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ARTICLE INFO ABSTRACT

Keywords: This paper presents a novel curvilinear finite element (FE) formulation for the static and modal analysis of shells
Finite element method with arbitrary curvature and variable thickness. In the proposed approach, high-order 2D shell models are defined
Carrera unified formulation in three curvilinear coordinates, exploiting the co- and contravariant components of physical quantities in the
Curvilinear models non-orthogonal reference frame. The Carrera Unified Formulation (CUF) is adopted for the definition of 2D shell
Shell models

models in which Lagrange functions are employed for the through-the-thickness approximation of displacements;
then, merging CUF with finite element approximation of midsurface, new 3D-like FE elements are generated in
which different orders of expansion can be adopted along the three curvilinear coordinates. For this reason, these
elements are referred to as 2|3-D because they present both the computational efficiency of 2D models and the ca-
pability to model non-orthogonal geometries, such as shells with variable thickness, of 3D elements. Geometrical
relations are derived within the classical differential geometry framework, and weak-form equilibrium equations
are derived through the Principle of Virtual Displacements (PVD). The capabilities of the present finite elements
are investigated by performing the static and modal analysis of various shell-like structures. The accuracy of the
present approach in terms of three-dimensional stress states and natural frequencies is demonstrated by com-
paring the numerical results with solutions obtained by classical 3D finite elements using commercial software,
highlighting the computational efficiency of the present elements. Finally, the proposed methodology is applied
to analyze complex engineering applications.

Variable thickness
Variable curvature

1. Introduction components to maintain structural integrity and optimize weight.
Similarly, in mechanical engineering, components such as rotating disks
and rotors [9], and automotive panels benefit significantly from variable
geometrical features. In biomedical engineering, prosthetics, implants,
and orthopedic devices rely on variable geometrical features to mimic
the natural biomechanical behavior of tissues and bones [10]. The de-
sign approach allowed by such geometrical features permits improving
structural and thermal performance, contributes to cost-effective ma-
terial usage, and allows better compliance with complex design and
loading conditions.

In the context of numerical simulations, already available one- and
two-dimensional beam and plate/shell formulations are established un-
der classical kinematic assumptions, such as the Euler-Bernoulli beam
theory (EBBT) or classical plate theories like the first-order shear defor-
mation theory (FSDT) [11]. However, classical structural theories are
unsuitable for shear deformable structures, and typically higher-order

In modern engineering applications, the Finite Element Method
(FEM) is a widely adopted numerical method for solving complex en-
gineering problems involving structural mechanics, heat transfer, and
multi-physics interactions [1]. Due to its versatility, this method is
extensively used in many engineering fields to predict the structural
response of different materials and structures under various loading
conditions, and it has been widely adopted for exploring novel design
features in the context of optimization problems [2-4]. In more re-
cent applications, the FEM has also been adopted to investigate novel
geometrical configurations featuring geometrical variations, see [5,6].
Numerical simulations are therefore widely used to analyze innovative
configurations’ mechanical behavior and the design of high-performance
structures [7,8].

In aerospace engineering, variable thickness structures are exten-
sively used in the design of aircraft wings, fuselages, and spacecraft
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theories are required [12,13]. Although these models provide reason-
able accuracy and theoretically consistent results, the imposed kinematic
assumptions are unsuitable when complex structures exhibiting thick-
ness variations, curvature, or material anisotropy are analyzed [14,15].
As a result, the standard finite elements are not suitable for the anal-
ysis of such structures and suffer from numerical issues such as shear
locking, membrane locking, Poisson locking, and trapezoidal locking
[16-18]. In the field of high-fidelity numerical simulation of complex
structures, curvilinear finite element formulations have been proposed
over the years to incorporate a geometry-adaptive approach, both for
beam [19-21] and plate/shell [22-25] structural elements.

Many approaches have also been proposed in the literature to analyze
curved shells with variable thickness [26-28]. Within this context, the
influence of geometry variation alongside the effect of curvature on the
global mechanical response of the structure becomes a novel computa-
tional challenge due to the aforementioned numerical problems arising
in such finite element formulations [29]. As stated by Simo et al. [30],
the incorporation of thickness stretch inside the finite element models is
given by the simplicity of implementing a fully three-dimensional consti-
tutive model. In this context, the effects of arbitrary thickness variation
on the structural response have been investigated by many authors, see
[31-33].

Generally, the analysis of complex structures in the framework of
non-constant geometrical features can be handled by adopting classical
3D finite element formulations since, nowadays, CAD (Computer-Aided
Design) systems are integrated with the FE framework. However, adopt-
ing such models leads to computationally burdensome models and
the adoption of refined meshes [34], especially in the case of thin-
walled structures or ultra-thin laminates due to well-known aspect ratio
constraints and lower-order polynomial order of interpolations.

In recent years, shell models have also been implemented in the well-
established Carrera Unified Formulation [35]. Within this framework,
2D shell models have been implemented in a recursive index formalism
that allows the straightforward implementation of any possible theory of
structure approximation. Equivalent-Single-Layer (ESL) and Layer-Wise
(LW) theories have already been implemented within the CUF-based
2D shell theory [36], investigating the influence of lower to higher or-
ders of expansion along the thickness direction. The capabilities of the
present approach have been assessed in many works, see [37,38]. In
the Unified formulation of shell theories, FE models are defined hierar-
chically and regardless of the structural theory employed. Starting from
the Principle of Virtual Displacement (PVD), the governing equations
are written in terms of invariants of the kinematic model and struc-
tural theory adopted, the Fundamental Nuclei (FN) [35]. In addition, the
CUF formalism has introduced the Node-Dependent Kinematic (NDK)
approach. Under the NDK approach, allowed by CUF, the thickness ex-
pansion functions can be directly assigned at the nodal level of the 2D
shell finite element adopted in the mid-surface discretization, assign-
ing then to each FE node its theory of structure approximation of any
order [39]. Therefore, local refinements can be straightforwardly imple-
mented by assigning higher-order theories of structures where needed in
a resulting pure displacement-based FE model. Thanks to the hierarchi-
cal nature of the FN, the governing equations in matrix form are directly
obtained by exploiting the recursive index notation [40], without any
need for coupling techniques. The different expansion fields adopted in
different finite nodes are then coupled with the classical FE shape func-
tions, ensuring continuity and smooth transition between the different
displacement fields, defined locally.

The present work proposes extending CUF shell models in a gen-
eral curvilinear reference frame to analyze variable thickness shells with
arbitrary curvature. In the proposed FE formulation, the isoparametric
approach is adopted, namely using the same polynomial expansion for
the geometric interpolation and displacement interpolation [41]. Thus, a
local computation of the covariant and contravariant physical quantities
is achieved under a hierarchical expression that uses the CUF approx-
imation in a 3D sense, exploiting the possibility of adopting different
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polynomial expansion orders in different directions. Exploiting the NDK
approach, any variation in structural geometrical features can be natu-
rally embedded in the element without ad-hoc techniques. The physical
quantities required for the computation of FE matrices are computed in
the non-orthogonal curvilinear reference frame, reconstructing the clas-
sical Cartesian coordinate features through a transformation law. The
final governing equations for the linear static and modal analysis are
written in terms of FN, matrices independent of the structural theory
adopted, and the kinematic assumption of the element.

The work is organized as follows: (i) the mathematical preliminar-
ies and the introduction to the differential geometry approach used are
presented in Section 2; (ii) classical shell models within the CUF ap-
proach and the extension of the NDK approach to shell structures are
described in Section 3; (iii) the proposed isoparametric approach for
the 3D description of the geometry and the displacement field is pre-
sented in Section 4; (iv) the governing equations for the pure mechanical
analysis of linear elastic structures are derived through the Principle of
Virtual Displacements (PVD) and rewritten in terms of FN, as described
in Section 5; (v) three different numerical examples dealing with vari-
able thickness and variable curvature shells are presented and analyzed
in Section 6; (vi) the conclusions are finally discussed in Section 7.

2. Mathematical preliminaries

This section presents the general mathematical framework adopted
to define the present FE formulation. Here, the geometrical quantities
involved in defining the numerical method are introduced, focusing on
the covariant and contravariant components of vectors and the general
differential operators. Stress and strain components are derived in the
non-orthogonal curvilinear general framework and then recovered in
Cartesian components.

2.1. Curvilinear coordinates

Let Q, be the reference configuration of a continuum body, namely
the undeformed state. Denote also with Q the actual deformed configu-
ration of the body after the deformation process. Let P be a material
point in the reference configuration, described by the position vector
X with respect to the global Cartesian reference frame with basis vec-
tors (i, iy,i3). Denote also with P the associated point in the deformed
actual configuration described by the position vector x. The arbitrary po-
sition vector can be rewritten in terms of local curvilinear coordinates
by defining the C* mapping function Eq. (1):

1.2 3 o1 2 3y .21 2 3y 3.1 2 3
9 g 9 9 ’ ’ ’ 9 ’ 9
(a',a%,a’) x'(a',a%,a”), x(a" ,a”,a”),x°(a", ", a”)) 1)

where x' are the standard components with respect to the Cartesian
reference frame, and « instead are the general curvilinear coordinates
[42]. A non-orthogonal local reference frame (g, , g,, g3), tangential at the
point PO with respect to the curvilinear variables, is then introduced.
The covariant base vectors in the reference configuration are defined as:

&=§§ i=1,2,3 )
The vectors g; can be, in general, non-unitary and non-orthogonal. The
standard Cartesian reference frame, the covariant basis Eq. (2), and the
geometrical description of an arbitrary curved body in the undeformed
configuration are provided in Fig. 1.

Given these base vectors, the covariant and contravariant metric
tensors are defined as:

8ij =8 '8 =8 8 =&ji 3)
g,-kgkj = 55’_ 4

From these relations, the reciprocal dual basis, also called the contravari-
ant basis, is computed as follows [43]:

g =2g'g (5)
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Fig. 1. Geometrical representation of undeformed and deformed configurations,
with the global cartesian and local curvilinear reference frames in the material
and actual configurations.

For further manipulations, the changes in the covariant and contravari-
ant basis with respect to curvilinear coordinates are required. The
derivatives of the bases are expressed in compact notation as:

8

(a):—_=rl’§gk (b).ai_ i Gk )

[é]

oaJ “oal T8

where Ff.‘j and Fﬁq. are the Christoffel symbols, defined through the
contravariant metric tensor and the derivative of the covariant metric

tensor:

1 dg; 98y 08
r“ =gt =24+ 2L 2 7
) da/ ol dal )

In tensor calculus, the Christoffel symbols are strictly basis-dependent
quantities and describe the variation of the curvilinear basis in space
[44]. The same proposed procedure can be identically applied to derive
the covariant and contravariant bases G, and G' in the actual deformed
reference frame, considering the actual position vector x, the co- and
contravariant metric tensors G;; and G*/ and the other related curvilinear
quantities previously introduced [42].

