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Abstract
Traditional adaptive and robust controlmethods sometimes struggle to address the complex and dynamic uncertainties inherent
in quadrotor flight, frequently resulting in overly conservative or unstable behavior due to reliance on presumed uncertainty
bounds. To overcome these limitations, we propose a unified online-learning-based control framework that integrates data-
driven uncertainty estimation with a nominal flight controller. Furthermore, we systematically evaluate four representative
learning methods, namely Extreme Learning Machines (ELMs), Radial Basis Function Neural Networks (RBFNNs), Echo
State Networks (ESNs), and Gaussian Processes (GPs), spanning both parametric and non-parametric techniques. Through
extensive simulation and hardware experiments, we benchmark these methods in terms of (i) uncertainty estimation accuracy,
(ii) trajectory tracking performance, and (iii) real-time computational efficiency. Our results reveal key trade-offs: GPs yield
highest accuracy but require approximations for real-timeuse. ELMsandRBFNNs enable fast inference but suffer initialization
sensitivity. ESNs provide the best balance, offering both stability and real-time performance. This work underscores the
critical role of model selection in learning-based flight control, providing insights for deploying these algorithms in resource-
constrained aerial systems operating under uncertainty.

Keywords Online learning · Uncertainty estimation · Trajectory tracking · Quadrotor

1 Introduction

Addressing uncertainties in quadrotor flight presents a sig-
nificant challenge within the control community. This is
mainly due to the inherent complexities involved in designing
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controllers for tasks such as trajectory tracking and attitude
stabilization [1]. These challenges arise from the nonlin-
earities and strong coupling in quadrotor dynamics, further
complicated by uncertainties and external disturbances [2–
4]. The difficulty is exacerbated when quadrotors must
perform rapid or aggressive maneuvers [5] or operate in
dynamic environments [6].

Over the past decade, traditional adaptive and robust con-
trol methods have been well-developed to address various
uncertainties in quadrotor flight. These uncertainties include
inaccuracies in mass and inertia matrix estimation, unknown
wind gusts, and complex aerodynamic effects [7–13]. These
methods typically rely on predefined bounds for uncertainties
to ensure system stability and performance. However, as the
complexity of tasks and the nature of uncertainties continue
to escalate, they often become overly conservative, sacrific-
ing performance to maintain stability, or they may become
unstable when the actual uncertainties exceed the assumed
bounds [14]. This inherent limitation underscores the grow-
ing potential of data-driven approaches in flight controller
design.
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Data-driven methods, with their strong approximation
capabilities, are highly effective for modeling and compen-
sating for complex uncertainties [15]. In this realm, offline
learning techniques like supervised learning and Reinforce-
ment Learning (RL), which utilize historical or simulation
data, have demonstrated significant potential in scenarios
where a knowndistribution is assumed for full dynamics [16–
18] or for uncertainties [19–23]. These approaches excel at
learning and predicting system behaviors within the training
data’s distribution, resulting in robust performance without
distribution shifts. However, real-world flight scenarios often
present challenges with Out-Of-Distribution (OOD) uncer-
tainties not captured in the offline training. In such situations,
the performance of offline methods can degrade, leading to
suboptimal or unsafe flight behavior [24]. Thus, adaptive or
online learning methods are crucial; they can continuously
update and refine learned models in real-time, effectively
compensating for emerging uncertainties during flight. This
adaptability is essential for maintaining the robustness and
reliability of quadrotor operations in dynamic and unstruc-
tured environments.

Online modeling and control techniques are increasingly
indispensable for robotic systems operating under complex
nonlinearities and unknown dynamics. They are essential
for enhancing the generalizability and adaptability of robots
across diverse and dynamic environments. For example,
Koopman operator theory has been integrated into Model
Predictive Control (MPC) for online model estimation,
demonstrating its effectiveness in enabling precise and adap-
tive control of soft multi-fingered grippers [25]; similarly,
a knowledge-based neural Ordinary Differential Equation
(ODE) framework has been introduced for continual updat-
ing of dynamic models inMPC, facilitating better adaptation
to disturbances and enhancing quadrotor trajectory tracking
[26]. In addition to learning the full dynamics of the sys-
tem under control, online learning has also been applied to
partial dynamics such as wind gusts and ground effect act-
ing on quadrotors [24, 27] as well as model mismatches
within adaptive cruise control systems [28]. These exam-
ples collectively highlight the critical role of online learning
methods in improving robustness, adaptability, and overall
performance of robotic systems across a broad spectrum
of applications, ranging from aerial robotics to autonomous
driving and beyond.

As the emphasis on online learning in control systems
continues to grow, a fundamental question arises: which
online learning method is most appropriate for specific
applications? There are a variety of approaches suitable
for online learning tasks [29], ranging from parametric to
non-parametric models, each offering distinct advantages
and limitations. Parametric models are characterized by a
fixed number of parameters, with Artificial Neural Networks

(ANNs) serving as prominent examples. Thesemodels can be
further divided by architecture, such as feedforward networks
like Extreme Learning Machines (ELMs) [30] and Radial
Basis Function Neural Networks (RBFNNs) [31], which rely
on unidirectional data flow, and recurrent networks like Echo
State Networks (ESNs) [32], which incorporate temporal
dynamics via feedback loops. In contrast, non-parametric
models offer greater flexibility as their complexity grows
with data, with Gaussian Processs (GPs) [33] being a typ-
ical example, providing a probabilistic framework and the
ability to quantify uncertainty in predictions. Despite the
growing body of literature on these methods, many stud-
ies adopt a single approach without clear justification for its
selection, leading to a practical gap in this field. A compre-
hensive benchmarking of different online learning methods
under consistent conditions is lacking, which is essential
for systematically comparing the strengths and limitations
of these techniques in conjunction with controller design.
Such efforts would ultimately guide the selection of the most
effective method for real-time control applications.

In this work, we propose an online-learning-based con-
trol framework, building on our earlier study [24]. The
framework is designed to be modular, allowing for easy
integration of other online learning methods beyond those
discussed in this paper. We conduct a comprehensive evalu-
ation of multiple online learning techniques for uncertainty
estimation, integrated with a nominal flight controller. The
methods examined include ELM, RBFNN, ESN, and GP,
representative of a spectrum of both parametric and non-
parametric models. To ensure fair comparison among para-
metric models, Bayesian Optimization (BO) is adopted for
hyperparameter selection, thereby eliminating manual bias
in configuration and guaranteeing that each method operates
near its best achievable performance. We carry out extensive
simulation campaigns for performance assessment, focusing
on the benefits and limitations of each method. The eval-
uation is structured around three key performance metrics:
(i) uncertainty estimation error, (ii) computational efficiency
in terms of online execution time, and (iii) trajectory track-
ing error. Notably, we deploy the framework on an NVIDIA
Jetson Orin NX embedded platform, experimentally evalu-
ating its compliance with the stringent demands of 200 Hz
real-time control. These experiments highlight the inher-
ent trade-offs between prediction accuracy, computational
overhead, and control stability under uncertain operating
conditions, providing actionable insights for learning-based
control in resource-constrained aerial systems. In summary,
the main contributions of this paper are:

• We present a modular framework integrating multiple
learning methods for real-time uncertainty estimation in
flight control.
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• We benchmark these approaches under a unified setting,
using both simulation and hardware experiments.

