantilever Mooney-Rivlin multilayered beam: convergence analysis for the case L/h=100. Non-
dimensional transversal displacement i, measured at the point-load application. Comparison between
1D CUF beam models and ABAQUS 3 D reference solutions for different load conditions. In brackets, the
percentage difference between the actual results and the 3 D model results is proposed.

u,/L
B4 Expansion F=02N F=04N F=06N F=0.8N DOFs
10 319 0.49028-15 %) 0.66983012 % 0.74601011 % 0.78720011 % 1953
3L16 0.48472(1:28 %) 0.66559075 %) 0.74285034 %) 0.7846604 % 3720
619 0.49028C-15 %) 0.66983-12 %) 0.746010C-11 % 0.78720011 % 3627
6L16 0.49028-15 %) 0.66983012 %) 0.74601011 % 0.78720011 % 7068
1219 0.49028-15 %) 0.66984012 % 0.746020-11 % 0.78720011 % 6045
12116 0.49029(0-15 %) 0.66984-12 % 0.746020-11 % 0.78720011 %) 12,369
2419 0.490290-15 %) 0.669840-12%) 0.746020-11 % 0.78720011 % 10,881
24116 0.490290-15 %) 0.66984012 % 0.746020-11 % 0.78720011 % 22,971
15 319 0.49055(0-10 %) 0.67015©07 % 0.746370:06 % 0.78760006 %) 2898
3L16 0.48499(1:23 %) 0.66592071 %) 0.7432104 % 0.78507©38 %) 5520
619 0.49056-10 %) 0.6701607 % 0.74637006 % 0.787600%6 % 5382
6L16 0.490560-» % 0.6701607 % 0.746370-00 % 0.787600%¢ % 10,488
1219 0.490560-0 % 0.6701607 % 0.746380:06 %) 0.787600%0 %) 8970
12116 0.490560 % 0.6701607 % 0.746380:06 % 0.78761©06 % 18,354
2419 0.490560® % 0.6701607 % 0.746380-00 % 0.78761©06 % 16,146
24116 0.490560. % 0.67016©07 % 0.746380:06 %) 0.78761©06 % 34,086
20 319 0.49068007 %) 0.67029005 %) 0.74651005 % 0.78774004 %) 3843
3L16 0.49068007 %) 0.67029005 % 0.74651005 % 0.78774004 % 7320
619 0.490680.07 %) 0.67029(0.05 %) 0.74651 005 % 0.78774004 %) 7137
6L16 0.490680.07 %) 0.67029005 %) 0.74651 005 % 0.78774004 % 13,908
1219 0.49069007 %) 0.67029005 % 0.74651005 % 0.78774004 % 11,895
12116 0.490690-07 %) 0.67030005 % 0.74651005 % 0.78775004 % 24,339
2419 0.49069007 %) 0.67030005 %) 0.74651005 % 0.78774004 %) 21,411
24116 0.49069007 %) 0.67030005 % 0.74652005 % 0.78775004 % 45,201
ABQ 31320 C3D20R 0.49102 0.67065 0.74685 0.78806 445,758

investigations. Geometry and boundary conditions for the two proposed
problems are depicted in Fig. 12(a) and Fig. 12(b), respectively.

Each layer is modeled by adopting the fiber-reinforced hyperelastic
strain energy function analyzed in [30,46], where the classical Neo-

strain energy function:

Hookean isotropic component is coupled with the quadratic model for

— ulogJ +y(I; — 1)

s
V= lIluol(") + lIliso(Il > IZ) + \Paniso(14) = g(ll - 3) + E(J - 1)2

the fiber-reinforcement effects given by I,, and a stabilized volumetric

(48)
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Fig. 5. Cantilever Mooney-Rivlin multilayered beam, case L/h =

10: equilibrium paths for the thick beam computed with the most accurate finite element

discretization along the beam axis. Transversal displacement u, measured at the point-load application.
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Fig. 6. Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: equilibrium paths for the slender beam computed with the most accurate finite element
discretization along the beam axis. Transversal displacement u, measured at the point-load application.

Table 4

Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: comparison between LW models and ESL
models results, for different load conditions. Non-dimensional transversal displacement i, measured at
the point-load application. In brackets, the percentage difference between the actual results and the 3 D

model results is proposed.

