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 A B S T R A C T

Precipitation forecast is critical in flood management, agricultural planning, water resource allocation, and 
weather warnings. Despite significant advancements in Numerical Weather Prediction (NWP) models, these 
systems often exhibit substantial biases and errors, particularly at high spatial and temporal resolutions. To 
address these limitations, we develop and evaluate uncertainty-aware deep learning ensemble architectures, 
focusing on characterizing forecast uncertainties while achieving high accuracy and an optimal balance 
between sharpness and reliability.

This study presents SDE U-Net, a novel adaptation of SDE-Net designed specifically for segmentation tasks 
in precipitation forecasting. We conduct a comprehensive evaluation of state-of-the-art ensemble architectures, 
including SDE U-Net, and compare their forecast uncertainty against that of a Poor Man’s Ensemble (PME, 
i.e. NWPs forecast average) across diverse meteorological conditions, ranging from non-intense precipitation 
patterns to intense weather events. As an example case, we focus on predicting daily cumulative precipitation 
in northwest Italy, though our approach is broadly generalizable.

Our findings demonstrate that all the evaluated probabilistic deep learning models outperform the PME 
benchmark in terms of median RMSE for both non-intense and intense precipitation events. Among them, SDE 
U-Net achieves the best overall performance, delivering the lowest RMSE for intense events (2.637 × 10−2) and 
demonstrating a more stable error distribution compared to other models. For non-intense events, SDE U-Net 
perform comparably to other deep learning models, still notably surpassing the baselines. Moreover, SDE U-
Net effectively balances sharpness and reliability, making it particularly suitable for operational forecasting of 
extreme weather. Integrating uncertainty-aware models like SDE U-Net into forecasting workflows can enhance 
decision-making and preparedness for weather-related hazards.
1. Introduction

Within the broader domain of atmospheric science, precipitation 
forecast stands out as a critical focus area, attracting considerable 
attention due to its importance in addressing challenges such as flood 
risk and water resource management (Hernández et al., 2016; Huang 
et al., 2022; Shao et al., 2024). Despite notable advancements in 
numerical weather prediction (NWP) models, accurately representing 
the intricate variability of weather fields like precipitation remains 
challenging. Biases and uncertainties persist, especially at high spatial 
and temporal resolutions, due to atmospheric processes’ non-linear and 
chaotic nature and the inherent approximations in NWPs (Bauer et al., 
2015; Rasp et al., 2020). Furthermore, the direct model output (DMO) 
of NWPs is susceptible to factors such as initial and boundary con-
ditions and model parameterizations. These sensitivities often lead to 
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systematic errors, further compounding the difficulty of reliable precip-
itation forecasts. In addition, precipitation forecast is more challenging 
than other meteorological features due to precipitation events’ highly 
imbalanced and sparse distribution. This imbalance makes predictions 
particularly difficult, especially for intense events, which are crucial for 
operational decision-making.

As a result, quantifying forecast uncertainty becomes essential. In 
Italy, for example, forecast uncertainty quantification plays a pivotal 
role for Civil Protection authorities in assessing the confidence of 
precipitation forecasts when determining weather alerts and emer-
gency responses (Molini et al., 2009). On the other hand, a known 
shortcoming of traditional NWPs is their inability to quantify forecast 
uncertainty (Demargne et al., 2014) effectively.
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Addressing this need for uncertainty-aware forecasting methods is 
essential to improve the reliability and applicability of precipitation 
predictions.

Post-processing techniques address the limitations of NWPs and 
enhance the reliability of predictions. Traditional statistical approaches, 
such as Model Output Statistics (MOS) and Ensemble Model Output 
Statistics (EMOS), have achieved moderate success but often fall short 
in capturing the complexity of precipitation patterns and associated 
uncertainties (Gneiting et al., 2007; Scheuerer and Hamill, 2015). 
Despite its simplicity, the most widespread post-processing technique 
remains the average of all the available NWPs, sometimes referred as 
Poor Man’s Ensemble (PME).

Recently, Machine Learning Weather Prediction methods (MLWPs) 
have shown significant potential in advancing geoscience and weather 
forecasting by leveraging large datasets and uncovering complex pat-
terns that traditional methods struggle to model (Schultz et al., 2021; 
Vandal et al., 2018; Colomba et al., 2022). These techniques are 
designed to complement NWPs, including Global Circulation Models 
(GCMs) and Limited Area Models (LAMs), by expanding the range of 
available forecast information. They are also used to post-process the 
direct model output (DMO) from these models (Bi et al., 2023; Rasp 
et al., 2024).

While achieving high performance, Deep Learning (DL) models 
often suffer from opaque learning processes and can inadvertently 
capture biases, hindering generalization. Indeed, weather forecasts may 
also require more care when addressed using DLs (Ko et al., 2022). 
Explainability techniques, widely used in geosciences like climatol-
ogy (Mamalakis et al., 2022a,b) and remote sensing (Monaco et al., 
2021), address this by highlighting model priorities during predictions, 
fostering robustness and trustworthiness.

Alongside deterministic MLWP methods — including graph-based 
models (Lam et al., 2023; Lang et al., 2024), neural operators (Pathak 
et al., 2022; Bonev et al., 2023), and transformers (Bi et al., 2023; 
Nguyen et al., 2023b,a) — there is a growing interest in probabilis-
tic models that quantify prediction uncertainty reliably. Embedding 
uncertainty from NWP forecasts can contribute to this effort. There-
fore, Rather than relying on post hoc explainability, our work focuses 
on uncertainty quantification as a principled means to evaluate the 
trustworthiness of model predictions.

A prominent research direction for quantifying uncertainty in neural 
networks focuses on Bayesian Neural Networks (BNNs) (Denker and 
LeCun, 1990; MacKay, 1992). BNNs capture prediction uncertainty by 
assigning probability distributions to model parameters rather than 
relying on point estimates. While BNNs offer a principled framework for 
uncertainty quantification, deriving exact parameter posteriors is com-
putationally challenging, particularly for large-scale datasets commonly 
encountered in tasks like computer vision.