• We analyze the tradeoffs between accuracy, control per-
formance, and stability to guide practical deployment.

The remainder of this paper is organized as follows:
Section 2 reviews prior work in learning-based quadrotor
control and highlights the gaps addressed by our study.
Section 3 presents the quadrotor dynamics and formally
defines the problem of trajectory tracking under uncertainty.
Section 4 details our unified framework, beginning with an
architectural overview (Section 4.1), followed by the online
learning methods under evaluation (Section 4.2) and the
design of the learning-augmented controller (Section 4.3).
Section 5 evaluates the framework through both simulations
and hardware experiments on the NVIDIA Jetson Orin NX
platform, offering a comparative assessment of the perfor-
mance of different learningmethods. Finally, the paper draws
to a close in Section 6, where future research directions are
discussed.

2 Related work

2.1 Robust and adaptive control

To address uncertainties in quadrotor flight, a substantial
body of research is classified under model-based control, as
reviewed in [34]. For example, [7] developed a robust adap-
tive attitude tracking controller on SO(3) (special orthogonal
group) capable of asymptotically tracking attitude commands
without prior knowledge of the inertia matrix. Similarly, [10]
and [11] proposed a geometric nonlinear adaptive controller
on SO(3) and SE(3) (special Euclidean group), respectively,
to ensure stability while compensating for uncertainties
in quadrotor dynamics. In another approach, [8, 9] intro-
duced adaptive backstepping controllers designed to estimate
unknown dynamic parameters such as mass and moment
of inertia; [12] formulated an adaptive sliding backstepping
control law to manage attitude control in the presence of
matched uncertainties; and [13] employed robust integral of
the signum of the error and invariance-based adaptive control
methodologies to address both disturbances and paramet-
ric uncertainties. The main advantage of these approaches is
their ability to rigorously guarantee stability and robustness
through Lyapunov-based analysis, with relatively low com-
putational demands compared to learning-based methods.
However, as previously noted, these methods can become
overly conservative, leading to performance degradation or
instability when the actual uncertainties exceed the assumed
bounds.

2.2 Offline learning for control

Advances in computational power have rendered learning-
basedmethods increasinglyviable for quadrotor applications,
particularly formodeling quadrotor dynamics. By leveraging
pre-collected data, ANNs can approximate unknown dynam-
ics or develop control policies through supervised or RL.
For example, a multi-step prediction model combining deep
Recurrent Neural Networks (RNNs) with classical system
identification has been introduced for long-horizon predic-
tions [16]. Physics-informed Neural Networks (PINNs) have
been developed to learn quadrotor dynamics purely from
experience, which can be subsequently embedded in MPC
for precise trajectory tracking [17, 18].However, learning full
quadrotor dynamics from data requires substantial resources
and sample sizes, making it impractical in some circum-
stances [35]. As a result, incorporating prior knowledge
into the learning process is encouraged, leading to a shift
in focus toward modeling partial dynamics, such as aero-
dynamic effects [4]. In fact, integrating learning algorithms
with model-based control strategies has demonstrated sig-
nificant benefits in addressing the uncertainties associated
with quadrotor dynamics. Notable examples of quadrotor
applications include agile flight in turbulence [21], deep-
learning-based robust controller for landing [19], learning
interactions among heterogeneous multirotors in a swarm
[20], training robust RL policies in simulation [22], and
deep RL for autonomous drone racing [23]. Despite these
advancements, offline learning methods often exhibit perfor-
mance degradationwhen encounteringOODdata. This paper
aims to address this limitation by employing online learning
approaches for quadrotor control, which allows for real-time
adaptation to uncertainties and extends applicability to pre-
viously unencountered scenarios.

2.3 Online learning for control

Previous research on online learning methods for handling
uncertainties in robotic platforms has investigated various
approaches. For example, ESNs have been employed for
real-time estimation of the forces induced by wind gusts
and ground effect acting on quadrotors, providing robust
performance under varying uncertain conditions [24]. ELMs
have demonstrated efficacy in compensating for model mis-
matches within adaptive cruise control systems, thereby
improving the reliability and safety of autonomous vehi-
cles [28]. GPs have been applied to the estimation of wind
gusts in quadrotors, offering a probabilistic framework that
accounts for uncertainty and enhances control performance
in dynamic environments [27].However, there is still a lackof
comprehensive comparative analysis on the effectiveness of
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the aforementioned approaches for quadrotors and the fac-
tors that influence their performance. This study addresses
this gap by building upon previous work [24] through the
integration of several established online learning methods
into a baseline flight controller and systematically evaluating
their respective advantages and limitations. Notably, while
episodic learning, which acquires knowledge from discrete
episodes, has been explored in some studies [36], we here
focus specifically on learning with a circular buffer. Such
paradigm continuously stores and overwrites data in a fixed
memory, enabling random sampling of recent experiences
and maintaining up-to-date information. Lastly, although
there exists some literature that reviews offline and online
learning algorithms for quadrotors [29], our study uniquely
provides a focused comparative analysis of online learning
approaches specifically aimed at addressing uncertainties in
quadrotor flight control.

3 Problem setup

Henceforth, we consider the mathematical model for the
kinematics and dynamics of a quadrotor as follows:

ṗ = v, (1a)

mv̇ = mge3 + Rfu + fa, (1b)

Ṙ = Rω∧, (1c)

Jω̇ = −ω∧Jω + τ u + τ a, (1d)

where p, v ∈ R
3 denote the position and linear veloci-

ties in the inertial frame, ω = [p, q, r ]� ∈ R
3 denotes

the body-fixed angular rate, and R ∈ SO(3) denotes the
rotation matrix that transforms coordinates from the body
frame to the inertial frame, which is constructed by the
Euler angles η = [φ, θ, ψ]� (roll, pitch, yaw angle). The
control inputs consist of the body wrench produced by the
four rotors, denoted by fu = [0, 0, T ]� ∈ R

3 and τ u =
[τu,x , τu,y, τu,z]� ∈ R

3, where T ∈ R denotes the collec-
tive thrust. The lumped uncertainties are denoted by fa ∈ R

3

and τ a ∈ R
3, which encompass both unmodeled dynamics

and disturbances. Note that both system states and control
inputs are inherently time-dependent, represented in contin-
uous form as (·)(t) or in discrete form as (·)[k]. We omit
explicit time-dependent notation throughout the paper for
brevity, except where necessary to avoid ambiguity.