B4 Expansion F=02N F=04N F=0.6 N F=08N DOFs
10 24116 0.49029(-15 %) 0.66984(-12 %) 0.74602011 % 0.78720011 % 22,971
15 24116 0.49056-% %) 0.67016097 % 0.746380:00 %) 0.7876106 %) 34,086
20 24116 0.4906907 %) 0.67030005 0.746520:05 %) 0.787750:04 %) 45,201
20 TE1 0.4595741 %) 0.64623G:64 % 0.7286424 % 0.77361(1:83 %) 549
TE2 0.49051©10 % 0.67014008 % 0.746380:06 %) 0.78762000 % 1098
TE3 0.49053010 %) 0.67017097 % 0.746410:06 % 0.78766005 %) 1830
TE4 0.4905510 %) 0.670180:07 % 0.746420:06 %) 0.78767005 %) 2745
ABQ 31,320 C3D20R 0.49102 0.67065 0.74685 0.78806 445,758

where y = 1 MPa is the infinitesimal shear modulus, A = 4 MPa is the
Lame constant, and y = 0.375 MPa. The two layers are considered in a
global stacking sequence, with the top-layer fibers oriented along the
beam axis direction and the bottom-layer fibers in the transversal direc-
tion, oriented along the x axis. The effects of the mathematical models
adopted on the mechanical response of the structure are investigated, an-
alyzing in particular the influence of the cross-section kinematic. From
the previously discussed analysis, 20 B4 cubic finite elements along
the beam axis are adopted for convergence reasons. Instead, different

10

cross-section expansions will be considered, again adopting parabolic L9
(nine-node) or cubic L16 (sixteen-node) expansions. The computational
costs are expressed again in terms of the total DOFs of the discretization
adopted. The two configurations presented are now analyzed separately.

6.2.1. Uniform transverse pressure case
Table 6 reports the numerical solution of the transversal displace-
ment u,, measured at the point “A” of the beam represented in Fig. 12(a),
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Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: comparison between LE models results and
TE models results, for different load conditions. Non-dimensional transversal displacement iz, measured
at the point-load application. In brackets, the percentage difference between the actual results and the

3 D model results is proposed.

B4 Expansion F=10N F=20N F=30N F=40N DOFs
10 24116 0.31784(1:88 % 0.53610(-22 % 0.66464(1.20 % 0.74402(1:67 % 22,971
15 24116 0.31946(138 % 0.53944061 % 0.66937049 %) 0.75020(85 % 34,086
20 24116 0.32088094 %) 0.5422400° % 0.673230.08 %) 0.75558-14 % 45,201
20 TE1 0.28572(11:80 %) 0.493890-0 %) 0.62281741 % 0.7037369 % 549
TE2 0.31289641 %) 0.526396.01 % 0.650996-23 %) 0.726726395 % 1098
TE3 0.313876-11 % 0.52791@73 % 0.65270297 %) 0.72848G.72 % 1830
TE4 0.31376G-14 % 0.52758280 % 0.652153:05 %) 0.72776G82 % 2745
ABQ 8190 C3D20R 0.32393 0.54275 0.67269 0.75663 115,314
1 T T T T T T T 4= 50 T T T T
— 3D ABQ ' — 3D ABQ
10B4-24L16 1 10B4-24L16
- = - 15B4-24L16 ! === 15B4-24L16
— G-+ 20B4-24L16 ! — G- 20B4-24L16
0.8 - -4~ 20B4-TE 1 7 40 [ - A~ 20B4-TE 1
— W - 20B4-TE 2 —W - 20B4-TE 2
20B4-TE 3 20B4-TE 3
20B4-TE 4 20B4-TE 4
0.6 h 30
z z
=3 =3
04 h 20
02 h 10
0 ” I. 1 1 1 1 1 1 1 0 1 1 1 1
0 01 02 03 04 05 06 07 0.8 09 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

-Uz [m]

(a) Slender beam, L/h = 100

“Ugz [m]

(b) Thick beam, L/h = 10

Fig. 7. Cantilever Mooney-Rivlin multilayered beam: equilibrium paths for the slender and thick beam, comparison between LE expansion models and TE expansion

models.

in correspondence of the symmetry section. The results are proposed
for different values of the applied transversal pressure, comparing the
solution obtained via different cross-section expansion models. Fig. 13
shows the equilibrium path obtained adopting the previously listed dis-
cretization models along the beam cross-section, obtained via the static
analysis of the structure adopting an arc-length type constraint in the nu-
merical solver. From the small to moderate/large displacement regime,
the numerical solutions perfectly match between different cross-section
kinematic models investigated. Fig. 14 illustrates the through-the-
thickness distribution of the transversal displacement u, measured at the
x—symmetry section foy y =40 mm, near y-symmetry section. An almost
linear behavior of the through-the-thickness transversal displacement
component is observed.