Among non-Bayesian approaches, model ensembling (Lakshmi-
narayanan et al., 2017) stands out as a widely recognized method. This 
technique involves training multiple Deep Neural Networks (DNNs) 
with different initializations and estimating uncertainty using the 
resulting prediction statistics. Some ensemble-based MLWPs enhance 
diversity by perturbing initial states and model parameters, mirroring 
physics-based methods. For example, several studies introduce random 
noise into the initial states to generate ensembles (Pathak et al., 2022; 
Bi et al., 2023). However, increasing the number of models raises 
computational costs, making scalability challenging for larger models.

An alternative approach to quantify uncertainty without training 
multiple models is Monte Carlo (MC) dropout. MC dropout provides 
a practical way to estimate uncertainty by enabling neural networks 
to produce variable outcomes. For example, Wang et al. (2019) anal-
ysed epistemic and aleatory uncertainties in CNN-based medical image 
segmentation, considering both pixel-level and structural-level uncer-
tainties.

Other non-Bayesian methods (Geifman et al., 2018) often mix 
aleatory uncertainty with epistemic uncertainty. Separating these two 
2 
sources of uncertainty is crucial for many tasks (Abdar et al., 2021). 
SDE-Net (Kong et al., 2020) addresses this problem by introducing 
a Brownian motion term into the network architecture to capture 
epistemic uncertainty (i.e. model uncertainty) and view DNN transfor-
mations as state evolution in a stochastic dynamical system. However, 
this architecture is demonstrated on simple classification and regression 
tasks with tabular data and does not directly apply to segmentation 
tasks and rainfall prediction without modifications.

A promising new research direction lies in generative and diffu-
sion models. Diffusion models, such as GenCast (Price et al., 2023), 
inherently provide probabilistic results by learning the conditional 
probability distribution that transitions from one weather state to the 
next. GenCast produces global ensemble forecasts at 0.25◦ resolution, 
achieving competitive accuracy for up to 15 days. Other studies lever-
age diffusion models to expand the size of physics-based ensembles (Li 
et al., 2024) or stochastically downscale deterministic forecasts (Mar-
dani et al., 2023). While diffusion models produce realistic samples, 
they typically require solving an ordinary differential equation involv-
ing multiple neural network passes for each time step, which can be 
computationally intensive. Addressing this limitation, Oskarsson et al. 
(2024) recently introduced a generative model for probabilistic weather 
forecasting based on Hierarchical Graph Neural Networks, enabling the 
generation of arbitrarily large ensembles with a single forward pass. 
However, generative models generally require vast amounts of data 
to achieve convergence, making these solutions impractical without 
well-curated large datasets and significant computational resources.

One limitation of the models discussed is their lack of explainabil-
ity, a common issue in modern deep learning. In other words, while 
MLWPs can identify meaningful patterns from past weather conditions 
— and many studies demonstrate their effectiveness during extreme 
events (Lam et al., 2023; Price et al., 2023) — this does not guarantee 
their ability to generalize to future events. In contrast, NWPs are 
generally less accurate but grounded in solid mathematical and physical 
principles.

Our contribution focuses on deep learning to enhance the accuracy 
of NWP-provided quantitative precipitation forecasts while ensuring 
robust and reliable uncertainty quantification. We achieve this by post-
processing QPF outputs from multiple NWPs and blending them onto 
a shared, regular grid. This multi-model approach exploits the comple-
mentary strengths of individual NWPs (Gagne et al., 2014), leading to 
improved predictive performance.

We frame precipitation estimation as an image segmentation task, 
and by using U-Net (Ronneberger et al., 2015) as our deterministic net-
work, we investigate the use of advanced DL to generate ensembles and 
quantify uncertainty. Beyond leveraging state-of-the-art techniques, 
we propose SDE U-Net, an innovative variant of SDE-Net introduced 
by Kong et al. (2020), adapted explicitly for segmentation tasks in 
this domain. Our analysis emphasizes the critical sharpness-reliability 
tradeoff, striving to balance confidence in model predictions with the 
potential risks of forecasts failing to capture actual physical outcomes.

As a case study, we combine daily cumulative QPFs from multiple 
NWPs over Piedmont and Aosta Valley, two regions in northwestern 
Italy. The proposed post-processing framework is evaluated on this 
domain to assess model accuracy and uncertainty quantification in 
diverse precipitation regimes.

We design the post-processing frameworks in this study for seamless 
integration into operational forecasting systems. By adopting these 
frameworks, forecasters can enhance decision-making processes and 
strengthen preparedness for weather-related challenges.

Our main contributions can be summarized as follows:

• introduction of SDE U-Net, an enhanced version of SDE-Net (Kong 
et al., 2020) for dense regression in rainfall forecasting,

• a rigorous evaluation of uncertainty-aware deep learning models 
under common and intense weather conditions,
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• the design of a testing framework that explicitly assesses general-
ization to out-of-distribution events.

The paper is structured as follows: Section 2 provides background 
on uncertainty in machine learning and describes the dataset used in 
this study. Section 3 presents the uncertainty-aware DL architectures, 
concluding with a formal definition of the novel SDE U-Net. Section 4 
details the experimental design and evaluation metrics, followed by a 
comprehensive analysis of the results. Finally, Section 5 summarizes 
the key findings and discusses implications for operational weather 
forecasting. 

2. Background

Machine Learning (ML) involves algorithms that identify patterns 
in data to make predictions or decisions. A key challenge is balancing 
bias and variance to address underfitting and overfitting. In supervised 
learning, models trained on labelled data handle tasks like regression, 
where loss functions like Mean Squared Error (MSE) and Mean Abso-
lute Error (MAE) measure prediction errors. ML workflows typically 
divide data into training, validation, and test sets, with cross-validation 
enhancing robustness by averaging performance across multiple data 
splits.

Understanding the distinctions between aleatoric and epistemic un-
certainties is crucial for managing the limitations and reliability of 
model predictions. Aleatoric uncertainty originates from inherent noise 
in the data, representing natural variability in the data generation 
process. This uncertainty does not decrease with additional data col-
lection. In contrast, epistemic uncertainty arises from the model’s lack 
of knowledge about its predictions, often due to insufficient training 
data or limited model capacity (Kendall and Gal, 2017).

