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Abstract

The harmonic balance method (HBM) is a widely used method for determining the forced
response of non-linear systems such as bladed disks. This paper focuses on analyzing
the sensitivity of this method to key computational parameters and its robustness. HBM
and HBM coupled with pseudo arc length continuation are used in this paper to solve the
equation of motion of a test case. The pseudo arc length continuation is necessary because
when intermittent contact occurs, natural continuation cannot guarantee solver conver-
gence. Intermittent contact, in addition to turning points, introduces further problems,
which are caused by an infinite sequence of decaying, but not zero, Fourier coefficients.
This results in the need to oversample the non-linear force time signal to avoid convergence
problems. The computational parameters investigated in this paper are the samples per
period, which determine the number of points in which the time signal is discretized, and
the harmonic truncation order. In addition, the connection of contact parameters, such
as friction and contact stiffness, with computational parameters is analyzed. This study
shows that the number of time samples per period is the most limiting parameter when
intermittent contact occurs; whereas, in the absence of intermittent contact convergence,
problems can be avoided with a reasonable number of time points. Poor discretization of
the signal leads to a bad computation of Fourier coefficients and thus a lack of convergence.
Sensitivity analysis shows that the samples per period depend on the contact parameters,
especially normal stiffness. To ensure the solver robustness, it is important to set the com-
putation parameters appropriately to ensure the convergence of the solver while avoiding
unnecessary computation effort.

Keywords: non-linear forced response; friction contact; intermittent contact; pseudo arc
length continuation

1. Introduction
In the field of turbomachinery, it is very important to minimize blade damage due to

vibrations, caused by blade–fluid interaction. To this end, mechanical devices that take
advantage of dry friction [1–3], such as under-platform dampers, [4–7] and snubbers [8]
are usually used to dissipate a part of the kinetic energy during vibratory phenomena. A
numerical and experimental comparison of three damper geometries is performed in [9].
In previously cited studies, calculations with dry friction devices were performed, and the
effect on the non-linear response of turbine blades was investigated.
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The use of these devices helps to increase the fatigue life of the blade, but on the other
hand, the presence of friction forces between the contact surfaces introduces non-linearities
into the equation of motion of the system. Therefore, it is necessary to adopt computational
methods that take such non-linearities into account. The harmonic balance method (HBM)
is a method widely used and discussed in the literature [10–13] to determine the forced
response of non-linear systems.

In this paper, the HBM was used to solve the equations of motion of the test case
presented in Section 3 without considering secondary effects, such as heat generated by
friction, as they are not relevant to the purpose of this work.

Although the classical HBM method was used in this paper, it is important to note
that there are innovative studies in the literature that optimize this method by improving
its convergence [14–16], as well as studies that consider the influence of heat generated by
friction on the modal characteristics of the system [17].

The main goal of this paper is to provide guidelines for designers using non-linear
computational tools in the field of turbomachinery. This paper focuses on a sensitivity
analysis on the parameters that affect the convergence of the non-linear solver. The first
parameter investigated is the number of samples per period, then the effect of the harmonic
truncation order is discussed and finally the effect of contact parameters is explored.
Contact parameters, from the perspective of this paper, are input parameters for the non-
linear solver. However, it is important to highlight that they must model the physical
properties of the contact. These parameters can be derived from analytical models or
from experimental tests on dedicated test rigs. For instance, the normal stiffness, in some
cases, can be estimated using Hertz contact theory, which defines relationships between the
indentation depth and the normal force for two contacting bodies. The single relationship
depends on the elastic modulus, the surface geometry, the Poisson’s ratio and the surface
finish, and the ratio between the normal force and the indentation depth can be expressed
as a normal stiffness, which in a contact model is represented as a spring element. In [18,19]
different analytical models and test rigs for contact parameters estimation are presented
and discussed. The work presented in [20] compares contact stiffness definitions according
to a semi-analytical model with those based on classical tuning using experimental tests.

Several papers address this issue in the literature, but the importance and the criticality
of samples per period and harmonic order truncation are extensively discussed in [21], in
which the convergence issues due to poor time discretization when AFT-HBM scheme is
used are emphasized. The effect of contact parameters on the solver convergence has not
been discussed so far.

The main outcome of this paper is the identification of how the different parameters
affect the non-linear response calculation, computation times and solver convergence so
they can be optimally set to improve the robustness of the tool. This paper is organized
as follows.

Section 2 describes the computational method implemented to improve the conver-
gence of the HBM.

Section 3 presents the test case and shows the results of simulations performed with
and without intermittent contact.

Section 4 presents a sensitivity analysis and discusses how the calculational parameters
affect the convergence of the non-linear solver and the computation time.

Section 5 provides guidelines for designers based on the results of the sensitivity analysis.
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2. Computation Methods
The harmonic balance method is a numerical method that can be used for calculating

with accuracy and efficiency the steady-state nonlinear dynamic response of a mechanical
system. The main assumption underlying this method is the periodicity of the nonlinear
term of the equation.

The equation of motion of a turbine blade can be written as follows:

[M]
{ ..

X
}
+ [C]

{ .
X
}
+ [K]{X} = {FExt} − {FNL}

(
X,

.
X, t
)

(1)

The terms of the previous equations are defined below,

• [M], [C], [K] are, respectively, the system mass, viscous damping and stiffness matrices
• {FExt} is the external excitation vector
• {FNL} is the nonlinear force vector

In Equation (1) the second forcing term represents the nonlinear force vector, which
for turbine applications is usually the friction force acting on the contact nodes, which
arises from relative motion of contact surfaces. The presence of the nonlinear term, which
is non-harmonic, implies that the solution of this second order differential equation is not
harmonic, so it cannot be written as a single frequency term but can be expressed with a
Fourier series:

{X(t)} ∼= X0 +
nh

∑
n=1

{
X
}(n)einωt (2)

The same reasoning can be applied to the nonlinear force term of the equation:

{FNL(t)} ∼= FNL0 +
nh

∑
n=1

{
FNL

}(n)einωt (3)