The quadrotor’s mass and inertia matrix are denoted
by m ∈ R and J ∈ R

3×3, respectively. The gravita-
tional constant is denoted by g ∈ R, and e3 = [0, 0, 1]�
denotes a vector pointing downward in the unit 2-sphere
S
2 = {a ∈ R

3 : ‖a‖ = 1}. The hat operator, denoted by

(·)∧ : R3 → so(3), converts real vectors into the Lie algebra
associated with SO(3). Finally, the North-East-Down (NED)
and Forward-Right-Down (FRD) conventions are adopted
for the inertial and body-fixed reference frame, respectively.

We aim to solve the tracking control problem for a quadro-
tor, governed by the kinematics and dynamics described in
Eq. 1,of desiredreference trajectories ξ d(t)=[p�

d (t), ψd(t)]�
∈ R

4, while accounting for unknown uncertainties, denoted
as fa and τ a . The reference trajectories ξd(t) are assumed to
belong to C3, meaning they have continuous derivatives up to
the third order, and these derivatives are bounded. Similarly,
the uncertainties are assumed to be continuous and bounded.
The control objective is to ensure asymptotic tracking per-
formance in the presence of uncertainties.

4 Method

4.1 System overview

The online-learning-based control framework, depicted in
Fig. 1, integrates a nominal controller1 with anonline residual
learning module for non-parametric uncertainty estimation,
such as ground effects or wind disturbances. The framework
is modular due to the standalone nature of the online resid-
ual learning module, offering two key advantages. First, it
supports the seamless incorporation of various online learn-
ing methods beyond those discussed in this paper. Second, it
provides enhanced flexibility compared to fully data-driven
control approaches, such as those presented in [37], by
enabling integration with existing controllers. Within the
learningmodule, one of four learningmethods, namelyELM,
RBFNN, ESN, or GP, is employed to capture and adapt to
system uncertainties in real time. A circular data buffer is
implemented to facilitate this process, storing feature and
label data from flight history in a sliding window fashion.
The following sections will elaborate on the selected learn-
ingmethods, provide a detailed account of the online residual
learning process, and derive the corresponding learning-
based control laws.

4.2 Online learningmethods

4.2.1 Extreme learning machine (ELM)

As illustrated in Fig. 2(a), ELMs are fundamentally single-
hidden-layer Feedforward Neural Networks (FNNs) com-
prising Nu input nodes, Nh hidden nodes, and Ny output

1 This controller may be either model-based or learning-based; in this
paper, a model-based approach is employed.
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Fig. 1 Overview of control
architecture. The online
learning module for
non-parametric uncertainty
estimation, enclosed within the
orange dashed box, takes as
inputs the online measurements
of quadrotor states
x = [p�, v�, η�,ω�]� and
control inputs u = [f�u , τ�

u ]�,
and generates uncertainty
estimates �̂ = [f̂�a , τ̂

�
a ]�

nodes [30].Given an inputu∈R
Nu and its corresponding out-

put y ∈ R
Ny , the input-output mapping can be expressed as

y = Wouth(u) = Woutg(Winu), (2)

where h = {h1, h2, ..., hNh } ∈ R
Nh denotes the outputs

of the hidden layer, g(·) denotes the activation functions
(e.g., ReLU or sigmoid functions), and Win ∈ R

Nh×Nu and
Wout ∈ R

Ny×Nh denote the input and outputweightmatrices,
respectively.

In contrast to traditional FNN, ELM utilize a fixed input
weight matrixWin, which is initialized with random values,
thereby eliminating the need for parameter training. Conse-
quently, the objective of network learning is to determine the
optimalWout by solving the following optimization problem

Wout = argmin ‖WoutH − Ylabel‖2, (3)

where ‖ · ‖ denotes the l2-norm, which quantifies the dis-
tance between the predicted output collection WoutH =

Fig. 2 Neural network architecture. (a) The ELM is a three-layer
FNN comprising an input layer, a single hidden layer, and an output
layer. (b) The RBFNN similarly adopts a three-layer feedforward struc-
ture, where the hidden layer computes local activations based on the

distance between input patterns and predefined center vectors. (c) The
deep ESN incorporates hierarchical reservoir layers, with inter-layer
connections and recurrent feedback within each reservoir, enabling the
capture of complex temporal dependencies
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Wout[h(1), · · · ,h(N )] and the true label collection Ylabel =
[ylabel(1), · · · , ylabel(N )] over the time span k = 1, · · · , N .
Therefore, the update rule for ELMs can be expressed as
a least-squares solution using pseudoinverse as Wout =
H+Ylabel. As such, the lengthy training phases typically asso-
ciatedwith iterative adjustments of network parameters, such
as learning rate and number of iterations, can be circum-
vented. This makes ELMs a well-suited candidate for online
learning of uncertainties during quadrotor flight.

4.2.2 Radial basis function neural network (RBFNN)

Similar to ELMs, RBFNNs are a class of single-hidden-layer
FNNs distinguished by their use of Radial Basis Functions
(RBFs) as activation functions, which can be used for con-
tinuous nonlinear function approximation [31]. As shown in
Fig. 2(b), in RBFNNs, the network output y ∈ R

Ny is com-
puted as a linear combination of the RBF outputs, which can
be formulated as

y = Wouth(u), (4a)

h j = exp

(
−‖u − c j‖2

b2j

)
, (4b)

where u ∈ R
Nu is the input vector, and j indexes the nodes

in the hidden layer. The Gaussian function Eq. 4b gener-
ates the outputs of the hidden layer h = {h1, h2, ..., hNh } ∈
R

Nh , with c j representing the center of the j-th Gaussian
basis function and b j denoting its width. The weight matrix
Wout ∈ R

Ny×Nh maps the outputs of the hidden layer to the
final output. The network performs online adaptive weight
updates, akin to ELMs, bypassing traditional training.

RBFNNs are highly effective in modeling complex non-
linear relationships due to their localized learning capa-
bilities, enabling responsiveness to distinct regions of the
input space. This localized learning also offers advantages
in training efficiency, particularly with smaller data sets.
RBFNNs excel in interpolation across multi-dimensional
spaces, which is critical for control systems requiring accu-
rate predictions in unobserved regions. However, the accu-
racy of these representations is strongly dependent on the a
priori selection of RBF centers, limiting the model’s effec-
tiveness to areas of the state space where the centers are
properly placed as we will see in Section 5.