2.1. Case study

This study estimates forecast uncertainties in daily cumulative QPF 
for an Area of Interest that includes Piedmont and Aosta Valley regions 
(Fig.  1), blending weather model forecasts on a unified grid. We focus 
on the first 24 h of daily precipitation forecasts as input to our machine 
learning framework, improving reliability and uncertainty characteriza-
tion. In this work, a daily cumulative precipitation gridded observation 
is called an ‘‘event’’.

The Piedmont and Aosta Valley regions in northwestern Italy are 
shaped by the Alps, influencing their climate and hydrology. Piedmont 
consists of three main zones: the Alpine region, the pre-Alpine hills, 
and the flat Po Valley, a key drainage basin. Aosta Valley, Italy’s 
smallest and most mountainous region, features glacial valleys and 
active glaciers that play a crucial role in seasonal hydrology. The Po 
Valley, an industrial hub, faces risks from intense rainfall and flash 
floods, emphasizing the need for accurate precipitation forecasts to 
mitigate impacts on infrastructure, agriculture, and industry.

2.2. Dataset building and description

The dataset in this study includes precipitation observations and 
forecasts from multiple Numerical Weather Prediction (NWP) models. 
ARPA Piemonte provides the observational data for the Area of Interest 
(AoI) through the North Western Italy Optimal Interpolation (NWIOI) 
dataset (ARPA Piemonte, 2022). This dataset offers daily cumulative 
gridded precipitation observations, derived from optimum interpola-
tion (Gandin, 1963) of ground station measurements since 1958, with 
a spatial resolution of 0.125◦ (approximately 12 km horizontally).

For the forecast data, four NWPs operationally used by ARPA 
Piemonte were selected due to their extensive historical archives:
3 
• BOLAM: a hydrostatic Limited Area Model (LAM) developed by 
the Institute of Atmospheric Sciences and Climate (ISAC-CNR). 
It operates at a grid resolution of 7 km over the Mediterranean 
domain and uses ECMWF-IFS for initialization. BOLAM has been 
used extensively for mesoscale weather forecasting in Europe 
and research purposes, including studies on extreme weather 
events (Buzzi et al., 1994).

• COSMO-5M: a non-hydrostatic LAM developed by the Consortium 
for Small-Scale Modelling (COSMO). It has a 5 km grid reso-
lution, it uses ECMWF-IFS for initialization, and it focuses on 
high-impact weather phenomena, utilizing advanced parameter-
izations for convection and microphysics to improve predictions 
of precipitation and severe weather (Doms and Baldauf, 2018).

• COSMO-2I: LAM, it is a high-resolution (2.2 km) version of the 
COSMO model tailored for Italy (Baldauf et al., 2011). Although 
scheduled for decommissioning as ARPA Piemonte transitions to 
the ICON model framework (COSMO Consortium, 2024), COSMO-
2I was included in this study for its capability to capture small-
scale precipitation features critical for post-processing applica-
tions.

• ECMWF-IFS: Global Circulation Model (GCM), the high-resolution 
configuration of the European Centre for Medium-Range Weather 
Forecasts Integrated Forecasting System (IFS) operates at approx-
imately 9 km horizontal resolution and 137 vertical levels. This 
model is widely recognized for its accuracy and global coverage, 
making it a benchmark in numerical weather prediction (ECMWF, 
2016).

To focus on significant precipitation events, we include only days 
when the 99th percentile of observed precipitation across the grid 
exceeds 10 mm, removing fair-weather and low-precipitation days. We 
filter the dataset to retain only events with available forecasts from all 
four NWPs, resulting in 436 significant precipitation events between 
2018 and 2024.

To evaluate the generalization capability of our machine learning 
architectures, we classify events as either intense or non-intense. The 
deep learning architectures are trained on non-intense events and tested 
on both categories, as described in Section 4.1. This classification was 
based on the distribution of spatial maxima of daily precipitation by 
season from the NWIOI dataset from 1958 to 2017, using the 99th 
percentile in each season as the threshold: this led to 64.58 mm for 
winter (DJF), 95.71 mm for spring (MAM), 93.26 mm for summer 
(JJA) and 140.40 mm for autumn (SON). Applying these thresholds, 
we classify 40 events as intense and 396 as non-intense.

Non-intense events are clustered based on precipitation nature — 
convective or stratiform — to ensure uniformity across training, vali-
dation, and test sets. Convective precipitation at mid-latitudes has high 
spatial variability and low spatial averages, while stratiform shows 
the opposite behaviour. Using k-means clustering (k = 3) in the Co-
efficient of Variation (CV) versus spatial average rainfall plane (Fig. 
2), we identified convective, stratiform, and intermediate clusters and 
create nine non-overlapping training–validation–test subsets, ensuring 
an even distribution of cluster labels. CV is defined as the ratio between 
spatial standard deviation and average rainfall.

This process ensures that the model evaluation phase represents 
intense and non-intense events and various precipitation types.

3. Methods

We can define our task with a dual interpretation. From a deter-
ministic interpretation, given a true precipitation map 𝑃  for a specific 
event and a set of 𝑛 imperfect predictions {𝑃𝑖}𝑖=1,…,𝑛, which are outputs 
from different NWPs, our deep learning algorithm — parameterized by 
weights 𝜃 — must generate an output 𝑃  in the following form: 
𝑃 = 𝑓 ({𝑃 }; 𝜃), (1)
𝑖
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Fig. 1. The Area of Interest (AoI), consisting of Piedmont and Aosta Valley, is outlined in red using their unary union borders in the left panel, shown in the context of Western 
Europe. In the right panel, the focus shifts specifically to the AoI, still highlighted in red, with Piedmont and Aosta Valley individually shaded in blue and green, respectively, to 
emphasize their distinct regions.
Fig. 2. The scatter plot visualizes non-intense precipitation events, clustered using the Coefficient of Variation (𝐶𝑉 ) to represent spatial variability and the spatial average rainfall to 
indicate mean precipitation across the study area. By applying k-means clustering, we categorize the dataset into three groups: stratiform, intermediate, and convective events. This 
classification relies on the observed tendency in mid-latitudes, where convective events typically exhibit greater spatial variability (higher 𝐶𝑉 ), while stratiform events generally 
feature higher average precipitation.
such that a distance function (e.g., 𝐿2 loss) is minimized.
Alternatively, from a probabilistic perspective, we interpret the NWP 

