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An Economic Nonlinear Model Predictive Control Approach for
Mitigating Epidemic Spreading on Networks

Lorenzo Calogero ~, Michele Pagone ~, Lorenzo Zino ~, and Alessandro Rizzo

Abstract— We consider a discrete-time susceptible-infected—
susceptible epidemic model on a network, in which we incorpo-
rate two control actions: vaccination of part of the population
and implementation of non-pharmaceutical interventions. Then,
we formulate the problem of devising an optimal control
strategy for the epidemic disease using the two actions, with a
tradeoff between public healthcare impact of the disease and
social and economic costs associated with interventions. The
control problem is solved by leveraging an economic nonlinear
model-predictive control scheme, for which we prove the closed-
loop stability using a dissipativity argument.

I. INTRODUCTION

In the last decade, the systems and control community has
witnessed a growing interest in epidemic modeling [1]-[5],
which was further boosted by the collective effort during the
COVID-19 health crisis [6]-[9]. Within this context, partic-
ular interest has been devoted to network epidemic models,
which leverage graph theory to capture the complex spatial
and social heterogeneity of populations and, consequently,
are capable of reproducing and analyzing the nontrivial
patterns that characterize real-world epidemic spreading.

Mathematical modeling has enabled the scientific commu-
nity to leverage control-theoretic tools to design and assess
different control policies for epidemic outbreaks [1], [4].
Different aspects of epidemic control have been investigated,
including optimal drug distribution [10], vaccination cam-
paigns planning [11]-[13], optimizing non-pharmaceutical
interventions (NPIs) [6]-[9], [14], also accounting for col-
lective behavioral responses [15]-[19].

In this context, Model Predictive Control (MPC) has
emerged as a powerful tool [12], [14], [20]. The reason for
such a success relies on its capability to deal with nonlinear
dynamics and to provide optimal control commands for
multi-variable systems in the presence of inputs, outputs, and
state constraints [21]-[23]. In the past few years, especially
starting from the COVID-19 health crisis, MPC has started
being adopted in the contest of epidemic control [8], [9],
[12], [14], [24], [25]. However, standard MPC for regula-
tion/tracking may not be sufficiently effective in scenarios
where economic performance is the primary goal rather than
a fast convergence to the equilibrium. Indeed, standard MPC
is unaware of the transient behavior of the system, being
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designed for ensuring asymptotic tracking of the steady-state
equilibrium. Hence, the controller tries to push the system to
the target, disregarding the economic properties of the plant,
away from non steady economic optimum [26]. Tailoring this
limitations to the application at hand, it is worth to stress
that, in epidemic models, besides being important to control
the number of infections, it is often also key to consider the
social and economic impact associated with interventions,
which often leads to a nontrivial cost function.

To address these limitations, we propose a novel method
to control network epidemic models by leveraging Economic
Nonlinear MPC. Economic MPC (E-MPC) [27], [28] is
arisen as an advanced control tool where the economic cost
of the system is employed as the stage cost for the dynamic
regulation purpose. The main goal of E-MPC is to provide
an optimal control law which allows the plant to operate as
close as possible to its economically optimal operation point,
while ensuring stability of the closed loop (see, e.g., [29]).

Our main contribution is threefold. First, we cast the
optimal control problem for an endemic epidemic disease
within the framework of Economic Nonlinear MPC (E-
NMPC), by defining a suitable cost-function that trades-off
the impact to the healthcare system of the disease, the social
and economical impact of NPIs, and the costs associated with
pharmaceutical interventions such as vaccination. Second,
we use a dissipativity argument [27], [30] to prove closed-
loop stability of the E-NMPC scheme. Third, we demonstrate
our framework in a realistic scenario of epidemic spreading
on a real-world network reconstructed using mobility data
between Italian regions [31]. In this case study, we compare
the performance of the proposed E-NMPC scheme with a
classical NMPC for regulation and quadratic cost function,
illustrating the main advantages of the proposed approach.

Notation: We denote by R, R>, Ry, Z>¢, and Z the
real, real nonnegative, strictly positive real, positive integer,
and strictly positive integer numbers, respectively. The all-1
and all-0 vectors and the identity matrix are denoted by 1,
0, and I, respectively, with dimensions omitted when clear
from the context. Given a matrix A € R"*", we denote by
o(A) its spectral radius (maximum eigenvalue in modulus).

