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Abstract

Carrera uni�ed formulation (CUF) solves the elasticity problem by generat-
ing hierarchical approximated solution based on fundamental nuclei, leading
to the automatic implementation of any classical and re�ned structural the-
ories. Re�ned beam and plate theories constructed on the basis of CUF
provide dimensionally reduced models for the 3D analysis of structures with
distinctive 1D or 2D characteristics, which is especially attractive to nonlocal
meshless methods. This study presents a strong-form solution for the re�ned
beam and plate theories using peridynamic di�erential operator (PDDO).
The governing equations for uni�ed structural theories are derived by combin-
ing the principle of virtual work and CUF, where the cross-sectional (for 1D
re�ned beam theories) and through-thickness (for 2D re�ned plate theories)
characteristics are approximated by Maclaurin expansion of the generalized
unknowns. The displacement �eld is obtained through a formal expression
with the expansion order as the only input of CUF analysis. The local dif-
ferential operators are replaced by PDDO. PDDO is based on the concept
of peridynamic interactions and constructed through Taylor series expansion
with orthogonality property. It removes the requirements of symmetric hori-
zon and smooth displacement �eld. The domain can therefore be divided into
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two regions concerning the inner domain and boundary layer. Displacement
and traction boundary conditions can be applied directly on the boundary
layer without any supplementary assumptions or additional constraints. The
present method is veri�ed through static analysis of beams with di�erent
cross-sections and plates with di�erent thicknesses under various boundary
conditions including displacement, stress and concentrated force boundaries.
The 3D deformation details are unveiled in good agreement with results com-
puted by Abaqus-FEM and CUF-FEM.

Keywords: Peridynamic di�erential operator; Carrera uni�ed formulation;
Re�ned structural theory

1. Introduction

The space-time nonlocality is a signi�cant feature in relation to the in-
trinsic heterogeneity of materials [1, 2]. Long-range interactions have been
widely acknowledged not only at micro- or meso- scales for explaining phys-
ical mechanism but also at macro-scale for describing phenomena such as
anomalous di�usion and crack formation [3]. Peridynamics (PD) is a non-
local theory of continuum mechanics proposed by Silling [4], which concerns
long-range interactions among material particles over a �nite distance re-
ferred to as the horizon. By reformulating the classical continuum mechanics
theory with state, a generalized version of tensor, into an integro-di�erential
form, PD is physically and mathematically consistent in the presence and
absence of discontinuities [5]. Thus, it unites the modeling of continuous
media, cracks and particles within a single framework [6]. Originally, the
PD theory was developed for the solution of 3D deformation �eld equations
without any structural idealizations; however, its nonlocal form can be prob-
lematic when describing the deformation of slender rods or thin plates. Also,
truncated horizons of PD particles across the section or through the thick-
ness can cause inaccuracy while using the �nely-discretized model can be
computationally-demanding.

Dimensionally-reduced PD models are therefore developed for simpli�ed
yet accurate solutions of 3D structures with distinctive 1D or 2D charac-
teristics. Silling et al. [7] investigated the deformation of a PD bar using
the peridynamic formulation of elasticity theory . Viewed as a continuum
version of molecular dynamics [8], PD reveals features that are not possible
with the classical theory of elasticity and further accommodates the emer-
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gence of discontinuities. However, the cross-sectional details of the PD model
of a bar are omitted for simplicity. For more insights of the 3D deformation
details of thin plates, Taylor and Steigmann [9] derived a 2D model from the
3D bond-based PD theory through asymptotic analysis, where the thickness
characteristics are approximated using Taylor series. Although their model is
capable of capturing crack propagation paths with lower computational costs,
it is constrained by the �xed Poisson's ratio and surface e�ect. O'Grady and
Foster [10], inspired by nonlocal beam models, developed a non-ordinary
state-based PD thin shell model based on the concept of a rotational spring
between bonds. This model was further extended by introducing an isotropic
bending state to model the isotropic bending of a Kircho�-Love plate with
arbitrary Poisson's ratios but still in need of �ne calibration through energy
equivalence [11]. Diyaroglu et al. [12, 13] presented the PD equations of
motion for a Timoshenko beam and Mindlin plate while accounting for the
transverse shear deformation. The surface e�ect was compensated by pre-
scribing constraints through a �ctitious boundary layer and the Poisson's
ratio was constrained to a �xed value. Chowdhury et al. [14] introduced a
general surface based PD model by employing curved bonds to represent the
deformation characteristics of shell structures. Yang et al. [15] developed a
PD formulation for functionally graded Timoshenko beams, where the gov-
erning equations are obtained by using Euler-Lagrange equations and Taylor
expansion. Moreover, Yang et al. [16] developed a PD formulation for Kirch-
ho� plates, in which the PD form of linearized curvatures and twists were
derived for the material point x from Taylor series expansion. The method
circumvented the through-thickness discretization and can be utilized for the
deformation and failure analysis of open shells. Following the PD Reissner-
Mindlin shell theory [17], Zhang et al. [18, 19] further presented a nonlocal
beam-shell geometrically-exact theory, which is capable of modeling material
deformation and structural failure of geometrically linear/nonlinear struc-
tures with better numerical stability performance. Relevant applications can
also be found in the review article of Dorduncu et al. [20].

Based on the concept of PD interactions, Madenci et al. [21, 22] de-
veloped the peridynamic di�erential operator (PDDO), which provides an
integral representation of the �eld variable and its derivatives. The PDDO
is constructed by using bond-wise PD functions which are obtained from the
Taylor Series Expansion in conjunction with an orthogonality property [22].
By restoring the nonlocal interactions at a point with other points in an arbi-
trary domain of interaction, PDDO provides a local-to-nonlocal interface akin
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to PD interactions, while removing the singularities arising from the jump
discontinuities [23]. Internal length scale de�ning the extent of nonlocality
is thereby introduced to di�erential equations, smoothing over the bound-
ary between di�erentiation and integration. Typical drawbacks of PD the-
ory, such as �xed Poisson's ratio, surface e�ects, parameter calibration and
boundary application, can be accommodated with the complement of PDDO
[24, 25, 26, 27, 28]. The PDDO has been applied to model linear/nonlinear
materials, idealized structures, multiphysics problems etc [20]. Madenci et
al. [29] solved the equilibrium equations of Re�ned Zigzag Theory (RZT)
by using PDDO to predict the progressive failure of laminated composite
structures. Dorduncu coupled re�ned zigzag theory with PD di�erential op-
erator for the stress analysis of laminated composite beams [30] and further
investigated the capability of analyzing the bending behavior of the sandwich
plates with functionally graded cores [31]. The through-thickness material
properties of the sandwich plates with functionally graded cores were tailored
through mixing rules. Li et al. [32] presented a nonlocal numerical model for
large deformation analysis of functionally graded beams (FGB) with variable
cross-section using the PDDO. The model is constructed based on a 2D FGB
model under plane stress simpli�cation, which is applicable to the analysis of
cantilever FGBs with linearly varying and parabolic lower surfaces. Liu et al.
[33] developed a meshfree shell model with PDDO based on Mindlin-Reissner
theory, where the point-wise displacement was decomposed into linear and
angular parts. Aung et al. [34] introduced two PD formulations on the basis
of Euler-Bernoulli beam model, whose equilibrium equations are in terms of,
respectively, cross-sectional stress resultants and displacement components
of the beam axis. Such formulations are applicable to the static analysis of
planar arbitrarily curved beams.