Starting from these definitions, any vector field u : Q;, — R’ can
be defined in the local co- and contravariant frame, and the differential
operators are extended naturally by the extensive use of Christoffel sym-
bols Eq. (6). If the vector field is defined with respect to the covariant
basis, considering then u = u'g;, the partial derivative with respect to
the generic o/ coordinate is naturally extended as:

ou _ ou ;08 [ ou ki i
F i aafgi+u 3 \ i +u'lh; g =u'l;g ®
The term uij is the covariant derivative of the i-th component of the vec-
tor u with respect to the curvilinear variable o/ [44]. The same definition
is exploited in the case of the contravariant basis, thus considering
u=ug:

ow _ o, g _<ﬂ

o0 = ® o = Gw +“kffﬁ-)g" = g O]

2.2. Kinematics description

Let y : X € Q, — x € Q be the mapping describing the motion
of body from the undeformed Q, configuration to the actual deformed
Q configuration. In general, y is a sufficiently smooth function tak-
ing into account physical compatibility conditions [42]. The Lagrangian
displacement vector u, expressed in the local curvilinear frames, is:

u=yX)-X=x-X=ug =u'g (10)

The kinematic descriptors of the body motion, namely the deformation
gradient and the Green-Lagrange strain tensor, are derived following the
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classical continuum mechanics argument. Introducing the displacement
gradient:

Ju i
Vu=— / 11
u=— ®g an

The strain tensor is derived as:

_ 1 T _ 1 i i1 ou; a”/ k \oi
E= E(Vu+(Vu) )— E(u,.|/.+uj|i)g ®gj = 5(@4—%—21@(1—‘[/ g ®g/

T (12)

where ¢;; is the covariant strain component with respect to the curvi-
linear basis. In a finite element scenario, typically strain components
are recovered in Cartesian coordinates, where the reference frame is
fixed [45]. To perform the transformation of strain, consider again the
Cartesian coordinates (x!, x2,x?) and curvilinear covariant (a!, a2, a%).
In general, by the chain rule, one can define the following derivative
operators:

00 _ 00 o

a): by: 20 _ 90 oa’

: —; : : N 13)
da) ox! da’/ ax/ da'  ox/

From these two differential operators, one can redefine the basis vectors
and obtain the Jacobian between these two coordinate systems [45]:

_0X _0X ox' . ox ox' _ . (14)
8700 T ox 0w Vow T 0w T EH

. _0X _0X oo do! da! ik .

= a0 "o av ¥ow T o ¢ Bh) %)

Exploiting the change of variable introduced in Eq. (13), the relation
between the covariant strain component ¢;; and the related Cartesian
component strain component ¢; 5 is obtained [45]:

ox dx 0X 0X ox 0x 0X 0X|ox* ox! oaxk ox!
2 = 9% Ox 04 0& _ | 0X 0x O0X& O0A|0X OX _, 0X OX

Y 9al 0l dal Ol oxk ox! oxk ox!'| dat oal

In conclusion, the trasformation law between the reference frame Eq.
(16) is then rewritten in compact form by considering Eq. (15):

oal dal io i . . T
U= G g = 878 s ey = e an
where J, ,Z = g'g/°(g, - i;)(g, - i;) is the transformation matrix between
the curvilinear and Cartesian reference frame, valid also for the stress
tensor component [45].

3. 2|3D shell finite elements
3.1. CUF shell models

In the present section, the classical 2D CUF shell model is presented.
An extensive description of this well-established model in the literature
can be found in Carrera et al. [35]. Under the Unified formulation of 2D
shell theories, implemented in the CUF formalism, the three-dimensional
displacement field is provided as a recursive formal expression inde-
pendent of the theory of structural approximation considered, which is
effectively an input of the present model:

u(@',a?, @) = F.(a*)u,(a',a?) M+ 18)
where F, is the through-the-thickness polynomial expansion adopted,
representing the theory of structural approximation adopted, M is the
polynomial order of expansion, and u, is the vector of generalized dis-
placement components along the shell mid-surface. The choice of the
through-the-thickness kinematics is uniquely represented by F,; in this
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Fig. 2. Higher-order 2D CUF models.

way, any structural theory can be included in the displacement field
model without any loss of generality. A graphical representation of
classical 2D CUF models is proposed in Fig. 2.

Exploiting the Einstein notation for repeated subscript summation,
any higher-order structural theory can be implemented automatically
through the hierarchical nature of the displacement field definition. In
this work, Lagrange expansion models (LE models) are exploited [35].
LE models are based on the use of Lagrange polynomials to interpolate
the displacement field in the thickness direction a3, with the possibility
of discretizing the thickness into several local sub-domains. Thanks to
this approach, local independent displacement fields can be defined for
each sub-domain, assigning different expansion models independently
from those of other components. For the sake of completeness, the dis-
placement field of an LE2 parabolic expansion model is reported in Eq.
(19):

u (@', a?,0®) = Fi(@u, (', a%) + Fy(a)uy, (@', a?) + Fy(@)u,, (@', a?)
uy(al, a?,a’) = Fl(t713)uy1 (a',a?) + F2(053)uy2 (@', a®) + F3(ot3)uy3 (a',a?)
u (a',a?,03) = F (053)14Zl (a',0?) + Fz(a3)u12(al,a2) + F3(a3)u13(a1,a2)

19

where F;(a?), F,(a®), and F;(a®) are parabolic Lagrange’s polynomials
defined over three nodes taken along the thickness. In the proposed case
of LE2 expansion, such expansion basis is represented by:

Ni(v) = %(v2 —v); N,(v) = V41, N;(v) = %(v2 +v); (20)
where v is the natural coordinate describing the position along the
thickness. The set of expansion basis functions is defined, as classically
done, in the natural domain v € [-1;+1] to straightforwardly imple-
ment numerical procedures such as Gauss-Legendre quadrature rules
and polynomial interpolation where the physical coordinates are re-
constructed by means of the Jacobian, discussed later. The reader is
addressed to Carrera et al. [35] for a complete description of the im-
plementation of Lagrange Expansion theories (LE class) for all possible
cases. Given the polynomial order adopted in the through-the-thickness
expansion theory, the expansion models adopted will be referred to as
linear LE1 (two-node), parabolic LE2 (three-node), and cubic LE3 model
(four-node).

3.2. 2D finite element approximation

The continuous field of generalized unknowns on the shell mid-
surface u,(a!, @?) is then discretized following the classical FE approach,
adopting 2D approximations:
2D

u (¢!, a®) = Nya',d®u,, i=1,...,N,
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where N,(x,y) are the 2D shape functions, N,, is the number of finite
nodes adopted in the element formulation, and u_;, the final unknowns
of the model, are the nodal displacement components.

In the present approach, the classical 2D FE formulations are
adopted in the discretization of generalized unknowns, using the set
of 2D Lagrange shape functions defined in the natural domain (¢,7) €
[-1;+1] x [-1;+1]. As an example, the shape functions adopted in the
discretization of the mid-surface with a parabolic nine-node element are:

N,~(§J1)=i(62+§§,~)(nz+nm>, i=1,3,57 (22)

Ny = %53(52 +eE1 - ')+ %n,-z(nz +an)(1- &), i=2,4,68
(23)

N(Em=1=-1-n>, i=9 (24)

where (¢, 1) are the natural coordinates and (¢;, ;) are the natural coor-
dinates of the interpolating nodes in the natural domain. More details
about the 2D interpolation along the natural domain can be found in
many works, see [1,35]. Given the total number of finite nodes adopted
in the 2D element chosen, the discretization along the shell reference
mid-surface will be addressed as linear Q4 (four-nodes), parabolic Q9
(nine-nodes), and cubic Q16 (sixteen-nodes) FE interpolation.

The final expression of the displacement field in the CUF domain is
then a coupled expansion of the structural shell model and the FE ap-
proximation along the reference mid-surface, expressed through a single,
unified, expression exploited by a recursive index notation:

u(a',a?, &) = F,(a*)u,(a',a?) = F,(’)N,(a', a*)u,, (25)

The final expression of the displacement field given in Eq. (25) is
formally independent of the order of shell theory adopted and the mid-
surface discretization. Any displacement-based model can be obtained
hierarchically by choosing the two independent polynomial bases along
the thickness and the midsurface. The reader is referred to [46] for ad-
ditional insights about CUF shell models. In the literature, higher-order
plate/shell models implemented in the CUF scenario have been proven
effective in the computation of complex 3D stress and displacement
distributions in various engineering fields, see [47-49].

3.3. CUF merged with FEM

Classical plate theories are not well-suited for modeling structures
with variable thickness because the separation of functions F,(«®) and
N;(a!, @?) presupposes that the geometry of the shell is orthogonal, that
is the constant thickness of the shell through its mid-surface.

To overcome these challenges, non-conventional finite elements have
recently been introduced, exploiting purely displacement-based formu-
lations, capable of handling complex geometries without compromising
the overall accuracy and computational efficiency of 1D and 2D models
[50,51]. This approach, enabled by the CUF, is now extended for the first
time to modeling structures in fully curvilinear coordinates for the analy-
sis of shells with variable geometrical features. This extension allows for
accurately representing complex shells within a unified 3D higher-order
approximation. Furthermore, this approach exploits the use of different
polynomial orders in different directions, enhancing the accuracy of the
model while maintaining computational efficiency.

In the classical CUF approach, the approximating 2D shape functions
of the shell mid-surface N; and the thickness F, are treated separately
throughout the derivation of FE governing equations. According to the
node-dependent kinematic approach, later introduced by Li et al. [52],
the coupling between these approximations is introduced by a recursive
index formalism:

u(al,az,a3)=FTi(a3)Ni(al,a2)uTi MU+, i=1,...,N,

(26)

T=1,...

w.n
1

Introducing the superscript over the function F, in Eq. (26), a
coupling between through-the-thickness kinematics and classical FE
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Fr(z)

Fig. 3. Curvilinear finite element with a node-dependent approximation of through-the-thickness displacement field: geometrical representation of the shell with

arbitrary curvature and variable thickness.

modeling of the mid-surface is definitively introduced; also, the num-
ber of expansion terms M + 1 over the index = now depends on the FE
node i. In this sense, each finite node of the discretization can assume
its own polynomial expansion in the thickness direction. The capabili-
ties of the present approach have been established in many fields, both
for 1D beam models [53-55] and 2D plate and shell models [52,56].
However, this approach is not yet able to describe a thickness varia-
tion across the midsurface of the shell element because the coordinates
o® and (a!,a?) are handled separately in the approximation of both
geometry and displacement fields during the derivation of governing
equations.

In this work, the previous models are further improved by com-
pletely merging the functions F(e?) and Nj(a',«?) into a unique 3D
function L (a',a?,¢3) that, differently from classical 3D Lagrangian
shape functions, can have different polynomial orders in o> direction and
a!, a? directions. Therefore, the displacement field can be rewritten as
follows

=1, M +1; i=1,..,N,
(27)

u(al,az, a3) = Lfi(al,az,az’)u”

where L ;(a!,a?,03) = Fi(a®)N;(a!,a?). The new polynomial basis L;
can be interpreted as non-conventional 3D shape functions in which the
order of expansion can be different along one of the spatial directions
[50,511, in this case the thickness direction .