II. CONTROLLED EPIDEMIC MODEL

We consider a population stratified into n subpopulations,
each representing geographic displacement of the individu-
als, risk classes, or age cohorts. The interactions between
and within subpopulations are captured by of a (weighted)
adjacency matrix A € RZj", where entry A;; represents the

amount of contacts that individuals in the i-th subpopulation
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Fig. 1. Schematic of the (a) uncontrolled and (b) controlled epidemic
models, representing the transitions between the states of susceptible (S,
in green), infected (I, in red), and vaccinated (V/, in cyan), with the
corresponding transition rates.

establish with those in the j-th subpopulation. Without any
loss in generality, we assume that the amounts of contact are
normalized to 1, so that A is stochastic (A1 = 1).

We assume that subpopulations are large, so that we can
approximate them as a continuum of individuals. Conse-
quently, we can define the state vector y; € [0,1]™, which
quantifies the fraction of infected population at time k& € Zx
for each subpopulation. We assume that the fraction of
infected individuals evolves according to a standard discrete-
time SIS model [3], whereby recovered individuals are
immediately susceptible again to the disease. Hence, the
fraction of susceptible individuals at time k is equal to 1 —yj.
This is a good proxy for many real-world diseases with
limited (or even without) natural immunity, such as several
sexually transmitted diseases or tuberculosis.

According to the SIS epidemic model, the uncontrolled
dynamics is governed by the following nonlinear dynamics:

Yk+1 = (I — hM)yk + hA dlag(l — yk)Ayka (D)

where M € RZ5"™ and A € RY§"™ are a diagonal matrices
of recovery and infection rates, respectively, and h € Ry
is the time-step of the discrete-time dynamics. In other
words, Eq. (1) posits that the fraction of infected individuals
in a generic i-th subpopulation at time k + 1 is given by
the sum of two contrasting mechanisms. First, individuals in
the ¢-th subpopulations recovers with rate M;;. Hence, the
fraction of infected individuals decreases by hM;; at each
time step. Second, susceptible individuals in the ¢-th sub-
populations become infected with rate A;;, upon interactions
with infected individuals in their subpopulation or in other
subpopulations. This leads to an increase in the fraction of
infected individuals captured by the second, positive term. A
schematic of the SIS epidemic model is reported in Fig. la.

A. Control Actions

We incorporate two control actions within Eq. (1):

1) Vaccination: At time k, a rate vy € [0,1]" of the
population is vaccinated, with each component representing
the vaccinations in each subpopulation (a fraction hvy of
vaccinated population at the k-th time step). We assume
that only susceptible individuals can be vaccinated and that
vaccination provides full immunity to the disease, but it
wanes at rate N;; € Ry for the i-th subpopulation.

2) NPIs: At time k, social activity of individuals is
reduced by a factor ny € [0,1]", with each component
representing the reduction in each subpopulation.

To guarantee that the model is realistic in terms of the
recovery and immunity-waning processes, we need to make
the following assumption on the discretization time-step.

Assumption 1. Let us assume that the time-step satisfies
h < minjeqr {1, MY NG (L4 Ayt

) (A2

Hence, the controlled SIS dynamics follows:

Yrr1 = (I — hM)yy
+ hA diag(1 — yp — 2x)Adiag(l — ng)ye, (2a)
Zk+1 = (I — hN)Zk + hvg, (2b)

where vector z;, € [0,1]™ represents the fraction of vac-
cinated population in each subpopulation at time k. In
summary, the state vector of the controlled system is zj =
[yk, 2] T € [0,1]2", the control input is uy = [vg,ng] | €
[0,1]?". A schematic for the controlled epidemic model is
reported in Fig. 1b. It is important to observe that, for
sufficiently small time steps h, we can guarantee that Eq. (2)
is well-defined, as proved in the following.

Proposition 1. Under Assumption 1, D = {x}, € [0,1]?" :
0 < yi + 2z, < 1} is positively invariant under Eq. (2).