The structural theories collaborated with the PD theory can be broadly
categorized into two types, namely, the axiomatic method and the asymptotic
method. In the former category, 3D deformation state is usually simpli�ed
by means of axiomatic hypotheses which can not be mathematically proved.
However, axiomatic methods can be theoretically-cumbersome accounting for
various hypotheses under di�erent circumstances and their simpli�cation may
cause the lack of e�ective terms with respect to the exact 3D solution. The
latter takes a step forward and provides a powerful tool to approximate the
exact 3D solution. The asymptotic method exploits the expansion of charac-
teristic parameters, such as the cross-section of the beam or the thickness of
the plate to obtain re�ned 1D/2D models [35]. Carrera uni�ed formulation
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(CUF) [36], among others, provides a condensed notation technique, through
which the classical and re�ned higher-order beam/plate/shell theories can
be constructed and solved in a uni�ed manner. The governing equations are
given in terms of fundamental nuclei, which are independent of the order
and class of the introduced approximation functions in the thickness direc-
tion (for plates/shells) or over the cross section (for beams) [37, 38]. CUF has
been successfully applied in the static and dynamic analyses of beams, plates
and shells with/without geometrical or constitutive nonlinearities. For such
a wide scope of application, the key-point of CUF is that no assumptions on
the approximation order have been placed so that the formal expression of
the fundamental nuclei remains unchanged. The governing equations of CUF
in both strong and weak form have been thoroughly investigated [37, 39, 40].
Considering the absence of a mesh and the ease of collocation methods, Fer-
reira et al. [41, 42] combined 2D CUF-based higher-order theories with radial
basis function (RBF) collocation technique for predicting the static deforma-
tions and free vibration behavior of thin/thick isotropic and cross-ply lami-
nated plates. Pagani et al. [43] further presented a 1D CUF-RBF model for
free vibration analysis of thin-walled beams. The through-thickness and the
cross-sectional characteristics are approximated by using Taylor expansions.
Recent studies integrating PD and 1D/2D CUF-based higher-order elasticity
theories demonstrate the compatibility of their numerical techniques, en-
abling the deformation and failure analyses of structures with geometric and
constitutive nonlinearities with 3D accuracy [44, 45].

The present study investigates the CUF-based re�ned theories in collab-
oration with PDDO. The re�ned CUF-based beam and plate theories are
established in strong form and solved by means of PDDO directly. The in-
troduction of Carrera uni�ed formulation for 1D and 2D structures is given
in Section 2. Section 3 elaborates the construction of peridynamics di�eren-
tial operator and the PDDO solution of CUF. The e�cacy of the proposed
CUF-PDDO approach is veri�ed in Section 4. Conclusions are summarized
in Section 5.

2. The Carrera Uni�ed Formulation

The Carrera Uni�ed Formulation (CUF) solves the elasticity problem by
generating hierarchical approximated solution on the basis of fundamental
nuclei, through which any structural theories, including classical and re�ned
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theories from 1D to 3D, can be generated in a uni�ed manner with the
expansion order as the only input parameter.

2.1. Preliminaries

In the framework of CUF, the displacement �eld can be written in com-
pact matrix form as

u = Fτuτ (1)

where u =
{

ux uy uz

}T
is the three dimensional displacement vector,

while uτ =
{

uxτ uyτ uzτ

}T
is the τth order generalized displacement

component vector. For 1D beam theories, Eq. (1) is de�ned as

u(x, y, z) = Fτ (x, z)uτ (y), (2)

for 2D plate theories which writes

u(x, y, z) = Fτ (z)uτ (x, y). (3)

The main feature of the uni�ed formulation is the possibility of arbitrarily
choosing the kind of expansion function Fτ and the number of terms. For
τ = 0, 1, 2, Eq. (1) can be expanded in general as

ux = F0ux0 + F1ux1 + F2ux2

uy = F0uy0 + F1uy1 + F2uy2

uz = F0uz0 + F1uz1 + F2uz2

(4)

The choice of the expansion functions depends on the practical problems and
the required degree of accuracy. Possible choices include Taylor polynomials,
Lagrange polynomials, etc [36]. The strain-displacement relations are

ϵ = Du (5)

where

D =



∂
∂x

0 0
0 ∂

∂y
0

0 0 ∂
∂z

0 ∂
∂z

∂
∂y

∂
∂z

0 ∂
∂x

∂
∂y

∂
∂x

0


(6)
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The stress σ and strain ϵ vectors are given as

σ =
[
σxx σyy σzz τyz τxz τxy

]T
(7)

ϵ =
[
εxx εyy εzz γyz γxz γxy

]T
(8)

According to constitutive equation

σ = Cϵ (9)

in which the matrix C re�ects isotropic material characteristics as

C =


C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

 (10)

where

C11 = C22 = C33 =
1− ν

(1 + ν)(1− 2ν)
E

C12 = C13 = C23 =
ν

(1 + ν)(1− 2ν)
E

C44 = C55 = C66 =
1

2(1 + ν)
E

(11)

The strong form of the governing di�erential equations and the boundary
conditions are obtained by means of the principle of virtual displacements
(PVD), expressed as

δLint = δLext (12)

where Lint represents the internal strain energy and Lext represents the work
due to external loadings.

Figure 1: Schematic of 1D CUF analysis Figure 2: Schematic of 2D CUF analysis
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2.2. 1D CUF-based re�ned theory

The virtual variation of the strain energy is considered as the sum of two
contributions:

δLint =

∫
Ω

∫
l

δϵT
nσndldΩ +

∫
l

∫
Ω

δϵT
pσpdΩdl (13)

where Ω and l are integration domains of xz plane and y direction, respec-
tively. Stress σ and strain ϵ vectors are decomposed as cross-section com-
ponents and through-length components, denoted by the subscripts p and
n.

Linear strain-displacement relations are written as

ϵp = [ϵxx, ϵzz, γzx]
T = Dpu,

ϵn = [ϵyy, γyz, γxy]
T = (Dnp +Dnn)u

(14)

where the di�erential operator matrices are de�ned as

Dp =

 ∂
∂x

0 0
0 0 ∂

∂z
∂
∂z

0 ∂
∂x

 , Dnp =

 0 0 0
0 ∂

∂z
0

0 ∂
∂x

0

 , Dnn =

 0 ∂
∂y

0

0 0 ∂
∂y

∂
∂y

0 0


(15)

The three dimensional constitutive equations are given as

σp = [σxx, σzz, τzx]
T = Cppϵp +Cpnϵn

σn = [σyy, τyz, τxy]
T = Cnpϵp +Cnnϵn

(16)

with

Cpp =

 C11 C13 0
C13 C33 0
0 0 C55

 , Cnn =

 C22 0 0
0 C44 0
0 0 C66


Cpn = CT

np =

 C12 0 0
C23 0 0
0 0 0

 (17)

These sub-matrices are established according to the division in Eq. (14).
Three displacement components, ux, uy, uz and their relative variations can
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be written as
(ux, uy, uz) = Fs (uxs, uys, uzs)

(δux, δuy, δuz) = Fτ (δuxτ , δuyτ , δuzτ )
(18)

For 1D formulation, F are expressed in terms of coordinates x and z (see Eq.
(2)). For example, the second order displacement �eld can be established
based on Taylor polynomials as

ux(x, y, z) = ux0(y) + xux1(y) + zux2(y) + x2ux3(y) + xzux4(y) + z2ux5(y)

uy(x, y, z) = uy0(y) + xuy1(y) + zuy2(y) + x2uy3(y) + xzuy4(y) + z2uy5(y)

uz(x, y, z) = uz0(y) + xuz1(y) + zuz2(y) + x2uz3(y) + xzuz4(y) + z2uz5(y)
(19)

Substituting geometric relations, constitutive equations and the uni�ed
formulation into the variational form of PVD leads to

δLint =

∫
l

∫
Ω

[
(DpFτδuτ )

T (CppDpFsus +Cpn (Dnp +Dnn)Fsus)

+ ((Dnp +Dnn)Fτδuτ )
T (CnpDpFsus +Cnn (Dnp +Dnn)Fsus)] dΩdl

(20)
After integration by parts, Eq. (20) yields

δLint =

∫
l

∫
Ω

(δuτ )
T
[
(DpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+((Dnp −Dnn)Fτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
usdΩdl

+

∫
Γ

∫
Ω

(δuτ )
T
[
(InnFτ )

T (CnpDpFs +Cnn (Dnp +Dnn)Fs)
]
usdΩdΓ

(21)
where Γ denotes the boundary. Inn is

Inn =

 0 ny 0
0 0 ny

ny 0 0

 (22)

with ny = cos (φy). The angle between the normal direction and y-direction
is φy.