In Equations (2) and (3):

• X0, FNL0 are the displacement and nonlinear force static terms

• X(n), FNL
(n) are the displacement and nonlinear force n-th Fourier coefficient

Neglecting static terms because they will come, for example, from a static analysis and
substituting Equations (2) and (3) in Equation (1), leads to

−(nω)2[M]
nh

∑
n=1

{
X
}(n)einωt + (inω)[C]

nh

∑
n=1

{
X
}(n)einωt + [K]

nh

∑
n=1

{
X
}(n)einωt =

{
Fext

}
eiωt −

nh

∑
n=1

{
FNL

}(n)einωt (4)

Bringing together the common factors at first member of the Equation (4), gives the
following equations:

nh

∑
n=1

(
−(nω)2[M] + inω[C] + [K]

){
X
}(n)einωt =

{
FExt

}
eiωt−

nh

∑
n=1

{
FNL

}(n)einωt (5)

Equation (5) is a set of coupled equations because the nonlinear force depends on all
harmonic components of the displacement that are considered in the calculation. Simplify-
ing the temporal term and defining the dynamic stiffness of the system as

[D](n) = −(nω)2[M] + inω[C] + [K] (6)

For n = 1
[D](1)

{
X
}(1)

=
{

FExt
}(1) − {FNL

}(1) (7)
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For n > 1
[D](n)

{
X
}(n)

= −
{

FNL
}(n) (8)

Suppose, as an example, the case of 1 DOF system and, for simplicity, assume that for
this example only the first harmonic component is considered for the calculation.

Equation (6) can be rewritten as follows,

D(1)X(1) − FExt
(1)

+ FNL
(1)

= R (9)

Equation (9) cannot be solved directly because the first Fourier coefficient of the contact
forces depends on the first Fourier coefficient of the displacement, so a nonlinear solver is
required. The nonlinear solver starts from an initial guess, then a Newton iteration scheme
minimizes the residual function. The main problem is that for each iteration the nonlinear
force must be computed, and since it depends on the displacement, a mathematical law
that binds these two quantities is needed. For this purpose, it is important to have a contact
model that takes as input the displacement and comes out with the nonlinear Fourier
coefficient. In this paper the 2D contact model is used, as shown in Figure 1.

Figure 1. Contact model with variable normal load.

The contact model works in time domain and the non-linear forces in normal and
tangential directions are defined by the following expressions,

N(t) = max(knv(t), 0) (10)

The computation of the tangential force is based on a predictor–corrector algorithm.
This algorithm is explained in detail in [12]. The main outcomes are summarized below. The
tangential force is computed by the algorithm at each time instant, under the assumption
that the contact is in a stick state (predictor step).

TP(t) = kt(u(t)− w(t)) (11)

The next step is the corrector one, in which the force computed in Equation (11) is
compared with the Coulomb limit. Then, its value is recalculated as follows:

T(t) =


TP(t) if

∣∣∣TP(t)
∣∣∣ ≤ µN(t)

µN(t)sign
(

TP(t)
)

if
∣∣∣TP(t)

∣∣∣ ≥ µN(t)

0 if N(t) = 0

(12)

The terms of previous equations are defined below:

• kn is the normal stiffness
• v(t) is the mass normal displacement
• kt is the tangential stiffness
• u(t) is the mass tangential displacement
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• w(t) is the contact element displacement
• µ is the friction coefficient between the mass and the ground
• N(t) is the normal force
• TP(t) is the predicted tangential force
• T(t) is the corrected tangential force

Equation (8) is written in frequency domain, but the output of the contact model is a
nonlinear force in time domain, so a further step is necessary to obtain the first Fourier co-

efficient of the tangential nonlinear force. There are two possibilities for calculating FNL
(1):

• The analytical expressions of the nonlinear force in time domain are written for all
parts of the hysteresis cycle, and then its real and imaginary part can be obtained with
Fourier integrals:

R
(

FNL
(1)
)
=

1
π

∫ 2π

0
FNL(t)cos(ωt)dt (13)

R
(

FNL
(1)
)
=

1
π

∫ 2π

0
FNL(t)cos(ωt)dt (14)

• The nonlinear force in time domain is switched in frequency domain using the FFT
algorithm and, for this example, only the first harmonic component is considered.

The first approach is fully analytical and provides the theoretical value of the Fourier
coefficients of the nonlinear force. However, it has a crucial drawback: it can only be
applied when the hysteresis cycle is known a priori.

In practice, the hysteresis cycle is known in advance only in a few specific cases.
Therefore, in real turbine applications, deriving analytical expressions for the nonlinear
force is very difficult, if not impossible.

For this reason, the second approach is generally preferred and is also the most com-
monly used in the literature. The HBM combined with the time–frequency transformation
is known as the AFT-HBM scheme, which was introduced by [22].

2.1. AFT-HBM

The AFT-HBM scheme is the harmonic balance method in which the Fourier coef-
ficients are computed numerically with an FFT algorithm, which discretizes the Fourier
integrals. Figure 2 shows the AFT-HBM calculation scheme applied to a 1 DOF system:

 

Figure 2. AFT-HBM calculation scheme.
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For simplicity of notation in the calculation scheme represented in Figure 2, only the
first harmonic component of the displacement and the nonlinear force is considered, but in
real calculations, more harmonic components can be considered.

The AFT-HBM shown in the previous figure can be summarized in the following steps:

• The first step involves calculating the dynamic response of the underlying linear
system in the frequency domain. This step is crucial as it provides an initial guess for
the nonlinear solver, at least for the first frequency in the range of interest.

• The displacement computed for the first frequency of the range is the input for the
AFT block, in which some further steps lead to the nonlinear force first Fourier coeffi-
cient computation.

• The input of the AFT block is a complex displacement, which through the IFFT
algorithm is switched in time domain.

• The time domain displacement is used as input for the contact model, which comes
out with the nonlinear force in time domain.

• The nonlinear force in time domain must be switched in frequency domain to be used
in Equation (8). For this purpose, the FFT algorithm is used.