outcomes 𝑃𝑖 as independent and identically distributed (i.i.d.) samples 
drawn from a distribution of a stochastic process, represented as: 
𝑃𝑖 = 𝑃 + 𝛿𝑝𝑖 (2)

where 𝛿𝑝𝑖 denotes the epistemic error introduced by each numerical 
model. In this framework, we account for uncertainty in the model pre-
diction 𝑃  based on the characteristics of the training data. Additionally, 
we expect aleatoric uncertainty due to inherent measurement errors 
in the observational data. In this work, we will not explicitly separate 
these two types of uncertainty but provide overall forecast uncertainty 
estimates that encompass both sources of error.

Conventional deep learning models typically operate deterministi-
cally, generating only point predictions without indicating uncertainty. 
To overcome this limitation, we propose reformulating the problem by 
replacing the parametric model 𝑓 with a variant capable of producing 
a distribution of outcomes rather than a single prediction. In this 
framework, the model prediction is represented as a sample from the 
predictive distribution: 
𝑃 ∼ 𝑓 ({𝑃𝑖}; 𝜃), (3)

where 𝑓 stands for the variational model. Given 𝑌 = {𝑃𝑖}𝑛 and a set 
of 𝑛 samples from the predictive distribution, we can introduce the 
4 
Prediction Interval (PI) with a confidence level of 𝛾 ∈ [0, 1) as the range 
[𝑙(𝑌 ), 𝑢(𝑌 )], such that the probability  (

𝑙(𝑌 ) < 𝑃𝑛+1 < 𝑢(𝑌 )
)

= 𝛾. This 
interval reflects the expected error between the prediction and the true 
target values. A wider PI indicates greater uncertainty in the model’s 
predictions, suggesting higher variability in the input data or challenges 
in the prediction task.

Conversely, a narrower PI implies higher confidence in the model’s 
predictions, with the actual precipitation likely closer to the predicted 
value. However, this increased confidence also raises the risk of the 
actual value falling outside the interval. Thus, the optimal PI range is 
highly context-dependent, representing a trade-off between prediction 
sharpness and reliability.

In precipitation forecasting, NWP simulations 𝑃𝑖 typically yield 
broad PIs due to differing mathematical assumptions in the models. 
While this broad range is beneficial for capturing extreme meteoro-
logical events, it may introduce excessive uncertainty. An ideal model 
would refine these intervals, narrowing them without compromising 
the ability to capture significant weather phenomena.

3.1. Baseline deep learning architecture

We chose the U-Net architecture (Ronneberger et al., 2015) as our 
deterministic network to serve as the basis for generating forecasts 
probabilistically and quantifying uncertainty, effectively framing the 
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problem as a dense per-pixel regression, where the model predicts a 
continuous value at each pixel location, analogous to semantic segmen-
tation but with continuous rather than categorical outputs. Although 
newer alternatives are available, U-Net remains a widely used and 
effective choice in domains such as medical imaging, remote sensing, 
and diffusion models (Siddique et al., 2021; Peebles and Xie, 2023). Its 
encoder–decoder structure with skip connections is particularly effec-
tive at capturing both local and global contextual information, making 
it well-suited to our task. Through experimentation, we found that 
more complex architectures did not significantly improve performance. 
However, it is important to note that choosing U-Net architecture is not 
critical to the subsequent analysis. The modifications we introduce can 
also be applied to other segmentation networks.

Building on these insights, we used several ensemble-generating 
models to manage uncertainty. These models incorporate well-esta-
blished techniques from the literature to achieve optimal performance 
across various segmentation tasks. In the following sections, we will 
present these models and highlight our specific contributions to their 
development and refinement.

3.2. Monte Carlo dropout U-Net

This approach (referred to as MCD U-Net from now on) enhances 
the deterministic model by incorporating a Monte Carlo Dropout (MCD) 
strategy (Gal and Ghahramani, 2016). Dropout initially emerged as a 
regularization technique that randomly deactivates a subset of neurons 
during training to reduce overfitting and enhance generalization. In 
MCD, this concept is extended to the test phase to generate several 
of different outputs. By applying dropout during testing, we perform 
multiple forward passes, each with a different subset of neurons de-
activated, thereby approximating a Bayesian approach. The result-
ing variance in the predictions serves as a measure of the model’s 
uncertainty.

3.3. Deep Ensemble U-Net

The Deep Ensemble U-Net (Ens U-Net) employs an ensemble tech-
nique, independently training multiple U-Net models with different 
initial parameter values (Lakshminarayanan et al., 2017). Unlike MCD, 
which relies on stochasticity within a single model, the ensemble 
approach derives prediction variability from differences between in-
dependently trained models. This method creates diversity among the 
model outputs and improves the robustness. However, the number of 
independently trained U-Nets in the ensemble determines the extent of 
variability and uncertainty the model can capture.