The virtual variation of strain energy in compact vectorial form is given
as

δLint =

∫
l

δuT
τ K

τsusdl + δuT
τ Π

τsus

∣∣y=L

y=0
(23)
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where the fundamental nuclei Kτs and Πτs are expressed as

Kτs =

∫
Ω

[
(DpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+ ((Dnp −Dnn)Fτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
dΩ

(24)

Πτs =

∫
Ω

[
(InnFτ )

T (CnpDpFs +Cnn (Dnp +Dnn)Fs)
]
dΩ (25)

The fundamental nuclei in explicit form are then obtained as

Kτs
11 = J11

τ,xs,x + J55
τ,zs,z − J66

τs

∂2

∂y2

Kτs
12 =

(
J12
τ,xs − J66

τs,x

) ∂

∂y

Kτs
13 = J13

τ,xs,z + J55
τ,zs,x

Kτs
21 =

(
J66
τ,xs − J12

τs,x

) ∂

∂y

Kτs
22 = J66

τ,xs,x + J44
τ,zs,z − J22

τs

∂2

∂y2

Kτs
23 =

(
J44
τ,zs − J23

τs,z

) ∂

∂y

Kτs
31 = J55

τ,xs,z + J13
τ,zs,x

Kτs
32 =

(
J23
τ,zs − J44

τs,z

) ∂

∂y

Kτs
33 = J55

τ,xs,x + J33
τ,zs,z − J44

τs

∂2

∂y2

(26)

Πτs
11 = J66

τsny
∂

∂y
, Πτs

12 = J66
τs,xny, Πτs

13 = 0

Πτs
21 = J12

τs,xny, Πτs
22 = J22

τsny
∂

∂y
, Πτs

23 = J23
τs,zny

Πτs
31 = 0, Πτs

32 = J44
τs,zny, Πτs

33 = J44
τsny

∂

∂y

(27)

The generic terms Jαβ
τ,θs,ζ

are the cross-sectional moment parameters de�ned
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as

Jαβ
τ,θs,ζ

=

∫
Ω

CαβFτ,θFs,ζdΩ (28)

The virtual variation of the external work contributed by inner particles
and boundary particles is expressed as

δLext =

∫
l

(
δuT

τ P
τ + δuT

τ p̄
τ
)
dl (29)

where Pτ is the force vector of inner particles and p̄τ is the force vector of
boundary particles. For the applied displacement load ū, p̄τ can be written
as

p̄τ = Πτsūs (30)

For the applied transversal pressure σ̄, p̄τ can be written as

p̄τ =

∫
Ω

FτdΩσ̄ (31)

For the point-wise force F̄ loaded at (x0, y0, z0), p̄
τ is applied as the combi-

nation of a concentrated force and a torque dependent on the location of F̄.
External forces can be applied on inner particles following the similar steps,
which is elaborated in Ref. [36].

The governing equations can then be written as

δuxτ :
(
J11
τ,xs,x + J55

τ,zs,z

)
uxs − J66

τs

∂2uxs

∂y2
+
(
J12
τ,xs − J66

τs,x

) ∂uys

∂y
+
(
J13
τ,xs,z + J55

τ,zs,x

)
uzs = P τ

x

δuyτ :
(
J66
τ,xs − J12

τs,x

) ∂uxs

∂y
+
(
J66
τ,xs,x + J44

τ,zs,z

)
uys − J22

τs

∂2uys

∂y2
+
(
J44
τ,zs − J23

τs,z

) ∂uzs

∂y
= P τ

y

δuzτ :
(
J55
τ,xs,z + J13

τ,zs,x

)
uxs +

(
J23
τ,zs − J44

τs,z

) ∂uys

∂y
+
(
J55
τ,xs,x + J33

τ,zs,z

)
uzs − J44

τs

∂2uzs

∂y2
= P τ

z

(32)

11



The equations on the boundary are given as

J66
τsny

∂uxs

∂y
+ J66

τs,xnyuys = p̄τx

J12
τs,xnyuxs + J22

τsny
∂uys

∂y
+ J23

τs,znyuzs = p̄τy

J44
τs,znyuys + J44

τsny
∂uzs

∂y
= p̄τz

(33)

2.3. 2D CUF-based re�ned theory

In the case of 2D plate theories, the stress and strain quantities are
grouped as

ϵp = [ϵxx, ϵyy, γxy]
T = Dpu,

ϵn = [γxz, γyz, ϵzz]
T = (Dnp +Dnn)u

(34)

where the di�erential operator matrices are de�ned as

Dp =

 ∂
∂x

0 0
0 ∂

∂y
0

∂
∂y

∂
∂x

0

 , Dnp =

 0 0 ∂
∂x

0 0 ∂
∂y

0 0 0

 , Dnn =

 ∂
∂z

0 0
0 ∂

∂z
0

0 0 ∂
∂z


(35)

The three dimensional constitutive equations for isotropic materials are given
as

σp = Cppϵp +Cpnϵn

σn = Cnpϵp +Cnnϵn

(36)

with

Cpp =

 C11 C12 0
C12 C22 0
0 0 C66

 , Cnn =

 C55 0 0
0 C44 0
0 0 C33


Cpn = CT

np =

 0 0 C13

0 0 C23

0 0 0

 (37)

The three displacement components, ux, uy, uz and their relative variations
can be written as

(ux, uy, uz) = Fs (uxs, uys, uzs)

(δux, δuy, δuz) = Fτ (δuxτ , δuyτ , δuzτ )
(38)
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For 2D formulation, F are expressed in terms of the coordinate z (see Eq.
(3)). For example, the fourth order displacement �eld can be written based
on Taylor polynomials as

ux(x, y, z) = ux0(x, y) + zux1(x, y) + z2ux2(x, y) + z3ux3(x, y) + z4ux4(x, y)

uy(x, y, z) = uy0(x, y) + zuy1(x, y) + z2uy2(x, y) + z3uy3(x, y) + z4uy4(x, y)

uz(x, y, z) = uz0(x, y) + zuz1(x, y) + z2uz2(x, y) + z3uz3(x, y) + z4uz4(x, y)
(39)

Substituting geometrical relations, constitutive equations and the uni�ed
formulation into the variational form of PVD leads to

δLint =

∫
Ω

∫
z

[
(DpFτδuτ )

T (CppDpFsus +Cpn (Dnp +Dnn)Fsus)

+ ((Dnp +Dnn)Fτδuτ )
T (CnpDpFsus +Cnn (Dnp +Dnn)Fsus)] dzdΩ

(40)
After performing integration by parts, Eq. (40) yields

δLint =

∫
Ω

∫
z

(δuτ )
T
[
(−DpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+((−Dnp +Dnn)Fτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
usdzdΩ

+

∫
Γ

∫
z

(δuτ )
T
[
(IpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+(InpFτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
usdzdΓ

(41)

where Γ denotes the boundary. Ip and Inp are de�ned as

Ip =

 nx 0 0
0 ny 0
ny nx 0

 , Inp =

 0 0 nx

0 0 ny

0 0 0

 . (42)

with the unit normal to the boundary as

n̂ =

[
nx

ny

]
=

[
cos (φx)
cos (φy)

]
(43)

In accordance with Eq. (23), the virtual variation of the internal strain
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energy is

δLint =

∫
Ω

δuT
τ K

τsusdΩ +

∫
Γ

δuT
τ Π

τsusdΓ (44)

where Kτs and Πτs are given as

Kτs =

∫
z

[
(−DpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+((−Dnp +Dnn)Fτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
dz

(45)

Πτs =

∫
z

[
(IpFτ )

T (CppDpFs +Cpn (Dnp +Dnn)Fs)

+(InpFτ )
T (CnpDpFs +Cnn (Dnp +Dnn)Fs)

]
dz

(46)

The fundamental nuclei Kτs and Πτs for 2D analysis become

Kτs
11 = −J11

τs

∂2

∂x2
+ J55

τ,zs,z − J66
τs

∂2

∂y2

Kτs
12 = (−J12

τs − J66
τs )

∂2

∂x∂y

Kτs
13 = (−J13

τs,z + J55
τ,zs)

∂

∂x

Kτs
21 = (−J12

τs − J66
τs )

∂2

∂x∂y

Kτs
22 = −J22

τs

∂2

∂y2
+ J44

τ,zs,z − J66
τs

∂2

∂x2

Kτs
23 = (−J23

τs,z + J44
τ,zs)

∂

∂y

Kτs
31 = (J13

τ,zs − J55
τs,z)

∂

∂x

Kτs
32 = (J23

τ,zs − J44
τs,z)

∂

∂y

Kτs
33 = J33

τ,zs,z − J44
τs

∂2

∂y2
− J55

τs

∂2

∂x2

(47)
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Πτs
11 = J11

τsnx
∂

∂x
+ J66

τsny
∂

∂y
, Πτs

12 = J12
τsnx

∂

∂y
+ J66

τsny
∂

∂x
, Πτs

13 = J13
τs,znx

Πτs
21 = J12

τsny
∂

∂x
+ J66

τsnx
∂

∂y
, Πτs

22 = J22
τsny

∂

∂y
+ J66

τsnx
∂

∂x
, Πτs

23 = J23
τs,zny

Πτs
31 = J55

τs,znx, Πτs
32 = J44

τs,zny, Πτs
33 = J44

τsny
∂

∂y
+ J55

τsnx
∂

∂x
(48)