• The AFT block outputs the first Fourier coefficient of the nonlinear force, enabling the
evaluation of the residual function at the initial frequency and iteration.

• If the value of the residual function is over the set tolerance, the solver did not reach
the convergence; in this case a new Newton iteration is performed.

• If the value of the residual function is below the set tolerance, the convergence is
reached and the solution at the first frequency is used as initial guess for solving the
equation at the second frequency.

• This procedure is repeated until the convergence is achieved for each frequency of the
frequency range of interest.

2.2. Pseudo Arc Length Continuation

The calculation scheme in Figure 2 works very well if during vibrations no detachment
of contact surfaces occurs. This is a very simplified situation; in fact, in a real turbine
application, when the blades are vibrating, there is a relative displacement between two
adjacent sectors, which implies a relative displacement between the contact surfaces not
only in the direction tangential to the contact but also in the direction normal to the contact
itself. Normal relative displacement can significantly influence the non-linear response
of the blades; in fact, during vibrations some points on contact surfaces can lose contact
and regain contact intermittently. Intermittent contact has a direct influence on the FRF
curve shape and so called “turning points” can appear. An example of a turning point is
shown in Figure 3, where, for a single frequency, two or more solutions in terms of physical
displacement are possible.

This behavior entails a problem during non-linear forced response calculation because
near the turning point the Jacobian matrix of the system will become singular and the
Newton iteration will fail.

When a turning point occurs the response curve is bent; this phenomenon cannot be
captured with the natural continuation technique, which is essentially what is described in
Figure 2. This scheme fails because with the classical continuation method the frequency
step is set a priori for all the frequency range. As shown in the example in Figure 3, after
the turning point, the curve goes towards lower frequencies, so if the next step is set as
increasing frequency, the solver is trying to solve the equation in a point out of the solution
curve, which leads to a lack of convergence.



Appl. Sci. 2025, 15, 9112 7 of 30

Figure 3. Turning point.

To avoid this issue, the frequency must not be imposed but should become an un-
known of the problem; this concept is the idea behind the “Pseudo arc length continuation
technique”, widely described and applied to general bifurcation and non-linear eigenvalue
problems by [23].

Now let us look at this technique from a graphical point of view in Figure 4:

Figure 4. Graphical point of view of pseudo arc length continuation.

Before explaining in detail how “Pseudo arc length continuation” works, it is important
to give some definitions for equations of motion:

• Z is the tangent vector calculated in the point Xn; it is defined with three components:Z1

Z2

Z3

.

• h is the step taken along the tangent vector to reach the predicted point.
• XP, ωP are the predicted point and the predicted frequency, respectively.
• X, ω are the searched point and the searched frequency, respectively.
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• With XP and ωP a vector that will be used in equations of motion can be assembled;

we will call it yP and it is defined as follows:

R(XP)

I(XP)

ωP

.

• The same reasoning can be employed with X and ω; we will call it y:

R(X)
I(X)
ω

.

Starting from point Xn, the goal is to find the point on the solution curve, X. The first
step is to make a step h along the tangent vector Z (calculated in Xn) to reach the predicted
point XP.

From the predicted point some correction steps start until convergence is achieved.
The main difference with respect to the classic continuation scheme is that the initial guess
for the non-linear solver is not point Xn, but Xp. Starting from Xp some Newton iterations
(correction steps) in parallel with “Pseudo arc length” constraint are needed to reach the
solution point X.

The same procedure can be repeated starting from point X and so on until all the FRF
curve is drawn.

Now this technique will be explained in detail from a mathematical point of view.
To embrace the pseudo arc length continuation in the AFT scheme, the residual

function must be coupled with a linear constraint, so that the solution point lies on a line
perpendicular to tangent vector. This constraint guarantees that starting from the predicted
point the solution curve can be reached and the convergence achieved.

The augmented residual function, Equation (8), with pseudo arc length continuation
constraint can be written as follows:

(D(1)X(1) − FExt + FNL
(1)

= R1(
yp − y

)T
Z = R2

)
(15)



[
D11 D12

D21 D22

](1)R
(

X(1)
)

I
(

X(1)
)−

(
R
(
FExt

)
I
(
FExt

))+

R
(

FNL
(1)
)

I
(

FNL
(1)
) =

(
R(R1)

I(R1)

)


R
(

XP
(1)
)

I
(

XP
(1)
)

ωP

−


R
(

X(1)
)

I
(

X(1)
)

ω




TZ1

Z2

Z3

 = R2


(16)

To clarify Figure 4, the physical displacements correspond to the norm of the com-
plex displacement, whereas the equations of motion use the real and imaginary parts of
the displacement.

The first term of the residual function in Equation (14) is the same as the previous
equation but is expressed with real and imaginary parts of the complex terms. The second
term is the pseudo arc length continuation constraint. Mathematically, it is the scalar
product between the vector from the predicted point to the desired one and the tangent
vector. The minimization of the second term of the residual function means that the
previously mentioned vectors are perpendicular. This guarantees a prescribed direction for
the correction steps and the convergence of the solver.

It can be noticed that the augmented residual function now has three components, so
the frequency becomes an unknown in the problem, which allows us to get around turning
points, making it possible to avoid convergence issues.
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Figure 5 shows the AFT scheme with pseudo arc length continuation constraint:

Figure 5. AFT-HBM calculation scheme with pseudo arc length continuation constraint.

The calculation scheme in Figure 5 is very similar to the one shown in Figure 2. The
main difference is the residual function, which in this case includes the pseudo arc length
continuation constraint.

The non-linear solver must minimize simultaneously the two residual terms. With
this implementation the frequency is no longer fixed a priori but comes out as a solution
of the equations system. This calculation scheme makes it possible to get around turning
points and avoid convergence issues.