4.2.3 Echo state network (ESN)

A typical ESN, characterized by shallow architecture with
feedback connections and leaky integration, can be modeled

as a dynamical system. The corresponding state transition
and output equations are expressed as

x[k] = (1 − α)x[k − 1] + α tanh(Winu[k]
+ Wstatex[k − 1] + Wfby[k − 1]), (5a)

y[k] = Wout(x[k];u[k]), (5b)

where u ∈ R
Nu denotes the input sequence, x ∈ R

Nr denotes
the reservoir state, y ∈ R

Ny denotes the output sequence,
α ∈ [0, 1] denotes the leaking rate,Win ∈ R

Nr×Nu ,Wstate ∈
R

Nr×Nr ,Wfb ∈ R
Nr×Ny ,Wout ∈ R

Ny×(Nr+Nu) denote
input-to-reservoir, reservoir, readout-to-reservoir, and read-
outweightmatrix, respectively. For better learning capability,
the reservoir layer can be enhanced by stacking multiple lay-
ers, similar to the architecture employed in deep learning
models. As depicted in Fig. 2(c), a deep ESN 2 with Nl reser-
voir layers can be expressed as

x(l)[k] =

⎧⎪⎨
⎪⎩
tanh(Winu[k] + W(l)

statex
(l)[k − 1]) if l = 1,

tanh(W(l)
il x

(l−1)[k] + W(l)
statex

(l)[k − 1])
if l = 2, · · · , Nl ,

(6a)

y(l)[k] = W(l)
outx

(l)[k], (6b)

where the superscript (l) is used to represent the network
parameters at the l-th layer, and Wil ∈ R

Nr×Nr denotes the
inter-layer reservoir weight matrix. Note that reservoir states
(depicted as purple circles in Fig. 2(c)) are synonymous with
the system’s state in dynamical systems, while a reservoir
(shown by purple-shaded ellipses) comprises a collection of
these states, potentially connected through feedforward or
recurrent links.

UnlikeotherRNNs,which typicallyadoptback-propagation
as the standard training technique, the training process of an
ESN follows the Reservoir Computing (RC) paradigm. In
such paradigm, only the readout weight matrix is updated,
while the remaining weight matrices are randomly initialized
[38]. Training the readouts of an ESN without feedback con-
nections can generally be achieved through linear regression,
which involves solving the following optimization problem

W(l)
out = argmin ‖W(l)

outX
(l) − Ylabel‖22, (7)

where X(l) =[x(l)(1), · · · , x(l)(N )], Ylabel =[ylabel(1), · · · ,

ylabel(N )] are the collection of reservoir states and target

2 The mathematical expression of each layer in the deep ESN can be
obtained from Eqs. 5a and 5b by setting α = 1, omitting readout-
to-reservoir connections, and removing the connections from input to
readout.
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values over the time span k = 1, · · · , N . Hence, Moore-
Penrose pseudo-inversion Wout = YlabelX+ or ridge regres-
sion Wout = YlabelX�(XX� + λr I)−1 (λr ∈ R>0 is the
regularization coefficient) can be used for offline or semi-
online training.

Since all reservoir weight matrices are initialized at ran-
dom, Echo State Property (ESP) [32] was shown to be a
critical property to ensure valid dynamics in ESNs. From
a dynamical system perspective, it guarantees that the reser-
voir states should asymptotically depend soley on the driving
input signal, independent of initial conditions [39]. By
assuming the Euclidean distance metric in the reservoir
space and using the hyperbolic tangent (tanh) as the activa-
tion function, satisfying the following condition practically
ensures ESP:

ρ(Wstate) < 1, (8)

where ρ(·) denotes the spectral radius (i.e., the largest abso-
lute eigenvalue) of the given square matrix. In the context of
dynamical systems, Eq. 8 also implies thatWstate is contrac-
tive.

4.2.4 Gaussian process (GP) regression

GPs are commonly employed for non-parametric regression
in machine learning [33], with the goal of approximating
a nonlinear mapping g(u) : R

Nu → R, where u ∈ R
Nu

denotes the input vector. This approximation is based on the
assumption that the function values g(u), evaluated at differ-
ent points of u, are treated as random variables. Moreover,
any finite number of these random variables is assumed to
follow a joint Gaussian distribution depending on the values
of u.

In the context of non-parametric regression, it is essential
to define a prior for the mean of g(u) and for the covariance
between any two function values, g(ui ) and g(u j ), where i ,
j ∈ Z. Then, the posterior mean and variance for a new test
point u∗ can be computed as

μ(u∗) = k�
n (K + σ 2

n I)
−1ĝn, (9a)

σ 2(u∗) = k(u∗,u∗) − k�
n (K + σ 2

n I)
−1kn, (9b)

where ĝn = [ĝ(u1), ..., ĝ(uNu )] denotes the vector of
observed outputs, affected by Gaussian noise v ∼ N(0, σ 2

n ).
Moreover, the covariance matrix K ∈ R

n×n has elements
Ki, j = k(ui ,u j ), where k(·, ·) denotes the kernel function
that determines the similarity between inputs with a popu-
lar choice of being RBFs as defined in Eq. 4b. The vector
kn = [k(u1,u∗), · · · , k(un,u∗)]� contains the covariances

between the test input and each training input, and I ∈ R
n×n

denotes the identity matrix. Learning the function from an
observed dataset also involves determining the hyperparam-
eters of its kernel.

GPs are non-parametricmodels,meaning their complexity
grows with the amount of data, unlike parametric mod-
els such as RBFNNs, which require predefined centers,
or ELMs, which fix the number of hidden-layer nodes.
GPs are particularly effective for regression tasks involving
smooth underlying functions, offering a convex formulation
for learning, which is beneficial for smaller data sets. In com-
parison to ELMs, RBFNNs, and ESNs, which require tuning
of parameters,GPs are oftenmore suitable for online learning
due to their capability to provide uncertainty estimates.

However, GPs come with notable limitations in online
applications. Their computational complexity scales cubi-
cally with the number of data points, rendering them ineffi-
cient for large data sets. Additionally, they require substantial
memory to store all past data, which may pose practical chal-
lenges. Moreover, the performance of GPs heavily depends
on the choice of kernel function [33]. Finally, while GPs pro-
vide uncertainty estimates, their interpretability in terms of
feature contributions can be less intuitive compared to other
neural network models such as ESNs [24].

4.3 Learning-based control

4.3.1 Online residual learning

To estimate the unknown and potentially dynamic uncertain-
ties, an online residual learning module is developed, cen-
tered on a general residual learning approach. This module
leverages the efficient training capabilities of ELM, RBFNN,
ESN, and GP, to provide online learning. Consequently, this
online residual learning module is anticipated to “general-
ize” (or more precisely, actively adapt) more effectively than
networks trained offline when facing unseen scenarios.

Given the integration of four online learning methods
(i.e., ELM, RBFNN, ESN, and GP) into a unified online-
learning-based control framework, as illustrated in Fig. 1,
which maintains a consistent interaction with the data buffer,
we will concentrate on the detailed implementation of ESN
in the rest of this section. This focus is warranted due to
its relative underrepresentation in the existing literature and
the complexity of its dynamics. The online residual learn-
ing module utilizing ESN is depicted in Fig. 3. As shown,
the module features a deep ESN (described by Eq. 6) for
the learning and inference of uncertainties, along with a cir-
cular data buffer that stores the feature and label data from
flight history in a slidingwindow fashion, thereby facilitating
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Fig. 3 The online residual
learning module utilizing ESN
consists of a deep ESN and a
data buffer. The data buffer of
length Nb stores the feature and
label data from flight history in a
column-wise fashion (shown by
green blocks), which are
subsequently used for online
training of readout weights of
ESN. The figure is redrawn after
[24]

efficient online training. The algorithm for online residual
learning using ESN is outlined as follows:

(i) InitializingESN:We consider anESN that takes system
state3 as network input u = [pz, v�, η�,ω�]� ∈ R

10

and predicted forces and torques as network output
y = [f̂�a , τ̂

�
a ]� ∈ R

6. Besides configuring the ESNwith
designated numbers of input units (Nu), readout units
(Ny), reservoir units (Nr ), and reservoir layers (Nl ), this
step includes random initialization of all weight matri-
ces (i.e., Win, Wil, Wstate), adhering to the ESP. Note
that suitable modifications to network parameters (as
later shown in Table 1) are necessary for each learning
method for this step.