In terms of displacement distributions and equilibrium paths, each
model adopted predicts consistent solutions. Convergence is already
achieved when pure LW discretization models, such as 2L9 and 2L16
expansions, are considered. Convergence is now discussed in terms of
stress distributions.

Fig. 15 shows the through-the-thickness distribution of the Cauchy’s
stress components and first Piola—Kirchhoff stress tensor when a uniform
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pressure applied of p=162 kPa is considered. Stress components are
measured at the symmetry section, for x=0 and y=40 mm, near the
y-symmetry section. The three-dimensional stress components are con-
sistently computed for each cross-section kinematic model adopted;
perfectly matching results are observed in the case of normal o,, com-
ponent. Consistent results are also obtained in the case of remaining
normal components. Minor differences are attributed to the adoption
of refined kinematics along the cross-section in the z-direction. In par-
ticular, looking at the transverse normal component and o,, shown in
Fig. 15(d), major differences, such as discontinuities and non-zero val-
ues at the beam edges are observed. Theoretically consistent results
are obtained when higher-order models are considered. This behav-
ior is explained by the strong influence in hyperelastic soft structures
of large strains that are directly influencing the distribution of the
first Piola—Kirchhoff stress tensor when computed from the second
Piola—Kirchhoff stress tensor S and considering conservative loads in
the proposed Total-Lagrangian displacement-based finite element for-
mulation, as proposed in the comparison of P, stress component in
Fig. 16.
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Fig. 8. Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: through-the-thickness stress distribution along for y/L = 0.25 and x = a/2. Comparison between

1D CUF solution and ABAQUS 3 D reference.
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Fig. 9. Cantilever Mooney-Rivlin multilayered beam, case L/h = 10: through-the-thickness distribution of the transverse stress components o,, and P,, for y/L = 0.25

and x = a/2, for different load conditions.

6.2.2. Uniaxial tension case

The numerical solution presented in Table 7 showcases the hori-
zontal displacement u, measured at point “A” of the beam represented
in Fig. 12(b), specifically at the end section for y 10 mm. In
these investigations, the previously addressed cross-section kinematics
are adopted in the discretization models. These results are provided
across various applied transversal pressure values, comparing solutions
derived from different cross-section expansion models. Furthermore,
Fig. 17(a) illustrates the equilibrium path for the uniaxial tension test
obtained through the static analysis, employing a numerical solver
based on the load-control procedure, so considering a p,,,, =30 MPa
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as end load and 20 equal load steps. The numerical solutions ex-
hibit perfect alignment from small to moderate/large strains. Moreover,
Fig. 17(b) shows the cross-sectional displacement measured again at
the symmetry section, investigating the influence of the applied trac-
tion pressure on the cross-section warping, stretching, and other local
effects.

Fig. 18 shows the through-the-thickness distribution of the vertical
displacement u,, measured at the symmetry section y 0 mm and
x = 0 mm, computed for various cross-section kinematics when p =
13.5 MPa is considered. A slight parabolic behavior of the transversal
displacement component is observed.
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Fig. 11. Cantilever Mooney-Rivlin multilayered beam, case L/h = 100: through-the-thickness distribution of the transverse stress components o,

y/L =0.25 and x = a/2, for different load conditions.

Again, in terms of displacement distributions and equilibrium paths,
each model adopted allows consistent predictions. Convergence is al-
ready achieved when pure LW discretization models, such as 2L9 and
2L16 expansions, are considered. Convergence is again discussed in
terms of stress distributions. Fig. 19 shows the through-the-thickness
distribution of Cauchy’s stress components when a uniform trac-
tion pressure of p=15.5 MPa is considered. Stress components are
measured at the symmetry section, for x=0 and y=2.5 mm, near the
y-symmetry section. The three-dimensional stress components are con-
sistently computed for each cross-section kinematic model adopted;

perfectly matching results are observed in the case of normal o, instead
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and P, for

consistent results are also obtained in the case of ¢,,, which do not
adopt refined discretization in the x-direction. Significant differences
such as discontinuities and different global and local slopes are observed
in the case of normal o,, component. In this case, due to the effects
of the large strains, refined structural theories and kinematics models
are required to compute accurately the deformation gradient F thus the
second Piola-Kirchhoff stress tensor S. Therefore, coarser cross-section
discretization can lead to inconsistent results. This is also observed for
the transverse normal component o) shown in Fig. 19(d), where discon-
tinuities and non-zero values at the beam edges are observed or coarser
discretization, inconsistently with the equilibrium and compatibility
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(a) Bending problem

(b) Uniaxial test problem

Fig. 12. Hyperelastic 0°/90° laminate: geometrical features and boundary conditions.