From this point on, the governing equations are derived by us-
ing the above 3D approximation of the finite element domain. All the
geometrical quantities, then all derivatives and integrals based on re-
lated transformation of coordinates, are computed as 3D, allowing us to
consider the thickness variation inside the element itself. At the same
time, this finite element does not add unknowns to the final system of
equations because it employs the same identical variables as classical
CUF shell models.

Note that, unlike classical 3D finite elements, the present elements do
not suffer from numerical problems due to a possible high aspect ratio
of the element; indeed, the use of a different order of expansion in the
thickness direction with respect to the mid-surface directions automati-
cally overcomes this problem. The study cases demonstrate this fact, as
analyzed later.

A graphical representation of the finite element presented in this
work is provided in Fig. 3.

4. Isoparametric formulation

In this section, the geometrical quantities previously introduced are
now defined in the Unified framework exploiting the isoparametric for-
mulation, namely adopting the same polynomial approximation for the

displacement field and structural geometry [57]. The geometric recon-
struction is fundamental in the definition of finite element matrices
and the computation of strain and stress components in curvilinear
coordinates.

4.1. Three-dimensional geometry interpolation

In the Cartesian reference frame with basis vectors (i, i,.3), the po-
sition vector of a generic material point inside the discretized domain
can be represented using curvilinear coordinates as:

X', a%,a®) = L (', e?, )X, (28)
where X ,; = {XT‘i,Xfi,Xgi}T ={X,Y,;, Z,;}" is the vector of the physi-

cal coordinates of the r—i discretized node. Unlike classical shell models,
the present one does not introduce any linear assumption in the thick-
ness direction «>. Following the present definitions, the covariant basis
vector is computed by Eq. (2):

OL,

g = 50 Xy
oL

&= a2 Xri (29)
oL,

8= 53 X

Furthermore, the covariant metric tensor is computed by definition and
rewritten in matrix form as:

g -g) (€ g @-g)
[gijl=g -8 =| (&-8) (€ 2 (g 8) (30)
(8-8) (8-2) (8-8)

Subsequently, in matrix form, one naturally obtains the contravariant
metric tensor by matrix inversion:

[¢”]=1lg;1™" (31)

The contravariant basis of the interpolated finite element domain is then
obtained following Eq. (5):

gl =g""g +g"g +¢" g
g =g'g =g’ = ¢%'g, + 828, + £2g; (32)

g =g + 7% + ¥
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Exploiting the superimposed geometry interpolation, one can automati-
cally derive the Christoffel symbols by applying Eq. (6)(a):

ag,
C _— of . a
l—‘ab =g oab
r 2 2 2 B
c - &Xr[ gC ) J Lfi X‘ri gC : J LTi Xri
dal? daloa? daloa3
.. oL . Ly . 0Ly
=18 aazaal Ti g aa22 Ti g aa26a3 Ti ’
%L, L, L,
g X g =X, g —=NX,
L daoa! oa0a? da3? |
c=1,23 (33)

4.2. Displacement interpolation

The strain components given by Eq. (12) stem from the covariant
derivative of the covariant components of the displacement field, Eq. (9).
In the non-orthogonal coordinate system, the co- and contravariant basis
vectors g; and g’ are not unitary vectors in general; thus, to analyze strain
and stress components in a displacement-based FE model it is useful to
refer to the physical Cartesian components of displacements #; instead
of the tensor components u; and u', as well as the strain components.
The displacement field can be expressed in the Cartesian or covariant
form as:

iy =u;g/ (34

The generic covariant component ; in terms of the cartesian compo-
nent 4, can be rewritten with algebra manipulation and exploiting the

orthogonality between the co- and contravariant basis:
uj :ﬁk(gl)kgjl :ﬁk(gj)k :ﬁ'gj (35)

where 1 is the displacement vector expressed in the Cartesian reference
frame, and the symbol (-), stands for the k-th vector component. In this
way, the covariant displacement component can be rewritten in matrix
form as:

up (31)1 (g1)2 (g1)3 il\l
=) @), @s||i]= i, (36)
uz| (@) (@) ()3]]0;

where the basis t, introduced here is given by the set of vectors:

@)1 (1), (81)3
=@ =@ =[x (37)
(83), (83), (83)3

and the cartesian components of the displacement vector are interpo-
lated using the isoparametric formulation, following Eq. (26). Finally,
the covariant derivative of the covariant component of the displacement
field can be rewritten in terms of Cartesian physical components:

oduy
dak
ou, ou, .. ot

=g, v ot 38
dak dak A TGk (38)

duy

dak
Let us focus on the matrix introduced in Eq. (36). It represents also the
Jacobian matrix J of the element:

@) (@) (8
J=1@) @) (@) (39)
(g3 )1 (g3 )2 (g3 )3

In classical shell formulations, the Jacobian of the midsurface is con-
sidered separately from the thickness Jacobian. In fact, the components
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(81)3, (8)3, (83); and (g3), are null if the shell has constant thickness. In
this work, the components above are computed to consider a possible
thickness variation inside the shell element.

4.3. Curvilinear and Cartesian strain computation

In the present FE implementation, the symmetrical physical quan-
tities, such as strain and stress fields, are rewritten in vector form,
adopting Voigt’s notation. Adopting this notation requires the definition
of transformation matrices and derivative operators specifically for the
symmetrization adopted. In the following section, all the physical quan-
tities adopted in the derivation of FE matrices are presented, as well as
the transformation law required for the computation of strain compo-
nents in the Cartesian and curvilinear reference frames. Starting from
the strain components Eq. (12), the strain vector is rewritten as follows:

€11
9 1 2 3
ol ' - -7
€22
1 0 2 3 ro
-y Froa ot -5 U
£33 1! 2 9 _13
> 33 33 a3 33
Ecuru — — uz
0 1 2 0 3
€13 3~ —2I7, 37 ~ 2
1 9 2 0 3
=20, 5 "2 5 — 2 (L
€23
f) 1 0 2 2
| 6aZ ~ Wy, 5 2, —2ry,
L€33] b
(g); (@) (g8); 171
= bcuru (g2)1 (g2)2 (g2)3 ,u\Z (40)

() (28)2 (23):]]03

where efj’."” are the curvilinear strain components with respect to the
dual g’ ® g/ basis, and u; are the covariant displacement compo-
nents. If the curvilinear strains are written considering the Cartesian
displacement components #;, they become:

£ = b, I @1
Imposing now the 3D interpolation of the Cartesian strain compo-
nents, one can automatically derive the interpolated curvilinear strain

components from the Cartesian displacements ii,; = (i;; . ﬁﬂ-y,ii,,-z)T'
L.(g); L8y Li(g)s il\fix
£ = bcurv Lri(gZ)l Lri(gZ)Z Lri(g2)3 uTiy
Lri(g3)1 Lri(g3)2 Lri (g'i )3 ﬁriz
Lri(gl)l Lri(gl)Z Lri(gl).’a
= bcurv L‘ri(gZ)l Lri(g2)2 Lri(g2)3 ug; (42)
L‘[f(g3)1 Lri(g3)2 Lri (g3 )3

Applying the transformation law Eq. (17), the Cartesian strain com-
ponents are automatically obtained, directly expressed in terms of
Cartesian displacement components:

L@y L@y Lyy(8)s
emrt = Jc2cecu” = Jc2cbcuru Lri(gZ)l Lri(g2)2 Lri(g2)3 Uy
Li(g)  Lu(g)y  Li(gs);
= JCZEBZLrUﬁTi (43)

where B! is the algebraic matrix of derivative operators applied to
the displacement polynomial expansion, whose formal expression is pro-
vided in Appendix A, and J,,. is the transformation matrix stemming
from the transformation law, redefined in compact form to impose the

Voigt’s notation:
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g'(@g,), 878, g7, 7@, g7 (@), £°@),

g'7(g,), 8'7(8,), £7(g,), 8@, g7 (g,), &°@&,),

g'7(g,), £'7(8,); 872, 87°(8,);  &7(2,), 87 (8);

Jc2c =

g2, £'7(g,); 872, (&) &), £7(&);

g2, £'7(8,); 872, 8°(8,);  &7(,), 87 (8);

g2, £'9(8,), 8¥(2), £°(@8,), &¥(2,), £°@,),

(&'°(g,), £%(,), +£"(®), (2, ]
(&'9(8,), 8%(2,), +8"7(2,), £2(2,),)
(8'7(8,); 87(8,); +8'7(2,), £°°(8,)3)
(&'9(,); 8%(2,), +2"7(2,), 82(2,):)

(8'7(2,); 8%(8,), +8"(8,), £°(8,)3)

(8'7(g,), 8%(8,), +8"(8,), £ (8,))

In the present formulation, the formal expression of the algebraic matrix
B?!  is independent of the theory of structural approximation and the
kinematic model adopted. Additionally, it is not dependent on the ref-
erence frame adopted in the FE definition since it is generally computed
in the curvilinear reference frame, varying pointwise. The uniquely de-
fined Cartesian components stem from the transformation law once the
isoparametric formulation reconstructs the local covariant basis and the

contra-contravariant metric tensor.

5. Governing equation

This section presents the numerical framework that has been de-
veloped, implementing the curvilinear finite element model discussed
previously. The formulations of the static and free vibration problems
are carried out within the classical continuum mechanics framework,
and the governing equations are derived from variational principles. The
equilibrium equations are then written in a compact matrix representa-
tion, thereby enabling the hierarchical implementation of the proposed
displacement-based FE model independently of the finite element model
adopted.

5.1. Principle of virtual displacement

The governing equations for the purely mechanical problem are
exploited through the Principle of Virtual Displacements (PVD):

6£im + 5£ine = 5£ext (45)

where 5L, is the virtual variation of internal strain energy stored during
the deformation process, 6L£,,, is the virtual variation of the work of
external loads done by virtual displacements and 6£;,, is the virtual
variation of the work done by inertia load, defined as:

(@sécL,, = / 6e'edvV (b)) 6L, = /
Q,

Q

su'pidvV  (c)éL,, = / su'tdv
QO
(46)

where ¢ is the strain tensor, o is the Cauchy’s stress tensor, i is the
acceleration vector, f is the vector of external loads, and the symbol & de-
notes the virtual variation. In the present work, finite element models are

(8'°(8,)) £7(g,), +5"(&,), £°(&))
(8'°(8,); £7(g,), +£"7(8,), £(8,))
(8'°(8,) 87(8,); +5"7(8,), £(8,)3)
(8'°(8,) 87(g,), +5"(8,), £(8,)3)
(8'°(8,)3 87(g,), +£"(&,), £(8,)3)

(8'7(2,), 87(8,), +8"(8,), £°(8,))
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(&% (g,); £7(g)), +87(g,), £°(g,))
(€27 (2,), 8(g,), + 82 (2,), £7(2,),)
(€27 (2,); 87(8,), + 82 (2,), £7(2,)3)
(827 (2,); e7(g,), + ¥ (2,), £7(2,)3)
(827 (2,); 8(g,), + 82 (8,), £7(2,)3)

(82 (2,), 87(8,), +8%(8,), &£ (8,)2)

(44)

defined in a Total Lagrangian (TL) approach; subsequently, all volume
integrals are referred to the material (or reference) configuration.