The generic terms Jαβ
τ,θs,ζ

representing the through-thickness parameter are
de�ned as

Jαβ
τ,θs,ζ

=

∫
z

CαβFτ,θFs,ζdz (49)

The virtual variation of the external work contributed by the inner par-
ticles and boundary particles is given as

δLext =

∫
Ω

(
δuT

τ P
τ + δuT

τ p̄
τ
)
dΩ (50)

where Pτ is the force vector of inner particles and p̄τ is the force vector of
boundary particles. For the applied displacement ū, p̄τ can be written as

p̄τ = Πτsūs (51)

For the applied stress σ̄, p̄τ can be written as

p̄τ =

∫
z

Fτdzσ̄ (52)

For the applied point-wise force F̄ loaded at (x0, y0, z0), p̄
τ is applied as the

combination of a concentrated force and a torque dependent on the location
of F̄.
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The governing equations are written as

δuxτ : −J11
τs

∂2uxs

∂x2
+ J55

τ,zs,zuxs − J66
τs

∂2uxs

∂y2
−
(
J12
τs + J66

τs

) ∂2uys

∂x∂y
+
(
−J13

τs,z + J55
τ,zs

) ∂uzs

∂x
= P τ

x

δuyτ :
(
−J12

τs − J66
τs

) ∂2uxs

∂x∂y
− J22

τs

∂2uys

∂y2
+ J44

τzsz
uys − J66

τs

∂2uys

∂x2
+
(
−J23

τs,z + J44
τ,zs

) ∂uzs

∂y
= P τ

y

δuzτ :
(
J13
τ,zs − J55

τs,z

) ∂uxs

∂x
+
(
J23
τ,zs − J44

τs,z

) ∂uys

∂y
+ J33

τ,zs,zuzs − J44
τs

∂2uzs

∂y2
− J55

τs

∂2uzs

∂x2
= P τ

z

(53)
The boundary conditions are given by

J11
τsnx

∂uxs

∂x
+ J66

τsny
∂uxs

∂y
+ J12

τsnx
∂uys

∂y
+ J66

τsny
∂uys

∂x
+ J13

τs,znxuzs = p̄τx

J12
τsny

∂uxs

∂x
+ J66

τsnx
∂uxs

∂y
+ J22

τsny
∂uys

∂y
+ J66

τsnx
∂uys

∂x
+ J23

τs,znyuzs = p̄τy

J55
τs,znxuxs + J44

τs,znyuys + J44
τsny

∂uzs

∂y
+ J55

τsnx
∂uzs

∂x
= p̄τz

(54)

3. Peridynamic di�erential operator

CUF constructs the three-dimensional structure from two-dimensional or
one-dimensional numerical model through CUF integration, whose solution
requires numerical di�erentiation. In comparison with numerical techniques
such as �nite di�erence, �nite element, smoothed particle hydrodynamics
and reproducing kernel particle methods, PDDO provides accurate determi-
nation of the derivatives of �eld variables at discrete points, which remains
e�ective even in the presence of steep variation due to geometric and mate-
rial discontinuities without any smoothness assumptions or reconstruction of
kernel functions [22].

3.1. Peridynamics di�erential operator (PDDO)

As shown in Fig. 3, a PD body is composed of multiple material particles.
Two particles are described by vector x and x′ in domain D. The horizon
of particle x is denoted as Hx, which can be asymmetric or symmetric for
the construction of PDDO. The points x and x′ are respectively enveloped
within each other's horizon. The relative position vector between these two
particles is de�ned as ξ = x′ − x.
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Figure 3: PD interaction

As derived by Madenci et al. [21, 22], the PD di�erential operator can be
constructed by using N -th order Taylor series of multi-variable scalar �eld
f(x′) = f(x+ ξ) in an M -dimensional space as

∂p1+p2+···+pMf(x)

∂xp1
1 ∂xp2

2 · · · ∂xpM
M

=

∫
Hx

f(x+ ξ)gp1p2···pMN (ξ)dV (55)

where pi denotes the order of di�erentiation with respect to xi, i = 1, ...,M .
The orthogonality property of PD functions requires

1

n1!n2! · · ·nM !

∫
Hx

ξn1
1 ξn2

2 · · · ξnM
M gp1p2···pMN (ξ)dV = δn1p1δn2p2 · · · δnM−1pM−1

δnMpM

(56)
where ni = 0, ..., N, i = 1, ...,M . The orthogonality among the terms in Tay-
lor series expansion permits the determination of any order partial derivatives
of the spatial and temporal functions. PD function gp1p2···pMN (ξ) can then be
written as

gp1p2···pMN (ξ) =
N∑

q1=0

N−q1∑
q2=0

· · ·
N−q1···−qM−1∑

qM=0

ap1p2···pMq1q2···qM wq1q2···qM (|ξ|)ξq11 ξq22 · · · ξqMM

(57)
where wq1q2···qM (|ξ|) are the weight functions associated with each term ξqii , i =
1, ...,M . The unknown coe�cients, ap1p2···pMq1q2···qM can be obtained from the solu-
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tion of

N∑
q1=0

N−q1∑
q2=0

· · ·
N−q1···−qM−1∑

qM=0

A(n1n2···nM )(q1q2···qM )a
p1p2···pM
q1q2···qM = bp1p2···pMn1n2···nM

(58)

where qi = 0, ..., N, i = 1, ...,M . The coe�cient matrix A is constructed as

A(n1n2···nM )(q1q2···qM ) =

∫
Hx

wq1q2···qM (|ξ|)ξn1+q1
1 ξn2+q2

2 · · · ξnM+qM
M dV (59)

and vector b is de�ned as

bp1···pMn1n2···nM
= n1!n2! · · ·nM !δn1p1δn2p2 · · · δnMpM (60)

where δnipi , i = 1, ...,M is the Kronecker symbol.
The PD expression for derivatives up to 2nd order can be written as

f(x)
∂f(x)
∂x1
∂f(x)
∂x2

∂2f(x)

∂x2
1

∂2f(x)

∂x2
2

∂2f(x)
∂x1∂x2


=

∫
Hx

f(x+ ξ)



g002 (ξ)
g102 (ξ)
g012 (ξ)
g202 (ξ)
g022 (ξ)
g112 (ξ)


dV (61)

In light of the equilibrium equation of PD theory,

ρü(x, t) =

∫
Hx

{t′(x, t)− t(x, t)} dVx′ + b(x, t) (62)

where ρ and dV denote, respectively, the density and volume of PD particles.
The force state of particle x at time t is t(x, t). The body force of particle x
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at time t is b(x, t). Eq. 61 can be written as

∂f(x)
∂x1
∂f(x)
∂x2

∂2f(x)

∂x2
1

∂2f(x)

∂x2
2

∂2f(x)
∂x1∂x2


=

∫
Hx

(f(x+ ξ)− f(x))


g102 (ξ)
g012 (ξ)
g202 (ξ)
g022 (ξ)
g112 (ξ)

 dV. (63)

In parallel with PD interactions, PDDO translates the local di�erentiation
into its nonlocal equivalence and solves di�erential and integral equations in
a uni�ed manner. In PDDO, the lower and higher order derivatives in�uence
each other and the shape of the interaction domains can be arbitrary. As the
size of horizon decreases or the number of terms in the functions gp1p2···pMN (ξ)
increases, PDDO recovers the local di�erentiation.

