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Abstract
Accurate modeling of the reachability space of robotic manipulators is crucial for tasks such as robot positioning, trajectory
planning, and human-robot collaboration. Traditional methods based on reachability and capability maps often rely on the
workspace discretization, which can be computationally expensive and less adaptable to real-time applications. To address
these limitations, this paper introduces a new approach to estimate and model the reachability space of manipulators using
a single ellipsoid equation. By generating a point cloud from the robot kinematic model, the proposed method avoids the
complexity of forward and inverse kinematics calculations to generate the set of reachable points. The ellipsoid parameters
are computed by exploiting two techniques: an optimization-based process and a machine learning approach that leverages
the PointNet model. Different optimization algorithms and variants of the PointNet model are tested and compared in terms
of computational efficiency and accuracy. Experimental results demonstrate the effectiveness of the proposed method in
capturing and modeling an accurate representation of the reaching capabilities of a robotic manipulator.

Keywords Reachability space · Robotic manipulators · Ellipsoid model · Kinematic optimization · Point cloud

1 Introduction

The study of the manipulator’s capability to reach a point
in the 3D space is a fundamental task in robotics. An
accurate representation and description of the Reachability
Space (RS), i.e., the set of points that are reachable with at
least one end-effector (EE) pose [1], are critical for various
applications, including robot positioning for workspace opti-
mization [2, 3], path and trajectory planning [4, 5], collision
avoidance [6], and to ensure human safety during human-
robot collaboration (HRC) [7, 8]. In addition, the increasing
application of mobile manipulators in warehouses and facil-
ities has led to reconsider the workspace of a manipulator.
The additional degrees of freedom (DOF) introduced by the
mobile base significantly increase theworkspace of the robot.
Indeed, unlike fixed manipulators, whose reachable points
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are uniquely determined by their positioning, for mobile
manipulators currently unreachable poses can become reach-
able as a result of the robot repositioning. In such a case,
modeling the manipulator’s reachable space helps to find a
suitable robot’s positioning for the execution of the desired
task.

One of the main methods used to represent the RS of a
robotic arm is through a Reachability Map (RM) [9]. An
RM for a robotic manipulator describes the region in the
workspace that the EE of the robot can reach. Usually, it
is constructed as a data structure made of 3D points, repre-
senting directly those belonging to the RS; otherwise, voxels
or spheres are used to reduce the complexity of the RM by
clustering several points in a single element [9, 10]. They are
constructed by discretizing the robot’s workspace, sampling
reachable poses, and storing information about these poses
in a structured manner. The use of an RM can be further
expanded by associating to each element a measure repre-
senting how many poses a point can be reached with, and
this parameter is often called reachability measure. From this
combination, the Capability Map (CM) for a robotic manip-
ulator can be determined [11]. It is possible to use RMs to
optimize the positioning of manipulators to ensure that the
points or the poses needed to complete a given task (or a
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set of them) not only belong to the RS, but are also part of
the regions with the highest value of the chosen reachability
measure.

As an alternative to the RMs, it is possible to use an
analytical representation of the RS for a robotic manipu-
lator. In this case, the manipulator’s reachable workspace
is mathematically modelled, achieving a detailed and con-
tinuous description of the space the manipulator can reach
[12]. Unlike RMs, which are often discrete, the analyti-
cal method provides a comprehensive understanding of the
spatial limits. Results in this domain frequently employ geo-
metric constructs, such as ellipsoids or convex polytopes,
to approximate the RS. These shapes are balanced between
simplicity and accuracy, making them suitable for various
applications in robotics, where quick and efficient calcula-
tions are necessary. Moreover, it is possible to construct a
geometric structure that describes the space regions where
the manipulator reaches the maximum values for a given
physical quantity, e.g., the EE speed [13].

In this paper, we propose a novel method to compute and
represent an estimation of the RS of a robotic arm using the
equation of an ellipsoid. Our approach, which is suitable for
a wide range of robotic manipulators (with fixed or mobile
bases), combines the analytical representation of the RSwith
the capability to include different manipulability metrics. In
this way, we can obtain a workspace description similar to
reachability and capability maps, but enclosed in a single
ellipsoid equation that resultsmore compact and faster to use.
The ellipsoid parameters are obtained through an optimiza-
tion process, based on a point cloud that reliably estimates
the RS. Such a set of 3D points is generated using only the
robot kinematic model, thereby avoiding the need to solve
the Forward Kinematic (FK) and the Inverse Kinematic (IK)
problems. The optimization is tackled using two different
approaches: one formulated as a proper optimization prob-
lem, and the other leveraging the PointNetMachine Learning
(ML) model.

The remainder of the paper is organized as follows:
Section 2 reviews the state of the art and highlights the
shortcomings of existing methods, while Section 3 details
the theoretical foundation on which the proposed method
is based. Section 4 outlines the method proposed to gener-
ate the point cloud representing the RS of a manipulator,
and the strategies used to compute the corresponding ellip-
soid equation. The experimental validation of the proposed
methodologies is presented and discussed in Section 5.
Finally, Section 6 investigates potential applications and
future research directions.

2 RelatedWorks

This section briefly reviews the most relevant works related
to the representation of RS. The first part focuses on various

approaches where RSs have been utilized for different appli-
cations, while in the second part, the main methodologies
to obtain a representation of such spaces are outlined along
with their limitations.

2.1 Reachability Space Representation
and its Applications

Reachability and capability maps are commonly used to rep-
resent robotic manipulation abilities in various applications.
Zacharias et al. in [9] presented an early representation of
a manipulator’s RS, by mapping the reachable workspace
through joint-space sampling, and calculatingpositions of the
Tool Center Point (TCP) using FK equations. Clustering TCP
coordinates into spheres and uniformly sampling them to
consider different orientations, they introduced a reachability
index based on the number of solutions obtained from the IK
problem, creating a 3Dmapof the robot’smanipulation capabili-
ties. A similar approach in [14] uses Monte Carlo sampling
to map the RS boundaries of a humanoid robot.

Alternative RS models include the voxel-based represen-
tation developed by Anderson-Sprecher et al. in [15]. The
construction of the CM is achieved by means of an enlarge-
ment of the swept volume obtained from the movement of a
manipulator link, which is then combined with the motion of
the preceding ones in the kinematic chain. Rather than dexter-
ity, the authors utilized a metric based on the time required to
reachvoxel centers fromapredefined pose, prioritizing regions
with faster reachability. The Orientation-Based Reachabil-
ity (OBR) map introduced in [16] constructs RS layers for
different end-effector orientations, adaptable across various
end-effectors without recalculating each orientation.

The RSs demonstrated the possibility of enhancing the
efficiency of motion planning and manipulation tasks [17].
Vahrenkamp et al. introduced the IK-Map in [18], a voxel-
based map that stores approximated IK solutions for each EE
pose. This map speeds up the online computation of the IK
by providing an initial estimate of the solution. In [19], the
impact of obstacles on RS is analyzed, resulting in the pro-
posal of two approaches to model the partially reduced RM:
a collision-sensitive RM and an ML-based RM that adapts
to obstacles. The latter one was the fastest, but it required
to retrain the model each time a new kinematic structure is
used.

RS representations have also enhanced mobile manipula-
tors and humanoids repositioning to optimize task execution.
In [20, 21], RMs are used for mobile manipulator placement
for task execution based on reachability and pattern recog-
nition, while the work in [22] proposed optimization-based
repositioning tominimize base placements.Dual-armmanip-
ulation tasks also leverage RS. Authors in [23] used scores
coming from the processing of CMs to decide on dual-arm
placement in humanoid robots. Burget et al. in [24] inverted
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the voxel-based representation of an RM and obtained an
Inverse Reachability Map (IRM) to optimize the placement
of humanoid robots based on the EE target. A similar IRM-
based approach is used in [25], which is presented as an
open-source library for reachability analysis and optimized
robot base placement.