3. Test Case: 1 DOF System with Variable Normal Load
The chosen test case presented in this paper is a 1 DOF system connected to an

inclined surface with the contact element of Figure 1, which can also capture the normal
load variation, whose effect is widely discussed by [24]. There are two possible different
configurations of the test case:

• The contact element is initially separated from the ground, so there is a negative gap,
which is defined as −N0

Kn
.

• The contact element is initially in contact with a positive preload acting on the contact
element; in this case a positive gap can be defined as +N0

Kn
.

The test case is shown in Figure 6:
All system parameters are defined below:

• K is the spring stiffness.
• C is the system damping.
• M is the mass of the system.
• X is the physical displacement
• F0 is the external excitation amplitude.
• kt is the contact tangential stiffness.
• kn is the contact normal stiffness.
• N0 is the normal preload acting on the contact element.
• u is the mass tangential displacement in the contact reference system.
• v is the mass normal displacement in the contact reference system.
• gap is the initial gap between the mass and the ground.
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• w is the tangential displacement of the contact element.

 
(a) 

 
(b) 

Figure 6. (a) Test case with negative gap configuration; (b) test case with positive gap configuration.

For all calculations performed in this section, only one harmonic component is considered.
The contact parameters adopted in this section and in the next one are chosen consid-

ering the typical order of magnitude of stiffness values used in the literature for 1 GDL
systems [25]. These values are not linked to physical properties of a real contact surface
because the focus here is a sensitivity analysis that is independent from the method used
for the stiffness values choice.

The first calculation, case A, is carried out with a positive gap value, the computation
parameters are reported in Table 1:

Table 1. Computation parameters for case A.

Parameter Units Value

M Kg 1
K N

mm 40
C Ns

mm 0.4
Kt

N
mm 100

Kn
N

mm 200
M / 0.3
A rad π

4
Gap mm 0.5

The external excitation is varied from 1 to 10 N; the non-linear FRF curves obtained
are shown in Figure 7:
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Figure 7. Non-linear response with fixed positive gap and different excitation levels.

The non-linear curves in Figure 7 are obtained by fixing the gap value and varying the
excitation level amplitude. For this example, a gap value of 0.5 mm is set. The gap value
determines the normal static preload on the contact element because it is defined as ∓N0

kn
;

in this case the static preload is 50 N.
The first non-linear curve, the yellow one, is overlapped to the stick linear response;

this is happening because the excitation level is not enough to reach the slip condition and
the mass is spending all the vibration period stuck to the ground, so there is no friction and
the system behaves as a linear system.

Increasing the excitation level, the vibration amplitude is larger, which leads to fric-
tional forces between the mass and the ground, and some kinetic energy is dissipated. In
fact the maximum amplitude of the non-linear curves shows an inverse trend with the
excitation level.

An important observation that can be drawn from Figure 7 is about the non-linear
FRF curves shape. With the calculation parameters used for this example, the normal load
is, of course, varying because the ground is inclined with respect to the mass, so on the
contact coordinate system, there is also a variable normal component of the displacement
but no turning points appeared. This is happening because the net normal load is the sum
of the static preload and the dynamic one for every time instant. In this case the excitation
levels used are not enough to cause the detachment between the mass and the ground,
so no intermittent contact occurs. This makes the use of pseudo arc length continuation
unnecessary, as the calculation scheme shown in Figure 2 is sufficient.

This case is a simplified situation. In fact in real applications the detachment of
contact surfaces can occur, and the solver must be able to capture turning points due to the
intermittent contact.

The next calculation, case B, will be performed with the same gap value, but this time
it will be set as negative. The same values are assumed for the excitation level.

Calculation parameters are shown in Table 2:
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Table 2. Computation parameters for case B.

Parameter Units Value

M Kg 1
K N

mm 40
C Ns

mm 0.4
kt

N
mm 100

kn
N

mm 200
M / 0.3
A rad π

4
Gap mm −0.5

Figure 8 shows both the results obtained with the negative and the positive gap values.

Figure 8. Non-linear response with fixed gap value (positive and negative) and varying excitation levels.

By observing Figure 8, some considerations can be made. First, the gap value has a
significant influence on the non-linear FRF shape and thus on the calculation scheme that
must be adopted. For this case using the same excitation levels, changing only the gap sign,
the non-linear response shows turning points because intermittent contact occurs, so the
calculation scheme in Figure 5 has to be adopted.

The FRF obtained with 1 N of excitation level and −0.5 mm gap is overlapped with
the full-separation linear FRF. This happens because the excitation is not enough to bring
the mass into contact with the ground.

Fixing the excitation level to 10 N and the gap value to −0.5 mm, a calculation without
pseudo arc length continuation scheme is performed. What can be observed in Figure 8 is
that the calculation fails near the turning point; in fact, there are a lot of points that do not
reach the convergence and the solution jumps to the right solution branch only beyond a
certain frequency value. This happens because the natural continuation is not able to get
around turning points and trace the unstable solution branch.

Another important point is the calculation time, which of course is affected by the
adopted calculation scheme. When the pseudo arc length continuation scheme is adopted,
the frequency comes out as a solution of the augmented system and the frequency step
is lower with respect to the natural continuation, and thus the calculation time is higher.
The calculation time for the FRF obtained with 10 N of excitation and 0.5 mm of gap is



Appl. Sci. 2025, 15, 9112 13 of 30

5.2 s, while the time for calculating the same FRF with the pseudo arc length continuation
technique is 38.6 s. There is a non-negligible difference between the two computation
times, so it is important to use the pseudo arc length continuation technique only when it is
necessary to not unnecessarily increase the non-linear solver computation effort.

The above calculations show how the combination of gap and excitation level signifi-
cantly influence the non-linear response. A further calculation, fixing the excitation level to
100 N and varying the gap from −5 mm to 3 mm, is performed. Calculation parameters
are reported in Table 3:

Table 3. Computation parameters.

Parameter Units Value

M Kg 1
K N

mm 40
C Ns

mm 0.4
kt

N
mm 100

kn
N

mm 103

µ - 0.3
α rad π

4

Obtained FRF curves are shown in Figure 9:

Figure 9. Non-linear response with fixed excitation level and different gap values.