Figure 4: Model partitioning: inner region R and boundary layer B

3.2. The uni�ed formulation in the form of PDDO

Following the previous notation, the domain of interest D is spatially
discretized into NTOT material particles. According to Fig. 4, the domain is
divided into two parts, regarding inner region R and boundary layer B. The
boundary layer B can be further divided into Bu and Bσ according to the types
of applied boundary conditions. Each particle x(k) possesses volume V(k),
mass density ρ(k) and N(k) neighbor particles labeled as x(j) within its horizon
Hx(k)

. Particle k is located by its coordinates (x(k), y(k), z(k)). The relative
position vector between x(k) and x(j) is written as (ξx(j)(k), ξy(j)(k), ξz(j)(k)).
The only input of CUF analysis is the expansion order I.
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For particle x(k), k = 1, 2, ..., NTOT, the governing equations are given as
Kτs(ξ(j)(k))uτ (x(j),x(k), t) = Ps

(k), τ, s = 1, 2, . . . , I x(k) ∈ R
Πτs(ξ(j)(k))uτ (x(j),x(k), t) = ps

(k), τ, s = 1, 2, . . . , I x(k) ∈ Bσ

uτ (x(j),x(k), t) = u(k)τ , τ = 1, 2, . . . , I x(k) ∈ Bu

(64)

where Kτs and Πτs are the fundamental nuclei of sti�ness matrix established
for the inner domain and boundary layer, respectively. The displacement vec-
tor for PD particles is uτ and Ps represents the external forces. Displacement
boundary conditions, uτ and traction boundary conditions, ps are directly
applied on the boundary layer as

Ps =
{
Ps

(1),P
s
(2), . . . ,p

s
(j), . . . ,P

s
(k), . . . ,P

s
(NTOT)

}
Ps

(k) =
{
P 1
(k), P

2
(k), . . . , P

i
(k), . . . , P

I
(k)

}
ps
(j) =

{
P 1
(j), P

2
(j), . . . , p

i
(j), . . . , P

I
(j)

} (65)

uτ =
{
u(1)τ ,u(2)τ , . . . ,u(j)τ , . . . ,u(k)τ , . . . ,u(NTOT)τ

}
u(k)τ =

{
u(k)1, u(k)2, . . . , u(k)i, . . . , u(k)I

}
u(j)τ =

{
u(j)1, u(j)2, . . . , u(j)i, . . . , u(j)I

} (66)

For 1D CUF-based beam theories, the model is discretized into numerous
PD particles along the y direction and the PDDO is expressed in terms of
ξy(j)(k). Eq. 32 can be recast in PDDO form according to Eq. 61 and Eq. 63
as

N(k)∑
j=1


uxs

(
y(j)

) (
J11
τ,xs,x + J55

τ,zs,z

)
g02

(
ξy(j)(k)

)
−
(
uxs

(
y(j)

)
− uxs

(
y(k)

))
J66
τsg

2
2

(
ξy(j)(k)

)
+
(
uys

(
y(j)

)
− uys

(
y(k)

)) (
J12
τ,xs − J66

τs,x

)
g12

(
ξy(j)(k)

)
+uzs

(
y(j)

) (
J13
τ,xs,z + J55

τ,zs,x

)
g02

(
ξy(j)(k)

)


∆L(j) = P τ

x

(67)

N(k)∑
j=1



(
uxs

(
y(j)

)
− uxs

(
y(k)

)) (
J66
τ,xs − J12

τs,x

)
g12

(
ξy(j)(k)

)
+uys

(
y(j)

) (
J44
τ,zs,z + J66

τ,xs,x

)
g02

(
ξy(j)(k)

)
−
(
uys

(
y(j)

)
− uys

(
y(k)

))
J22
τsg

2
2

(
ξy(j)(k)

)
+uzs

(
y(j)

) (
J44
τ,zs − J23

τs,z

)
g12

(
ξy(j)(k)

)


∆L(j) = P τ

y

(68)
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N(k)∑
j=1


uxs

(
y(j)

) (
J13
τ,zs,x + J55

τ,xs,z

)
g02

(
ξy(j)(k)

)
+
(
uys

(
y(j)

)
− uys

(
y(k)

)) (
J23
τ,zs − J44

τs,z

)
g12

(
ξy(j)(k)

)
+uzτ

(
y(j)

) (
J33
τ,zs,z + J55

τ,xs,x

)
g02

(
ξy(j)(k)

)
−
(
uzs

(
y(j)

)
− uzs

(
y(k)

))
J44
τsg

2
2

(
ξy(j)(k)

)


∆L(j) = P τ

z

(69)
On the boundary, Eq. 33 yields

N(k)∑
j=1

{ (
uxs

(
y(j)

)
− uxs

(
y(k)

))
J66
τsnyg

1
2

(
ξy(j)(k)

)
+uys

(
y(j)

)
J66
τs,xnyg

0
2

(
ξy(j)(k)

) }
∆L(j) = p̄τx (70)

N(k)∑
j=1


uxs

(
y(j)

)
J12
τs,xnyg

0
2

(
ξy(j)(k)

)
+
(
uys

(
y(j)

)
− uys

(
y(k)

))
J22
τsnyg

1
2

(
ξy(j)(k)

)
+uzs

(
y(j)

)
J23
τs,znyg

0
2

(
ξy(j)(k)

)
∆L(j) = p̄τy (71)

N(k)∑
j=1

{
uys

(
y(j)

)
J44
τs,znyg

0
2

(
ξy(j)(k)

)
+
(
uzs

(
y(j)

)
− uzs

(
y(k)

))
J44
τsnyg

1
2

(
ξy(j)(k)

) }
∆L(j) = p̄τz (72)

where ∆L(j) is the length of grid spacing as the 1D equivalence of volume.
For 2D CUF-based plate theories, the model is discretized across plane

xy and the PDDO is expressed in terms of ξx(j)(k), ξy(j)(k). Eq. 53 in PDDO
form is given as

N(k)∑
j=1


(
uxs

(
x(j), y(j)

)
− uxs

(
x(k), y(k)

)) (
−J11

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
−J66

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

))
+ uxs

(
x(j), y(j)

)
J55
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)
+
(
uys

(
x(j), y(j)

)
− uys

(
x(k), y(k)

))
(−J12

τs − J66
τs ) g

11
2

(
ξx(j)(k), ξy(j)(k)

)
+
(
uzs

(
x(j), y(j)

)
− uzs

(
x(k), y(k)

)) (
−J13

τs,z + J55
τ,zs

)
g102

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) = P τ

x

(73)

N(k)∑
j=1


(
uxs

(
x(j), y(j)

)
− uxs

(
x(k), y(k)

))
(−J66

τs − J12
τs ) g

11
2

(
ξx(j)(k), ξy(j)(k)

)
+
(
uys

(
x(j), y(j)

)
− uys

(
x(k), y(k)

)) (
−J22

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
−J66

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

))
+ uys

(
x(j), y(j)

)
J44
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)
+
(
uzs

(
x(j), y(j)

)
− uzs

(
x(k), y(k)

)) (
J44
τ,zs − J23

τs,z

)
g012

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) = P τ

y

(74)
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N(k)∑
j=1



(
uxs

(
x(j), y(j)

)
− uxs

(
x(k), y(k)

)) (
J13
τ,zs − J55

τs,z

)
g102

(
ξx(j)(k), ξy(j)(k)

)
+
(
uys

(
x(j), y(j)

)
− uys

(
x(k), y(k)

)) (
J23
τ,zs − J44

τs,z

)
g012

(
ξx(j)(k), ξy(j)(k)

)
+
(
uzs

(
x(j), y(j)

)
− uzs

(
x(k), y(k)

)) (
−J55

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
−J44

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

))
+ uzs

(
x(j), y(j)

)
J33
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)

∆A(j) = P τ
z

(75)
On the boundary, Eq. 54 yields

N(k)∑
j=1



(
uxs

(
x(j), y(j)

)
− uxs

(
x(k), y(k)

)) (
J11
τsnxg

10
2

(
ξx(j)(k), ξy(j)(k)

)
+J66

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k)
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(78)
where ∆A(j) is the 2D equivalence of volume, de�ned as the square of grid
spacing. For numerical implementation, Eq. 67-Eq. 78 are rewritten in
particle wise as shown in Appendix Appendix A. The particle-wise funda-
mental nuclei are assembled automatically into the global sti�ness matrix
through the uni�ed formulation and PD integration. After the enforcement
of boundary conditions, the displacement and force �elds are solved implic-
itly by PARDISO. The present approach is implemented in Microsoft Visual
Studio 2022 version 17.6 integrated with Intel Fortran compiler 2023 in Win-
dows 11 system. Results are visualized through ParaView 5.11.0.
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4. Numerical results

This section demonstrates the capability of the present CUF-PDDO ap-
proach in recreating 3D deformation characteristics from 1D or 2D reduced
structures. Its e�ectiveness is veri�ed through 1D and 2D static simulations
under various boundary conditions such as displacement, traction and con-
centrated force.