Proof. We prove the statement by induction. Clearly if initial
conditions are in D, then zy € D. Let us assume that
zr € D and consider a generic entry i. Then, clearly
(yr+1)i = (1 — AMy;)(yk)i = 0. On the other hand,
(2k+1)i > (1—=hNy)(2k): > 0. On the other hand, using the
fact that A is stochastic, we get (yg+1): < (1—hM;;)(yg )i+
hA;;(1 — (yr):) < 1. Moreover, from the second equation
we get (zgp41)i < (2x)i + h(vk); < 1, due to the constraint
on vy, (and the fact that A < 1). Finally, we are left to prove
that (yg + 2x); < 1. By summing the two equations, we get
(Yrt1+ 2k+1)i < (1= hMy) (yr)i + AN (1 — (yr + 21)s) +
(1 — ANy)zi + hop < (1 — hmin{M;;, Ni; }) (ye + 21): +
h(Aii +1)(1 — (yr + 2x)i) < 1, which yields the claim. O

The theory of network epidemic processes [3] guarantees
that, given a constant control input ug, there is always a
unique attractive equilibrium x, of Eq. (2). This equilibrium
is either the disease-free equilibrium (DFE) z4 = 0, or an
endemic equilibrium (EE) with x4, with at least an entry
(5); > 0. In particular, we can make the following claim.

Proposition 2. Consider Eq. (2) under Assumption 1 with

constant control input us = (vs,ns). Then:

1) If o(I —h(A diag(1— N~'v,)Adiag(1—n,)—M)) < 1,
then the DFE x5 = 0 is the only equilibrium of Eq. (2),
and it is asymptotically stable;

2) If o(I—h(Adiag(1—N~1v,)Adiag(l—ns)—M)) > 1,
then the DFE is unstable, and Eq. (2) has a unique EE
xs, which is asymptotically stable.

Proof. From Eq. (2b), we observe that, at the equilibrium, it
necessarily holds z; = NV _1vs.~By inserting this expression
into Eq. (2a), and introducing A = A diag(1 — N~v,) and



A= Adiag(1 — ns), the dynamics obtained coincides with
a network SIS model with heterogeneous population sizes
(the total population in the ¢-th sub-population is equal to
1 — vs/Nj;). Hence, the claims follow from the theory of
discrete-time SIS network models [3], [32]. O

Remark 1. In the absence of control, the results in Proposi-
tion 2 reduces to the well-known condition on c(AA — M).

The case in which the DFE is unstable is the most
interesting, since it implies that control is not able to com-
pletely eradicate the disease. In that scenario, the EEs can be
computed in closed form under the following homogeneity
assumption, which is standard in epidemic modeling [4].

Assumption 2. Let us assume that, in Eq. (1) and Egq. (2),
M = ul, A= X, and N = vi, with u, \,v € R+.

Proposition 3. Let us consider the uncontrolled SIS dynam-
ics in Eq. (1) under Assumptions 1 and 2. Then, the EE
of Eq. (1) is given by y, = (1 — §)1.

Proof. The EE y; # 0 of Eq. (1) must satisfy ys =
(I — hM)ys + hAdiag(l — ys)Ays, which simplifies as
My, = Adiag(l — ys)Ays; moreover, it can be rewritten
in component-wise form as

1ysi = A1 _ys,i)ZAijys}j, Vi=1,....,n. Q)
Jj=0

Now, let m = min;y, ; and M = max; ys ;. Being A
row stochastic, by convex combination it holds that m <
Z;.L:O Aijysj < M. Now, considering Eq. (3) for the
minimum and maximum components of ¥y, it holds that

pm > X1 —m)m :mzl—g, (4a)
uﬁgx(l—ﬁ)ﬁjﬁgl—g, (4b)

yielding m = M =1 — & and, thus, y, = (1 — §)1. 0

Concerning the controlled SIS dynamics in Eq. (2), we
restrict to a specific subset of EEs of interest, as follows:

Proposition 4. Let us consider the controlled SIS dynamics
in Eq. (2) under Assumptions 1 and 2. Let us pick a constant
state, shaped as (ys,zs) = (1Y, 1Z). Then, there exists a
constant input (vs,ns) = (17,17) such that (ys, zs, Vs, Ns)
is an EE of Eq. (2) and

" 1

mo1-F_ -
" A—g-z

U=z, (5)
Proof. By replacing zs and v in Eq. (2b), it easily follows
that ¥ = vz. Now, replacing ys, ns, and 2z, in Eq. (2a), and
expressing it in component-wise form yields

n

g =XM1-7-2) Y Aj;(1-n)y, Vi=1,...n (6
7=0

Being A row stochastic, Z;’:O A;j = 1, Vi. Then, solv-
ing Eq. (6) for m yields m =1 — 4 —2—. O

1-y—=

ITII. ECONOMIC MODEL PREDICTIVE CONTROL

Consider the controlled SIS dynamics in Eq. (2), com-
pactly denoted by

Tr1 = f(Tg, uk), @)
where 2 = [y, 2] € [0,1]*" = X and uy, = [vg,nk] €
[0,1]>® = U are the state and input vectors at time k,
respectively; also, let = = X x U = [0,1]*" and ¢ =
[T, u"]T = (z,u).