Table 6

Hyperelastic 0°/90° laminate, uniform transverse pressure case: convergence
analysis, transversal displacement component —u_. Comparison between vari-
ous cross-section LE models adopted, for different load conditions.

—u, [mm]
Model p=252kPa p=1733 kPa p=81.94 kPa p =309.93 kPa DOFs
2L9 6.7890 15.2934 28.1352 48.2150 2745
2L16 6.7976 15.2973 28.1128 48.1427 5124
4L9 6.7954 15.3064 28.1584 48.2707 4941
4L16 6.7976 15.3109 28.1658 48.2870 9516
8L9 6.7966 15.3088 28.1620 48.2807 9333
8L16 6.7978 15.3113 28.1663 48.2875 18,300
10L9 6.7967 15.3090 28.1623 48.2810 11,529
10L16 6.7978 15.3113 28.1663 48.2877 22,692
20L9 6.7977 15.3109 28.1656 48.2869 19,215
20L16 6.7981 15.3119 28.1671 48.2892 39,711
600 T T T T T I,ﬂ
500 1
A
400 b
= B / 29
£ --0- 2L16
& 300 F A —e- 419 ]
& - A= 4L16
“““ v 8L9
200 C c -8-- 8L16 |
100 - -~ 016 |
B /l/ @ 20L9
a --A-- 20L16
0 = AAA-”-/ 1 1 1 1 1
0 10 20 30 40 50 60 70
-u, [mm]

Fig. 13. Hyperelastic 0°/90° laminate, uniform transverse pressure case: equilibrium path, transversal displacement —u, versus applies load p. Comparison between

paths obtained adopting different cross-section kinematics.

conditions. In the case of refined cross-section models, instead, the
global equilibrium conditions are satisfied, and non-symmetric global
stress distributions are observed due to local shear effects. At the
contrary, the compatibility and equilibrium conditions are perfectly
guaranteed in the case of P, component, shown in Fig. 20, for which a
non-symmetric distribution is observed.

6.3. Analysis of 0°/45° / — 45° /0° reinforced laminate under transverse
and axial pressure loads

The last case study presented is the static analysis of a four-layer
laminated beam. In the following investigations, the effect of the struc-
tural theory adopted on the mechanical behavior of the structure is

investigated again. Two different configurations are now addressed to
analyze the impact of the large displacement-rotation or large strain
regime. In the first configuration, a cantilever square cross-section beam
of total length L, = 100 mm and lateral side ¢ = 10 mm is considered
under a uniform transversal pressure applied at the top surface as shown
in Fig. 21(a); likewise, a different configuration with L, = 50 mm and
lateral side ¢ = 10 mm is analyzed under a uniform uniaxial traction
pressure, as shown in Fig. 21(b). The beam now comprises four layers
of equal thickness h; = a/4, with different fiber orientations. Thanks
to the symmetry of the two structures and the load conditions applied,
only one-fourth of the structure has been considered in the following
numerical investigations.

14
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Fig. 15. Hyperelastic 0°/90° laminate, uniform transverse pressure case: through-the-thickness stress components distribution, measured at y = 40 mm and x = 0 mm

at the x-symmetry section, for an applied transverse pressure of p = 162 kPa.

The material is modeled by adopting again the strain energy func-
tion detailed in Section 6.2; thus, Eq. (48) is again considered. The
material constants are again 4 = 1 MPa, A 4 MPa, and y =
0.375 MPa, as previously investigated. Four different layers of fi-
brous soft materials are considered, where the fiber orientation can
vary in the x — y plane. The continuous fiber reinforcement, as de-
tailed in the anisotropic hyperelastic constitutive law modeling, is
represented here by the unitary versor a,=(siné, cos#8,0), where 6 is

15

measured with respect to y axis in the x — y plane. The global stack-
ing sequence (from the bottom to the top layer) is 0°/45°/ — 45°/0°.
As previously addressed, convergence considerations lead to utiliz-
ing 20 B4 cubic finite elements along the beam axis. Additionally,
various cross-section expansions, such as parabolic L9 (nine-node) or
cubic L16 (sixteen-node), are explored. Computational cost is once
more quantified as the total degrees of freedom of the discretization
employed.
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Fig. 16. Hyperelastic 0°/90° laminate, uniform transverse pressure case: through-the-thickness distribution of P,, component, measured at y = 40 mm and x = 0 mm
at the x-symmetry section, for an applied transverse pressure of p = 162 kPa.