4.1. Simple tension tests (1D)

As shown in Fig. 5 and Fig. 8, a 9×35×9 beam (unit: mm) is discretized
into 35 particles along the y direction, with a grid size of 1 mm. A Cartesian
coordinate system is located at the left end of the beam along the y-direction.
The 1st order Taylor expansion is used for describing cross-sectional behavior,
with 9 general displacement unknowns generated for each PD particle. A 4-
node quadrilateral element (Q4) is constructed across the section based on
Lagrange expansion, for the Gauss integration during CUF analysis and for
automatic postprocessing. The beam is isotropic with Young's modulus of
70 GPa and the Poisson's ratio of 0.3.

4.1.1. Simple tension tests (1D) - under uniform stress (1D-ST-S)

With the left end being on roller support, the right end of the beam is
subjected to a uniform tension of σ̄yy = 274 MPa as shown in Fig. 5.

Figure 5: A beam under stress boundary condition for 1D-ST-S tests

Fig. 6 shows the displacement components in three directions computed
by ABAQUS and CUF-PDDO. In comparison to the pure 3D analysis con-
ducted by ABQ-FEM, the 1D CUF-PDDO model provides nearly identical
3D results. It is worth noting that ABQ-FEM uses 3D model which takes the
surface plane as reference plane, while the CUF-PDDO model is a centered
expansion model which takes the middle plane as reference plane. There-
fore, slight di�erences can be noticed in the legend areas. To better quantify
the simulation results, the surface plane is utilized as reference plane. The
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displacement vs. coordinate curves along L1, L2 and L3 are presented in
Fig. 7. Results computed by CUF-PDDO are in well agreement with those
computed by ABQ-FEM.

Figure 6: Displacement components predicted by ABQ-FEM (left column) and CUF-
PDDO (right column) in 1D-ST-S tests

Figure 7: Displacement components along L1, L2 and L3 in 1D-ST-S test

4.1.2. Simple tension tests (1D) - under displacement constraint (1D-ST-D)

Considering the left end of the beam being �xed only in y-direction, the
right end is subjected to a uniform displacement of ūy = 1.0 mm. The
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geometry of the model is presented in Fig. 8.
As shown in Fig. 9, the displacement variations in three directions com-

puted by ABQ-FEM and CUF-PDDO agree well with each other. With the
complement of quanti�ed results presented in Fig. 10, it is shown that the
Poisson e�ect in x and z directions are well revealed. The 1D CUF-based re-
�ned theory solved by means of PDDO can restore the 3D deformation details
as ABQ-FEM can provide, which paves the way for the following simulations
regarding 1D analysis of beams with various cross-sectional shapes.

Figure 8: A beam under uniform displacement boundary condition for 1D-ST-D tests

Figure 9: Displacement components predicted by ABQ-FEM (left column) and CUF-
PDDO (right column) in 1D-ST-D tests

4.2. T-beam bending tests (1D-T-D)

Fig. 11 presents the geometry and the boundary conditions of the T-
shaped beam. The T-beam is discretized into 700 particles along the y direc-
tion with a grid size of 0.05 mm. The cross-sectional behavior is described
by the 5th order Taylor series expansion. Each particle possesses 63 general
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Figure 10: Displacement components along L1, L2 and L3 in 1D-ST-D tests

displacement unknowns in three directions. As shown in Fig. 11, 13 9-node
quadrilateral (Q9) elements are constructed based on Lagrange expansion
for pre- and postprocessing. The material is Aluminum Alloy with Young's
modulus of 70 GPa and the Poisson's ratio of 0.3. According to Fig. 11, the
left boundary of T-beam is fully clamped and the right end is subjected to a
uniform displacement of ūz = −1.0 mm.

Figure 11: The geometry and the boundary conditions of T-beam

Fig. 12 shows the displacement magnitude of T-beam predicted by CUF-
PDDO. The displacement is smoothly distributed. In Fig. 12(a), it is shown
that only one particle represents the cross section. The mesh shown in
Fig. 12(b) is enabled by Lagrange expansion, which is de�ned on the sur-
face especially for the uni�ed computation of area integral during pre- and
post-processing. The displacement components predicted by ABQ-FEM and
CUF-FEM are compared in Fig. 13 and they share almost identical distribu-
tion pattern. Slight di�erences (no more than 3.8%) are shown in x-direction
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displacements (Fig. 13(b) and (e)) and the y-direction displacements (Fig.
13(c) and (f)).

Figure 12: Displacement magnitude predicted by CUF-PDDO in 1D-T-D tests (a) 3D
view, (b) cross-sectional view

Figure 13: Displacement components predicted by ABQ-FEM (left column) and CUF-
PDDO (right column) in 1D-T-D tests

Fig. 14 presents the variation of σyy at y = 0 mm predicted by ABQ-
FEM, CUF-FEM and CUF-PDDO models with di�erent grid densities. With
the increase of the grid density, the predictions computed by CUF-PDDO
models get closer to the main body of ABQ-FEM prediction. Although
modest mismatches exist, the predictions from CUF-PDDO (700 particles),
in particular, shows better agreement with the CUF-FEM and ABQ-FEM
results. For more details, the displacement magnitude vs. predictions from
CUF-PDDO (700 particles) in three directions are further depicted in Fig. 15
to compare with ABQ-FEM and CUF-FEM predictions. It is shown in Fig.
15(a) that the displacement magnitude from CUF-PDDO along y-direction

27



agrees well with those of CUF-FEM and ABQ-FEM. Along L3, the displace-
ment magnitude from CUF-PDDO agrees well with CUF-FEM curve with
modest di�erences in comparison to that of ABQ-FEM. The preditions devi-
ate from each other when the coordinate z goes up to 1 mm. Predictions from
CUF-FEM and CUF-PDDO share similar curvature but show di�erences of
1.8% and 0.8% respectively with respect to the results from ABQ-FEM.

Figure 14: σyy vs. coordinate z at plane
y=0 in 1D-T-D tests Figure 15: Displacement magnitude

predicted by ABQ-FEM, CUF-FEM
and CUF-PDDO in 1D-T-D tests: (a)
along L1,(b) along L2,(c) along L3

4.3. Box beam (1D-O-S)

Fig. 16 shows the geometry and the boundary conditions of the box-
beam. The model is composed of 1000 particles in the y direction. The grid
size is 0.035 mm. The cross-section is established by the 5th order Taylor
series expansion, while complemented by 20 Q9 elements based on Lagrange
expansion. The box-beam is isotropic with Young's modulus of 70 GPa and
the Poisson's ratio of 0.3. According to Fig. 16, the left end is clamped and
the right end is subjected to a concentrated force of F̄z = −500 N.

The displacement magnitude predictions from ABQ-FEM and CUF-PDDO
are presented in Fig. 17. The results from CUF-PDDO show concentrated
displacement pattern around the loading location, similar to the distribu-
tion pattern of those computed by ABQ-FEM. It is worth noting that the
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Figure 16: The geometry and the boundary conditions of box-beam

Figure 17: Predicted displacement magnitude in 1D-O-S tests (a) by ABQ-FEM in 3D
view, (b) by ABQ-FEM in cross-sectional view, (c) by CUF-PDDO in 3D view, (d) by
CUF-PDDO in cross-sectional view

concentrated force is an idealized loading condition, which can lead to stress
concentration. The present study puts emphasis on investigating the contri-
bution of TE expansion order, as the only variable, in dealing with localized
deformation of thin-walled structures. The predicted displacement values
along L1, L2 and L3 are extracted for further discussion.

As shown in Fig. 18, with the increase of the order of Taylor expansion,
the maximum displacement value increase for both CUF-PDDO and CUF-
FEM curves. It implies the p-re�nement of the CUF analysis based on Taylor
expansion, as compared with the h-re�nement of ABQ-FEM. CUF-PDDO
(TE(5)) and CUF-PDDO (TE(2)), among others, exhibits satisfactory con-
formity with their counterparts computed by CUF-FEM, while the others
show visible discrepancies to CUF-FEM results.