Let us now consider an equilibrium point (x4, us) = &
of Eq. (2) and Eq. (7), satisfying x5 = f(xs,us), for
(zs,us) = & € Z. Among the possible equilibria of Eq. (2)
and Eq. (7), we restrict our interest to those given by
Proposition 4. Thus, we define the following equilibrium
manifold:

2.={¢ €2 & =(17.1517,1m),

pooo1 }
- 8
A -7y-% ®
Our control task is to stabilize the controlled SIS dynamics
in Eq. (2) towards an equilibrium & € =, ensuring that the
system operates with a profitable economic performance. To
this aim, we introduce an economic criterion to be optimized,

denoted by £(z,u). The desired equilibrium &, is chosen as
that minimizing the economic criterion /, i.e.,

T=vZ, m=1

(xs,us) = arg min £(x, u) )
T, u)EE,

Typically, ¢(x,u) is non-quadratic and non-convex.

Assumption 3. Let us assume that the economic criterion {
satisfies the following two properties:

o J\(xs,us) € 25 minimizing ¢(x,u);

e [ is locally Lipschitz continuous on =.

Note that, the second property in Assumption 3 is needed
to prevent the “blow-up” of the economic criterion, in finite
time, for bounded variations of its variables.

We are now in position to formulate our E-NMPC prob-
lem. Let us define the following economic cost function:

N-1
In(E,0) = Y (&, 1) + Vol(@n), (10)

§=0
where & = {ij}évzo and @ = {4; jV:—Ol are state and input
sequences over the discrete time interval j € {0,...,N}.

In its general formulation, the economic cost function Jy
in Eq. (10) comprises the economic criterion ¢ as stage cost
and a terminal offset cost V, [33]. The offset cost V,(Zx)
has the purpose of facilitating the convergence of Z to z.

Assumption 4. Let us assume that V, is non-negative and
strictly convex on X, and satisfies v, = argmin . V, ().

The E-NMPC optimal control law is derived by solving
the following optimal control problem (OCP) at each time
instant £ > 0:

4" = argmin Jy(Z,4)

&4

(11a)



s.t. Tg = xg, i‘j+1 = f(,fj,ﬁj), (11b)
(25,15) € E, (11c)
IN = T, (11d)

j=0,...,N—1.

The OCP in Eq. (11) takes as input the current system state
x, and provides the optimal predicted input sequence u*.

As in the usual MPC framework, the optimal control law
is delivered to the plant in a receding horizon fashion. Hence,
the optimal control input is given by uj = 4g.

IV. THE EPIDEMIC CONTROL PROBLEM

By framing the E-NMPC approach within the context of
epidemic dynamics, we specialize the economic cost function
in Eq. (10) to the case under investigation. The idea is to
design a suitable cost function balancing the public health
interventions and the economic/social costs, while steering
the epidemic evolution towards the economically-optimal
equilibrium. Therefore, we define £ as follows:

() =aqi(1—y)Tn+ g Zgum

+ 31T v+ qullz — 243
= qli(y,n) + q@2l2(y) + g3l3(v) + qula(w),

where ¢ = [q1, 42, q3,q4) " € RY, are weighting parameters.