3 The altitude pz is chosen as a network feature owing to its contribution
to certain aerodynamic phenomena such as ground effect.

(ii) Collecting flight data and computing label data: The
continuous-time model Eq. 1 needs to be converted into
its discrete-time counterpart with sampling time Ts as
given in Eq. 10 for implementation. Through the latter,
we can calculate the label data at the previous time step
from the current and previous state.

v[k + 1] = v[k] + Ts
m

(mge3 + fu[k] + fa[k]), (10a)

ω[k + 1] = ω[k] + TsJ−1(−ω[k]∧Jω[k] + τu [k] + τa[k]).
(10b)

(iii) Updating data buffer: The buffer retains the training
data pair within a specified time span (denoted by Nb).
Upon the arrival of a new data pair that exceeds the
buffer size, the earliest stored data will be replaced.

(iv) Training ESN and inferring from the latest flight
data: We use ridge regression for training the ESN.
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Table 1 Model parameters for
online learning assessment

Model Parameter Value

ELM Number of input/output/hidden units (Nu , Ny, Nh) = (10, 6, 140)

Input-to-hidden weight Win ∼ U[0,1]
RBFNN Number of input/output/hidden units (Nu , Ny, Nh) = (10, 6, 100)

Input-to-hidden weight Win ∼ U[min(Dfeat),max(Dfeat)]
ESN Number of input/readout/reservoir units (Nu , Ny, Nr ) = (10, 6, 23)

Number of reservoir layers Nl = 5

Input-to-reservoir weight Win ∼ U[−1,1]
Inter-layer reservoir weight Wil ∼ U[−1,1]
Reservoir weight Wstate ∼ U with ρ = 0.9

Leaking rate α = 0

Washout Nw = 5

Regularization coefficient λr = 0.1

The training data pairs are drawn from the data buffer,
and training initiates once the buffer is fully popu-
lated (hence, requiring an initial data collection period).
The RC paradigm enables online training, specifically
within our sampling time, as demonstrated empirically
inSection 5.Upon completion of training, theESN takes
the latest flight data for inference.

The pseudo-code for our implementation of the above out-
lined online residual learning is presented in Algorithm 1.
Note that except for Step (i), which will be executed only
once, Steps (ii) to (iv) will be iteratively performed during the
flight. Moreover, the outlined steps are applicable for ELM,
RBFNN, and GP, but require appropriate modifications. For
example, the initialization of these methods (see InitESN
in Algorithm 1) should adhere to the structure or working
principles described in Section 4.2, and the training method
(seeTrainESN)must be adjusted accordingly.Nonetheless,
the data buffer mechanism (see UpdateBuffer) remains
unchanged for all online learning methods, as previously
noted. This consistency enables the straightforward integra-
tion of new online learning methods into the module. We
leave the discussion of technical details on network architec-
ture and computational efficiency to Section 5.

4.3.2 Trajectory tracking control law

The decoupled nature of our adopted architecture allows
for the selection of any nominal controller independently
of the overall control architecture. Here, we use the nominal
controller proposed in [1] as a starting point, whereby the
tracking control laws for thrust and torque determination of
Eq. 10 under nominal conditions are given by

f̄u[k] = −Kpp̃[k] − Kv ṽ[k] − mge3 + mv̇d [k], (11)

τ̄ u[k] = −Kr r̃[k] − Kωω̃[k], (12)

where the tracking errors of position, linear velocity, attitude,
and angular rate are defined as

p̃[k] = p[k] − pd [k], (13a)

ṽ[k] = v[k] − vd [k], (13b)

r̃[k] = 1

2
(R�

d [k]R[k] − R�[k]Rd [k])∨, (13c)

ω̃[k] = ω[k] − ωd [k], (13d)

with (·)∨ : so(3) → R
3 denoting the vee operator, which is

an inverse operation of the hat operator.Moreover, the desired
body z-axis can be computed from kb,d = −f̄u/‖f̄u‖ ∈ S

2,
and hence the desired rotationmatrixRd can be derived using
the differential flatness property of quadrotors as

jc = [− sin(ψd), cos(ψd), 0]�, (14a)

ib,d = j∧c kb,d / ‖j∧c kb,d‖, (14b)

jb,d = k∧
b,d ib,d , (14c)

Rd = [ib,d , jb,d , kb,d ]. (14d)

In [1], it is rigorously demonstrated that this nominal con-
troller guarantees faithful tracking performance of given
reference trajectories with proper selections of controller
gains K� (� ∈ {p, v, r , ω}).

Our proposed controller augments the nominal controller
with the online residual learning module as detailed in
Section 4.3.1. Hence, the learning-based control laws for
thrust and torque determination are given as

fu[k] = f̄u[k] − f̂a[k], (15)

τ u[k] = τ̄ u[k] − τ̂ a[k], (16)

where f̂a and τ̂ a are the estimates of the uncertainties pre-
dicted by one of the chosen online learning methods among
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Algorithm 1 Online residual learning using ESN.
Parameter: Nb, E = (Nr , Nl , Nu, Ny)

Input: X[k] = (v[k]�,ω[k]�, fu[k]�, τ u[k]�)�,
P = (m, J, Ts)

Output: Y[k] = (f̂a[k]�, τ̂ a[k]�)�
Data: Dfeat, Dlabel (from flight data)

1 Function CalculateLabel(X[k], X[k − 1], P):
2 Calculate fa[k − 1] from Eq. 10a
3 Calculate τ a[k − 1] from Eq. 10b
4 return fa[k − 1], τ a[k − 1]
5 Function UpdateBuffer(X[k], Nb):
6 if Dfeat,Dlabel are undefined then
7 Dfeat = Dlabel = [ ] // initialization

8 if Dfeat has more than one column then
9 fa[k − 1], τ a[k − 1] = CalculateLabel(X[k],

X[k − 1], P)
10 Dlabel.append(fa[k − 1], τ a[k − 1])
11 if Dfeat,Dlabel have more than Nb columns then
12 Delete the first column (i.e., the earliest data)

13 Dfeat.append(X[k]) // append column
14 return Dfeat,Dlabel

15 Function InitESN(E):
16 Instantiate and initialize an ESN using E
17 return net

18 Function TrainESN(net, Dfeat,Dlabel):
19 Train net on Dfeat,Dlabel by solving Eq. 7
20 return 0

21 Function Main:
22 Specify Nb and E
23 net = InitESN(E)
24 k ← 1
25 while non-stop do
26 Get data X[k]
27 Dfeat,Dlabel = UpdateBuffer(X[k], Nb)
28 if Dlabel has Nb columns then
29 TrainESN(net, Dfeat(:, 1 : Nb),Dlabel)

30 k ← k + 1

31 return 0

ELM, RBFNN, ESN, and GP, upon completion of network
training within each sampling interval. Taking ESN as an
example,

y[k] = ESN(u[k] |Wout[k]), where (17a)

y[k] = [f̂�a [k],τ̂�
a [k]]�, u[k] = [pz[k], v�[k], η�[k], ω�[k]]�.