For the FE implementation proposed, the virtual displacement and
strain fields are written adopting the same polynomial expansion pro-
posed in Eq. (28), following the isoparametric approach, adopting two
different independent indices:

su(a!,a?,@®) = Ly (a!, a?,a*)éu,, (47)

In this way, the real and virtual strain fields are rewritten in compact
form using the algebraic matrices of derivative operators applied to the
3D interpolating functions as shown previously by Eq. (43):

— Ti 5
€= szchurvuTi

e = Jthst ‘Sﬁsj (48)

curv

5.2. Fundamental Nuclei

Starting from the definitions in Eq. (46), the energetic terms are
rewritten in matrix form, expressed in terms of Fundamental Nuclei
(FN), the basic elementary blocks of the present higher-order curvilinear
FE models.

The internal strain energy contribution is then rewritten as:

6£,n,=/6£T0'dV=/6ﬁT.B” "I CY, BT W, |J|dV
Q Q

sj o curv ¥ c2e c2¢Pcurv

= 665 [/ Bz{;rgJZZCCJCZC ;llnvl‘]l av ﬁﬂ' = 6ﬁZ;K”ijﬁ‘ri
Q
(49)

where |J| is the determinant of the Jacobian matrix used for the trans-
formation of the integral over the volume. The matrix K™ is the 3x3
FN of the stiffness matrix. In the definition of stiffness matrix FN, the
elasticity tensor C adopted is the classical 6x6 tensor expressed in the
Cartesian reference frame, without any curvilinear representation, since
all the physical quantities have been expressed in terms of Cartesian
components.
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(a) Geometrical features
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(b) Boundary conditions

Fig. 4. Variable thickness shell: geometrical representation of the case study considered.

Referring to the inertial load contribution in the variational principle,
instead:

5L, =/V6quiidV=/V6ﬁZjLSj(al,a2,a3)pLT,-(a],az,a3)ﬁT,~|J|dV
= 5ﬁfjp[/ Ly, a® @) 1 L (a',a® a®)|J] dV |u,,
14

= sul MV, (50)

where p is the material density and M**"/ is the 3x3 FN of the mass ma-
trix. Finally, considering the external load contribution in the variational
principle, one can derive:

Sﬁex,=/Z(Squd2=/EﬁﬁZjsz(al,az,ag)flJEIdE

=50l [ /)E 80l Lyja', o, a)f x| dZ|t,,; = 6] PY

(51
where a generic pressure load f(a',a?) =
(fl(@',a?), f2(a',a?), f3(a',a?))" is applied at &> = ol and Jy is

the Jacobian computed at the same coordinate. The 3x1 vector P¥ is
the FN of the vector of external loads.

Substituting the definition of virtual works in the PVD expression

above, the governing equations for the purely mechanical problem are
finally expressed in terms of FN:
S0 K™UaL,, + 50 M@ Vu,, = st P (52)
After the summation over indices 7, s, i and j and considering the CUF
assembling procedure [35], the global stiffness matrix K, the mass ma-
trix M and external load vector P are obtained, and the final governing
equations are written in the classical form:

Static analysis: Ku =P (53)
Modal analysis: (K — o*M)® = 0 (54)

In a CUF-based finite element model, as shown here, the governing
equations are expressed using FN, matrices independent of the specific

(a) Q9-LE2

(b) Q9-LE3

Fig. 5. Variable thickness shell: node-dependent kinematic curvilinear model
adopted in the mathematical modeling of geometry and displacement field.

structural theory, such as the thickness expansion functions (F, and F,)
or mid-surface kinematic models (N; and N j). This invariance allows for
the flexible implementation of various structural theories without limi-
tations. The core advantage of the CUF approach is its ability to derive
governing equations independent of the chosen FE implementation mod-
els. In particular, the use of Lagrange’s expansion models (LE models)
ensures the CQ through-the-thickness requirements [58]. The final form
of the FN and the hierarchical nature of these basic building blocks allow
a straightforward implementation of node-dependent kinematic (NDK)
models by considering different through-the-thickness expansion models
and local refinements, guaranteeing accuracy, feasibility, and reduced
computational costs with respect to full 3D finite element models with
classical formulation (brick models). To assess the capabilities of the
present displacement-based curvilinear CUF models, the classical linear
stress analysis (static analysis) and free vibration analysis (modal anal-
ysis) of isotropic, variable-thickness, and variable-curvature structures
are discussed.

6. Numerical results

This section presents the proposed case studies and numerical re-
sults for the static and modal analysis of shells with variable thickness
and arbitrary curvature. The analyses are performed using the present
implementation of higher-order curvilinear models exploiting the NDK
approach, which enhances the representation of structures with spa-
tially varying curvature and thickness. The results are compared against
reference solutions obtained using the conventional 3D finite element
implementation in ABAQUS. The effectiveness of the proposed ap-
proach will be assessed through different case studies, demonstrating
its capability and accuracy in different problems.

6.1. Variable thickness curved panel

The first case study analyzed is the static and modal analysis of a
curved panel with variable thickness. The present analysis is proposed
to assess the capabilities and the accuracy of the present model when
a constant curvature and variable-thickness structure are considered.
Specifically, a curved panel of total lateral length L. = 100 cm and half-
opening width a = 20 cm is analyzed. For the sake of convenience, the
base points of the geometry are lying in the (x, y) plane. The constant
radius of curvature of the inner surface is then fixed obtained by consid-
ering the center in the (x, z) plane at coordinates (x,, zp) = (0, —25) cm,

obtaining then R = \/z?) + a%. To impose a thickness variation law,

the angle 6 is introduced, which can vary between [—0;+8], where
6 = arctan(a/zp). In the considered case, the curved panel has a vari-
able thickness in the tangential direction, ranging from 4, = 1 cm to
h, = 4 cm, with a linear variation law described by:

n®) = h, + %(hz —h) 6e[-0,+0] (55)

The curved panel is made of steel, for which the material properties
considered are expressed in terms of Young’s modulus E = 210 GPa and
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Poisson’s ratio v = 0.3. The structure is subjected to a uniform normal
pressure and is considered clamped at one end. The geometrical fea-
tures are depicted in Fig. 4(a), whereas the boundary conditions and the
applied load are shown in Fig. 4(b).

In the present case, different mathematical models are considered
in the discretization of the structure, and the geometry is considered
to analyze the influence of different polynomial orders of expansion
along the reference mid-surface and along the thickness. The results
obtained with the present implementation of curvilinear NDK models
are compared with reference solutions computed adopting classical 3D
discretization implemented in the commercial software ABAQUS. The
influence of different discretizations on the accuracy and the total com-
putational cost required by the simulation is measured by comparing

i i ©2D CUF~3D
the relative percentage difference 03D - 100 % and the total
degrees of freedom (DOF) of the model.

In the following analyses, two different FE formulations will be
considered, analyzing the influence of parabolic and cubic polynomial
expansion along different directions on the static and modal response of
the structure. The graphical representation of the mathematical model
adopted in the following discretization is depicted in Fig. 5. A conver-
gence analysis is performed to assess the accuracy and efficiency of the
2|3D shell models regarding natural frequencies, considering the geo-
metrical features described before. The influence of the mathematical
models adopted on the natural frequencies is investigated considering
only parabolic Q9 elements along the reference mid-surface, assessing
the influence of the finite element mesh and the through-the-thickness

discretization model (parabolic LE2 model or cubic LE3 model) initially.

Table 1

Mode Parabolic expansion model (LE2)
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The results of higher-order curvilinear 2D CUF elements are exten-
sively compared with the natural frequencies obtained via numerical
simulation of the 3D ABAQUS model, for which 9000 C3D20 elements
(parabolic 20-node brick elements) are employed, due to hexahedral
models’ aspect ratio constraints. Table 1 shows the results of the modal
analysis, performed to evaluate the influence of the reference mid-
surface discretization and theory of structure approximation on the first
ten natural frequencies of the clamped curved panel. Accurate results are
obtained using coarser discretization, for each expansion model consid-
ered. Therefore, from now on, finite element mesh of at least 20 x 20
elements will be employed in further analysis. In particular, by con-
sidering the fixed total number of elements adopted in the reference
surface, the adoption of cubic models leads to similar results in terms of
natural frequencies. In all the cases, a significant reduction of the total
computational cost in DOF is observed for all the discretization mod-
els adopted, compared to the convergent mesh adopted in the full 3D
ABAQUS model.

Fig. 6 shows the through-the-thickness transversal displacement u,
distribution of the clamped plate when a normal pressure applied of p =
10 N/cm? is considered. The results are compared at the position located
at = 0 and y = 20 cm from the clamped section. From the proposed re-
sults, the distribution of the through-the-thickness displacement shows a
slight parabolic behavior, and more accurate results are observed when

fine mesh along the reference surface is considered. Moreover, consider-
ing the fixed number of elements adopted in the discretization, slightly
different solutions are observed when considering higher-order expan-
sion models. The differences in the displacement distributions across

Variable thickness curved panel: convergence analysis on natural frequencies [Hz]. Comparison between 2D CUF curvilinear models and 3D elasticity solutions. In
brackets, the percentage difference of the proposed solutions

Cubic expansion model (LE3) ABQ 3D
10x 10 Q9 15x15Q9 20x20 Q9 20x30 Q9 10x 10 Q9 15x 15 Q9 20x20 Q9 20 %30 Q9 C3D20
1 64.44091 %) 64.270.65 %) 64.2000-53 %) 64.14043 %) 64.43(0:89 %) 64.27(0.63 %) 64.19(0:52 %) 64.13042 %) 63.86
2 122.320044 %) 121.88(0:09 %) 121.73(-004 %) 121.65(-011 %) 121.910:10 % 121.49024 %) 121.340:36 %) 121.260:43 % 121.78
3 324.28095 % 323.60073 % 323.28(064 %) 323.0105 % 324.2604 % 323.57073 % 323.250603 % 322.98034 % 321.24
4 352.330:82 %) 351.03045 %) 350.58(0-32 %) 350.230:22 %) 352.050.74 %) 350.760-37 %) 350.310:24 %) 349.96(0-14 %) 349.46
5 372.48030 % 370.83-014 % 370.29(-02 %) 369.94(-038 %) 371.82012% 370.19032 % 369.65040 %) 369.31030 % 371.37
6 645.16070 % 640.20(-002 %) 638.69(~025 %) 637.81(-03 % 644.49(065 %) 639.54012 % 638.04036 %) 637.1604 % 640.32
7 696.760-02 %) 694.05(1-01 %) 693.48(109 %) 693.39(110 %) 695.73077 % 693.09(-14 %) 692.54(122 %) 692.45(124 %) 701.11
8 818.75(103 %) 813.560% % 812.12021'%) 811.28010 % 816.78078 %) 811.71010% 810.29002 %) 809.45(012 %) 810.43
9 905.27(0:56 %) 900.22(0:00 %) 898.75(-17 %) 898.05(0:25 %) 903.15032 % 898.22(0:23 %) 896.80(-38 %) 896.13(046 %) 900.26
10 947.65222 %) 934.29078 %) 930.45036 %) 928.3914 %) 946.57210 % 933.20060 %) 929.400025 %) 927.36(003 %) 927.08
DOF 3969 8649 15,129 22,509 5292 11,532 20,172 30,012 151,995
10x10 Q9 - -* - 20x20 Q9 30x30Q9 —— 3DABQ — 10x10 Q9 - -* - 20x20 Q9 30x30 Q9 —— 3DABQ —
10x10 Q16 @ 20x20 Q16 30x30 Q16 - -9 - 10x10 Q16 @ 20x20 Q16 30x30 Q16 --¢ -
0.5 1 B 0.5 ‘ &
® B ® -]
0.4 2 L] 0.4 % L}
B3 -
03 s % 03 2 L3
2 L] 2 L]
0.2 Y ] 0.2 Y B
—_ ® -] — ® =
&L 01 5 [ &L 01 LS [l
B > B S > 8
I o % | g o 5 |
S -0l e u £ 01 ;M '
3 B 3 B
-0.2 ) 5 -0.2 9 &
-0.3 ® = -0.3 ° =
¢ & ¢ ]
-0.4 * = -0.4 ¢ =
¢ L ¢ %
-0.5 * L -0.5 ° =
-4.02 -4 -3.98 -3.96 -3.94 -3.92 -39 -4.02 -4 -3.98 -3.96 -3.94 -3.92 -3.9
Displacementx1072 [cm]