In Figure 9 different gap values for a fixed excitation are explored. It can be observed
that with positive gap values (positive normal pre-load on the contact element), if the
excitation level is large enough, intermittent contact occurs, and the pseudo arc length
continuation technique is necessary to ensure the solver convergence.

4. Sensitivity Analysis: Time Samples per Period, Harmonic Truncation
Order and Contact Parameters

This section will be focused on a sensitivity analysis on the main parameters that
can affect the non-linear solver convergence. The first-discussed parameter is the number
of time samples per period. The harmonic order truncation will then be discussed, and
finally the effect of contact parameters. For this sensitivity analysis two specific cases
are considered:
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• Case 1: 10 N of excitation level and 0.5 mm of gap. The other calculation parameters
are the same reported in Table 1.

• Case 2: 100 N of excitation level and −5 mm of gap. The other calculation parameters
are the same as those reported in Table 3.

4.1. Time Samples per Period

Time samples per period is a very crucial parameter because it determines the number
of points in which the displacement and the non-linear force are discretized in time domain.
Figure 10 shows in more detail the AFT procedure that was mentioned in Figures 2 and 5:

Figure 10. AFT scheme representation.

The AFT scheme can be summarized in the following steps:

• The complex displacement in frequency domain is processed by IFFT algorithm and
becomes a time domain signal.

• The displacement time signal is the input for the contact model, in which the non-linear
force in time domain is computed.

• The signal of the non-linear force in time domain is processed with the FFT algorithm
and the Fourier coefficients of the non-linear force are computed.

Note: the scheme in Figure 10 refers to a situation in which only the first harmonic
component is taken; in general, the harmonic truncation order can be higher than 1, but
this will be discussed in the next subsection.

From the AFT scheme, the importance of the number of time samples per period
can be understood. In fact, if this parameter is not large enough, the time signal of the
non-linear force is badly discretized, and the Fourier coefficient is not correctly computed.

Let us consider case 1: the number of time samples per period is varied from 5 to 27,
and the obtained results are shown in Figure 11:
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(a) 

 
(b) 

Figure 11. (a) Non-linear response for case 1 varying the number of time samples per period. (b) Zoom
on 1.

The FRF curves shown in Figure 11 are obtained considering only one harmonic
component, so the minimum number of time samples, according to [21], is five and can be
written as 4H + 1, in which H is the harmonic order truncation. Using just five samples
per period, certain points on the curve do not reach convergence, making the FRF shape
appear irregular. This happens because using fewer numbers of time samples leads to
aliasing errors.

Aliasing depends on the non-linear force signal in time domain, which alternates
between time instants when the system is in stick condition and time instants when it
is in slip one (non-smooth signal), so if there are not enough points to capture stick–slip
transitions when FFT is applied to the signal, the resulting Fourier coefficients are not
properly calculated.

This phenomenon is known as the Gibbs phenomenon and occurs when trying to
approximate with Fourier series a function that has jump discontinuities. Around the
discontinuities, even when increasing the number of harmonics, oscillations persist, which
does not allow the signal to be optimally approximated. Everything about the Gibbs
phenomenon from a mathematical point of view is widely discussed by [26].
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When increasing the time samples, aliasing errors decrease and the FRF shape becomes
smoother. For this case, 24 points are enough to avoid aliasing errors, but 27 points are
necessary to not have irregularities.

Let us now consider case 2: the number of samples per period is varied from 26 to 212,
and the results are reported in Figure 12:

 
(a) 

  
(b) (c) 

Figure 12. (a) Non-linear response for case 2 varying the number of time samples per period. (b) Zoom
on 1. (c) Zoom on 2.

In the FRF curves in Figure 12, in which intermittent contact occurs, the effect of time
samples is more evident and more critical. This happens because intermittent contact
generates an infinite sequence of decaying, but non-zero, Fourier coefficients for a harmonic
input, as well explained and described by [14]. For this reason, aliasing errors due to
truncation of Fourier series cannot be avoided with an AFT scheme and this leads to the
necessity to oversample the time signal to reduce numerical oscillations and to ensure the
solver convergence.

The first difference that can be noticed between curves in Figures 11 and 12 is the
number of time samples per period needed for avoiding non-converged solutions. In fact
for the first case, 26 time samples are enough to not have aliasing errors and to avoid
oscillations in FRF, while in the second one with the same time samples, the solver is not
able to converge and the calculation fails.

The minimum number of time samples to reach convergence in the second case is
27, but as can be seen in Figure 12, numerical oscillations occur due to the Fourier series
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truncation. When increasing the number of time samples, numerical oscillations decrease
and beyond a certain value are minimized. In this case, 210 time samples were required to
drastically reduce numerical oscillations.

Unfortunately, to the authors’ knowledge, this parameter does not reach a plateau. In
fact there is no value above which aliasing issues can be completely avoided but must be
set according to the specific case. With awareness of this, when systems exhibit intermittent
contact, it is better to oversample, even for harmonic inputs.

The computation times for case 1 and case 2 are also calculated, and the results are
reported in Tables 4 and 5:

Table 4. Computation times for case 1.

Time Samples Computation Time Units

24 2.85 S
25 2.92 S
26 3.12 S
27 3.49 S

Table 5. Computation times for case 2.

Time Samples Computation Time Units

27 35.2 s
28 64.4 s
29 69.9 s
210 54.04 s
212 71.57 s

What can be concluded from this first sensitivity analysis is that the number of time
samples per period is a very crucial parameter for the non-linear solver convergence,
especially when intermittent contact occurs.

The solver’s lack of convergence when there is no intermittent contact can be avoided
using a number of samples slightly above the minimum value; on the other hand, if there
is intermittent contact, aliasing errors cannot be avoided, but the solver convergence may
be improved by oversampling the non-linear force time signal.

Oversampling improves the solver convergence but of course affects computation
times. In fact, observing previous tables, the increase in computation time is strictly
correlated to an increase in the number of time samples per period. The only exception is
with 210 time samples; this can be explained by the fact that when passing from 29 to 210

time samples, numerical oscillations are drastically reduced, and the number of iterations
needed for reaching convergence decreases.