Table 7

Hyperelastic 0°/90° laminate, uniaxial tension test: convergence analysis, hor-
izontal displacement component u, measured at the point A. Comparison
between various cross-section LE models adopted for different load conditions.

u, [mm]

Model p=4.5MPa p =12 MPa p =18 MPa p =24 MPa DOFs

2L9 7.7553 14.6649 18.3484 21.2875 2745
2L16 7.7574 14.6690 18.3536 21.2935 5124
419 7.7563 14.6670 18.3507 21.2898 4941
4L16 7.7574 14.6686 18.3525 21.2916 9516
8L9 7.7571 14.6689 18.3533 21.2930 9333
8L16 7.7579 14.6699 18.3545 21.2930 18,300
10L9 7.7571 14.6690 18.3534 21.2931 11,529
10L16 7.7579 14.6699 18.3545 21.2943 22,692
20L9 7.7578 14.6700 18.3548 21.2946 19,215
20L16 7.7580 14.6703 18.3534 21.2943 39,711

T /{3
¢ i p =3MPa
= <%= 219
& --o- 2L16 | p =9MPa
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- - 8L16
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1
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(a) Equilibrium path (b) Cross-section kinematics for 10L16

Fig. 17. Hyperelastic 0°/90° laminate, uniaxial tension test: equilibrium path, transversal displacement u, versus applies load p. Comparison between paths obtained
adopting different cross-section kinematics.
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Fig. 18. Hyperelastic 0°/90° laminate, uniaxial tension test: through-the-thickness transversal displacement u, distribution, measured at the symmetry section for

x = 0 mm, obtained with different cross-section kinematics.
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Fig. 19. Hyperelastic 0°/90° laminate, uniaxial tension test: through-the-thickness stress components distribution, measured at y = 2.5 mm and x = 0 mm, for an
applied traction pressure of p = 13.5 MPa. Comparison between stress components obtained from different cross-section expansion models.

6.3.1. Uniform transversal pressure case

Table 8 reports the numerical solution of the transverse displacement
u,, measured at the point “A” of the beam represented in Fig. 21(a),
in correspondence of the symmetry section. The results are proposed
for different values of the applied transversal pressure, comparing the
solution obtained via different cross-section expansion models. Fig. 22
depicts the equilibrium path obtained adopting the previously listed
discretization models along the beam cross-section, obtained via the

17

static analysis of the structure adopting an arc-length type constraint.
From the small to moderate/large displacement regime, the numeri-
cal solutions perfectly match between models. Fig. 23 illustrates the
through-the-thickness transversal displacement distribution measured at
the x— symmetry section foy y = 5 mm, near y-symmetry section.

Fig. 24 shows the through-the-thickness distribution of normal
stress components when a uniform transverse pressure applied of p =
156.85 kPa is considered. Stress quantities are measured along the
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Fig. 21. Hyperelastic 0°/45°/ — 45° /0° laminate: geometrical features and boundary conditions.

x-symmetry section for y = 20 mm. In particular, the comparison be-
tween the actual Cauchy’s stress components and the correspondent

Table 8

Hyperelastic 0°/45°/ —45° /0° laminate, uniform transverse pressure case: con-
vergence analysis, transversal displacement component —u_, measured at the
symmetry plane. Comparison between various cross-section LE models adopted
for different load conditions.