(17b)

The desired body z-axis for constructing the desired rotation
matrix is modified to kb,d = −fu/‖fu‖, taking into account
the compensation of unknown forces predicted by the learn-
ing methods.

5 Results and discussion

5.1 Model selection and training

Theonline learning capabilities of the fourmethodswere sys-
tematically evaluatedusing themodel configurations summa-
rized in Table 1. For the ELM, input-to-hidden weights were
initialized randomly from a uniform distribution. Similarly,
the RBFNN employed randomly initialized input-to-hidden
weights, which were then scaled according to the maximum
and minimum values of the dataset. The widths of the RBFs
were calculated as the average distance between all train-
ing input data points and their corresponding centers. In the
case of the ESN, the reservoir weights were also randomly
initialized, with the reservoir state matrix constrained to sat-
isfy the ESP, using a spectral radius of ρ = 0.93. For the
GP, Ny regression processes were designed, each taking Nu

inputs and yielding a single output, with the collective output
formed by these processes.

To ensure fair comparisons, the number of hidden neurons
was fixed at 100 for all parametricmodels during the baseline
evaluation.Hyperparameters of thesemodelswere then tuned
using BO, a sample-efficient global optimization framework
particularly suitable for objective functions that are costly,
non-differentiable, or treated as black boxes. Essentially,
BO constructs a probabilistic surrogate model to approxi-
mate the objective function while leveraging an acquisition
function to determine the most informative next evaluation
point. This approach enables efficient convergence to a near-
optimal configurationwithin a limited number of evaluations.
In our context, the surrogate model was implemented via GP
regression, and the Expected Improvement Plus (EI+) func-
tionwas employed to guide the trade-off between exploration
and exploitation. Specifically, the Kernel function was adap-
tively scaled by multiplying its parameters with the current
iteration number [40]. Compared to the standard EI, the EI+
function better accounts for predictive uncertainty.

The overall BO procedure adopted herein is illustrated in
Fig. 4, which consists of the following stages. It begins with
an initialization phase, where a set of sample points is ran-
domly drawn from the search space to construct an initial
GP surrogate model. In each subsequent iteration, the GP
is updated using all observed input-output pairs, providing
both predictivemean and uncertainty estimates. Based on the
updated surrogate, the EI+ acquisition function is evaluated
over the input space to identify the most promising candi-
date point that maximizes the trade-off between exploration
and exploitation. The true objective function is then eval-
uated at this selected point, and the resulting observation is
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Fig. 4 Flowchart of Bayesian optimization procedure

incorporated into the data set. This procedure is repeated iter-
atively until a predefined stopping criterion such asmaximum
number of iterations or convergence threshold is satisfied.

As mentioned in Section 4.3.1, we adopted a deep ESN
architecture consisting of five reservoir layers. This depth
was selected based on empirical insights from our prior
study [24], balancing approximation capability with com-
putational cost. To reduce the complexity associated with
network depth tuning, the number of neurons per layer was
chosen as the primary optimization parameter in the BO pro-
cess. For consistency, the number of hidden neurons in ELM
and RBFNN was constrained to multiples of five, and for
deployment relevance, the total number of neurons in each
model was restricted to the range from 0 to 200. All BO
experiments were conducted using MATLAB’s bayesopt

function,with the offlineMSEon the training set as the objec-
tive. The maximum number of BO iterations was set to 200.
The convergence behavior of BO for each model is shown in
Fig. 5 with the final optimized hyperparameters reported in
Table 1.

To assess real-time learning performance, we trained the
ELM, RBFNN, ESN, and GP models following Algorithm 1
on two simulated data sets generated in MATLAB, with a
sampling time of Ts = 0.02 seconds. The buffer size was
chosen to be Nb = 50. The data sets represent two dis-
tinct scenarios: periodic wind disturbances and the quadrotor
ground effect [2]. Each model was trained over 50 trials,
with different random seeds, on a laptop equipped with a
12th Gen Intel Core i7-12700KF processor, without utilizing
GPU acceleration.

5.2 Learning performance and sensitivity analysis

The online learning performance of the models under dis-
cuss concerning the quadrotor’s ground effect is showcased
in Fig. 6, while Fig. 7 reveals that of a periodic wind dis-
turbance. Notably, both scenarios exhibited an initial phase
during which the ELM, RBFNN, ESN, and GP models were
unable to produce predictions, as they awaited the data buffer
to accumulate a total of Nb samples. In summary, our com-
parative analysis of online learning capabilities yielded the
following rankings: for ground effect, the learning perfor-
mance follows the order of GP, ESN, RBFNN, and ELM; for
periodic wind disturbances, the hierarchy is GP, ESN, ELM,
and RBFNN. The results underscore the varying efficacy of
the models in adapting to different uncertainties.

In addition, we present the computational efficiency in
terms of online execution time for the ELM, RBFNN, ESN,
and GP models in Fig. 8. Notably, the GP model requires the
longest average execution time, despite achieving the highest
prediction accuracy. This prolonged execution time is mostly

Fig. 5 Convergence of Bayesian
optimization for hyperparameter
tuning of parametric models
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Fig. 6 Comparison of online learning performance over 50 simulation campaigns under ground effect for (a) ELM, (b) RBFNN, (c) ESN, and (d)
GP

caused by the necessity of inverting an N -by-N matrix,4

where N denotes the number of data points, in the online
kernel update. This matrix inversion results in a computa-
tional complexity ofO(N 3), which might become untenable
for larger data sets (in consideration of our sampling time
Ts = 0.02 sec). The ESN model, due to its recurrent
structure within five reservoir layers, incurs additional com-
putational costs arising from inter-layer operations, resulting
in slightly longer training and inference time compared to
single-layer FNN models such as ELM and RBFNN. Still,
ESN demonstrates potential, offering a well-considered bal-
ance between accuracy and real-time performance. Lastly, a

4 Mathematically, the inverse operation is applied to K + σ 2
N I as

expressed in Eq. 9.

higher execution time is observed across all models at the ini-
tial stage of training, coinciding with the point when the data
buffer reaches capacity. This effect is evident in the impulse-
like fluctuations in standard deviation, as shown in Fig. 8
(particularly for GP), and can be attributed to the cold start
phase of the training process.