(a) Parabolic LE2 exp. model

Displacementx1072 [cm]

(b) Cubic LE3 exp. model

Fig. 6. Variable thickness curved panel: through-the-thickness displacement distribution of the clamped panel for different discretization models adopted. Results
computed at # = 0 and y = 20 cm from the clamped section. Influence of the finite element mesh and expansion model adopted on the displacement distribution.
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Displ. Magnitude

0.000e+00

(a) 2D CUF model

U, Magnitude
+5.244e-01
+4.807e-01
+4.370e-01
+3.933e-01
+3.496e-01

(b) 3D ABQ model

Fig. 7. Variable thickness curved panel: plot of the global displacement magni-
tude, comparison between 30 x 30 Q9 + 1LE2 model and 9000 C3D20 ABAQUS
model.

parabolic LE2 and cubic LE3 models are almost negligible. Instead, a
strong influence of the reference mid-surface discretization adopted is
observed, and the most accurate results are observed when 30 x 30 FE
are adopted. Fig. 7 shows the comparison of the displacement magnitude
contour, comparing the solutions obtained via CUF model and ABAQUS
model.

Fig. 8 shows the through-the-thickness distribution of the Cartesian
strain component in the three normal directions ¢,,, ¢,, and ¢,,. In
the following results, strain components are analyzed to assess the ca-
pabilities of the present implementation of the curvilinear model to
accurately predict the three-dimensional strain field starting from a
polynomial approximation of the local co- and contravariant basis and
metric tensors from the geometric interpolation since they are required
from Eq. (43). In this sense, this proposed case study investigates the
performance of the present model where a non geometrically exact
curvilinear model is considered. From the proposed results, the through-
the-thickness strain ¢, distribution shows some discrepancies with the
reference 3D solution, but comparable and consistent results are ob-
tained when refined meshes are considered. Instead, in the case of £yy
and ¢,,, perfectly matching distributions across all the discretizations
investigated.

6.2. Variable thickness and variable curvature structure

The proposed approach is exploited in the following case studies to
model variable curvature and variable thickness structures. For this pur-
pose, the analysis of isotropic variable curvature revolution structures is
investigated. In the following, two different structures will be analyzed:
a single curvature variation with a single thickness variation is con-
sidered; afterward, a single curvature variation and a double thickness
variation are considered.

6.2.1. Generation of variable curvature and thickness structures

A reference surface of revolution is considered in generating the 3D
model. The reference geometry adopted in the following is represented
in Fig. 9(a). A general curved 2D reference mid-surface is considered in
the 3D space, obtained by the revolution around the z axis of a variable
curvature line on the y — z plane. Given the initial radius of curvature in
the x—y plane denoted by R, the generic R(¥) is obtained by rotating the
reference radius of an angle ¥ with respect to the y axis with modulus
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expressed by the law R(¥) = R, - f(¥). Fig. 9(b) shows the graphical
representation of the revolved 2D reference surface and its geometrical
parameters adopted. Due to the symmetries of the structure, it is possible
to analyze only an eighth of the global model considered.

Given the 3D reference surface, it is possible to compute locally the
local covariant reference frame (g, g, vectors, instead the local g; vec-
tor is always considered in the local normal direction. The thickness
expansion will be considered along the g; local direction). Given the
opening angle denoted with ¥, , the local thickness of the structure is
computed, in the proposed case studies, with a linear variation law in
the g, direction:

Y e[0,¥

¥
hg3 W)=h + v (56)

op

(hZ - hl) ap]
Naturally, in the proposed approach, any thickness variation law can be
straightforwardly implemented in the model since the 3D geometrical
reconstruction is considered inside the computation of FE matrices. In
this way, variable thickness geometries are straightforwardly obtained
by uniquely assigning the two mathematical expressions for the thick-
ness expansion and the radius law. In particular, in the following case
studies, thick-to-thin structures will be analyzed to assess the capabili-
ties of the present modeling technique. Moreover, the next case studies
will consider two different radius laws. The expressions adopted and the
geometrical parameters of the 3D geometries are listed in Table 2. In the
case of cosine radius law, a single thickness variation along the g, di-
rection will be considered. Thereafter, for the case of the secant radius
law, two different thickness variations will be considered in g, and g,
directions.

6.2.2. Double curvature and single thickness variation

In the first case, the spherical-like curved structure with radius law
R(¥) = R,cos*(P) is analyzed. The structure is made again of steel;
the material constants considered are Young’s modulus E = 210 GPa,
Poisson’s ratio v = 0.33, and density p = 7850 kg/m3. Fig. 10(a) shows
a representative discretization of the reference mid-surface obtained by
the procedure described before.

The first analysis considered is the assessment of the capabilities of
the present approach by convergence analysis on the first ten natural
frequencies. In this preliminary analysis, only parabolic Q9 (nine-node)
discretizations are adopted in the reference mid-surface model, consid-
ering different CUF LE models for the through-the-thickness expansion
along the g; direction instead. The natural frequencies obtained via
higher-order 2D curvilinear CUF elements are compared with a reference
solution computed by a full 3D ABAQUS model, in which 12740 C3D20
hexahedral elements (20-node bi-quadratic 3D elements) are adopted.

Table 3 shows the first five natural frequencies of the spherical-like
structure, analyzing again the influence of theory of structure approx-
imation and FE reference mid-surface discretization on the structural
modal behavior, comparing extensively the proposed results obtained
with curvilinear 2|3D models and reference 3D ABAQUS models. As
done in the previous case study, the computational cost is measured
in total DOF and the relative percentage difference is reported in brack-
ets. Fig. 11 shows the first five normal modes of vibrations, plotting
the eigenvectors computed by the numerical simulation adopting the
20 x 20 Q9 + 1LE3 CUF model. The proposed results show that for
coarser discretization where 10 x 10 FE along the reference mid-surface
the predictions in terms of natural frequencies are affected by more
evident relative errors, attributed to the computation of local co- and
contravariant bases within larger elements, that are not able to capture
accurately the geometrical feature variations due to their dimensions.
Instead, adopting 20 x 20 FE mesh increases the accuracy in terms of
natural frequencies, observing also perfectly matching solutions in the
case of 40 x 40 FE.

Discrepancies are found in the case of 30 x 30 FE results, attributed
to the nodes distribution within the curved domain and the effect of ge-
ometry variation. However, relatively small percentage difference with
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Fig. 8. Variable thickness curved panel: through-the-thickness cartesian strain component distribution of the clamped panel for different discretization models adopted.
Results computed at § = 0 and y = 20 cm from the clamped section. Influence of the finite element mesh and expansion model adopted on the strain distribution.

(b) Model generation

(a) Reference geometry

Fig. 9. Variable thickness and curvature structures: model generation and the
physical parameters adopted.

respect to the reference solution is still observed. Afterwards, the linear
static analysis of the same structure is performed, considering symmetric
boundary conditions and the application of a constant internal normal

11

Table 2
Variable thickness and curvature structures: catenary and cosine radius law,
geometrical parameters adopted.

Radius law Range of ¥ R, [m] hy [m] h, [m]
F(®) = sec2(P) [0;30°] 1 0.15 0.05
f(P) = cos’(P) [0;60°] 1 0.15 0.05

pressure, applied in gz local direction, with an amplitude of p = 1
MPa. Fig. 10(b) depicts the boundary conditions and the load applied.
The results obtained with higher-order 2D curvilinear CUF models are
compared with the ABAQUS commercial software’s reference 3D elastic-
ity solution. In the following, the influence of the mathematical model
adopted in the structure discretization is analyzed by comparing the
through-the-thickness distribution of Cartesian displacements and stress
components, analyzed at the y = 0 symmetry section in correspondence
with the x — y symmetry plane, namely along the line given by the A-B
point represented in Fig. 10(b).



P. Chiaia, M. Cinefra and E. Carrera

z[m] 02

—5s 06 04 02

y[m]

(a) Reference mid-surface discretization

Computers and Structures 317 (2025) 107911

(b) Boundary conditions

Fig. 10. Variable thickness and curvature structures, cosine radius law structure R(¥) = R, cos?(¥): geometrical features and boundary conditions considered.

Table 3

Variable thickness and curvature structures, spherical-like curved structure R(¥) = R, cos?(¥): first five natural frequencies,
comparison between curvilinear 2D CUF models’ results and 3D ABAQUS solution. Frequencies measured in [Hz].