3.4. SDE U-Net

Together with the baseline architectures, we also proposed an exten-
sion to the segmentation domain of the widespread SDE-Net, proposed 
by Kong et al. (2020) to integrate Stochastic Differential Equations 
(SDEs) into deep learning models for capturing uncertainty. This ap-
proach put his foundations into the broad field binding neural net-
works and dynamical systems, building upon neural ordinary differen-
tial equations (Chen et al., 2018), neural stochastic differential equa-
tions (Liu et al., 2019) and many other variations. The basic concept is 
to consider the learning task as a dynamical system by taking the limit 
for infinitesimal updates of residual networks (e.g. ResNet), in which 
the equation between one-layer output and the preceding one is 
𝑥𝑡+1 = 𝑥𝑡 + 𝑓 (𝑥𝑡, 𝑡). (4)

This expression resembles an Euler integration step for a dynamical 
system. By substituting the unit update step with an infinitesimal 𝛥𝑡
and rearranging the terms, we arrive at 
𝑥𝑡+𝛥𝑡 − 𝑥𝑡

𝛥𝑡
= 𝑓 (𝑥𝑡, 𝑡). (5)
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This formulation allows us to interpret the network as the following 
differential equation: 
𝑑𝑥
𝑑𝑡

= 𝑓 (𝑥, 𝑡), (6)

that leverages an ODE solver to model continuous transformations of 
the hidden states. Neural ODEs allow for high-precision continuous-
time evaluations of the hidden dynamics, providing memory and pa-
rameter efficiencies by conceptually transitioning from discrete to con-
tinuous layers.

Building on this foundation, SDE-Net captures epistemic uncertainty 
by incorporating a stochastic component through Brownian motion 
within its dynamic framework. This approach treats neural networks as 
continuous-time transformations, modelling epistemic uncertainty as a 
stochastic process governed by: 
𝑑𝑥𝑡 = 𝑓 (𝑥𝑡, 𝑡)𝑑𝑡 + 𝑔(𝑥𝑡, 𝑡)𝑑𝑊𝑡. (7)

In this equation, the diffusion term 𝑔(𝑥𝑡, 𝑡) scales the Brownian mo-
tion 𝑑𝑊𝑡, introducing randomness into the dynamics. Neural networks 
parameterize functions 𝑓 (⋅; 𝜃𝑓 ) and 𝑔(⋅; 𝜃𝑔), with 𝑔 specifically trained 
to model epistemic uncertainties. To maintain stability, we design the 
diffusion term 𝑔 to depend only on the initial condition 𝑥0 and time 𝑡, 
i.e., 𝑔(𝑥0, 𝑡).

The network 𝑔(𝑥𝑡, 𝑡) should produce higher values when the model 
is uncertain, allowing the stochastic diffusion component to dominate, 
and lower values when uncertainty is limited, allowing the drift term 
to take precedence. Therefore, we train the model to predict an output 
𝑥𝑡𝑓  (the final state of the dynamics) from the initial input 𝑥0 while 
maintaining this feature. The objective function thus combines the 
standard supervised loss on the true solution with a term that minimizes 
the diffusion strength for in-distribution data and a term that maximizes 
it for out-of-distribution inputs 𝑥̃0, obtained by adding Gaussian noise 
to the actual inputs.

The complete objective function takes the form: 

𝐋 = min
𝜃𝑓

E
[

(𝑥𝑡𝑓 , 𝑦)
]

+ min
𝜃𝑔

∑

𝑡
E𝑥0

[

𝑔(𝑥0, 𝑡)
]

+ max
𝜃𝑔

∑

𝑡
E𝑥̃0

[

𝑔(𝑥̃0, 𝑡)
]

, (8)

where  is the task-specific loss function that encourages the terminal 
outcome 𝑥𝑡𝑓  to match the target 𝑦. In our regression task, we opted 
for a MSE as loss function to emphasize larger errors. The other terms 
modulate the diffusion network 𝑔 to differentiate between inputs in and 
out of distribution by minimizing diffusion in known data regions and 
amplifying it when encountering unfamiliar samples.

This objective allows the model to effectively capture epistemic 
uncertainty by allowing the stochastic component 𝑔 to respond flex-
ibly to different input distributions. For in-distribution data, where 
the model aims to minimize intrinsic uncertainty during training, the 
framework maintains low diffusion to stabilize predictions. In con-
trast, a larger diffusion term indicates greater uncertainty for out-of-
distribution data, prompting the model to flag potentially unreliable 
predictions. This dual mechanism ensures that the SDE-Net can effec-
tively manage predictive accuracy and uncertainty estimation under 
various and uncertain conditions. Therefore, it is particularly suitable 
for high-stakes segmentation tasks, where it is crucial to differentiate 
between reliable and uncertain predictions. Finally, SDE-Net provides 
theoretical guarantees on the existence and uniqueness of the solution 
𝑥𝑡 for 0 ≤ 𝑡 ≤ 𝑡𝑓  provided that 𝑓 and 𝑔 are both uniformly Lipschitz 
continuous and that the output of the diffusion term is bounded to 
ensure numerical stability (Kong et al., 2020).

SDE-Net original implementation defines the input–output system 
over the time interval [0, 𝑡𝑓 ] using an Euler–Maruyama scheme, iter-
atively adding the two components of Eq.  (7) with a fixed step size. 
This approach allows using the same networks at each time step, which 
helps reduce the overall number of weights.

Extending this strategy to the U-Net architecture presents chal-
lenges, as the primary strength of U-Net lies in its encoder–decoder 
structure, and each substructure in the encoder and the decoder has 
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Fig. 3. Schema of the SDE U-Net architecture. The blue blocks represent the SDE’s drift component within the encoder blocs, the red stays for the diffusion component, and the 
green ones are the decoder blocks.
different dimensions. To adapt the SDE-Net strategy, we align the 
number of time splits with the number of encoder blocks. For each 
encoder block, we introduce a diffusion block summing its signal at 
each skip connection and simulate an integration step at the encoder–
decoder exchange. This approach allows us to incorporate the diffusion 
process into the U-Net framework.

Furthermore, this method allows for a more nuanced interaction 
between the encoded and decoded features, leveraging the strengths 
of both architectures. By integrating diffusion blocks, we introduce a 
mechanism that not only captures the hierarchical representations from 
the encoder but also enhances the reconstruction capabilities of the 
decoder through stochastic processes. The diffusion blocks function to 
robustify the output of the encoder before it passes to the decoder, 
potentially improving the quality of the reconstructed signals. Fig.  3 
shows a 4-step SDE U-Net. The blue squares represent the input and 
output signals for the encoder blocks and their respective dimensions. 
These blocks employ the drift component of each SDE’s update, while 
the red squares denote the output signals of the convolutional blocks 
reproducing the diffusion part. Finally, green squares indicate the input 
and output for the decoder blocks, resembling the original U-Net archi-
tecture. Each encoder block applies the SDE step using the following 
operation: 
𝑥𝑖 = 𝑓𝑖(𝑥𝑖−1) + 𝑔𝑖(𝑥0)

√

𝑡 ⋅ (0, 1) (9)

where 𝑓𝑖 is a convolutional block taking as input the output from 
the previous step and 𝑔𝑖 is a combination of convolutional block and 
pooling operations taking as input 𝑥0 and providing an output with the 
right dimension for the 𝑖th level.  (0, 1) represents a Gaussian random 
variable with a mean of zero and a variance of one.