In conclusion, it is important to use the right number of time samples per period to
avoid convergence issues, but unnecessary oversampling increases computational effort
without further improvement of a non-linear calculation response.

4.2. Harmonic Truncation Order

In this subsection the effect of the harmonic truncation order will be discussed, in
particular two subcases of case 1 an two subcases of case 2 will be considered:

• Subcase 1: excitation level: 10 N, gap: 0.5 mm, 24 time samples per period, harmonic
truncation order: 1 − 3

• Subcase 2: excitation level: 10 N, gap: 0.5 mm, 27 time samples per period, harmonic
truncation order: 1, 5, 7, 10
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• Subcase 3: excitation level: 100 N, gap: −5 mm, 28 time samples per period, harmonic
truncation order: 1, 5, 7, 10

• Subcase 4: excitation level: 100 N, gap: −5 mm, 210 time samples per period, harmonic
truncation order: 1, 5, 7, 10

The results obtained for subcase 1 are shown in Figure 13:

(a) 

 
(b) 

Figure 13. (a) Subcase 1 non-linear response for different harmonic truncation orders. (b) Zoom on 1.

When increasing the number of harmonic components considered in the calculations,
the non-linear FRF changes, albeit only slightly in this case, because the time signal of the
non-linear force is better approximated, and the Fourier coefficients calculated with FFT
are more accurate.

It is interesting to observe that there are still some irregularities on the FRF curves
when using more harmonic components. This is due to aliasing errors, which mainly
depend on the number of time samples per period.

Let us now consider subcase 2. The results are reported in Figure 14:
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(a) 

 
(b) 

Figure 14. (a) Subcase 2 non-linear response for different harmonic truncation orders. (b) Zoom on 1.

In this case the harmonic truncation order was varied from 1 to 10 harmonic compo-
nents. Observing Figure 14, it can be noticed that when increasing the harmonics the non-
linear FRF varies less than in the previous case, and also with only one harmonic component
the non-linear response is very similar to the one calculated with 10 harmonic components.

Summarizing these first two calculations, we can conclude the following:

• Using too few time samples per period leads to aliasing errors, which persist even
when increasing the harmonic truncation order.

• Conversely, choosing enough time samples to avoid aliasing errors, even with just one
harmonic component, can yield an accurate nonlinear response without irregularities.

When considering subcase 3 and subcase 4, for the next two calculations intermit-
tent contact occurs, so we expect a different non-linear behavior. Results are shown in
Figures 15 and 16:
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(a) 

 
(b) 

Figure 15. (a) Subcase 3 non-linear response for different harmonic truncation orders. (b) Zoom on 1
and 2.

(a) 

Figure 16. Cont.
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(b) 

Figure 16. (a) Subcase 4 non-linear response for different harmonic truncation orders. (b) Zoom on 1
and 2.

When intermittent contact occurs the effect of harmonic truncation order and time
samples per period is more evident. In fact by observing Figure 15 a big difference can be
noticed between non-linear curves obtained with different truncation orders.

In this case five harmonics are enough to approximate the solution. In fact the FRF
curves calculated with 5, 7 and 10 harmonics are overlapped.

Regarding the number of samples per period, numerical oscillations still persist, even
when increasing the number of harmonics, due to the issues extensively discussed in the
previous subsection.

In Figure 16 there is the same trend with harmonic order truncation of course, but
numerical oscillations are drastically reduced by increasing the number of time samples
per period.

What was discussed about harmonic truncation order can be summarized as follows:

• When increasing the number of harmonic components, the non-linear response is
better approximated, especially when there is intermittent contact, which generates a
force signal that requires higher harmonics to be approximated with Fourier series.

• Increasing the number of harmonic components but using a poor number of time
samples still leads to numerical oscillations and sometime to convergence issues, also
without intermittent contact.

It is also interesting to investigate computation times for all explored cases in this
subsection. The results are reported in Tables 6–9:

Table 6. Computation times for subcase 1.

Harmonic Truncation Order Computation Time Units

1 2.97 s
2 3.92 s
3 4.87 s

Table 7. Computation times for subcase 2.

Harmonic Truncation Order Computation Time Units

1 3.32 s
5 8.92 s
7 12.49 s

10 18.77 s
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Table 8. Computation times for subcase 3.

Harmonic Truncation Order Computation Time Units

1 64.4 s
5 83.94 s
7 192.43 s

10 183.14 s

Table 9. Computation times for subcase 4.

Harmonic Truncation Order Computation Time Units

1 54.04 s
5 166.44 s
7 228.14 s

10 420.4 s

The main outcome of this subsection is that there is a not-negligible difference between
the cases in which there is no intermittent contact and the cases in which there is. In the first
situation, beyond a certain value of time samples per period, aliasing errors are completely
avoided and the non-linear response can be well calculated with harmonic truncation order
1; this leads to low computational effort.

For the second situation, a harmonic truncation order 1 is not enough to compute the
correct non-linear FRF. In fact, in this case, a minimum harmonic order truncation of 5 is
required. In addition to this, several time samples per period are needed to avoid numerical
oscillations. In this case, 210 are required.

In conclusion, the number of time samples per period is the most limiting factor in
terms of solver convergence, but it must be coupled with a properly harmonic truncation
order to avoid convergence issues and to compute the right FRF curve. This leads to
high computational effort when intermittent contact occurs. For this reason, the signal
oversampling and the harmonic order truncation must be set to proper values to not
unnecessarily increase the solver computation time.

4.3. Contact Parameters

This subsection is focused on exploring the effect of contact parameters on the non-
linear response. In particular, the case with intermittent contact is considered since it is
more critical and more commendable. In detail, two cases are explored:

• Case 1: the kt is set to 102 N
mm , the kn is varied from 2 ∗ 102 to 105 N

mm , F0 = 100 N,
gap = −5 mm. The calculation is performed considering only one harmonic component.