The Oriented Surface Reachability Map (OSRM) devel-
oped in [26] enabled humanoid robot positioning in unstruc-
tured environments by combining planar segmentation with
an IRM for inclined surfaces. Integration of ML with a rep-
resentation of the manipulator’s RS was explored by Jauhri
et al. [27], who used RS knowledge to guide reinforcement
learning methods, improving efficiency in mobile manip-
ulator tasks and shortening training time. The use of RS
representations has also enhanced the collaboration between
humans and robots. The authors in [28] demonstrated how
the optimal placement of mobile manipulators based on CM
eased human interaction and object manipulation, thereby
accelerating robots’ response to human actions.

Yoshikawa et al. in [29] introduced a mathematical
approach to RS, which illustrated manipulator dexterity via
Jacobian-based ellipsoids. These ellipsoids are an effective
model for characterizing the ease of motion and force appli-
cation alongdifferent directions. In [30], convexoptimization
was used to approximate the RS of fixed-base manipulators,
with the workspace represented as convex hulls. Haviland et
al. in [31] designed a reactive controller usingmanipulability
ellipsoids tomaximizemanipulability.Chiacchio et al. in [32]
further expanded RS modeling for redundant manipulators
by defining polytopes to reflect force capabilities. Their work
was later extended by [33] to over-approximate RS using
zonotope techniques. A polytope-based RS for humanoid
armmanipulability presented in [13] provides an algorithm to
adapt velocity-polytopes for obstacle avoidance in complex
environments. Skuric et al. in [34] used convex polytopes to
approximate RS under actuation and kinematic constraints.
Mathematical RS models have also applications in human-
robot interaction. In [35], capsules were used to approximate
the workspace of a human operator, which is essential for
safe HRC. Similarly, in [36], a RS of human limbs was mod-
elled via a convex hull, which facilitates collaboration and
ensures a safe environment.

Overall, RS representations support task planning, obsta-
cle avoidance, and workspace optimization, particularly
through RM-based spatial distributions. However, they are
computationally demanding and also require significant
memory storage.

2.2 Algorithms for Reachability Space Computation

RS computation methods primarily involve either 3D space
or joint-space sampling. Space sampling techniques [25, 37,
38] discretize a robot’s 3D workspace, assuming that it is

shaped like a cube or a sphere based on extendedmanipulator
configurations [9, 39]. The sampling size impacts the accu-
racy and memory use of the RM. Smaller samples increase
voxel generation, but require additional time to solve the
IK, due to the workspace overestimation. Moreover, not all
the generated voxels provide valid IK solutions, leading to
redundant and useless calculations.

On the other hand, joint-space sampling techniques [9, 24]
reduces computational burden by using FK to build RSmod-
els. Nevertheless, joint redundancy introduces inefficiency,
since similar poses may arise from various joint values,
increasing the computational load to resolve joint combi-
nations.

In this paper, we present an easy-to-use method to gener-
ate a mathematical model of the RS. Our approach not only
simplifies the modeling process, but also allows to obtain a
practical ellipsoid equation that encloses the maximum val-
ues of the desired manipulability measure. The main goal
of the proposed method is to provide a practical solution
that bridges the gap between detailed spatial representation
and computational efficiency, making it accessible for a wide
range of applications for robotic manipulators.

3 Preliminaries

3.1 Definition of the Reference Frames

The kinematic model of a manipulator is based on the refer-
ence frames that define the poses of the robot links and joints.
By using the kinematic model of the robot, the end-effector
coordinates can be determined from the values of the joint
variables. In this work, the definition of the reference frames
is based on a set of rules that differs from the conventional
approach, namely the Denavit-Hartenberg (DH) convention.
This results also in a different mathematical notation. The
selection of this approach stems from the way the kinematic
model is used to generate the RS of a manipulator, as further
deepened in the following sections. Indeed, it is necessary
to have the invariance of reference frame Ri to the motion
of joint ji to compute all possible reachable points recur-
sively, going from the last joint of the arm to the base. This
requirement cannot be fulfilled using the DH convention,
since the pose of a reference frame Ri changes as a result
of the motion of the corresponding joint ji . Furthermore, the
rules adopted in this work align with those used in the URDF
(Unified Robot Description Format) files of ROS, facilitat-
ing the implementation of the code for generating the point
cloud, and making it more accessible and practical for the
research community.

First, an additional naming is adopted for the links con-
nected by a joint. As usual, the i-th joint ji connects link li−1
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and link li . Such links are also referred to as parent and child
links of joint ji , respectively.

Each reference frame Ri is fixed to the corresponding
joint ji , with its origin located at the beginning of the joint’s
child link. The only constraint for the orientation of its axes
is that one of them must be coincident with the motion axis
of the corresponding joint. The choice of the other ones is
arbitrary and can be done in the most convenient way. The
positioning of the origin also holds for the reference frames
that are not representative of a joint, e.g., the origin of the
fixed frame R0 is located at the beginning of link l0, with
arbitrary orientation of the axes.

Another important assumption has been made about the
position and orientation of the reference frames during the
motion of each joint. Indeed, as a result of the motion of the
i-th joint, only the reference frames following it along the
kinematic chain, i.e., frames R j with j > i , are affected
by its motion. As a consequence, the reference frame Ri

remains fixed, but any point defined in it is influenced by
the joint motion. The homogeneous coordinates of a point
defined in Ri after the motion of joint ji can be computed
as:

p̃imov = Mi
i (δi ) · p̃i , (1)

where p̃i ∈ R
4×1 is the vector containing the homogeneous

coordinates of the point inRi ,Mi
i (δi ) ∈ R

4×4 is the homoge-
neous transformation matrix defining the movement of joint
ji of an arbitrary quantity δi , and p̃imov ∈ R

4×1 is the vec-
tor representing the homogeneous coordinates in Ri of the
moved point. The definition of matrix Mi

i depends on the
type of the joint ji : it is a pure-rotation homogeneous matrix
if ji is a revolute joint (and in this case δi is the rotation
angle), whereas it is a pure-translation one if the joint is pris-
matic (and hence δi indicates the amount of the translation
along the motion axis of the joint). In addition,Mi

i is defined
taking into account that the axis of movement of the joint ji
coincides with one of the axes of the reference system Ri ,
according to the choice made.

The relationship between two following reference frames
Ri−1 and Ri can be described using a homogeneous trans-
formation matrix Ti−1

i ∈ R
4×4, defined as:

Ti−1
i =

(
RRPY ti−1

i
0 0 0 1

)
, (2)

where RRPY ∈ R
3×3 is the roll-pitch-yaw (RPY) rotation

matrix defining the orientation of the axes ofRi with respect
toRi−1, while t

i−1
i ∈ R

3×1 is the vector representing the ori-
gin of Ri in Ri−1. The RPY representation is used because
such angles are defined with respect to the reference frame
Ri−1. It must be noticed that all these homogeneousmatrices
do not include any variable representing the joint’s motion.
Indeed, they are defined starting from the geometric proper-
ties of the manipulator, setting all the joint variables equal to
zero. Moreover, they are kept constant for all the computa-
tions. These matrices encode possible offsets and rotations
that depend only on the definition of the reference frames.

Combining Eqs. 1 and 2, it is possible to compute the coor-
dinates of a point inRi with respect toRi−1 after the motion
of joint ji of the quantity δi . The resulting equation is:

p̃i−1 = Ti−1
i · Mi

i (δi ) · p̃i , (3)

where p̃i ∈ R
4×1 is the coordinates vector in Ri before the

motion of joint ji , p̃
i−1 ∈ R

4×1 is the coordinates vector in
Ri−1 after themotion, and the homogeneousmatricesMi

i (δi )

and Ti−1
i are as in Eqs. 1 and 2, respectively. An example of

application of the rules illustrated in this section is provided
in Example 1.

Example 1 Consider theRRPmanipulator (R:Revolute joint,
P: Prismatic joint) sketched in Fig. 1, together with a possi-
ble choice of the reference frames consistent with the rules
previously illustrated. As an example, the coordinates of a
point defined in R2 are computed with respect to R1 after
the motion of joint j2.