The stage cost ¢ encodes the following control objectives:

e The term [1(y,n) = (1 — %) " n represents a sort of Gross
Domestic Product (GDP) loss if the non-infected fraction
of population is subject to restrictions and/or lockdown.

e The term lr(y) = >, g(y;), with g : [0,1] — Rxo,
accounts for the hospital occupancy in each subpopulation.
Its aim is to prevent that the quota of infected individuals
needing hospitalization and/or intensive care treatments
overcomes the capacity § € (0,1). The function g is
designed to exhibit the following properties:
-g(0)=0,9(1)=1,9(9) =a, 0<ax 1,

- Z—z(y) >0, Vy € [0,1] (g is non-decreasing),

- 3—9(0) = 0 (g has a stationary point in y = 0),

d’g

dy?
where a is a design parameter. The above properties can

be univocally achieved by a fourth-degree polynomial, i.e.,

9(y) = cry* + oy’ + esy® + eay = ¢yt 3 % )T
e The term I3(v) = 1Tv = Y7 | v; represents the cost of

the vaccination campaign.

e The term l4(x) = qu|lz — x4]|3 is a regularization term
for enforcing convergence towards =, (see Section IV-A),
which is added after having computed z s through Eq. (9)
using the first three terms of /.

Unlike the general formulation of E-NMPC in Eq. (10)
and Eq. (11), we set V,(x) = 0, since we have no need to
further facilitate the convergence of the state towards x . Our
formulation differ from [14], where the cost function only
accounts for the economy, and hard constraints are imposed
for the epidemic spreading. Here, instead, we have a tunable
tradeoff of healthcare and economy in Eq. (12).

12)

(%) = 0 (g has an inflection point at §),

A. Closed-Loop Stability Guarantees

In the E-MPC framework, ensuring closed-loop stability
is not as straightforward as in the classic MPC setting.
This arises because the economic stage cost ¢ is typically
not minimal at the equilibrium (x4, us) in Eq. (9), ie.,
Uz, u) < l(xs,us) for some (x,u) € =\ E,. This aspect
does not allow to employ the optimal cost value Jy of the
OCP in Eq. (11) as a Lyapunov function, since Jy may
not be monotonically decreasing along the trajectories of the
closed-loop system given by Eq. (7) and Eq. (11), even if the
latter is stable. A widely-recognized approach to establish
stability guarantees for E-NMPC is based on dissipativity
arguments [27], [30].

Definition 1. The system in Eq. (7) is strictly dissipative
with respect to the supply rate s : = — R if there exist a
storage function ™ : X — R and a positive definite function
p: X = Ry such that w(f(z,u))—m(z) < —p(z)+s(z,u),
V(z,u) € Z.

From Definition 1, the following result holds true:

Theorem 1 ([27], [30]). Consider the closed-loop system
in Eq. (7) and Eq. (11), where (x4, us) is in Eq. (9). If Eq. (7)
is strictly dissipative with respect to the supply rate

s(z,u) = Lz, u) — (xg, ug), (13)

and the function p in Definition 1 is positive definite in x4
(i.e, p(zs) =0, p(x) >0, Vo € X \ {xs}), then x, is an
asymptotically stable equilibrium of the closed-loop system.

The result in Theorem 1 relies on introducing the so-called
“rotated” stage cost [28], [33], [34], defined as Z(x,u) =
(x,u) + m(z) — w(f(x,u)). The rotated stage cost allows
to define a modified cost function .J ~, whose optimal value
j]*\, can be employed as a suitable Lyapunov function.

Remark 2. In order to make the E-NMPC problem “well-
posed” and meaningful from a physical and practical point
of view, we confine our discussion to the case in which
the equilibrium & = 0 cannot be reached by any closed-
loop trajectory. Indeed, such an equilibrium implies that the
disease is not present among the population; furthermore,
this equilibrium is unstable, as shown in Proposition 2.

Remark 3. In the following, for the sake of readability,
we shall limit the theoretical analysis on dissipativity and
closed-loop stability to the single-agent case (i.e., n = 1).
Extension to the multi-agent case is quite straightforward
with minor mathematical modifications.

Theorem 2. The controlled SIS dynamics in Eq. (2) is strictly
dissipative with respect to the supply rate in Eq. (13).

By Theorems 1 [27], [30] and 2, we can conclude that
(xs,us) given by Eq. (9) is an asymptotically stable equilib-
rium of the closed-loop system given by Eq. (7) and Eq. (11).
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Fig. 2. Closed-loop trajectories of the SIS dynamics, under the control of standard NMPC (e) and our proposed E-NMPC (e).

V. SIMULATION RESULTS
A. Settings

1) Implementation  Details: The E-NMPC OCP
in Eq. (11) is formulated with CasADi [35] and solved with
Ipopt [36]. Simulations are performed in MATLAB® 2023b
on a 13" Gen Intel® Core™ i7 CPU at 1.7 GHz.