• Case 2: the kn is set to 103 N
mm , the kt is varied from 2 ∗ 102 to 104 N

mm , F0 = 100 N,
gap = −5 mm. The calculation is performed considering only one harmonic component.

Let us consider the first case. The results are shown in Figure 17.
The effect of normal stiffness variation is clearly visible in Figure 17. By increasing its

value, there is a major stiffening when intermittent contact occurs. This stiffening effect
can be well appreciated from previous figures. In fact, as normal stiffness increases, the
non-linear FRF bend more to high frequencies, and the maximum displacement near the
resonance decreases and the curve becomes thinner.
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(a) 

 

  
(b) (c) (d) 

  
(e) (f) 

Figure 17. (a) Case 1 non-linear response. (b) Failed calculation with 27 time samples and
kn = 3 ∗ 103 N

mm . (c) Failed calculation with 28 time samples and kn = 5 ∗ 103 N
mm . (d) Failed cal-

culation with 29 time samples and kn = 104 N
mm . (e) Failed calculation with 210 time samples and

kn = 5 ∗ 104 N
mm . (f) Failed calculation with 211 time samples and kn = 105 N

mm .

Observing the legend in Figure 17, it is interesting to see the trend of the time samples
per period with the normal stiffness value. Increasing the normal stiffness induces more
intermittent contact leading to greater high harmonics contributions. Aliasing errors may
occur if the force time signal is not oversampled, even when only the first harmonic
component is used in the calculation.

For typical stiffness values between 200 N/mm and 800 N/mm, 27 time samples per
period are sufficient to ensure convergence. However, as the stiffness increases, a greater
number of samples is required to prevent aliasing errors. In this example, with a stiffness
of 104 N/mm, 212 time samples were necessary to avoid convergence issues. This number



Appl. Sci. 2025, 15, 9112 24 of 30

of samples is significantly higher than the theoretical requirement for calculating a single
harmonic component.

Let us now consider case 2; the obtained results are shown in Figure 18:

 

Figure 18. Non-linear response for case 2.

Case 2 exhibits a markedly different behavior compared with the first situation. As the
tangential stiffness increases, the nonlinear Frequency Response Function (FRF) does not
shift toward higher frequencies; instead, the resonance peak moves to lower frequencies.
This phenomenon can be explained by the fact that higher tangential stiffness results in an
increased frictional force between the mass and the ground. Consequently, displacements
near resonance become smaller, leading to reduced detachment between the contact surfaces.

In this case, 27 time samples per period are sufficient to achieve convergence, although
minor numerical oscillations may still be observed. As shown in Figure 18, 27 samples
ensure solver convergence across all examined tangential stiffness values. This contrasts
with the previous case, where up to 212 time samples per period were necessary to achieve
convergence at the highest normal stiffness value.

This difference can be attributed to the fact that higher tangential stiffness reduces the
extent of intermittent contact. As a result, aliasing errors can be avoided even with a lower
number of time samples used to discretize the nonlinear force in the time domain.

The main findings from this section can be summarized as follows:

• Normal stiffness has a greater impact than tangential stiffness on the required number
of time samples per period.

• Beyond certain thresholds of normal stiffness, significant oversampling is necessary to
ensure solver convergence.

• The number of time samples per period becomes the most critical factor in the compu-
tation when intermittent contact is present.

5. Computation with Real Blade Contact Parameters
The calculations presented in Section 4.3 were intended to illustrate how the nonlinear

response varies with changes in contact parameters; therefore, the parameter values were
chosen to highlight general trends. In this section, the focus shifts to calculations performed
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using realistic contact parameters, with the aim of simulating the forced response of a blade
under actual contact conditions.

Figure 19 shows a portion of a real steam turbine model with a snubber as a dry
friction device:

  
(a) (b) 

Figure 19. (a) Portion of steam turbine. (b) Zoom on 1. Snubber contact surfaces between two
adjacent blades.

Figure 19 depicts a portion of a real steam turbine in a unformed condition, which
means that the geometry shown is in the configuration prior to the start-up of the machine.
When the turbine is put into operation, the surfaces between two adjacent snubbers come
into contact, which provides greater system stiffness.

The contact forces acting on these surfaces are not as high as those on the anchorage,
which means that when the blade vibrates, relative motion or detachment can occur.

Considering what was discussed in the previous section, if there is detachment be-
tween two contact surfaces, intermittent contact can occur, so for modelling this phe-
nomenon, a contact model that includes normal load variation is necessary.

For this purpose, when the blade model is meshed, every pair of contact nodes is
coupled by the contact model shown in Figure 1, which is characterized by a tangential
and a normal stiffness.

Figure 19 shows a portion of a bladed disk as an example of the typical context in
which the considerations made in this paper can be exploited. For simplicity of calculation,
the results shown below will still be on a system with 2 degrees of freedom but with system
frequency values and contact parameter values typical of the blades of a real turbine.

Considering only one contact pair, the test case presented in Section 3 can be used to
perform the non-linear forced response. Realistic contact parameters values are set for the
calculations. The values of the contact parameters shown in Table 10 are chosen considering
numerical analysis carried out in the literature on real bladed disks. In real turbine applica-
tions the number of contact pairs and the values of the corresponding contact parameter
are usually chosen, when contact surfaces are stuck (without sliding), to obtain the same
frequencies that would be obtained in Ansys under the same condition. To the authors’
knowledge, it is recommended to choose the minimum values of contact parameters that
guarantee the match of frequencies, in order to avoid convergence problems.
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Table 10. Realistic contact parameters test case.

Parameter Units Value

M Kg 1.6
K N

mm 8 ∗ 105

C N∗s
mm 0.4

Kt
N

mm 5 ∗ 105

Kn
N

mm 7 ∗ 105

F0 N 100
µ / 0.3
α rad π

4

Table 10 reports the test case parameters used to perform the calculations.
Two cases are considered:

• Case 1: The first computation is performed with a positive gap value of 0.3 mm and
external forcing amplitude F0 = 100 N.