Since joint j2 is a revolute joint rotating about the z-axis
of R2, the homogeneous transformation matrix M2

2(δ2) in

Fig. 1 Definition of the
reference frames for a RRP
robotic arm
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Eq. 1 is given by:

M2
2(δ2) =

⎛
⎜⎜⎝
cos(δ2) −sin(δ2) 0 0
sin(δ2) cos(δ2) 0 0

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ ,

whereas the transformation matrix T1
2 in Eq. 2 is defined as:

T1
2 =

⎛
⎜⎜⎝
cos(π

2 ) −sin(π
2 ) 0 0

sin(π
2 ) cos(π

2 ) 0 l1
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ .

Let p̃2 be the homogeneous coordinate vector of the point
of interest inR2. Its homogeneous coordinate vector inR1,
after the motion of the joint j2 of a quantity δ2, can be com-
puted as:

p̃1 = T1
2 · M2

2(δ2) · p̃2 =

⎛
⎜⎜⎝
cos(π

2 ) −sin(π
2 ) 0 0

sin(π
2 ) cos(π

2 ) 0 l1
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ ·

⎛
⎜⎜⎝
cos(δ2) −sin(δ2) 0 0
sin(δ2) cos(δ2) 0 0

0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ · p̃2.

Remark 1 It must be noticed that the rules described in this
section for the definition of the reference frames generally
lead to adifferent formulationof theFKproblem, if compared
with other common conventions, like the DH one. Hence, the
solutions obtained starting from the same joint values can be
different. This is essentially due to the freedom of select-
ing the axes orientation, and to possible additional offsets
encoded in matrices Ti−1

i . It is possible to prove that in spe-
cific conditions the convention used in this work is equivalent
to DH, thus providing in this case the same coordinates of the

EE for the same joint values. Such proof is out of the scope of
this paper, and for this reason, is not provided. The key point
for this paper is that the reachability of a point depends only
on the manipulator’s geometric properties. Using a different
reference frame definition can lead to different joint config-
urations needed to reach the target, but it does not affect its
reachability characteristics.

3.2 Selection andMeaning of the Representative
Point

To generate the point cloud representing the RS of a manip-
ulator, a representative point must be selected, and its
coordinates must be expressed with respect to a reference
frame. The main characteristic of such point is that it must
correspond to a position that the manipulator can actually
reach with at least one orientation.

In this paper, we have chosen a point representing the
wrist. Specifically, it is the origin of the reference frame
attached to the last joint of the wrist. Its coordinates,
expressed with respect to the reference frame associated to
the last joint of the arm, are computed considering all the
wrist links aligned to each other and to the last link of the
arm. Figure 2 shows the representative point of an anthropo-
morphic manipulator equipped with a spherical wrist. It must
be noticed that the representative point selection is indepen-
dent of the number of joints constituting the kinematic chain.

Fig. 2 Selection of the
representative point (in yellow)
for a manipulator constituted by
an anthropomorphic arm and a
spherical wrist. The definition of
the reference frames follows the
rules illustrated in Section 3.1
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The choice made for the representative point is due to the
connection of the EE to a manipulator’s wrist. Indeed, the
EE is typically attached to the child link of the last joint of
the wrist, meaning that any representative point of the first
will remain at a fixed distance from the latter. Such fixed dis-
tance can be considered as an offset, hence neglected while
building a representation of the RS of the manipulator. Con-
sequently, the origin of the reference frameattached to the last
joint of the wrist can be chosen as the representative point,
simplifying the analysis without affecting the accuracy.

The choice of considering the wrist links aligned, when
defining the coordinates of the representative point, is related
to the contribution given by the wrist joint motion. In a typi-
cal kinematic chain configuration, themotion of thewrist can
significantly affect the position of the EE, and not only its ori-
entation. However, it can only reduce the distance between
the EE and the arm links with respect to the situation in
which the wrist joints are aligned. By aligning the wrist links
and moving only the arm joints, a conservative representa-
tion of the manipulator’s RS can be created. A comparison
of the point clouds generated with aligned wrist links and
moving only the arm joints with those obtained moving all
joints revealed that the outermost points of both clouds were
aligned. This indicates that the coordinates of the representa-
tive point, when the motion of the wrist joints is considered
during the generation of the point cloud, have a negligible
impact on the calculation of the ellipsoid equation that rep-
resents the external boundary of the RS.

4 The Proposed Approach

The theoretical and implementation details of the proposed
method are discussed in this section. First, a description of the
procedure used to generate the point cloud is provided. Then,
the two techniques used to solve the optimization problem
to obtain the ellipsoid equation are illustrated: the first one
is formulated as a proper optimization problem, while the
second one is based on PointNet.

4.1 Generation of the Reachable Points

The first step to obtain a description of the RS of a robot is
to determine which points of the 3D space belong to it. In
Section 2, the main methods used in other relevant works
to tackle this task have been presented. To overcome their
main limitations previously discussed, we designed a pro-
cedure to obtain the required points by exploiting only the
kinematic model of the arm, and using each joint value of the
corresponding span only once, in order to achieve an efficient
solution having a wide applicability.

The starting point of the proposed procedure is given by the
construction of the kinematic model of the manipulator. It is
built using the definition of the reference frames detailed in
Section 3.1. Furthermore, two additional inputs are required:
the desired number of samples for each joint, denoted as M ,
and the coordinates of the representative points in the refer-
ence system located at the last joint of the arm. While it is
true that a higher value of M produces a larger number of
points, hence a more precise description of the RS, it must
be noticed that a physical upper bound does exist. Such a
limit is determined by the encoders’ resolution mounted on
the joints of the manipulator. Encoders are characterised by a
finite resolution, which defines the smallest distinguishable
difference between two positions. If the number of motion
samples M is set too high, the difference between succes-
sive samples may fall below the resolution of the encoder,
making them indistinguishable. Furthermore, when consid-
ering all the joints, this can result in an excessive number
of generated points, i.e., greater than the actually reachable
positions. Consequently, this introduces unnecessary over-
head and computational inefficiencies. Due to the fact that
this upper bound is dependent on the encoder’s resolution, it
is not set within the algorithm, but it is left to the user to limit
M appropriately.

In the most common robotic structures, the arm of the
manipulator is typically composed of three joints. For this
reason, the following description of the proposed procedure
considers an arm constituted by three joints, although it is
possible to extend the approach to redundant structureswhere
the arm is made by n joints. Given the considerations made
in Section 3.2 regarding the wrist joints, together with the
definition of the representative point, only the arm joints’
motion is considered in order to generate the point cloud.

A key point to clarify is the order in which the joints are
taken into account in the procedure. They are considered in a
reversed order, starting from the last one of the arm and then
moving backwards. This is possible thanks to the invariance
of the reference systemRi with respect to the motion of joint
ji to which it is attached.
Starting from the last arm joint, i.e., joint j3, all its move-

ments are sampled creating a spanofM equally spacedvalues
of δ3, taking into account also the joint constraints. Equa-
tion 1 is then applied with i = 3, to all the considered values,
to determine for each of them the resulting p̃3mov , including
the homogeneous coordinates of the representative point in
R3 after the joint motion, starting from p̃3. All the computed

solutions are then arranged as columns ofmatrix P̃
3 ∈ R

4×M .
In this way, all the possible locations of the representative
point in R3, resulting from the motion of joint j3 only, are
computed and stored in a compact manner. Moreover, hav-

ing all the points stored in matrix P̃
3
allows to compute their

corresponding homogeneous coordinates in R2, easily by
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pre-multiplying such matrix by the homogeneous transfor-
mation matrix T2

3 as defined in Eq. 2. The columns of the

resulting matrix P̃
2
3 ∈ R

4×M contain then the homogeneous
coordinates inR2 of the representative point after the motion
of j3.