Finally, we trained this network with the strategy proposed by Kong 
et al. (2020) to assign higher uncertainty to out-of-distribution inputs, 
enabling effective quantification of uncertainty in segmentation tasks 
while preserving the U-Net structure.

4. Experiments

4.1. Experimental design and verification metrics

To assess the effectiveness of uncertainty-aware deep learning archi-
tectures in rainfall prediction and precipitation map reconstruction, we 
separate precipitation events into non-intense and intense categories as 
described in Section 2.2. Only non-intense events are used for training 
and validation, while both non-intense and intense events are used 
for testing. This separation enables a focused examination of model 
generalization: performance on non-intense events represents the ex-
pected baseline. In contrast, performance in intense events serves as a 
benchmark for robustness under challenging conditions.

This setup reflects a real-world scenario in which models are trained 
on abundant and moderate data, but are expected to make reliable 
predictions on even higher-impact events too.
6 
Given the inherent differences between the two classes, we expect 
better model performances on non-intense events since they align more 
closely with the training data. However, the primary goal is to assess 
how well the model can extrapolate to unseen high-intensity precipita-
tion events despite being trained solely on non-intense data. This design 
provides insights into the models’ ability to capture complex patterns 
and uncertainties associated with extreme weather phenomena, which 
is critical to improving real-world rainfall prediction systems.

We compare the uncertainty estimates from the considered machine 
learning architectures with the forecast uncertainty provided by a 
Poor Man’s Ensemble (PME, i.e. the average of NWP forecasts), which 
serves as our benchmark. We selected PME because it is a widely used 
operational baseline ensemble method that ensures a high proportion 
of target values fall within the Prediction Interval (PI). However, this 
comes at the cost of generating excessively wide PIs (Landberg et al., 
2002). As a result, while it achieves high reliability, it lacks sharpness. 
The challenge is to develop an ensemble method that maintains a high 
proportion of correctly predicted targets while simultaneously reducing 
the length of PIs.

We begin the analysis by assessing statistical significance through 
cell-wise median p-values from the Wilcoxon test (Rosner et al., 2006) 
across the Area of Interest (AoI), comparing forecasts from the four 
input NWPs and the learning models against the PME baseline. For 
each split, the Wilcoxon test evaluates forecast differences at the grid-
cell level using all events in that split, producing a distribution of 
p-values from which we extract the median. Near-zero p-values indicate 
a statistically significant difference from PME, while higher values 
suggest similar forecast distributions. To complement this analysis, we 
report the cell-wise median Root Mean Square Error (RMSE), which 
offers a basic estimate of uncertainty and indicates the direction and 
magnitude of distributional differences with respect to PME.

We extend the analysis beyond individual grid cells by computing 
summary metrics over the entire domain for each split and analysing 
their distributions. We include the Root Mean Square Error (RMSE) 
as a measure of forecast accuracy. Additionally, to study the trade-off 
between sharpness and reliability, we introduce a Coverage-Length-
based Criterion (CLC), as defined in Khosravi et al. (2010). This metric 
allows us to assess how well the models balance prediction confidence 
and error coverage. 
𝐶𝐿𝐶 = 𝑁𝑀𝑃𝐼𝐿 × 𝜎 (𝑃𝐼𝐶𝑃 , 𝜂, 𝛾) , (10)

where the Normalized Mean Prediction Interval Length (NMPIL) rep-
resents the average length of the PI, and 𝜎(𝑃𝐼𝐶𝑃 , 𝜂, 𝛾) is a sigmoid 
penalty function that models the trade-off between interval length and 
coverage and depends on PICP (Prediction Interval Coverage Probabil-
ity), representing the proportion of target values that fall within the PI, 
a scaling parameter 𝜂 and translation parameter 𝛾: 
𝜎 (𝑃𝐼𝐶𝑃 , 𝜂, 𝛾) = 1 + 𝑒−𝜂(𝑃𝐼𝐶𝑃−𝛾) (11)
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Fig. 4. Penalty function 𝜎 for different values of scaling parameter 𝜂 at fixed 𝛾 = 0.95. The range of PICP is chosen looking from the expected results.
We aim to minimize the NMPIL, as smaller values indicate a nar-
rower spread in ensemble predictions, resulting in more precise and 
valuable forecasts. However, reducing NMPIL can decrease the cover-
age PIs, causing an undesirable number of predictions to fall outside 
these intervals. To mitigate this, we aim for high PICP values. As 
a result, we strive to minimize the CLC, balancing sharpness and 
reliability. The parameter 𝜂 regulates the penalty applied when PICP 
falls below the minimum acceptable threshold, 𝛾.

The threshold value of acceptability 𝛾 should be as close as 1. In our 
experiments, we set 𝛾 = 0.95 to reflect a 95% PI. A significant penalty is 
applied when target values fall outside this 95% PI, rather than when 
the predictions themselves lie outside the interval. Consequently, we 
focus particularly on the CLC values for high values of the penalty 
parameter 𝜂 where violations of the PI are penalized more heavily.

The choice of the considered values of 𝜂 is as follows. Differ-
ent works (Fan and Tang, 2013; Miyaguchi and Yamanishi, 2018) 
illustrates that while a higher penalty parameter can enforce stricter 
adherence to desired criteria, it may lead to preferentially conservative 
models. Fig.  4 shows the values of 𝜎(𝑃𝐼𝐶𝑃 , 𝜂, 𝛾) for different 𝜂, with 
𝛾 = 0.95 and within a PICP range of 0.6 to 0.8, ranging the whole 
spectra of the obtained PICP results.