• Case 2: The second computation is performed with a negative gap value of −0.2 mm
and external forcing amplitude F0 = 100 N.

The results obtained are shown in Figure 20:

 
(a) 

(b) 

Figure 20. (a) Non-linear response with positive gap. (b) Non-linear response with negative gap.
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With the used parameters chosen for performed calculation, the natural frequency of
the system in full separation condition results as 112.53 Hz, while the natural frequency in
full stick condition is 148.87 Hz, which are realistic values for the first bending mode of a
last stage steam turbine blade. Computation times for both cases are reported in Table 11.

Table 11. Computation times.

Case Computation Time Units

1 6 s
2 635.9 s

From Figure 20a,b, the difference between the two calculations is clearly evident. In
the case with a positive gap value, there is no intermittent contact, allowing the natural con-
tinuation scheme to converge successfully without the need for the arc length continuation
method. This computation was carried out using 27 time samples per period.

The calculation with negative gap, instead, shows intermittent contact; therefore, the
pseudo arc length continuation scheme is necessary to get around the turning point.

To ensure the solver convergence 216 time samples per period were necessary in
this case.

The obtained results confirm what was observed in the sensitivity analysis:

• When there is no intermittent contact, the forced non-linear response can be calculated
with a natural continuation technique and with a limited number of time samples per
period; this leads to a small computation time.

• When intermittent contact occurs, the pseudo arc length continuation technique is
necessary to compute the non-linear FRF, and the number of time samples required to
ensure solver convergence is larger, which leads to a higher but inevitable computation
effort. The effect of the contact parameters, especially of the normal stiffness, is also
appreciable; in fact, by comparing case 2 of this section with case 2 of Section 4.1
performed with 212 time samples per period, a great difference in terms of calculation
time can be seen. This is explained by the fact that in case 2 of this chapter, the contact
parameters are orders of magnitude higher, which leads to the need to use more time
samples to ensure the solver convergence.

6. Conclusions
The purpose of this paper is to provide guidelines for designers using non-linear calcu-

lation tools in the field of turbomachinery. A nonlinear solver requires certain parameters
to be set. In this paper, the parameters that most affect convergence were analyzed.

The first parameter analyzed was the number of time samples needed to discretize the
forces and displacements over a period. This parameter is the most critical, particularly
when intermittent contact is present. An insufficient number of samples can prevent the
solver from converging, even when considering only a single harmonic. Conversely, in
the absence of intermittent contact, aliasing errors can be avoided with a relatively low
number of samples per period. However, this number must still exceed the theoretical
minimum associated with a given truncation order, since the nonlinear force in the time
domain remains a non-smooth function even without contact loss.

The second parameter investigated was the harmonic truncation order, which rep-
resents the number of terms considered in the HBM equations. The sensitivity analysis
revealed that, if intermittent contact occurs, this computation parameter must be set higher
than one because the first harmonic component alone is insufficient to approximate the non-
linear force of the time signal. For the cases explored in this paper, a harmonic truncation
order of five was enough to ensure the right FRF computation.
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Regarding the situation in which there is no intermittent contact, beyond a certain
value of samples per period one harmonic component may be enough to compute the right
FRF, but it is always recommended to use a harmonic order truncation order of at least five
to be sure to avoid computation issues.

The final parameters examined were the contact parameters, which define the tangen-
tial and normal forces computed within the contact model. The most significant finding is
the strong dependence of the required number of time samples per period on the normal
stiffness. Specifically, as the normal stiffness increases, more samples are needed to achieve
convergence. This behavior can be attributed to the fact that higher normal stiffness results
in greater normal forces, which in turn increase the likelihood of intermittent contact. In
contrast, variations in tangential stiffness did not affect the number of samples required for
convergence, which remained constant across all values explored.

Considering the outcome of the sensitivity analysis and what was discussed in pre-
vious sections, the guidelines for designers using non-linear tools in which are imple-
mented the computation methods described in this paper can be summarized by the
following points:

• When there is no intermittent contact, natural continuation ensures the solver con-
vergence without issues, so in this case the pseudo arc length continuation technique
is useless, only leading to higher computation effort. It is recommended to use a
minimum harmonic order truncation of five, even if for some cases only the first
harmonic might be enough.

• When intermittent contact occurs, turning points appear in the FRF curves, requiring
the use of the pseudo arc length continuation technique to avoid convergence issues.
Another crucial aspect is the oversampling of the time signal: in such cases, an
insufficient number of time samples per period can lead to convergence failure, making
the use of a high number of samples advisable. To the authors’ knowledge, this
parameter does not reach a clear plateau; therefore, no fixed optimal value can be
defined, as it depends on the specific system and the contact parameters involved.

• When there is intermittent contact, increasing only the harmonic truncation order does
not ensure the solver convergence, but you must also use a proper number of time
samples per period; of course this leads to long, but inevitable, computation times.

• Increasing the normal stiffness value, higher values of time samples per period must
be used to reach convergence. If possible, it is recommended to distribute the global
normal stiffness on multiple contact pairs (the number depends mainly on the mesh
of the model) to have lower stiffness values locally, and thus avoid using an excessive
number of time samples per period, which increases computation times.

The results that come out from the sensitivity analysis performed in this paper are
obtained considering a 2D contact model, which includes a variable normal force and a
tangential friction force in one direction on the contact surface. These results can be easily
extended to a 3D contact model where, instead of calculating the tangential force on the
contact surface in a single direction, the tangential force is calculated in two perpendicular
directions, but the calculation scheme remains the same.
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The following abbreviations are used in this manuscript:

HBM Harmonic Balance Method
AFT Alternating Frequency Time
PAC Pseudo Arc Length Continuation
NC Natural Continuation
ULS Underlying Linear System
FFT Fast Fourier Transform
IFFT Inverse Fast Fourier Transform
FRF Frequency Response Function
DOF Degree Of Freedom
DOFs Degrees Of Freedom
TS Time Samples
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