Proceeding backwards to joint j2, its movements are sam-
pled, creating a span of M equally spaced values of δ2, which
are used to solve (1). This time, instead of considering the

coordinates of a single point as p̃2, the entirematrix P̃
2
3 is used

for the computation. The result is a matrix of M columns,
which contains the homogeneous coordinates in R2 of all

the points in the columns of P̃
2
3, after the motion of joint j2.

By iterating on all the values of δ2, a total of M matrices
are obtained, and their columns are arranged together in a

single matrix P̃
2
. Such a matrix is composed of a total of M2

columns, representing all the possible homogeneous coordi-
nates of the representative point due to the motion of joints
j3 and j2. The corresponding coordinates in R1 are com-

puted by pre-multiplying P̃
2
by T1

2, hence obtaining matrix

P̃
1
2 ∈ R

4×M2
.

The computations done for joint j2 are repeated for all the
remaining arm joints, proceeding backwards. In the case of
a non-redundant arm, having three joints, the final result is

matrix P̃
0 ∈ R

4×M3
, whose columns contain the homoge-

neous coordinates inR0 of the representative point in all the
possible locations resulting from the motion of all the arm
joints. In the most general case, including redundant arms

having n joints, with n > 3, matrix P̃
0
has a total of Mn

columns. The complete iterative procedure described here is
summarized in Algorithm 1.

Algorithm 1 Point cloud generation.
Input: robot’s kinematic model, M , p̃n

Output: point cloud representing the robot’s RS
1: P̃all ← p̃n # Init. the list of all points P̃all with p̃

n

2: P̃all.toMatrix() # Convert the list to a Matrix
3: for i from n to 1 do # Consider all joints going backwards
4: spani ← linspace( ji,lb,

ji,ub, M) # Samples ji possible movements
5: P̃new ← empty_list
6: for δi in spani do # Consider all M samples of ji
7: P̃ ← Ti−1

i · Mi
i (δi ) · P̃all

8: P̃new.append(P) # Add the result to the list
9: end for
10: P̃all ← P̃new # Update the list of all points
11: P̃all.toMatrix() # Convert the list to a Matrix
12: end for

The proposed approach for generating a point cloud repre-
senting all potential positions of the selected representative

point is also applicable to mobile manipulators. However,
also in this context, the point cloud generation process is
executed by considering only the motion of the arm joints,
thereby neglecting the additional three DOFs introduced by
the mobile base. Consequently, the resultant set of points is
representative of those positions that can be reached from the
current pose of the mobile base.

Using this procedure, it is possible to obtain a 3D point
cloud composed of a total of Mn elements, whose homoge-

neous coordinates are the columns of matrix P̃
0
. It is possible

to notice that each joint value is used only once to compute
all its contributions to the positioning of the representative
point. Moreover, the use of matrices to store the point coordi-
nates at each intermediate step, together with the possibility
of exploiting matrix products for the computation, can lead
to a very efficient software implementation of the proposed
procedure, as discussed later in Section 5.1. The computa-
tional complexity of the algorithm can be analyzed in terms
of the number of matrix multiplications and element-wise
multiplications performed. The number of matrix multipli-
cations required to process all possible M samples of the
i − th joint ji is constant and is O(M). Since this opera-
tion is repeated for each of the n joints of the manipulator,
the overall complexity regarding the matrix multiplications
is O(nM). In the case of element-wise multiplications, the
worst-case scenario occurs in the final step of the algorithm.
At this stage, for each of the M samples of the last joint,
a total of O(Mn−1) multiplications are performed to deal
with the Mn−1 points previously computed. Consequently,
the overall complexity of the algorithm in terms of element-
wise multiplications isO(Mn). Note that Mn corresponds to
the total number of generated points.

Figure 3 sketches the steps of the procedure, applied to
a 2R planar manipulator, whose joints can rotate uncon-
strained. The two revolute joints and their reference frames
are reported in red, while the fixed frame R0 is in blue. The
representative point P and all its possible locations are dis-
played in green. Link b0 is fixed, and it is rotated of 45◦ with
respect to axis x0. Figure 3a shows the result of the first step,
hence the possible locations of P resulting from the rota-
tion of joint j2 only. Each point obtained is then rotated as a
result of the motion of j1. The result of this last iteration is
shown in Fig. 3b, which also represents the RS estimate for
the considered manipulator.

4.2 Optimization-based Approach

Once the point cloud has been obtained, it can be used to
build a mathematical model of the manipulator’s RS based
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Fig. 3 Example of the
procedure used to obtain the set
of points representing the RS
applied to a 2R planar
manipulator. (a) Reachable
points obtained rotating only
joint j2. (b) Result obtained
rotating each previous point
around joint j1

on the equation of an ellipsoid, which can be expressed as:

(
x − xc

A

)2

+
(
y − yc
B

)2

+
(
z − zc
C

)2

= 1, (4)

where xc, yc, zc ∈ R are the coordinates of the center, and
A, B, C ∈ R

+ are the lengths of the semi-axes. Equation 4
can be rewritten in matrix form as:

(x − c)T E (x − c) = 1, (5)

where x = [x, y, z]T , c = [xc, yc, zc]T , and E ∈ R
3×3 is a

positive definite matrix defined as:

E =
⎡
⎢⎣

1
A2 0 0
0 1

B2 0
0 0 1

C2

⎤
⎥⎦ . (6)

It is possible to notice that Eqs. 4 and 5 are completely
defined by the 6 parameters xc, yc, zc, A, B, C . For this rea-
son, they can be used as decision variables of an optimization
problem.

The objective function of the optimization problem must
be designed properly to find an optimal solution for an ellip-
soid that includes all the points p belonging to the point cloud
P . Moreover, the dimension of the semi-axes A, B, and C
must be bounded. This latter aspect is important to avoid
that the ellipsoid includes points of the 3D space that do not
belong to the RS of the manipulator.

Let P = {p1,p2, ...,pm} be the finite set of 3D points
representing the point cloud obtained using the procedure
detailed in Section 4.1.

Since a point x ∈ R
3×1 belongs to the inner part of an

ellipsoid or to its surface if and only if the following equation
holds:

(x − c)T E (x − c) ≤ 1, (7)

it is possible to define a set Pcont containing only the points
p ∈ P that satisfy (7) as:

Pcont =
{
pi ∈ P | (pi − c)TE(pi − c) ≤ 1

}
. (8)

The number of points p ∈ P that belongs to the ellipsoid
can be defined as |Pcont |, where | · | denotes the cardinality of
the set. Since Pcont ⊆ P , it is possible to deduce that |Pcont |
is bounded:

0 ≤ |Pcont | ≤ |P|. (9)

Using the definition of Pcont in Eq. 8, the optimization prob-
lem can then be defined as:

arg min
xc,yc,zc,A,B,C

− |Pcont | + 4

3
π ABC

subject to: A > 0, B > 0, C > 0,

(10)

where 4
3π ABC is the volume of the ellipsoid.

It is possible to notice that the objective function contains
−|Pcont | instead of just |Pcont |. The minus sign is needed to
try to include all the points of P in Pcont , hence to reach the
maximumvalue of |Pcont |, following aminimization fashion.
In other words, since |Pcont | is limited, we are converting a
maximization problem into a minimization one while main-
taining the same solution. The contribution of the volume
of the ellipsoid is needed to bound the overall dimension of
the ellipsoid itself. The use of the designed objective func-
tion, which aims to minimize the product of A, B and C ,
while trying to maximize |Pcont |, results in an ellipsoid that
contains the point cloud representing the RS of the robotic
arm, while avoiding to include too many points that cannot
be effectively reached by the EE.