—u, [mm]

Model p=601kPa p=3502kPa p=15684kPa p=45565kPa  DOFs

419 3.9373 13.2365 26.8623 42.2488 4941

4L16 3.9414 13.2501 26.8891 42.2975 9516

8L9 3.9398 13.2444 26.8772 42.2855 9333

8L16 3.9421 13.2523 26.8935 42.3096 18,300
8L92 3.9414 13.2501 26.8891 42.2975 15,555
8L162 3.9414 13.2501 26.8891 42.2975 32,025
1219 3.9403 13.2460 26.8801 42.2933 13,725
12116 3.9422 13.2528 26.8945 42.3107 27,084
1619 3.9405 13.2467 26.8813 42.2957 18,117
16L16 3.9423 13.2529 26.8948 42.3113 35,868

first Piola-Kirchhoff stress components is proposed. For the same load tensor.
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condition, Fig. 25 shows the through-the-thickness distribution of trans-
verse normal and shear stress components related to the PK1 stress
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Fig. 23. Hyperelastic 0°/45°/ — 45° /0° laminate, uniform transverse pressure case: through-the-thickness transversal displacement u, distribution, measured at the
symmetry section for x = 0 mm, at the section at y = 20 mm, obtained with different cross-section kinematics.

Table 9

Hyperelastic 0°/45°/ — 45°/0° laminate, uniaxial tension test: convergence
analysis, horizontal displacement component u, measured at the point A.
Comparison between various cross-section LE models adopted for different load

conditions.
u, [mm]

Model p=4MPa p=8MPa p=12MPa p =16 MPa DOFs

419 17.2623 27.6715 35.3166 41.4984 4941

4L16 17.2956 27.7278 35.3888 41.5829 9516

8L9 17.2678 27.6852 35.3383 41.5272 9333

8L16 17.3004 27.7387 35.4052 41.6044 18,300

8L92 17.2949 27.7275 35.3890 41.5837 15,555

8L162 17.3045 27.7461 35.4152 41.6164 32,025

12L9 17.2689 27.6884 35.3437 41.5350 13,725

12116 17.3008 27.7397 35.4069 41.6066 27,084

16L9 17.2692 27.6892 35.3452 41.5371 18,117

16L16 17.3009 27.7399 35.4073 41.6072 35,868

Stress components reported here show good agreement between dif- proposed normal components o,, and o,, shows a perfect superposi-

ferent cross-section kinematic models adopted. In particular, consistent tion of obtained stress distributions. As discussed before, the transverse
predictions are obtained for refined discretization. However, significant normal component P,, shown in Fig. 25(d) is satisfying the compatibil-
differences are evidenced when coarser discretizations are adopted. The ity and equilibrium conditions, differently for the actual o, component

19
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Fig. 24. Hyperelastic 0°/45° /—45° /0° laminate, uniform transversal pressure case: through-the-thickness distribution of normal stress components, measured at y = 20
mm and x = 0 mm, for an applied transverse pressure of p = 156.85 kPa. Comparison between stress components obtained from different cross-section expansion

models.

where non-zero values of the transverse shear stresses at the beam
edges arise due to the dead load condition considered, under the hy-
pothesis of conservative loads and not follower load. As previously
stated, again, large strains directly influence the distribution of the
first Piola—Kirchhoff stress tensor when computed from the PK2 stress
tensor S.

6.3.2. Uniaxial tension case

The following discussion presents and comments on the results pro-
posed for the uniaxial tension test. The numerical solution presented in
Table 9 showcases the horizontal displacement u, measured at point
“A” of the beam represented in Fig. 21(b), specifically at the end
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section for y = 25 mm. In this investigation, the previously addressed
cross-section models are adopted in the mathematical models. These
results are provided across various applied traction pressure values.
Furthermore, Fig. 26(a) illustrates the equilibrium path for the uniaxial
tension test obtained through the static analysis, employing a numerical
solver based on the load-control procedure, so considering a p,,,, = 20
MPa as end load and 15 equal load steps. The numerical solutions ex-
hibit perfect matching from small to moderate/large strains. Moreover,
Fig. 26(b) shows the cross-sectional displacement measured again at the
symmetry section, investigating the influence of the applied traction
pressure on the cross-section local effects. Fig. 27 shows the through-
the-thickness distribution of the vertical displacement u,, measured at
the symmetry section y = 0 mm and x = 0 mm, computed for various
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Fig. 28. Hyperelastic 0°/45°/ — 45°/0° laminate, uniaxial tension test: through-the-thickness distribution of normal stress components, measured at y = 5 mm and
x = 0 mm, for an applied traction pressure of p = 8 MPa. Comparison between stress components obtained from different cross-section expansion models.

cross-section kinematics when p = 13.5 MPa. A parabolic behavior of the
through-the-thickness transverse displacement is observed.