Moreover, displacements along L2 and L3 computed by CUF-PDDO(TE(5))
and CUF-FEM(TE(5)) are depicted in Fig. 19 and Fig. 21. Since the present
model is symmetric with symmetric boundary conditions with respect to the
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Figure 18: Displacement magnitude along L1 in 1D-O-S tests

x direction, the predicted variations also present symmetry. In Fig. 21, the
results from CUF-FEM and CUF-PDDO approximately match. The CUF-
PDDO results are slightly lower than that of CUF-FEM. To explore the in-
tensity of the deformation along L2, the deformation magnitudes are normal-
ized for clearer comparison in Fig. 20. Models with higher expansion order
provide more concentrated deformation around the loading location which
indicates the potential of the present model to reach the ABQ-FEM results
by increasing the expansion order of CUF analysis [46]. The CUF-PDDO
results agree well with CUF-FEM results with random positive or negative
discrepancies noticed in higher order models, which attributes to the nu-
merical disturbances encountered when solving ever larger matrix equations.
Fig. 21 shows comparatively good agreement among three sets of predictions
within the range from x = −2 mm to x = 2 mm. The displacement magni-
tudes along L3 computed by CUF-FEM and CUF-PDDO are, likewise, less
concentrated than ABQ-FEM results as discussed before. In reference to the
normalized results depicted in Fig. 22, CUF-FEM and CUF-PDDO results
share similar behavior in general while CUF-PDDO(TE(5)) curve is 1.0%
shy of CUF-FEM(TE(5)) prediction. For lower expansion orders (lower than
order 3), CUF-PDDO and CUF-FEM results match perfectly.
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Figure 19: Displacement magnitude
along path L2 in 1D-O-S tests

Figure 20: The intensity of deformation
along path L2 in 1D-O-S tests

Figure 21: Displacement magnitude
along L3 in 1D-O-S tests

Figure 22: The intensity of deformation
along L3 in 1D-O-S tests

4.4. Simple tension tests (2D)

The geometry of 2D domains representing a plate is illustrated in Fig. 23
and Fig. 26. A Cartesian coordinate system is located at the center of the
plate. The 30× 30× 2 plate (unit: mm) is discretized into 40× 40 particles
across xy plane, with a grid size of 0.75 mm. For the following simulations,
the 1st order Taylor expansion is used to approximate the through-thickness
deformation, with 6 general displacement unknowns generated for each re-
�ned PD particle. A 2-node beam element (B2) is constructed through the
thickness for pre- and post-processing. The plate is isotropic with Young's
modulus of 70 GPa and the Poisson's ratio of 0.3.
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4.4.1. Simple tension tests (2D) - stress boundary (2D-ST-S)

The left edge of the plate lies on roller support and the PD particle at
lower-left corner is �xed in three directions. The right edge of the plate is
subjected to a uniform tension of σ̄xx = 500 MPa, as shown in Fig. 23.

Figure 23: A plate under stress boundary condition for 2D-ST-S tests

Fig. 24 shows the displacement components from ABQ-FEM and CUF-
PDDO in three directions. The ABQ-FEM and CUF-PDDO results both
show smooth displacement variations. The di�erence is that 3D ABQ-FEM
model takes the surface plane as the reference plane so that the legend of
Fig. 24(c) starts from 0 mm. However, 3D CUF-PDDO model is based on
centered expansion through the thickness, which takes the middle plane as
the reference plane. The legend of Fig. 24(f) is symmetric with respect to
coordinate z. Taking the surface plane as the reference plane, the displace-
ment vs. coordinate curves along L1, L2 and L3 are presented in Fig. 25. It
is shown that CUF-PDDO is able to reproduce 3D deformation details based
on 2D reduced structures. The CUF-PDDO results and ABQ-FEM results
agree well with each other.
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Figure 24: Displacement components predicted by ABQ-FEM (left column) and CUF-
PDDO (right column) in 2D-ST-S tests

Figure 25: Displacement components along L1, L2 and L3 in 2D-ST-S tests
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Figure 26: A beam under uniform displacement boundary condition for 2D-ST-D tests

4.4.2. Simple tension tests (2D) - displacement boundary (2D-ST-D)

Rather than applied stress as in the previous section, the right edge of
the plate is stretched by a displacement constraint of ūx = 1 mm, see Fig.
26.

Figure 27: Displacement components predicted by ABQ-FEM (left column) and CUF-
PDDO (right column) in 2D-ST-D tests

According to Fig. 27, ABQ-FEM results and CUF-PDDO results share
the same distribution patterns. Based on the displacement vs. coordinate
variations along L1, L2 and L3 in Fig. 28, CUF-PDDO provides identical
3D results to those of ABQ-FEM. Also, it captures the Poisson's e�ect. The
di�erences in predictions from these models are negligible.
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Figure 28: Displacement components along L1, L2 and L3 in 2D-ST-D tests

4.5. Plate bending tests (2D-B-D)

In Fig. 29, a 40 × 20 × dz plate is discretized into 140 × 70 particles
across xy plane. The thickness direction is established by the 1st order Tay-
lor expansion. After �rst order correction, the present TE(1) model is free of
locking[36], and referred to as CUF-PDDO or CUF-FEM model. Addition-
ally, a 3-node beam element (B3) is constructed through the thickness for
pre- and postprocessing. The left boundary of the plate is clamped and its
right boundary is subjected to a uniform displacement along the z-direction,
ūz = −5.0 mm. The material is the same as that of previous section.

Figure 29: The plate geometry and boundary conditions of 2D-B-D tests

Fig. 30 compares the displacement results from CUF-PDDO and CUF-
FEM under the same simulation settings. Their results agree in a satisfactory
manner. For the present simulations, four paths L1-L4 are illustrated for
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quanti�ed comparison. Moreover, models with four di�erent thickness values
dz=1-4 mm with the width-thickness ratio ranging from 10 to 40 are discussed
in parallel. Displacement vs. coordinate variations along L1-L4 are presented
in Fig. 31-Fig. 34.

Figure 30: Predicted displacement magnitude in 2D-B-D tests by CUF-PDDO (a,b) and
by CUF-FEM (c,d)

Along L1, displacement z vs. coordinate x variations from ABQ-FEM,
CUF-FEM and CUF-PDDO agree well with each other as shown in Fig.
31. Results from CUF-PDDO models with di�erent expansion order are also
shown in Fig. 31(b). It is observed that CUF-PDDO (TE(1)) and CUF-
PDDO (TE(3)) provide identical results, which indicates the adequacy of
TE(1) in dealing with bending loading. As for path L2, coordinate z vs.
coordinate y curves predicted by CUF-PDDO are in accordance to those of
CUF-FEM and ABQ-FEM. Path L2 is parallel to the right boundary. Re-
sults shown in Fig. 32 is in line with the theoretical results in consideration of
the displacement boundary condition enforced on the particles in the middle
plane. Fig. 33 shows the slopes characterized by coordinate z vs. coordi-
nate x at the right end of the plate. Good agreements are shown among
the results computed by ABQ-FEM, CUF-FEM and CUF-PDDO. Di�er-
ences are relatively insigni�cant. In Fig. 34, results for L4 from CUF-FEM
and ABQ-FEM agree well. TE(3) model is marginally more e�ective than
TE(1) model under the framework of CUF-FEM; however, TE(1) model is
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Figure 31: Displacement z along path L1 of 2D-B-D model

considered acceptable given the nearly triple computational cost consumed
by TE(3) model. Moreover, there exists a mismatch between CUF-PDDO
result and the others. The CUF-PDDO result represents the median of the
CUF-FEM and ABQ-FEM results. The maximum error is about 1.83% com-
pared with CUF-FEM and ABQ-FEM results. The CUF-PDDO models with
denser grids are worth investigating, which will be discussed in the future.