The optimization problem defined in Eq. 10 allows
to obtain the ellipsoid equation representing the external
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envelop of the RS of the robotic arm. Changing the objective
function, e.g., introducing a weight or a score wpi for each
point, it is possible to obtain an ellipsoid that encloses only
the optimal points according to some criteria. It is worth to
notice that, due to the minimization fashion of the optimiza-
tion problem, only the points with the lowest values of wpi
will be enclosed in the resulting equation. Consequently, the
optimality criteria should be defined accordingly. The mini-
mization problem in Eq. 10 can be rewritten as:

arg min
xc,yc,zc,A,B,C

∑
pi∈Pcont

wpi + 4

3
π ABC

subject to: A > 0, B > 0, C > 0.

(11)

Changing the objective function allows to achieve a high
level of customization, if needed. Indeed, the resulting equa-
tion can be used to represent the entire manipulator’s RS, or,
alternatively, to construct an easy representation of the points
that allow to reach the best values of a desired quality met-
ric. Different methods for the solution of the optimization
problem will be compared in Section 5.3.

4.3 PointNet-based Approach

The alternative method that we propose to find the parame-
ters of the ellipsoid representing the RS of a manipulator is
based on the use of a Convolutional Neural Network (CNN).
Indeed, ML models can be used to solve optimization prob-
lems, since the optimization process is central for the training
phase.

The input of the proposed CNN is the point cloud obtained
as a result of the procedure illustrated in Section 4.1. Deal-
ing with point clouds can be difficult, since they are irregular
and unordered, and for this reason, they often challenge tra-
ditional models [40]. Even though some approaches propose
to convert them to regular structures like voxels or meshes,
directly using point clouds simplifies learning and avoids
heavy data transformations, enhancing efficiency [41].

The first architecture created to work directly with point
clouds is PointNet [40], whose high-level architecture is
illustrated in Fig. 4. Originally designed for object classifica-
tion, part segmentation, and scene semantic parsing, PointNet
exhibits the ability to extract features from the point cloud
efficiently. Features extraction is achievedmainly by exploit-
ing 2D convolutional layers. They are essential to capture
spatial relationships between points, and they also limit the
number of learnable parameters thanks to the weight-sharing
property. The two alignment networks, namely “Input trans-
form" and “Feature transform" shown in Fig. 4, ensure the
invariance against geometric transformations and the abil-
ity to learn hierarchical features from unordered data. The
extracted relationships are then aggregated by the max pool-
ing layer, whose result constitutes the global features of the
point cloud. The output of the feature extractor is further
processedby aMultilayer Perceptron (MLP)network to com-
pute the desired output.

Motivated by PointNet’s effectiveness and efficiency in
extracting relevant features from point clouds, we trained this
network to solve our parameter estimation problem, hence
to find the ellipsoid parameters. In addition, we analyzed
the impact of the number of parameters on the final results.
Indeed, by changing the sizes of convolutional layers and the
number of neurons in the MLP, we created three alternative
architectures that differ only in the number of parameters.
Their performances will be illustrated and experimentally
compared in Section 5.4.

4.3.1 Characteristics of the Training Dataset

To train and test the end-to-end architectures described
before, a custom dataset of point clouds representing ellip-
soids has been created. The generation of each point cloud
and its corresponding label is achieved through the imple-
mentation of an iterative two-phase procedure. In the initial
phase, the six parameters of the ellipsoid equation defined in
Eq. 4, i.e., the label, are randomly sampled from a uniform

Fig. 4 A high-level architecture of PointNet. The input point cloud
has a total of Np 3D points. Outputs of each layer are shown as white
rectangles, containing also their dimension. The number of convolu-

tional layers, and the number of neurons are indicated by Ni , while the
dimension of the output Nout can change depending on the application
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distribution between 0 and 1. Once the equation is estab-
lished, the second phase generates 3D points within a large
cube, retaining only those that satisfy the newly generated
ellipsoid equation. This second step is repeated until the
desired number of points is obtained, thus assigning them
to the generated label. Employing this two-phase approach,
a total of 10,000 point clouds are generated, each of them
comprising 2,048 3D points.

All 6 parameters of each point cloud have been gener-
ated using a uniform distribution between 0 and 1. This
choicewas driven by thewayMLmodels learn, together with
the mechanical properties of manipulators commonly used
in the research field. Researchers demonstrated that MLPs
excel at learning from uniform and Gaussian distributions
because they align well with the continuous functions MLPs
approximate [42, 43]. The smoothness and predictability
of Gaussian distributions, and the simplicity of uniform dis-
tributions, make it easier for MLPs to effectively capture
and model the underlying patterns. Moreover, the RS of
robotic arms, particularly those mounted on mobile manip-
ulators, typically ranges from a few centimeters to several
meters. Consequently, the total span of the reachable region
is comparable. The ellipsoid that encloses this space has axes
extending slightly beyond 1 meter in length.

5 Experimental Evaluation

This section presents the results of the experiments that vali-
date the proposedmethodologies. Firstly, the effectiveness of
the point cloud generation method proposed in Section 4.1 is

evaluated, with a comparison made against more traditional
approaches based on FK and IK computation. Subsequently,
the two methodologies for estimating the equation of the
ellipsoid representing the RS of a manipulator (outlined in
Sections 4.2 and 4.3) are evaluated. The evaluation is con-
ducted using a range of metrics to assess the time required
and the accuracy of the results. For each of the two categories
of proposed approaches, different algorithms and/or models
are analysed and compared. All the computations for every
test have been made using a laptop computer equipped with
an Intel i7-1165G7 processor [44] and running Ubuntu 20.04
with Python 3.8.10. The use of a high-performance GPU has
been avoided, in order to check the feasibility of applying this
approach to low-resource robots (i.e., to robots not equipped
with a GPU). The code used for the experimental evaluation
is available in [45].

5.1 Point Cloud Generation Performances

A comparative analysis of the various methodologies emplo-
yed for the generation of the point cloud representing the
RS is provided here. The performance of the methodology
presented in Section 4.1 is compared with two alternative
approaches based on the solution of the FK and IK problem,
whose details have been illustrated in Section 2.2. The com-
plexity analysis presented in Section 4.1 is further validated
by the point-generation time analysis provided in this section.
The point clouds were generated using the kinematic model
of the UR5e robot fromUniversal Robots [46] as a reference.
Figure 5 illustrates the average time required by eachmethod
for varying numbers of samples. To ensure consistency, the

Fig. 5 Comparison of the times needed to generate a point cloud using different methods. The Y-axis (average time) is on a logarithmic scale for
better visualization
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reported values are the mean of ten trials conducted for each
number of samples.

The method proposed for the generation of point clouds,
comprising a variable number of elements ranging from 103

to 106, requires a processing time between 0.6 and 27 ms, as
depicted in Fig. 5. On a logarithmic scale, the observed linear
scaling pattern shows that the proposed method can effec-
tively handle increasing numbers of points without a drastic
rise in computational cost, indicating its superior scalability
compared to the alternative methods.

The discrepancy in performance between the proposed
method and the FK-based one can be attributed to the num-
ber of times a given joint value is considered. In the FK-based
method, a joint value is employed multiple times to compute
all the potential combinations, while in the proposedmethod,
eachvalue is usedonly once, optimizing the computation pro-
cess. Moreover, the proposed method directly generates the
desired point cloud, bypassing the need for pre-calculated
sets of elements, which makes it inherently more efficient.
This is particularly evident when compared to the IK-based
method, where the existence of a solution to the IK problem
must be verified for each element in the pre-calculated set.
For the sake of building a comparison between the proposed
method and the IK-based one, the pre-calculated set used for
the latter comprised a 3D grid of uniformly spaced samples.
The length of each side of the grid spanned twice the length
of the robot in its extended state, ranging from the negative
to the positive value. The total number of points of this pre-
computed set corresponds to the values shown on the x-axis
in Fig. 5.

The proposed method achieves remarkable efficiency by
eliminating explicit loops in the generation process and lever-
ages the power of vectorised operations. This enables the
simultaneous execution of multiple computations, signifi-
cantly reducing the computational overhead that results from
sequential processing. The replacement of iterative loops
with vectorised operations not only streamlines the com-
putation process, but also ensures effective scaling as the
number of samples per joint increases, thereby demonstrat-
ing the performance-oriented optimization of the method.