Mesh Exp. model Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 DOF
10 x 10 Q9 1 LE2 403.670366 %) 535.85(-5.06 %) 776.25(-766 %) 819.68(-33 % 1148.65(-494 % 3969
1 LE3 404.55689 %) 535.93(-505 %) 856.39(188 %) 863.33(160 %) 1216.210:65 % 8649
2 LE2 400.9529 %) 532.83(-360 %) 770.21¢-837 % 812.42(-43 % 1133.05¢-6:4 % 6615
2 LE3 403.13652%) 534.63(-528 %) 838.65(-023 %) 850.09(004 %) 1196.11-102% 9261
20 x 20 Q9 1 LE2 390.16019 % 564.68(005 %) 851.50(130 %) 842.720082 % 1215.460-58 % 15,129
1 LE3 389.43001 %) 564.32002 %) 840.88003 %) 849.6600! % 1208.930:04 %) 20,172
2 LE2 389.48(0:02 %) 564.34001 % 840.99005 % 849.760-00 %) 1209.32008 % 25,215
2 LE3 389.42000 %) 564.31002 %) 840.86(003 %) 849.62001 %) 1208.82(003 %) 35,301
30 x 30 Q9 1 LE2 394.34(127 %) 553.14200 % 858.21210% 855.45067 %) 1220.12097 % 33,489
1 LE3 393.40(102 %) 552.942.03 %) 855.29(175 %) 851.48021 %) 1210.28016 %) 44,652
2 LE2 393.120095 % 551.57228 %) 854.71(168 %) 850.44008 %) 1209.06005 %) 55,815
2 LE3 392.84088 %) 551.45230 % 847.76(085 %) 853.28042 %) 1206.620-15 % 78,141
40 x 40 Q9 1 LE2 390.12018 %) 564.63004 %) 842.65024 %) 851.43020 %) 1214.950:54 % 59,049
1 LE3 389.40(000 %) 564.27002 %) 840.81002 %) 849.59(002 %) 1208.4600! %) 78,732
2 LE2 389.44001 %) 564.29(002 %) 840.92004 %) 849.69(000 %) 1208.840.04 %) 98,415
2 LE3 389.39001 %) 564.27002 % 840.78002 %) 849.55002 %) 1208.340:00 % 137,781
ABQ C3D20 389.41 564.41 840.60 849.73 1208.40 180,996

Fig. 12 shows the through-the-thickness transversal displacement
distribution, which is given by the u, component, for different dis-
cretization models along the reference mid-surface and CUF expansion
models. Fig. 12(a) shows the displacement distribution when 20 x 20 FE
are adopted in the reference mid-surface discretization, adopting both
parabolic Q9 and cubic Q16 2D elements. A similar comparison is pro-
posed in Fig. 12(b) adopting 30x 30 FE in the mid-surface discretization.
Note that, in the case of these proposed through-the-thickness distri-
butions, the nondimensional coordinate z/h = 0.5 corresponds to the
internal surface of the 3D domain, since the local g; direction is con-
sidered positive along the inner side of the volume. The displacement
distributions proposed in terms of components u, match the reference
solutions in some particular cases, such as 20 x 20 Q9 + 1LE2 and 20 x 20
Q16 +2LE2, where a maximum relative error of 0.088 % is found be-
tween the maximum values of the two solutions; minor differences
instead are observed when adopting the other proposed discretization
models, where again a maximum value of the relative percentage dif-
ference (comparable across the remaining models) of 0.39 % is found.
In conclusion, all the models proposed have been assessed in terms of
displacement predictions, and accurate results have been found across
models. Fig. 13 shows the comparison between the displacement mag-
nitude contour obtained using the 20 x 20 Q9 + 1LE2 CUF model and
the 3D ABAQUS model. The global deformed configurations are in a
good agreement, and a maximum relative error of 0.9090 % is observed
between the maximum displacement magnitudes.

Moreover, the 3D stress analysis of the proposed case is performed
to assess the influence of FE mesh and the theory of structure ap-
proximation on the stress distributions, again evaluated along the A-B
line where the displacement components have already been evaluated.
Fig. 14(a), (c) and (e) depict the through-the-thickness distribution of
normal stress components computed by higher-order curvilinear 2D CUF
models, comparing the results with the 3D ABAQUS solution, when a

20 x 20 FE is adopted in the discretization of the reference mid-surface.
The same comparison is proposed in Fig. 14(b), (d) and (f) considering
instead a 30 x 30 FE discretization. In the proposed results, the quadratic
Q9 and the cubic Q16 FE models are adopted to assess the influence of
the polynomial order of approximation on the stress components con-
sidered. Similar considerations can also be addressed for the results in
terms of stress distributions. Consistent solutions in terms of ¢,, and o,
components are obtained in all the cases considered, either in terms of
FE discretization or the through-the-thickness expansion models, where
major differences are observed in the same case reported for the dis-
placement distributions. Both distributions and nominal values observed
are inconsistent with respect to the reference solution, and this can be
attributed to the different displacement gradients (namely, then, the
strain) directly affecting the stress components. Instead, for the other
considered model, the parabolic behavior of normal stress components
is consistently obtained, where minor discrepancies are observed again
in correspondence with the inner surface where the normal pressure is
applied. The maximum relative error of around 23.82 % between stress
distributions in correspondence with the inner surface, for z/h = 0.5, is
observed in the case of 20 x 20 Q9 + 1LE3 and 20 x 20 Q9 + 2LE3 models.
These discrepancies with respect to the reference solution are attributed
to the different behavior of the stress distribution, where a linear behav-
ior is observed in the reference solution given by the parabolic FE model
used in the 3D discretization, which is not able to capture local stress
variation that the higher-order theory of structures can instead compute.
Instead, in the case of the normal ¢, component, major differences are
observed when lower-order expansion models are considered. Moreover,
the influence of the FE discretization on the results is almost negligible,
compared to the strong influence of the through-the-thickness expansion
that is influencing the global 3D stress states. Accurate predictions are
observed for coarser discretization, but accuracy and convergence are
achieved when higher-order models are adopted.

12
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Fig. 11. Variable thickness and curvature structures, spherical-like curved structure R(¥) = R, cos>(‘P): first five normal modes of vibration, graphical representation.

Eigenvectors obtained from the 40 x 40 Q9 + 1LE3 CUF model.
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Fig. 12. Variable thickness and curvature structures, catenary structure R(¥) = R, cos’(¥): through-the-thickness transversal u, displacement component distribution,

evaluated along the AB line. The reference 3D solution is reported in the black line.
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Fig. 13. Variable thickness and curvature structures, spherical-like curved structure R(¥) = R, cos*(¥): displacement magnitude countour, comparison between 2D
CUF solution and 3D ABAQUS reference.
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Fig. 14. Variable thickness and curvature structures, spherical-like curved structure R(¥) = R,cos*(¥), stress analysis: through-the-thickness stress component
distribution, evaluated at the y = 0 section along the AB line. Comparison between higher order 2D CUF models and 3D elasticity ABAQUS solution, obtained with
different FE discretization along the mid-surface.
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(b) Boundary conditions

Fig. 15. Variable thickness and curvature structures, catenary structure R(¥) = R, sec?(¥): geometrical features and boundary conditions considered.

Table 4

Catenary structure R(¥) = R, sec’(¥), double curvature and double thickness variation case, « = 3 case: conver-
gence analysis on natural frequencies [Hz]. Comparison between 2D CUF curvilinear models and 3D elasticity
solutions. In brackets, the percentage difference of the proposed solutions.

Mesh Exp. model  Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 DOF
10x10Q9  1LE2 66.16282 %  351.47183% 4350600 »  512.3504%  607.9304% 3969
1LE3 66.11275 % 351.08(172 % 43454548 %) 511.76(132 % 607.73(-04 %) 8649
2 LE2 66.11275 % 351.110.72% 434.57649 % 511.79(32 % 607.74(-048 % 6615
2 LE3 66.11275 % 351.087! % 434.53048 % 511.75(32 % 607.72(-049 %) 9261
20 %20 Q9 1LE2 65.93247 %) 349.56(128 %) 428.56403 %) 505.5400 %) 607.64030 %) 15,129
1LE3 65.880240 %) 349.24(118 %) 428.12692 % 505.06001 %) 607.44033 % 20,172
2 LE2 65.89(2:40 %) 349.26(1-19 %) 428.15(3:93 %) 505.09(0-00 %) 607.45(0-53 %) 25,215
2 LE3 65.88240 %) 349.23(118 %) 428.12692 % 505.05001 %) 607.430354 % 35,301
30 % 30 Q9 1 LE2 65.91245 % 349.440124 %) 427.91G87 % 504.92004 %) 607.61051 %) 33,489
1LE3 65.87238 %) 349.120115 % 427.51G77 % 504.47012 % 607.41054 % 44,652
2 LE2 65.87238 % 349.141115%  427.53G78%  504.500:12%  607.42034 % 55,815
2 LE3 65.87237 %) 349.11015% 427.50G77 %) 504.47013 %) 607.40054 %) 78,141
ABQ C3D20 64.340 345.159 411.962 505.105 610.700 133,032

6.2.3. Double curvature variation and double thickness variation

Instead, this proposed case study analyzes the catenary-like structure
with radius law R(¥) = R sec*(¥). The structure is again made of steel;
the material constants considered are Young’s modulus E = 210 GPa,
Poisson’s ratio v = 0.33, and density p = 7850 kg/m>. Now, a double vari-
ation of the thickness is analyzed, both along the g, and g, directions.
Given the opening angle denoted by 6,, = 90° (due to the symmetry),
the local thickness of the structure, defined for each node, is computed
by adopting a linear variation law in the g, direction:

(

where « is a generic scaling factor by which it is possible to define any
arbitrary variation in thickness along the tangential g, direction. In this
way, at § = 6,,, the local thickness value is set to hyg, (¥)/a. Fig. 15(a)
shows a representative discretization of the reference mid-surface ob-
tained by the procedure described earlier.

The assessment of the accuracy and efficiency of the present model
is carried out by a modal analysis, considering the first five natural
frequencies of a curved structure with reference geometrical features
listed in Table 2 with @ = 3. The effects of the mid-surface discretiza-
tion model and expansion theory adopted on the modal behavior of the
structure are again both investigated. In the present analysis, parabolic
Q9 (nine-node) FE models are again adopted in the discretization of
the reference mid-surface, considering different CUF LE models for the
through-the-thickness expansion discretization along the g; direction.
For convergence reasons, assessed by the previous case study, only the
10x10, 20%20, and 30x30 meshes are analyzed. The numerical results of
the present implementation of curvilinear CUF elements are compared
against a reference solution computed by a full 3D ABAQUS model.
Specifically, the structure is modeled with 15180 C3D20 hexahedral
elements.

hy, ()

. 9
g, (¥.0) = hy, (¥) + o=

» h, (‘P)) 0 €[0,9,,=90°] (57)
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Table 4 shows the first five natural frequencies of the catenary-
like structure with a = 3, analyzing again the influence of theory of
structure approximation and FE reference mid-surface discretization on
the structural modal behavior, comparing extensively the proposed re-
sults obtained with curvilinear 2|3D models and reference 3D ABAQUS
models. As done in the previous case study, the computational cost
is measured in total DOF and the relative percentage difference is re-
ported in brackets. From the proposed analysis, accurate results with
relative percentage differences below 5 % are observed in all the
mathematical models considered, with perfectly matching solutions in
particular mode numbers. Fig. 16 shows the first four normal modes
of vibrations, plotting the eigenvectors computed by the numerical
simulation adopting the 30x30 Q9 + 2LE2 CUF model and com-
paring the mode shapes obtained with the one of the reference 3D
solution.

In this particular case, these differences have been attributed to the
issues related to the 3D modeling with CAD software of such structures,
where the 3D geometry is not perfectly generated by exact mathematical
expressions but with features that can generate discrepancies in the final
3D model.