5. Conclusions

This study couples Carrera uni�ed formulation (CUF) based higher-order
beam and plate theories with peridynamic di�erential operator (PDDO) in
strong form and provides a solution for 3D structures with thin features.
The full 3D model is established based on re�ned beam or plate theory,
where Taylor series expansion is adopted to approximate the cross-sectional
or through-thickness characteristics. Lagrange expansion, for the �rst time
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Figure 32: Displacement z along path L2 of
2D-B-D model

Figure 33: Displacement z along path
L3 of 2D-B-D model

in the strong-form analysis, is integrated with Taylor expansion for the auto-
matic pre- and post-processing of structures with various geometric features.
After numerically discretizing with re�ned PD particles, the governing equa-
tions are recast with PDDO in strong form, which guarantees their e�ec-
tiveness in the presence of steep displacement variation and particles with
asymmetric horizons. The fundamental nuclei are constructed through the
CUF-PDDO analysis for automatic matrix assembly. Compared with the
results predicted by ABQ-FEM and CUF-FEM, the present CUF-PDDO
method is able to reproduce 3D deformation details of dimensionally reduced
models in a satisfactory manner. Future work in this area concerns further
application of the present method in dynamic analysis.
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Figure 34: Displacement z along path L4 of 2D-B-D model

Appendix A. Fundamental nuclei in PDDO form

For 1D CUF-PDDO analysis, rewrite Eq. (67-69) in particle wise as
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Accordingly, Eq. (70-72) are rewritten as

p̄sx(k)

p̄sy(k)
p̄sz(k)
p̄sx(j)

p̄sy(j)
p̄sz(j)


=

∑
j∈H(k)



Φ̄
(1,1)
(k)(j) Φ̄

(1,2)
(k)(j) Φ̄

(1,3)
(k)(j) Φ̄

(1,4)
(k)(j) Φ̄

(1,5)
(k)(j) Φ̄

(1,6)
(k)(j)

Φ̄
(2,1)
(k)(j) Φ̄

(2,2)
(k)(j) Φ̄

(2,3)
(k)(j) Φ̄

(2,4)
(k)(j) Φ̄

(2,5)
(k)(j) Φ̄

(2,6)
(k)(j)

Φ̄
(3,1)
(k)(j) Φ̄

(3,2)
(k)(j) Φ̄

(3,3)
(k)(j) Φ̄

(3,4)
(k)(j) Φ̄

(3,5)
(k)(j) Φ̄

(3,6)
(k)(j)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




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(
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)
uyτ
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)
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(
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)
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(
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)
uyτ

(
y(j)

)
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(
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)
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(A5)
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where
Φ̄

(1,1)
(k)(j) = −J66

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(1,2)
(k)(j) = 0

Φ̄
(1,3)
(k)(j) = 0

Φ̄
(1,4)
(k)(j) = J66

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(1,5)
(k)(j) = J66

τs,xnyg
0
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(1,6)
(k)(j) = 0

(A6)

Φ̄
(2,1)
(k)(j) = 0

Φ̄
(2,2)
(k)(j) = −J22

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(2,3)
(k)(j) = 0

Φ̄
(2,4)
(k)(j) = J12

τs,xnyg
0
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(2,5)
(k)(j) = J22

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(2,6)
(k)(j) = J23

τs,znyg
0
2

(
ξy(j)(k)

)
∆L(j)

(A7)

Φ̄
(3,1)
(k)(j) = 0

Φ̄
(3,2)
(k)(j) = 0

Φ̄
(3,3)
(k)(j) = −J44

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(3,4)
(k)(j) = 0

Φ̄
(3,5)
(k)(j) = J44

τs,znyg
0
2

(
ξy(j)(k)

)
∆L(j)

Φ̄
(3,6)
(k)(j) = J44

τsnyg
1
2

(
ξy(j)(k)

)
∆L(j)

(A8)
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For 2D CUF-PDDO analysis, rewrite Eq. (73-75) gives

P s
x(k)

P s
y(k)

P s
z(k)

P s
x(j)

P s
y(j)

P s
z(j)


=

∑
j∈H(k)



Φ
(1,1)
(k)(j) Φ

(1,2)
(k)(j) Φ

(1,3)
(k)(j) Φ

(1,4)
(k)(j) Φ

(1,5)
(k)(j) Φ

(1,6)
(k)(j)

Φ
(2,1)
(k)(j) Φ

(2,2)
(k)(j) Φ

(2,3)
(k)(j) Φ

(2,4)
(k)(j) Φ

(2,5)
(k)(j) Φ

(2,6)
(k)(j)

Φ
(3,1)
(k)(j) Φ

(3,2)
(k)(j) Φ

(3,3)
(k)(j) Φ

(3,4)
(k)(j) Φ

(3,5)
(k)(j) Φ

(3,6)
(k)(j)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




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(
x(k), y(k)

)
uyτ

(
x(k), y(k)

)
uzτ

(
x(k), y(k)

)
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(
x(j), y(j)

)
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(
x(j), y(j)

)
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(
x(j), y(j)

)
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(A9)

where

Φ
(1,1)
(k)(j) = J11

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(1,2)
(k)(j) =

(
J12
τs + J66

τs

)
g112

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(1,3)
(k)(j) = −

(
−J13

τs,z + J55
τ,zs

)
g102

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(1,4)
(k)(j) = −J11

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

+ J55
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j

Φ
(1,5)
(k)(j) = −

(
J12
τs + J66

τs

)
g112

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(1,6)
(k)(j) =

(
−J13

τs,z + J55
τ,zs

)
g102

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

(A10)

Φ
(2,1)
(k)(j) =

(
J21
τs + J66

τs

)
g112

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(2,2)
(k)(j) = J22

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(2,3)
(k)(j) = −

(
−J23

τs,z + J44
τ,zs

)
g012

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(2,4)
(k)(j) = −

(
J12
τs + J66

τs

)
g112

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(2,5)
(k)(j) = −J22

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

+ J44
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j

Φ
(2,6)
(k)(j) =

(
−J23

τs,z + J44
τ,zs

)
g012

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

(A11)
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Φ
(3,1)
(k)(j) = −

(
J31
τ,zs − J55

τs,z

)
g102

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(3,2)
(k)(j) = −

(
J32
τ,zs − J44

τs,z

)
g012

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(3,3)
(k)(j) = J44

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J55

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(3,4)
(k)(j) =

(
J31
τ,zs − J55

τs,z

)
g102

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(3,5)
(k)(j) =

(
J32
τ,zs − J44

τs,z

)
g012

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ
(3,6)
(k)(j) = −J44

τsg
02
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J55

τsg
20
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

+ J33
τ,zs,zg

00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j

(A12)
On the boundary, Eq. (76-78) is written as

p̄sx(k)

p̄sy(k)
p̄sz(k)
p̄sx(j)

p̄sy(j)
p̄sz(j)


=

∑
j∈H(k)



Φ̄
(1,1)
(k)(j) Φ̄

(1,2)
(k)(j) Φ̄

(1,3)
(k)(j) Φ̄

(1,4)
(k)(j) Φ̄

(1,5)
(k)(j) Φ̄

(1,6)
(k)(j)

Φ̄
(2,1)
(k)(j) Φ̄

(2,2)
(k)(j) Φ̄

(2,3)
(k)(j) Φ̄

(2,4)
(k)(j) Φ̄

(2,5)
(k)(j) Φ̄

(2,6)
(k)(j)

Φ̄
(3,1)
(k)(j) Φ̄

(3,2)
(k)(j) Φ̄

(3,3)
(k)(j) Φ̄

(3,4)
(k)(j) Φ̄

(3,5)
(k)(j) Φ̄

(3,6)
(k)(j)

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




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(
x(k), y(k)

)
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)
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(A13)

where

Φ̄
(1,1)
(k)(j) = −J11

τsnxg
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2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(1,2)
(k)(j) = −J12

τsnxg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsnyg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(1,3)
(k)(j) = 0

Φ̄
(1,4)
(k)(j) = J11

τsnxg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k))

)
∆A(j)

Φ̄
(1,5)
(k)(j) = J12

τsnxg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsnyg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(1,6)
(k)(j) = J13

τs,znxg
00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

(A14)

43



Φ̄
(2,1)
(k)(j) = −J12

τsnyg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsnxg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(2,2)
(k)(j) = −J22

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J66

τsnxg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(2,3)
(k)(j) = 0

Φ̄
(2,4)
(k)(j) = J12

τsnyg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsnxg
01
2

(
ξx(j)(k), ξy(j)(k))

)
∆A(j)

Φ̄
(2,5)
(k)(j) = J22

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J66

τsnxg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(2,6)
(k)(j) = J23

τs,znyg
00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

(A15)

Φ̄
(3,1)
(k)(j) = 0

Φ̄
(3,2)
(k)(j) = 0

Φ̄
(3,3)
(k)(j) = −J44

τsnyg
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2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) − J55

τsnxg
10
2

(
ξx(j)(k), ξy(j)(k))

)
∆A(j)

Φ̄
(3,4)
(k)(j) = J55

τs,znxg
00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(3,5)
(k)(j) = J44

τs,znyg
00
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

Φ̄
(3,6)
(k)(j) = J44

τsnyg
01
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j) + J55

τsnxg
10
2

(
ξx(j)(k), ξy(j)(k)

)
∆A(j)

(A16)
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