5.2 Definition of the 3D-IoU

One of the metrics we used to evaluate the performance
of the methods for the estimation of the ellipsoid equation
enclosing the RS is the three-dimensional Intersection over
Union (3D-IoU) [47]. Initially defined to be used for object
detection and segmentation tasks, this metric extends the tra-
ditional two-dimensional IoU metric [48], which measures
the overlap between two-dimensional shapes, to the three-
dimensional space, where the volumetric overlap between

three-dimensional volumes is assessed. It can be defined as:

3D-I oU = Vintersection
Vunion

, (12)

where Vintersection is the volume of the intersection of the
3D shapes, and Vunion is the total volume covered by both
of them. The 3D-IoU provides a comprehensive measure of
spatial overlap, which is essential for applications requiring
precise localization and understanding of objects in three-
dimensional space [49, 50]. In the following sections, this
metric is employed for a comprehensive assessment of the
similarity between the generated ellipsoid equation and the
ground truth one.

Vintersection and Vunion have been computed leveraging
the Monte Carlo integration (MCI) method [51]. The fun-
damental principle of MCI is to use random sampling to
estimate the integral of a function f over a domain D, approx-
imating it as the mean of the function values at randomly
selected points within that domain, scaled by the volume of
D. This can be expressed as:

∫
D

f (x)dx ≈ V
1

N

N∑
i=1

f (xi ), (13)

where V is the volume of D ⊆ R
m and N is the total number

of samples xi ∈ R
m generated over D.

The problem of computing the volume V of the sampling
region in Eq. 13 can be solved by the MCI method by lever-
aging a sampling region that encompasses the one of interest,
but whose volume can be easily determined. The value of V
can then be computed approximately as:

V =
∫

�

dx ≈ VB
N�

N
, (14)

where VB is the volume of the region B ⊂ R
m defined such

that � ⊂ B, N is the total number of random samples gen-
erated over B, and N� is the number of generated samples
belonging to �.

To compute Vintersection and Vunion using Eq. 14, we
defined a box-shaped region B ⊂ R

3 encompassing both
ellipsoids, and we generated 10 million sampling points with
a uniform distribution inside it. Finally, the desired volumes
are computed as:

Vintersection = VB
Nintersection

N
, (15)

Vunion = VB
Nunion

N
, (16)

where VB is the volume of the box-shaped region B, N is the
total number of sampling points generated, Nintersection is
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Table 1 Configuration
parameters used for the PS
algorithm

Name Value Description

delta 0.1 Distance of the initial patterns from the initial search point

rho 0.1 Delta reduction factor for unsuccessful moves

step_size 0.1 Size of the step following the promising direction

the total number of samples that satisfy both ellipsoids equa-
tions, namely belonging to their intersection, and Nunion is
the number of points satisfying either one of the two equa-
tions, namely belonging to their union.

5.3 Optimization Problem Evaluation

In this section, different methods are applied and compared
to solve the optimization problems outlined in Section 4.2
for the computation of the ellipsoid’s parameters. The effec-
tiveness of these methods is evaluated through a series of
tests considering three key parameters: (i) the average time
required to find the optimal solution, (ii) the relative percent-
age error of each parameter, and (iii) the 3D-IoU defined
in Section 5.3. The experimental validation is conducted
using Python 3.8.10 and the pymoo library [52]. The results
presented in this section are obtained by comparing the out-
comes of the optimization-based approach with the labels of
a benchmark set containing 1,000 point clouds. This dataset
was generated following the same rules outlined in Sec-
tion 4.3.1. The choice of using such a benchmark set is
motivated by the need to have the parameters of the ellip-
soid equation that encloses the corresponding point cloud.
However, it is not common for manipulator manufacturers to
provide an analytical representation of the RS.

Three optimization algorithms are employed: Pattern
Search (PS) [53], Genetic Algorithm (GA) [54], and Parti-
cle Swarm Optimization (PSO) [55]. For both GA and PSO,
the default hyperparameter settings provided by the pymoo
library are utilized, as reported in [52], while for the PS
algorithm, some hyperparameter values are set to optimize
performance for the given problem, and to better compare
it with the others. These customized values, which deviate
from the default settings, are reported in Table 1. The termi-
nation condition of all algorithms is based on the value of the
objective function. If the improvement is less than 10−6, the
algorithm is ended.

The starting point of the optimization process x0, which is
provided to all algorithms, is identical to ensure a consistent
basis for comparison. It consists of two components: an initial
estimate of the ellipsoid’s center and an initial guess of the
axis lengths. The initial approximation of the center is calcu-
lated as themean point of the point cloud,with its coordinates
being the average of all points’ coordinates in the cloud. For
the axis lengths, an initial value of 1 is assigned to each axis.

By starting from this initial point in the search space, the
algorithms are initialized in a balanced manner, promoting
an unbiased exploration of potential solutions [56, 57]. This
ensures that no algorithm benefits from more favorable ini-
tial conditions, allowing for a fair and reliable comparison of
their performance.

In order to provide an accurate assessment of the overall
performance of the optimization algorithms, it is essential to
analyze both Figs. 6 and 7 together, showing the average time
required and the relative percentage errors, respectively. In
particular, Fig. 7 shows both the mean and the median rela-
tive percentage errors for each parameter of the ellipsoid to
facilitate a more accurate understanding of the actual perfor-
mance achieved. Indeed, the median values are less sensible
to the presence of outliers, i.e., those cases where the solu-
tion found is highly imprecise in comparison with the ground
truth. Consequently, the median values are more representa-
tive of the results obtained with respect to the mean values.
From Figs. 6 and 7, it can be observed that all the algorithms
demonstrate a notable level of effectiveness, as proven by the
low median relative percentage error (less than 1%) and the
relatively short computation times (few seconds or less) in
all cases. Upon closer examination, the PS algorithm exhibits
the shortest average convergence time, with a mean compu-
tation time of only 370 ms. However, its median relative
percentage errors are the highest, and it is also sensitive to
outliers, as evidenced by the mean errors, particularly with
regard to the size of the ellipsoid axes.Conversely, the slowest
algorithm is GA, with a computational time of 2.24 seconds.
However, its median performance is comparable to that of
the PS algorithm. Furthermore, it is particularly susceptible
to outliers in the computation of the ellipsoid’s center coordi-
nates. The optimal balance is achieved by the PSO algorithm,
which requires 1.48 seconds on average to identify the opti-

Fig. 6 Average time required by each optimization algorithm to find
the optimal solution
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Fig. 7 Comparison of the
relative percentage errors for the
predictions obtained with the
different optimization
algorithms. Values are reported
in [%]. The median errors for the
PSO algorithm are all ≤ 0.1%

mal solution, while demonstrating a very high accuracy and
robustness, denoted by the very low mean and median per-
centage errors.

The performance of the different methods is also high-
lighted by the mean values of the 3D-IoU metric, shown in
Fig. 8. All algorithms achieve an average 3D-IoU exceeding
93% for both the mean and median values. Among them, the
PSO algorithm exhibits the most accurate and robust results.
Figure 9 provides a visual representation of the performance,
showing the projections on the XY, XZ, and YZ planes of
both the ground truth and the estimated ellipsoid. The errors
affecting the predicted parameters are also highlighted by the
colors of the overlapped ellipsoids. A visible portion of the
red surface indicates a difference in the predicted shape.

5.4 PointNet Evaluation

The alternative approach, proposed in this study to estimate
the parameters of the ellipsoid equation, leverages the feature
extraction capabilities of the PointNet model, when applied
to point cloud data. As anticipated in Section 4.3, in order

Fig. 8 Comparison between the different optimization algorithms using
the 3D-IoU as metric. Values are reported in [%]

to evaluate the influence of the total number of learnable
parameters on the model’s performance, we designed and
implemented three distinct architectures that vary solely in
the number of learnable parameters, while maintaining an
identical structure in terms of layer sequence and type. These
architectures are referred to as the “Full", “Small", and “Tiny"
models, reflecting the relative scale of their parameterization.
They are tested and compared using the samemetrics used for
the evaluation of the optimization algorithm in Section 5.3:
(i) the average prediction time, (ii) the relative percentage
error, and (iii) the 3D-IoU.