Lastly, we investigated the influence of varying buffer
sizes on the learning performance of the ELM, RBFNN,
ESN, and GP models. Buffer sizes (Nb) of 50, 100, 150,
and 200 were employed for online training. The resulting
outcomes in terms of execution time and MAE in network
prediction are summarized in Table 2. The analysis reveals
that the online execution time for the four methods exhibit
an increasing trend as buffer size increases. However, no
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Fig. 7 Comparison of online learning performance over 50 simulation campaigns under periodic wind for (a) ELM, (b) RBFNN, (c) ESN, and (d)
GP

statistically significant correlation was consistently5 found
between buffer size and prediction accuracy.

5.3 Flight control performance with online learning

The tracking performance of our online-learning-based
controller was evaluated by commanding the quadrotor to
track a Fig. 8 trajectory defined by pd(t) = [cos(0.5t),
sin(t),−5]�. The quadrotor was subject to various wind dis-

5 While more training data generally improves accuracy, challenges
arise regarding data representativity and overfitting. For example, the
ELM with a buffer size of 200 does not demonstrate the best perfor-
mance across all trials, while the ESNwith a buffer size of 200 performs
worse than that with a buffer size of 100. We will leave the design of a
data selection mechanism for future work.

turbance models: (i) constant wind disturbances represented
by fa(t) = [5, 3, 0]�, (ii) periodic wind disturbances char-
acterized by fa(t) = [2 sin(2π t),−2 sin(2π t), 0]�, and (iii)
additive Gaussian wind disturbances described as

fwind(a, μ, σ ) = a exp

(
− (t − μ)2

2σ 2

)
, (18a)

fa(t) = [ fwind(35, 3, 10) + fwind(20, 5, 5)︸ ︷︷ ︸
(∗)

, ∗, 0], (18b)

representing a more intricate wind profile that comprises the
summation of two Gaussian functions. We considered the
quadrotor massm = 2.95kg, with the inertia matrix given by
J = diag([0.5, 0.5, 0.5])kgm2. The initial conditions were
set as p(0) = [0, 0,−5]�, v(0) = η(0) = ω(0) = 03×1.
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Fig. 8 Comparison of online execution time over 50 simulation cam-
paigns under ground effect for ELM, RBFNN, ESN, and GP

Same model parameters were used for learning methods as
presented in Table 1. The simulation duration was selected
to be 12.5 sec, with a sampling time of Ts = 0.02 sec. The
buffer size was chosen to be Nb = 50.

Figure 9 presents the tracking performance of our online-
learning-based controller, leveraging four learning methods,
for the quadrotor subject to constantwind, periodicwind, and
additive Gaussian wind. To facilitate comparison, the track-
ing error was normalized for each uncertainty scenario. In
Fig. 9(a) and (c), allmethods demonstrate comparable perfor-
mance, with the larger deviation from the reference trajectory
in Fig. 9(a) attributed to the significant initial force caused
by constant wind at the start of the flight. In Fig. 9(b), the
controllers using ESN and GP exhibit superior performance
compared to that using ELM, with RBFNN’s counterpart
performing the worst. This underperformance of RBFNN
is consistent with its previously observed lower prediction
accuracy relative to other learning methods.

Moreover, the online-learning-based controller with
RBFNN encountered instability and crashes during the sim-
ulation due to significant prediction errors, as shown in
Fig. 7(b). Similar instability was observed in simulation
when the online-learning-based controller employed anELM
(caused by erratic prediction, see Fig. 6(a)) for landing tasks
under ground effect, though these results are not detailed
here. In contrast, the other methods did not experience such
issues. This instability may be attributed to the random ini-
tialization of weights between the input and hidden layers
of RBFNN and ELM, which can produce excessively large
prediction values. By comparison, while ESN also utilizes
random initialization, it adheres to theESP,which ensures the
stability of the reservoir dynamics and thus guarantees con-
sistent prediction accuracy.Besides that, all learningmethods
demonstrated satisfactory tracking performance across all
scenarios, including those involving distribution shifts, as
will be discussed in Section 5.4. These results emphasize the
critical role of online learning methods in our proposed con-
trol framework, effectively compensating for uncertainties
and ensuring asymptotic tracking performance.

5.4 Comparison with an offline-learning-based
controller

Wedemonstrate the superiority of online learning by compar-
ing our proposed control framework with an offline-trained
FNN controller. For this comparison, we considered the
additive Gaussian wind disturbance given by Eq. 18, and
that the quadrotor was tasked with executing the same
figure-8 trajectory as described in Section 5.3. Unlike online-
learning-based controllers, which require a data buffer for
training on the fly, the offline-trained FNN controller is
deployed without a buffer, as all training is completed prior
to flight.

For fair comparisons, we implemented a 5-layer cascaded
FNN,mirroring the network complexity of the ESN as shown

Table 2 Comparison of online execution time and prediction accuracy in relation to buffer size for ELM, RBFNN, ESN, and GP

Nb ELM RBFNN ESN GP

Online 50 6.166e-4 ± 6.381e-05 0.0014 ± 9.5818e-05 0.0018 ± 1.498e-04 0.0255 ± 0.0023

Execution 100 6.592e-4 ± 2.133e-05 0.0013 ± 3.233e-05 0.0029 ± 0.303e-04 0.0421 ± 0.0014

Time [sec] 150 7.955e-4 ± 3.441e-05 0.0020 ± 0.4544e-05 0.0041 ± 0.667e-04 0.0966 ± 0.0030

200 8.235e-4 ± 0.606e-05 0.0021 ± 0.3813e-05 0.0052 ± 0.193e-04 0.0891 ± 0.0014

MAE in 50 0.2146 ± 0.1137 21.6977 ± 0.2395 1.5207 ± 0.0124 0.1439 ± 0.1285

Network 100 0.0856 ± 0.0167 28.1841 ± 9.1657 1.4691 ± 0.1002 0.1389 ± 0.1278

Prediction [N] 150 0.0916 ± 0.0270 23.9275 ± 0.6210 1.6958 ± 0.1247 0.0861 ± 0.1317

200 0.1128 ± 0.0349 16.6837 ± 2.3527 2.2815 ± 0.1820 0.0593 ± 0.1335

The best performance across all trials is indicated in teal, while the worst performance is indicated in violet
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Fig. 9 Comparison of tracking performance of online-learning-based
controller utilizingELM,RBFNN,ESN, andGP for executing afigure-8
maneuver (viewed in 2D) under constant wind, periodic wind, and addi-

tive Gaussian wind conditions. The arrow indicates the starting point of
the quadrotor and its flight direction, while the colorbar represents the
normalized tracking error for each uncertain scenario

in Table 1. We collected 50 sec of simulated flight data, with
the time interval from 0 to 28 sec used for training, while the
remaining interval from 28 to 50 sec was reserved for testing.
The offline training was conducted using the LM algorithm,
with early stopping applied to mitigate overfitting. Notably,
as illustrated in Fig. 10(a)-(b), the test data includes both ID
data, covering the intervals from 28 to 31 sec and 39 to 50 sec
(shaded in blue), and OOD data, spanning from 31 to 39 sec
(shaded in red). A distribution shift is evident in both the
network inputs (i.e., Euler angles) and the predictions (i.e.,
aerodynamic forces exceeding the horizontal dotted line in
Fig. 10(b)), introducing considerable challenges for learning
tasks.