Afterwards, the linear static analysis of the same structure is per-
formed, considering symmetric boundary conditions and the application
of a constant internal normal pressure, applied in g; local direction, with
an amplitude of p = 1 MPa. Fig. 15(b) depicts the boundary conditions
and the load applied. In the following, the influence of the mathematical
model adopted in the structure discretization is analyzed by comparing
the through-the-thickness distribution of Cartesian displacements and
stress components, analyzed at the y = 0 symmetry section in correspon-
dence with the x — y symmetry plane, namely along the line given by the
A-B point as proposed in the previous case study. Again, also in these
proposed through-the-thickness distributions, the nondimensional coor-
dinate z/h = 0.5 corresponds to the internal surface of the 3D domain
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(a) Mode 1 - CUF (b) Mode 1 - ABQ
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Fig. 16. Variable thickness and curvature structures, catenary structure R(¥) = R, sec*(‘¥): first four normal modes of vibration, graphical representation. Eigenvectors
obtained from the 30x30 Q9 + 2LE2 CUF model.
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Fig. 17. Variable thickness and curvature structures, catenary structure R(¥) = R, sec?(¥): through-the-thickness transversal u, displacement component distribution,
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Fig. 18. Variable thickness and curvature structures, catenary structure R(¥) = R, sec’(¥), stress analysis: through-the-thickness stress component distribution,
evaluated at the y = 0 section along the AB line. Comparison between higher-order 2D CUF models obtained with different FE discretization along the mid-surface.

since the local g; direction is considered positive along the inner side of
the volume.

Fig. 17 shows the through-the-thickness transversal displacement
distribution, which is given by the u, component, for different dis-
cretization models along the reference mid-surface and CUF expansion
models. Fig. 17(a) shows the displacement distributions when 20x 20 FE
are adopted in the reference mid-surface discretization, using parabolic
Q9 and cubic Q16 2D elements. The same comparison is proposed in
Fig. 17(b) adopting 30 x 30 FE in the mid-surface discretization. In
both cases, the results are compared against the reference solution ob-
tained with ABAQUS commercial software and the discretization model

17

listed before in the case of the modal analysis. The results obtained
with 2D CUF models are in good agreement with the reference solu-
tion, which, however, suffers from high sensibility from the geometric
description and model generation due to the impossibility of replicat-
ing the exact same geometry with such feature variation. However,
small percentage differences are measured, and the maximum relative
error measured is 2.35 % in correspondence with the outer surface
z/h —0.5. As noted, small differences are observed when refined
discretizations are adopted, and consistent results are obtained between
different mathematical models adopted in the FE discretization of the
structure.
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Fig. 19. Variable thickness and curvature structures, catenary structure R(¥) = R, sec’>(¥): example of transition kinematic model in the mid-surface discretization

from LE3 to LE2.

Again, the 3D stress analysis of the proposed case is performed to
assess the influence of FE mesh and the theory of structure approxima-
tion on the stress distributions. Fig. 18(a), (c), (e) and (g) shows the
through-the-thickness distribution of normal and transverse shear stress
components computed by higher-order curvilinear 2D CUF models when
a20x%20 FE is adopted in the discretization of the reference mid-surface.
Again, the stress distributions obtained via 2D CUF models have been
compared against reference solution obtained with ABAQUS commer-
cial software. The same comparison is proposed in Fig. 18(b), (d), (f) and
(h) considering instead a 30 x 30 FE discretization. Again, the quadratic
Q9 and the cubic Q16 FE models are adopted to assess the influence
of the polynomial order of approximation on the stress components
considered. Spurious non-consistent solutions are observed when lower
orders of approximation are considered in the through-the-thickness ex-
pansion regarding the o,, components; instead, consistent solutions in
terms of ¢,, and ¢,, components are obtained in all the cases consid-
ered, either in terms of FE discretization or the through-the-thickness

Table 5

expansion models. Moreover, the influence of the FE discretization
on the results is almost negligible; instead, a strong influence of the
through-the-thickness expansion on the global 3D stress states is ob-
served, particularly in the transverse component. Accurate predictions
are observed for coarser discretization, but accuracy and convergence
are achieved when higher-order models are taken into account. The
compatibility conditions at the structural edges are observed only when
higher-order models are considered, but minor differences are attributed
to the numerical issue of approximation in the numerical quadrature
of the proposed model since the local co- and contra-variant bases be-
tween the Gauss Points and the physical reference surfaces are different.
This issue can be partially addressed by adopting refined expansion
models.

Afterwards, the NDK approach is exploited in the numerical mod-
eling of variable thickness structures to define different mathematical
discretizations within the structural domain. In particular, from the pre-
vious analysis, more refined discretizations and higher-order models

Variable thickness and curvature structures, catenary structure R(¥) = R, sec’(¥), NDK model analysis: comparison of the
normal displacement component evaluated at points A and B comparing the accuracy of FE models with transition zones over

the reference mid-surface.

Expansion model 20 %20 Q9 30 %30 Q9

Uy, [-10™* m] Uy, [-10™* m] DOF uy, [-10~* m] Uy, [-10™* m] DOF
1LE3-1LE2-1LE2-1LE2 1.9009(:03 %) 1.88540:03 %) 16,359 1.90140:03 %) 1.8859(0:03 %) 36,234
1LE3-1LE3-1LE2-1LE2 1.90140:01 %) 1.88580:01 %) 17,589 1.90180:01 % 1.886301 % 38,796
1LE3-1LE3-1LE3-1LE2 1.9015000 % 1.88600-00 % 18,696 1.90200:00 %) 1.88650-00 % 41,358
Uniform 1LE3 1.9016 1.8860 20,172 1.9021 1.8865 44,652
2LE3-2LE2-2LE2-2LE2 1.90150-00 %) 1.8859(0:00 %) 27,675 1.90200:00 % 1.8865-00 % 61,305
2LE3-2LE3-2LE2-2LE2 1.9015000 % 1.88600-00 % 30,135 1.90200:00 % 1.88650-00 % 66,429
2LE3-2LE3-2LE3-2LE2 1.90160-0 % 1.8860-00 % 32,349 1.9021©:00 % 1.88650-00 % 71,553
Uniform 2LE3 1.9016 1.8860 35,301 1.9021 1.8865 78,141
Expansion model 20x20 Q16 30x30 Q16

u,, [-107 m] u,, [-107 m] DOF u,, [-107 m] u,, [-107 m] DOF
1LE3-1LE2-1LE2-1LE2 1.90160:03 %) 1.8860(0:03 %) 36,234 1.90160:03 % 1.8860-03 %) 80,535
1LE3-1LE3-1LE2-1LE2 1.90200:01 %) 1.88640:01 %) 38,796 1.9020:01 % 1.8865C01 % 86,268
1LE3-1LE3-1LE3-1LE2 1.90220:00 %) 1.8866-00 % 41,358 1.90220:00 %) 1.88670:00 % 92,274
Uniform 1LE3 1.9022 1.8867 44,652 1.9022 1.8867 99,372
2LE3-2LE2-2LE2-2LE2 1.90210:00 %) 1.8866(0-00 %) 61,305 1.9022(0:00 %) 1.8866-00 % 136,227
2LE3-2LE3-2LE2-2LE2 1.90220:00 %) 1.88660-00 % 66,429 1.90220:00 % 1.88660-82 % 147,693
2LE3-2LE3-2LE3-2LE2 1.90220:00 %) 1.8866-00 % 71,553 1.90220:00 %) 1.88670-82 % 159,705
Uniform 2LE3 1.9022 1.8866 78,141 1.9022 1.8867 173,901
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Variable thickness and curvature structures, catenary structure R(¥) = R, sec’(¥), NDK model analysis: comparison of the
normal displacement component evaluated at points C and D comparing the accuracy of FE models with transition zones over

the reference mid-surface.

Expansion model 20 x 20 Q9 30 %30 Q9

Uy, [-10™* m] uy, [-10~* m] DOF Uy, [-10™* m] uy, [-10~* m] DOF
1LE3-1LE2-1LE2-1LE2 —1.1433006 % —1.1597©06 % 16,359 —1.1446006 %) —1.1610©6 % 36,234
1LE3-1LE3-1LE2-1LE2 —1.1438002% —1.1602002 % 17,589 —1.1450002 % -1.1615002 % 38,796
1LE3-1LE3-1LE3-1LE2 —1.1439001 % —1.1604001 % 18,696 —1.1452001 % —1.1617001 % 41,358
Uniform 1LE3 —1.1440 —1.1605 20,172 —1.1453 -1.1617 44,652
2LE3-2LE2-2LE2-2LE2 —1.1439000 % —1.16030%0 % 27,675 —1.1452000 % —1.16160% % 61,305
2LE3-2LE3-2LE2-2LE2 —1.144000 % —1.1604©00 % 30,135 —1.1452000 % -1.16160%0 % 66,429
2LE3-2LE3-2LE3-2LE2 —1.1440000 % —1.160400 % 32,349 —1.1452000 % —1.16160%0 % 71,553
Uniform 2LE3 —1.1440 —1.1604 35,301 —1.1452 —-1.1617 78,141
Expansion model 20 x 20 Q16 30 x30 Q16

u,, [-107 m] u,, [-107* m] DOF u, [-107 m] u,, [-107* m] DOF
1LE3-1LE2-1LE2-1LE2 —1.1450©96 %) —1.1614006 % 36,234 —1.1450©96 %) —1.1614006 % 80,535
1LE3-1LE3-1LE2-1LE2 —1.1454002% —1.1618002 % 38,796 —1.1455002 % —1.1619002 % 86,268
1LE3-1LE3-1LE3-1LE2 —1.145600 % —1.162000 % 41,358 —1.14570:0 % —1.162100 % 92,274
Uniform 1LE3 —1.1456 -1.1621 44,652 —1.1457 -1.1621 99,372
2LE3-2LE2-2LE2-2LE2 —1.14560% % —1.162000 % 61,305 —1.145700 % —1.16200%0 % 136,227
2LE3-2LE3-2LE2-2LE2 —1.14560%0 % —1.1620000 % 66,429 —1.14570:0 % —1.16200% % 147,693
2LE3-2LE3-2LE3-2LE2 —1.145600 % —1.162000 % 71,553 —1.1457000 % —1.162100 % 159,705
Uniform 2LE3 —1.1456 —-1.1620 78,141 —1.1457 -1.1621 173,901

are required when thick structures are considered; instead, lower-order
models can be adopted in thin structures. From this last consideration,
the catenary structure here is remodeled, adopting higher-order mod-
els where higher thickness is considered and lower-order models in the
thinner corners of the same structure. To achieve this, the reference
mid-surface of the catenary structure is divided into four different zones
(A-D), where different expansion models will be considered, to define
globally computationally efficient and accurate models by consider-
ing higher-order models only where needed. A graphical representation
of the following approach is provided in Fig. 19. The coupling be-
tween different theories of structural approximation in transition zones
is straightforwardly obtained by considering different intra-element CUF
expansions through the NDK approach. In this way, one can define geo-
metrically consistent models and naturally achieve the merging between
different models and finite elements, following the FEM-CUF assembling
procedure described in [59,60]. The results are expressed regarding me-
chanical response measured in the physical points A-D, reported in the
same figure.