The Full model used in this study is identical to the orig-
inal PointNet architecture proposed by Qi et al. in [40],
and trained for the comparison with the smaller, reduced-
parameter models. The Small model is constructed by
halving the number of convolutional layers composing the
different parts of the original network. In turn, the Tinymodel
is obtained by further reducing the number of layers in the
Small model by half. Figure 10 presents a comparison of
the total number of learnable parameters for each model:
the Full model is made of 2,424,643 parameters, the Small
model has 613,283 parameters, and the Tinymodel is charac-
terized by 182,227 parameters. This comparison highlights
the significant reduction inmodel complexity across the three
architectures.

The training process for the Full, Small, andTiny PointNet
models is conducted under the same conditions to enable a
fair comparison. The dataset consists of 10,000 point clouds,
split into 80% for training and 20% for validation. Each
model is trained using the Adam optimizer, with a vari-
able learning rate. This hyperparameter is subject to dynamic
regulation through a callback function, with the adjustment
being based on the validation loss. In the absence of a
decrease in validation loss over a period of 25 epochs, the
learning rate undergoes a reduction by a factor of 10. The
initial value is set to 10−3, with the possibility of reducing
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Fig. 9 Visual representation of 3D-IoU performance for each optimization algorithms. The orange ellipsoids show predicted shapes overlaid on the
gray ground truth, with projections on the XY, XZ, and YZ planes highlighting spatial discrepancies and illustrating the accuracy of the generated
ellipsoids

it to as low as 10−6. Training is carried out over 100 epochs
with a batch size of 16, selected to manage computational
resources effectively. The loss function used is the Mean
Squared Error (MSE), appropriate for the regression task.
As part of data pre-processing, feature normalization is per-
formedon the point cloud coordinates, enhancing the training
stability. This setup is applied across the Full, Small, andTiny
models to isolate the effect of the number of learnable param-
eters on model performance. The training processes for the
Full, Small and Tiny models are visualized in Fig. 11a, b and
c, respectively.

The first evaluation metric employed to compare the var-
ious models is the mean prediction time. The experiments
are conducted on the same dataset used to evaluate the per-
formance of the optimization algorithms, which consists of a
total of 1,000 point clouds. Figure 12 shows the average pre-
diction times for the Full, Small, and Tiny PointNet models.
Despite the significant reduction of the number of learnable
parameters–ranging from about 2.4 million in the Full model
to around 182 thousand in the Tiny model–the differences in
average prediction times are relativelyminor. The Full model
has an average prediction time of 44.21 ms, while the Small

Fig. 10 Comparison between
the number of parameters of the
different PointNet models

andTinymodels achieve slightly faster times of 37.35ms and
34.2ms, respectively. These results indicate that although the
total number of parameters is drastically lower in the smaller
models, the reduction in computational time is not propor-
tionally large.

Figure 13 compares the relative percentage errors of the
parameters predicted by the Full, Small, and Tiny PointNet
models. Both the median and mean values of the errors are
provided to offer a comprehensive view of the models’ per-
formance.

The Full model demonstrates lower relative percentage
errors compared to the Small and Tiny models. For most
parameters, the Full model achieves the smallest median
and mean errors, indicating more stable and accurate per-
formance. Considering the median errors, the Small model
performs similarly to the Full model, suggesting a trade-off
between accuracy and its reduced number of parameters.
Although it is less stable, as indicated by the higher mean
relative errors.

On the other hand, the Tiny model, although showing
comparable median errors to the other models for the major-
ity of the predicted parameters, exhibits consistently higher
mean errors. This indicates greater variability in its predic-
tions and a higher probability of producing larger errors in
certain instances.

Overall, while the reduction in model complexity from
the Full to the Small model leads to only minor increases in
prediction error, the Tiny model shows a noticeable decrease
in performance stability. This indicates that further reduc-
ing the number of parameters beyond a certain point may
compromise model accuracy, as evidenced by the increased
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Fig. 11 Visualization of the MSE losses obtained during the training
process of the different models. On the bottom right corner of each
graph, the last value reached for the training loss is reported

variability in the Tiny model’s performance compared to the
other two architectures.

Fig. 12 Comparison between
the average prediction time [ms]
required by the different models

The performance of the PointNet models is also evaluated
by applying the 3D-IoU metric (Fig. 14). The results show
that all the models maintain quite high accuracy in their pre-
dictions. The Full model achieves the highest values for both
the median and the mean value. While there is a clear trend
of decreasing accuracy as the model size decreases, even the
Tiny model demonstrates robust results.

A detailed visual comparison of the models’ output is
provided in Fig. 15. The Full, Small, and Tiny models are
compared against the ground truth by projecting the esti-
mated ellipsoids onto the XY, XZ, and YZ planes. The Full
model shows the closest alignment with the ground truth,
exhibitingminimal spatial discrepancies. The Small andTiny
models display slightly larger deviations, particularly along
the ellipsoid boundaries, though their overall shape approx-
imations remain accurate. These visualizations complement
the quantitative results, demonstrating the Full model’s supe-
rior capacity to capture fine spatial details, while the smaller
models, though less precise, still produce reasonably accu-
rate representations of the target shapes.

The carried-out analysis underscores the balance between
model complexity and predictive performance, with the Full
model offering the highest accuracy at the cost of slightly
higher computational cost, while the Small and Tiny models
offer more computationally efficient solutions with a moder-
ate trade-off in spatial accuracy.

5.5 Comparison between PointNet and the
Optimization Problem

Based on the analysis carried out in the previous sections
comparing the performance of various optimization algo-
rithms and PointNet models, the best trade-off between
computational time and accuracy for each category of solu-
tions is offered by the PSO algorithm and the Full PointNet
model, respectively.

A direct comparison between these two solutions high-
lights their respective strengths. The PSO algorithm consis-
tently achieved the lowest relative percentage errors across
all the parameters and attained the highest 3D-IoU values,
indicating its superior accuracy and robustness in approxi-
mating the ellipsoid equation. Despite its precision, PSO’s
mean computational time is 1.48 seconds. While not fast
enough for real-time applications, this is acceptable in con-
textswhere precise, non-recurrent computations are required.
On the other hand, the Full PointNet model, although faster
since its average prediction time is only 44.21 ms, exhibits
higher relative percentage errors and lower 3D-IoU values
compared to PSO. This makes the Full model more suitable
for applications where speed is a priority.

In determining the optimal approach for computing the
ellipsoid equation representing the RS of a manipulator, an
important consideration is that this computation does not typ-
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Fig. 13 Comparison of the
relative percentage errors for the
predictions obtained with the
different PointNet models.
Errors are reported in [%]

ically need to be performed in real-time, as long as the RS
does not change over time. In this context, accuracy is more
valuable than computation speed, as the ellipsoid represen-
tation will serve as a foundational parameter for subsequent
manipulator planning and control tasks. Given these require-
ments, the PSO algorithm can be selected as the best choice.
Its ability to provide more precise and robust results out-
weighs the slightly longer computation time, making it the
ideal solution for estimating the ellipsoid equation that encap-
sulates the RS of a manipulator.

5.6 Evaluation on Real Robots

The comparative analysis carried out in Sections 5.3 and
5.4, complemented by the observations in Section 5.5,
demonstrates that the optimization algorithm introduced in
Section 4.2, powered by the PSO algorithm, represents the
optimal trade-off between accuracy and computation time for
the generation of an ellipsoid equation representing the RS of
a manipulator. However, it should be noted that all the tests
have been conducted using a benchmark set of point clouds
that are not representative of the RS of real manipulators.