Although there is not much difference between penalties at 𝜂 = 1
and 𝜂 = 5, the penalty essentially quadruples from 𝜂 = 5 at 𝜂 = 10
and doubles from 𝜂 = 10 to 𝜂 = 12, leading to an unnecessary tilt 
of the sharpness-reliability trade-off towards coverage. For this reason, 
𝜂 = 10 is considered an aggressive penalization value in a CLC metric. 
However, we have chosen 𝜂 = 12 as the maximum penalization value 
to test our deep learning models further.

We compute all metrics using 20 sampled predictions for MCD U-
Net (Section 3.2) and SDE U-Net (Section 3.4). We base the metrics 
on five independently trained models with different hyperparameters 
for Ens U-Net (Section 3.3). This approach allows us to estimate fore-
cast uncertainty for each model, reflecting the epistemic error. We 
repeat the process in a 9-fold cross-validation to account for aleatoric 
uncertainty, ensuring statistical significance. Following the standard 
cross-validation scheme described in Bishop (2006), this approach 
involves training, validating and testing the selected learning models on 
nine different training–validation–test splits, ensuring that every event 
in the dataset at least appears in one of the nine training, validation, 
and testing phases. We derive the nine training–validation–test sets 
from weather physics considerations outlined in Section 2.2.

We normalize the precipitation grids (both observations and NWP 
forecasts) to the range [0, 1] before using them in the learning models 
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described in Section 3, ensuring all data remain adimensional. This 
normalization is then reversed back when computing the verification 
metrics. For a given data split, we compute the average metrics across 
all realizations for each learning model, accounting for epistemic un-
certainty. Then, we obtain the distribution of these average metrics 
across the 9 splits, incorporating aleatoric uncertainty. Since PME is a 
deterministic model, it has only one realization, meaning we effectively 
consider only aleatoric uncertainty for its evaluation.

4.2. Results

Fig.  5 reports the median cell-wise 𝑝-value of the Wilcoxon test 
comparing each forecast with the PME baseline, across the four input 
NWPs (BOLAM, COSMO-2I, COSMO-5M, ECMWF-IFS) and the three 
learning-based models (ENS U-NET, MCD U-Net, SDE U-Net). A 𝑝-value 
close to zero indicates a statistically significant difference from PME, 
while higher values suggest similarity in the distribution.

Fig.  6 complements the 𝑝-value analysis by showing the median 
RMSE per grid cell. Both figures include orography and the Area of In-
terest (AoI) to highlight the spatial structure and orographic complexity 
affecting forecast performance.

Non-intense events show more regions with low p-values across 
both NWPs and learning-based models, suggesting more frequent de-
partures from PME in these cases. Mountainous and pre-mountainous 
regions generally exhibit higher RMSE values compared to flat areas. 
Among NWPs, BOLAM stands out with high p-values even in the deeper 
parts of the flat Po Valley, indicating limited deviation from PME. This 
observation aligns with RMSE patterns, which remain similar to PME 
particularly in the mountainous and pre-mountainous regions.

Learning models, in contrast, produce lower p-values in these re-
gions, indicating statistically significant differences from PME. They 
also achieve lower RMSE, especially in the northwestern portion of the 
AoI, where the reduction is substantial. SDE U-Net delivers the best 
performance in these areas. In the flat Po Valley, ENS U-NET yields 
consistently low p-values, while MCD U-Net appears closer to PME in 
terms of statistical similarity. RMSE differences remain limited in the 
flat region, with some degradation in the southeastern corner, caused 
by edge effects due to the lack of contextual data beyond the AoI 
boundaries.

For intense events, the four NWPs show no clear statistical diver-
gence from PME across most of the AoI. COSMO-5M displays some 
localized differences in the flat region, though RMSE variations emerge 
more clearly in the mountainous and pre-mountainous zones. Learning 
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Fig. 5. Median spatial 𝑝-value from the Wilcoxon test computed across 9 data splits for each grid cell within the Area of Interest. The test compares forecast distributions from 
the four input NWPs (BOLAM, COSMO-2I, COSMO-5M, ECMWF-IFS), Deep Ensemble U-Net (ENS U-NET), Monte Carlo Dropout U-Net (MCD U-NET), and SDE U-NET against the 
Poor Man’s Ensemble (PME). The Area of Interest and orography are shown to highlight terrain-related forecasting challenges.
models again produce lower p-values in these areas, suggesting con-
sistent statistical differences from PME, while the flat region shows 
fewer significant changes. SDE U-Net exhibits the widest spread of low 
p-values in the flat area among the learning models. RMSE patterns 
reveal that all models struggle in the northeastern corner, though SDE 
U-Net achieves the lowest errors and most consistent improvements. 
The southeastern corner remains problematic for all learning models.

Because mountainous and pre-mountainous areas represent the 
most challenging regions for accurate forecasting, the improved per-
formance in these zones — particularly from SDE U-Net — translates 
into a tangible statistical advantage.

Fig.  7 compares the performances of the selected learning models 
(Ens. U-Net, MCD U-Net, SDE U-Net) with that of the average of 
forecasts from four different Numerical Weather Prediction models 
(NWPs), referred to as PME. The comparison is based on a Coverage-
Length-based Criterion (CLC) with a translation parameter 𝛾 = 0.95 and 
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a scaling parameter 𝜂 = 9, together with RMSE, Prediction Interval 
Coverage Probability (PICP), and Normalized Mean Prediction Interval 
Length (NMPIL). We provide boxplots representing the distribution 
forecast uncertainty taking into account both epistemic and aleatoric 
uncertainty, as described in Section 4. The boxplots are provided 
dividing them by non-intense and intense events. For each metric, an 
up or down arrow indicates whether the best values are the smallest or 
highest.