As shown in Fig. 10(b), the offline-trained FNN demon-
strated poor generalization toOODdata, resulting in substan-
tial prediction errors. These inaccurate predictions further
degraded the tracking performance of the offline-trained
FNN controller, leading to unacceptable behaviors in the
OOD data regime. Figure 10(c) provides a 3D illustration of

such failure. In contrast, our online-learning-based controller
(taking ESN as an example) achieved superior tracking per-
formance thanks to the online learning capability of ESN,
which effectively compensated for dynamic uncertainties
even within the OOD regime. This underscores the critical
limitations of offline-trained methods and emphasizes the
significant potential of online learning approaches for adap-
tation in dynamic environments.

5.5 Real-time performance on an embedded
platform

To demonstrate that our approach meets the stringent latency
requirements of real-time control on a resource-constrained
onboard platform, we deployed all online learning mod-
ules directly on an NVIDIA Jetson Orin NX (16 GB) and
integrated them with the open-source gym-pybullet-
drones simulator [41] (see Fig. 11). Executing both the
simulator and learning algorithms on the same embedded
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Fig. 10 Comparison of control behavior between online and offline
learning-based controllers. (a) Distribution shift in Euler angles (net-
work inputs). (b) Distribution shift in network predictions and FNN

learning performance. (c) Tracking performance (viewed in 3D) of a
figure-8 trajectory. This figure is redrawn after [24]

device enables a realistic evaluation of computational cost
and control responsiveness under deployment conditions.

From a computational standpoint, GP incurs O(N 3)

time complexity (for matrix inversion) and O(N 2) memory
(for kernel matrix storage) during training (as discussed in
Section 5.2), which becomes prohibitive for moderate sam-
ple sizes (e.g., N � 104) on embedded hardware. While
sparse or local GP approximations (e.g., Stochastic Vari-
ational Gaussian Process (SVGP) [42]) can reduce this to
O(NM2) (where M � N is the number of inducing points),
they introduce approximation errors and hyperparameter tun-
ing overhead. In contrast, ESN, ELM, and RBFNN train
only a linear readout layer. That being said, it takes only
O(N 3

h ) for closed-form solutions via ridge regression dur-
ing training, and O(Nhd) for inference per step, where Nh

is the number of hidden neurons and d is the input/output
dimension. This efficiency makes them inherently suitable
for online learning and real-time embedded execution. To fur-
ther improve numerical robustness and speed for the readout
estimation,we addressed the output-layer least-squares prob-
lem with an Singular Value Decomposition (SVD)-based
solver (np.linalg.lstsq) rather than a direct linear
solver. This choice is more stable under high-dimensional
states and potential rank deficiency and can significantly
reduce training time on the embedded platform.

We benchmarked training and inference times for GP,
ESN, ELM, and RBFNN in both simulation and hardware
settings, reporting means and standard deviations on a loga-
rithmic time axis (in seconds) andmarking the 5ms sampling
time corresponding to 200Hz control (see Fig. 12). Across all

123



Journal of Intelligent & Robotic Systems           (2025) 111:98 Page 17 of 20    98 

Fig. 11 Experimental setup
for real-time performance
evaluation. (a) The open-source
gym-pybullet-drones
simulation environment. (b) The
NVIDIA Jetson Orin NX
(16 GB) embedded computing
platform used for onboard
deployment

models, wall-clock times on hardware are roughly an order
of magnitude lower than in simulation thanks to the SVD-
based solver, with execution time in the millisecond regime
and meeting the 5 ms real-time threshold. Model-specific
behaviors align with their computational characteristics. In
simulation,GP requires substantially longer training time rel-
ative to inference; on hardware, the training time is reduced
to the millisecond scale, with inference accounting for a
larger portion of the total cost. ESN exhibits lower overall
computational load than GP, and hardware execution further
reduces both training and inference times. ELM and RBFNN
achieve consistently fast inference in both simulation and
hardware, although with larger variance compared to ESN
and GP. In summary, hardware experiments show that all
models except GP satisfy the 200 Hz real-time requirement,
whereas GP demands hardware acceleration and/or sparse

approximations to achieve feasible training times. Among
the lightweight models, ELM and RBFNN provide the
fastest execution, while ESNoffers amore balanced trade-off
between real-time performance, accuracy, and stability.

6 Conclusion and future work

In this work, we presented a unified online-learning-based
control framework that integrates a residual learning mod-
ule for uncertainty estimation with a baseline controller for
quadrotor trajectory tracking. Within this framework, we
systematically compared representative parametric and non-
parametric approaches, including ELM, RBFNN, ESN, and
GP. To ensure a fair comparison, we employed BO to tune the
hyperparameters of all parametric models under consistent

Fig. 12 Comparison of computation times for different online
learning models in (a) simulation and (b) embedded hardware exe-
cution (NVIDIA Jetson Orin NX, 16 GB). Bars show mean training

(blue) and inference (red) times with standard deviations indicated by
error bars. The dashed line denotes the 200Hz control frequency thresh-
old (5 ms)
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conditions, allowing each to operate near its best achievable
performance. Furthermore, we deployed the entire frame-
work on an embedded NVIDIA Jetson Orin NX platform
and evaluated its ability to meet the stringent requirements
of 200 Hz real-time control.

The results of extensive simulation campaigns, corrobo-
rated by hardware experiments, reveal clear trade-offs among
the methods. The GP model achieves the highest accuracy
in uncertainty estimation and trajectory tracking, but its
cubic training complexity limits real-time feasibility with-
out hardware acceleration or sparse approximations. ELM
and RBFNN demonstrate extremely fast runtimes and low
computational cost, yet their sensitivity to initialization leads
to unstable prediction performance that may compromise
control stability. By contrast, the ESN, benefiting from its
recurrent dynamics and the ESP, provides the most bal-
anced trade-off, achieving robust real-time performance with
improved stability compared to the lightweight alternatives
and comparative accuracy compared to the GP model.

For future work, we plan to extend the framework to
address the impact of noisy sensor measurements, which can
pose additional challenges for online adaptation.We also aim
to validate the approach experimentally on a real quadro-
tor platform to assess robustness and adaptability in realistic
operating conditions. Beyond this, we envision investigating
hybrid strategies, such as combining lightweight paramet-
ricmodels with non-parametric uncertainty quantification, to
further enhance reliability while maintaining real-time fea-
sibility.
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