Fig. 14 Comparison between the different PointNet models using the
3D-IoU as metric. Values are reported in [%]

In this section, the capabilities of the PSO algorithm are
evaluated in terms of its capacity to derive ellipsoid equations
starting from point clouds that accurately represent the RS of
real robots. More in detail, the complete approach is tested
using one robot model for each category of manipulators.
For the fixed-base manipulators, the UR5e from Universal
Robotics [46] is used; it is composed of an anthropomorphic
arm equipped with a spherical wrist. On the other hand, as an
example formobilemanipulators, theLoCoBotWX250 from
TrossenRobotics is used [58]; it has an anthropomorphic arm
equipped with a wrist made of three revolute joints, mounted
on top of a differential drive mobile base.

The point clouds representing the RS of each manipulator
are obtained using the approach presented in Section 4.1.
The number of samples for each joint of the arm is fixed at
20, resulting in the generation of sets containing 8,000 3D
points (given that the manipulators’ arms are not redundant).
As previously outlined in Section 4.1, the additional DOFs
resulting from the mobile base of the LoCoBot WX250 are
not considered. The resulting point cloud is representative
of the points that are reachable from the current pose of the
mobile base.

To create a visual representation of the robot model, along
with the generated point cloud, which represents its RS, and
the predicted ellipsoid equation, we employed ROS Noetic
[59] and the Rviz library [60]. Figure 16 illustrates the result-
ing output. From both Fig. 16a and b, it can be noticed that
the predicted ellipsoid equation (in green) accurately rep-
resents the point cloud (in red). No points are left outside
the shape, and the axis lengths are not excessive. Further-
more, Fig. 16b illustrates how the PSO algorithm handles
a point cloud with a non-uniform distribution. Indeed, the
approximation of the centre as the mean point of the cloud
is significantly influenced by this particular distribution of
points. Nevertheless, the optimization algorithm is able to
adapt the initial approximation of the centre to include all
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Fig. 15 Comparison between the ground truth ellipsoidal shape (in gray) and those predicted by the different PointNet models (in red)

the points within the shape, while simultaneously minimis-
ing the overall volume.

The visual analysis in Fig. 16b is further supported by the
numerical comparison presented in Table 2. The RS equation
obtained for the LoCoBot WX250 by applying the complete
approach in Section 4.1 is compared against a model built
starting from its technical specifications available at [62].
Such specifications have been used to approximate the RS
to a sphere with radius R = 0.570 m, which is the maxi-
mum reach specified for the wrist. This measure was chosen
because it matches our choice of considering the last joint of
the wrist as the representative point to build the point cloud.

Table 2 compares the results obtainedbyexploiting several
point clouds generated using a different number of samples
per joint. It points out the high level of accuracy that can be
reached using the proposed method. The relative percentage

errors obtained for the axis lengths are below 0.5%, while
the 3DIoU metric is above 98.5% even when a few sam-
ples per joint are used. While increasing the sampling rate
decreases the error and increases the 3DIoU, also the overall
time needed to obtain the equation arises. Notably, the con-
figurations with 20 to 30 samples per joint provide a good
trade-off: they lead to a very low relative percentage error,
while ensuring a high value for the 3DIoU metric and low
computational times.

The ellipsoid equation enclosing the RS of the LoCoBot
WX250 has been used to test the stability of the PSO algo-
rithm. Moreover, the global convergence and the invariance
of the initial solution have been considered, also taking into
account the different point clouds. Three sets of points were
generated using 5, 10 and 20 samples, and for each of them,
a total of 1, 000 optimization problems have been solved.

Fig. 16 Visualization of the RS
of different types of
manipulators together with the
predicted ellipsoid equation. (a)
UR5e [46]. (b) LoCoBot
WX250 [58]

123



   90 Page 18 of 21 Journal of Intelligent & Robotic Systems           (2025) 111:90 

Table 2 Results obtained using the optimization-based method (powered by PSO algorithm) to build the RS of the LoCoBot WX250

Samples per joint Relative perc. error [%] 3DIoU metric [%] Point Cloud gen. time [ms] Opt. prob. sol. time [s]
A B C

5 0.356 0.356 0.356 98.93 0.52 1.14

10 0.063 0.063 0.064 99.81 0.65 0.96

15 0.030 0.030 0.030 99.91 0.81 1.54

20 0.020 0.020 0.021 99.94 1.05 1.31

25 0.009 0.010 0.013 99.97 1.28 2.23

30 0.006 0.007 0.025 99.96 1.64 3.10

35 0.017 0.017 0.017 99.95 2.04 4.70

40 0.007 0.007 0.022 99.96 3.71 5.34

45 0.016 0.017 0.018 99.95 5.18 8.08

50 0.049 0.159 0.015 99.81 4.16 10.16

The lowest values for the errors and the highest value for the 3DIoU metric have been highlighted

These problems have been initialized with solutions whose
elements were randomly generated: a uniform distribution
between 0 and 1 has been used to generate the axis lengths,
whereas a uniform distribution between -1 and 1 has been
exploited to generate the center coordinates. The termination
condition is based on the value of the objective function, as
specified in Section 5.3. As demonstrated in Fig. 17, the PSO
algorithm ensures the independence from the assigned initial
solution and guarantees the convergence to the optimal solu-
tion with a tolerance for the objective value as low as 10−6,
avoiding sub-optimal results for the proposed optimization
problem.

6 Conclusions and FutureWorks

An accurate representation and modeling of the set of points
in space that can be reached by a manipulator is crucial for
various robotic applications. This paper introduced a method
to estimate the RS of a robotic manipulator, and to build a
comprehensive and analytical representation of it based on

an ellipsoid equation. Such a method is applicable to a vari-
ety of robots, including fixed-base and mobile manipulators.
It involves generating point clouds using solely the robot’s
kinematic properties and estimating the ellipsoid parameters
using two approaches: an optimization-based method and an
ML model, specifically PointNet. The approach proposed
for point cloud generation proved to be highly efficient, sig-
nificantly reducing computational time when compared to
traditional methods based on the solution of FK and IK prob-
lems. This efficiency was achieved by minimizing redundant
calculations, allowing for faster generation of the reachable
points.

The comparison of different approaches for the com-
putation of the ellipsoid’s parameters demonstrated that,
while the PointNet-based approach offers the best solution
in terms of speed, the designed optimization problems yield
higher accuracy, especially when solved using the PSO algo-
rithm. The performance and the impact of other optimization
algorithms, like those based on evolutionary strategies and
Bayesian optimization, will be analyzed in future studies.
Different PointNet models were created and trained to ana-

Fig. 17 Evolution of the
objective values obtained in
intermediate iterations of the
PSO algorithm. For the sake of
visualization and comparison,
the absolute values are
considered, and the logarithmic
scale is used. Different optimal
values are due to the different
number of elements in the point
cloud
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lyze the impact of the number of learnable parameters on
performance. By optimizing model complexity, we aim at
enhancing the robots’ ability to increase their autonomy by
reducing computational load. The full-size PointNet model,
despite having the highest number of parameters, hence
requiring the highest prediction time on average, provided
the most consistent results, though not at the level of pre-
cision achieved by the optimization algorithm powered by
the PSO algorithm. This suggests that while PointNet is
highly suitable for real-time applications due to its speed, the
optimization-based approach should be preferred for tasks
where accuracy is more important. Using PointNet to pro-
vide an initial estimate of the optimization-based approach
can be a valuable research direction, requiring further inves-
tigation to assess its influence on computational efficiency
and solution quality.

Future research can focus on applying the ellipsoid-based
RS representation to practical robotic applications. One
potential direction is to integrate this representation directly
into robotic motion planning, enabling manipulators to adapt
more effectively to dynamic environments. The compactness
and efficiency of the ellipsoid model could also be lever-
aged in applications such as robot placement optimization
and collision avoidance, where fast computation of reach-
able areas is critical. Finally, this method can be applied to
mobile manipulators or robotic arms used in HRC, where
safety and adaptability are crucial.
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