2) Simulation Data: For the controlled SIS dynamics
in Eq. (2), the adjacency matrix A in reconstructed from
real-world data representing the amount of contacts between
the n = 21 regions of Italy [31]. Further epidemic parameters
are set as follows: M = ul, A =X, N =vl, u = 0.2,
A= 0.5 v 0.1, h = 1(days). The initial state o =
[Yo, 2’0]T of Eq. (2) is set as follows: zg = 0, and each entry
(yo); is sampled from a uniform probability distribution over
[107%,1072], each entry independent of the others. The E-
NMPC prediction horizon is set to N = 10. All simulations
last Tyimn = Ngimh = 50 days (Ngim = 50).

3) Parameters: The economic stage cost ¢ is given
by Eq. (12). We select the weighting parameters as
¢ = |¢,q,q3,q4)7 = [1,1,0.5,0.1]T. For the term
lo in Eq. (12), we set a = 1072, yielding g(y)
Tyt v, v%,y] T, ¢ =[2.23,-1.74,0.51,0.16] T.

We then compute the optimal economic equilibrium
& (ys, 2s, Vs, ns) through Eq. (9), obtaining & =
(0.0731,0.5269,0.0527,0). We can observe how the term [;
makes ns = 0, in order not to have any steady-state GDP loss
caused by continuously subjecting a constant fraction of non-
infected people to restrictions/lockdown. The terms I, and
l3, instead, weight the other three quantities, favoring either
a higher vaccination rate to reduce the fraction of infected
population, or reduce vaccinations at the price of a higher
endemic equilibrium. Concerning input and state constraints
in Eq. (11c) of the E-NMPC OCP, we set an upper bound
to the vaccination rate and NPIs, i.e., Y = {u = (v,n) €
[0, 1]2n tup < u < uub}, Up = [O,O]T, Uy = [O.l,O.Q]T.

B. Results

We assess the performance of E-NMPC, comparing it with
standard NMPC, as reported in Figs. 2-3. Figure 2 reports the
closed-loop trajectories of the SIS dynamics Eq. (2) under
the control of E-NMPC in Eq. (11) and standard NMPC.
Both schemes achieve regulation towards the prescribed
equilibrium point (z, us), with different transient behaviors.
The closed-loop performance are assessed in Fig. 3b in
terms of point-wise and cumulative stage cost along the

(a) gili(zr, up) (b) S5 i li(wj,u))

0.5 2
= 1
0 L4
0 20 40 0 20 40
0.05 2
= 1 /
0 0
0 20 40 0 20 40
1
20
= 0.5 10
0 0
0 20 40 0 20 40
k [days] k [days]
Fig. 3. Evolution of the (a) point-wise and (b) cumulative economic stage
cost terms along the closed-loop trajectories: NMPC ——; E-NMPC ——.

closed-loop trajectories, i.e., £(xy,uy) and Z?:o Uz, uj),
respectively, Vk = 1,..., Ngm. In general, the E-NMPC
attains a lower cumulative cost by the end of the simulation
for each stage costs term [y, ¢ = 1,2, 3. The most noticeable
difference is for term [;, meaning that E-NMPC achieves
a lower GDP loss due to the restrictive. Thus, it is clear
how E-NMPC is capable of delivering a more profitable
transient behavior in closed-loop, attenuating the number
of NPI counter-measures while steering the system state
towards the desired equilibrium at the same convergence
rate of standard NMPC. Therefore, the simulation campaign
confirms the effectiveness of our E-NMPC approach.

VI. CONCLUSION

We designed an E-NMPC scheme for the control of an
endemic disease by means of NPIs and vaccinations, and
established closed-loop stability guarantees using a dissipa-
tivity argument. The use of an E-NMPC scheme allows us to
trade-off the costs associated with the intervention policies,
the healthcare burden, and the social and economical costs
associated with NPIs. Our promising preliminary results pave
the way for several avenues of future research. In fact,
the proposed approach can be extended to more realistic
scenarios of epidemic spreading, which may include other
control actions. Furthermore, future research may focus on
devising more sophisticated constraints set (e.g., dynamic
constraints, terminal region different from the singleton, peri-
odic references), for which further investigations on recursive
feasibility of the optimal control problem will be required.
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