Fig. 28 shows the through-the-thickness distribution of normal stress
components when a uniform transverse pressure applied of p = 8 MPa is
considered. Stress quantities are measured along the x-symmetry section
for y = 5 mm. In particular, the comparison between the actual Cauchy’s
stress components and the correspondent first Piola—Kirchhoff stress
components is proposed. Fig. 29 shows the through-the-thickness distri-
bution of transverse normal and shear stress components when a uniform
transverse pressure applied of p = 8 MPa is considered. Stress quantities
are measured along the x-symmetry section for y = 5 mm.

In large strain scenarios, the normal ¢,, component present evident
disparities, such as discontinuities and variations in global and local
gradients when considering different cross-section kinematics. These

22

discrepancies arise due to the influence of significant displacement
derivatives, necessitating the adoption of refined structural theories
to accurately compute the deformation gradient F, for which the
displacement derivatives are approximated using higher-order shape
functions are refined polynomial expression of the displacement field.
Consequently, employing coarser discretization schemes for cross-
sections may yield inconsistent predictions. The transverse normal
component P,, shown in Fig. 29(b) is satisfying the compatibility and
equilibrium conditions. The necessity of higher-order refined models in
large strain hyperelasticity is generally attributed to volumetric locking
prevention and computation of physical quantities, such as hydrostatic
pressure, without any stabilization technique. A representation of the
cross-section warping and deformation along the beam axis is given in
Fig. 30. These local effects, such as warping and twisting, are captured
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Fig. 29. Hyperelastic 0°/45°/ —45° /0° laminate, uniaxial tension test: through-the-thickness distribution of transverse normal and shear stress components, measured
at y = 5 mm and x = 0 mm, for an applied traction pressure of p = 8 MPa. Comparison between stress components obtained from different cross-section expansion

models.

Fig. 30. Hyperelastic 0°/45°/ — 45°/0° laminate, uniaxial tension test: cross-section kinematics representation for an applied traction pressure of p = 18.6 MPa,
obtained adopting 12L16 cubic element in the cross-section discretization. Displacement magnitude contour.

accurately by refined kinematics. Typically, non-conventional stress
distribution within the body arises from these highly deformed states.

7. Conclusions

This paper introduces the unified beam finite element models based
on Carrera Unified Formulation (CUF) for the static analysis of mul-
tilayered hyperelastic beam structures in the compressible regime. In
the classical continuum mechanics framework, hyperelastic constitutive
laws expressed in terms of invariants of the deformations have been
introduced to describe the mechanical behavior of isotropic and fiber-
reinforced soft materials.

The finite element (FE) model introduced in the present work is
based on CUF, a framework in which the displacement field is pro-
vided as a formal expression independent of the theory of structural
approximation adopted. The present study assessed the capabilities of
Equivalent-Single-Layer models (ESL) and Layer-Wise (LW) models in a
large strain analysis context.

The governing equations have been exploited by the Principle of
Virtual Displacement (PVD), rewriting the internal and external force
vectors and tangent stiffness matrices in terms of Fundamental Nuclei
(FN), invariants of the kinematic assumptions of the FE model adopted.
The static nonlinear problem is solved using the Newton-Raphson iter-
ative procedure coupled with an arc-length constraint and load-control
procedures. This approach has been validated by comparing the pro-
posed results with reference solutions obtained via full 3 D elasticity
solutions, obtained through commercial software.

The results obtained from the present approach demonstrate the
accuracy and efficiency of the proposed refined fully nonlinear beam
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models in the static analysis of multilayered structures, analyzing dif-
ferent geometrical configurations and load conditions. Leveraging the
capabilities of unified beam models, the three-dimensional stress state
within the structure was accurately analyzed, as well as displacement
distributions when large strain problems were considered, underlin-
ing the robustness of the proposed methodology. Furthermore, local
effects such as warping and twisting were investigated. The proposed
CUF-based FE models were also tested regarding equilibrium and com-
patibility conditions, analyzing in detail the complex three-dimensional
stress state arising in highly-nonlinear deformed states then conservative
loads are considered.

Future research will extend the present approach to the anal-
ysis of biological tissues by adopting higher-order 2 D plate/shell
models, analyzing the 3 D displacement and stress field of soft fi-
brous structures. Furthermore, direction-dependent mechanical proper-
ties on structural modal behavior can be explored starting from this
implementation of 1D CUF models. Finally, a comprehensive analysis
of locking phenomena is intended, including the hybrid formulation
(or u/p formulation) in the unified approach of 1D and 2 D CUF-based
models.
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