As expected, RMSE is generally higher for intense events than 
for non-intense ones. However, all deep learning models significantly 
outperform PME regarding median RMSE for both event types. Ens U-
Net and SDE U-Net achieve the lowest median RMSE for non-intense 
events (7.79 × 10−3 and 8.15 × 10−3 on average). In comparison, SDE 
U-Net delivers the best RMSE for intense events (2.637 × 10−2), demon-
strating superior prediction accuracy. Additionally, SDE U-Net exhibits 
a narrower RMSE distribution for intense events compared to other 
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Fig. 6. Median spatial RMSE computed across 9 data splits for each grid cell within the Area of Interest. The analysis compares the forecasts from the four input NWPs (BOLAM, 
COSMO-2I, COSMO-5M, ECMWF-IFS), the Poor Man’s Ensemble (PME), Deep Ensemble U-Net (ENS U-NET), Monte Carlo Dropout U-Net (MCD U-NET), and SDE U-NET. The Area 
of Interest and orography are shown to highlight terrain-related forecasting challenges.
deep learning models, indicating its effectiveness in balancing error 
minimization.

The PICP column indicates that the PME achieves 10%–15% better 
percentage coverage than the deep learning models considered in this 
work. Among them, MCD U-Net demonstrates the highest performance 
for this metric. However, this superior coverage comes at the expense of 
much wider prediction intervals, as shown in the NMPIL column, par-
ticularly for PME and both non-intense and intense events. As expected, 
PME predictions are highly reliable but lack sharpness. MCD U-Net 
follows a similar pattern, showing the worst NMPIL values among the 
deep learning models, with an even more significant disparity for non-
intense events. The CLC column captures an aggregate of these trends. 
Here, we show the results for 𝜂 = 9, which offers a reasonably high 
penalty and provides a more representative comparison; the discus-
sion of results for other values will follow later. All deep learning 
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models exhibit comparable performance for non-intense events and 
are consistently better than PME, with SDE U-Net showing a slightly 
higher median and a wider distribution range. All deep learning models 
outperform PME for intense events, and SDE U-Net shows the lowest 
CLC, indicating the best sharpness-reliability trade-off.

To delve deeper into the trade-off between sharpness and reliability, 
Fig.  8 illustrates the behaviour of CLC for 𝛾 = 0.95 and 𝜂 values ranging 
from 0 to 12. We omit error bars for clarity.

We recall that smaller CLC values represent a better balance be-
tween sharpness and reliability, achieved through lower NMPIL and 
higher PICP values, especially at larger 𝜂. For non-intense events, CLC 
suggests that deep learning models offer substantial improvements in 
most of the analysed range, with MCD U-Net keeping stable results 
and outperforming the other neural models from 𝜂 ≈ 9. For 𝜂 higher 
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Fig. 7. Average PICP, NMPIL, CLC, and RMSE boxplots across the 9 splits, considering Deep Ensemble U-Net (ENS U-NET), Monte Carlo Dropout U-Net (MCD U-NET), and SDE 
U-NET against the Poor Man’s Ensemble (PME). Up and down arrows indicate whether the best value is the higher or the lower, respectively.
Fig. 8. CLC score of Deep Ensemble U-Net (ENS U-NET), Monte Carlo Dropout U-Net (MCD U-NET), and SDE U-NET against the Poor Man’s Ensemble (PME), in function of the 
scaling parameter 𝜂, separated by intense and non-intense events.
than 11, both Ens. U-Net and SDE U-Net tend to give worse results than 
PME. Achieving the highest accuracy for non-intense events, reflected 
in the lowest RMSE as previously discussed, does not necessarily ensure 
a well-balanced trade-off between sharpness and reliability.

Operationally, MCD U-Net is the preferred choice when handling 
non-intense events, if the evaluation strongly penalizes forecasts falling 
outside a prediction interval with 𝛾 = 0.95.

SDE U-Net consistently outperforms the competitors for intense 
events, achieving the lowest CLC values for any 𝜂, while the differences 
among MCD U-Net and Ens U-Net are minimal. Finally, although SDE 
U-Net does not attain the best PICP for intense events in Fig.  7, its 
advantage lies in its narrow prediction intervals, as reflected by its 
NMPIL value. This narrow interval results in a highly favourable trade-
off between sharpness and reliability, as evidenced by the CLC curve. 
This outcome, combined with the RMSE analysis, make SDE U-Net the 
preferred choice for intense events.

These results highlight the effectiveness of deep learning models, 
particularly the SDE U-Net, in providing accurate and precise rainfall 
predictions while ensuring reliable uncertainty quantification. These 
models’ capability to balance predictive accuracy with uncertainty 
estimation makes them extremely valuable for operational forecasting 
systems.
10 
5. Conclusions

Our study underscores the potential of probabilistic deep learning 
approaches to improve QPF’s accuracy and sharpness-reliability trade-
off. Through rigorous evaluation across both non-intense and intense 
precipitation scenarios, we demonstrated that all tested deep learn-
ing models significantly outperformed the benchmark PME solution 
especially on mountainous and pre-mountainous areas, which usually 
are the most challenging. For non-intense events MCD U-Net is the 
preferred operational choice while our customized SDE U-Net achieved 
the most relevant statistical advantage. Moreover, SDE U-Net model 
achieved the lowest RMSE and the most effective balance between 
sharpness and reliability for intense events, which are the most impor-
tant operationally for emergency responses, establishing it as a leading 
choice for uncertainty-aware precipitation forecasting.

Integrating these models into operational forecasting systems can 
transform decision-making processes and improve preparedness for 
weather-related events like floods or agricultural disruptions. These 
models offer more robust and reliable predictions by explicitly ac-
counting for uncertainty, enabling better resource allocation and risk 
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management. Furthermore, the associated computational cost is mod-
est at inference time, making these models practical for real-time 
integration into operational forecasting workflows.

Future work will focus on enhancing the scalability and robustness 
of these models by refining their architectures and incorporating addi-
tional data sources, such as real-time observations or multi-resolution 
datasets. Further exploration of alternative approaches, including hy-
brid models that combine physical and data-driven methods, could 
provide more comprehensive solutions. Furthermore, expanding the 
application of these techniques to other regions and climatic conditions 
will help assess their generalizability and foster broader adoption in 
operational weather forecasting.
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