Again, the same static analysis performed before is now considered
adopting NDK models instead of uniform expansion models. The in-
fluence of the different through-the-thickness expansion models and
the effect of different zones on the global mechanical behavior of the
structures are investigated considering six different models are here
considered by employing parabolic and cubic expansion models in
the thinner and thicker structural corners, respectively. In particular,
higher-order models will always be considered in the thick corner of
the structure (zone A), and less refined models will be adopted in the
remaining zones. In the following, the adopted models will be indi-
cated as Mod.A-Mod.B-Mod.C-Mod.D, explicitly indicating the theory
of structure approximation adopted in the specific zone, following the
nomenclature defined in Fig. 19. Table 5 shows the transversal dis-
placement components computed at points A-B, comparing the results
obtained by adopting NDK transition models and uniform discretiza-
tion models, and computing the relative percentage difference with
respect to the respective uniform model (reported in brackets). A sim-
ilar comparison is proposed for points C-D in Table 6. In the proposed
analysis, the effects of the FE discretization along the reference mid-
surface, the polynomial order of FE mesh, and the theory of structure
approximation are analyzed, considering different transition models.
For each model considered, the total computational cost required by
the simulation is measured in terms of total DOF. The results show
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a perfect match across the solutions obtained from different models.
In particular, accurate results are obtained with less refined models
with respect to the uniform mesh models, demonstrating the capabil-
ities of the present model to further reduce computational costs by
employing transitional meshes, built ad-hoc based on the individual
geometric properties of the structure, overcoming the aspect-ratio limi-
tations imposed by the use of refined 3D model at thick corners of the
structure, which would impose a large number of highly deformed fi-
nite elements in the thin corners. Furthermore, it is possible to observe
that the same solutions in terms of displacements can be obtained by
adopting lower-order models in the reference mid-surface discretization,
without the need for computationally expensive models based on cubic
2D interpolation, demonstrating the efficiency of the present approach.
Additionally, the adoption of NDK models, which allow the definition
of FE with different through-the-thickness kinematics for each node, al-
lows the definition of transitional meshes by avoiding special coupling
techniques between elements, taking advantage only of the CUF assem-
bly technique and the superimposition of finite nodes in connection
zones [50,59].

7. Conclusions

This paper presents a novel curvilinear finite element (FE) formula-
tion for the static and modal analysis of shells with arbitrary curvature
and variable thickness. The presented 3D-like elements are isoparamet-
ric and formulated in the framework of Carrera Unified Formulation
(CUF) by using Lagrange approximating functions along the thickness
and fully curvilinear coordinates in the three-spatial directions, resulting
in a pure displacement-based FE model in which different orders of ap-
proximation are embedded employing the Node-Dependent Kinematics
(NDK) approach naturally. Since the transformation from Cartesian co-
ordinates to curvilinear local coordinates is performed through a 3D
Jacobian matrix, the resulting elements, differently from classical shell
ones, are able to model non-orthogonal geometries and geometrical fea-
tures variation within the element domain. Although these elements
behave as 3D ones from a geometrical point of view, allowing to con-
sider the variation of different geometrical features, such as curvature or
thickness, their computational cost is comparable to classical CUF shell
elements because a different order of approximation can be adopted
along the thickness with respect to the approximation used on the
mid-surface.
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The capabilities of the present curvilinear models are investigated
by performing the static and modal analysis of three shell-like struc-
tures: shell with single curvature and single variation of thickness; shell
with double curvatures and single variation of thickness; shell with
double curvature and double variation of thickness. In the proposed
work, only linear variation laws have been adopted for thickness varia-
tions along different directions, although it is possible to implement any
generic geometry since the 3D reconstruction is performed through the
isoparametric approach.

The results are provided in terms of natural frequencies, displace-
ments, strains, and stresses, and they are validated against 3D analyses
performed with commercial software employing classical 3D finite el-
ements, which provide the direct explicit solution of the equilibrium
equations. The results suggest that:

The present model is able to handle complex geometrical features
and their variation within the element domain without affecting the
accuracy of the results;

A significant reduction in terms of degrees of freedom (DOF) required
by the simulation is observed, demonstrating the consistency of the
present model to handle complex mechanical behavior relying on
higher-order theory of structure approximation;

The present curvilinear FE model is not affected by the same aspect-
ratio constraint of classical hexahedral 3D models since different
orders of approximation are adopted within the FE definition, adopt-
ing higher-order expansion theories in the thickness direction where
needed;

The hierarchical nature of the elementary blocks of the present
models allows to define generic curvilinear FE models indepen-
dently of the mathematical model adopted in the FE definition. Once
the reference mid-surface discretization and through-the-thickness
kinematics are assigned, the Fundamental Nuclei (FN) provide di-
rectly the elementary blocks of the FE matrices, computed in lo-
cal curvilinear coordinates and recovered in Cartesian coordinates
straightforwardly;

Since 1D Lagrange polynomials are adopted in the through-the-
thickness kinematics, the final model refers only to physical nodes
that allow the imposition of generic boundary conditions directly on
displacement and load components, differently with respect to classi-
cal shell models where rotational degrees of freedom or higher-order
derivatives have to be treated;

Future works will extend the present approach to the Unified for-
mulation of curvilinear beam models, the extension of the present
model to laminated multilayered structures, and the inclusion of
direction-dependent material properties. Furthermore, the extension of
the present model to the geometrically nonlinear analysis of struc-
tures is intended. In particular, theoretically no limits on the thick-
ness or curvature variations are given by the present approach. An
extensive stability analysis and locking investigation are also in-
tended where complex case studies are analyzed with the present
2|3D approach.
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Appendix A. Explicit expression of the algebraic matrix BZ,

In the present appendix, the explicit expression of the algebraic ma-

trix B/ of derivative operators applied to the 3D-like shape functions,
written in terms of final Cartesian components i;, is provided:

. ) a(gy);
B, 11 = 2 @0, + La—5 — T Lale); (58)
) ) 9(g);
Bz;ru[z’-]] = 0)7“ (gZ)j + LT[-T/ - FIZCZLT,'(gk)j (59)
. oL, 0(g3);
B, [3.7]= = (gy); + Loy —— — T L(®0); 60)
. oL oL, [0(g3); 9(g));]
BE [ 1= 57 (@), + 5 @), + L | =5 -+ — | -2 L),
(61)
. oL, oL, [0(g3); ()]
BLLrolS 1= 5 (@), + R @), + Lo | = b | =2 L),
(62)
. oL, oL, [0(gy); 9(g1); ]
BL,, 16,1 = 7M@), + @), + Lo | =52 + —5 = |~ 2 Laey),

(63)

where the symbol ('); is used to denote the j-th component of the
vector, and repeated index k indicates summation. In the proposed
derivation of the algebraic matrix of the strain component, again, one
can note the presence of non-null components (g;)s, (g,)3, (83); and (g3),
given by the embedding of possible variation of thickness inside the
proposed shell element, as described in Section 4.2.

Appendix B. Numerical integration

Following the definitions of the stiffness and mass matrix FN, given
in Egs. (49) and (50), the 3D volume integral is computed using a numer-
ical quadrature procedure based on Gauss integration. In the proposed
approach, the final unknowns of the problem are represented by the
standard Cartesian displacement components as provided in Eq. (52),
obtained through the application of the transformation law between ref-
erence frames. In the following, the 3D integration of stiffness and mass
matrix FN is provided:

K = /Q B TJT CJ0 BT IV (64)
MU = p / LyEn )1 LyEnvlIldv (65)
Q

The key feature of the present approach is to include the effects of
curvature variation and thickness variation in the 3D-like polynomial
expansion of the displacement field by means of the numerical approxi-
mation of the standard local covariant basis. In the proposed approach,
only Lagrange polynomials are adopted in the through-the-thickness ap-
proximation of the displacement field, thus the expansion basis F,(a%)
considered will be only composed by 1D Lagrange polynomials and then
the final unknowns of the model are the physical Cartesian components
of the FE physical nodes. In this way, the 3D-like expansion is given
by the physical coordinates of the discretization adopted, in which is
straighforwordly included the geometrical feature variation, as intro-
duced in Section 4.1. The proposed approach leverages on the NDK
approach by means of the recursive index notation adopted for the dis-
placement field, by which it is possible to adopt different expansion
models for each node of the FE model considered along the reference
mid-surface.
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Fig. 20. Numerical integration: 3D distribution of Gauss Point within the 3D
curved domain.

Algorithm 1 Elemental numerical integration.

1: Initialize variables

2: for k =1 to Ngp do

3:  Locate the Gauss point (&, ny, v)

4: fori,j=1to N,(number of finite nodes) do

5: for z,s = 1 to M (number of expansion terms) do

6 Compute L,; and L,;, and their derivatives with respect to
(ot1 a2, a3)

7: Compute the covariant basis g; using Eq. (29) and its deriva-
tives with respect to (a!, a?, @)
8: end for
9: Sum over r—s
10: end for
11:  Sum over i—j
12:  Compute the metric tensor g/, the contravariant basis g’ and the
Christoffel symbols F; .
13: fori,j =1 to N,(number of finite nodes) do
14: for z,s = 1 to M (number of expansion terms) do
15: Compute the algebraic matrices of the strain in curvilinear
coordinates, Egs. (58)-(63), B, and BY
16: end for
17:  end for
18: Compute the transformation matrix J,,., Eq. (44)
19:  Compute the final 3x3 FN matrix
20: end for

In the proposed numerical computation of the FN, by considering the
3D distribution of Gauss Points (GP) in the closed curved domain, the
computation of the fundamental matrices required is strictly dependent
on the local covariant basis, and the matrix J.,.. These required mathe-
matical quantities are computed by means of the 3D-like shape function
inside the loops on the discretization indices, obtaining then the nu-
merical approximation of the local reference frame within the element
domain and incorporating in a unified and recursive manner also the
geometrical feature variations in the numerical evaluations of integral.

The distribution of Gauss Point within the natural 3D domain used
for the computation of integrals is given by the combination of the min-
imum number of Gauss Point required by each polynomial expansion
basis. Starting from the quadrature rule based on the polynomial or-
der of approximation of the 2D reference surface, thus the order of 2D
Ni(a',a?), N,(a',a?) shape function, the GP for the in-plane integra-
tion is established. Depending on the node-dependent polynomial order
of approximation in the thickness direction, the maximum order of ap-
proximation of each set of F,(a®), F,(«’) functions is taken into account.
Therefore, the 1D GP distribution for the thickness integration is then
established considering the theoretical minimum number required for
that maximum order 1D through-the-thickness approximation. Fixing
the maximum approximation order and the 1D GP distribution, the
quadrature rule is then considered constant for the whole model, even
if lower-order approximations are considered in some nodes of the 2D
element. The final, 3D, GP adopted for the integration of FE matrices
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and Fundamental Nuclei is the 3D combination of these two sets. For
each 2D N,(a',a?), N;(a',a?) GP, the set of 1D GP for the F,(a%),
F,(?) integration is mounted. With this straightforward approach, the
theoretical consistency for the Gauss quadrature is naturally achieved
and the 3D integration is then performed considering this 3D set of
GP. The graphical representation of the GP 3D construction is provided
in Fig. 20.

Data availability

Data will be made available upon request.
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